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Preface 


As a mathematics professor I would hear my students say, “I understand you in class, but 
when I get home I am lost.” When I would probe further, students would continue with 
“T can’t read the book.” As a mathematician I always found mathematics textbooks quite 
easy to read—and then it dawned on me: don’t look at this book through a mathematician’s 
eyes; look at it through the eyes of students who might not view mathematics the same 
way that I do. What I found was that the books were not at all like my class. Students 
understood me in class, but when they got home they couldn’t understand the book. 
It was then that the folks at Wiley lured me into writing. My goal was to write a book that 
is seamless with how we teach and is an ally (not an adversary) to student learning. 
I wanted to give students a book they could read without sacrificing the rigor needed 
for conceptual understanding. The following quote comes from a reviewer of this third 
edition when asked about the rigor of the book: 


I would say that this text comes across as a little less rigorous 
than other texts, but I think that stems from how easy it is to 
read and how clear the author is. When one actually looks 
closely at the material, the level of rigor is high. 


Distinguishing Features 


Four key features distinguish this book from others, and they came directly from my 
classroom. 


PARALLEL WORDS AND MATH 

Have you ever looked at your students’ notes? I found that my students were only 
scribbling down the mathematics that I would write—never the words that I would say in 
class. I started passing out handouts that had two columns: one column for math and one 
column for words. Each Example would have one or the other; either the words were 
there and students had to fill in the math, or the math was there and students had to fill in 
the words. If you look at the Examples in this book, you will see that the words (your 
voice) are on the left and the mathematics is on the right. In most math books, when the 
author illustrates an Example, the mathematics is usually down the center of the page, 
and if the students don’t know what mathematical operation was performed, they will 
look to the right for some brief statement of help. That’s not how we teach; we don’t 
write out an Example on the board and then say, “Class, guess what I just did!” Instead 
we lead our students, telling them what 
step is coming and then performing that 
mathematical step together—and reading 
naturally from left to right. Student 
reviewers have said that the Examples in 


EXAMPLE 1_ Graphing a Quadratic Function Given in 
Standard Form 


Graph the quadratic function f(x) = (x — 3)? — 1. 


Solution: 


Step 4 The parabola opens up. a=l1,soa>0 this book are easy to read; that’s because 
Step 2 Determine the vertex, (h, k) = 3, -1) your voice is right there with them, 
Step 3 Find the y-intercept. fO) =(-32 -1=8 working through problems together. 
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SKILLS AND CONCEPTS (LEARNING 
OBJECTIVES AND EXERCISES) 

In my experience as a mathematics aes LINES 
teacher/instructor/professor, I find skills to wes 
be on the micro level and concepts on the 
macro level of understanding mathematics. 
I believe that too often skills are emphasized 
at the expense of conceptual understanding. 
I have purposely separated /earning objectives 
at the beginning of every section into two categories: skills objectives—what students 
should be able to do; and conceptual objectives—what students should understand. At 
the beginning of every class I discuss the learning objectives for the day—both skills and 
concepts. These are reinforced with both skills exercises and conceptual exercises. 


CatcH THE MISTAKE 

Have you ever made a mistake (or had a student bring you his or her homework with a 
mistake) and you go over it and over it and can’t find the mistake? It’s often easier to 
simply take out a new sheet of paper and solve it from scratch again than it is to actually 
find the mistake. Finding the mistake demonstrates a higher level of understanding. 
I include a few Catch the Mistake exercises in each section that demonstrate a common 
mistake that I have seen in my experience. I use these in class (either as a whole or often 
in groups), which leads to student discussion and offers an opportunity for formative 
assessment in real time. 


=CATCH THE MISTAKE 


In Exercises 95-98, explain the mistake that is made. 
95. Solve the equation: 4e* = 9. 97. Solve the equation: log(x) + log(x + 3) = 1 for x. 
Solution: Solution: 
Take the natural log of both sides. In(4e*) = In9 Apply the product property (5). log(x? +3x)=1 
Apply the property of inverses. 4x =In9 Exponentiate both sides (base 10). 10°39 = 19! 
Solve for x. x= “ » 0.55 Apply the property of inverses. e+ 3x = 10 
This is incorrect. What mistake was made? Bacto ere Ti4y0 


. Solve the equation: log(x) + log(3) = 1. Solve for x. x =—Sandx=2 


Solution: This is incorrect. What mistake was made? 


LECTURE VIDEOS BY THE AUTHOR 

To ensure consistency in the students’ learning experiences, 
I authored the videos myself. Throughout the book wherever 
a student sees the video icon, that indicates a video. These 
videos provide a mini lecture in that the chapter openers 
and chapter summaries are more like class discussion and 
selected Examples. Your Turns throughout the book also 
have an accompanying video of me working out that exact 
problem. 


New to the Third Edition 


The first edition was my book, the second edition was our book, and this third edition 
is our even better book. I’ve incorporated some specific line-by-line suggestions from 
reviewers throughout the exposition, added some new Examples, and added over 
200 new Exercises. The three main global upgrades to the third edition are a new 
Chapter Map with Learning Objectives, End-of-chapter Inquiry-Based Learning 
Projects, and additional Applications Exercises in areas such as Business, Economics, 
Life Sciences, Health Sciences, and Medicine. A section (2.5*) on Linear Regression 
was added, as well as some technology exercises on Quadratic, Exponential, and 
Logarithmic Regression. 


LEARNING OBJECTIVES 


LEARNING OBJECTIVES 


= Find the domain and range of a function. 
= Sketch the graphs of common functions. 
= Sketch graphs of general functions employing translations of common functions. 


= Perform composition of functions. 
= Find the inverse of a function. 
= Model applications with functions using variation. 


INQuIRY-BASED LEARNING PROJECTS APPLICATIONS TO BUSINESS, ECONOMICS, 


HEALTH SCIENCES, AND MEDICINE 


CHAPTER 4 INQUIRY-BASED LEARNING PROJECT 
Discovering the Connection between the Standard Form 
of a Quadratic Function and Transformations of the 49. Area, Find the area enclosed 
Square Function by the system of inequalities. 


“APPLICATIONS 


53. Hurricanes, After back-to-back-to-back-to-back hurricanes 
(Charley, Frances, Ivan, and Jeanne) in Florida in the summer 
of 2004, FEMA sent disaster relief trucks to Florida. Floridians 
mainly needed drinking water and generators, Each truck could 
carry no more than 6000 pounds of cargo or 2400 cubic feet of 
cargo, Each case of bottled water takes up 1 cubic foot of space 
and weighs 25 pounds. Each generator takes up 20 cubic 
feet and weighs 150 pounds. Let x represent the number of 
cases of water and y represent the number of generators, and 
write a system of linear inequalities that describes the number 
of generators and cases of water each truck can haul to Florida. 


In Chapter 3, you saw that if you are familiar with the graphs of a small library of 50. 
common functions, you can sketch the graphs of many related functions using 

transformation techniques. These ideas will help you here as you discover the 

relationship between the standard form of a quadratic function and its graph. 


. Area, Find the area enclosed 
by the system of inequalities. 


Let G and H be functions with: $1. Area. Find the area enclosed 


GO) = Ae—1) +3 and Hie) = -Fle+ 9-4 peek eee ee 
where Fly) = 2°, 52. Area. Find the area enclosed 

by the system of linear inequalities 
(assume y = 0). 


1. For this part, consider the function G. 54, Hurricanes. Repeat Exercise 53 with a smaller truck and 


a. List the transformation you'd use to sketch the graph of G from the graph of F. 
b. Write an equation for G(x) in the form G(x) = a(x — h)? + k. This is called the 
standard form of a quadratic function. What are the values of a, h, and k? 

c. The vertex, or turning point, of the graph of F(x) = x* is (0, 0). How can you 
use the transformations you listed in part (a) to determine the coordinates of 
the vertex of the graph of G? 

|. The vertical line that passes through the vertex of a parabola is called its axis 
of symmetry. The axis of symmetry of the graph of F(x) = x? is the y-axis, or 
the vertical line with equation x = 0. How can you determine the avis of 
symmetry of the graph of G? Write the equation of this line. 


e. Sketch graphs of F and G. 


a 


2. Next consider the function H given above. 


a. List the transformations that will produce the graph of H from the graph of F. 
b. Write an equation for H(x) in standard form. What are the values of a, h, and k? 


c. What are the coordinates of the vertex of the graph of H? How do the 
transformations you listed in part (a) help you determine this? 


a 


|. Determine the equation of the axis of symmetry of the graph of H. 


e. Sketch graphs of F and H. 

3. a. What do you know about the graph of a quadratic function just by looking at its 
equation in standard form, f(x) = ale — h)? + k? 

b. Shown below are the graphs of F(x) = x? and another quadratic function, y = K(x). 
Write the equation of K in standard form. Hint: Think about the transformations. 


55. Health. A diet must be designed to provide at least 275 units 


of calcium, 125 units of iron, and 200 units of Vitamin B. 
Each ounce of food A contains 10 units of calcium, 15 units 
of iron, and 20 units of vitamin B. Each ounce of food B 
contains 20 units of calcium, 10 units of iron, and 15 units of 
vitamin B. 

a, Find a system of inequalities to describe the different 
quantities of food that may be used (let.x = the number of 
ounces of food A and y = the number of ounces of 
food B). 

b. Graph the system of inequalities. 

¢. Using the graph found in part (b), find two possible 
solutions (there are infinitely many). 


56. Health. A diet must be designed to provide at least 350 units 


of calcium, 175 units of iron, and 225 units of Vitamin B. 
Each ounce of food A contains 15 units of calcium, 25 units 
of iron, and 20 units of vitamin B. Each ounce of food B 
contains 25 units of calcium, 10 units of iron, and 10 units of 
vitamin B. 

a. Find a system of inequalities to describe the different 
quantities of food that may be used (let x = the number of 
ounces of food A and y = the number of ounces of food B). 

b. Graph the system of inequalities. 

¢. Using the graph found in part (b), find two possible 
solutions (there are infinitely many). 


57. Business. A manufacturer produces two types of computer 


mouse: USB wireless mouse and a Bluetooth mouse. Past 

sales indicate that it is necessary to produce at least twice as 

many USB wireless mice than Bluetooth mice. To meet 

demand, the manufacturer must produce at least 1000 

computer mice per hour. 

a, Find a system of inequalities describing the production 
levels of computer mice. Let x be the production level for 
USB wireless mouse and y be the production level for 
Bluetooth mouse. 

b. Graph the system of inequalities describing the 
production levels of computer mice. 

c. Use your graph in part (b) to find two possible solutions. 


58. Business. A manufacturer produces two types of mechanical 


pencil lead: 0.5 millimeter and 0.7 millimeter. Past sales 

indicate that it is necessary to produce at least 50% more 

0.5 millimeter lead than 0.7 millimeter lead. To meet 

demand, the manufacturer must produce at least 10,000 

pieces of pencil lead per hour. 

a. Find a system of inequalities describing the production 
levels of pencil lead. Let x be the production level for 
0.5 millimeter pencil lead and y be the production level 
for 0.7 millimeter pencil lead. 

b. Graph the system of inequalities describing the 


production levels of pencil lead. 
¢. Use your graph in part (b) to find two possible solutions. 


different supplies. Suppose the smaller trucks that can haul 
2000 pounds and 1500 cubic feet of cargo are used to 

haul plywood and tarps. A case of plywood is 60 cubic feet 
and weighs 500 pounds. A case of tarps is 10 cubic feet and 
weighs 50 pounds. Letting x represent the number of cases of 
plywood and y represent the number of cases of tarps, write a 
system of linear inequalities that describes the number of 
cases of tarps and plywood each truck can haul to Florida. 
Graph the system of linear inequalities. 


PREFACE xiii 


FEATURE 


Chapter Opening Vignette 


Chapter Overview, Flowchart, and 


Learning Objectives 


Skills and Conceptual Objectives 


Clear, Concise, and Inviting Writing 


Style, Tone, and Layout 
Parallel Words and Math 


Common Mistakes 


Color for Pedagogical Reasons 


Study Tips 


Author Videos 


Your Turn 


Catch the Mistake Exercises 


Conceptual Exercises 


Inquiry-Based Learning Project 


Modeling OUR World 


Chapter Review 


Chapter Review Exercises 
Chapter Practice Test 


Cumulative Test 


Piques the student's interest with a real-world application of material 
presented in the chapter. Later in the chapter, the same concept 
from the vignette is reinforced. 


Students see the big picture of how topics relate and overarching 
learning objectives are presented. 


Skills objectives represent what students should be able to do. 
Conceptual objectives emphasize a higher level global perspective 
of concepts. 


Students are able to read this book, which reduces math anxiety and 
promotes student success. 


Increases students’ ability to read and understand examples with a 
seamless representation of their instructor's class (instructor's voice 
and what they would write on the board). 


Addresses a different learning style: teaching by counter-example. 
Demonstrates common mistakes so that students understand why a 
step is incorrect and reinforces the correct mathematics. 


Particularly helpful for visual learners when they see a function 
written in red and then its corresponding graph in red or a function 
written in blue and then its corresponding graph in blue. 


Reinforces specific notes that you would want to emphasize in class. 


Gives students a mini class of several examples worked by the 
author. 


Engages students during class, builds student confidence, and 
assists instructor in real-time assessment. 


Encourages students to assume the role of teacher—demonstrating a 
higher mastery level. 


Teaches students to think more globally about a topic. 


Lets students discover a mathematical identify, formula, etc. that is 
derived in the book. 


Engages students in a modeling project of a timely subject: global 
climate change. 


Key ideas and formulas are presented section by section in a chart. 
Improves study skills. 


Improves study skills. 
Offers self-assessment and improves study skills. 


Improves retention. 
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Instructor Supplements 


INSTRUCTOR’S SOLUTIONS MANUAL (ISBN: 978-1-118-13759-8) 
¢ Contains worked-out solutions to all exercises in the text. 


INSTRUCTOR’S MANUAL 
Authored by Cynthia Young, the manual provides practical advice on teaching with the 
text, including: 

e sample lesson plans and homework assignments 

¢ suggestions for the effective utilization of additional resources and supplements 

e sample syllabi 

e Cynthia Young’s Top 10 Teaching Tips & Tricks 

* online component featuring the author presenting these Tips & Tricks 


ANNOTATED INSTRUCTOR’S EDITION (ISBN: 978-1-118-13491-7) 
e Displays answers to all exercise questions, which can be found in the back 
of the book. 
¢ Provides additional classroom examples within the standard difficulty range 
of the in-text exercises, as well as challenge problems to assess your students’ 
mastery of the material. 


PoweERPOINT SLIDES 
e For each section of the book, a corresponding set of lecture notes and worked-out 
examples are presented as PowerPoint slides, available on the Book 
Companion Site (www.wiley.com/college/young) and WileyPLUS. 


Test BANK 
¢ Contains approximately 900 questions and answers from every section of the text. 


ComPUTERIZED TEST BANK 
Electonically enhanced version of the Test Bank that 
* contains approximately 900 algorithmically-generated questions. 
e allows instructors to freely edit, randomize, and create questions. 
¢ allows instructors to create and print different versions of a quiz or exam. 
* recognizes symbolic notation. 


Book CompPANION WEBSITE (WWW.WILEY.COM/COLLEGE/YOUNG) 
¢ Contains all instructor supplements listed plus a selection of personal response 
system questions. 


WieyPLUS 
¢ Features a full-service, digital learning environment, including additional resources 
for instructors, such as assignable homework exercises, tutorials, gradebook, and 
integrated links between the online version of the text and supplements. 


Student Supplements 


STUDENT SOLUTIONS MANUAL (ISBN: 978-1-118-13758-1) 
¢ Includes worked-out solutions for all odd problems in the text. 


Book CompPANION WEBSITE (WWW.WILEY.COM/COLLEGE/YOUNG) 
e Provides additional resources for students to enhance the learning experience. 
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What Do Students Receive with WileyPLUS? 


A RESEARCH-BASED DESIGN 

WileyPLUS provides an online environment that integrates relevant resources, including 
the entire digital textbook, in an easy-to-navigate framework that helps students study 
more effectively. 


¢ WileyPLUS adds structure by organizing textbook content into smaller, more 
manageable “chunks.” 

¢ Related media, examples, and sample practice items reinforce the learning objectives. 

¢ Innovative features such as visual progress tracking, and self-evaluation tools 
improve time management and strengthen areas of weakness. 


ONE-ON-ONE ENGAGEMENT 

With WileyPLUS, students receive 24/7 access to resources that promote positive learning 
outcomes. Students engage with related examples (in various media) and sample practice 
items, including: 


° Self-Study Quizzes 

e Video Quizzes 

¢ Proficiency Exams 

¢ Guided Online (GO) Tutorial Problems 

¢ Concept Questions 

¢ Lecture Videos by Cynthia Young, including chapter introductions, chapter 
summaries, and selected video examples. 


MEASURABLE OUTCOMES 

Throughout each study session, students can assess their progress and gain immediate 
feedback. WileyPLUS provides precise reporting of strengths and weaknesses, as well as 
individualized quizzes, so that students are confident they are spending their time on the 
right things. With WileyPLUS, students always know the exact outcome of their efforts. 


What Do Instructors Receive with WileyPLUS? 


WileyPLUS provides reliable, customizable resources that reinforce course goals inside and 
outside of the classroom, as well as visibility into individual student progress. Pre-created 
materials and activities help instructors optimize their time. 


CusTomIZABLE CourRSE PLAN 
WileyPLUS comes with a pre-created Course Plan designed by a subject matter expert 
uniquely for this course. 


PrRE-CREATED Activity TYPES INCLUDE: 
* Questions 
e Readings and Resources 
e Print Tests 


Course MATERIALS AND ASSESSMENT CONTENT 
e Lecture Notes PowerPoint Slides 
e Instructor’s Manual 
* Question Assignments (all end-of-chapter problems coded algorithmically with 
hints, links to text, whiteboard/show work feature, and instructor controlled 
problem solving help) 


xvi 


PREFACE 


GRADEBOOK 

WileyPLUS provides instant access to reports on trends in class performance, student use 
of course materials, and progress toward learning objectives, helping inform decisions 
and drive classroom discussions. 
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A Note from the Author 
to the Student 


wrote this text with careful attention to ways in which to make your 

learning experience more successful. If you take full advantage 
of the unique features and elements of this textbook, I believe your 
experience will be fulfilling and enjoyable. Let’s walk through some of 
the special book features that will help you in your study of 
algebra and trigonometry. 


Prerequisites and 


Prerequisites and Review (Chapter O) Review 


A comprehensive review of prerequisite knowledge (intermediate 
algebra topics) in Chapter 0 provides a brush up on knowledge and skills 
necessary for success in the course. 


afew 99 


ould you be able to 
W walk successfully along 
a tightrope? Most people 
probably would say no 
because the foundation is 
“shaky.” Would you be able 
to walk successfully along a beam (4 inches wide)? Most people would probably say yes—even though 
for some of us it is still challenging. Think of this chapter as the foundation for your walk. The more solid 


Clear, Concise, and Inviting Writing 


Special attention has been made to present an engaging, clear, precise 
narrative in a layout that is easy to use and designed to reduce any math 
anxiety you may have. 


your foundation is now, the more successful your walk through College Algebra will be. 

‘The purpose of this chapter is to review concepts and skills that you already have learned in a previous 
course. Mathematics is a cumulative subject in that it requires a solid foundation to proceed to the next 
level. Use this chapter to reaffirm your current knowledge base before jumping into the course. 


OD) in tas cuarter 


Chapter Introduction, 
Flow Chart, Section 
Headings, and 
Objectives 

An opening vignette, flow chart, 


list of chapter sections, and chapter 
learning objectives give you an 


Functions and i : 


Their Graphs 


« Relations ‘© Recognizing Horizontal Adding, * Determine * Direct 


OF CGS ut CANES a and and and Vertical ‘Subtracting, Whether Variation 
department store, you see a shirt you Funetions Classifying Shifts Muttiplying, a function Is « Inverse . f h h 
tke The orginal price ofthe shin was $00 Pines | | feed | locates | | Gale) | Gesee) | ie overview of the chapter. 
but it has been discounted 30%. As a Equations and Axes ‘© Composition Functions Variation and 
ncion ||||/Dacesing, || |e susching || |[ettunevons|| |+crpnica! || || contined 
preferred shopper, you get an automatic Rees fincane. eke Rept adon Variation 
adiltional 20% of the sale price at the «Domain ofa | | eAverge at| || Compressing otlivene 
: : : Pircion || |[ otenunge faneons 
register. How much will you pay for the shirt? i Briere sprang te 
Naive shoppers might be lured into thinking this shirt will cost $50 because they add the 20% and 30% to Defined Inverse 
Pancions fanton 


_get 50% off, but they will end up paying more than that. Experienced shoppers know that they first take 30% 
off of $100, which results in a price of $70, and then they take an additional 20% off of the sale price, $70, 
which results in a final discounted price of $56. Experienced shoppers have already leamed composition of 


LEARNING OBJECTIVES 


* Find the domain and range of a function. 
functions, ¥ Sketch the graphs of common functions. 

‘A composition of functions can be thought of as a function of a function. One function takes an input 
(original price, $100) and maps it to an output (sale price, $70), and then another function takes that output 
as its input (Sale price, $70) and maps that to an output (checkout price, $56). 


SECTION POLYNOMIAL FUNCTIONS 
4.2 OF HIGHER DEGREE 


CONCEPTUAL OBJECTIVES 


"= Sketch graphs of general functions employing translations of common functions. 
«= Perform composition of functions. 

' Find the inverse of a function, 

"= Model applications with functions using variation 


SKILLS OBJECTIVES 


Skills and Conceptual Objectives 


Identify a polynomial function and determine its 
degree. 

Graph polynomial functions using transformations. 
Identify real zeros of a polynomial function and their 
multiplicities. 


Graph polynomial functions. 
x-intercepts 
multiplicity (touch/cross) of each zero 
end behavior 


Determine the end behavior of a polynomial function. 


Understand that real zeros of polynomial functions 
correspond to x-intercepts. 

Understand the intermediate value theorem and how it 
assists in graphing polynomial functions. 

Realize that end behavior is a result of the leading 
term dominating. 

Understand that zeros correspond to factors of the 
polynomial. 


For every section, objectives are further divided by 
skills and concepts so you can see the difference 
between solving problems and truly understanding 
concepts. 


xxii A NOTE FROM THE AUTHOR TO THE STUDENT 


Examples 


Examples pose a specific problem using concepts 
already presented and then work through the solution. 
These serve to enhance your understanding of the 
subject matter. 


Your Turn 


Immediately following many examples, you are 
given a similar problem to reinforce and check your 
understanding. This helps build confidence as you 
progress in the chapter. These are ideal for in-class 
activity or for preparing for homework later. Answers 
are provided in the margin for a quick check of your 
work. 


COMMON MISTAKE 

A common misunderstanding is to interpret the notation f(x + 1) as a sum: 
F@ + 1) # fF) + fF). 

INCORRECT 


The ERROR is in interpreting the 
notation as a sum. 


€ CORRECT 


Write the original function. 


{@) =< — 3x 
Replace the argument x with a f@ + 1) 4 f@) + fC) 
placeholder. ae 
Ff) = (Gy = 3(0) 


Substitute x + 1 for the argument. 
fe +1) = @ + 1? — 3@ +1) 
Eliminate the parentheses. 


fat il=2+2x+1-3x-3 


Combine like terms. 


Parallel Words and Math 


This text reverses the common textbook presentation 
of examples by placing the explanation in words on 
the left and the mathematics in parallel on the right. 
This makes it easier for students to read through 
examples as the material flows more naturally from left 
to right and as commonly presented in class. 


Study Tips and 
Caution Notes 
These marginal reminders call out important 


hints or warnings to be aware of related to 
the topic or problem. 


Study Tip 


ts! 


ln +h) — fe 
Sx + h) fo, 


For the function f(x) = x? — x, find h 


#0. 


Solution: 
Use placeholder notation for the function f(x) = x7 — x. 


Calculate f(x + h). 


Write the difference quotient. 
Let f(x + A) = (x + AY = (x + A) and f(x) = P -— x 
f(xth) 


OO a 
fot — sey _[@ +H? = +m] - [P= 4] 


f( 
f(x + h) = (x + hP — (x +h) 


EXAMPLE 9_ Evaluating the Difference Quotient 


y=(0OY¥- (CO) 


fx + h) — fa) 


h h 


Eliminate the parentheses inside the = [xe + 2xh + I? 


h#0 


—x-h)-[e-4xJ 


first set of brackets. 


Eliminate the brackets in the numerator. 


h 


—+2ht+h-x-h- xv tex 


2xh +h? —h 
Combine like terms. = — 
h(Qx + h — 1) 
Factor the numerator. = —— 
h 
Divide out the common factor, h. = 


h 


h#0 


= YOUR TURN Evaluate the difference quotient for f(x) = x° — 1. 


Com 


mon Mistake/ 


Correct vs. Incorrect 


In addition to standard examples, some problems are worked 


out both correctly and incorrectly to 


highlight common 


errors students make. Counter examples like these are often 


an effective learning approach for many students. 
Worps MatH 
Write the interest formula for compounding continuously. A = Pe" 
Let A = 2P (investment doubles). 2P = Pe" 
Divide both sides of the equation by P. 2=e" 
Take the natural log of both sides of the equation. In 2 = Ine” 
Simplify the right side by applying the property In e* = x. In2=rt 
In2 
Divide both sides by r. pee 
7 
0.7 


Approximate In 2 ~ 0.7. 


Technology Tips 

These marginal notes provide problem 
solving instructions and visual examples 
using graphing calculators. 


The largest number of zeros a 
polynomial can have is equal to 
the degree of the polynomial. 


vy CAUTION 
f° g Fry 


E 
Technology Tip 


A graphing utility can be used to 
evaluate P(2). Enter P(x) = 4x5 — 3x* 
+2 — 7 + 9x — Sas Yj. 


Fieki Flots Floats 

wit BAS *S-38 "4428 
CEC ERE HSS 
wi 


a] 


To evaluate P(2), press 


Y-VARS 


1:Function, 


ENTER 


A NOTE FROM THE AUTHOR TO THE STUDENT 


a id IN THIS CHAPTER 


a SECTION 
SUMMARY 


Direct, inverse, joint, and combined variation can be used to Joint variation occurs when one quantity is directly proportional 
model the relationship between two quantities. For two quantities to two or more quantities. Combined variation occurs when one 
x and y, we say that quantity is directly proportional to one or more quantities and 
inversely proportional to one or more other quantities. 


y is directly proportional to x if y = kx. 


y is inversely proportional to x if y = 


| » heueeeiie 9 Evaluating the Difference Quotient 


fee DS Ie) wl =f 20. 


For the function f(x) = x? — x, find 


Video icons 


Video icons appear on all chapter and 
section introductions, chapter and section 
reviews, as well as selected examples 


Solution: 


fC 


Use placeholder notation for the function f(x) = x? — x. 


CHAPTER 3 REVIEW 


. rs SECTION (CONCEPT Key IpeEas/FoRMULAS 
throughout the chapter to indicate that the eer 
author has created a video segment for Relations and functions Ail funetions ae relations, but not al relations are functions, 


Functions defined by equations A vertical line can intersect a function in at most one point. 


that element. These video clips help you 
work through the selected examples with 
the author as your “private tutor.” 


Function notation Placeholder notation: 
fe) =32-6x+2 AL) =300? - 6) +2 


Difference quotient: 
(x + h) — fx) 
eth = Tel h ble she 
h 


SECTION 
3.5 EXERCISES 


Six Different Types of Exercises 


Every text section ends with Skills, Applications, Catch the 
Mistake, Conceptual, Challenge, and Technology exercises. 
e The exercises gradually increase in difficulty and vary in skill 

and conceptual emphasis. Catch the Mistake 
Rycaenieianaae exercises increase the depth of understanding 


"SKILLS 


In Exercises 1-16, determine whether the given relation is a function. If it is a function, determine whether it is 
a one-to-one function. 


65. Temperature. The equation used to convert from degrees Security, write a function E(x) that expresses the student's, 
Celsius to degrees Fahrenheit is f(x) = $x + 32. take-home pay each week. Find the inverse function E(x). “3 
Determine te inverse funtion f), What does the What does th inverse function ll ou? and reinforce what you have learned. Conceptual 
inverse function represent? 70. Salary. A grocery store pays you $8 per hour for the first G : 

66, ‘Temperature. The equation used to convert from degrees 40 hours per week and time and a haf for overtime, Write a and Challen ge exercises specifically focus on 
Fahrenheit to degrees Celsius is C(x) = (x — 32). piecewise-defined function that represents your weekly earnings 
Determine the inverse function C~'(x). What does the inverse E(x) asa function of the number of hours worked x. Find the 1 1 
funson represent ineaciinton! io Witdaatcmenctntntciye? | @sSessing conceptual understanding. Technology 


67. Budget. The Richmond —--- 


iene otis fcarew eae Missk<e <= —————— iI exercises enhance your understanding 


In Exercis 


75-78, explain the mistake that is made. 76. A linear one-to-one function is graphed below. Draw its 


figure out how muc! 
per at forthe frst and ability using scientific and 
graphing calculators. 


inverse. 


78. Isx = y" a one-to-one y 
function? Solution: 
Solution: Note that the points ‘.3) 
Yes, this graph (3,3) and (0, —4) lie 
on the graph of the CATT 

represents a one-to-one 7 

x junction, 
function because it 


passes the horizontal 
line test 


boat. Find the cost fi 
number of boats the 


=CONCEPTOAL ———— 
In Exercises 91-94, determine if each statement is true or false. 


91. The graph of a polynomial function might not have any 94, The range of all polynomial functions is (2°, =). 
y-intercepts. 


This is incorrect. Wha| 


95. What is the maximum number of zeros that a polynomial of 
92. The graph of a polynomial function might not have any degree n can have? 
x-intercept. 


96. What is the maximum number of turning points a graph of an 
93. The domain of all polyni 7 = 


CHALLENGE 


1 ‘ 2 
91. For the functions f(x) =x + a and g(x) = ——., find 93. For the functions f(x) = Vx + a and g(x) = x" — a find 
g © fand state its domain, bs g © fand state its domain. 
1 
94, For the functions f(x) = — and g(x) = = find g © fand 


state its domain, Assume a > Vand b > 1, 


92. For the functions f(x) = ax? + bx + ¢ and g(a) 
find g © fand state its domain. 


"TECHNOLOGY 
95, Using a graphing utility, plot y;= Vx 7 and y;= VO—x. 97. Using a graphing utility, plot y, = Va" — 3x — 4, 
1 


Plot y = y; +3: What is the domain of y3? ; wa tan represents function 
= J 
ae eee ee utility, plot y, = WF 3.92 = Fa fand y» represents a function g, then y; represents the 
and y, = “4. What is the domain of y,? composite function g © f. The graph of y, is only defined 
y 


for the domain of g © f. State the domain of g ° f. 


xxiv A NOTE FROM THE AUTHOR TO THE STUDENT 


Inquiry-Based 
Learning 
Projects 


These end of chapter 
projects enable you to 
discover mathematical 
concepts on your own! 


P cuarter 3 REVIEW 


Secon Concert Key Ioeas/Fonmutas 


34 Functions 


(CHAPTER 3 INQUIRY-BASED LEARNING PROJECT 


Modeling Our World 


These unique end-of-chapter exercises 
provide a fun and interesting way to take 
you have learned and model a real 
world problem. By using climate change 
as the continuous theme, these exercises 
can help you to develop more advanced 
modeling skills with each chapter while 
seeing how modeling can help you better 


what 


understand the world around you. 


Transformations of Functions 3 
G5] Dylan's Jox om Frida 
Being a creature of habit, Dylan usually sets out 4 Te E 
each morning at 7 Am from his house for a jog. real 
Figure 1 shows the graph of a function, y = d(t), Es 
that represents Dylan's jog on Friday. & 4 
$ =a 
‘a. Use the graph in Figure 1 to fil in the table i aie 
below. a) 
Doar a 
‘Time (minutes) 
Figure 1 
t 
y= ay 
Describe a jogging scenario that fits the graph and table above. 
'b. The graph shown in Figure 2 represents , 
Dylan's jog on Saturday. itis a transformation 5] Dylan's Jog on Saturday 
of the function y = dt) shown in Figure 1. ea 
g 
Complete the table of values below for this no 
transformation. You may find it helpful to Oa 
refer to the table in part (a). i 
1 
6 
Ta 
‘Time (minutes) 
Figure 2 


t 
i 
‘What is the real-world meaning of this transformation? How is Dylan’s jog o| 
Saturday different from his usual jog? How is it the same? 
‘The original function (in Figure 1) is represented by the equation y = (i). Writ 
equation, in terms of d(), that represents the function graphed in Figure 2. 
. The graph shown in Figure 3 represents 5 


Relations and functions 


All functions are relations, but not all relations are functions. 


Functions defined by equations 


‘A vertical Line can intersect a function in at most one point. 


Function notation Placeholder notation. 


ih 


fa) = 3° — 6x + 2 AC) = 30? — 6 + 2 
Difference quotient 

xt) ~ fle 
16D = 10, Di #0 


Domain of a function ‘Are there any restrictions on x? 


Graphs of functio 
piecewise-defined functions; 
increasing and decreasing 
functions; average rate of change 


Recognizing and classifying functions Common functions 
fla) = me + b, FO) = x, foo 


fa) =, fe) = 


Average rate of change 


= 

a 

> 

a 

e 3.1 Functions 
fa Increasing and decreasing elnereatag] 
F functions + Decreasing 
a 

< 

I 

6 


Determine whether each relation is a function, ’ 


Piecewise-defined functions 


Graphing techniques: Shift the gral 
‘Transformations 


Horizontal and vertical shifts fire 


fix-e) 


Vickie +} 


a f(-2) bs) a f(-5) b f(0) 


fayte 
fay~e 
~f00) 
fi-9 
ef) ite> 


2 (0,2,,4).2, 
312.9. 
4.14,7),2.6),, 


Reflection about the axes 


Stretching and compressing 


CHAPTER 4 PRACTICE TEST 


|. Graph the parabola y = —(x ~ 4° + 1 
Write the parabola in standard form y = x7 + 4x — 1 


Find the vertex of the parabola f(x) = 


to sell to break even? 


|. Find a quadratic function whose vertex is (~3, ~1) and 
‘whose graph passes through the point (~4, 1). 


Find a sixth-degree polynomial function with the given 


2of multiplicity 3 1 of multiplicity 2 0 of multiplicity 1 


For the polynomial function f(x) = x* + 6x" ~ Tx 
Sie SAE ae: fa, x-and y-intercepts 
a List each real zero and its multiplicity. Hig oni 


Determine whether the graph touches or crosses at each 
x-intercept. 


cc. Find the y-intercept and a few points on the graph, stant aayreplones: 


4, Determine the end behavior. 
fe, Sketch the graph, 
7. Divide ~4x' + 2x! — 72 + $x — 2by 2? — 3x41 


fe. graph 


2. 


8. Divide 17x° — 4x + 2x — 10by x +2. mu. 


1. Is.x — Fa factor of x¢ +4 — 13x — x + 127 


|. Determine whether ~1 is a zero of P(a 
Se? + Te + 3x +2, 


|. Given that. x ~ 7is a factor of P(x) = 3° 
factor the polynomial in terms of linear factor 


. Given that 37 is a zero of P(x) = x° — 3x1 + 197 = 27x + 
90, find all other zeros. 


Can a polynomial have zeros that are not s-intercepts? Explain, 


PRACTICE TEST 


. Apply Descartes’ rule of signs to determine the possible 
combinations of positive real zeros, negative real zeros, and 
complex zeros of P(x) = 348 + 2x4 — 3x! +2 —¥ + © 


From the rational zero test, list all possible rational zeros of 
Px) = 3a! — Te? + Be + 12. 


In Exercises 16-18, determine all zeros of the polynomial 
function and graph. 


16. P( 


B+ dx 


17, Pla) = 20 = 3+ Be 12 
in Peg aa? + ind i) 
. Py = x4 = 6 + 10x 6 +9 
19. Sports. A football player shows up in August at 300 pounds into 
agi 


After 2 weeks of practice in the hot sun, he is down to 285 
pounds. Ten weeks into the season he is up to 315 pounds 
because of weight training, In the spring he does not work out, 
and he is back to 300 pounds by the next August. Plot these 
points on a graph. What degree polynomial could this be? 


20. Profit. The profit of a company is governed by the polynomial 
P(x) = 20 — 13? + 474 — 35, where xis the number of units 
sold in thousands, How many units does the company have 


21. Interest Rate. The interest rate for a 30-year fixed mortgage 
fluctuates with the economy. In 1970, the mortgage interest 
rate was 8%, and in 1988 it peaked at 134%. In 2002, it dipped 
down to 4%, and in 2005, it was up to 6%. What is the lowest 
degree polynomial that can represent this function? 


In Exercises 22-25, determine (if any) the: 


¢. horizontal asymptotes 


c.x,where fx) = 0 c-s,where f(x) = 0 


4,8.) 


Evaluate the given quantities using the following three 


(0,4). (2, 6) 
8),(7)) 


functions. 


Sae-7 0 Rar ar—3 


16. F(a) 
FO) 
* 30) 


20. (3 + h) 


Fut h) — Fo, 
2, 


notation. 


24. glx) =x 


1 
26. Fix) = 
Wa 


D 
= 16" 


(4) and f(—4) are undefined, 


where x= 4 

3. Multiply and simplify 
ed ed point (=1, 4), 

4. Solve for x: |2x~ 5] +3 > 10. 

5. Austin can mow a lawn in 75 minutes. The next week Stacey 


‘mows the same lawn in 60 minutes. How long would it take 21, 
them to mow the lawn working together? 


6. Use the discriminant to determine the number and type of 
roots: “4x? + 3x + 1 


7. Solve and check V16 + = x + 2. 


8. Apply algebraic tests to determine whether the equation's 
graph is symmetric with respect tothe x-axis, y-axis, or 
origin for y = |x| —3 


PQ) = 20) = 3 - 


9. Write an equation of the line that is parallel to the line 


x ~ 3y = 8 and has the point (4, 1). Haein 
3x-5 
40. Find the winereept and intercept and sketch the graph for 25, Find ll vertical and horizontal asymprotes of fx) = =—> 
2y-6=0. oy a 


LI. Write the equation of a circle with center (0, 6) and that Graph We fonetion f= 


passes through the point (1,5). 


Express the domain of the function f(x) = VG 7 with 3 
interval notation, 10) == 
13. Determine whether the function g(x) = VE 1is even, 
odd, or neither. 
. ‘what you found? 
14, For the function y + 1 + 2, identify all of the 


transformations of 
6 
fo) =~ 


5 Sketch the graph of y 


or 
VE=T + 3 and identify all rat 


ga) =| +20 +4] 


‘domain of the given function. Express the domain in 


and 


ODELING OUR WORLD 


‘The US. National Oceanic and Atmospheric Association (NOAA) monitors temperature and 
carbon emissions at its observatory in Mauna Loa, Hawai, NOAA's goal is to help foster an 
informed society that uses a comprehensive understanding of the role of the oceans, coasts, 
and atmosphere in the global ecosystem to make the best social and economic decisions. 
‘The data presented in this chapter is from the Mauna Loa Observatory, where historical 
atmospheric measurements have been recorded for the last 50 years, You will develop linear 
models based on this data to predict temperature and carbon emissions in the future, 

The following table summarizes average yearly temperature in degrees Fahrenheit °F 
and carbon dioxide emissions in parts per millon (ppm) for Mauna Loa, Hawaii. 


Year ig60 | 1965 | 1970 | 1975 | 1980 | 1985 | 1990 | 1995 | 2000 | 2005 

Temperature (F)| 44.45 | 4329 | 4361 | 4335 | 4666 | 45.71 | 4853 | 4753 | 4586 | 46.23 

Co, Emissions | 3169 | 3200 | 3257 | 3311 | a3a7 | 3459 | 3542 | ac06 | aea4 | 3707 
(pm) 


17. Evaluate g( f(—1)) for f(a) = 7 ~ 20 and g(x) = 2x — 10. 


List the possible rational zeros, and test to determine all 
rational zeros for P(x) = 120° + 20° + 7x ~ 6. 


1, Plot the temperature data with time on the horizontal axis and temperature on the 
vertical axis, Let t = 0 correspond to 1960. 
2. Find a linear function that models the temperature in Mauna Loa. 
a. Use data from 1965 and 1995. 
b, Use data from 1960 and 1990. 
Use linear regression and all data given. 


3. Predict what the temperature will be in Mauna Loa in 2020, 
a. Apply the line found in Exercise 2(a). 
b. Apply the line found in Exercise 2(b). 
c. Apply the line found in Exercise 2(c). 


|. Find the inverse of the function f(x) = (x — 4)' + 2, 


Find a quadratic function that has the vertex (~2, 3) and 


Find all of the real zeros and state their multiplicities of the 
function f(x) = ~3.2x4 ~ 14.80. 


Use long division to find the quotient Q(x) and the remainder 
r(x) of (—200° ~ 8 + Tx ~ 5) + (~Sx + 3). 


Use synthetic division to find the quotient Q(x) and the 
remainder r(x) of (2x + 3x2 — Ix + 6) + (¢~ 3). 


Given the real zero x = 5 of the polynomial 


15, determine all the other zeros 


and write the polynomial in terms of a product of linear 


into a single rational expression. Graph this function 
utilizing a graphing utility. Does the graph confirm 


Find the asymptotes and intercepts of the rational function 


Note: Combine the two 
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Chapter Review, 
Review Exercises, 
Practice Test, 
Cumulative Test 


At the end of every chapter, a 
summary review chart organizes 
the key learning concepts in an 
easy to use one or two-page 
layout. This feature includes key 
ideas and formulas, as well as 
indicating relevant pages and 
review exercises so that you can 
quickly summarize a chapter 
and study smarter. Review 
Exercises, arranged by section 
heading, are provided for extra 
study and practice. A Practice 
Test, without section headings, 
offers even more self-practice 
before moving on. A new 
Cumulative Test feature offers 
study questions based on all 
previous chapters’ content, thus 
helping you build upon 
previously learned concepts. 


Algebra and 
Trigonometry 


DEFINITIONS, RULES, FORMULAS, AND GRAPHS 


ARITHMETIC OPERATIONS 


a 
eT ee ac ad+be at+b_a b i) a 
cae bd bd coe (<) be 
b b —b b- + 
(2) -$ e = 2 2 C=b+cea¥#0 a 
ra c c-d d-c a 
a aq__ ac 
b} a (2) b 
c be c 
a a\y a 
0 _ wees ees = Las =, ee af om — ~min _ 
a=1a#0 ? ae (4) -¢ a=an"= 
1 n n n 
aqt= = (ay = a” Va = al? ab = Waw/b 
Wa = alr : @ = Va 
aa =a (aby = ab b) Wp 
1. [xl { x ifx=0 1. Difference of two squares: 
71 |-x ifx>0 A — B? = (A + BYA — B) 
2. If |2| = ¢, then x = c or x = —e. (c > 0) 2. Perfect square trinomials: 


3. If |x| < c, then —c < x < cc. (c > 0) 


A? + 2AB + B’ = (A + BY 
4. If |x| > c, then x < —corx>c. (c > 0) ( ) 


A? — 2AB + B’ = (A — BY 


A? + B®? = (A + B)(A® — AB + B’) 


- log,(MN) = log,M + log,N 4. Difference of two cubes: 


M 
. toes) = log,M — log,N A? — B’ = (A — B)(A? + AB + B’) 
. log, M’ = plog,M 
log,M _iInM __ logM 
log,b Inb logb 
. log,b* = x; Ine* = x 
Pera ee Se KO 


1 
2 
3 
4. log,M = 
5 
6 


SYMMETRY 


AY 


(x, y) 


Vr 


Va x 
< > 


x —y) | 


v A 
y-Axis Symmetry x-Axis Symmetry Origin Symmetry 


[ 


Distance Formula The distance from (x;, y,) to (%, y2) is V(x) — x,)° + (y. - y,)’. 


X, +X YW + Yo 
ee) , 


Midpoint Formula The midpoint of the line segment with endpoints (x,, y,) and (x, y>) is ( 


Standard Equation The standard equation of a circle of radius r with center at (h, k) is 


of a Circle G=-hP +O = ker 
Slope Formula The slope m of the line containing the points (x, y,) and (x, y) is 
change in = 
slope (m) = a a 2 (x, # X) 
changeinx xX) — x, 
m is undefined if x; = x, 
Slope-Intercept The equation of a line with slope m and y-intercept (0, b) is y = mx + b 
Equation of a Line 
Point-Slope The equation of a line with slope m containing the point (x;, y,) is y — y) = m& — x) 


Equation of a Line 
—b+ VP —- 4ac 


2a 


Quadratic Formula The solutions of the equation ax’ + bx +c=0,a #0, arex = 


If b* — 4ac > 0, there are two distinct real solutions. 
If b° — 4ac = 0, there is a repeated real solution. 


If b> — 4ac < 0, there are two complex solutions (complex conjugates). 


(reer acne 


Circle = Radius, A = Area, C = Circumference 


Fe 
A=a7r C=2zr 
b = Base, h = Height (Altitude), A = area 


Triangle y N 


b A = 5bh 
Rectangle w l= Length, w = Width, A = area, P = perimeter 
l A=lw P=2l1+ 2w 


Rectangular Box (a=: 1 = Length, w = Width, h = Height, V = Volume, S = Surface area 
V=Iwh §S = 2lw + 2lh + 2wh 


I 
Sphere ey) r = Radius, V = Volume, S = Surface area 
yd V= tar S = 4ar? 


r = Radius, h = Height, V = Volume, S = Surface area 
V=arh § = 2ar? + 2arh 


I centimeter ~ 0.394 inch I joule © 0.738 foot-pound 1 mile ~ 1.609 kilometers 
1 meter ~ 39.370 inches 1 gram ~ 0.035 ounce 1 gallon © 3.785 liters 
~ 3.281 feet 1 kilogram ~ 2.205 pounds 1 pound ~ 4.448 newtons 
1 kilometer ~ 0.621 mile linch * 2.540 centimeters 1 foot-lb ~ 1.356 Joules 
1 liter + 0.264 gallon 1 foot ~ 30.480 centimeters 1 ounce ~ 28.350 grams 
I newton © 0.225 pound ~ 0.305 meter 1 pound ~ 0.454 kilogram 


Constant Function 


Linear Function 


Quadratic Function 


Polynomial Function 


Rational Function 


Exponential Function 


Logarithmic Function 


f(x) = b 
f(x) = mx + b, where m is the slope and b is the y-intercept 
f@ = ax t+ bx +c,a#0or f@ =aa - hy +k parabola vertex (h, k) 
f(x) = a,x" + a,x” | + +++ + ayx + ay 
n(x) A,X" + adyyx"™ } +o + ax + ay 
7 d(x) 7 bX" + Ay x | Hors + Dx + do 
fa =b,b>0,b#1 
FQ) = log,x, b > 0,b #1 


R(x) 


v 


Constant Function 


FN wWEUAAIHL 


Ad AY Ad 
Sk Sk 10- 
4 4b OL 
BL BL BL 
2 2 a 
1 I 6 
et I et tg Ne Sg 
“5-30-7123 4 5 5 3 -l1[1234 5 a 
a aos 3 
3h 3h 2p 
: =# 1. ad le. 1 : 
- ok ost ee 
345678 9 10 
v v v 
Identity Function Absolute Value Function Square Root Function 
AY AY AY 
10 
gE 
6 
4b 
2 x x x 
<«tJtltit Pitti y 4 > < > 
-5-4-3-2 f,| 123 45 
4h 
-6F 
-8 
x 
| kee [as a -10 EL 
123 45 >: eo 
v v v 
Cube Function Exponential Function Logarithmic Function 


Square Function 


In each case, c represents a positive real number. 


If the semiperimeter, s, of a 


Function Draw the graph of f and: triangle is 

Vertical =f(x) +e Shift f upward c units. ak b %ée 
translations y =f(x) -c Shift f downward c units. s= a ar 
Horizontal { y =f (x —c) Shift f to the right c units. then the area of that triangle is 
translations y =f(x +0) Shift f to the left c units. A=*h6—=pG=pGo=a 
Relieeiai { y =—f(x) Reflect f about the x-axis. 


y =f(-x) 


Reflect f about the y-axis. 


Prerequisites and 
Review 


sasew| Ayje5/sasew| puajg/sasew) Aya5 


We. you be able to 
walk successfully along 
a tightrope? Most people 


probably would say no 
because the foundation is 


“shaky.” Would you be able 
to walk successfully along a beam (4 inches wide)? Most people would probably say yes—even though 
for some of us it is still challenging. Think of this chapter as the foundation for your walk. The more solid 
your foundation is now, the more successful your walk through College Algebra will be. 

The purpose of this chapter is to review concepts and skills that you already have learned in a previous 
course. Mathematics is a cumulative subject in that it requires a solid foundation to proceed to the next 
level. Use this chapter to reaffirm your current knowledge base before jumping into the course. 


sasew| Ayag/ixeL/apem Aue 


real numbers, integer exponents, and scientific notation will be discussed, followed by rational 
exponents and radicals. Simplification of radicals and rationalization of denominators will be reviewed. Basic operations such as 
addition, subtraction, and multiplication of polynomials will be discussed followed by a review of how to factor polynomials. 
Rational expressions will be discussed and a brief overview of solving simple algebraic equations will be given. After reviewing 
all of these aspects of real numbers, this chapter will conclude with a review of complex numbers. 


PREREQUISITES AND REVIEW 


0.7 
Complex 
Numbers 


0.4 
Factoring 
Polynomials 


O.1 0.2 


Real Integer 
Numbers Exponents 


0.3 


Polynomials: 
Basic 


0.5 


Rational 
Expressions 


0.6 


Rational 
Exponents 


and 
Radicals 


and Operations 
Scientific 
Notation 


e The Set of e Integer e Adding and ® -~Greatest e Rational e Square e The 
Real Exponents Subtracting Common Expressions Roots Imaginary 
Numbers © Scientific Polynomials Factor and Domain’ e@ Other (nth) Unit, / 

e Approxima- Notation e Multiplying § ¢ Factoring Restrictions Roots e Adding and 
tions: Polynomials Formulas: e Simplifying e Rational Subtracting 
Rounding e Special Special Rational Exponents Complex 
and Products Polynomial Expressions Numbers 
Truncation Forms e Multiplying e Multiplying 

© Order of e Factoring a and Dividing Complex 
Operations Trinomial as Rational Numbers 

e Properties a Product Expressions © Dividing 
of Real of Two e Adding and Complex 
Numbers Binomials Subtracting Numbers 

e Factoring by Rational © Raising 
Grouping Expressions Complex 

e A Strategy © Complex Numbers to 
for Factoring Rational Integer 
Polynomials Expressions Powers 


LEARNING OBJECTIVES 


Understand that rational and irrational numbers together constitute the real numbers. 
Apply properties of exponents. 

Perform operations on polynomials. 

Factor polynomials. 

Simplify expressions that contain rational exponents. 

Simplify radicals. 

Write complex numbers in standard form. 


SECTION 
O.1 REAL NUMBERS 


The Set of Real Numbers 

A set is a group or collection of objects that are called members or elements of the set. If 
every member of set B is also a member of set A, then we say B is a subset of A and denote 
itasBCA. 

For example, the starting lineup on a baseball team is a subset of the entire team. The 
set of natural numbers, {1, 2, 3, 4,...}, is a subset of the set of whole numbers, 
{0, 1, 2, 3,4, ...}, which is a subset of the set of integers, {..., —4, —3, —2, —1,0, 1,2,3,...}, 
which is a subset of the set of rational numbers, which is a subset of the set of real 
numbers. The three dots, called an ellipsis, indicate that the pattern continues indefinitely. 

If a set has no elements, it is called the empty set, or null set, and is denoted by the 
symbol @. The set of real numbers consists of two main subsets: rational and 
irrational numbers. 


DEFINITION Rational Number 

A rational number is a number that can be expressed as a quotient (ratio) of two 
5 a : : : : 

integers, ro where the integer a is called the numerator and the integer b is called the 


denominator and where b # 0. 


Rational numbers include all integers or all fractions that are ratios of integers. Note that 
any integer can be written as a ratio whose denominator is equal to 1. In decimal form, the 
rational numbers are those that terminate or are nonterminating with a repeated decimal 
pattern, which is represented with an overbar. Those decimals that do not repeat and do not 
terminate are irrational numbers. The numbers 


19 = 
V2, a, 1.37, 0, -—, 3.666, 3.2179... 


5, ='|'7, ? 
17 


37 
are examples of real numbers, where 5, —17, 5, 1.37, 0, -#, and 3.666 are rational 
numbers, and V2, 7, and 3.2179. . . are irrational numbers. It is important to note that the 
ellipsis following the last decimal digit denotes continuing in an irregular fashion, whereas 
the absence of such dots to the right of the last decimal digit implies the decimal expansion 
terminates. 


0.1 Real Numbers 5 


RATIONAL NUMBER CALCULATOR DECIMAL 
(FRACTION) DISPLAY REPRESENTATION DESCRIPTION 
z 3:5 3.5 Terminates 
3 1.25 1.25 Terminates 
: 0.666666666 0.6 Repeats 
ti 0.09090909 0.09 Repeats 


Notice that the overbar covers the entire repeating pattern. The following figure and table 
illustrate the subset relationship and examples of different types of real numbers. 


Real Numbers 


Irrational Numbers Rational Numbers 


Fractions Study Tip 
¢ Ratio of two nonzero integers, and Z 


© Does not reduce to an integer Every real number is either a rational 


number or an irrational number. 


Negative Counting Numbers Whole Numbers 


SYMBOL NAME DESCRIPTION EXAMPLES 
N Natural numbers Counting numbers 1,2,3,4,5,... 
Ww Whole numbers Natural numbers and zero Oy 1,23 3543s ee 
Z Integers Whole numbers and negative natural numbers seen Os hy Ss = 2 O12 Br on 2k 
a = 
Q Rational numbers Ratios of integers: ‘ (b # 0) -17, -2 0, i, 1.37, 3.666, 5 


¢ Decimal representation terminates, or 
¢ Decimal representation repeats 


I Irrational numbers Numbers whose decimal representation V2, 1.2179...,7 
does not terminate or repeat 


R Real numbers Rational and irrational numbers 7,5, —% 17.25, V7 


Since the set of real numbers can be formed by combining the set of rational numbers and 
the set of irrational numbers, then every real number is either rational or irrational. The set 


of rational numbers and the set of irrational numbers are both mutually exclusive (no et) 2 
shared elements) and complementary sets. The real number line is a graph used to represent er y ae = 


| 
the set of all real numbers. 3-2-1 0 1 


6 CHAPTER O Prerequisites and Review 


EXAMPLE 1 Classifying Real Numbers 
Classify the following real numbers as rational or irrational: 

-3, 0, y V3, m, 7.51, 3, —38, 6.66666 
Solution: 


Rational: —3, 0, i Tol, is -§ — 6.66666 Irrational: V3, 7 


= Answer: 
Rational: —2, 5.9999, 12, 0, 5.27 = YOUR TURN Classify the following real numbers as rational or irrational: 
Irrational: V5, 2.010010001 . . —}, 5.9999, 12, 0, —5.27, V5, 2.010010001. . . 
Approximations: Rounding and Truncation 
Every real number can be represented by a decimal. When a real number is in decimal form, it 
can be approximated by either rounding off or truncating to a given decimal place. Truncation 
is “cutting off” or eliminating everything to the right of a certain decimal place. Rounding 
means looking to the right of the specified decimal place and making a judgment. If the digit 
to the right is greater than or equal to 5, then the specified digit is rounded up, or increased by 
one unit. If the digit to the right is less than 5, then the specified digit stays the same. In both of 
these cases all decimal places to the right of the specified place are removed. 
EXAMPLE 2 Approximating Decimals to Two Places 
Approximate 17.368204 to two decimal places by 
Study Ti : : 
ae a. truncation b. rounding 

When rounding, look to the right of 

the specified decimal place and use Solution: 

that digit (do not round that digit are . 

first). 5.23491 rounded to two a. To truncate, eliminate all digits to the right of the 6. 17.36 

decimal places is 5.23 (do not round b. To round, look to the right of the 6. 

me : . i : lake Pe arene Teer Because “8” is greater than 5, round up (add | to the 6). 17-37 

= Answer: a. Truncation: 23.02 : : 

b. Rounding: 23.02 = YOUR TURN Approximate 23.02492 to two decimal places by 
7 7 a. truncation b. rounding 


») EXAMPLE 3 Approximating Decimals to Four Places 
eli Approximate 7.293516 to four decimal places by 

a. truncation b. rounding 

Solution: 

The “5” is in the fourth decimal place. 


a. To truncate, eliminate all digits to the right of 5. 7.2935 


b. To round, look to the right of the 5. 


Because “1” is less than 5, the 5 remains the same. 7.2935 
a LN a a a 
b. Rounding: —2.3819 = YOUR TURN Approximate —2.381865 to four decimal places by 


a. truncation b. rounding 


0.1 Real Numbers 


It is important to note that rounding and truncation sometimes yield the same 
approximation (Example 3), but not always (Example 2). 


Order of Operations 

Addition, subtraction, multiplication, and division are called arithmetic operations. The 
results of these operations are called the sum, difference, product, and quotient, respectively. 
These four operations are summarized in the following table. 


OPERATION NOTATION RESULT 
Addition at+b Sum 
Subtraction a-—b Difference 
Multiplication a+b or ab or (a)(b) Product 
Division or a/b (b #0) Quotient (Ratio) 


Since algebra involves variables such as x, the traditional multiplication sign X is not 
used. Three alternatives are shown in the preceding table. Similarly, the arithmetic sign for 
division + is often represented by vertical or slanted fractions. 

The symbol = is called the equal sign, and is pronounced “equals” or “is,” and it 
implies that the expression on one side of the equal sign is equivalent to (has the same value 
as) the expression on the other side of the equal sign. 


” 


WorDS MatH 
The sum of seven and eleven equals eighteen: 7+ 11=18 
Three times five is fifteen: 3°5= 15 
Four times six equals twenty-four: 4(6) = 24 

8 
Eight divided by two is four: 3 =4 
Three subtracted from five is two: 5-—3=2 


When evaluating expressions involving real numbers, it is important to remember the 
correct order of operations. For example, how do we simplify the expression 3 + 2*5? Do 
we multiply first and then add, or add first and then multiply? In mathematics, conventional 
order implies multiplication first, and then addition: 3 + 2°5 = 3 + 10 = 13. Parentheses 
imply grouping of terms, and the necessary operations should always be performed inside 
them first. If there are nested parentheses, always start with the innermost parentheses and 
work your way out. Within parentheses follow the conventional order of operations. 
Exponents are an important part of order of operations and will be discussed in Section 0.2. 


ORDER OF OPERATIONS 


1. Start with the innermost parentheses (grouping symbols) and work outward. 
2. Perform all indicated multiplications and divisions, working from left to right. 
3. Perform all additions and subtractions, working from left to right. 
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EXAMPLE 4 _ Simplifying Expressions Using the 
Correct Order of Operations 


Simplify the expressions. 


d= 6 
~44+3:2-7:54+6 b. 

° 2-348 

Solution (a): 

Perform multiplication first. Act Si 2 = 725: ate 6 
WwH Ye 

6 35 
Then perform the indicated additions and subtractions. =4+6-35+6 


Solution (b): 


The numerator and the denominator are similar to expressions in parentheses. Simplify these 
separately first, following the correct order of operations. 


Perform multiplication in the denominator first. (at 
2348 
6 
Then perform subtraction in the numerator ree 1 
and addition in the denominator. = nae = iA 


J 


= Answer: a. 10 b. j 


a 


= YOUR TURN Simplify the expressions. 
a.-7+4°5-2-6+9 b 


Parentheses ( ) and brackets [ ] are the typical notations for grouping and are often used 
interchangeably. When nesting (groups within groups), use parentheses on the innermost 
and then brackets on the outermost. 


») EXAMPLE 5_ Simplifying Expressions That Involve Grouping 
| Signs Using the Correct Order of Operations 


Simplify the expression 3[5 - (4 — 2) — 2-7]. 


Solution: 

Simplify the inner parentheses. 3[5-(4 — 2) — 2:7] = 3[5:2 —2°7] 
Inside the brackets, perform the multiplication 

5:2 = 10and2°7 = 14. = 3[10 — 14] 
Inside the brackets, perform the subtraction. = 3[-4] 
Multiply. =|-12 


A : —24 
visscceabas = YOUR TURN Simplify the expression 2[—3+-(13 — 5) + 4-3]. 


Algebraic Expressions 


Everything discussed until now has involved real numbers (explicitly). In algebra, however, 
numbers are often represented by letters (such as x and y), which are called variables. A 
constant is a fixed (known) number such as 5. A coefficient is the constant that is 
multiplied by a variable. Quantities within the algebraic expression that are separated by 
addition or subtraction are referred to as terms. 


DEFINITION Algebraic Expression 


An algebraic expression is the combination of variables and constants using basic 
operations such as addition, subtraction, multiplication, and division. Each term is 
separated by addition or subtraction. 


Algebraic Expression Variable Term Constant Term Coefficient 
Sue ar 3 Sue 3 5) 


When we know the value of the variables, we can evaluate an algebraic expression 
using the substitution principle: 


Algebraic expression: 5x + 3 
Value of the variable: x = 2 
Substitute x = 2: 5(2) +3 = 10+ 3 = 13 


EXAMPLE 6 _ Evaluating Algebraic Expressions 


Evaluate the algebraic expression 7x + 2 for x = 3. 


Solution: 

Start with the algebraic expression. Tx + 2 
Substitute x = 3. 7(3) +2 
Perform the multiplication. =21+2 
Perform the addition. = 


= YOUR TURN Evaluate the algebraic expression 6y + 4 for y = 2. 


In Example 6, the value for the variable was specified in order for us to evaluate the 
algebraic expression. What if the value of the variable is not specified; can we simplify an 
expression like 3(2x — Sy)? In this case, we cannot subtract 5y from 2x. Instead, we rely on 
the basic properties of real numbers, or the basic rules of algebra. 


Properties of Real Numbers 

You probably already know many properties of real numbers. For example, if you add up 
four numbers, it does not matter in which order you add them. If you multiply five 
numbers, it does not matter what order you multiply them. If you add 0 to a real number or 
multiply a real number by 1, the result yields the original real number. Basic properties of 
real numbers are summarized in the following table. Because these properties are true for 
variables and algebraic expressions, these properties are often called the basic rules of 
algebra. 


0.1 Real Numbers 


= Answer: 16 


9 
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PROPERTIES OF REAL NUMBERS (BASIC RULES OF ALGEBRA) 


MatH (LET a, b, AND C EACH 


of multiplication 


multiplied in any order. 


Name DESCRIPTION BE ANY REAL NUMBER) EXAMPLE 
Commutative property | Two real numbers can be added GPO = Dar a Ske ar 3) SS) ap She 
of addition in any order. 

Commutative property | Two real numbers can be ab = ba Yoo) = shy 


Associative property 
of addition 


When three real numbers are 
added, it does not matter which 
two numbers are added first. 


Associative property 


When three real numbers are 


(ab)c = a(bc) 


(—3x)y = —3(xy) 


of multiplication multiplied, it does not matter 
which two numbers are 
multiplied first. 
Distributive property Multiplication is distributed a(b + c) = ab + ac 5(x + 2) = 5x + 10 
over all the terms of the sums 
or differences within the a(b — c) =ab— ac S62 = 2) = Sue = M0) 
parentheses. 
Additive identity Adding zero to any real number ara (hy Ok hy, 
property yields the same real number. O+a=a 
Multiplicative identity | Multiplying any real number by Gol (8x)(1) = 8x 
property 1 yields the same real number. l-a=a 


inverse (reciprocal) is 1. 


Additive inverse The sum of a real number and its a+(-a)=0 4x + (-4x) = 0 
property additive inverse (opposite) is zero. 

Multiplicative inverse The product of a nonzero real a il Fi oe @ + Dd: 1 a4 
property number and its multiplicative a pte D 


x #-2 


The properties in the previous table govern addition and multiplication. Subtraction can be 
defined in terms of addition of the additive inverse, and division can be defined in terms of 
multiplication by the multiplicative inverse (reciprocal). 


SUBTRACTION AND DIVISION 


Let a and D be real numbers. 


MatH TYPE OF INVERSE Worps 
Subtraction a—b=a+(-b) —b is the additive inverse or Subtracting a real number is equal to 
opposite of b adding its opposite. 
1 1 
Division a+b=a: b 5 is the multiplicative inverse or Dividing by a real number is equal to 
A multiplying by its reciprocal. 
b#0 reciprocal of b 
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EXAMPLE 7_ Using the Distributive Property 
Use the distributive property to eliminate the parentheses. 
a. 3(x + 5) b. 2(y — 6) 


Solution (a): 


Use the distributive property. 3(x + 5) = 3(x) + 3(5) 
Perform the multiplication. = 
Solution (b): 

Use the distributive property. 2(y p= age 2(6) 


Perform the multiplication. =|2y — 12 


ny ot ee = Answer: a. 2x + 6 b. Sy — 15 
= YOUR TURN Use the distributive property to eliminate the parentheses. ’ 


a. 2(x + 3) b. 5(y — 3) 


You also probably know the rules that apply when multiplying a negative real number. 
For example, “a negative times a negative is a positive.” 


PROPERTIES OF NEGATIVES 


MatH (LET a AND b BE 
DESCRIPTION POSITIVE REAL NUMBERS) EXAMPLE 
A negative quantity times a positive quantity is a negative quantity. (—a)(b) = —ab (—8)(3) = —24 
; ae Pe mee : : me a =II6) 
A negative quantity divided by a positive quantity is a negative quantity. cis =i - or ie =-4 or 
a a a 15 
A positive quantity divided by a negative quantity is a negative quantity. =F == b az =-5 
A negative quantity times a negative quantity is a positive quantity. (—a)(—b) = ab (2a) = Ike 
: en Sei : bok a ; =a  @ ay 
A negative quantity divided by a negative quantity is a positive quantity. = = A re =4 
The opposite of a negative quantity is a positive quantity (subtracting a (Fa) =a —(-9) = 
negative quantity is equivalent to adding a positive quantity). 
A negative sign preceding an expression is distributed throughout (a + b) a—b ACesr a) = she = 15) 
the expression. (Gat) @ ar 1D Ge = 3)) Bese 5 
EXAMPLE 8_ Using Properties of Negatives 
Eliminate the parentheses and perform the operations. "7 
a Soe 7 = (=2) b. —(—3)(—4)(-6) Technology Tip 
Solution: a. - 
itr “547-72 
a. Distribute the negative. S-+ 7 = (2) df 
+2 X y 
=-54+7+2 b. Here are the calculator keystrokes 


for —(—3)(—4)(-6). 


ia 
vO So cad “62 


Combine the three quantities. 


b. Group the terms. [—(-3)](-4)(-6)] 
Perform the multiplication inside the [ ]. = [3][24] i 


Multiply. = 
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We use properties of negatives to define the absolute value of any real number. The 
absolute value of a real number a, denoted |al, is its magnitude. On a number line this is 
the distance from the origin, 0, to the point. For example, algebraically, the absolute value 
of 5 is 5, that is, |5] = 5; and the absolute value of —5 is 5, or]—5| = 5. Graphically, the 
distance on the real number line from 0 to either —5 or 5 is 5. 


B] 5 
A A 
i Pe ~ 
eget i 
-5 0 5 


Notice that the absolute value does not change a positive real number, but changes a negative 
real number to a positive number. A negative number becomes a positive number if it is 
multiplied by —1. 


IFaisa... lal EXAMPLE 
Positive real number lal=a [5] = 5 

Negative real number lal = —a |—5| = —(-5) =5 
Zero lal=a lol = 0 


EXAMPLE 9 Finding the Absolute Value of a Real Number 


Evaluate the expressions. 


a. |-3 + 7| b. {2 — 8| 
Solution: 
a. |-3 + 7| = [4 b. |2 — 8| =|-6 


Properties of the absolute value will be discussed in Section 1.7. 


| EXAMPLE 10 _ Using Properties of Negatives and 
ead! the Distributive Property 


Eliminate the parentheses —(2x — 3y). 
COMMON MISTAKE 


A common mistake is applying a negative only to the first term. 


€ CORRECT Ed incORRECT 
=e — shy) Error: —2x — 3y 
= (29) = (3) 


The negative (—) was not distributed 


as through the second term. 


= Answer: a. —2x — 10y 


b. —3 + 2b = YOUR TURN Eliminate the parentheses. 


a. —2(x+5y)  b. —(3 — 2b) 
What is the product of any real number and zero? The answer is zero. This property also 


leads to the zero product property, which is the basis for factoring (one of the methods used 
to solve quadratic equations, which will be discussed in Section 1.3). 
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PROPERTIES OF ZERO 


DESCRIPTION MatH (LET @ BE A REAL NUMBER) EXAMPLE 
A real number multiplied by zero is zero. a0 a0) Oo =O) 
Zero divided by a nonzero real number is zero. 0 0 
== (0) a#0 = 0 ee 3 
a = 59 
A real ber divided b is undefined. 2 
real number divided by zero is undefine ; seercnnee ae 


ZERO PRODUCT PROPERTY 


DESCRIPTION MATH EXAMPLE 
If the product of two real numbers is zero, If ab = 0, then a = Oorb=0 If x(x + 2) = 0, thenx = Oorx+2=0 
then one of those numbers has to be zero. thereforex =O or x=~—2 


Note: If a and b are both equal to zero, then the product is still zero. 


Fractions always seem to intimidate students. In fact, many instructors teach students to 
eliminate fractions in algebraic equations. It is important to realize that you can never 
divide by zero. Therefore, in the following table of fractional properties it is assumed that 
no denominators are zero. 


FRACTIONAL PROPERTIES 


DESCRIPTION MatH ZERO CONDITION EXAMPLE 
@_ @, yoy. 
Equivalent fractions > = 7 if and only if ad = be b # Oandd #0 5 = i since 12y = 12y 
Multiplying two fracti oo * bestienudies§ || See! 
ultiplying two fractions Bo hd an 5-7 35 
oF 2 ae 2 
Adding fractions that have the eee eas b#0 Be ee 
; bb b 3 3 3 
same denominator 
= tt Ve eae 5 
Subtracting fractions that have ears b#0 = 
g bb bo b a 3 3 3 
the same denominator 
d cb d+b ES HG) + GC) 13 
eee fractions with different ; + 7 fa + = =* bd : b # Oandd # 0 5 + 3 Oo an 2) 6 
lenominators using a 
common denominator 
d b a= lo i 1)(4) — (DG 1 
Subtracting fractions with : - = = = bd b # Oandd # 0 4 Oe : ) D 
different denominators using 2 oO) 
a common denominator 
Dividing by a fraction i a b#0,c #0 Knee eT ee 
ividing by a fraction is Sn He ; es ee 
equivalent to multiplying Ce ee andd # 0 one ° 
by its reciprocal 
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The least common multiple of two or more integers is the smallest integer that is evenly 
divisible by each of the integers. For example, the least common multiple (LCM) of 3 and 4 
is 12. The LCM of 8 and 6 is 24. The reason the LCM of 8 and 6 is not 48 is that 8 and 6 have 
a common factor of 2. When adding and subtracting fractions, a common denominator can be 
found by multiplying the denominators. When there are common factors in the denominators, 
the LCM is the Jeast common denominator (LCD) of the original denominators. 


EXAMPLE 11 _ Performing Operations with Fractions 


Perform the indicated operations involving fractions and simplify. 


glut qeaw «Bae 
be "3 4 ee "2°55 
Technology Tip Solution (a): 
To change the decimal number to a Determine the LCD. 3-4= 12 
fraction, press: | MATH]|1]||p|| Frac 
ENTER . : : 1 2°4 L3 
Rewrite fractions applying the LCD. = 
< 3 4 3:4 4:3 
2(4) — 13 
273-174 _ 24) = 18) 
»F1 66666667 3(4) 
Ans FF rac 3-3 
a1e Eliminate the parentheses. = —— 
a 12 
; ; 5 
Combine terms in the numerator. = D 
4 : 
. 1666666667 Salamon th): 
Ans FPR ac > 4 
: 1-6 Rewrite 4 with an understood 1 in the denominator. = 3 > 7 
aes ee : or é ; 2 1 
Dividing by a fraction is equivalent to multiplying by its reciprocal. = 3 . 4 
: : . 2 
Multiply numerators and denominators, respectively. = D 
F F 1 
Reduce the fraction to simplest form. = é 


Solution (c): 


Determine the LCD. 2°5= 10 
x 3 5x + 3(2) 


Rewrite fractions in terms of the LCD. + 
2 5 (2)(5) 


er 5x + 6 
Simplify the numerator. = 10 


= Answer: ee. : . . E 
Wl 2 10 — 3x = YOUR TURN Perform the indicated operations involving fractions. 
a. b. c. - 
10 3 15 3. 1 I. 3 2 % 


“5 2 “5° 10 "3.5 
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ol SECTION 
== SUMMARY 


In this section, real numbers were defined as the set of all rational Subtraction and division can be defined in terms of addition and 
and irrational numbers. Decimals are approximated by either multiplication. 
truncating or rounding. Subtraction: a — b = a + (—b) (add the opposite) 
Truncating: Eliminate all values after a particular digit. Divisione a = ih = ao 1 where 0 
Rounding: Look to the right of a particular digit. If the b 
number is 5 or greater, increase the digit by 1; otherwise, (multiply by the reciprocal) 
leave it as is and eliminate all digits to the right. Properties of negatives were reviewed. If a and b are positive real 
The order in which we perform operations is numbers, then: 
: nae (—a)(b) = —ab 
1. parentheses (grouping); work from inside outward. (—a)(—b) = ab 
2. multiplication/division; work from left to right. Senay 
3. addition/subtraction; work from left to right. (Goya band = ey ae 
The properties of real numbers are employed as the basic rules of ~a_ oa 
algebra when dealing with algebraic expressions. b b 
Commutative property of addition:a +b=b+a ae © 
Commutative property of multiplication: ab = ba => 
Associative property of addition: Absolute value of real numbers: |a| = a if a is nonnegative, and 
(Gr DO) a © = a ar (Oa @) |a| = —aif ais negative. 
iati ty of multiplication: = : 
poets ee, ye aul ean OUssGP NG = aaiZ0) Properties of zero were reviewed. 
Distributive property: 
abc) — abt ae ora} — c) — ab — ac a-0=0 and oy az#0 
Additive identity: a +0 =a i a 
Multiplicative identity: a- 1 =a 0 is undefined 


Additive i ite): a + (—a) = 0 
eae ere (resiie) aeta Zero product property: If ab = 0, then a = 0 orb = 0 


eee : i 
Multiplicative inverse (reciprocal): a- 7a 1 an” Beco na macro wear viene 
@ © _ wil az ine 
Sa SS b # Oandd # 0 
bd bd = 
BL aires uate 20 
ee } , ani 
bd be 7 
SECTION 
O.1 EXERCISES 
"SKILLS 
In Exercises 1-8, classify the following real numbers as rational or irrational. 
i= 2.2 3. 2.07172737... 4. 7 
5. 2.7766776677 6. 5.222222 7 V5 8. V17 


In Exercises 9-16, approximate the real number to three decimal places by (a) rounding and (b) truncation. 
9. 7.3471 10. 9.2549 11. 2.9949 12. 6.9951 
13. 0.234492 14. 1.327491 15. 5.238473 16. 2.118465 
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In Exercises 17-40, perform the indicated operations in the correct order. 


1) 


17.5+2:3-7 18.2+5:44+3-6 19. 2-(5 +74 —20) 20. —3-(2+7)+8:(7-2: 
21. 2 — 3[4(2-3 + 5)] 22. 4+ 6(5 — 9) 23. 8—(-2) +7 24. —10 — (9) 
25.. —3 — (6) 26. —5 + 2 — (-3) 27. x —(-y) —z 28. -—a+b—-(-c) 
=3 12 
29. —(3x + y) 30. —(4a — 2b) 31. 32. ————— 
(5)(-1) (-3)(-4) 
—14 —4x 
33. —4 -6 [(5 — 8)(4 34. ——____ 35. —(6x — 4 3x +5 36. ———— 
[( (4)] c= (6x — 4y) — (3x + 5y) 6=—y 
—4(5) — 5 
37. —3 — 4x) —- (4x +7) 38. 2—3[(4k-—5)-3x—-7] 39 —— 40. —6(2x + 3y) — [3x — (2 
In Exercises 41-56, write as a single fraction and simplify. 
242 ee — ee 
“3° 4 “2 5 “6 3 “3. 6 
1 1 2 —4 
fe a dg 47. —--— rm es 
2 12 3. 9 oO 27 7 3 
x 2x y y x 2x y y 
49. —~+ — 50. —-— 51. — - — 52... = => 
5°" 15 3 6 3° 7 10 «15 
4 =3 7 7 = = 
Pie ee Ss Smee ee 6. = - (3) 
15 4 1 20 40 24 10 12 
In Exercises 57-68, perform the indicated operation and simplify, if possible. 
«7, 2.14 i 62210 gent 
“> 3 "3 10 "7° 3 “5 10 
4b a 3a b 3x: -~ OX 1 1 
. Ss # .=+— »b#0 + # 424 7 
Gg. ee 7 Si sa (ae ea Ora a oa 
3 9 14m 4 6. 3 1 
65. +— y#0 66. —.= 67. +>  y¥o 6h Ge 
4 loy 2 #7 i 28 3 
In Exercises 69-72, evaluate the algebraic expression for the specified values. 
69. 57 for c=—4,d=3 70. 21+ 2w for 1=5,w=10 
m,* My x = 
71. — 5 for m, =3,m,=4,r= 10 72. for x= 100, 4 = 70,0 = 15 
r oO 


“APPLICATIONS 


Sy)] 


On December 16, 2007, the United States debt was estimated at $9,176,366,494,947, and at that time the estimated population 


was 303,818,361 citizens. 


73. U.S. National Debt. Round the debt to the nearest million. 76. U.S. Debt. If the debt is distributed evenly to all citizens, 


74. U.S. Population. Round the number of citizens to the nearest 


the nearest cent. 
thousand. 


75. U.S. Debt. If the debt is distributed evenly to all citizens, 
what is the national debt per citizen? Round your answer to 
the nearest dollar. 


what is the national debt per citizen? Round your answer to 


"CATCH THE MISTAKE 


In Exercises 77-80, explain the mistake that is made. 
77. Round 13.2749 to two decimal places. 
Solution: 


The 9, to the right of the 4, causes 


the 4 to round to 5. 135275 
The 5, to the right of the 7, causes 
the 7 to be rounded to 8. 13.28 $0 
This is incorrect. What mistake was made? : 
78. Simplify the expression $ + 5: 
Solution: 
; +1 3 
Add the numerators and denominators. ——_ = — 
3+ 9 1:2: 
il 
Reduce. =— 
4 


This is incorrect. What mistake was made? 


=CONCEPTUAL 


79. 
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Simplify the expression 3(x + 5) — 2(4 + y). 
Solution: 

Eliminate parentheses. 34 15 8 ry 
SRE T Ey 


Simplify. 
This is incorrect. What mistake was made? 


Simplify the expression —3(x + 2) — (1 — y). 


Solution: 
Eliminate parentheses. =30= 6 = 1-1 
Simplify. = 34 Sy 


This is incorrect. What mistake was made? 


In Exercises 81-84, determine whether each of the following statements is true or false. 


81. Student athletes are a subset of the students in the honors 


program. 


82. The students who are members of fraternities or sororities are 


a subset of the entire student population. 


85. 


What restrictions are there on x for the following to be true: 


x x 5 


86. What restrictions are there on x for the following to be true: 

83. Every integer is a rational number. 
He. ix 

84. A real number can be both rational and irrational. 2 = 6 = 3 
‘CHALLENGE 
In Exercises 87 and 88, simplify the expressions. 
87. —2[3(x — 2y) + 7] + [3(2 — 5x) + 10] — 7[-2(@ — 3) + 5] = 88. —2{-S5Qy — x) — 2[3(2x — 5) + 72) — 4] + 3} +7 
"TECHNOLOGY 
89. Use your calculator to evaluate V'1260. Does the answer 91. Use your calculator to evaluate V4489. Does the answer 


appear to be a rational or an irrational number? Why? 


/144 
90. Use your calculator to evaluate a5" Does the answer 


appear to be a rational or an irrational number? Why? 


appear to be a rational or an irrational number? Why? 


/882 
. Use your calculator to evaluate 49° Does the answer 


appear to be a rational or an irrational number? Why? 


SECTION INTEGER EXPONENTS AND 
0.2 SCIENTIFIC NOTATION 


Integer Exponents 


Exponents represent repeated multiplication. For example, 2+ 2-2+2+2 = 2°. The 2 that is 
repeatedly multiplied is called the base, and the small number 5 above and to the right of 
the 2 is called the exponent. 


Study Tip 


eet Fea aeeocda sore recs guksshesaacieaiendeace DEFINITION Natural-Number Exponent 
a": “a raised to the nth power” hee ; ; 
a: “a squared” Let a be a real number and n be a natural number (positive integer); then a” is 
a’: “a cubed” defined as 
a" —a-a-a:-a (a appears as a factor n times) 
SF 
n factors 


where n is the exponent, or power, and a is the base. 


4°35 _ EXAMPLE 1_ Evaluating Expressions Involving 
oe 64 Natural-Number Exponents 
a Evaluate the expressions. 


a4 bs «5+ a (4) 


C1e29°5 Solution: 
AnskFrac a. = 4-4-4=| 64] b. 8 =[8] 
GS 55557 = [695] d. (3)? = 9°3°3'9'3 =| 35 


a6 ib. (4)! 


We now include exponents in our order of operations: 


1. Parentheses 

2. Exponents 

3. Multiplication/Division 
4. Addition/Subtraction 
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)) EXAMPLE 2 _ Evaluating Expressions Involving = 
be Natural-Number Exponents - ‘ 
Technology Tip & _ 


Evaluate the expressions. 


a. (-3)' —b. —37 c. (-27° 5? 


Cae 4 
“34 


Solution: 
a. 3) = €3)-3)C-3)(-3) = 
b. 34 = -G+3+3-3) = 


81 


3,62 _ *§5°-5=/- 
ce. (—2)9+5 COC) 33 


—8 


CB ae 
| 


F = Answer: —512 
= YOUR TURN Evaluate the expression —4° + 2°. sss ba 


So far, we have discussed only exponents that are natural numbers (positive integers). Study Tip 


When the exponent is a negative integer, we use the following property. A negative exponent implies a 
reciprocal. 


NEGATIVE-INTEGER EXPONENT PROPERTY 


Let a be any nonzero real number and n be a natural number (positive integer); then 


ar = — az 
In other words, a base raised to a negative-integer exponent is equivalent to the reciprocal 
of the base raised to the opposite (positive) integer exponent. 


= 
)) EXAMPLE 3_ Evaluating Expressions Involving ; le 
lela Negative-Integer Exponents Tecmneloey Mp a... 


Evaluate the expressions. Pat dd 
1 1 1 4625 
a 2* b. 3 OT ae d. ae ee Ans kFrac aye 
S a 
ee Lea" -33 
Solution: a7 
ee ee = 
Dy 16 
beeen ef ade ee al cESG Sahics a ae 
a 1 3 1 9) 2S) 
(=) Ans FF rac Aan 
1 1 16 1 “2° SLAC hae WZ) 
¢ 4°. = a= = 
24 4B 64 «4 “283 


a. -2" = -2'- C6 = 806) = 
—8 36 


= Answer: a. —25 b. 5 
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Now we can evaluate expressions involving positive and negative exponents. How do 
we evaluate an expression with a zero exponent? We define any nonzero real number raised 
to the zero power as 1. 


ZERO-EXPONENT PROPERTY 


Let a be any nonzero real number; then 


EXAMPLE 4_ Evaluating Expressions Involving Zero Exponents 


Evaluate the expressions. 


1 
a. 5° b. 30 c. (—3)° d. —4° 


0 


Solution: 


a. 5°= [1] b=-77L e. 3) = [1 a. -4= [=i] 


We now can evaluate expressions involving integer (positive, negative, or zero) exponents. 
What about when expressions involving integer exponents are multiplied, divided, or raised 
to a power? 

WorpDs MatH 


When expressions with the same base 


are multiplied, the exponents are added. 22S 2-02 oe oS 2 
3 74 
e Y 
; ; 2° 2+2+2-2-2 2-2 > 
When expressions with the same base a eee = i =2 
are divided, the exponents are subtracted. 2 
le 
When an expression involving an exponent is Cy = (8) = 64 
raised to a power, the exponents are multiplied. oy (23)? = 232 = 26 = 64 
The following table summarizes the properties of integer exponents. 
PROPERTIES OF INTEGER EXPONENTS 
MatH (LET a AND b BE 
NONZERO REAL NUMBERS 
Name DESCRIPTION AND ™ AND Nn BE INTEGERS) EXAMPLE 
Product property | When multiplying exponentials with the a” a’ =a" jog? = a) = a! 
same base, add exponents. 
Quotient property | When dividing exponentials with the same a” i 
base, subtract the exponents (numerator — = = Gee a ge? Se 30 = WW) 
denominator). 2 x 
Power property When raising an exponential to a power, Gay = a (x) =f" = x 
multiply exponents. 
Product to a A product raised to a power is equal to the (ab)" = a"b" (Qpf = DP ox8 = Be 
power property product of each factor raised to the power. 
Quotient toa A quotient raised to a power is equal to the ave x ‘ = x #0 
power property quotient of the factors raised to the power. b b" y y? 2 
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Common Errors Made Using Properties of Exponents 


INCORRECT CorRRECT ERROR 

ate = x? ae a Exponents should be added (not multiplied). 

xis 3 e 1 Exponents should be subtracted (not divided). 

Ee oe ew auxx #0 

x x 

wy = ° (2) = 6 Exponents should be multiplied (not raised to a power). 
(2x) = 2x7 (2x)? = 8x7 Both factors (the 2 and the x) should be cubed. 

a= 4! 23.24 = 97 The original common base should be retained. 

27-3? =68 23-3 The properties of integer exponents require the same base. 
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We will now use properties of integer exponents to simplify exponential expressions. 


An exponential expression is simplified when: 


= All parentheses (groupings) have been eliminated. 
= A base appears only once. 

= No powers are raised to other powers. 

= All exponents are positive. 


EXAMPLE 5_ Simplifying Exponential Expressions 


Simplify the expressions (assume all variables are nonzero). 


ry 
a. (2x7 y Sry) b. (xry2ye. 2 ri 
Sry 
Solution (a): 
Parentheses imply multiplication. 
Group the same bases together. (2x y)(5x3 y= (—2)(S) xr yry 
Apply the product property. =(—2)6) La yy 
8 yt 

Multiply the constants. = 
Solution (b): 
Apply the product to a power property. (2x72) = (232) oy ey 
Apply the power property. = 8x7 yz? 
Simplify. = | 8x53? 
Solution (c): 

25x? y? 25 \/x yo 
Group the same bases together. Sey! = Ne l¥ Study Tip 7 
Apply th tient ty. = (—5)x3-5yo-4 It is customary not to leave negative 

ie eaihinii es al ey exponents. Instead we use the 
= —5x? y negative exponent property to write 
5y2 exponential expressions with only 
Apply the negative exponent property. = id pOStNs. iia soeaiee ; 
x 


= YOUR TURN Simplify the expressions (assume all variables are nonzero). 
—16x*y* 


b.C3xyizy oe 
(-3xy"z) el 


a. (—3x°y")(4xy’) 


= Answer: : 
—4x° 
a. —12x*y? b. —27x7y’2* « 


yt? 
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)) EXAMPLE 6 = Simplifying Exponential Expressions 


Write each expression so that all exponents are positive (assume all variables are nonzero). 
z wy *y" (xy 
a. (3x72 4) : b. —— Cc. = 
(oy) —(6xz") 


Solution (a): 


Apply the product to a power property. Cr =Br erry 
Apply the power property. = 35x 52” 
72 
Apply the negative-integer exponent property. = 33,5 
zi 
Evaluate 3°. = 7 
27x 
Solution (b): 
Gry ae 


Apply the product to a power property. a a 


wily)? xy? 


Apply the quotient property. = xy) 


Simplify. = 


Solution (c): 


Apply the product to a power property on (2x7) 2)5(x)°(y) 
both the numerator and denominator. = 


=(6x2 — —(6)°(a)(P 


—8x3y° 
Apply the power property. Se ae 
—36x°z 
8 \/2\/y° 
Group constant terms and x terms. = (ae Nise ee 
—36/\ x /\z 
8\ ,,/% 
Apply the quotient property. = 36 (x) | 
Zz 
2xy® 
Simplify. 
a 92° 
2t 
= Answer: ef = YOUR TURN Simplify the exponential expression and express it in terms of positive 
(wy 
exponents Sa 
. (2rv’) | 


Scientific Notation 

You are already familiar with base 10 raised to positive-integer powers. However, it can be 
inconvenient to write all the zeros out, so we give certain powers of 10 particular names: 
thousand, million, billion, trillion, and so on. For example, we say there are 300 million U.S. 
citizens as opposed to writing out 300,000,000 citizens. Or we say that the national debt is 
$14 trillion as opposed to writing out $14,000,000,000,000. The following table contains 
scientific notation for positive exponents and examples of some common prefixes and 
abbreviations. One of the fundamental applications of scientific notation is measurement. 
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NUMBER 
OF ZEROS 

EXPONENTIAL FOLLOWING 
Form REAL NUMBER THE 1 PREFIX EXAMPLE 
10! 10 
10° 100 2 
10° 1000 kilo- The relay-for-life team ran a total of 80 km (kilometers). 

(one thousand) 
10° 10,000 4 
10° 100,000 5 
10° 1,000,000 6 mega- Modern high-powered diesel-electric railroad 

(one million) locomotives typically have a peak power output of 
3 to 5 MW (megawatts). 
107 10,000,000 
10° 100,000,000 
10° 1,000,000,000 giga- G A flash drive typically has 1 to 4 GB (gigabytes) of storage. 
(one billion) 

10'° 10,000,000,000 10 
10! 100,000,000,000 11 
10! 1,000,000,000,000 12 tera- T Laser systems offer higher frequencies on the order of 


(one trillion) 


THz (terahertz). 


Notice that 10° is a 1 followed by 8 zeros; alternatively, you can start with 1.0 and move the 
decimal point 8 places to the right (insert zeros). The same type of table can be made for 
negative-integer powers with base 10. To find the real number associated with exponential 
form, start with 1.0 and move the decimal a certain number of places to the left (fill in missing 
decimal places with zeros). 


NUMBER 
OF PLACES 
DECIMAL 
EXPONENTIAL (1.0) Moves 
FoRM REAL NUMBER TO THE LEFT PREFIX ABBREVIATION EXAMPLE 
10°! 0.1 
107 0.01 2 
10-3 0.001 3 milli- m Excedrin Extra Strength tablets each have 250 mg 
(one thousandth) (milligrams) of acetaminophen. 
10+ 0.0001 4 
10> 0.00001 
10°° 0.000001 6 micro- a A typical laser has a wavelength of 1.55 j2m (micrometers*). 
(one millionth) 
10°77 0.0000001 
108 0.00000001 
10° 0.000000001 nano- n PSA levels less than 4 ng/ml (nanogram per milliliter of 
(one billionth) blood) represent low risk for prostate cancer. 
10°!° 0.0000000001 10 
1071! 0.00000000001 11 
10°? 0.000000000001 12 pico- ) A single yeast cell weighs 44 pg (picograms). 


(one trillionth) 


*In optics a micrometer is called a micron. 
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Study Tip 
Scientific notation is a number 


between | and 10 that is multiplied 
by 10 to a power. 


Study Tip 

Real numbers greater than | 
correspond to positive exponents in 
scientific notation, whereas real 
numbers greater than 0 but less than 1 
correspond to negative exponents in 
scientific notation. 


E 
Jecunee: Ue. 


S336 BREE GRERRRoe 
a. Sn6E15 


»AERER2TS 
- Z.7de-6 


= Answer: a. 4.52 X 10° 
b. 4.3 x 1077 


E 
Technolcey Un = 


= Answer: a. 81,000 
b. 0.000000037 


SCIENTIFIC NOTATION 


A positive real number can be written in scientific notation with the form c X 10’, 
where 1 = c < 10 and nis an integer. 


Note that c is a real number between | and 10. Therefore, 22.5 X 10° is not in scientific 
notation, but we can convert it to scientific notation: 2.25 x 10*. 

For example, there are approximately 50 trillion cells in the human body. We write 
50 trillion as 50 followed by 12 zeros 50,000,000,000,000. An efficient way of writing such 
a large number is using scientific notation. Notice that 50,000,000,000,000 is 5 followed by 
13 zeros, or in scientific notation, 5 X 10'%. Very small numbers can also be written using 
scientific notation. For example, in laser communications a pulse width is 2 femtoseconds, 
or 0.000000000000002 second. Notice that if we start with 2.0 and move the decimal point 
15 places to the left (adding zeros in between), the result is 0.000000000000002, or in 
scientific notation, 2 x 107". 


EXAMPLE 7_ Expressing a Positive Real Number in Scientific Notation 
Express the numbers in scientific notation. 

a. 3,856,000,000,000,000 b. 0.00000275 

Solution: 


a. Rewrite the number with the implied decimal point. 3,856,000,000,000,000. 


Move the decimal point to the left 15 places. = | 3.856 x 10'° 
b. Move the decimal point to the right 6 places. 0.00000275 = |2.75 x 10°° 


= YOUR TURN Express the numbers in scientific notation. 


a. 4,520,000,000 b. 0.00000043 


EXAMPLE 8 Converting from Scientific Notation to Decimals 
Write each number as a decimal. 

a. 2.869 x 10° b. 1.03 x 10-7 

Solution: 


a. Move the decimal point 5 places to the 
right (add zeros in between). 286,900. or | 286,900 


b. Move the decimal point 3 places to the 


left (add zeros in between). 0.00103 


= YOUR TURN Write each number as a decimal. 


a. 8.1 X 10* b. 3.7 xX 10-8 
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bl Se SECTION 
= SUMMARY 


In this section we discussed properties of exponents. 


Integer Exponents 


The following table summarizes integer exponents. Let a be any real number and n be a natural number. 


NAME DESCRIPTION MatH 
Natural-number exponent Multiply n factors of a. C= GoGo dG 
ee 
n factors 
Negative-integer exponent A negative exponent implies a reciprocal. ee al 
property CO ae 0 
Zero-exponent property Any nonzero real number raised to the zero power is equal to one. =i a#0 


Properties of Integer Exponents 


The following table summarizes properties of integer exponents. Let a and b be nonzero real numbers and m and n be integers. 


NAmMeE DESCRIPTION MatH 
Product property When multiplying exponentials with the same base, add exponents. a” +a" = a" 
Quotient property When dividing exponentials with the same base, subtract the exponents a nen 
(numerator — denominator). he g 
Power property When raising an exponential to a power, multiply exponents. (Gy = a 


Product to a power property A product raised to a power is equal to the product of each factor raised (ab)" = a"b" 
to the power. 


to the power. 


Quotient to a power property A quotient raised to a power is equal to the quotient of the factors raised G ) a’ 


Scientific Notation 


Scientific notation is a convenient way of using exponents to represent either very small or very large numbers. Real numbers greater than 1 
correspond to positive exponents in scientific notation, whereas real numbers greater than 0 but less than 1 correspond to negative exponents 
in scientific notation. Scientific notation offers the convenience of multiplying and dividing real numbers by applying properties of exponents. 


REAL NuMBER (DECIMAL FORM) PROcESS SCIENTIFIC NOTATION 
2,357,000,000 Move the implied decimal point to the /eft 9 places DSS SX OP 
0.00000465 Move the decimal point to the right 6 places 4.65 x 10°° 
SECTION 
O.2 EXERCISES 
=SKILLS 


In Exercises 1-20, evaluate each expression. 


1. 4 2. 5° 3. (-3) 4. (-4) 5. -S 
6. -7 7, —2?-4 8. —37-5 9. 9° 10. —8x° 
11. 107! 12. a! 13. 8? 14, 3-4 15. -6:5° 


16. —2-4 17. 8+277-5 18. 5+2°4-32 19. —6-3°7+81 20. 6-4°-4-4 
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In Exercises 21-50, simplify and write the resulting expression with only positive exponents. 


21 


25. 
29. 


33. 


37. 


41. 


45. 


4 


2x 22. yey? 
(2) 26. (°) 
(—20° 30. (—3b)* 
a 3 52 
= 4. 
x'y yx 
a. 3. (£) 
(3) (5) 
a?b> xy 
ab 42. ytd 
3(x°y)" (4x7) y%z 
Toy adat 46. 53> 3 
120 *y) (2x°) “(y “z) 
9, a(— xy) ° b-3(-x3y*y* 
ea ayy y(- b2x°)° 


23. 
27. 
31. 


35. 


39. 


43. 


47. 


51. 


rx 24, yey! 
(4a)? 28. (4x°)° 
(5xy’) (3x4y) 32. (4x2y)(2xy)” 
(2xy)’ (-32°y) 
— 36. — 
(—2xyy —4(xy’) 
(9a~2b3) > 40. (—9x73y2) * 
3, -1)2 3. 2,2 
or. a4, 2 
(xy’) (x*y’) 
cry 5 
pe ag 48. —2°(-23 
[20847 a, 
Write 2° - 16° - (64) as 52. Write 3°- 81> (9) as 


a power of 2 : 2’ 


In Exercises 53-60, express the given number in scientific notation. 


53 
57 


In 


61. 
65. 


a power of 3 : 3” 


. 27,600,000 54. 144,000,000,000 55. 93,000,000 56. 1,234,500,000 
. 0.0000000567 58. 0.00000828 59. 0.000000123 60. 0.000000005 
Exercises 61-66, write the number as a decimal. 
4.7 X 10’ 62. 3.9 x 10° 63. 2.3 X 10° 64. 7.8 x 10°37 
4.1x10° 66. 9.2 x 108 
"APPLICATIONS 
Exercises 67 and 68, refer to the following: 69. Astronomy. The distance from Earth to Mars on a particular 


In 


It is estimated that there are currently 5.0 X 10° cell phones being 
used worldwide. Assume that the average cell phone measures 
5 inches in length and there are 5280 feet in a mile. 


67 


68 


. Cell Phones Spanning the Earth. 


a. If all of the cell phones currently in use were to be lined 


up next to each other tip to tip, how many feet would the 


line of cell phones span? Write the answer in scientific 
notation. 


b. The circumference of the Earth (measured at the equator) 


is approximately 25,000 miles. If the cell phones in part 
(a) were to be wrapped around the Earth at the equator, 
would they circle the Earth completely? If so, 
approximately how many times? 

. Cell Phones Reaching the Moon. 


a. If all of the cell phones currently in use were to be lined 


up next to each other tip to tip, how many miles would the 


line of cell phones span? Write the answer in scientific 
notation. 


b. The Moon traces an elliptical path around the Earth, with 


the average distance between them being approximately 
239,000 miles. Would the line of cell phones in part (a) 
reach the Moon? 


70. 


day can be 200 million miles. Express this distance in 
scientific notation. 


Astronomy. The distance from Mars to the Sun on a 
particular day can be 142 million miles. Express this 
distance in scientific notation. 


. Lasers. The wavelength of a typical laser used for 


communication systems is 1.55 microns (or 1.55 X 10~° 
meters). Express the wavelength in decimal representation in 
terms of meters. 


Lasers. A ruby-red laser has a wavelength of 694 nanometers 
(or 6.93 X 1077 meters). Express the wavelength in decimal 
representation in terms of meters. 


=CATCH THE MISTAKE 
In Exercises 73-76, explain the mistake that is made. 


73. Simplify (—2y°)(3xy”’). 
Group like factors together. (-2)(3)x7 yy 
—6x"y° 


This is incorrect. What mistake was made? 


Use the product property. 


75. Simplify (—2xy*) (5x7y). 
Apply the product to 


a power property. = (- 29-797) 602)" 


Apply the power rule. = 4° y?25x4y" 
Group like factors. = (4)(25) x7 x4 yy 
Apply the product property. = 100x°y!! 


This is incorrect. What mistake was made? 
=CONCEPTUAL 


In Exercises 77-80, determine whether each of the following 

statements is true or false. 

77. —2" = (—2)", if n is an integer. 

78. Any nonzero real number raised to the zero power is one. 
xt 

79. a x for x = any real number. 

80. x !+x7%=x% 

81. Simplify ((a")")'. 

82. Simplify ((a”) ") “. 


CHALLENGE 


87. The Earth’s population is approximately 6.6 X 10° people, 
and there are approximately 1.5 X 10% square kilometers of 
land on the surface of the Earth. If one square kilometer is 
approximately 247 acres, how many acres per person are 
there on Earth? Round to the nearest tenth of an acre. 


(4 x 10°7)(3 x 1017) 


(6 x 10°'°) 
both scientific and decimal notation. 


89. Evaluate: . Express your answer in 


"TECHNOLOGY 


Scientific calculators have an EXP button that is used for 
scientific notation. For example, 2.5 x 10° can be input into 
the calculator by pressing 2.5 EXP 3. 


91. Repeat Exercise 87 and confirm your answer with a calculator. 


92. Repeat Exercise 88 and confirm your answer with a calculator. 
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74. Simplify (2xy?)’. 
Eliminate the parentheses. (2xy?y° = 2x39 


This is incorrect. What mistake was made? 


—4x!6y? 
76. Simplify —.—. 
pully 8x7 


—4\/ x!6\/ 
Group like factors. =| s)lala 
8 x y 


Use the quotient property. 


ll 

| 
+ 
< 


This is incorrect. What mistake was made? 


In Exercises 83-86, evaluate the expression for the given value. 
83. —a? + 2ab for a = —2,b = 3 

84, 2a° — 7a’ fora = 4 

85. —16f + 100r for t = 3 


3 — 27 
86. S—  fotas —2 
a-4 


88. The population of the United States is approximately 
3.0 < 10° people, and there are approximately 3.79 X 10° 
square miles of land in the United States. If one square mile is 
approximately 640 acres, how many acres per person are there 
in the United States? Round to the nearest tenth of an acre. 


(2 x 10175 x 1013) 
(1 x 10°) 
both scientific and decimal notation. 


90. Evaluate: . Express your answer in 


In Exercises 93 and 94, use a graphing utility or scientific 
calculator to evaluate the expression. Express your answer in 
scientific notation. 


(7.35 X 1077°)(2.19 x 10!°) 
(3.15 X 10°77!) 


(1.6849 x 10°?) 
* (8.12 x 10'%)(3.32 x 107°) 


SECTION POLYNOMIALS: 
O.3 BASIC OPERATIONS 


Adding and Subtracting Polynomials 


Polynomials in Standard Form 


The expressions 
3x° — Tx - 1 4y—y 5z 


are all examples of polynomials in one variable. A monomial in one variable, ax“, is the 
product of a constant and a variable raised to a nonnegative-integer power. The constant a 
is called the coefficient of the monomial, and k is called the degree of the monomial. A 
polynomial is the sum of monomials. The monomials that are part of a polynomial are 
called terms. 


DEFINITION Polynomial 
A polynomial in x is an algebraic expression of the form 
GX" + Gy X™) + Gy ig? + ooe+ + yx + ax + ay 


where dp, a), a>, ..., a, are real numbers, with a, # 0, and n is a nonnegative 
integer. The polynomial is of degree n, a, is the leading coefficient, and ap is the 
constant term. 


Polynomials with one, two, and three terms are called monomials, binomials, and 
trinomials, respectively. Polynomials are typically written in standard form in order of 
decreasing degrees, and the degree of the polynomial is determined by the highest 
degree (exponent) of any single term. 


POLYNOMIAL STANDARD FoRM SPECIAL NAME DEGREE DESCRIPTION 

4x3 — 5x’ + 2x — 6 —5x’ + 4x3 + 2x — 6 Polynomial 7 A seventh-degree polynomial in x 
5+ 2y> - 4y dy? — 4y +5 Trinomial 3 A third-degree polynomial in y 
72 +2 Ie +2 Binomial 2 A second-degree polynomial in z 
-17" -17° Monomial 5 A fifth-degree monomial in x 


0.3 Polynomials: Basic Operations 


EXAMPLE 1_ Writing Polynomials in Standard Form 


Write the polynomials in standard form and state their degree, leading coefficient, 
and constant term. 


a. 4x — 9° +2 b. 3—x 
c. 3x7 -— 84 145-2088 +4 8d. —7x° + 25x 
Solution: 
Standard Form Degree Leading Coefficient | Constant Term 
a —-9°4+4x4+2 5 —9 2 
b -x +3 2 -1 3 
c. 20x8 + 144° + 3x7 +x-8 8 —20 —8 
d. —7x° + 25x 2 —7 0 


= Answer: —4x° + 17x7 —x +5 


= YOUR TURN Write the polynomial in standard form and state its degree, leading 


: Degree: 3 
coefficient, and constant term. a 


172-42 4+5-x Constant term: 5 


Adding and Subtracting Polynomials 


Polynomials are added and subtracted by combining like terms. Like terms are terms having 
the same variables and exponents. Like terms can be combined by adding their coefficients. 


WorpDs MatH 
Identify like terms. 3x + 2x + 4° +5 
Add coefficients of like terms. Ix + 2x45 


Note: The 2x and 5 could not be combined because they are not like terms. 


EXAMPLE 2 Adding Polynomials 


Find the sum and simplify (5x2 — 2x + 3) + (3° — 4x° + 7). 


Leading coefficient: —4 


Solution: 

Eliminate parentheses. 5x°— 2x +343x-4°+4+7 

Identify like terms. 5x° 2x +34 38-4°4+7 

Combine like terms. x -—2x4+ 104+ 3x 

Write in standard form. 

Spee stents beacons cnet ncee ante cc cle canals ace ear age tebe dessa atten carvan sn sn tcatsseuo eters ca acu eetaoe ara eateses eon 

= YOUR TURN Find the sum and simplify: 2x° + 6x3 + 2x7 + 5x 


(3x° + Sx — 2x°) + (60 — 2 4+ 11) 


29 
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(~) ExaAMPLE 3 Subtracting Polynomials 


Find the difference and simplify (3x° — 2x + 1) — G? + 5x — 9). 


CoMMON MISTAKE 


Distributing the negative to only the first term in the second polynomial. 


€3 CORRECT INCORRECT 
Eliminate the parentheses. ERROR: 
3x3 — 2x +1—2 —5x+9 3x3 — 2x +1-—277+5x-—9 
Identify like terms. Don’t forget to distribute the negative 
Study ‘Tip Be oe UN icc nee ig through the entire second polynomial. 


When subtracting polynomials, it , : 
is important to distribute the Combine like terms. 


negative through all of the terms in aay 
the second polynomial. 


ae en 
eee ee = YOUR TURN Find the difference and simplify: 


(-7x — x + 5) — (2 — x + 3x) 


Multiplying Polynomials 


The product of two monomials is found by using the properties of exponents (Section 0.2). 
For example, 


(—5x°)(9x") = (—5)(9)x?*? = —45x° 


To multiply a monomial and a polynomial we use the distributive property (Section 0.1). 


EXAMPLE 4 Multiplying a Monomial and a Polynomial 
Find the product and simplify 5x°(3x° — x° + 7x — 4). 
Solution: 


Use the distributive property. 5x°(3x° — x + 7x — 4) 
See 


= 5x°(32°) — 5x7(a7) + 5x°(7x) — 52x°(4) 


Multiply each set of monomials. =) 15x’ — 5x° + 35x° — 20x° 


: 4_ 4.3 
m Answer: 124" — 6° + 3x° = YOUR TURN Find the product and simplify 3x°(4x° — 2x + 1). 


How do we multiply two polynomials if neither one is a monomial? For example, how do we 
find the product of a binomial and a trinomial such as (2x — 5)(x? — 2x + 3)? Notice that the 
binomial is a combination of two monomials. Therefore, we treat each monomial, 2x and —5, 
separately and then combine our results. In other words, use the distributive property repeatedly. 


WorRDS MatH 

Apply the distributive property. (2x — 5)(x* — 2x + 3) = 2x(x* — 2x + 3) — 5(Q? — 2x + 3) 

Apply the distributive property. = (2x)(x*) + (2x)(—2x) + (2x)(3) — 50°) — 5(—2x) — 5(3) 
Multiply the monomials. = 2x7 — 4° + 6x — 5x* + 10x — 15 


Combine like terms. = 2x7 — 9x7 + 16x — 15 
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EXAMPLE 5 Multiplying Two Polynomials 


Multiply and simplify (2x° — 3x + 1)Q* — 5x + 7). 

Solution: 

Multiply each term of the 

first trinomial by the 

entire second trinomial. = 2°70? — 5x + 7) — 3xQX? — 5x + 7) + 10? — 5x 4+ 7) 

Identify like terms. = 2x* — 10x + 14° — 3x9 + 150? — 21x + xP -— 5x +7 

Combine like terms. =| 2x4 — 13x35 + 30x" — 26x + 7 

, , : 3 2 = Answer: 

=® YOUR TURN Multiply and simplify (-x° + 2x — 4)@x° — x + 5). 3 + xt +8 — 142 + 14x — 20 

Special Products Study Tip 


The method outlined for multiplying polynomials works for all products of polynomials. For 
the special case when both polynomials are binomials, the FOIL method can also be used. 


WorpDs MatH 
Apply the distributive property. 
Apply the distributive property. 
Multiply each set of monomials. 


Combine like terms. 


desu adsscddeseesocssaiestealencescecesacacustesteatecsaseteeatecedteets Sti Aetcttic baile atoul e fone 
(ax + b)(cx + d), the outer and inner 
terms will be like terms and can be 


combined. 


(5x — 1)(2x + 3) = 5x(2x + 3) — 1(2x + 3) 


5x(2x) + 5x(3) — 1(2x) — 1(3) 
10x? + 15x — 2x — 3 
= 10x? + 13x -3 


First 


The FOIL method finds the Inner 

products of the First terms, a [inner | 

Outer terms, Inner terms, and (5x 

Last terms. a 4 "sf 
Outer 


Product of 
Last Terms 


Product of 
First Terms 


f 


— 1)(2x +3) = 10x? + 15x — 2x — 3 


\ 


Product of 
Inner Terms 


Product of 
Outer Terms 


Multiply (3x + 1)(2x — 5) using the FOIL method. 
Solution: 
Multiply the first terms. 


Multiply the outer terms. 


EXAMPLE 6 Multiplying Binomials Using the FOIL Method 


(3x)(2x) = 6x° 
(x)(=5) = = 15x 


Multiply the inner terms. (1)(2x) = 2x 

Multiply the last terms. (1)(-5) = -5 

Add the first, outer, inner, and last terms, 

and identify the like terms. (3x + 1)(2x — 5) = 6x° 15x + 2x — 5 


Combine like terms. 


# YOUR TURN Multiply (2x — 3)(5x — 2). 


= | 6x? — 13x—5 


= Answer: 10x° — 19x + 6 
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Study Tip 
(a + b\(a — b) 


=a —abt+ab—-b* 
aang 


Some products of binomials occur frequently in algebra and are given special names. 
Example 7 illustrates the difference of two squares and perfect squares. 


EXAMPLE 7 Multiplying Binomials Resulting in Special Products 


Find the following: a. (x—5)\(x+5) be (x +5 cc (x —5P 


Solution: 
First Inner Difference of two squares 
a —“_ —_—“~_—_> 
a. (x — Sx +5) =x 4+ Sx -S5x- SV = x= 56 =|2-25| 
Outer Last 
First Inner 
be@+ Sf G+ S@ + Saat Sa Se SH Ge)? = | Oe + 25 
Outer Last 
First Inner 
a ——“_ 5 
e &«-— 5% =@-5)«—-5) = XP -— Sx — Set 52 =H? — 25x) + 5S? = |? - 10K + 25 
—— “NH 
Outer Last 


Let a and b be any real number, variable, or algebraic expression in the following 
special products. 


DIFFERENCE OF TWO SQUARES 


(a+ b(a-bh=a-v? 


PERFECT SQUARES 


Square of a binomial sum: (a+ by =(a+b\at+tb)=a+2ab+h 
Square of a binomial difference: (a — bP? =(a— b\(a-—b)=a —2ab+b’ 


EXAMPLE 8 _ Finding the Square of a Binomial Sum 
Find (x + 3). 
COMMON MISTAKE 


Forgetting the middle term, which is twice the product of the two terms in 
the binomial. 


€3 CORRECT INCORRECT 
(Gee BYP = ee + Die ae BD) ERROR: 
=x? + 3x4+3x4+9 @+ 3P4Ax+9 
= + Ox 9 Don’t forget the middle term, which is 


twice the product of the two terms in 
the binomial. 


0.3 Polynomials: Basic Operations 


EXAMPLE 9_ Using Special Product Formulas 


Find the following: 
a. (2x- 1) ~~ b. + 2yy? 
Solution (a): 


Write the square of a binomial 
difference formula. 


Let a = 2x andb=1. 
Simplify. 
Solution (b): 


Write the square of a binomial 
sum formula. 


Let a = 3 and b = 2y. 
Simplify. 

Write in standard form. 
Solution (c): 


Write the difference of two 
squares formula. 


Let a = 4x and b = 3. 


Simplify. 


= YOUR TURN Find the following: 


a. (3x + 1) 


EXAMPLE 10 Cubinga Binomial 


Find the following: 
a. (x + 2)° b. (x — 2)° 
Solution (a): 


Write the cube as a product of 
three binomials. 


Apply the perfect square formula. 
Apply the distributive property. 
Apply the distributive property. 
Combine like terms. 

Solution (b): 


Write the cube as a product of 
three binomials. 


Apply the perfect square formula. 
Apply the distributive property. 
Apply the distributive property. 


Combine like terms. 


ec. (4x + 3)(4x — 3) 


(a-— by =a —2ab+ Bb’ 


(2x — 1)? = (2x)? — 2(20)(1) + 1? 


[aaa 


(a+ by =a + 2ab +b? 


3 + 2yy = BY + 23)Qy) + yy 
=9 + 12y + 4y° 


=|4y + 12y +9 


(a+ bia-b)=a-P 
3) = (4x)? — 3? 


- [1679] 


(4x + 3)(4x 


= Answer: a. 9x7 + 6x + 1 


b. 9y? — 6y + 1 
b. (1-3y ee. (3x + 2)x — 2) e 9x 4 


(x + 2~p#x2°+8 


(x — 2p #x%-8 


(x + 2) = (x + 2)(x + 2)(x + 2) 
(x + 2) 


( — 2 = @ — 2)@— 2)@ — 2) 


@-2y 
= (x — 2)? — 4x + 4) 
= x(x — 4x + 4) — 20° — 4x + 4) 


=) — 6x + 12x - 8 
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vy CAUTION 
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PERFECT CUBES 


Cube of a binomial sum: (a+ bp =a + 3a’*b + 3ab’ + bP 
Cube of a binomial difference: (a — bp = a — 3a°b + 3ab* — bP 


EXAMPLE 11 Applying the Special Product Formulas 
Find the following: 

a. (2x+1P  b. (2x —5)° 

Solution (a): 


Write the cube of a binomial 


sum formula. (a+ bp =a 4+ 3a) + 3ab’? + BF 

Let a = 2x andb = 1. (2x + 1)° = (2x)? + 3(2x)°(1) + 32x00) + 1B 

Solution (b): 

Write the cube of a binomial 

difference formula. (a — by = a — 3a°b + 3ab’ — D 

Let a = 2x andb =5. (2x — 5)° = (2x)? — 3(2x)?(5) + 3(2x)(5)? — 53 
encanto Sve ae ee ee et ae ae eae 

273 — 108x2 + 144x — 64 = YOUR TURN Find (3x — 4)’. 


EXAMPLE 12 Applying the Special Product Formulas 
for Binomials in Two Variables 


Find (2x — 3y)’. 
Solution: 


Write the square of a binomial 
difference formula. (a — bP =(a—- bla—-—b) =a —2ab+b’ 


Let a = 2x and b = 3y. (2x — 3y)? = (2x)? — 2(2x)(3y) + By)? 


Simplify. =| 49° — 12xy + 9y? 


aA 2 9x7 — 12xy + 4y° ; 
anaes jcc = YOUR TURN Find (3x — 2y)’. 
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@gh SECTION 


: “a SUMMARY 


In this section, polynomials were defined. Polynomials with Perfect Squares 
one, two, and three terms are called monomials, binomials, and 
trinomials, respectively. Polynomials are added and subtracted by 
combining like terms. Polynomials are multiplied by distributing 
the monomials in the first polynomial throughout the second 
polynomial. In the special case of the product of two binomials, (a — b)? = (a — b)(a — b) = a’ — 2ab + 
the FOIL method can also be used. The following are special 
Perfect Cubes 


products of binomials. 
Cube of a binomial sum. 
(a+ bP =a + 3a°b + 3ab? + b? 
Cube of a binomial difference. 
(a+ bla-b)=a-bh (a — bP = a — 3a°b + 3ab’? — 


SECTION 
O.3 EXERCISES 


"SKILLS 


Square of a binomial sum. 
(a+ bP =(a+ b\a@+ b) =a + 2ab + Bb 
Square of a binomial difference. 


Difference of Two Squares 


In Exercises 1-8, write the polynomial in standard form and state the degree of the polynomial. 
1. 5x° — 2° + 16 — 7x" 2. Ie — 9x + 5x -4 3. 4x +3 - 60° 4. 5° — 7x + 8x4 — x? + 10 
5. 15 6. —14 te yo? S35 


In Exercises 9-24, add or subtract the polynomials, gather like terms, and write the simplified expression in standard form. 


9, (2x7 —x +7) + (—3x? + 6x — 2) 10. (3x? + 5x + 2) + (2x° — 4x — 9) 
11. (—7x? — 5x — 8) — (—4x — 9x° + 10) 12. (8x° — 7x? — 10) — (7x7 + 8x? — 9x) 
13. (2x4 — 7x? + 8) — (3x2 — 2x* + 9) 14. (4x? — 9x — 2) — (5 — 3x — 5x’) 
15. (72 — 2) — (52 — 22 + I) 16. (25y? — Ty? + 9y) — (14y? — Ty + 2) 
17. (Gy? — Ty’ + 8y — 4) — (149° — 8y + 9y’) 18. (2x7 + 3xy) — (x? + 8xy — 75”) 
19. (6x — 2y) — 2(5x — Ty) 20. 3a — [2a? — (5a — 4a’ + 3)] 
21. (2x7 — 2) — (x + 1) — (* — 5) 22. (3x7 + 1) — (x — 1) — (Sx — 3) 
23. 4¢-P —P)—- BP — 24+ 2P)+ BP -D 24. (—2 — 22) + (2 — 72 +1) — (42 + 32 -— 3z + 2) 


In Exercises 25-64, multiply the polynomials and write the expressions in standard form. 


25. 5xy"(7xy) 26. 62(4z°) 27. 28(1 — x + x) 28. —42(2 +z - 2) 
29. —2x°(5 + x — 5x”) 30. —32(2z + 427 — 10) 31. (+x — 2)2x3 32. (P — x + 2330 
33. 2ab*(a* + 2ab — 3b’) 34. be?d?(b’c + cd? — b’d*) 35. (2x + 1)Bx — 4) 36. (3z — D(4z + 7) 
37. (x + 2)(x — 2) 38. (y — 5)(y + 5) 39. (2x + 3)(2x — 3) 40. (Sy + Dy — 1) 
41. (2x — 1) — 2x) 42. (4b — Sy)(4b + 5y) 43, (2x — 3)(2x° + 3) 44, (4xy — 9)(4xy + 9) 


45. (Ty — 2y)\y-y +1) 46. (4-—P)(6r+ 1-7) 47. (x + IQ? — 2x + 3) 48. (x + 3)? — 3x + 9) 
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49. 
53. 
57. 
61. 


"APPLICATIONS 
In Exercises 65-68, profit is equal to revenue minus cost: P = R — C. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


G=2yP 50. (t— 3) 
(x + y) — 37 54, (2x2 + 3y)° 
yGy + 4)2y — 1) 58. p°(p + 1) — 2) 


(b — 3aylat 2b\(b+3a) 62. (x - 2y)(ar + 2xy + 4y’) 


Profit. Donna decides to sell fabric cord covers on eBay for 
$20 a piece. The material for each cord cover costs $9, and it 
costs her $100 a month to advertise on eBay. Let x be the 
number of cord covers sold. Write a polynomial representing 
her monthly profit. 


Profit. Calculators are sold for $25 each. Advertising costs 
are $75 per month. Let x be the number of calculators sold. 
Write a polynomial representing the monthly profit earned by 
selling x calculators. 


Profit. If the revenue associated with selling x units of a product 
is R = —x’ + 100x, and the cost associated with producing x 
units of the product is C = —100x + 7500, find the polynomial 
that represents the profit of making and selling x units. 


Profit. A business sells a certain quantity x of items. The 
revenue generated by selling x items is given by the equation 
R= —3¢ + 50x. The costs are given by C = 8000 — 150x. 
Find a polynomial representing the net profit of this business 
when x items are sold. 


Volume of a Box. A rectangular sheet of cardboard is to be 
used in the construction of a box by cutting out squares of 
side length x from each corner and turning up the sides. 
Suppose the dimensions of the original rectangle are 15 
inches by 8 inches. Determine a polynomial in x that would 
give the volume of the box. 


Volume of a Box. Suppose a box is to be constructed from a 
square piece of material of side length x by cutting out a 2-inch 
square from each corner and turning up the sides. Express the 
volume of the box as a polynomial in the variable x. 


Geometry. Suppose a running track is constructed of a 
rectangular portion that measures 2x feet wide by 2x + 5 feet 
long. Each end of the rectangular portion consists of a 
semicircle whose diameter is 2x. Write a polynomial that 
determines the 


a. perimeter of the track in terms of the variable x. 
b. area of the track in terms of x. 


51. (z + 2) 52. (¢ +3) 

55. (5x — 2) 56. («+ DWe+x4+1) 

59. (+ DQ’ - 1) 60. («¢-— 5° + 5 

63. (x+y — (2x — 3y + 5z) 64. (5b? — 2b + 1)Gb — B’ + 2) 


72. 


73. 


74. 


Geometry. A right circular cylinder whose radius is r and 
whose height is 27 is surmounted by a hemisphere of radius r. 


a. Find a polynomial in the variable r that represents the 
volume of the “silo” shape. 
b. Find a polynomial in r that represents the total surface 


area of the “silo.” 
2r 


Engineering. The force of an electrical field is given by the 
equation F = pth. Suppose g; = x, g. = 3x, andr = 10x. 
r 


Find a polynomial representing the force of the electrical 
field in terms of the variable x. 


Engineering. If a football (or other projectile) is thrown 
upward, its height above the ground is given by the equation 
s = 16f + vot + so, where vp and so are the initial velocity 
and initial height of the football, respectively, and tf is the 
time in seconds. Suppose the football is thrown from the top 
of a building that is 192 feet tall, with an initial speed of 96 
feet per second. 


a. Write the polynomial that gives the height of the football 
in terms of the variable ¢ (time). 

b. What is the height of the football after 2 seconds have 
elapsed? Will the football hit the ground after 2 seconds? 
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"CATCH THE MISTAKE 


In Exercises 75 and 76, explain the mistake that is made. 


75. Subtract and simplify (2x7 — 5) — (3x — x + 1). 76. Simplify (2 + x)’. 
Solution: Solution: 
Eliminate the parentheses. 2x7 — 5 — 3x -—2x° +1 Write the square of the binomial 
. +xfp=2 + 
Collect like terms. xv —3x-4 ae the suOr ie dues Q+yaPrx 
Simplify. =~+4 


This is incorrect. What mistake was made? 
This is incorrect. What mistake was made? 


"CONCEPTUAL 


In Exercises 77-80, determine whether each of the following In Exercises 81 and 82, let m and 7 be real numbers 
statements is true or false. and m > n. 
77, All binomials are polynomials. 81. What degree is the product of a polynomial of degree n and a 


i ? 

78. The product of two monomials is a binomial. pelymonnal or dearest 

W, Gi ae ee 82. What degree is the swum of a polynomial of degree n and a 
polynomial of degree m? 


80. (x-yP Harty 


"CHALLENGE 


In Exercises 83-86, perform the indicated operations and simplify. 


83. (7x — 4y?) (Tx + 4y’y 84. (3x — Sy?) (3x + Sy’) 85. (x — ale + axt+@) 86. (x + ae — ax + @) 


“TECHNOLOGY 


87. Use a graphing utility to plot the graphs of the three 88. Use a graphing utility to plot the graphs of the three 
expressions (2x + 3)(x — 4), 2x7 + 5x — 12, and expressions (x + 5)*,x° + 25, and .x* + 10x + 25. Which 
2x — 5x — 12. Which two graphs agree with each other? two graphs agree with each other? 


SECTION 
0.4 FACTORING POLYNOMIALS 


In Section 0.3 we discussed multiplying polynomials. In this section we examine the 
reverse of that process, which is called factoring. Consider the following product: 


(x t+ 3x t+ D=xr 4+ 4x 4+ 3 
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To factor the resulting polynomial, you reverse the process to undo the multiplication: 
xe t+ 4x4+ 3 = (1 + 3x4 1) 


The polynomials (x + 3) and (x + 1) are called factors of the polynomial x* + 4x + 3. 
The process of writing a polynomial as a product is called factoring. In Chapter | we will 
solve quadratic equations by factoring. 

In this section we will restrict our discussion to factoring polynomials with integer 
coefficients, which is called factoring over the integers. If a polynomial cannot be 
factored using integer coefficients, then it is prime or irreducible over the integers. When a 
polynomial is written as a product of prime polynomials, then the polynomial is said to be 
factored completely. 


Greatest Common Factor 
The simplest type of factoring of polynomials occurs when there is a factor common to 
every term of the polynomial. This common factor is a monomial that can be “factored 
out” by applying the distributive property in reverse: 

ab + ac = a(b + c) 


For example, 4x? — 6x can be written as 2x(x) — 2x(3). Notice that 2x is a common factor 
to both terms, so the distributive property tells us we can factor this polynomial to yield 
2x(x — 3). Although 2 is a common factor and x is a common factor, the monomial 2x is 
called the greatest common factor. 


GREATEST COMMON FACTOR 
The monomial ax* is called the greatest common factor (GCF) of a polynomial in 
x with integer coefficients if both of the following are true: 


= ais the greatest integer factor common to all of the polynomial coefficients. 
= kis the smallest exponent on x found in all of the terms of the polynomial. 


Write EACH TERM AS A 
Propuct oF GCF AND 


POLYNOMIAL GCF REMAINING FACTOR FACTORED Form 
Tx + 21 4 7(x) + 7(3) T(x + 3) 

3x7 + 12x 3x 3x(x) + 3x(4) 3x(x + 4) 

4x° + 2x +6 2 2(2x*) + 2x + 2(3) 2(2x* + x + 3) 
6x* — 9x3 + 12x? 3x? 3x7(2x7) — 3x?(3x) + 3x7(4) Sex’ = 3x4 4) 
Sor 4950 =e —5x? —5x7(x7) — Sx7(—5x) — 5x7(4) =e = Sx) 


EXAMPLE 1_ Factoring Polynomials by Extracting 
the Greatest Common Factor 


Factor: 

a. 66 = 18" be Gx? — 10x = 8x + 12° 

Solution (a): 

Identify the greatest common factor. 6x" 


Write each term as a product with the GCF as a factor. 6x° — 18x* = 6x4(x) — 6x4(3) 


Factor out the GCF. = | 6x*(x — 3) 
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Solution (b): 
Identify the greatest common factor. 2x7 
Write each term as a product with the GCF as a factor. 
6x° — 10x* — 8x9 + 12x? = 2x°(3x7) — 2x7(5x7) — 2x7(4x) + 2x7(6) 


Factor out the GCF. =| 2x°(3x7 — 5x? — 4x + 6) 


= Answer: a. 4x(3x" — 1) 
= YOUR TURN Factor: bs 3208 = 32 + 4x = 2) 
le DHA SX a 


a. 12x° — 4x b. 3x — 9x4 + 12x°7 — 6° 


Factoring Formulas: Special 
Polynomial Forms 


The first step in factoring polynomials is to look for a common factor. If there is no 
common factor, then we look for special polynomial forms that we learned were special 
products in Section 0.3 and reverse the process. 


Difference of two squares a —b=(at+bj\a-—b) 
Perfect squares a + 2ab + b? = (a+ by 

a — 2ab + b? = (a— by 
Sum of two cubes at+bhb=(at+b\(a —ab+b’) 
Difference of two cubes a—b=(a-—b\a+ab+b’) 


EXAMPLE 2 Factoring the Difference of Two Squares 
Factor: 
axr-9 b4°-25 © x4 16 


Solution (a): 


Rewrite as the difference of two squares. P-9=7 —3? 

Let a = xandb = 3inad — b’ =(a+t bya — b). = 
Solution (b): 

Rewrite as the difference of two squares. 4x? — 25 = (2x? — 5? 

Let a = 2x andb = Sind —b’ = (a+ b)a-— b). = | (2x + 5)(2x — 5) 
Solution (c): 

Rewrite as the difference of two squares. x'- 16= (2) -4 

Leta = xe andb = 4 ina’ —b’ =(a+ bia—b). = (x7 + 4)? — 4) 


Note that x” — 4 is also a difference of two 
squares (part a of the following Your Turn). =| (x + 2) — 2)(° + 4) 


m= Answer: a. (x + 2)(x — 2) 
= YOUR TURN Factor: b. (3x + 4)(3x — 4) 


ar-4 b 9-16 © x4-81 c. (+ Ola ~ 3)(x + 3) 
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= Answer: a. (x + 4) 
b. (x — 2) 
ce. (5x — 2)? 


A trinomial is a perfect square if it has the form a* + 2ab + b’. Notice that: 


= The first term and third term are perfect squares. 
= The middle term is twice the product of the bases 


of these two perfect squares. 


u The sign of the middle term determines the sign of the factored form: 


a +2ab +b’ = (at by 


EXAMPLE 3 _ Factoring Trinomials That Are Perfect Squares 


Factor: 


ax +6x+9 b. x? — 10x + 25 c. 9x7 — 12x + 4 


Solution (a): 


Rewrite the trinomial so that 
the first and third terms 


2 
are perfect squares. x + 6x 


Notice that if we let a = x and b = 3 in 
a’ + 2ab + b? = (a + b)’, then the 


middle term 6x is 2ab. x + 6x4 
Solution (b): 


Rewrite the trinomial so that 
the first and third terms 


25 =x — 10x + 57 


are perfect squares. x — 10x 


Notice that if we let a = x andb = 5 in 
a’ — 2ab + b* = (a — b)’, then the 


middle term —10x is —2ab. x 10x + 
Solution (c): 


Rewrite the trinomial so that 
the first and third terms 


25 = x — 25x) + 9 = 


are perfect squares. 9x° — 12x + 4 = (3x)? — 12x + 2? 


Notice that if we let a = 3x and b = 2 in 
a — 2ab + b> = (a — by’, then the 


middle term —12x is —2ab. 9x? — 12x + 4 = (3x)? — 2(3x)(2) + 2? = | (3x — 27 


= YOUR TURN Factor: 


a. 4+ 8x + 16 b. x? — 4x + 


EXAMPLE 4 Factoring the Sum of Two C 


Factor x° + 27. 


4 c. 25x° — 20x + 4 


ubes 


Solution: 

Rewrite as the sum of two cubes. +27 =H +3? 

Write the sum of two cubes formula. a+b =(at bya —ab+b’) 

Leta = xandb =3. EQ Hx 33 = |(x + 3)? — 3x + 9) | 
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EXAMPLE 5 Factoring the Difference of Two Cubes 


Factor x° — 125. 


Solution: 
Rewrite as the difference of two cubes. er -125=-5 
Write the difference of two cubes formula. a—b=(a—b\a+ab+b’) 


Leta = xandb=5. xe -— 125 =x -— 3S =| w— 5)? + 5x + 25) 


= YOUR TURN Factor: 


a xr+8 b. «° — 64 


Factoring a Trinomial as a Product 
of Two Binomials 


The first step in factoring is to look for a common factor. If there is no common factor, look 
to see whether the polynomial is a special form for which we know the factoring formula. 
If it is not of such a special form and if it is a trinomial, then we proceed with a general 
factoring strategy. 

We know that (x + 3)(x + 2) = x? + 5x + 6, so we say the factors of x’ + 5x + 6 are 
(x + 3) and (x + 2). In factored form we have x* + 5x + 6 = (x + 3)(x + 2). Recall the 
FOIL method from Section 0.3. The product of the last terms (3 and 2) is 6, and the sum of 
the products of the inner terms (3x) and the outer terms (2x) is 5x. Let’s pretend for a minute 
that we didn’t know this factored form but had to work with the general form: 


e+ 5x4+6= (x + ax + D) 
The goal is to find a and b. We start by multiplying the two binomials on the right. 
P+ 5xt+6=(4+ aa4+ dD =x + axt+ bx + ab=x + (at b)x + ab 
Compare the expression we started with on the left with the expression on the far right 
x + 5x +6 =x + (a+ b)x + ab. We see that ab = 6 and (a + b) = 5. Start with the 


possible combinations of a and b whose product is 6, and then look among those for 
the combination whose sum is 5. 


ab=6 | a,b: | 1,6 | —1,—-6 | 2,3 | —2, -3 
a+b 7 =] 5 =5 


All of the possible a, b combinations in the first row have a product equal to 6, but only one 
of those has a sum equal to 5. Therefore the factored form is 


P+ 5xt+6=(% +a t b) = (+ 2)(x + 3) 


= Answer: a. (x + 2)(x? — 2x + 4) 
b. (x — 4)? + 4x + 16) 
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= Answer: (x + 4)(x + 5) 


= Answer: (x + 6)(x — 3) 


»)) ExaAmPLE 6 Factoring a Trinomial 


Factor x7 + 10x + 9. 
Solution: 


Write the trinomial as a product of two 
binomials in general form. x +10x+9=(@+D)@+4+L) 


Write all of the integers whose product is 9. 


Integers whose product is9 | 1,9 | —1,—-9 | 3,3 | —3,-3 


Determine the sum of the integers. 


Integers whose product is9 | 1,9 | —1,—-9 | 3,3 | —3, -3 


Sum 10 —10 6 —6 


Select 1, 9 because the product is 9 (last term 
of the trinomial) and the sum is 10 (middle 
term coefficient of the trinomial). x + 10x +9 = (x + 9x + 1) 


Check: (x + 9) + 1) =2° + Ix + 9x+9=2+ 10x49 v 


= YOUR TURN Factor .x° + 9x + 20. 


In Example 6, all terms in the trinomial are positive. When the constant term is negative, 


then (regardless of whether the middle term is positive or negative) the factors will be 
opposite in sign, as illustrated in Example 7. 


EXAMPLE 7 Factoring a Trinomial 
Factor x* — 3x — 28. 
Solution: 


Write the trinomial as a product of two 
binomials in general form. xe — 3x — 28 =(x +(x -0) 


Write all of the integers whose product is —28. 


Integers whose product is —28 | 1, —28 | —1, 28 | 2, -14 | —2,14 | 4,-7 | -4,7 


Determine the sum of the integers. 


Integers whose product is —28 | 1, —28 | —1, 28 | 2, -14 | —2,14 | 4,-7 | —4,7 
Sum —27 27 —12 12 —3 3 


Select 4, —7 because the product is —28 
(last term of the trinomial) and the sum is —3 
(middle term coefficient of the trinomial). x — 3x — 28 = (x + 4)\(x — 7) 


Check: (x + 4)(x — 7) = 2° — 7x + 4x — 28 = x° — 3x — 28 v 


= YOUR TURN Factor x* + 3x — 18. 
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When the leading coefficient of the trinomial is not equal to 1, then we consider all 
possible factors using the following procedure, which is based on the FOIL method in 
reverse. 


FACTORING A TRINOMIAL WHOSE LEADING 


COEFFICIENT IS NOT 1 


ax’ +bx+e=(ix+ (x +) 


Step 1: Find two First terms whose product is the first term of the trinomial. 
Step 2: Find two Last terms whose product is the last term of the trinomial. 


Step 3: Consider all possible combinations found in Steps | and 2 until the sum of 
the Outer and Inner products are equal to the middle term of the trinomial. 


(|) EXAMPLE 8 Factoring a Trinomial Whose Leading 
aa Coefficient Is Not 1 


Factor 5x7 + 9x — 2. 


Solution: 

Step 1 Start with the first term. Note that 5x + x = 5x’. (5x +1) ) 

Step 2 The product of the last terms should yield —2. =. or l=? 

Step 3 Consider all possible factors based on Steps | and 2. (5x — 1)(x + 2) 
(5x + 1)(x — 2) 
(5x + 2)(x — 1) 
(5x — 2)(x + 1) 


Since the outer and inner products must sum 
to 9x, the factored form must be: 5x° + 9x — 2 = (5x — 1)(x + 2) 


Check: (5x — 1)(x + 2) = 5x° + 10x — lx -2=5x7+9x-2 Vv 


aA 2Qt+ 3)¢— 1 
= YOUR TURN Factor 2P + t — 3. ennai x ) 


EXAMPLE 9 Factoring a Trinomial Whose Leading 


Coefficient Is Not 1 
Factor 15x° — x — 6. 
Solution: 
Step 1 Start with the first term. (5x \(3Bx ) or (15x \(x ) 


Step 2 The product of the last terms 
should yield —6. —1,6or1, —6 or 2, —3 or —2, 3 
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Study Tip Step 3 Consider all possible factors (5x — 1)3x+ 6) (15x — 1)\(x + 6) 
based on Steps 1 and 2. (5x + 6)(3x—1) (15x + 6)(x — 1) 


In Example 9, Step 3, we can 


eliminate any factors that have a (Sx + 1)Gx— 6) (5x + I@ — 6) 
common factor since there is no (5x — 6)(3x +1) (15x — 6)(x + 1) 
common factor to the terms in the (5x + 2)(3x — 3) (15x + 2) — 3) 
trinomial. (5x — 3)(3x +2) (15x — 3) + 2) 


(5x — 2)(3x + 3) (15x — 2)(x + 3) 
(5x + 3)(3x — 2) (15x + 3)(x — 2) 


Since the outer and inner products must 
sum to —x, the factored form must be: 15x? — x — 6 = (5x + 3)(3x — 2) 


Check: (5x + 3)(3x — 2) = 15x" — 10x + 9x — 6 = 15x° —x - 6 v 


sm anayerr Oa Se a) = YOUR TURN Factor 6x° + x — 12. 


EXAMPLE 10 _ Identifying Prime (Irreducible) Polynomials 
Factor x° + x — 8. 
Solution: 


Write the trinomial as a product of 
two binomials in general form. xtx-8=(*1t+ Lyx ) 


Write all of the 
integers whose 
product is —8. 


Integers whose product is —8 | 1,—-8 | —1,8 | 4,—-2 | —4,2 


Determine the sum 


: Integers whose product is —8 | 1,—-8 | —1,8 | 4,—-2 | —4,2 
of the integers. 


Sum =F 7 2 =2 


The middle term of the trinomial is —x, so we look for the sum of the integers that equals 
—1. Since no sum exists for the given combinations, we say that this polynomial is prime 
(irreducible) over the integers. 


Factoring by Grouping 

Much of our attention in this section has been on factoring trinomials. For polynomials 
with more than three terms we first look for a common factor to all terms. If there is no 
common factor to all terms of the polynomial, we look for a group of terms that have a 
common factor. This strategy is called factoring by grouping. 


EXAMPLE 11 Factoring a Polynomial by Grouping 


Factor x° — x7 + 2x — 2. 


Solution: 
Group the terms that have a common factor. = (0 — x’) + (2x — 2) 
Factor out the common factor in each pair of parentheses. =xr(x-1+2a-1) 


Use the distributive property. =)? + 2)(x - 1) 
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EXAMPLE 12 Factoring a Polynomial by Grouping 


Factor 2x7 + 2x —x— 1. 


Solution: 

Group the terms that have a common factor. = (2x + 2x) + (—x — 1) 
Factor out the common factor in each pair of parentheses. = 2x(x + 1) — l(x + 1) 
Use the distributive property. =| (2x —- 1\xt+ 1) 


aA s(x + 1G? - 
= YOUR TURN Factor x? + x? — 3x — 3. nswer: (x + 1)Q° — 3) 


A Strategy for Factoring Polynomials 


The first step in factoring a polynomial is to look for the greatest common factor. When 
specifically factoring trinomials, look for special known forms: a perfect square or a 
difference of two squares. A general approach to factoring a trinomial uses the FOIL 
method in reverse. Finally, we look for factoring by grouping. The following strategy for 
factoring polynomials is based on the techniques discussed in this section. 


STRATEGY FOR FACTORING POLYNOMIALS Study Tip 


1. Factor out the greatest common factor (monomial). When factoring, always start by 
2. Identify any special polynomial forms and apply factoring formulas. PVE UC: 
3. Factor a trinomial into a product of two binomials: (ax + b)(cx + d). 

4. Factor by grouping. 


EXAMPLE 13. Factoring Polynomials 
Factor: 
a. 3x° — 6x +3 b. —4x° + 2x? + 6x c. 15x7 + 7x —2 d. xe -—x+2r-2 


Solution (a): 


Factor out the greatest common factor. 3x° — 6x + 3 = 30° — 2x4 1) 
The trinomial is a perfect square. = 
Solution (b): 

Factor out the greatest common factor. 4x3 + 2x7? + 6x = —2x(2x7 — x — 3) 


Use the FOIL method in reverse to 


factor the trinomial. =| —2x(2x — 3)(x + 1) 


Solution (c): 


There is no common factor. 15x? + 7x — 2 

Use the FOIL method in reverse to factor the trinomial. =| (3x + 2)(5x — 1) 
Solution (d): 

Factor by grouping. ex t2r—-2=( —x) + (2x - 2) 


= x0 — 1) + 20° - 1) 


Factor the difference of two squares. =/(x + 2)(x - law t+ 1) 
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ra SECTION 
. ; SUMMARY 


In this section, we discussed factoring polynomials, which is the Factoring a Trinomial as a Product of Two Binomials 
reverse process of multiplying polynomials. Four main techniques e+bxto=(xt Vet 2 


were discussed. 
1. Find all possible combinations of factors whose product 


Greatest Common Factor: ax“ isc. 

ais the greatest common factor for all coefficients of the 2. Of the combinations in Step 1, look for the sum of factors 

polynomial. that equals b. 

k is the smallest exponent found on all of the terms in the ae + bx to= (xe + N%+D 

polynomial. ; : eae 

1. Find all possible combinations of the first terms whose 
Factoring Formulas: Special Polynomial Forms product is ax”. 
Difference of two squares: a? — b? = (a + bya — b) 2. Find all possible combinations of the last terms whose 
Perfect squares: a +2ab+ b? =(at by product is c. 
a 2ab bh) (ab): 3. Consider all possible factors based on Steps 1 and 2. 

Sum of two cubes: a+b =(at bia —ab +b’) Factoring by Grouping 
Difference of two cubes: @-b=(a—bi(@+ab+b’) 


Group terms that have a common factor. 
Use the distributive property. 


SECTION 
O.4 | EXERCISES 


"SKILLS 


In Exercises 1-12, factor each expression. Start by finding the greatest common factor (GCF). 


1. 5x + 25 2. x7 + 2x 3. 4° -—2 4. 162° — 20z 
5. 2x) — 50x 6. 4x°y — 8xy? + 16x79 7. 3x9 — 9x7 + 12x 8. 14x4 — 7° + 21x 
9. x — 3x7 — 40x 10. —9y* + 45y H. 4x°y? + 6xy 12. 32 — 62 + 18 


In Exercises 13-20, factor the difference of two squares. 
13. x -9 14. xe — 25 15. 4° -—9 16. 1—x' 
17. 2x° — 98 18. 144 - 81y’ 19. 225x° — 169y" 20. 121y? — 49x? 


In Exercises 21-32, factor the perfect squares. 


21. °° + 8x + 16 22. y — 10y + 25 23. xt - 4°44 24. 1 — 6y + 97 
25. 4x° + 12xy + 97? 26. x? — 6xy + 9y" 27. 9- 6x +.x° 28. 25x" — 20xy + 4y? 
29. x6 +241 30. x°- 6x +9 31. p+ 2pqt¢ 32. p> -2pqt+ ¢° 


In Exercises 33-42, factor the sum or difference of two cubes. 

33. P+ 27 34. 2+ 64 35. y — 64 36. x -1 
37. 8-x 38. 27-y° 39, y+ 125 40. 64x — x* 
41. 274% 42. 216.7 - y° 
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In Exercises 43-52, factor each trinomial into a product of two binomials. 


43. ° -—6x4+5 44, P —5t-6 45. y°-—2y-3 46. y’ —3y— 10 
47, 2y’ — 5y—3 48. 27° — 42-6 49, 3° +7t+2 50. 4x° — 2x — 12 
51. -6P +14+2 52. —6x? — 17x + 10 


In Exercises 53-60, factor by grouping. 
53. x — 3x° + 2x -6 54. 0 + 5x? — 3x7 - 15 55. a’ + 2a* — 8a — 16 56. x - 3x -—x4+3 
57. 3xy — Srx — 10rs + 6sy 58. 6x° — 10x + 3x — 5 59. 20x° + 8xy — Sxy-2y 60. 9 — ax - OK +a 


In Exercises 61-92, factor each of the polynomials completely, if possible. If the polynomial cannot be factored, state that it is prime. 


61. °° — 4y 62. a +5at+6 63. 3a +a—14 64. axt+b+bxt+a 
65. x° + 16 66. x° + 49 67. 42 + 25 68. 75 — bt 

69. 6x7 + 10x + 4 70. + 7x +5 71. 6x7 + 13xy — 5y” 72. 15x + 15xy 

73. 36s? — 9r 74, 3x° — 108x 75. ab? — 25c 76. 2x7 + 54 

77. 4x° — 3x — 10 78. 10x —25-—x 79, 3x° — 5x? — 2x 80. 2y? + 3y? — 2y 
81. x — 9x 82. w> — 25w 83. xy-x-ytl 84. a+ bt+ab+Ph 
$5.0 $5 $6 %, ST = 8 87. x — 2x — 24 88. 25x° + 30x + 9 
89. x4 + 125x 90. x*- 1 1. #81 92. 10x? = 31x + 15 


“APPLICATIONS 


93. Geometry. A rectangle has a length of 2x + 4 and a width 96. Business. The break-even point for a company is given 
of x. Express the perimeter of the rectangle as a factored by solving the equation 3x” + 9x — 4x — 12 = 0. Factor the 
polynomial in x. polynomial on the left side of the equation. 

94. Geometry. The volume of a box is given by the expression 97. Engineering. The height of a projectile is given by the 
x? + 7x" + 12x. Express the volume as a factored polynomial equation s = —16f — 78t + 10. Factor the expression on the 
in the variable x. right side of the equal sign. 


95. Business. The profit of a business is given by the expression 98. Engineering. The electrical field at a point P between two 


P = 2x — 15x + 4x — 30. Express the profit as a factored 10x — x 
polynomial in the variable x. charges is given by k = 00 Factor the numerator of 
this expression. 
"CATCH THE MISTAKE 
In Exercises 99 and 100, explain the mistake that is made. 
99. Factor 7° — x? — 9x + 9. 100. Factor 4x” + 12x — 40. 
Solution: Solution: 
Group terms with common factors. (x° — x”) + (—9x + 9) Factor the trinomial into 
Factor out common factors. x(x — 1) — 9x — 1) a product of binomials. (2x — 4)Qx + 10) 
Distributive property. (x — 1)Q@? — 9) Factor out a 2. = 20 — 2)(x + 5) 
Factor x2 — 9. (x — 1)(x — 3° This is incorrect. What mistake was made? 


This is incorrect. What mistake was made? 
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=CONCEPTUAL 
In Exercises 101-104, determine whether each of the following statements is true or false. 
101. All trinomials can be factored into a product of two binomials. 103. x* — y° = (x — y\(x + y) 


102. All polynomials can be factored into prime factors with 104. P+ y =(x+ y)? 
respect to the integers. 


"CHALLENGE 


105. Factor a” — b*" completely, assuming a, b, and n are positive 106. Find all the values of c such that the trinomial x7 + cx — 14 
integers. can be factored. 


“TECHNOLOGY 


107. Use a graphing utility to plot the graphs of the three expressions 108. Use a graphing utility to plot the graphs of the three expressions 
8x + 1, (2x + 1)(47 — 2x + 1, and (2x — 1)(4x? + 2x + 1). 27x° — 1, (x — 1%, and (3x — 1)(9x* + 3x + 1). Which 
Which two graphs agree with each other? two graphs agree with each other? 


SECTION 
O.5 RATIONAL EXPRESSIONS 


Rational Expressions and 
Domain Restrictions 


Recall that a rational number is the ratio of two integers with the denominator not equal to 
zero. Similarly, the ratio, or quotient, of two polynomials is a rational expression. 


3 5 9 

Rational N : = — aa 

ational Numbers 7 9 rT 
3x +2 5x7 9 


Rational Expressions: 
P x—-5 r+) 3x — 2 
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As with rational numbers, the denominators of rational expressions are never equal to 
zero. In the first and third rational expressions, there are values of the variable that would 
correspond to a denominator equal to zero; these values are not permitted: 


3x + 2 9 2 
x #5 ——_ x ~— 
x= 5 3x = 2 3 
axe ; 
In the second rational expression, Zag there are no real numbers that will correspond to 


a zero denominator. 

The set of real numbers for which an algebraic expression is defined 1s called the domain. 
Since a rational expression is not defined if its denominator is zero, we must eliminate from 
the domain those values of the variable that would result in a zero denominator. 

To find the domain of an algebraic expression we ask the question, “What can x (the 
variable) be?” For rational expressions the answer in general is “any values except those 
that make the denominator equal to zero.” 


EXAMPLE 1_ Finding the Domain of an Algebraic Expression 


Find the domain of the expressions. 


> 2x +1 x 3x + 1 
a. 2x — 5x +3 b. c. d. 
x-4 rt) x 
Solution: 
ALGEBRAIC 
EXPRESSION TYPE Domain Note 
a. 2x? — 5x +3 Polynomial All real numbers The domain of all 
polynomials is the set 
of all real numbers. 
b 26-5 Rational All real numbers When x = 4, the rational 
“x -— 4 expression except x = 4 expression is undefined. 
é x Rational All real numbers There are no real numbers 
asl expression that will result in the 
denominator being equal 
to zero. 
a 3x + 1 Rational All real numbers When x = 0, the rational 
ar expression except x = 0 expression is undefined. 
: : : = Answer: a. x # —1 
= YOUR TURN Find the domain of the expressions. b. x40 
3x1 ax 1 2x +5 c. all real numbers 
re . 7 c. 3x° + 2x —7 d. +4 d. all real numbers 


In this text, it will be assumed that the domain is the set of all real numbers except the real 
numbers shown to be excluded. 
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EXAMPLE 2 Excluding Values from the Domain 
of Rational Expressions 


Determine what real numbers must be excluded from the domain of the following rational 


expressions. 

VE ae) 3x + 2 
a. . 

vr —4 x = 5x 


Solution (a): 


TS. Ix +5 
r-4 (x + 2x - 2) 


Determine the values of x that will and must be excluded 


make the denominator equal to zero. from the domain. 


Factor the denominator. 


Solution (b): 
3a 2 3x +2 


e— 5x xx — 5) 


Determine the values of x that will and must be excluded 


make the denominator equal to zero. from the domain. 


Factor the denominator. 


In this section, we will simplify rational expressions and perform operations on rational 
expressions such as multiplication, division, addition, and subtraction. The resulting 
expressions may not have explicit domain restrictions, but it is important to note that there 
are implicit domain restrictions, because the domain restrictions on the original rational 
expression still apply. 


E 
Technology Tip 


Compare the graphs of a = se - 7 
Ss Simplifying Rational Expressions 

ane 
aoe 2 — Recall that a fraction is reduced when it is written with no common factors. 

2 2 xX ame lee 
To show the graph and table of Y,, 16 4-4 4 4 4 4 16 4-4 4 
unhighlight [=] for Y, and press = = ( ) ( ) = (1) ( ) = or = = 
[GRAPH]. 12 4:3 4 3 3 3 12) 4°33 

Plokd Flote Fluke Similarly, rational expressions are reduced to lowest terms, or simplified, if the numerator 

ae = Ll ae ; ‘ 

a and denominator have no common factors other than +1. As with real numbers, the 

WeSC Roe Ie? ability to write fractions in reduced form is dependent upon your ability to factor. 


REDUCING A RATIONAL EXPRESSION TO 
LOWEST TERMS (SIMPLIFYING) 


1. Factor the numerator and denominator completely. 
VWiBC Re R20 SR 2. State any domain restrictions. 
3. Cancel (divide out) the common factors in the numerator and denominator. 


Note that x = —1 is not defined. 
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EXAMPLE 3 Reducing a Rational Expression to Lowest Terms 


2 


Simplify ae 
X 


Solution: 


Factor the numerator and denominator. 


State any domain restrictions. 


Cancel (divide out) the common factor, x + 1. 


The rational expression is now in 


lowest terms (simplified). 


and state any domain restrictions. 


rP—-x-2 @w- 2x41) 
26 2 2-4 T) 
x#—1 


0 P+ Xx 
= YOUR TURN Simplify 5 
ie 


2 ; 
and state any domain res 


trictions. 


The following table summarizes two common mistakes made with rational expressions. 


CoRRECT INCORRECT COMMENT 
x+5, ; ; x+3 x Factors can be divided out 
is already simplified. Error: = 
yt yt+B y (canceled). Terms or parts 
of terms cannot be divided 
out. Remember to factor the 
numerator and denominator 
first, and then divide out 
common factors. 
x Error: Determine the domain 
etx x — 1 ae restrictions before dividing 
ety xt1 = out common factors. 
x 
= —— x#0,x 4-1 oe 
x(x + 1) Note: Missing x # 0. 
= x#0,x # —-1 
x+1 


EXAMPLE 4 _ Simplifying Rational Expressions 


2 
Reduce 5 
x 


Solution: 


Factor the numerator and 
denominator. 


State domain restrictions. 


Divide out the common 
factor, x + 2. 


Simplify. 


to lowest terms and state any domain restrictions. 


P-x-6  (-3at+2) 
ert+x—-2 (&- 1lwt 2) 
x#—-2,x #1 
_ & = 3)e+2) 
(x — I)Ge-+2) 
mn fae x#—-2,x#1 
= 1 


= YOUR TURN Reduce - 


x 


24 


to lowest terms and state 


any domain restrictions. 


x+2 


= Answer: xFl 


Study Tip 
Factors can be divided out (canceled). 
Factor the numerator and denominator 


first, and then divide out common 
factors. 


Study Tip 


Determine domain restrictions of a 
rational expression before dividing out 
(canceling) common factors. 


x= 2 


= Answer: x#—-3,x#1 
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(\) ExaAMPLeE 5 _ Simplifying Rational Expressions 


2 


x : ee 
Reduce 5 to lowest terms and state any domain restrictions. 


=X 


Solution: 
2-4 (- 2e+2) 


Factor the numerator and denominator. 


2 & (2 — x) 

State domain restrictions. x#2 

ae . (x — 2)(x + 2) 

Factor out a negative in the denominator. = 
—(@ — 2) 

¢ x+2 

Cancel (divide out) the common factor, x — 2. = aie ) 
—Q—2) 

Simplify. = |-(x + 2) x#2 


= Answer: —(x + 5) x#5 2 


x 5 : so 
= YOUR TURN Reduce 5 to lowest terms and state any domain restrictions. 


Multiplying and Dividing 
Rational Expressions 


The same rules that apply to multiplying and dividing rational numbers also apply to 
rational expressions. 


PROPERTY RESTRICTION DESCRIPTION 

ac ac Multiply numerators and denominators, 
= b#0,d#0 ‘ 

b d_ bd respectively, 

a.c_iad Dividing is equivalent to multiplying 
Do A be bearer d by a reciprocal. 


Multiplying Rational Expressions 


1. Factor all numerators and denominators completely. 

2. State any domain restrictions. 

3. Divide the numerators and denominators by any common factors. 
4. Multiply the remaining numerators and denominators, respectively. 


Dividing Rational Expressions 


1. Factor all numerators and denominators completely. 

2. State any domain restrictions. 

3. Rewrite division as multiplication by a reciprocal. 

4. State any additional domain restrictions. 

5. Divide the numerators and denominators by any common factors. 
6. Multiply the remaining numerators and denominators, respectively. 
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EXAMPLE 6 Multiplying Rational Expressions 


oe. Oe ee 
Multiply and simplify Z . fe is eu 
x2 4 


t 4x 9x + 3 
Solution: 
Factor the numerators and _ (3x + 1) : x(x + I)@ + 2) 
denominators. Ax(x + 1) 3(3x + 1) 
State any domain restrictions. x#O0,x #4 —-1,xF “3 
Divide the numerators and _ Gxt) , XL) (x + 2) 
denominators by common factors. 4xtx—+L) 3(3x+—L) 
Simplif ae Steele 
implify. D x Ld 2% 3 


\) EXAMPLE 7 Dividing Rational Expressions 


r-4 3h - 12x 
Pa ; 


Divide and simplify Sa 
x 


Solution: 


; (x — 2)(x + 2) 3x(x — 2)(x + 2) 
Factor numerators and denominators. : 


x 5x3 
State any domain restrictions. x #0 
. : (x — 2)(x + 2) 5x7 
Write the quotient as a product. = : 
x 3x(x — 2)(x + 2) 
State any additional domain restrictions. x#—-2,x #2 
ae @—~2A+2) 5x3 
Divide out the common factors. = . 
x 3x (¥-—~2)(F +2) 


5 
Simplify. = 2 x#—-2,x #0,x #2 


7-9 2x7 — 18x 


Adding and Subtracting 
Rational Expressions 


The same rules that apply to adding and subtracting rational numbers also apply to rational 
expressions. 


PROPERTY RESTRICTION DESCRIPTION 

a,c ate a, Adding or subtracting rational expressions 

bo e!!U when the denominators are the same 

ac ad+tbe Adding or subtracting rational expressions when 
re es oe b # Oandd #0 : . 

bad hd the denominators are different 


= Answer 
+3 
SS x#0,x#4#1,x 
= Answer: 
1x 
5 x#—-3,x#0,x 43 


NI 
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Study Tip 
When subtracting a rational 


expression, distribute the negative 
of the quantity to be subtracted over 


EXAMPLE 8s_ Adding and Subtracting Rational Expressions: 
Equal Denominators 
Perform the indicated operation and simplify. 


- x+7 _ 3x1 6x +7 2x+9 
“Oa +2P ° w+ 27 "%-1 2-1 


Solution (a): 


Write as a single expression. = 


(x + 2) 
State any domain restrictions. x #-—2 
eae te . 4x + 8 
Combine like terms in the numerator. = 5 
(x + 2) 
. A(x + 2) 
Factor out the common factor in the numerator. = ( oy 
x+ 
7 4 
Cancel (divide out) the common factor, x + 2. = a x#—2 
“t 


Solution (b): 


Write as a single expression. Use parentheses around 
the second numerator to ensure that the negative will _ 6x + 7 — (2x + 9) 
be distributed throughout all terms. 2x4 1 


Nile 


State any domain restrictions. x# 


6x + 7—-—2x-9 


Eliminate parentheses. Distribute the negative. 


2% I 
ads : 4x — 2 
Combine like terms in the numerator. = 5 i 
x 
. 2(2x — 1) 
Factor out the common factor in the numerator. = oe 
ee 
Divide out (cancel) the common factor, 2x — 1. =|2 x# a 


EXAMPLE 9 Adding and Subtracting Rational Expressions: 
No Common Factors in Denominators 
Perform the indicated operation and simplify. 
3-—x x 1 2 


a. t b. 
2x il xe vr xt 


Solution (a): 
The common denominator is the product of the denominators. 
3-x * _ B3-HO-D, x(2x + 1) 
wtlox-1l Qxt+De—-1) @-DAr+D 
(3 — x\(x — 1) + x(x 4+ 1) 
(2x + 1) - 1) 


Eliminate parentheses in _3x-3-xX txt +x 
the numerator. (2x + 1) - 1) 


Combine like terms in 
the numerator. 


r+ 5x -3 roe oe 
G@eita=h ~* 2 


0.5 Rational Expressions 55 


Solution (b): Study Tip 


When adding or subtracting rational 


The common denominator is the = 2 
1 20 (Da + D = 20°) expressions whose denominators 


product of the denominators. 


er xt) w(x + 1) have no common factors, the least 
_— : common denominator is the product 

Eliminate parentheses in the ga pose we ees j he = 4 = 1) of the two denominators. 
numerator. ar = 5 = 5 : ; eke 

x(x + 1) x(x + 1) x(x + 1) 
Write the numerator in factored —(2x + lw - 1 
form to ensure no further = 2040 x#—1,x#0 = Answer: 

Sx oh 3e=-1 


simplification is possible. ge ce 
(x + 3)(2x + 1) 


x#—-3,x 4 -3 


= YOUR TURN Perform the indicated operation and simplify. =-(x — 1) 
ae 2 2 1 tag 
a. LS xor + 1) 
x+3 2x + 1 Keel x 


When combining two or more fractions through addition or subtraction, recall that the 
least common multiple, or least common denominator (LCD), is the smallest real 
number that all of the denominators divide into evenly (that is, the smallest of which all are 
factors). For example, 


To find the LCD of these three fractions, factor the denominators into prime factors: 


3=:3 

6=3-2 ee Bo ME Se 

9=3 +3 3° -& 9 18 18 
3°2-3 = 18 


Rational expressions follow this same procedure, only now variables are also considered: 


+= + LCD = 2x° 


2 x r a 2 x mn 3 =X 
x+ 1 2x + 1 @wt+1P @t 1 (2x + 1) (x + 1) + 1) 


LCD = (x + 1)2(2x + 1) 


The following box summarizes the LCD method for adding and subtracting rational 
expressions whose denominators have common factors. 


THE LCD METHOD FOR ADDING AND SUBTRACTING 
RATIONAL EXPRESSIONS 


1. Factor each of the denominators completely. 

2. The LCD is the product of each of these distinct factors raised to the highest 
power to which that factor appears in any of the denominators. 

3. Write each rational expression using the LCD for each denominator. 

4. Add or subtract the resulting numerators. 

5. Factor the resulting numerator to check for common factors. 
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_) EXAMPLE 10 Subtracting Rational Expressions: Common 
laa Factors in Denominators (LCD) 


Perform the indicated operation and write in simplified form. 


DK T4k=2 
2x-6 x -x-6 


Solution: 
5x lx = 2 


~ Ae - 3) (&— 3) + 2) 


Factor the denominators. 


Identify the LCD. LCD = 2(x — 3)(x + 2) 


Write each expression using the 5x(x + 2) 27x — 2) 
LCD as the denominator. = 


Q(x — 3)\(x + 2) 2x 3) 4+ 2) 


Combine into one expression. 


Distribute the negative through _ 5x7 + 10x — 14x + 4 
the entire second numerator. 2(x — 3)(x + 2) 
meats 5x° — 4x + 4 
Simplify. = x#F—2,x% #3 


2(x — 3)(x + 2) 


= Answer: 
22 — Tx — 3 = YOUR TURN Perform the indicated operation and write in simplified form. 
- x#—-4,x#2 
3(x — 2)(x + 4) 2x 5x +1 


3x -6 x+2x-8 


Complex Rational Expressions 

A rational expression that contains another rational expression in either its numerator or 
denominator is called a complex rational expression. The following are examples of com- 
plex rational expressions. 


1 3 
-—- =] 
x 2 2 = % x 
2+ 
: Rive! ar | 
x= 2x — 5 


Two METHODS FOR SIMPLIFYING COMPLEX 
RATIONAL EXPRESSIONS 


Procedure 1: Write a sum or difference of rational expressions that appear in either 
the numerator or denominator as a single rational expression. Once the complex 
rational expression contains a single rational expression in the numerator and one in 
the denominator, then rewrite the division as multiplication by the reciprocal. 


OR 
Procedure 2: Find the LCD of all rational expressions contained in both the 


numerator and denominator. Multiply the numerator and denominator by this LCD 
and simplify. 


EXAMPLE 11 _ Simplifying a Complex Rational Expression 


Write the rational expression in simplified form. 


2 
“+1 


Solution: 


State the domain restrictions. + I [x0], [x# 1], and 


Procedure 1: 


2 x 2+x 
Add the expressions in both the ‘foe 5 
numerator and denominator. a i i = Goi 
ed  ¥ e se 
2+x 
Simplif is 
implify. = 
pity. 42 
+ 1 
. x Xx 1 
Express the quotient as a product. = 
x ee 2 
a D+tx xt 
Divide out the common factors. = . 
x X +2 


+1 
x 


Procedure 2: 


—-+1 
Find the LCD of the numerator Z 
and denominator. 1+ ! 
x+ 1 
Identify the LCDs. Numerator LCD: x 


Denominator LCD: x-+ 1 
Combined LCD: x(x 1) 


2 
Multiply both numerator and Fs +1 xx +1) 
denominator by their combined LCD. SS SS ee 
1 x(x + 1) 
1+ 
Eck aan 
Multiply the numerators and 
d : ; : x(x + 1) + Ix(x + 1) 
enominators, respectively, applying 
the distributive property. ~ I 
1l-x(x + 1) 4 x(x + 1) 
Xa 


Divide out common factors. = 


Simplify. = 
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E 
Technology Tip 
Compare the graphs and tables of 


7 aie + J 
values of Y, = ——————_., 
1+ lx + 1) 
x # —2,x#—1,x #0 and 
bs aa 
Y,= - ,x #0. 


x 


Flokd Flokz Fok 

i = ee 
fCstioo 

Soest etlies 

sii 


Note that x = —1, x = 0, and 
x = —2 are not defined. 


WiBertlaes 


Note that x = 0 is not defined. Be 
careful not to forget that the original 
domain restrictions (x # —2, —1, 0) 
still hold. 
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wx+t+2+xr+x 
7 er+xtx 
x + 3x+2 
x + 2x 
(x + 2)(x + 1) 
x(x + 2) 
O+Yea + I) 
x+-2) 


x+ 1 
Write in simplified form. = x#—-2,x #—-1,x #0 
x 


EXAMPLE 12 _ Simplifying a Complex Rational Expression 


Apply the distributive property. 


Combine like terms. 


Factor the numerator and denominator. 


Divide out the common factor. = 


Write the rational expression in simplified form. 


1 
oo 9 om 3 
¥ x # —6,-3,3 
i- x 
2x + 6 
Solution: Using Procedure 1 
1 
—————— +3 
: : (x — 3)(x + 3) 
Factor the respective denominators. — 
x 
1 ——————— 
2(x + 3) 
Identify the LCDs. Numerator LCD: (x — 3)(x + 3) 
Denominator LCD: 2(x + 3) 
Combined LCD: 2(x — 3)(x + 3) 
Multiply both the numerator | 
F ———— +3 
and the denominator by the (x — 3)(x + 3) 2x + 3)(x — 3) 
combined LCD. = 
ic x 2(x + 3)(x — 3) 
2x + 3) 
Multiply the numerators and (x + 3)(x — 3) 
denominators, respectively, ik— Gs) + 3°2(x + 3)(x — 3) 
ee the distributive ; ; ; $a Da | 
oi aa) Xx + 3) 
: ; 2+ 6(x + 3)(x — 3) 
Simplify. = 
2x + 3)\(x — 3) — x(x — 3) 


2+ 6x° — 54 
2x7 — 18 — x° + 3x 


Eliminate the parentheses. 


~ = 32 
x + 3x — 18 


Factor the numerator and a 
: 2(3x 26) 
denominator to make sure there = | ——— x#—-6,x4 -3,x 43 
(x + 6)(x — 3) 
are no common factors. 


Combine like terms. 


Si SECTION 
= SUMMARY 


In this section, rational expressions were defined as quotients of polynomials. The domain of any polynomial is the set of all real 
numbers. Since rational expressions are ratios of polynomials, the domain of rational expressions is the set of all real numbers except 
those values that make the denominator equal to zero. In this section, rational expressions were simplified (written with no common 
factors), multiplied, divided, added, and subtracted. 
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OPERATION 


Multiplying rational expressions 


EXAMPLE 


Note 


State domain restrictions. 


Dividing rational expressions 


When dividing rational expressions, 
remember to check for additional domain 
restrictions once the division is rewritten 
as multiplication by a reciprocal. 


Adding/subtracting rational 
expressions with no common 
factors 


2 3x 6x 
i x#+1 
gear il ge— Il rd 
2 3x 
a x#+1 
sear il ze — Il 
2 all 
= = x re 0) 
ae Il BG 
oe = il) 
= ———— x#0,x 4 +1 
Sud@e se Il) 
2 3x 
ar x#H+!1 
gear Il re Il 


LCD = @ + DE - 1) 
Der i) se eres 45 1) 
(x + Dx - dD 
2x — 2 + 3x? + 3x 
~ @ 4 ihe = iy 
_ BP ee oe = 2 
GG") 
(Bee = ier ar 2) 
een) 


The least common denominator (LCD) is 
the product of the two denominators. 


Adding/subtracting rational 
expressions with common 
factors 


3 2 
aGe ae I) sd@e ar 2) 
ILACID) = save ae IGE ae 2) 
RXGear 2) = 2Ave ar I) 
aioe ar IDYeesr 2) 
Bie ae O) = De = 2) 
dee ar Iee se 2) 
a. x+4 
x(x + I(x + 2) 


ie te 2, 


=i, 0) 


The LCD is the product of each of 
these distinct factors raised to the 
highest power that appears in any of the 
denominators. 


Complex rational expressions are simplified in one of two ways: 


1. Combine the sum or difference of rational expressions in a numerator or denominator as a single rational expression. The result is a 
rational expression in the numerator and a rational expression in the denominator. Then write the division as multiplication by the 


reciprocal. 


2. Multiply the numerator and denominator by the overall LCD (LCD for all rational expressions that appear). The result is a single 
rational expression. Then simplify, if possible. 
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SECTION 
O.5 EXERCISES 


"SKILLS 


In Exercises 1-10, state any real numbers that must be excluded from the domain of each rational expression. 


5x — 1 2x 


14. 


18. 


22. 


26. 


30. 


33. 


36. 


39. 


42. 


45. 


48. 


pda ae 


(2x + 1)(x — 3) 
3(x — 3) 

(2t — 1\(t + 2) 
4t+ 8 


5x + 6 2x 
x Se = 6 


5x-5 xv4+x 
10x 


er-1 


P= 69 
P+4t+4 


PQ 
3t-— 9 


Ta +2la at+3 
14(a* — 9) 7 


1. — 2. 2 3. a 4. aS 
x x eS y > 1 
2p? 3t ap = 1 2t- 2 
a 8. i 10. 
p-l r-9 pti rP+4 
In Exercises 11-30, reduce the rational expression to lowest terms and state any real numbers that must be excluded from the 
domain. 
+ 3)\x- 9 4y(y — 8)\y + 7 — 3x + 1 
UU. (x (x ) v. yy My ) 1B. (x Yx ) 
2x + 3)(x + 9) 8y(y + 7)(y + 8) 2(x + 1) 
2(3y + 1)\2y — 1 7TQ2y + 1)By - 1 Sy - 1 + 1 
15. Gy + Day — 16. Qy + DGBy — D 17, Gy — Do + D 
3Q2y — I)Gy) 5G3y — 1)2y) 25y — 5 
(3x + 7) — 4) (t — 7)(2t + 5) e—4 
19. ——T— 20. ————— 21. 
? 4x — 16 a 3h = 21 KZ 
+7 2y+9 249 
a3, = on, = 5 
xT 2y +9 2% +9 
Pe Set + 19x + Pegi 
27. x 5x + 6 28. a 9x + 60 29. 6x — x 
x — 3x — 10 x + 8x + 16 2x + 9x — 5 
In Exercises 31-48, multiply the rational expressions and simplify. State any real numbers that must be excluded from the 
domain. 
31 x= 2. Bx +5 32 4x+5 3x+4 
“xy+1 x-2 “ y-2 4x45 
A(x — 2)(x + 5 = + 
ag eS 2)... 16x 35, 2. x x 
8x (x — 5)\(x + 5) 3x 1 
a oe ae: dy = 82x x +R 
x x + 3x — 10 x x — 5x — 24 
$2 9 = Wy 25 + 
= 2 fi 
3y +9 yy? + 3y — 40 t-3 ¢t+2 
2 4 3 P+t- t 
43. : es 44. Parke}. St 
yo3a ys? P=4 —2f 
= 4 = = 2 
ae St= 1 AP Be a = igs 35~ = 49 
At 16r — 9 8x? — 22x — 21 9x? — 25 


3x7 — 15x 2x7 — Tx — 15 
2x7 — 50x 3x? + 15x 
3x7 - 2x x -— Tx - 18 
12x° — 8x7 2x — 162 
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In Exercises 49-66, divide the rational expressions and simplify. State any real numbers that must be excluded from the domain. 


49. 


53. 


61. 


s 12 gout ep et a 12 5(x +6)  20(x + 6) 
x “2 x “y-2° @-2oe4+ 2) 10(x — 6) ~ 8 
1 5 5 10 2-p 2p-4 4- 12 -—3 
— 54. ; 5 56. _ * 
x-1l -1 3x-4 9x -— 16 p-1l pti x — 16 x—4 
—w + aay PS P26 Ss + Pp Bat de: det 
57. 36 nm on 6 58. — y y 59. 3r — 6f or 6 6t 60. * = x : 8 
wr —9 +3 y—25  2y+ 10 5t — 10 4t—8 5x2 — 10x e-—4 
w-w wow es y-3y y= 39 - v+4x—-21 x -2x- 63 ei ra Sy= 3. aeod 
wo Sw "  2y By “?+3x-10° xe +x-20 " 2~r -9y-5 9 y? — 5y 
20x7 — 3x —2 | 1207 + 23x + 5 66 x — 6x -— 27 | 2x - 15x — 27 
3-4 | 3x2 + 5x “224 13x -7 224 9x -5 


65. 


In Exercises 67-82, add or subtract the rational expression and simplify. State any real numbers that must be excluded from the 


domain. 
2 
67. a 68. Ee 69. 
x 5x 7x x 
2% Full — 2. 7 
| rn a |) 24 73. 
5x 1 1 — 5x 2x = I 1 — 2x 
3x Sec 4 Bee | xt+1 
75. 76. - 77: 
PHA” a? 4-x 2t+x 
7 4 2 
10a ss 80. —+5 - 81. 
a-b b-a y y-4 y-2y 


87. 


"APPLICATIONS 


91. 


92. 


3 
a4 Fg 
al 84. — 85. 
2 2 
i= ges 
x y 
1 7 
‘ich +7 
a 
88. — 89. 
pull io 
Baoan yee »y 


Finance. The amount of payment made on a loan is given by 
pi 
1 ey? 


r : , 
(amount borrowed), and i = —, where r is the interest rate 
n 


the formula A = where p is the principal 


expressed as a decimal and n is the number of payments per 


year. Suppose n = 5. Simplify the formula as much as possible. 


i 
Finance. Use the formula A = is to calculate the 


a +i" 
amount your monthly payment will be on a loan of $150,000 
at an interest rate of 6.5% for 30 years (nt = 360). 


2 i EE 

p=2. pl 
3y° 1 - 2y 
y+1 yl 
x-1, x—6 
x-2 -4 
T+ 

p= 


1 
3+- 
x 
1 
9 - — 


2, 


70. 


74. 


78. 


82. 


4 _ 5x 
9+x x-2 
ie 4 
Pe oS 1 
a Sere 
yes yk 
3 4, yr-y 
Sy+6 y-2. S5y—4y-12 


1.2 
x x 
9 5 
x x 
3 3 
‘os oe es 
5 
vr- 


93. Circuits. If two resistors are connected in parallel, the 


combined resistance is given by the formula R = 


1 
VR, + UR, 


where R, and R, are the individual resistances. Simplify the 
formula. 


94. 


applying the formula f = 


l/p + 1/q 


Optics. The focal length of a lens can be calculated by 


, where p is the distance 


that the object is from the lens and q is the distance that the 
image is from the lens. Simplify the formula. 


? 
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"CATCH THE MISTAKE 


In Exercises 95 and 96, explain the mistake that is made. 


ae Se e+2x4+1 
. Simplify ——————_. 
pany x+1 
Solution: 
ert+2Axt1 O&+ Det 1 
Factor the numerator. = 
x+ 1 (x + 1) 
(x + DOK) 


Cancel the common factor, x + 1. = 


O+D 


Write in simplified form. =x+1 


This is incorrect. What mistake was made? 


"CONCEPTUAL 


oe Se — 
. Simplify ——————. 
Pie ge oye | 
Solution: 
Cancel the common Is. a 
+ 2x PAL 
Factor the denominator. a 
x(x + 2) 
xX 
Cancel the common x. = ——_ 
x(x + 2) 
1 
Write in simplified form. = XF=2,x% 40 
x+2 


This is incorrect. What mistake was made? 


In Exercises 97-100, determine whether each of the statements is true or false. 


xv — 81 
97. =x+9 
x—9 ‘i 
x—9 
98. = # —9,9 
~=81 x49 * 


CHALLENGE 


101. Perform the operation and simplify (remember to state 
domain restrictions). 


"TECHNOLOGY 


103. Utilizing a graphing technology, plot the expression 
x+7 
y= 7 Zoom in near x = —7. Does this agree with 
aera: 


what you found in Exercise 23? 


104. Utilizing a graphing technology, plot the expression 

r-—4 
HH 2 
what you found in Exercise 21? 


y= . Zoom in near x = 2. Does this agree with 


99. When adding or subtracting rational expressions, the LCD 
is always the product of all the denominators. 
xe 


100. = 


C— xX 


—1 for all values of x. 


102. Write the numerator as the product of two binomials. Divide 
out any common factors of the numerator and denominator. 
a _ hb" 


a’ — p" 


In Exercises 105 and 106, for each given expression: 

(a) simplify the expression, (b) use a graphing utility to plot 
the expression and the answer in (a) in the same viewing 
window, and (c) determine the domain restriction(s) where 
the graphs will agree with each other. 


1 2, 
1+ 5 i 3 
po x t+ 
105. 106. 
1 1 
L= 1+ 
x+2 x+4 


SECTION RATIONAL EXPONENTS 
O.6 AND RADICALS 


In Section 0.2, we discussed integer exponents and their properties. For example, 4” = 16 and 
x° + x° = x°. In this section we expand our discussion of exponents to include any rational 
numbers. For example, 16’? = ? and (x'”)** = ?. We will first start with a more familiar 
notation (roots) and discuss operations on radicals, and then rational exponents will be 
discussed. 


Square Roots 


DEFINITION Principal Square Root 


Let a be any nonnegative real number; then the nonnegative real number b is called 
the principal square root of a, denoted b = Va, if b> = a. The symbol Vis called 
a radical sign, and a is called the radicand. 


It is important to note that the principal square root b is nonnegative. “The principal Stu@y Tip 
square root of 16 is 4” implies 4° = 16. Although it is also true that (—4)’ = 16, the Incorrect: V25 = +5 
principal square root is defined to be nonnegative. Correct: V25 = 5 

It is also important to note that negative real numbers do not have real square roots. For The Principal square root, Vv sis 
example, V—9 is not a real number because there are no real numbers that when squared icibcineelseseen aise sla 
yield —9. Since principal square roots are defined to be nonnegative, this means they must be 
zero or positive. The square root of zero is equal to zero: VO = 0. All other nonnegative 


principal square roots are positive. 


EXAMPLE 1_ Evaluating Square Roots 


Evaluate the square roots, if possible. 


a. V169 bp. 2 c. V—36 


Solution: 
a. What positive real number squared results in 169? V169 = 
Check: 13° = 169 
a 4 4 2 
b. What positive real number squared results in 5? 9 - 3 


Check: (3) = , 


c. What positive real number squared results in —36? 


63 
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SQUARE ROOTS OF PERFECT SQUARES 


Let a be any real number; then: 


Va = lal 


EXAMPLE 2_ Finding Square Roots of Perfect Squares 
Evaluate the following: 
a Ve ob VCTY og VP 


Solution: 


a. Ve = V36= [6] b VET = VH=([7|  « Ve = [Ia 


Simplifying Square Roots 


So far only square roots of perfect squares have been discussed. Now we consider how to 
simplify square roots such as V 12. We rely on the following properties. 


PROPERTIES OF SQUARE ROOTS 


Let a and b be nonnegative real numbers, then: 


Property Description Example 
EO = OD The square root of a product is the VAD = V4oV”5 = 2V5 


product of the square roots. 


a_ Va eer The square root of a quotient is the 40 V40 vV4-V10 2V10 
b Wp quotient of the square roots. 49 \/49 Wi 7; 
EXAMPLE 3 Simplifying Square Roots 
Simplify: 
45x° 
a V48e ob. 28 ee. Vo Vx dd 
V5x 
Solution: 
a. V482 = V48- V2 = VI6-3- VP = VI6- V3- V2 =/4 Ie] V3 
|x| 
b. V288 = V28- V8 = V4-7 Vix = V4 VI VV 
2 |x 
= 2lxlV7 Vx = 2lelV7x = V7x | since x = 0 
Study Tip ce. Vide: Vox = V722 = V36-2+2 = V36-V2- V2 = 6lxlV2 
If you have a single odd power 6 |x| : 
under the square root, like Vx, the =|6xV2) since x = 0 
variable is forced to be nonnegative 45.3 45x3 
because a negative cubed results in a d. V9r = V9: V2 = 3|x| = since x > 0 
negative inside the radical; therefore, V 5x Sx 3 |x| 
the absolute value is not necessary. Note:x #0, x>0 
= Answer: 
/15x V 125x° 
a, 2xV 15x b. xV5 = YOUR TURN Simplify: a. V60x° __b. * 
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Other (nth) Roots 


We now expand our discussion from square roots to other nth roots. 


DEFINITION Principal nth Root 


Let a be a real number and n be a positive integer. Then the real number b is called 
the principal nth root of a, denoted b = Wa, if b" = a. If n is even, then a and b 
are nonnegative real numbers. The positive integer n is called the index. The square 
root corresponds to n = 2, and the cube root corresponds to n = 3. 


n a b EXAMPLE 
Even | Positive Positive W16 = 2 because 2* = 16 
Even | Negative Not a real number \/—16 is not a real number 
Odd Positive Positive W27 = 3 because 3° = 27 
Odd Negative Negative V/—125 = —S because (—5)> = —125 
A radical sign, va combined with a radicand is called a radical. 
PROPERTIES OF RADICALS 
Let a and b be real numbers, then 
PROPERTY DESCRIPTION EXAMPLE 
Wab = Va» Wb The nth root of a product is the Wile = V8 : v/2 = 2%/2 
Pan andl Wh ainetei product of the nth roots. 
nf @ Wa . : 4/047. 
er b#0 The nth root of a quotient is the qed =5 Et = 2 
Wb quotient of the nth roots. 16 V16 2 
if Wa and W/b both exist 
Va Nae The nth root of a power is the 6/32 = ( g Si, =Q2y=4 
power of the nth root. 
VE = a nis odd When n is odd, the nth root of a we = 
raised to the nth power is a. 
AU = : When 7 is even, the nth root of a 4/4 
a’ = la n is even = 
al raised to the nth power is the vat I 
absolute value of a. 
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_) EXAMPLE 4 _ Simplifying Radicals 


Simplify: 
a V-245 ob. W320 
Solution: 


a. V—-240 = VE8 Bee = V=8 -V3- VS VP -[-2.0/32 | W332 
—2 x 


b. W320 = W16-2+xt+x = V 16° W/2- Wat We = xl W7 = W2x | since x = 0 
2. 


|x| 


Combining Like Radicals 


We have already discussed properties for multiplying and dividing radicals. Now we focus 
on combining (adding or subtracting) radicals. Radicals with the same index and radicand 
are called like radicals. Only like radicals can be added or subtracted. 


EXAMPLE 5 Combining Like Radicals 
Combine the radicals if possible. 

a. 4V3 — 6V3 + 7V3 b. 2V5 — 3V7 + 6V3 
ce. 3V5 + V20-2V45— dw WI0 — 2V10 + 3-V10 


Solution (a): 


Use the distributive property. 4V3 - 6V3. + 7V3 = (4-64 7)V3 
Eliminate the parentheses. =|5V3 
Solution (b): 


None of these radicals are alike. 
The expression is in simplified form. 2V5 — 3V7 + 6V3 
Solution (c): 


Write the radicands as 


products with a factor of 5. 3V5 + V20 — 2V45 = 3V5 4+ V4°5 — 2V9°5 
The square root of a product is the 
product of square roots. = 3V5 + V4: V5 — 2V9°V5 
Simplify the square roots of perfect squares. = 3V5 + 2V5 — 2(3)V5 
6 
All three radicals are now like radicals. = 3V5 + 2V5 —- 6V5 
Use the distributive property. =(3+2-6)V5 
Simplify. =|-Vv5 
Solution (d): 


None of these radicals are alike because 


they have different indices. The expression : 
is in simplified form. W10 — 2V/10 + 3V10 


= YOUR TURN Combine the radicals. 


a 4V7 -6V7+9V7 be 5V24 - 254 
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Rationalizing Denominators 


When radicals appear in a quotient, it is customary to write the quotient with no radicals 
in the denominator. This process is called rationalizing the denominator and involves 
multiplying by an expression that will eliminate the radical in the denominator. 


1 
For example, the expression —= contains a single radical in the denominator. In a 


V3 
case like this, multiply the numerator and denominator by an appropriate radical expression, 
so that the resulting denominator will be radical free: 


1 3) V3 3B 
Wa. Ia) “Wasa 3 


1 


If the denominator contains a sum of the form a + Vb, multiply both the numerator and 
the denominator by the conjugate of the denominator, a — Vb, which uses the difference 
of two squares to eliminate the radical term. Similarly, if the denominator contains a 
difference of the form a — Vb, multiply both the numerator and the denominator by the 


1 
conjugate of the denominator, a + Vb. For example, to rationalize 32 V5 take the 
conjugate of the denominator, which is 3 + V5: 
1 (3 + V5) 34+ V5 SVS SVS 
(3- V5) (3+ V5) 3° +3V5-3V5- (V5)? 9-5 4 
e—+_—— 


like terms 
In general we apply the difference of two squares: 
(Va + Vb) (Va = Vb) = (Va) = (Vb) =a-—b 


Notice that the product does not contain a radical. Therefore, to simplify the expression 


1 
(Va + Vb) 
multiply the numerator and denominator by (Va = Vb): 
1 (Va — Vb) 


(Va + Vb) (Va = Vb) 
The denominator now contains no radicals: 


(va - Vb) 


(a — b) 


| EXAMPLE 6 Rationalizing Denominators 


Rationalize the denominators and simplify. 


2 ‘; 5 V5 
*3VI0 3-Vv2 “Wav 


Solution (a): 


Multiply the numerator and SS ee aa 
denominator by V10. 3V10 10 


_ 2V10  2V10 2V10 
3(V10)? 310) 30 


Divide out the common 2 in the V0 
numerator and denominator. = 15. 


Simplify. 
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Solution (b): 
Multiply the numerator and denominator = > . (3 ae V2) 
by the conjugate, 3 + V2. (3 — V2) (3 + V2) 
5(3 + V2) 
(3 — V2)(3 + V2) 
15 + 2 
The denominator now contains no radicals. = ee 


15 + 5V2 


Solution (c): 
v5 (V2 + v7) 


Multiply the numerator and denominator = ‘ 


by the conjugate, V2 + V7. (v2 = V7) (v2 + V7) 
Multiply the numerators and = vs(v2 i Vi 
denominators, respectively. (V2 -— V7)(V2 + V7) 
V10 + V35 
The denominator now contains no radicals. a 
ere V10 + V35 
Simplify. (eee 
5 
a : A) dake aaa nea a aaa os tebdbeedbeetsdnesccemn vate ssb renin contnan haa divans conn ctreesieiis 
= Answer: —— = YOUR TURN Write the expression 12 Ws in simplified form. 


SIMPLIFIED FORM OF A RADICAL EXPRESSION 


A radical expression is in simplified form if 

= No factor in the radicand is raised to a power greater than or equal to the 
index. 

= The power of the radicand does not share a common factor with the index. 

= The denominator does not contain a radical. 

= The radical does not contain a fraction. 


EXAMPLE 7_ Expressing a Radical Expression in Simplified Form 


5 
Express the radical expression in simplified form: ‘ an x20,y >0 

y 
Solution: : 

: : 3/16x° V16x° 
Rewrite the expression so that the qr a = 
radical does not contain a fraction. Bly V8ly 

3 
- 94 raed 
Let 16 = 2*and 81 = 34, = 
3/24. 7 
arty 
Factors in both radicands are raised to powers greater axW/re 


than the index (3). Rewrite the expression so that re ag 
each power in the radicand is less than the index. 3y Vy 
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3 3 
. 2xV 2x? V9y? 
The denominator contains a radical. In order to = ee BS 
eliminate the radical in the denominator, we 3y V3y V 9y 


multiply the numerator and denominator by v Oy". —xXW18 ey? 
a VaTy 
2xV182y 


9y? 


2xV 18x°y" 


The radical expression now satisfies the = A 
conditions for simplified form. oy 


Rational Exponents 


We now use radicals to define rational exponents. 


1 
RATIONAL EXPONENTS: n 


Let a be any real number and n be a positive integer, then 
qin = Wa 


i. : 
where nis the rational exponent of a. 


= When nis even and a is negative, then a‘ and Wa are not real numbers. 
= Furthermore, if m is a positive integer with m and n having no common 
factors, then 


qrn = (aiy” = (a) NY a” 


Note: Any of the four notations can be used. 


cl 
EXAMPLE s_ Simplifying Expressions with Rational Exponents Technology Tip EB 
Simplify: 


16"C323 
Cree Cees 


a. 16°? b. (—8)° 
Solution: 


a 
f, 16 = (16) = 16) 4" = 64 


b. 8)" = [C8)'"P = 2) = 4 


= Answer: 9 
= YOUR TURN Simplify 277°. 


The properties of exponents that hold for integers also hold for rational numbers: 


= 1 _ 1 
a Im 7 and a min = az#0 
a a 
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= Answer: 18x" 


4/6 


= Answer: 3yi2 


mu Answer: x!(x — 2)(x + 1) 


EXAMPLE 9_ Simplifying Expressions with Negative 
Rational Exponents 


1/2 
Simplify ae x>0. 
Solution: 
Negative exponents correspond to (9x) 1” _ a 
positive exponents in the reciprocal. 4x3? 4+ (9x)? 
x3? 
Eliminate the parentheses. = 4. 9it,in 
{S212 
Apply the quotient property on x. = 4-9) 
e 
gl 
43 
at _[x 
Simplify. —lh0 
3/2 
= YOUR TURN Simplify (2 x>0 


EXAMPLE 10_ Simplifying Algebraic Expressions 
with Rational Exponents 


Simplify % x>0,y>0. 


Solution: 
1/3 2/3 1/3 
x 


—8x7y)'8 —8 1/3 32) 8 1/3 —8 i) = ip) 
(-8ry)" (8 @) yy _ 8) y -f ) ayo? os i 


xy’)? gi? 12h 12 gl? yl2y2 3 
ah 2 ane 
Write in terms of positive exponents. =|> 358 
xy)? 
= YOUR TURN Simplify ———_,, and write your answer with only positive exponents. 
Q72y3)'8 


EXAMPLE 11 _ Factoring Expressions with Rational 
Exponents 


Factor completely x8? — 5° — 6x°°, 


Solution: 
Factor out the greatest common 83 — 5,93 — 623 = 302 — 5x — 6) 
factor x7. (2By68 BBB 


Factor the trinomial. = | x(x — 6)(x + 1) 


= YOUR TURN Factor completely x’? — x*9 — 2x'%, 


@™ SECTION 


SUMMARY 


In this section, we defined radicals as “b = Wa means a = b"” 
for a and b positive real numbers when 7 is a positive even integer, 
and a and b any real numbers when n is a positive odd integer. 


0.6 Rational Exponents and Radicals 71 


Radicals can be combined only if they are like radicals (same 
radicand and index). Quotients with radicals in the denominator 
are usually rewritten with no radicals in the denominator. 

Rational exponents were defined in terms of radicals: a!” = Wa. 


Properties of Radicals The properties for integer exponents we learned in Section 0.2 also 
PROPERTY Sevens hold true for rational exponents: 
Vab = Wa: Wb V6 = V8: V2 = 2V2 an = aly" = Wa)” and a = (a")"" = Va 
‘ Y 81 Ws 3 ne : i 
= oe b#0 le = ze = 5 Negative rational exponents: a" = mm Lor m1 and n positive 
V a 
"i = (Wa)" ae (8) ean integers with no common factors, a # 0. 
Va" =a nisodd US = VEN = wR 
x 
Va" = |al nis even Wh = Wi We = [al Vie 
SECTION 
O.G6 EXERCISES 
=SKILLS 


In Exercises 1-24, evaluate each expression or state that it is not a real number. 


1. V/100 
7. W343 
13. V—-16 
19, (—32)"" 


2. V121 3. —V144 
8. —V-27 9. WI 

14. W-1 15. (-27)!8 
20. (—243)'8 2. Cb 


In Exercises 25-40, simplify (if possible) the radical expressions. 


25. V2 —- 5V2 
29. V12-V2 
33. V3V7 

37. V4x2y 


3V5 -— 7V5 
2V5+3V40 
a/SV2 
V t6x'y 


26. 
30. 
34. 
38. 


In Exercises 41-56, rationalize the denominators. 


41. = 


42. 2 
5 
2 
46. 
1+ V3 


4. V—169 5, \216 6. W=125 
10. V=1 11. VO 12. VO 
16. (—64)!* 17. 873 18. (—64)"8 
22? 23. 9°? 24. (27) 
27. 3V5 — 2V5 + 7V5 28. 6V7 + 7V7 — 10V7 
31. VWi2- V4 32. WB: W4 
35. 8V 25x" 36. 16\/36y4 
39. V8 1x°y8 40. V —32x)0y8 
2 5 
43. —— 44, —— 
3VI11 3V2 
+ pee 
47. 1+ v2 48. oa Ne 
1- V2 34 V5 
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3 5 
49, ——— 50. —=— 51. 
V2 -— V3 V2+ V5 
4+ 
53. aw 4, — 55. 
34+ 2V5 3V2+4 


4 7 
3V2 + 2V3 2V3 + 3V2 
VT +3 ee 
V2-—- V5 "Ve - Vy 


In Exercises 57-64, simplify by applying the properties of rational exponents. Express your answers in terms of 


positive exponents. 


57. (x1? 23)? 58. (yl)? 59. 
xl2ylis (97-34-28? 

61. x 2B y 95 62. Gir 63. 

In Exercises 65-68, factor each expression completely. 

65. x18 — x48 — 2x18 66. 8x!" + 4°4 67. 


“APPLICATIONS 
69. Gravity. If a penny is dropped off a building, the time it 


| d 
takes (seconds) to fall d feet is given by 16" If a penny is 


dropped off a 1280-foot-tall building, how long will it take 
until it hits the ground? Round to the nearest second. 


70. Gravity. If a ball is dropped off a building, the time it takes 


(seconds) to fall d meters is approximately given by 5 


If a ball is dropped off a 600-meter-tall building, how long will 
it take until it hits the ground? Round to the nearest second. 


=CATCH THE MISTAKE 


In Exercises 73 and 74, explain the mistake that is made. 
73. Simplify (4x!y!4)" 
Solution: 


Use properties of exponents. A(x!) (yy 


1/2 


Simplify. 4xy 


This is incorrect. What mistake was made? 


4, -3 ~9/3. —3/4\— 
(xlB yl? (x Py, 3/4 2 
(x yl? (x)Byl4y4 
(2x28) es (2x23) 
(4.18) . (4x48) 


fe" = 14h? 21 68. 7x'° + 70x 


71. Kepler’s Law. The square of the period p (in years) of a 
planet’s orbit around the Sun is equal to the cube of the planet’s 
maximum distance from the Sun, d (in astronomical units or 
AU). This relationship can be expressed mathematically as 
p’ = d’. If this formula is solved for d, the resulting equation is 
d = p”®. If Saturn has an orbital period of 29.46 Earth years, 
calculate Saturn’s maximum distance from the Sun to the nearest 
hundredth of an AU. 


72. Period of a Pendulum. The period (in seconds) of a pendulum 


L \!2 
of length L (in meters) is given by P = 2+77- ($5) .Ifa 
certain pendulum has a length of 19.6 meters, determine the 


period P of this pendulum to the nearest tenth of a second. 


2 
74. Simplify ew 


Vii 

Solution: 
Multiply numerator and 2 : (5 — vi) 
denominator by 5 — V 11. DVL (s-= V11) 
Multiply numerators 2(5 ee 11) 
and denominators. 25°=-11 

oe 2(5- VII) 5-vil 
Simplify. i4 = 5 


This is incorrect. What mistake was made? 


=CONCEPTUAL 


In Exercises 75-78, determine whether each statement is true 
or false. 


75. V121 = +11 

16. V2 = x, Where x is any real number. 
71. Ve +P = Vat Vb 

78. V-4= -2 


=CHALLENGE 


83. Rationalize the denominator and simplify: ( 


1 


"TECHNOLOGY 


85. Use a calculator to approximate V 11 to three decimal places. 


86. Use a calculator to approximate /7 to three decimal places. 


87. Gi SE 
en 5/0 + AV 


a. Rationalize the denominator. 


0.7 Complex Numbers 73 


In Exercises 79 and 80, a, m,n, and k are any positive real 
numbers. 


79. Simplify (a”)")'. 80. Simplify (a) |. 
In Exercises 81 and 82, evaluate each algebraic expression for 
the specified values. 


Vb? — 4ac 


81. fora=1,b=7,c = 12 
2a 


82. Vb? — 4ac fora = 1,b =7,c = 12 


84. Rationalize the denominator and simplify: oeee va 
a+b+ Va 
88. Gi a 
. Given 
4V5 — 3V6 


a. Rationalize the denominator. 

b. Use a graphing utility to evaluate the expression and the 
answer. 

c. Do they agree? 


b. Use a graphing utility to evaluate the expression and the 
answer. 
c. Do they agree? 


SECTION 
0.7 COMPLEX NUMBERS 


The Imaginary Unit, / 

In Section 1.3, we will be studying equations whose solutions sometimes involve the 
square roots of negative numbers. In Section 0.6, when asked to evaluate the square root of 
a negative number, like V —16, we said “‘it is not a real number,” because there is no real 
number such that x7 = —16. To include such roots in the number system, mathematicians 
created a new expanded set of numbers, called the complex numbers. The foundation of this 
new set of numbers is the imaginary unit i. 
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Study Tip 
Va = V-1- Va 
=iVa 


Technology Tip 


Be sure to put the graphing 
calculator in |a + bi| mode. 


a V-9 be V-8 


To -93 


Si. 
Tt -2 
2.828427 1251. 


= Answer: 127 


DEFINITION The Imaginary Unit / 
The imaginary unit is denoted by the letter i and is defined as 
i=V-1 


where i? = —1. 


Recall that for positive real numbers a and b we defined the principal square root as 
b= Va whichmeans b* = a 


Similarly, we define the principal square root of a negative number as V—a = iVa, since 


(iVa)” = ~Pa=-—a. 


If —a is a negative real number, then the principal square root of —a is 
V=a = iVa 


where i is the imaginary unit and i? = —1. 


cI 
"7 We write iVa instead of Va i to avoid any confusion as to what is included in the radical. 


EXAMPLE 1_ Using Imaginary Numbers to Simplify Radicals 
Simplify using imaginary numbers. 
a. V-9 b. V-8 


Solution: 


a. 9 = vo = [3i] b. V=8 = V8 =i - 2V2 =[2:v2 | 


= YOUR TURN Simplify V—144. 


DEFINITION Complex Number 
A complex number in standard form is defined as 
at bi 


where a and b are real numbers and i is the imaginary unit. We denote a as the real 
part of the complex number and b as the imaginary part of the complex number. 


A complex number written as a + bi is said to be in standard form. If a = 0 and b = 0, 
then the resulting complex number Di is called a pure imaginary number. If b = 0, then 
a + biis areal number. The set of all real numbers and the set of all imaginary numbers are 
both subsets of the set of complex numbers. 
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Complex Numbers 
at bi 


Real Numbers Imaginary Numbers 
a bi 
(b = 0) (a= 0) 


The following are examples of complex numbers. 


17 231 =) 3 -ivil =97 


DEFINITION Equality of Complex Numbers 


The complex numbers a + bi and c + di are equal if and only if a = c and b = d. In 
other words, two complex numbers are equal if and only if both real parts are equal 
and both imaginary parts are equal. 


Adding and Subtracting Complex Numbers 
Complex numbers in the standard form a + bi are treated in much the same way as binomials 
of the form a + bx. We can add, subtract, and multiply complex numbers the same way we 
performed these operations on binomials. When adding or subtracting complex numbers, 
combine real parts with real parts and combine imaginary parts with imaginary parts. 


= 
) EXAMPLE 2 Adding and Subtracting Complex Numbers Technology Tip eB - 


Be sure to put the graphing 
calculator in |a + bi} mode. 


a. (3-2i)+(-1+i) b(2-)-GB-4i) a G-2)+C1+) 
b. (2 — i) — 3 — 4i) 


Perform the indicated operation and simplify. 


Solution (a): 


Eliminate the parentheses. 3 -21)+(-1+)=3-2i-1+i Ea bari, Malar 


ail, 


Group real and imaginary numbers, respectively. =(3 — 1)+ (-2i+ i) C2-1L9-C3-413 143i 
a, 1. 


Simplify. =|2.=1 | 
Solution (b): 


Eliminate the parentheses (distribute the negative). (2 — i) - @-4i)=2—-i-3+4i 


Group real and imaginary numbers, respectively. = (2 — 3) + (-i + 41) 


Simplify. = 


nA 14+ 6i 
= YOUR TURN Perform the indicated operation and simplify: (4 + 7) — (3 — 5i). aii 
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Study Tip Multiplying Complex Numbers 
When duiltipiyine scnplex Aichernig mene ea creer reacgee ene eet fee tag rer crt vera ape ie ceel oenr ne erect ere 
remember that 7 = —1. When multiplying complex numbers, you apply all the same methods as you did when 
ei aa aad multiplying binomials. It is important to remember that i7 = —1. 
WorpDS MatH 
Multiply the complex numbers. (5 — DGB — 4i) 
Multiply using the distributive property. = 5(3) + 5(—41) — i(3) — ()(— 4) 
Eliminate the parentheses. = 15 — 20i — 31 + 47 
Let ? = -1. = 15 — 20i — 3i+ 4-1) 
Simplify. = 15 — 20i — 3i -— 4 
Combine real parts and imaginary 
parts, respectively. = 11 — 233 
ci | EXAMPLE 3 Multiplying Complex Numbers 
Technology Tip e Multiply the complex numbers and express the result in standard form, a + bi. 
Be sure to put the graphing a. (3—-A(2+i) b. i(-3 + 


calculator in mode. 
a. (3 — i(2 + i) 


Solution (a): 


b. i(-3 + i) Use the distributive property. (3 — i(2 + i) = 3(2) + 3(4) — i(2) — i) 
CSL OPEL ; Eliminate the parentheses. =6+3i-21i-7 
Le -F4id Substitute 7? = —1. = 6+ 3i- 2i- (1) 
| Group like terms. = (6+ 1) + (i — 2i) 
Simplify. = 
Solution (b): 
Use the distributive property. (-3+i)=-3i+7? 
Substitute 7? = —1. ==3i=> 1 


Write in standard form. = 


= Answer: 2 + 11i : , 
= YOUR TURN Multiply the complex numbers and express the result in standard 


form, a+ bi: (4 — 3i)(-1 + 2i). 


Dividing Complex Numbers 

Recall the special product that produces a _ difference of two _ squares, 
(a + b\(a — b) = a’ — b*. This special product has only first and last terms because the 
outer and inner terms cancel each other out. Similarly, if we multiply complex numbers in 
the same manner, the result is a real number because the imaginary terms cancel each 
other out. 


COMPLEX CONJUGATE 


The product of a complex number, z = a + bi, and its complex conjugate, 
Z = a — bi, is areal number. 


z=(at+ bifa- bd =a -PP=a-VA-l=a+P 
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In order to write a quotient of complex numbers in standard form, a + bi, multiply the 
numerator and the denominator by the complex conjugate of the denominator. It is 
important to note that if 7 is present in the denominator, then the complex number is not 
in standard form. 


“) EXAMPLE 4 _ Dividing Complex Numbers Technology Tip 
_ Be sure to put the graphing 
Write the quotient in standard form: [+ 33° calculator in mode. 
i 
24 
Solution: 1+ 3: 
Multiply numerator and denominator by the ( 2-1 \ 1 — 3i ) To change the answer to the fraction 
complex conjugate of the denominator, 1 — 3i. 1+ 3i/\1 = 3% form, press |MATH ], highlight 
1: Frac}, press | ENTER | and 
2-0 - 3i 
Multiply the numerators and denominators, respectively. at Zs i ENTER]. 
(1 + 3i)(1 — 31) 
eee gd Ce CLF 
Use the FOIL method (or distributive property). = ; : 2 “al-. 
1- 3i + 31-98 AnskFrac ; 
at aD “1-18-7181 
ee : 2 Jick 3r 
Combine imaginary parts. = jae 
— 9i 
: 2 2S TE 3 
Substitute * = —1. = —__ 
T= 91) 


Simplify the numerator and denominator. 


le a+b a 
Write in standard form. Recall that =—t+ 
c Cc 


ydauagesnissnassgesnsssieegeassieave osassasavssaavadieanseisiosassusioispsddvvaneesssashossocucsdsneadssasassiasscsvaaienssaueusesseussasisessaisassuayasatotie ssa Somnasays 
2i = Answer: j7 + ji 


Raising Complex Numbers 
to Integer Powers 


Note that i raised to the fourth power is 1. In simplifying imaginary numbers, we factor out 
i raised to the largest multiple of 4. 


i=V-1 
v=-1 
P=P+i=(Cli=—-i 


f=P-P=CHA-)D=1 
P= i=(HDO=i 

io = i*#- 7? = (\-1) = -1 
U=i*-P = (jy) =—-i 
f= @=1 
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La! ats . . 
"7 EXAMPLE 5 Raising the Imaginary Unit to Integer Powers 
Technology Tip 


Simplify: 
Le af be cam 
“Se -13-1 
Solution: 
This is due to rounding off error in 
the programming. Since —3 X 10°43 a. i =i = (1)\(-) /-i| 
can be approximated as 0, i’ = —i. b. B= 72+; (i*)3 enn iites 


c. 1 = G5 = 15 = 


= YOUR TURN Simplify i7’. 


= Answer: —i 


“) EXAMPLE 6 Raising a Complex Number to an Integer Power 
Write (2 — i)° in standard form. 
Solution: 


E 
Technology Tip 


Recall the formula for 


Be sure to put the graphing calculator cubing a binomial. (a—- by =a -3 @b + 3ab? — 
in mode. 
(2 - » Let a = 2 andb =i. (2- ip = 2 — 3(2)°() + 30220 — 
62-793 Let ? = —land? = —i. = 23 — 3(2)°() + (3)(2)-1) — 
21h Eliminate parentheses. =8-6-12i+i 


Combine the real parts and 


imaginary parts, respectively. = 


= Answer: 2 + 11i : a3: 
sedueiuaueecxesestssasspetesoss = YOUR TURN Write (2 + 7) in standard form. 


y SECTION 
= SUMMARY 


The Imaginary Unit i Multiplying Complex Numbers 
i=VvV-l (a + bi)(c + di) = (ac — bd) + (ad + be)i 
P= = Apply the same methods as for multiplying binomials. It is 
important to remember that 77 = —1. 
Complex Numbers 2 
Standard Form: a + bi, where a is the real part and b is the Dividing Complex Numbers 
imaginary part. Complex conjugate of a + biis a — bi. 
The set of real numbers and the set of pure imaginary numbers In order to write a quotient of complex numbers in standard 
are subsets of the set of complex numbers. form, multiply the numerator and the denominator by the 


complex conjugate of the denominator: 
at bi (€ = a) 
Pah (= @B) 


Adding and Subtracting Complex Numbers 
(a+ bi) + (c+ di)=(a+c)+(b+ ad) 
(a + bi) — (c+ di) = (a@-0) + (6- Di 3 
To add or subtract complex numbers, add or subtract the real 
parts and imaginary parts, respectively. 
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SECTION 
O.7 EXERCISES 


=SKILLS 


In Exercises 1-12, write each expression as a complex number in standard form. Some expressions simplify to either a real 
number or a pure imaginary number. 


1. V-16 2. V-—100 3. °V=20 4, —24 
5. V-64 6. V—-27 7. V—64 8. V-27 
9. 3 — V—100 10. 4 — V~-121 11. —10 — V-144 12. 7 - W/—125 
In Exercises 13-40, perform the indicated operation, simplify, and express in standard form. 
13. (3 — 7i) + (-1 — 2i) 14. (1 + i) + 9 — 31) 15. (3 — 41) + (7 — 10%) 16. (5 + 7i) + (-10 — 2i) 


17. (4—5i) — 2-3’) 18. (-2+i)-(1-i) 19. (-3 +i) —(-2-1) 20. (4 + 71) — (5 + 31) 
21. 3(4 - 21) 22. 4(7 — 6i) 23. 12(8 — 5i) 24. —3(16 + 4i) 

25. —3(16 — 9i) 26. 5(—6i + 3) 27. -6(17 — 5i) 28. —12(8 + 3i) 

29. (1 — (3 + 21) 30. (—3 + 2i)(1 — 31) 31. (5 — 7i(—3 + 4i) 32. (16 — 5i(—2 — i) 
33. (7 — Si)(6 + 9i) 34. (—3 — 2i(7 — 4i) 35. (12 — 18i)(-2 + i) 36. (—4 + 3i)(—4 — 3i) 
37. (5 + 2i)(§ — 3i) 38. (-3 + wi)(3 + i) 39. (—i + 17)(2 + 31) 40. (—3i — 2)(—2 — 3i) 


In Exercises 41-48, for each complex number z, write the complex conjugate z and find zz. 


41. 2=4+7i 42. 7=2+5Si 43. 2=2—-3i 44. -=5—-3i 
45. 2<=6+4i 46. <= -24+7i 47. 7=—-2- 6 48. <= -3-9i 
In Exercises 49-64, write each quotient in standard form. 
2 3 1 2 1 1 2 8 
. = 51. 52. 53. 54, 55. 56. 
se ae 3-1 T-i 3. 342i 4 — 3i T+ 2i corres 
l-i -i 2+ 3i 2+i 4 — 5i 7+ 4i 8 + 3i 10 -i 
7, 53, 3! 0 ao. — ‘i 62. : 63. : 64. - 
Lt+i 3 +i 3 - Si 3-3 7+ 2i 9 — 3i 9 — 2i 12 + 5i 
In Exercises 65-76, simplify. 
65. i 66. i” 67. i*° 68. i'® 69. (5 — 2i) 70. (3 — 5i)? 
71. (2 + 3i) 72. (4 — 9i) 73. (3+i) 74, (2+ i) 75. (1 —-i)° 76. (4 — 3i)° 


"=APPLICATION 


Electrical impedance is the ratio of voltage to current in ac circuits. Let Z represent the total impedance of an electrical circuit. 
If there are two resistors in a circuit, let Z,; = 3 — 6i ohms and Z, = 5 + 47 ohms. 


77. Electrical Circuits in Series. When the resistors in the 78. Electrical Circuits in Parallel. When the resistors in the 
circuit are placed in series, the total impedance is the sum of circuit are placed in parallel, the total impedance is given 
. 2 : . 1 1 
ce evo ip eclantes p : Zi . 4a; ing the tora Sapetinee by = = = + —. Find the total impedance of the electrical 
of the electrical circuit in series. Z 2, Z, 
circuit in parallel. 
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=CATCH THE MISTAKE 


In Exercises 79 and 80, explain the mistake that is made. 


79. Write the quotient in standard form: 80. Write the product in standard form: (2 — 3i)(5 + 4i). 


: Solution: 
Solution: 
; 2 fad Use the FOIL method to 
Multiply the RUMEraEae . : multiply the complex numbers. 10 — 7i — 127 
and the denominator by 4 — i. 4-i 4-i 
Simplify. —2-T7i 

Multiply the numerator using the 

distributive property and the 8 — 2i This is incorrect. What mistake was made? 

denominator using the FOIL method. 16:= 1 

Simplif 8 — 2i 

implify. 15 
i 8 : 
Write in standard form. —S 
15 15 

This is incorrect. What mistake was made? 
"CONCEPTUAL 
In Exercises 81-84, determine whether each statement is true or false. 
81. The product is a real number: (a + bi)(a — bi). 83. Real numbers are a subset of the complex numbers. 
82. Imaginary numbers are a subset of the complex numbers. 84. There is no complex number that equals its conjugate. 
= CHALLENGE 
85. Factor completely over the complex numbers: x* + 2x7 + 1. 86. Factor completely over the complex numbers: x* + 18x° + 81. 


"TECHNOLOGY 


In Exercises 87-90, use a graphing utility to simplify the expression. Write your answer in standard form. 


1 1 
7. (1 + 2iy 88. (3 — i)° 89. ——— 90. ———~ 
eae oa) (2 — i (4 + 31° 


CHAPTER O INQUIRY-BASED LEARNING PROJECT 
Understanding Rules through Patterns and Examples 


In this chapter, you reviewed many definitions, rules, and properties from your 
previous algebra classes. It can be a lot to remember, and sometimes it’s easy to 
misremember something. Observing patterns can help you see that rules are not 
arbitrary; rather they make sense in the context of other mathematics you already 
know. And by /ooking at examples, you can test whether you've correctly remembered 
a rule. You will explore both of these strategies here. 


1. In this part, you will observe patterns to try to discover some of the rules for 
exponents given in this chapter. 


a. For instance, to discover a rule for zero as an exponent, first complete the next 
four steps. 


As the power decreases by one at each step, what pattern do you notice? 
Extend this pattern to find the next step. 


Now complete this rule: 
7 Let a be any nonzero whole number. 


Then a? = 


Notice in the statement of the above rule, the base a is required to be nonzero. 
To see why, consider these two patterns: 


4°= 1 o*=0 
3°= o°=0 
oo 0?=0 
=i 0'=0 
According to this pattern, According to this pattern, 
0° should be 0° should be : 


Since these two patterns are not consistent, we say that 0° is undefined. 


b. Look again at the pattern in part (a) that shows why a° ought to be defined 
as 1, for nonzero a. Write the next several steps after a°, following the same 
pattern. 


To be consistent with the 
pattern, how should we 
define a"? Then a "= 


Let a be any nonzero whole number. 


Observing patterns can be helpful for making sense of rules, but an equally 
useful tool is looking at examples. Trying several examples can help you better 
understand given rules, or decide whether an equation is in fact a rule, as you 
will see in the next several parts. 
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2. A property of radicals in your text is stated as follows: “V/a” = a when n is odd, 
and V/a" = |a| when n is even” Investigate several examples with various values of 
a and n, to try to discover the reasons for the two different rules for odd and even 
n. For instance, a positive value of a and an even value for n are given in the 
following chart. 


Based on your examples in this chart, explain why the property is V/a" = a when n 
is odd, but V/a" = |a| when n is even. 


3. In this chapter you practiced using the distributive property of multiplication over 
addition: a(b + c) =ab+ ac. Suppose a fellow student wonders, “Does it work the 
same way if there is a multiplication in the parentheses?” Investigate whether the 
equation a(b X c) = ab X ac is a property of whole-number multiplication, and then 
explain to this student what you did to decide. 


Zi ak (0) . 
4. Another student says, arm = ais a rule, because the b’s cancel out.” Do you 


agree with the student? Explain your answer by looking at some examples. 
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MP CHAPTER 0 REVIEW 


SECTION 


CONCEPT 


Key IDEAS/FORMULAS 


Real numbers 


The set of real numbers 


a : 
Rational: ro where a and D are integers or a 


decimal that terminates or repeats. 
Irrational: Nonrepeating/nonterminating decimal. 


Approximations: Rounding 
and truncation 


Rounding: Examine the digit to the right of the 
last desired digit. 
Digit < 5: Keep last desired digit as is. 
Digit = 5: Round the last desired digit up 1. 
Truncating: Eliminate all digits to the right of the desired digit. 


Order of operations 


1. Parentheses 
2. Multiplication and Division 
3. Addition and Subtraction 


Properties of real numbers Bajb+c)=ab+ac 
@ Ifxy = 0, thenx = Oory=0 
a c ad+be 
m—+-— = ——— b # Oandd #0 
bd bd = 
d 
a. ee Ee b#0,c #4 0,andd # 0 @) 
b d bic I 
asp dubydccaysStad’BoeasesSaeayedias asizdectyinvensdiacsblea dis asad nnad ths ech easel eeustennvteoeassescdeea nice eresndeat sect endecasstc een asndeaan Mani va Mascaaed ai fue leiden Aaae AEE > 
Integer exponents and a’ =a‘a‘a::-a k 
scientific notation factors m 
a 
Integer exponents oe gaa c =_ a=1 a 
a 
1 iL n < 
(a”y" = al q"=—= (;) a#0 m 
a a = 


Scientific notation 


c X 10” where c is a positive real number 1 = c < 10 


and n is an integer. 


Polynomials: Basic operations 


Adding and subtracting polynomials 


Combine like terms. 


Multiplying polynomials Distributive property 
Special products (x + a(x + b) =x? + (a + b)x + ab 
Perfect Squares 


(a+ bP =(at+ bat b)=a@ + 2ab + b° 
(a— bY =(a— byla-b)=a —-2ab+h’ 
Difference of Two Squares 
(a+ b\a—b)=a—b 
Perfect Cubes 
(a+ bp =a + 3a°b + 3ab’ + bP 
(a— by =a — 3a@b + 3ab’? —- bP 
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CONCEPT 


Factoring polynomials 


Key IDEAS/FORMULAS 


Greatest common factor 


Factor out using distributive property: ax* 


Factoring formulas: Special 
polynomial forms 


Difference of Two Squares 
a —b=(at+b\a-—b) 
Perfect Squares 
a +2ab +b’ =(at by 
a’ — 2ab + b’ = (a— by 
Sum of Two Cubes 
a+b=(at bia —ab+b’) 
Difference of Two Cubes 
a — b>’ =(a— ba + ab +b’) 


Factoring a trinomial as 
a product of two binomials 


Factoring by grouping 


exrt+tbet+co=(4e+ 0042 
Bax + bxtco=(&e+ DQ +2 


Group terms with common factors. 


A strategy for factoring polynomials 


Rational expressions 


Rational expressions and 
domain restrictions 


1. Factor out any common factors. 
2. Recognize any special products. 
3. Use the foil method in reverse for trinomials. 
4. Look for factoring by grouping. 


Note domain restrictions when denominator is 
equal to zero. 


Simplifying rational expressions 


Multiplying and dividing rational 
expressions 


Adding and subtracting 
rational expressions 


® Use properties of rational numbers. 

@ State additional domain restrictions once 
division is rewritten as multiplication of a 
reciprocal. 


Least common denominator (LCD) 


Complex rational 
expressions 


Rational exponents and radicals 


Two strategies: 
1. Write sum/difference in numerator/ 
denominator as a rational expression. 


2. Multiply by the LCD of the numerator and denominator. 


Square roots 


Other (nth) roots 


V25 = 5 


n coe 
b = Va means a = b" for a and b positive real numbers and na 
positive even integer, or for a and b any real numbers and n 


a positive odd integer. 


"= WE fa Va 
Vab=Va-Vb b WE b#0 
Wa = (Wa)” 

Vai=a nis odd 

Va" = lal nis even 


SECTION CONCEPT 


Rational exponents 


0.7 Complex numbers 


Key IDEAS/FORMULAS 


qi" = Wa 
a _ (aly” = (Wa)” 


1 
= for m and n positive integers with 
a 


no common factors, a # 0. 


The Imaginary Unit, i 


i=V-1 


Adding and subtracting 
complex numbers 


Complex Numbers: a + bi where a and b are real numbers. 
Combine real parts with real parts and imaginary 
parts with imaginary parts. 


Multiplying complex numbers 


Use the FOIL method and i? = —1 to simplify. 


Dividing complex numbers 


If a + bi is in the denominator, then multiply the numerator and 
the denominator by a — bi. The result is a real number in the 
denominator. 


Raising complex numbers to 
integer powers 


P=V-l Feb Pe- P= 


@) 
ae 
> 
U 
4 
m 
a 
a 
m 
s 
m 
= 


CHAPTER O REVIEW EXERCISES 


0.1 Real Numbers 0.4 Factoring Polynomials 
Approximate to two decimal places by (a) rounding and (b) Factor out the common factor. 
truncating. 29. 14x? — 10xy3 
1. 5.21597 2. 7.3623 30. 30x* — 20x? + 10:2 
Simplify. Factor the trinomial into a product of two binomials. 
3. 7-2°54+4:3-—5 31. 2x24 Ox —5 
4, —2(5 + 3) + 733 — 2°5) 
ié 32. 6x? — 19x — 7 
5, = = 
(—2)(—4) 33. 16x? — 25 
6. —3(x — y) + 4x — 2y) 34. 92x? — 30x + 25 
Perform the indicated operation and simplify. Factor the sum or difference of two cubes. 
co ice, 35. 4° + 125 
36. 1 — 8x7 
12 21 ee 
9. 7 ia 10. . cs = Factor into a product of three polynomials. 
37. 2x3 + 4x° — 30x 
4 0.2 Integer Exponents and 46 60 = 524% 
7 Scientific Notation 
= aya: 5 5 Factor into a product of two binomials by grouping. 
© Simplify using properties of exponents. 
& ; or 3. x ee = 2hS2 
y 11. (—2z) 12. (—4z’) 
40. 2x7 — x + 6x — 3 
Wl (Gx*y’y’ (xy'y’ 
s 2y)* ve (4xy)° 
rT y xy) 0.5 Rational Expressions 
a 15, Express 0.00000215 in scientific notation. State the domain restrictions on each of the rational 
™ 16. Express 7.2 X 10° as a real number. expressions. 
4x? — 1 
: ; ; rca 42. 
0.3 Polynomials: Basic Operations r= 9 eed 
Perform the indicated operation and write the results in Simpli 
implify. 
standard form. 
x4 Z 
17. (142 + 2) + Gz —4) 43. a4, 7-2 
; 4 KS 2 x= 5 
18. (27 6y + 2 + 3 7 
(27y yt 2-O y— 7) Saga oe 
19. (36x — 4x — 5) — (6x — 9x7 + 10) a ae] BO a 


20. [2x — (4x7 — 7x)] — [3x — (2x7 + 5x - 4)] 


Perform the indicated operation and simplify. 


21. Sxy* (3x — 4y) ve t+3x-10 P+x-2 
22. —2sf? (-t + 5 — 2st) We 555 5 Pa eG 
23. (x — T(x + 9) qe 

24, (2x + 1I)(Bx — 2) “843 9 + 2x 
25. (2x — 3)? eS = 

26. (5x — 7)(5x +7) ane 

27. @ + iy 50. 2 Pha 

58: a — 2 x xt x+2 


p=] -) 


Simplify. 
a ea 
oe oP 
a _— 
5x — 15 x 


0.6 Rational Exponents and Radicals 


Simplify. 
53. V20 54. V80 
55. W—125x°y* 56. W32x4y 
57. 3/20 + 5V80 58. 4V27x — 8V12x 
59, (2 + V5)(1 — V5) 60. (3 + Vx)(4 — Vx) 
a. i 
“2-3 "3 -— Vx 
2/3\2 4 3/42 
oo geal 
(4x!/3) (2x7'/3) 
an 2/3, 1/412 
65. oA 66. (x 23 y/4y* 


0.7 Complex Numbers 


Simplify. 
67. V—169 68. V—32 
69, il? 70. i? 


Perform the indicated operation, simplify, and express 
in standard form. 


71. (3 — 2i) + (5 — 4i) 
72. (-4+7i) + (-2 - 3’) 
73. (12 — i) — (-2 — 5’) 
74, (9 + 8i) — (4 — 2i) 
75. (2 + 2i)(3 — 3i) 

76. (1 + 6i)(1 + Si) 

77. (4+ 7iP 

78. (7 - iy 


Express the quotient in standard form. 


79. 


80. 
3 


a 
1. 
ae 


Review Exercises 87 


6—- 5i 
2 
: 3:= 21 
10 
83. 35 
84. EE 
2i 
Technology 
Section 0.1 


85. Use your calculator to evaluate VV 272.25. Does the answer 
appear to be a rational or an irrational number? Why? 
1053 
86. Use your calculator to evaluate 31” Does the answer 


appear to be a rational or an irrational number? Why? 


Section 0.2 


Use a graphing utility to evaluate the expression. Express your 
answer in scientific notation. 


(8.2 x 10!')(1.167 x 107%) 
(4.92 x 10°!8) 


87. 


(1.4805 xX 107!) 
” (5.64 X 1021.68 x 107°) 


Section 0.3 


89. Use a graphing utility to plot the graphs of the three expressions 
(2x + 3), 8x° + 27, and 8x° + 36x° + 54x + 27. Which 
two graphs agree with each other? 


a 
m 
= 
m 
= 
m 
x 
m 
a 
2 
o 
m 
o 


90. Use a graphing utility to plot the graphs of the three expressions 
(x — 3), 8x7 + 9, and x* — 6x + 9. Which two graphs agree 
with each other? 


Section 0.4 


91. Use a graphing utility to plot the graphs of the three expressions 
x — 3x + 18, (x + 6)(x — 3), and (x — 6)(x + 3). Which 
two graphs agree with each other? 


92. Use a graphing utility to plot the graphs of the three expressions 
x? — 8x + 16, (x + 4)’, and (x — 4)*. Which two graphs 
agree with each other? 


Section 0.5 


For each given expression: (a) simplify the expression, (b) use 
a graphing utility to plot the expression and the answer in (a) 
in the same viewing window, and (c) determine the domain 
restriction(s) where the graphs will agree with each other. 
1 — (4/x) 1 — G/x) 
“1 = (4h) "1+ Of?) 


M) 
Ww 
2 
O 
in 
Ww 
x 
ft 
= 
a 
> 
rf 
x 
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Section 0.6 


6 
95. Given —>— 
V5 -— V2 
a. Rationalize the denominator. 
b. Use a graphing utility to evaluate the expression and the 
answer. 
c. Do they agree? 


11 
2V6 + VIB 


a. Rationalize the denominator. 

b. Use a graphing utility to evaluate the expression and the 
answer. 

c. Do they agree? 


96. Given 


Section 0.7 


In Exercises 97 and 98, use a graphing utility to simplify the 
expression. Write your answer in standard form. 


1 


97. (3 + 5i)° —— 
ee tl + 3i" 


99. Apply a graphing utility to simplify the expression and write 
your answer in standard form. 
oa, 
(6 + 2i)* 


CHAPTER O PRACTICE TEST 


Simplify. 
1. V16 


Nae YS 
La 
| 
1eS) 
Ns) 


ree 
8. 3Vx — 4Vx + SVX 
9. 3V18 — 432 
10. (5V6 — 2V2)(V6 + 3V2) 


Perform the indicated operation and simplify. 
11. By? — 5y + 7) — GW” + Ty — 13) 
12. (2x — 3)(5x + 7) 


Factor. 

13. x — 16 

14. 3x? + 15x + 18 
15. 4x? + 12xy + 9y* 


16. x6 -— 2° +1 
17. 2° -—x-1 
is: by <4 
19. 2° —P - 3t 


20. 2x° — 5x° — 3x 

21. x° — 3yx + 4yx — 12y° 
22. xt + 5x — 3x7 — 15 
23. 81+ 3x 

24, 27x — x4 


Perform the indicated operations and simplify. 


25, 2 4 2 
x x-1 

5x 4 
we -—7x+10 x — 25 
x-1 er +x41 
rd e-1 
4x — 9 vr — 16 
we -1ix- 60 2x+ 3 
£29) 8 
2x-5 5-2x 
l-t  f-2+1 
3t+ 1° 7+ 217 


26. 


27. 


28. 


29. 


30. 


Write the resulting expression in standard form. 


31. (1 — 31)(7 — 5i) 


2= 11 
32. = 
4+i 
7 — 2V3 
33. Rationalize the denominator: cae U 
4-—5V3 1] 
34. Represent 0.0000155 in scientific notation. Z 
De = 
re ee - Q 
35. Simplify 7 a and state any domain restrictions. m 
‘ 4 
36. For the given expression: a 
5 =| 
1+= 
x 
ade 
xv 


a. Simplify the expression. 

b. Use a graphing utility to plot the expression and the 
answer in (a) in the same viewing window. 

c. Determine the domain restriction(s) where the graphs will 
agree with each other. 


37. Apply a graphing utility to evaluate the expression. Round 
your answer to three decimal places. 


VMS 
V13- V7 


Equations and 
Inequalities 


olf courses usually charge both greens fees (cost of 
Gorevine the course) and cart fees (cost of renting a 
golf cart). Two friends who enjoy playing golf decide to 
investigate becoming members at a golf course. 

The course they enjoy playing the most charges 
$40 for greens fees and $15 for cart rental (per person), 
so it currently costs each of them $55 every time they 
play. The membership offered at that course costs $160 
per month with no greens fees, but there is still the per 
person cart rental fee. 

How many times a month would they have to play golf in order for the membership option to be 
the better deal?* This is just one example of how the real world can be modeled with equations and 


inequalities. 


*See Section 1.5, Exercises 109 and 110. 


$1q10)@/seSew| snipey 


La IN THIS CHAPTER 


EQUATIONS AND INEQUALITIES 


1.1 ize 1.3 1.4 1.5 1.6 lee 4 
Linear Applications Quadratic Other Linear Polynomial Absolute 
Equations Involving Equations Types of Inequalities Flare Value 
Linear Equations Rational Equations 
Equations Inequalities late 
Inequalities 


e Solving e Solving e Factoring e Radical e Graphing e Polynomial e¢ Equations 
Linear Application ° Square Equations Inequalities Inequalities Involving 
Equations Problems Root e Equations and Interval e Rational Absolute 
in One Using Method Quadratic Notation Inequalities Value 
Variable Mathemati- © Completing in Form: e Solving e Inequalities 

e Solving cal Models the Square u-Substitu- Linear Involving 
Rational e Geometry ¢ Quadratic tion Inequalities Absolute 
Equations Problems Formula e Factorable Value 
That Are e Interest Equations 
Reducible Problems 
to Linear e Mixture 
Equations Problems 

e Distance— 
Rate-Time 
Problems 


LEARNING OBJECTIVES 


= Solve linear equations. 

= Solve application problems involving linear equations. 
Solve quadratic equations. 

Solve rational, polynomial, and radical equations. 
Solve linear inequalities. 

Solve polynomial and rational inequalities. 


Solve absolute value equations and inequalities. 
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SECTION 
1.1 LINEAR EQUATIONS 
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Solving Linear Equations in One Variable 
An algebraic expression (see Chapter 0) consists of one or more terms that are combined 
through basic operations such as addition, subtraction, multiplication, or division; for example: 


3x + 2 >= 2y x+y 


An equation is a statement that says two expressions are equal. For example, the following 
are all equations in one variable, x: 


x+7=11 xr =9 7-3x=2-3x 444+7=x4+24+3x4+5 


To solve an equation means to find all the values of x that make the equation true. These 
values are called solutions, or roots, of the equation. The first of these statements 
shown above, x + 7 = 11, is true when x = 4 and false for any other values of x. We say 
that x = 4 is the solution to the equation. Sometimes an equation can have more than 
one solution, as in x? = 9. In this case, there are actually two values of x that make this 
equation true, x = —3 and x = 3. We say the solution set of this equation is {—3, 3}. In 
the third equation, 7 — 3x = 2 — 3x, no values of x make the statement true. Therefore, we 
say this equation has no solution. And the fourth equation, 4x + 7 = x + 2+ 3x + 5, is 
true for any values of x. An equation that is true for any value of the variable x is called 
an identity. In this case, we say the solution set is the set of all real numbers. 

Two equations that have the same solution set are called equivalent equations. For example, 


3x 7 = 13 3x = 6 x=2 
are all equivalent equations because each of them has the solution set {2}. Note that x7 = 4 
is not equivalent to these three equations because it has the solution set {—2, 2}. 
When solving equations it helps to find a simpler equivalent equation in which the 
variable is isolated (alone). The following table summarizes the procedures for generating 
equivalent equations. 


Generating Equivalent Equations 


ORIGINAL EQUATION DESCRIPTION EQuivALENT EQUATION 


3(x — 6) = 6x — x a Eliminate parentheses. 3x — 18 = 5x 
= Combine like terms on one or both sides 
of an equation. 
7x + 8 = 29 Add (or subtract) the same quantity to Tx = 21 
(from) both sides of an equation. 
Ix+8—-8=29—-8 


5x = 15 Multiply (or divide) both sides of an equation x=3 
5x 15 
by the same nonzero quantity: 7 = 5° 
-7T=x Interchange the two sides of the equation. x= —T 


You probably already know how to solve simple linear equations. Solving a linear 
equation in one variable is done by finding an equivalent equation. In generating an 
equivalent equation, remember that whatever operation is performed on one side of 
an equation must also be performed on the other side of the equation. 


EXAMPLE 1_ Solving a Linear Equation 


Solve the equation 3x + 4 = 16. 


Solution: 
Subtract 4 from both sides of the equation. 3x +4 = 16 
—-4 —-4 
3x = 12 
3x 12 
Divide both sides by 3. amd 
3 3 
The solution is x = 4. x=4 


™ YOUR TURN Solve the equation 2x + 3 = 9. 


Example | illustrates solving linear equations in one variable. What is a linear equation in 
one variable? 


DEFINITION Linear Equation 
A linear equation in one variable, x, can be written in the form 
ax +b=0 


where a and b are real numbers and a # 0. 


What makes this equation linear is that x is raised to the first power. We can also classify a 
linear equation as a first-degree equation. 


Equation Degree General Name 
x—-7=0 First Linear 

xr —6x-9=0 Second Quadratic 

x +3x?-8=0 Third Cubic 
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EB 
Technology Tip 


Use a graphing utility to display 
graphs of y, = 3x + 4 and 
y, = 16. 


Flokd Flokz Floke 
sy Baat4 


s2H1e 
ssi 


The x-coordinate of the point of 
intersection is the solution to the 
equation 3x + 4 = 16. 


Tnkerseckion 
sy E 


Y=16 


= Answer: The solution is x = 3. 
The solution set is {3}. 
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le aa EXAMPLE 2_ Solving a Linear Equation 
Technology Tip a ie Solve the equation 5x — (7x — 4) — 2 =5 — (3x + 2). 


Use a graphing utility to display : 
graphs of y,; = 5x — (7x — 4) — 2 Solution: 
and y, = 5 — (3x + 2). 


Eliminate the parentheses. 5x — (7x — 4) —-2 =5 ~ (x + 2) 
Foti Flotz  Flot3 ae . \ A 7 
Don’t forget to distribute the negative 
iy Bone rade ag 
SYS BS -CSe+23 sign through both terms inside the 
w= parentheses. SiS Tea 2S 5 = Bx 2 
The x-coordinate of the point of Combine x terms on the left, constants —2x +2=3 — 3x 
intersection is the solution to the on the right. Add 3x to both sides. +3x + 3x 
equation 5x — (7x — 4) —-2= gh2= 
5 = (8% 2): 
. -2-2 
Subtract 2 from both sides. 
x= 
Check to verify that x = lisa S*1— G1 —4)—2=5— Berl +2) 
solution to the original equation. S3-—C=4)—-2=3—-6 +2) 
5— (3) -2=5-6) 
Intersection 0=0 
n=L 


Since the solution x = 1 makes the equation true, the solution set is {1}. 


= Answer: The solution is x = 2. = YOUR TURN Solve the equation 4(x — 1) — 2 = x — 3(x — 2). 
The solution set is {2}. 

Study Tip To solve a linear equation involving fractions, find the least common denominator (LCD) 

Prime Factors =Si(‘<‘é‘séy~~~ dOf ‘did terms and multiply both sides of the equation by the LCD. We will first review how 
= 2 to find the LCD. 
6= 2-3 To add the fractions 5 + z + 2, we must first find a common denominator. Some 
a= “2 people are taught to find the lowest number that 2, 6, and 5 all divide evenly into. Others 

LCD = 2-3-5 = 30 prefer a more systematic approach in terms of prime factors. 


EXAMPLE 3_ Solving a Linear Equation Involving Fractions 


E 
Fecenolesy Mp mm. 


Use a graphing utility to display 
1 3 


Solve the equation 5p =-3= 3p. 


graphs of y, = 7p — Sand y, = 7p. Solution: 
1 3 
Ploki Flake Fok Write the equation. —p-5=-p 
4 Bl 2a 2 4 
bird — a 
Wie | Multiply each term in the equation (4) = — (4)5 = (4) os 
The x-coordinate of the point of by the LCD, 4. 2 4 
intersection is the solution. ; . ; 
The result is a linear equation 
with no fractions. 2p — 20 = 3p 
Subtract 2p from both sides. —2p —2p 
—20 = p 
Intersection = 
S20 Yards iia 
Since p = —20 satisfies the original equation, the solution set is {—20}. 


= Answer: The solution ism = —18. 
The solution set is {—18}. 


Solving a Linear Equation in One Variable 


STEP DESCRIPTION EXAMPLE 
1 Simplify the algebraic expressions on both 3@ = 2) 53 = 74a= 4 = 1 
sides of the equation. 3x +6+5 = 7x — 28-1 
—3x + 11 = 7x — 29 
2 Gather all variable terms on one side =3x +11 = 7x = 29 
of the equation and all constant terms +3x +3x 
on the other side. 11 = 10x — 29 
+29 +29 
40 = 10x 
3 Isolate the variable. 10x = 40 


Solving Rational Equations That Are 
Reducible to Linear Equations 


A rational equation is an equation that contains one or more rational expressions (Chapter 0). 
Some rational equations can be transformed into linear equations that you can then solve, 
but as you will see momentarily, you must be certain that the solution to the linear equation 


also satisfies the original rational equation. 


“| EXAMPLE 4_ Solving a Rational Equation That Can Be 


Reduced to a Linear Equation 


tee 1 4 4 
Solve the equation — +> =—+-. 
3% 2 &. 3 
Solution: 
State the excluded values (those that 2 1 4 4 
—+-=-+- x#0 
make any denominator equal 0). 3x 2 x 3 
Eliminate fractions by multiplying ox( 2 ) ox( ) on(*) ox(5) 
each term by the LCD, 6x. 3x 2 x 3 
Simplify both sides. 4+ 3x = 24 + 8x 
Subtract 4. —4 —4 
3x = 20 + 8x 
Subtract 8x. —8x —8x 
—5x = 20 
Divide by —5. x=-4 
Since x = —4 satisfies the original equation, the solution set is {—4}. 
7 


3 
= YOUR TURN Solve the equation— + 2 = ay" 
y y 
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E 
Technology Tip 
Use a graphing utility to display 


2 1 
raphs of y, = —— + — and 
graphs of y, Te 5 an 


Pletd Flekz Flake 
wba Osea atle? 


WY eBdeatde ds 
Ys= 


The x-coordinate of the point of 
intersection is the solution to the 
1 4 4 


equation =F = =—++ = 
3% 2 # 3 


Thkerseckion 
n= 74 kL [IW=.32332232 


Study Tip 

Since dividing by 0 is not defined, 
we exclude values of the variable 

that correspond to a denominator 

equaling 0. 


= Answer: The solution is y = } 
The solution set is ta} 
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E 
Technology Tip 
Use a graphing utility to display 


3x 
+ 2 and 


graphs of y,; = 


Flaki Flake Filaks 


wi Esae Cs Late 
SY 2BS-CK-10 


sas 


The x-coordinate of the point of 
intersection is the solution to the 


SG 
x= 4 Sul 


equation 


No intersection implies no solution. 


Study Tip 

When a variable is in the denominator 
of a fraction, the LCD will contain 
the variable. This sometimes results 
in an extraneous solution. 


= Answer: no solution 


Extraneous solutions are solutions that satisfy a transformed equation but do not satisfy 
the original equation. It is important to first state any values of the variable that must be 
eliminated based on the original rational equation. Once the rational equation is transformed 
to a linear equation and solved, remove any excluded values of the variable. 


EXAMPLE 5 _ Solving Rational Equations That Can Be 
Reduced to Linear Equations 


: x 3 
Solve the equation +2= 
x eS I 

Solution: 
State the excluded values (those that 3x, a= 3 aa 
make any denominator equal 0). x-1- 5 ae 
Eliminate the fractions by 
multiplying each term by 3x = heehee a eon 
the LCD, x — 1. g=1 xo 
Simplif a @—-D+2-@-D= = we) 

pis y—1 y—1 


3x + 2x - 1) =3 


Distribute the 2. 

Combine x terms on the left. 
Add 2 to both sides. 

Divide both sides by 5. 


3x + 2x-2=3 


5x -2=3 
5x =5 
x=1 


It may seem that x = 1 is the solution. However, the original equation had the restriction 
x # 1. Therefore, x = 1 is an extraneous solution and must be eliminated as a possible 


solution. 
Thus, the equation i +2= has | no solution |. 
& os 
: 4 
=H YOUR TURN Solve the equation 3 = > 
cs x= 


We have reviewed finding the least common denominator (LCD) for real numbers. Now 
let us consider finding the LCD for rational equations that have different denominators. We 
multiply the denominators in order to get a common denominator. 

2 


x- 


1 
Rational expression: — + LCD: x — 1) 
x 


In order to find a Jeast common denominator, it is useful to first factor the denominators to 


identify common multiples. 
1 1 1 


Bx-3 x-2 Y-x 
1 1 1 
+ = 
34-1) 2@-1) xx- 1) 


Rational equation: 


Factor the denominators: 


LCD:  6x(x — 1) 
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“) EXAMPLE 6 _ Solving Rational Equations 


1 1 1 
Ive th ti = : 
Oe ts eee 
Solution: 
: 1 1 1 
Factor the denominators. = 
3(x+ 6) 2x+6) xx+ 6) 


State the excluded values. 


1 1 1 


: 3a + ©) 6x(x + 6): a +6 = 6x(x + 6) 


Multiply the equation by the LCD, 6x(x + 6). 


6x(x + 6) 


Divide out the common factors. 


6x(X-+-6) eee — 6x(¥ +6) - ES = 6x(t +6): aT 
Simplify. 2x — 3x =6 
Solve the linear equation. x=-6 
Since one of the excluded values is x # —6, we say that x = —6 is an extraneous solution. 


Therefore, this rational equation has | no solution |. 


x+1 x(x +1) 


EXAMPLE 7 _ Solving Rational Equations 


Solve the equation 3 = 


Solution: 


What values make either denominator equal to zero? 
The values x = 2 and x = 3 must be excluded 


3 
. : . —= = x#2,x #3 
from possible solutions to the equation. x= 3. 2=% 


Multiply the equation by the LCD, 2 2. =3 
(x — 32 — 9). a a 


Divide out the common factors. 2(2 — x) = —3(x — 3) 


Eliminate the parentheses. 4—-2x = —-3x+9 


Collect x terms on the left, 
constants on the right. x=5 


Since x = 5 satisfies the original equation, the solution set is {5}. 


= Answer: no solution 


E 
Technology Tip 


Use a graphing utility to display 
2 
= 3 


graphs of y,; = and 
x 


=3 


Fiekd Floke Flake 


Se = Poe re 
WHER -S-027—K 3 
Ws= 


The x-coordinate of the point of 
intersection is the solution to the 


: =o 
t = : 
equation 3 g=~ 


Tnkerseckion 
ti 


= Answer: The solution is x = 0. 
The solution set is {O}. 
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EXAMPLE s_ Automotive Service 


A car dealership charges for parts and an hourly rate for labor. If parts cost $273, labor is 
$53 per hour, and the total bill is $458.50, how many hours did the dealership spend 
working on your car? 


Solution: 


Let x equal the number of hours the dealership worked on your car. 


labor parts total cost 

— ar a 
Write the cost equation. 53x + 273 = 458.50 
Subtract 273 from both sides of the equation. 53x = 185.50 


Divide both sides of the equation by 53. 
The dealership charged for 3.5 hours of labor. 


EXAMPLE 9 Grades 


Dante currently has the following three test scores: 82, 79, and 90. If the score on the final 
exam is worth two test scores and his goal is to earn an 85 for his class average, what score 
on the final exam does Dante need to achieve his course goal? 


Solution: 
Let x equal final exam grade. final is worth 
scores 1, 2, and 3 two test scores 
aaa a 
‘ ‘ ‘ 82 + 79 + 90 + 2x 
Write the equation that determines 5 = 385 
the course grade. ey average 
total of five test scores 
ee 251+ 2x 
Simplify the numerator. ae = 85 
Multiply the equation by 5 (or cross multiply). 251 + 2x = 425 


Solve the linear equation. 
Dante needs to score at least an 87 on the final exam. 


= SECTION 
SUMMARY 
Linear equations, ax + b = 0, are solved by: Rational equations are solved by: 
1. Simplifying the algebraic expressions on both sides of the 1. Determining any excluded values (denominator equals 0). 
equation. 2. Multiplying the equation by the LCD. 
2. Gathering all variable terms on one side of the 3. Solving the resulting equation. 
equation and all constant terms on the other side. 4. Eliminating any extraneous solutions. 


3. Isolating the variable. 


SECTION 
1.1 EXERCISES 


"SKILLS 


In Exercises 1-36, solve for the indicated variable. 
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1, 5x=35 2. 4t = 32 -3+n=12 4.4=-5+y 
5. 24 = —3x 6. —50 = —5t 7. in =3 8 6=4p 

9. 3x-5=7 10. 4p +5=9 11. 9m —7=11 12, 2x+4=5 

13. 5¢+ 11 =18 14. 7x +4 =21 + 24x 15. 3x-—5=25 + 6x 16. 5x +10 = 25 + 2x 

17. 20n — 30 = 20 — 5n 18. 14c + 15 =43 + 7c 19. 4(x — 3) = 2 + 6) 20. 5(2y — 1) = 2(4y — 3) 

21. —3(4t — 5) = 5(6 — 21) 22. 23n + 4) = —(n + 2) 

23. 2«-1)+3=x-304+1) 24. 4(y + 6) — 8 = 2y — 4G + 2) 

25. Sp + 6(p + 7) = 3(p + 2) 26. 3(¢ + 5)-5=42 + 7-2) 

27. 7x — Qx+ 3)=x-2 28. 3x — (4x +2) =x-5 

29. 2- (4x + I) =3- (2-1 30. 5 — (2x — 3) =7- Gxt 5) 

31. 2a — 9a + 6) = 6(a + 3) — 4a 32. 25 — [2 + 5y — 3(y + 2)] = -3(2y — 5) — [5 — 1) — 3y $3] 
33. 32 — [4 + 6x — 5(x + 4)] = 43x + 4) — [6(3x — 4) + 7 — 44] 

34, 12 — [3 + 4m — 6(3m — 2)] = —7(2m — 8) —3[(m — 2) + 3m — 5] 

35. 20 — 4[e — 3 — 6(2e + 3)] = 5(3c — 2) — [2(7e — 8) — 4c + 7] 

36. 46 — [7 — 8y + 9(6y — 2)] = —7(4y — 7) — 2[6(2y — 3) — 4 + 6y] 


Exercises 37-48 involve fractions. Clear the fractions by first multiplying by the least common denominator, and then solve the 


resulting linear equation. 


1 1 1 x 
7. <m=—m+1 er eee .>=a+4 40. —=—+ 
aa hk ace ae ee na Be Ti 
1 1 3x x 5 Sy 2y 5m 3m 4 
41. ~p=3-—— 42. —-x=—- = 43. 2 44, 2m —- — =—+- 
3P ~3~ 54P 5 ie 3 se lala ae 8 72 3 
Soe? i, tee Se 
4 2 4 2 
x-3 <x-4 x—-6 x—-S «+2 Oox-1 
47. =1 48. 1 
3 2 6 3 5 15 
In Exercises 49-70, specify any values that must be excluded from the solution set and then solve the equation. 
4 4 2 1 1 7 
ee ee 50. —+ 10 = — oe eee Bg 
y 2y x 3 6x 3x 6 3t 
2 4 4 5 x 2 n n 
53. —-4=— 54. —--2=— 55. +5 = 56. +2= 
a 3a x 2x G2 5 ade n-5 = 5 
2 2 4t 8 3 2 5 12 
57, —P_=3 4 58. 6, — 6. 
p-1 pHi t+ 2 tae XP 2 HD 2y> 1 y=] 
1 1 = 1 1 1 2 1 1 2 
61. 62. 63. Z = 64. 
nont+tl nant) x eS ae SD) a at+3  a(a+t 3) C=] 2 <& ~ ce =-2) 
n-5 1 n-3 5 3 6 2, 1 3 2 
5. . Ts F = 
: 6n-6 9 4n-4 m m-2 pee ee Sx+1 2x-1 as 4n-—1 2n-5 
t-1 3 2= x 3 
; => 70. =— 
° l=—-t 2 : x-2 4 
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"APPLICATIONS 


71. Temperature. To calculate temperature in degrees 
Fahrenheit we use the formula F = 2 C + 32, where F is 
degrees Fahrenheit and C is degrees Celsius. Find the 
formula to convert from Fahrenheit to Celsius. 


72. Geometry. The perimeter P of a rectangle is related to the 
length L and width W of the rectangle through the equation 
P = 2L + 2W. Determine the width in terms of the perimeter 
and length. 


73. Costs: Cellular Phone. Your cell phone plan charges $15 a 
month plus 12 cents per minute. If your monthly bill is 
$25.08, how many minutes did you use? 


74. Costs: Rental Car. Becky rented a car on her Ft. Lauderdale 
vacation. The car was $25 a day plus 10 cents per mile. She 
kept the car for 5 days and her bill was $185. How many 
miles did she drive the car? 


75. Costs: Internet. When traveling in London, Charlotte 
decided to check her e-mail at an Internet café. There was a 
flat charge of $2 plus a charge of 10 cents a minute. How 
many minutes was she logged on if her bill was $3.70? 


76. Sales: Income. For a summer job, Dwayne decides to sell 
magazine subscriptions. He will be paid $20 a day plus $1 for 
each subscription he sells. If he works for 25 days and makes 
$645, how many subscriptions did he sell? 


77. Business. The operating costs for a local business are a fixed 
amount of $15,000 and $2500 per day. 

a. Find C that represents operating costs for the company 
which depends on the number of days open, x. 

b. If the business accrues $5,515,000 in annual operating 
costs, how many days did the business operate during 
the year? 

78. Business. Negotiated contracts for a technical support 
provider produce monthly revenue of $5000 and $0.75 per 
minute per phone call. 

a. Find R that represents the revenue for the technical 
support provider which depends on the number of minutes 
of phone calls x. 

b. In one month the provider received $98,750 in revenue. 
How many minutes of technical support were provided? 


"CATCH THE MISTAKE 
In Exercises 83-86, explain the mistake that is made. 


83. Solve the equation 4x + 3 = 6x — 7. 


Solution: 
Subtract 4x and add 7 to the equation. 3 = 6x 
Divide by 3. x=2 


This is incorrect. What mistake was made? 


In Exercises 79 and 80 refer to the following: 


Medications are often packaged in liquid form (known as a 
suspension) so that a precise dose of a drug is delivered within a 
volume of inert liquid; for example, 250 milligrams amoxicillin in 
5 milliliters of a liquid suspension. If a patient is prescribed a dose 
of a drug, medical personnel must compute the volume of the 
liquid with a known concentration to administer. The formula 


d 
2== 
c 


defines the relationship between the dose of the drug prescribed d, 
the concentration of the liquid suspension c, and the amount of the 
liquid administered a. 


79. Medicine. A physician has ordered a 600-milligram dose of 
amoxicillin. The pharmacy has a suspension of amoxicillin 
with a concentration of 125 milligrams per 5 milliliters. How 
much liquid suspension must be administered to the patient? 


80. Medicine. A physician has ordered a 600-milligram dose 
of carbamazepine. The pharmacy has a suspension of 
carbamazepine with a concentration of 100 milligrams per 
5 milliliters. How much liquid suspension must be 
administered to the patient? 


81. Speed of Light. The frequency f of an optical signal in hertz 
(Hz) is related to the wavelength A in meters (m) of a laser 


through the equation f = . where c is the speed of light in 


a vacuum and is typically taken to be c = 3.0 X 108 meters 
per second (m/s). What values must be eliminated from the 
wavelengths? 


82. Optics. For an object placed near a lens, an image forms on 
the other side of the lens at a distinct position determined by 
the distance from the lens to the object. The position of the 
image is found using the thin lens equation: 

1 1 1 
+ 
f d, d; 
where d, is the distance from the object to the lens, d; is the 
distance from the lens to the image, and fis the focal length 
of the lens. Solve for the object distance d, in terms of the 
focal length and image distance. 


84. Solve the equation 3(x + 1) 4 


Solution: 3x +34+2=x-—3x-3 
3x +5 = —-2x—-3 

5x = —8 

8 

x=-T= 

5 


This is incorrect. What mistake was made? 
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4 2 1 1 1 
85. Solve the equation — — 3 = —. 86. Solve the equation — + = ; 
Dp Sp x x-1 xa- 1) 
Solution: (p — 3)2 = 4(5p) Solution: 
Cross multiply. 2p — 6 = 20p Multiply by the LCD, x(x — 1). 
—6 = 18 
- xx- 1). x@— 1) a@- 1) 
—e x x-1 xx-1) 
1 Simplify. @H-— D)+xeH= 1 
p= "3 xe T+e = 1 
2x =2 
This is incorrect. What mistake was made? x=1 


This is incorrect. What mistake was made? 


"CONCEPTUAL 


In Exercises 87-90, determine whether each of the statements is true or false. 
2 
x = 


x— 1 


1 
87. The solution to the equation x = iy is the set of all real 90. x = 1 isa solution to the equation =x +: 1, 
numbers. . 


8S: The soinson wake equation 91. Solve for x, given that a, b, and c are real numbers and a # 0: 


1 1 ax+b=c 
(x — 1)(x + 2) ~ etx —-2 92. Solve for x, given that a, b, and c are real numbers and c # 0: 
is the set of all real numbers. a b =e 
og x Xx 
x2 — 
89. x = —1 isa solution to the equation ; eo 
= 
CHALLENGE 
b+c  b-e t+ I/t 
93. Solve the equation for x: = . Are there any 96. Solve for t: = 
xt+a x-a 1/t- 1 
restrictions given thata # 0,x # 0? 97. Solve the equation for x in terms of y: 
: 1 1 2 
94. Solve the equation for y: + = : y= a 
y-a yta y-Il . 1+ dbx +e 


Does y have any restrictions? 


98. Find the number a for which y = 2 is a solution of the 
1 Wx equation y —- a= y+ 5 — 3ay. 


ii 


95. Solve for x: 


"TECHNOLOGY 


In Exercises 99-106, graph the function represented by each side of the equation in the same viewing rectangle and solve for x. 


2x(x + 3) 
99. 3(x + 2) —5x =3x—-4 a oie 
100. —3(¢— 1) —7= 10 — 9x 105. 0.035x + 0.029(8706 — x) = 285.03 
101. 2x+6=4x*-2x+8-2 ai 1 045 1 
102. 10 — 20x = 10x — 30x + 20 — 10 "0.75x x 9 


x — 1) 


103. = 1 
x 


SECTION APPLICATIONS INVOLVING 
1.2 LINEAR EQUATIONS 


Solving Application Problems Using 
Mathematical Models 


In this section, we will use algebra to solve problems that occur in our day-to-day lives. 
You typically will read the problem in words, develop a mathematical model (equation) for 
the problem, solve the equation, and write the answer in words. 


You will have to come up with a unique formula to solve each kind of word problem, but 
there is a universal procedure for approaching all word problems. 


PROCEDURE FOR SOLVING WORD PROBLEMS 


Step 1: Identify the question. Read the problem one time and note what you are 
asked to find. 

Step 2: Make notes. Read until you can note something (an amount, a picture, 
anything). Continue reading and making notes until you have read the 
problem a second* time. 

Step 3: Assign a variable to whatever is being asked for (if there are two choices, 
then let it be the smaller of the two). 

Step 4: Set up an equation. 

Step 5: Solve the equation. 

Step 6: Check the solution. Run the solution past the “common sense department” 
using estimation. 


*Step 2 often requires multiple readings of the problem. 
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1.2 Applications Involving Linear Equations 


EXAMPLE 1_ HowLong Was the Trip? 


During a camping trip in North Bay, Ontario, a couple went one-third of the way by boat, 
10 miles by foot, and one-sixth of the way by horse. How long was the trip? 


Solution: 


Step 1 Identify the question. 
How many miles was the trip? 


Step 2 Make notes. 


Read Write 
... one-third of the way by boat BOAT: 5 of the trip 
... 10 miles by foot FOOT: 10 miles 
... one-sixth of the way by horse HORSE: i of the trip 


Step 3 Assign a variable. 
Distance of total trip in miles = x 
Step 4 Set up an equation. 


The total distance of the trip is the sum of all the distances by boat, foot, and 
horse. 


Distance by boat + Distance by foot + Distance by horse = Total distance of trip 


boat foot horse _ total 


Distance by boat = 5X ei rma ao pase 
: : —x+10+-—-x=x 
Distance by foot = 10 miles 3 6 


Distance by horse = ex 


1 1 
STEP 5 Solve the equation. 3 + 10°+ e =x 
Multiply by the LCD, 6. 2x + 60 + x = 6x 
Collect x terms on the right. 60 = 3x 
Divide by 3. 20 =x 


The trip was 20 miles. x = 20 


Step 6 Check the solution. 
Estimate: The boating distance, ; of 20 miles, is approximately 7 miles; the riding 
distance on horse, 7 of 20 miles, is approximately 3 miles. Adding these two distances 
to the 10 miles by foot gives a trip distance of 20 miles. 


=™ YOUR TURN A family arrives at the Walt Disney World parking lot. To get from 
their car in the parking lot to the gate at the Magic Kingdom they 
walk i mile, take a tram for 5 of their total distance, and take a 


car to the gate is 1.5 miles. 


monorail for 5 of their total distance. How far is it from their car to 
the gate of Magic Kingdom? 
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= Answer: The distance from their 
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EXAMPLE 2 _ Find the Numbers 


Find three consecutive even integers so that the sum of the three numbers is 2 more than 
twice the third. 


Solution: 


Step 1 Identify the question. 
What are the three consecutive even integers? 


Step 2 Make notes. 
Examples of three consecutive even integers are 14, 16, 18 or —8, —6, —4 or 2, 4, 6. 


Step 3 Assign a variable. 
Let n represent the first even integer. The next consecutive even integer is n + 2 
and the next consecutive even integer after that is n + 4. 


n = 1st integer 


n + 2 = 2nd consecutive even integer 
n + 4 = 3rd consecutive even integer 


STEP 4 Set up an equation. 


Read Write 
.. sum of the three numbers n+(n+2)+ (n+ 4) 
. IS = 
.. two more than +2 
.. twice the third 2(n + 4) 
n+(n+2)+(n+4 = 2 4 2(n + 4) 
sum of the three numbers is 2 more twice the 
than third 
STEP 5 Solve the equation. n+n+2)+(n+4 =24+2n+ 4) 
Eliminate the parentheses. nt+n+2+n+4=2+2n+8 
Simplify both sides. 3n + 6 = 2n + 10 


Collect n terms on the left and 
constants on the right. n=4 


The three consecutive even integers are 4, 6, and 8. 


Step 6 Check the solution. 
Substitute the solution into the problem to see whether it makes sense. The sum of 
the three integers (4 + 6 + 8) is 18. Twice the third is 16. Since 2 more than twice 
the third is 18, the solution checks. 


= Answer: The three consecutive 


odd integers are 11, 13, and 15. = YOUR TURN Find three consecutive odd integers so that the sum of the three 


integers is 5 less than 4 times the first. 


Geometry Problems 


Some problems require geometric formulas in order to be solved. The following geometric 
formulas may be useful. 


Geometric Formulas 


1.2 Applications Involving Linear Equations 


Rectangle Perimeter Area 
l 
Circle Circumference Area 
C4 C = 2ar A= ar 
Triangle Perimeter Area 
ao ee = 
| 
b 
HO 3 
base 


EXAMPLE 3 Geometry 


A rectangle 24 meters long has the same area as a square with 12-meter sides. What are the 


dimensions of the rectangle? 


Solution: 


Step 1 Identify the question. 


What are the dimensions (length and width) of the rectangle? 


Step 2 Make notes. 
Read 


A rectangle 24 meters long 


... a Square with 12-meter sides 


STEP 3 


STEP 4 


STEP 5 


Assign a variable. 
Let w = width of the rectangle. 
Set up an equation. 


The area of the rectangle is 
equal to the area of the square. 


Substitute in known quantities. 


Solve the equation. 
Divide by 24. 


Write/Draw 


“Ll 
1= 24 


area of rectangle = 1+ w = 24w 


12m 


area of square = 12-12 = 144 


rectangle area = square area 


24w = 144 
144 

w=—=6 
24 


The rectangle is 24 meters long and 6 meters wide. 


Check the solution. 


A 24 meter by 6 meter rectangle has an area of 144 square meters. 


= YOUR TURN Arectangle 3 inches wide has the same area as a square with 9-inch 
sides. What are the dimensions of the rectangle? 
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= Answer: The rectangle is 27 inches 
long and 3 inches wide. 
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Interest Problems 
In our personal or business financial planning, a particular concern we have is interest. 
Interest is money paid for the use of money; it is the cost of borrowing money. The total 
amount borrowed is called the principal. The principal can be the price of our new car; we 
pay the bank interest for loaning us money. The principal can also be the amount we keep 
ina CD or money market account; the bank uses this money and pays us interest. Typically 
interest rate, expressed as a percentage, is the amount charged for the use of the principal 
for a given time, usually in years. 

Simple interest is interest that is paid only on principal during a period of time. Later we 
will discuss compound interest, which is interest paid on both principal and the interest 
accrued over a period of time. 


DEFINITION Simple Interest 


If a principal of P dollars is borrowed for a period of t years at an annual interest rate 
r (expressed in decimal form), the interest J charged is 


I = Prt 


This is the formula for simple interest. 


EXAMPLE 4_ Simple Interest 


Through a summer job Morgan is able to save $2500. If she puts that money into a 
6-month certificate of deposit (CD) that pays a simple interest rate of 3% a year, how 
much money will she have in her CD at the end of the 6 months? 


Solution: 


Step 1 Identify the question. 
How much money does Morgan have after 6 months? 


Step 2 Make notes. 
The principal is $2500. 


The annual interest rate is 3%, which in decimal form is 0.03. 
The time the money spends accruing interest is 6 months, or 5 of a year. 


Step 3 Assign a variable. 


Label the known quantities. P = 2500, r = 0.03, and t = 0.5 
STEP 4 Set up an equation. 

Write the simple interest formula. I= Prt 
STEP 5 Solve the equation. I= Prt 


I = (2500)(0.03)(0.5) = 37.5 
The interest paid on the CD is $37.50. Adding this to the principal gives a total of 


$2500 + $37.50 = | $2537.50 


Step 6 Check the solution. 
This answer agrees with our intuition. Had we made a mistake, say, of moving one 
decimal place to the right, then the interest would have been $375, which is much 
larger than we would expect on a principal of only $2500. 


1.2 Applications Involving Linear Equations 


laa EXAMPLE 5_ Multiple Investments 


Theresa earns a full athletic scholarship for college, and her parents have given her the 
$20,000 they had saved to pay for her college tuition. She decides to invest that money 
with an overall goal of earning 11% interest. She wants to put some of the money in a 
low-risk investment that has been earning 8% a year and the rest of the money in a 
medium-risk investment that typically earns 12% a year. How much money should she 
put in each investment to reach her goal? 


Solution: 


Step 1 Identify the question. 
How much money is invested in each (the 8% and the 12%) account? 


Step 2 Make notes. 


Read Write/Draw 
Theresa has $20,000 to invest. $20,000 
If part is invested at 8% and the ra a 
rest at 12%, how much should be 
invested at each rate to yield 11% Some at 8% Some at 12% 


| 
$20,000 at 11% 


on the total amount invested? 


Step 3 Assign a variable. 
If we let x represent the amount Theresa puts into the 8% investment, how much 
of the $20,000 is left for her to put in the 12% investment? 


Amount in the 8% investment: x 
Amount in the 12% investment: 20,000 — x 
STEP 4 Set up an equation. 


Simple interest formula: J = Prt 


INVESTMENT PRINCIPAL RATE TIME (YR) INTEREST 
8% Account x 0.08 1 0.08x 

12% Account 20,000 — x 0.12 1 0.12(20,000 — x) 
Total 20,000 0.11 1 0.11(20,000) 


Adding the interest earned in the 8% investment to the interest earned in the 12% 
investment should earn an average of 11% on the total investment. 


0.08x + 0.12(20,000 — x) = 0.11(20,000) 


STEP 5 Solve the equation. 


Eliminate the parentheses. 0.08x + 2400 — 0.12x = 2200 
Collect x terms on the left, 

constants on the right. —0.04x = —200 
Divide by —0.04. x = 5000 
Calculate the amount at 12%. 20,000 — 5000 = 15,000 


Theresa should invest $5000 at 8% and $15,000 at 12% to reach her goal. 
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= Answer: $10,000 is invested at 18% 
and $14,000 is invested at 12%. 


Step 6 Check the solution. 
If money is invested at 8% and 12% with a goal of averaging 11%, our intuition tells 
us that more should be invested at 12% than 8%, which is what we found. The exact 
check is as follows: 


0.08(5000) + 0.12(15,000) = 0.11(20,000) 
400 + 1800 = 2200 
2200 = 2200 


= YOUR TURN You win $24,000 and you decide to invest the money in two different 
investments: one paying 18% and the other paying 12%. A year later you 
have $27,480 total. How much did you originally invest in each account? 


Mixture Problems 


Mixtures are something we come across every day. Different candies that sell for different 
prices may make up a movie snack. New blends of coffees are developed by coffee 
connoisseurs. Chemists mix different concentrations of acids in their labs. Whenever two or 


more distinct ingredients are combined the result is a mixture. 


Our choice at a gas station is typically 87, 89, and 93 octane. The octane number is 
the number that represents the percentage of iso-octane in fuel; 89 octane is significantly 
overpriced. Therefore, if your car requires 89 octane, it would be more cost effective to 


mix 87 and 93 octane. 


aa 


EXAMPLE 6 Mixture Problem 


The manual for your new car suggests using gasoline that is 89 octane. In order to save 
money, you decide to use some 87 octane and some 93 octane in combination with the 
89 octane currently in your tank in order to have an approximate 89 octane mixture. 
Assuming you have | gallon of 89 octane remaining in your tank (your tank capacity is 
16 gallons), how many gallons of 87 and 93 octane should be used to fill up your tank to 
achieve a mixture of 89 octane? 


Solution: 


Step 1 Identify the question. 
How many gallons of 87 octane and how many gallons of 93 octane should be used? 


Step 2 Make notes. 


Read 
Assuming you have 
one gallon of 89 octane 
remaining in your tank 
(your tank capacity is 16 | 3 E | == : 3 
gallons), how many 89 octane + 87 octane + 93 octane = 89 octane 
gallons of 87 and 93 [1 gallon] [? gallons] _[? gallons] [16 gallons] 
octane should you add? 
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Step 3 Assign a variable. 
x = gallons of 87 octane gasoline added at the pump 


15 — x = gallons of 93 octane gasoline added at the pump 
1 = gallons of 89 octane gasoline already in the tank 
STEP 4 Set up an equation. 


0.89(1) + 0.87x + 0.93015 — x) = 0.89(16) 


STEP 5 Solve the equation. 0.89(1) + 0.87x + 0.93(15 — x) = 0.89(16) 
Eliminate the parentheses. 0.89 + 0.87x + 13.95 — 0.93x = 14.24 
Collect x terms on the left side. —0.06x + 14.84 = 14.24 
Subtract 14.84 from both sides 
of the equation. —0.06x =—0.6 
Divide both sides by —0.06. x= 10 
Calculate the amount of 93 octane. 15=—10=5 


Add 10 gallons of 87 octane and 5 gallons of 93 octane. 


Step 6 Check the solution. 
Estimate: Our intuition tells us that if the desired mixture is 89 octane, then we 
should add approximately one part 93 octane and two parts 87 octane. The solution 
we found, 10 gallons of 87 octane and 5 gallons of 93 octane, agrees with this. 


. : . secaee . = Answer: 40 milliliters of 5% HCl 
=™ YOUR TURN Por acertain experiment, a student requires 100 milliliters of a solution and 60 milliliters of 15% HCl 


that is 11% HCl (hydrochloric acid). The storeroom has only solutions 
that are 5% HCl and 15% HCl. How many milliliters of each available 
solution should be mixed to get 100 milliliters of 11% HCI? 


Distance—Rate-Time Problems 
The next example deals with distance, rate, and time. On a road trip, you see a sign that 
says your destination is 90 miles away, and your speedometer reads 60 miles per hour. 
Dividing 90 miles by 60 miles per hour tells you that your arrival will be in 1.5 hours. Here 
is how you know. 

If the rate, or speed, is assumed to be constant, then the equation that relates distance 
(d), rate (r), and time (f) is given by d = r-t. In the above driving example, 


. miles 
d = 90 miles r = 60 
hour 
Substituting these into agies 
d=r-°t, we arrive at 90 miles = | 60 
hour 
: 90 miles 
Solving for t, we get t = —— = 1.5 hours 
miles 


hour 
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lata EXAMPLE 7 _Distance—-Rate-Time 


It takes 8 hours to fly from Orlando to London and 9.5 hours to return. If an airplane averages 
550 miles per hour in still air, what is the average rate of the wind blowing in the direction 
from Orlando to London? Assume the speed of the wind (jet stream) is constant and the same 
for both legs of the trip. Round your answer to the nearest miles per hour. 


Solution: 


Step 1 Identify the question. 
At what rate in mph is the wind blowing? 


Step 2 Make notes. 


Read Write/Draw 
It takes 8 hours to fly 8 hours 
from Orlando to London eae 2h 
and 9.5 hours to return. 9.5 hours 


If the airplane averages 550 mph + wind 


550 miles per hour in still air... < Condon) 


550 mph — wind 
Step 3 Assign a variable. w = wind speed 


STEP 4 Set up an equation. 
The formula relating distance, rate, and time is d = r- t. The distance d of each flight 
is the same. On the Orlando to London flight the time is 8 hours due to an increased 
speed from a tailwind. On the London to Orlando flight the time is 9.5 hours, and the 
speed is decreased due to the headwind. Let w represent the wind speed. 


Orlando to London: d = (550 + w)8 
London to Orlando: d = (550 — w)9.5 
These distances are the same, so set them equal to each other: 
(550 + w)8 = (550 — w)9.5 


STEP 5 Solve the equation. 


Eliminate the parentheses. 4400 + 8w = 5225 — 9.5w 
Collect w terms on the left, 
constants on the right. 17.5w = 825 
Divide by 17.5. w = 47.1429 = 47 
The wind is blowing approximately in the direction from Orlando to 


London. 


Step 6 Check the solution. 
Estimate: Going from Orlando to London, the tailwind is approximately 50 miles 
per hour, which added to the plane’s 550 miles per hour speed yields a ground speed 
of 600 miles per hour. The Orlando to London route took 8 hours. The distance of 
that flight is (600 mph)(8 hr), which is 4800 miles. The return trip experienced a 
headwind of approximately 50 miles per hour, so subtracting the 50 from 550 gives 
an average speed of 500 miles per hour. That route took 9.5 hours, so the distance of 
the London to Orlando flight was (500 mph)(9.5 hr), which is 4750 miles. Note that 
the estimates of 4800 and 4750 miles are close. 


= Answer: The wind is blowing 


atianth = YOUR TURN A Cessna 150 averages 150 miles per hour in still air. With a tailwind it 
mph. 


is able to make a trip in 23 hours. Because of the headwind, it is only 
able to make the return trip in 34 hours. What is the average wind speed? 
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aa EXAMPLE 8s. Work 


Connie can clean her house in 2 hours. If Alvaro helps her, they can clean the house in | hour 
and 15 minutes together. How long would it take Alvaro to clean the house by himself? 


Solution: 


Step 1 Identify the question. 
How long would it take Alvaro to clean the house by himself? 


Step 2 Make notes. 
Connie can clean her house in 2 hours, so Connie can clean 5 of the house per hour. 


Together Connie and Alvaro can clean the house in | hour and 15 minutes, or 3 of 


1 4 
an hour. Therefore together they can clean 5/4 = 5 of the house per hour. 


Step 3 Assign a variable. 


Let x = number of hours it takes Alvaro to clean the house by himself. So Alvaro 


can clean — of the house per hour. 
x 


STEP 4 Set up an equation. 


AMOUNT OF TIME AMOUNT OF JoB DONE 
To Do ONE JoB PER UNIT OF TIME 
; 1 
Connie 2 > 
; © 
Alvaro x a 
x 
5) 4 = 
Together 7 ee = 
4 2) 
Amount of house Connie can Amount of house Alvaro can Amount of house they can clean per hour 
clean per hour clean per hour if they work together 
mS —— ma 
1 1 4 
pas + = = me 
2 x 5 
STEP 5 Solve the equation. 
Multiply 3 + + = 3 by the LCD, 10x. 5x + 10 = 8x 
10 1 
Solve for x. x= =3> 
3 3 


It takes Alvaro 3 hours and 20 minutes to clean the house by himself. 


Step 6 Check the solution. 


Connie cleans the house in 2 hours. If Alvaro could clean it in 2 hours, then together 
it would take them 1 hour. Since together it takes them 1 hour and 15 minutes, we 
expect that it takes Alvaro more than 2 hours by himself. 


Gasecues 
; SUMMARY 


In the real world many kinds of application problems can be 
solved through modeling with linear equations. The following 
six-step procedure will help you develop the model. Some 
problems require development of a mathematical model, while 
others rely on common formulas. 


. Identify the quantity you are to determine. 

Make notes on any clues that will help you set up an equation. 
Assign a variable. 

. Set up the equation. 

. Solve the equation. 

. Check the solution against your intuition. 


AnBRwWNeE 
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SECTION 
1.2 EXERCISES 


"=APPLICATIONS 


1. 


10. 


Discount Price. Donna redeems a 10% off coupon at her 
local nursery. After buying azaleas, bougainvillea, and bags 
of potting soil, her checkout price before tax is $217.95. How 
much would she have paid without the coupon? 


Discount Price. The original price of a pair of binoculars is 
$74. The sale price is $51.80. How much was the markdown? 


Cost: Fair Share. Jeff, Tom, and Chelsea order a large pizza. 
They decide to split the cost according to how much they will 
eat. Tom pays $5.16, Chelsea eats ; of the pizza, and Jeff eats 5 
of the pizza. How much did the pizza cost? 


Event Planning. A couple decide to analyze their monthly 
spending habits. The monthly bills are 50% of their take-home 
pay, and they invest 20% of their take-home pay. They spend 
$560 on groceries, and 23% goes to miscellaneous. How much 
is their take-home pay per month? 


Discounts. A builder of tract homes reduced the price of a 
model by 15%. If the new price is $125,000, what was its 

original price? How much can be saved by purchasing the 
model? 


Markups. A college bookstore marks up the price it pays the 
publisher for a book by 25%. If the selling price of a book is 
$79, how much did the bookstore pay for the book? 


Puzzle. Angela is on her way from home in Jersey City into 
New York City for dinner. She walks 1 mile to the train station, 
takes the train 3 of the way, and takes a taxi 7 of the way to the 
restaurant. How far does Angela live from the restaurant? 


Puzzle. An employee at Kennedy Space Center (KSC) lives in 
Daytona Beach and works in the vehicle assembly building 
(VAB). She carpools to work with a colleague. She drives 

7 miles from her house to the park-and-ride. Then she rides 
with her colleague from the park-and-ride in Daytona Beach to 
the KSC headquarters building, and then takes the KSC shuttle 
from the headquarters building to the VAB. The drive from the 
park-and-ride to the headquarters building is 3 of her total trip, 
and the shuttle ride is 35 of her total trip. How many miles 

does she travel from her house to the VAB on days when her 
colleague drives? 


Puzzle. A typical college student spends 5 of her waking time 
in class, i of her waking time eating, a of her waking time 


working out, 3 hours studying, and 25 hours doing other 
things. How many hours of sleep does the typical college 
student get? 


Diet. A particular 1550-calories-per-day diet suggests eating 
breakfast, lunch, dinner, and two snacks. Dinner is twice 
the calories of breakfast. Lunch is 100 calories more than 
breakfast. The two snacks are 100 and 150 calories. How 
many calories are each meal? 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


Budget. A company has a total of $20,000 allocated for 
monthly costs. Fixed costs are $15,000 per month and 
variable costs are $18.50 per unit. How many units can be 
manufactured in a month? 


Budget. A woman decides to start a small business making 
monogrammed cocktail napkins. She can set aside $1870 

for monthly costs. Fixed costs are $1329.50 per month and 
variable costs are $3.70 per set of napkins. How many sets of 
napkins can she afford to make per month? 


Numbers. Find a number such that 10 less than 3 the number 
is i the number. 


Numbers. Find a positive number such that 10 times the 
number is 16 more than twice the number. 


Numbers. Find two consecutive even integers such that 4 times 
the smaller number is 2 more than 3 times the larger number. 


Numbers. Find three consecutive integers such that the sum of 
the three is equal to 2 times the sum of the first two integers. 


Geometry. Find the perimeter of a triangle if one side is 
11 inches, another side is 5 the perimeter, and the third side is 


5 the perimeter. 


Geometry. Find the dimensions of a rectangle whose length 
is a foot longer than twice its width and whose perimeter is 
20 feet. 


Geometry. An NFL playing field is a rectangle. The length 
of the field (excluding the end zones) is 40 more yards than 
twice the width. The perimeter of the playing field is 260 
yards. What are the dimensions of the field in yards? 


Geometry. The length of a rectangle is 2 more than 3 times 
the width, and the perimeter is 28 inches. What are the 
dimensions of the rectangle? 


Geometry. Consider two circles, a smaller one and a larger 
one. If the larger one has a radius that is 3 feet larger than 
that of the smaller circle and the ratio of the circumferences 
is 2:1, what are the radii of the two circles? 


Geometry. The perimeter of a semicircle is doubled when 
the radius is increased by 1. Find the radius of the semicircle. 


Home Improvement. A man wants to remove a tall pine tree 
from his yard. Before he goes to Home Depot, he needs to 
know how tall an extension ladder he needs to purchase. He 
measures the shadow of the tree to be 225 feet long. At the 
same time he measures the shadow of a 4-foot stick to be 

3 feet. Approximately how tall is the pine tree? 


Home Improvement. The same man in Exercise 23 realizes 
he also wants to remove a dead oak tree. Later in the day he 
measures the shadow of the oak tree to be 880 feet long, and 
the 4-foot stick now has a shadow of 10 feet. Approximately 
how tall is the oak tree? 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


Biology: Alligators. It is common to see alligators in ponds, 
lakes, and rivers in Florida. The ratio of head size (back of 
the head to the end of the snout) to the full body length of an 
alligator is typically constant. If a 33-foot alligator has a head 
length of 6 inches, how long would you expect an alligator to 
be whose head length is 9 inches? 


Biology: Snakes. In the African rainforest there is a snake called 
a Gaboon viper. The fang size of this snake is proportional to the 
length of the snake. A 3-foot snake typically has 2-inch fangs. If 
a herpetologist finds Gaboon viper fangs that are 2.6-inches 
long, how long a snake would she expect to find? 


Investing. Ashley has $120,000 to invest and decides to put 
some in a CD that earns 4% interest per year and the rest in a 
low-risk stock that earns 7%. How much did she invest in 
each to earn $7800 interest in the first year? 


Investing. You inherit $13,000 and you decide to invest the 
money in two different investments: one paying 10% and the 
other paying 14%. A year later your investments are worth 
$14,580. How much did you originally invest in each account? 


Investing. Wendy was awarded a volleyball scholarship to the 
University of Michigan, so on graduation her parents gave her 
the $14,000 they had saved for her college tuition. She opted 
to invest some money in a privately held company that pays 
10% per year and evenly split the remaining money between a 
money market account yielding 2% and a high-risk stock that 
yielded 40%. At the end of the first year she had $16,610 total. 
How much did she invest in each of the three? 


Interest. A high school student was able to save $5000 by 
working a part-time job every summer. He invested half the 
money in a money market account and half the money in a stock 
that paid three times as much interest as the money market 
account. After a year he earned $150 in interest. What were the 
interest rates of the money market account and the stock? 


Budget: Home Improvement. When landscaping their yard, a 
couple budgeted $4200. The irrigation system costs $2400 

and the sod costs $1500. The rest they will spend on trees and 
shrubs. Trees each cost $32 and shrubs each cost $4. They plant 
a total of 33 trees and shrubs. How many of each did they plant 
in their yard? 


Budget: Shopping. At the deli Jennifer bought spicy turkey 
and provolone cheese. The turkey costs $6.32 per pound 
and the cheese costs $4.27 per pound. In total, she bought 
3.2 pounds and the price was $17.56. How many pounds of 
each did she buy? 


Chemistry. For a certain experiment, a student requires 100 
milliliters of a solution that is 8% HCl (hydrochloric acid). 
The storeroom has only solutions that are 5% HCl and 15% 
HCl. How many milliliters of each available solution should 
be mixed to get 100 milliliters of 8% HCl? 


Chemistry. How many gallons of pure alcohol must be 
mixed with 5 gallons of a solution that is 20% alcohol to 
make a solution that is 50% alcohol? 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 
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Automobiles. A mechanic has tested the amount of antifreeze 
in your radiator. He says it is only 40% antifreeze and the 
remainder is water. How many gallons must be drained from 
your 5 gallon radiator and replaced with pure antifreeze to 
make the mixture in your radiator 80% antifreeze? 


Costs: Overhead. A professor is awarded two research grants, 
each having different overhead rates. The research project 
conducted on campus has a rate of 42.5% overhead, and the 
project conducted in the field, off campus, has a rate of 26% 
overhead. If she was awarded $1,170,000 total for the two 
projects with an average overhead rate of 39%, how much was 
the research project on campus and how much was the research 
project off campus? 


Theater. On the way to the movies a family picks up a 
custom-made bag of candies. The parents like caramels 
($1.50/Ib) and the children like gummy bears ($2.00/Ib). 
They bought a 1.25-pound bag of combined candies that cost 
$2.50. How much of each candy did they buy? 


Coffee. Joy is an instructional assistant in one of the college 
labs. She is on a very tight budget. She loves Jamaican Blue 
Mountain coffee, but it costs $12 a pound. She decides to 
blend this with regular coffee beans that cost $4.20 a pound. 
If she spends $14.25 on 2 pounds of coffee, how many 
pounds of each did she purchase? 


Communications. The speed of light is approximately 

3.0 X 108 meters per second (670,616,629 mph). The 
distance from Earth to Mars varies because of the orbits of 
the planets around the Sun. On average, Mars is 100 million 
miles from Earth. If we use laser communication systems, 
what will be the delay between Houston and NASA 
astronauts on Mars? 


Speed of Sound. The speed of sound is approximately 760 
miles per hour in air. If a gun is fired 5 mile away, how long 
will it take the sound to reach you? 


Business. During the month of February 2011, the average 
price of gasoline rose 4.7% in the United States. If the 
average price of gasoline at the end of February 2011 was 
$3.21 per gallon, what was the price of gasoline at the 
beginning of February? 


Business. During the Christmas shopping season of 2010, 
the average price of a flat screen television fell by 40%. A 
shopper purchased a 42-inch flat screen television for $299 
in late November 2010. How much would the shopper have 
paid, to the nearest dollar, for the same television if it was 
purchased in September 2010? 


Medicine. A patient requires an IV of 0.9% saline solution, 
also known as normal saline solution. How much distilled 
water, to the nearest milliliter, must be added to 100 milliliters 
of a 3% saline solution to produce normal saline? 


Medicine. A patient requires an IV of DSW, a 5% solution of 
Dextrose (sugar) in water. To the nearest milliliter, how much 
D20W, a 20% solution of Dextrose in water, must be added to 
100 milliliters of distilled water to produce a DSW solution? 
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45. Boating. A motorboat can maintain a constant speed of 


16 miles per hour relative to the water. The boat makes a trip 


upstream to a marina in 20 minutes. The return trip takes 
15 minutes. What is the speed of the current? 


46. Aviation. A Cessna 175 can average 130 miles per hour. If a 
trip takes 2 hours one way and the return takes 1 hour and 


15 minutes, find the wind speed, assuming it is constant. 


47. Exercise. A jogger and a walker cover the same distance. 


The jogger finishes in 40 minutes. The walker takes an hour. 
How fast is each exerciser moving if the jogger runs 2 miles 


per hour faster than the walker? 


48. Travel. A high school student in Seattle, Washington, 
attended the University of Central Florida. On the way to 


UCE he took a southern route. After graduation he returned 
to Seattle via a northern trip. On both trips he had the same 


average speed. If the southern trek took 45 hours and the 


northern trek took 50 hours, and the northern trek was 300 


miles longer, how long was each trip? 


49. Distance—Rate-Time. College roommates leave for their 
first class in the same building. One walks at 2 miles per 


hour and the other rides his bike at a slow 6 miles per hour 
pace. How long will it take each to get to class if the walker 


takes 12 minutes longer to get to class and they travel on 
the same path? 


50. Distance—Rate—Time. A long-distance delivery service 


sends out a truck with a package at 7 A.M. At 7:30 A.M., the 
manager realizes there was another package going to the same 
location. He sends out a car to catch the truck. If the truck 
travels at an average speed of 50 miles per hour and the car 
travels at 70 miles per hour, how long will it take the car to 


catch the truck? 


51. Work. Christopher can paint the interior of his house in 
15 hours. If he hires Cynthia to help him, they can do the 


same job together in 9 hours. If he lets Cynthia work alone, 
how long will it take her to paint the interior of his house? 


52. Work. Jay and Morgan work in the summer for a landscaper. 
It takes Jay 3 hours to complete the company’s largest yard 
alone. If Morgan helps him, it takes only 1 hour. How much 


time would it take Morgan alone? 


53. Work. Tracey and Robin deliver Coke products to local 
convenience stores. Tracey can complete the deliveries in 
4 hours alone. Robin can do it in 6 hours alone. If they 


decide to work together on a Saturday, how long will it take? 


54. Work. Joshua can deliver his newspapers in 30 minutes. It takes 
Amber 20 minutes to do the same route. How long would it 
take them to deliver the newspapers if they worked together? 


55. Music. A major chord in music is composed of notes whose 
frequencies are in the ratio 4:5:6. If the first note of a chord 
has a frequency of 264 hertz (middle C on the piano), find 


the frequencies of the other two notes. Hint: Set up two 
proportions using 4:5 and 4:6. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


Music. A minor chord in music is composed of notes whose 
frequencies are in the ratio 10:12:15. If the first note of a 
minor chord is A, with a frequency of 220 hertz, what are the 
frequencies of the other two notes? 


Grades. Danielle’s test scores are 86, 80, 84, and 90. The 
final exam will count as 5 of the final grade. What score does 
Danielle need on the final in order to earn a B, which 
requires an average score of 80? What score does she need to 
earn an A, which requires an average of 90? 


Grades. Sam’s final exam will count as two tests. His test 
scores are 80, 83, 71, 61, and 95. What score does Sam need 
on the final in order to have an average score of 80? 


Sports. In Super Bowl XXXVII, the Tampa Bay 
Buccaneers scored a total of 48 points. All of their points 
came from field goals and touchdowns. Field goals are 
worth 3 points and each touchdown was worth 7 points 
(Martin Gramatica was successful in every extra point 
attempt). They scored a total of 8 times. How many field 
goals and touchdowns were scored? 


Sports. A tight end can run the 100-yard dash in 12 seconds. 
A defensive back can do it in 10 seconds. The tight end 
catches a pass at his own 20 yard line with the defensive 
back at the 15 yard line. If no other players are nearby, 

at what yard line will the defensive back catch up to the 
tight end? 


Recreation. How do two children of different weights 
balance on a seesaw? The heavier child sits closer to the 
center and the lighter child sits farther away. When the 
product of the weight of the child and the distance from 
the center is equal on both sides, the seesaw should be 
horizontal to the ground. Suppose Max weighs 42 pounds 
and Maria weighs 60 pounds. If Max sits 5 feet from the 
center, how far should Maria sit from the center in order 
to balance the seesaw horizontal to the ground? 


Recreation. Refer to Exercise 61. Suppose Martin, who 
weighs 33 pounds, sits on the side of the seesaw with Max. 
If their average distance to the center is 4 feet, how far 
should Maria sit from the center in order to balance the 
seesaw horizontal to the ground? 


Recreation. If a seesaw has an adjustable bench, then the 
board can slide along the fulcrum. Maria and Max in 
Exercise 61 decide to sit on the very edge of the board on 
each side. Where should the fulcrum be placed along the 
board in order to balance the seesaw horizontally to the 
ground? Give the answer in terms of the distance from 
each child’s end. 


Recreation. Add Martin (Exercise 62) to Max’s side of the 
seesaw and recalculate Exercise 63. 


In Exercises 65-68, refer to this lens law. (See Exercise 82 in 
Section 1.1.) 


The position of the image is found using the thin lens equation: 
1 1 1 


where d, is the distance from the object to the lens, d; is the distance 
from the lens to the image, and fis the focal length of the lens. 


"CONCEPTUAL 


In Exercises 69-76, solve each formula for the specified variable. 


69. P=21+ 2w forw 
70. P= 21+ 2w for! 
71. A =4bh forh 
72. C=2ar forr 


"=CHALLENGE 


77. Tricia and Janine are roommates and leave Houston on 
Interstate 10 at the same time to visit their families for a 
long weekend. Tricia travels west and Janine travels east. 

If Tricia’s average speed is 12 miles per hour faster than 
Janine’s, find the speed of each if they are 320 miles apart in 
2 hours and 30 minutes. 


"TECHNOLOGY 


79. Suppose you bought a house for $132,500 and sold it 3 years 
later for $168,190. Plot these points using a graphing utility. 
Assuming a linear relationship, how much could you have 
sold the house for had you waited 2 additional years? 


80. Suppose you bought a house for $132,500 and sold it 3 years 
later for $168,190. Plot these points using a graphing utility. 
Assuming a linear relationship, how much could you have 
sold the house for had you sold it 1 year after buying it? 
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65. Optics. If the focal length of a lens is 3 centimeters and the 
image distance is 5 centimeters from the lens, what is the 
distance from the object to the lens? 


66. Optics. If the focal length of the lens is 8 centimeters and 
the image distance is 2 centimeters from the lens, what is the 
distance from the object to the lens? 


67. Optics. The focal length of a lens is 2 centimeters. If the 
image distance from the lens is half the distance from the 
object to the lens, find the object distance. 


68. Optics. The focal length of a lens is 8 centimeters. If the 
image distance from the lens is half the distance from the 
object to the lens, find the object distance. 


73. A =lw forw 
74. d=rt fort 
75. V=Iwh forh 
76. V=arh forh 


78. Rick and Mike are roommates and leave Gainesville on 
Interstate 75 at the same time to visit their girlfriends for a 
long weekend. Rick travels north and Mike travels south. If 
Mike’s average speed is 8 miles per hour faster than Rick’s, 
find the speed of each if they are 210 miles apart in 1 hour 
and 30 minutes. 


81. A golf club membership has two options. Option A is a 
$300 monthly fee plus $15 cart fee every time you play. 
Option B has a $150 monthly fee and a $42 fee every time 
you play. Write a mathematical model for monthly costs for 
each plan and graph both in the same viewing rectangle using 
a graphing utility. Explain when Option A is the better deal 
and when Option B is the better deal. 


82. A phone provider offers two calling plans. Plan A has a 
$30 monthly charge and a $0.10 per minute charge on every 
call. Plan B has a $50 monthly charge and a $0.03 per minute 
charge on every call. Explain when Plan A is the better deal 
and when Plan B is the better deal. 
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SECTION 
1.3 QUADRATIC EQUATIONS 


Factoring 


In a linear equation, the variable is raised only to the first power in any term where it 
occurs. In a quadratic equation, the variable is raised to the second power in at least one 
term. Examples of quadratic equations, also called second-degree equations, are: 


v+3=7 57° +4x-7=0 r= 3=0 


DEFINITION Quadratic Equation 
A quadratic equation in x is an equation that can be written in the standard form 
ax’ + bx +c=0 


where a, b, and c are real numbers and a # 0. 


There are several methods for solving quadratic equations: factoring, the square root 
method, completing the square, and the Quadratic Formula. 


FACTORING METHOD 
The factoring method applies the zero product property: 


WorpDs MatTH 
If a product is zero, then at least If B: C= 0, then B = 0 or C = 0 or both. 
one of its factors has to be zero. 


Consider (x — 3)(x + 2) = 0. The zero product property says that x — 3 = Oorx +2 =0, 
which leads to x = —2 or x = 3. The solution set is {—2, 3}. 

When a quadratic equation is written in the standard form ax? + bx + c = 0 it may be 
possible to factor the left side of the equation as a product of two first-degree polynomials. 
We use the zero product property and set each linear factor equal to zero. We solve the 
resulting two linear equations to obtain the solutions of the quadratic equation. 


tote 
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EXAMPLE 1_ Solving a Quadratic Equation by Factoring 
Solve the equation x* — 6x — 16 = 0. 
Solution: 


The quadratic equation is already in 
standard form. x — 6x - 16=0 


Factor the left side into a product of two 


linear factors. (x — 8)(x + 2) =0 
If a product equals zero, one of its factors 
has to be equal to zero. x-8=0 or x¥+2=0 
Solve both linear equations. x=8 Or x= =2 
The solution set is |{—2, 8}. 
= YOUR TURN Solve the quadratic equation x” + x — 20 = 0 by factoring. = Answer: The solution is x = —5, 4. 


The solution set is {—5, 4}. 


3 . é é vy CAUTION 
EXAMPLE 2_ Solvinga Quadratic Equation by Factoring Bae See heeteeaereee eee TCE 
Don’t forget to put the quadratic 


Solve the equation x* — 6x + 5 = —4. equation in standard form first. 


CoMMON MISTAKE 


i 
A common mistake is to forget to put the equation in standard form first and then use Technology Tip 


the zero product property incorrectly. se & senpihane wilily todiaulay 


graphs of y, = 2° — 6x + 5 and 


(9 CORRECT Ed incoRRECT eens 
Write the original equation. Factor the left side. Flokl Fieke Flot 
8 BAe Bato 
vr — 6x +5=—-4 (x — 5)(x — 1) = -4 “hte 8-4 
wa 
Write the equation in standard form by The error occurs here. 
adding 4 to both sides. The point of intersection is the 


= SS SA oe se 1! ee Sel 


solution to this equation. 


xr —6x+9=0 
Factor the left side. 
Ge = Doe = 3) = 0 


Use the zero product property and set 
each factor equal to zero. 


Tnkerseckion 
Hes L 


v="4 
x= 3=0 ao x—2=O 


Solve each linear equation. >Don’t forget to put the quadratic 
equation in standard form first. 


Note: The equation has one solution, or root, which is 3. The solution set is {3}. Since the 
linear factors were the same, or repeated, we say that 3 is a double root, or repeated root. 


= Answer: The solution is p = 4 
which is a double root. The 
solution set is {3}. 


= YOUR TURN Solve the quadratic equation 9p* = 24p — 16 by factoring. 
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vy CAUTION 


Do not divide by a variable (because 
the value of that variable may be 
zero). Bring all terms to one side first 
and then factor. 


E 
Technology Tip 


Use a graphing utility to display 
graphs of y, = 2x° and y) = 3x. 


Pletd Flote FIoks 
Wi Bese 


herpes 
soH 


The points of intersection are the 
solutions to this equation. 


EXAMPLE 3_ Solving a Quadratic Equation by Factoring 
Solve the equation 2x* = 3x. 
COMMON MISTAKE 


The common mistake here is dividing both sides by x, which is not allowed because x 
might be zero. 


€9 CORRECT Eq iNncORRECT 
Write the equation in standard form by Write the original equation. 
btracting 3x. 
subtracting 3x ee 
2x° — 3x = 0 
The error occurs here when both sides 
Factor the left side. are divided by x. 
eo — 3) = (0) Lig = 3) 


Use the zero product property and set 
each factor equal to zero. 


e=0 or X#=—3=0 
Solve each linear equation. 


x=0 or eae 
2 


The solution set is {0, 3} E 


In Example 3, the root x = 0 is lost when the original quadratic equation is divided by x. 
Remember to put the equation in standard form first and then factor. 


Square Root Method 


The square root of 16, V/16, is 4, not +4. In the review (Chapter 0) the principal square 
root was discussed. The solutions to x* = 16, however, are x = —4 and x = 4. Let us now 
investigate quadratic equations that do not have a first-degree term. They have the form 


ar t+c=0 a#0 


The method we use to solve such equations uses the square root property. 


SQUARE ROOT PROPERTY 


Worps MatH 


If an expression squared is equal If x? = P, thenx = +VP. 
to a constant, then that expression is 

equal to the positive or negative square 

root of the constant. 


Note: The variable squared must be isolated first (coefficient equal to 1). 
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EXAMPLE 4_ Using the Square Root Property 


Solve the equation 3x* — 27 = 0. 


Solution: 

Add 27 to both sides. 3x° = 27 

Divide both sides by 3. x= 

Apply the square root property. x= +V9 = 43 


The solution set is | { —3, 3}}. 


If we alter Example 4 by changing subtraction to addition, we see in Example 5 that we get 
imaginary roots (as opposed to real roots), which we discussed in Chapter 0. 


EXAMPLE 5_ Using the Square Root Property 
Solve the equation 3x + 27 = 0. 


Solution: 
Subtract 27 from both sides. 3x° = -27 
Divide by 3. vr=-9 
Apply the square root property. x= +V-9 
Simplify. x= IVI = 43 
The solution set is |{-3i, 31} |. 
= YOUR TURN Solve the equations y’ — 147 = O and v’ + 64 = 0. eels sources skis 


{-7V3, 7v3}. The solution is 

v = +8i. The solution set is 
{—8i, 87}. 

EXAMPLE 6_ Using the Square Root Property 

Solve the equation (x — 2)” = 16. 


Solution: 


Approach 1: 
If an expression squared is 16, then 


the expression equals + V 16. (x — 2) = +V16 
Separate into two equations. x-2=V16 or x-2=-V16 
x-2=4 x-2=-4 
x=6 x= 2 
The solution set is {—2, 6}). 
Approach 2: 
It is acceptable notation to keep the (x — 2) = +V16 
equations together. x-2=4+4 
e=2+4 


x= —2,6 
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Completing the Square 
Factoring and the square root method are two efficient, quick procedures for solving many 
quadratic equations. However, some equations, such as x? — 10x — 3 = 0, cannot be solved 
directly by these methods. A more general procedure to solve this kind of equation is called 
completing the square. The idea behind completing the square is to transform any 
standard quadratic equation ax* + bx + c = 0 into the form (x + A)’ = B, where A and B 
are constants and the left side, (x + A)’, has the form of a perfect square. This last 
equation can then be solved by the square root method. How do we transform the first 
equation into the second equation? 

Note that the above-mentioned example, x’ — 10x — 3 = 0, cannot be factored into 
expressions in which all numbers are integers (or even rational numbers). We can, however, 
transform this quadratic equation into a form that contains a perfect square. 


WorpDsS MatH 

Write the original equation. x —10x-3=0 

Add 3 to both sides. x — 10x =3 

Add 25 to both sides.* x — 10x + 25=3425 
The left side can be written 

as a perfect square. (x — 5)? = 28 

Apply the square root method. x-5=4V28 
Add 5 to both sides. x=5+42V7 


*Why did we add 25 to both sides? Recall that (x — c)? = x? — 2xc + c’. In this case 
c = 5 inorder for —2xc = —10x. Therefore the desired perfect square (x — 5)’ results in 
x* — 10x + 25. Applying this product we see that +25 is needed. A systematic approach 
is to take the coefficient of the first-degree term x” — 10x — 3 = 0, which is — 10. Take 
half of (—10), which is (—5), and then square it (—5)”? = 25. 


SOLVING A QUADRATIC EQUATION 
BY COMPLETING THE SQUARE 
Worps MatH 


Express the quadratic equation 
in the following form. x 4 ou C 


2 2 
Divide b by 2 and square the result, 52 te ope (3) =e Gl 
then add the square to both sides. 2 


Write the left side of the equation ( are b i 
as a perfect square. 


Il 

fey 

+ 
aa 
volo 
ert 


Solve using the square root method. 


In Example 7, the leading coefficient (the coefficient of the x* term) is 1. When the leading 


EXAMPLE 7 _ Completing the Square 


Solve the quadratic equation x” + 8x — 3 = 0 by completing the square. 


Solution: 

Add 3 to both sides. x + 8x =3 

Add (5+ 8)? = 4? to both sides. P+8xrt+ P=34+ 4 
Write the left side as a perfect square 

and simplify the right side. (x + 4)? = 19 

Apply the square root method to solve. x+4=+4+VI19 
Subtract 4 from both sides. x= —4+V19 


The solution set is {-4 —V19,-4+ V 19} Nh 


coefficient is not 1, start by first dividing the equation by that leading coefficient. 


ta 


EXAMPLE s_ Completing the Square When the Leading 
Coefficient Is Not Equal to 1 


Solve the equation 3x* — 12x + 13 = 0 by completing the square. 


Solution: 
fe, . : 7 13 
Divide by the leading coefficient, 3. x — 4x + * =0 
: : . 13 
Collect variables to one side of the equation xr — 4x = =a, 
and constants to the other side. 
13 
Add (-$) = 4 to both sides. vr -—4y+4= 3 + 4 
: F : 5 1 
Write the left side of the equation as a (x -— 2) = “3 
perfect square and simplify the right side. 
1 
Solve using the square root method. x-2=+ =<“ 
ees . fl 
Simplify. x=2H+i 3 
3 
Rationalize the denominator (Chapter 0). ae i Wa SS 
3 iV 3 
Simplify. x=2 ae x= 24 iva 
3 3 
The solution set is {2 = = 2 wah 


= YOUR TURN Solve the equation 2x" — 4x + 3 = 0 by completing the square. 
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EB 
Technology Tip 
Graph y, = x7 + 8x — 3. 


Flotd Flot Plots 
“BAe tea 3 


ses 


The x-intercepts are the solutions to 
this equation. 


cera 
="B.SEHB99 Y="1iE “ic 


“440195 
2 Soo FS 9435 

“4-fC193 
"6. S088 98944 


E 
Technology Tip 


The graph does not cross the x-axis, 
so there is no real solution to this 


equation. 


Study Tip 


When the leading coefficient is 
not 1, start by first dividing the 


= Answer: The solution is 


iV 2 
x=I1t : 5) . The solution set is 
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Study Tip 

—b + VP’ — 4ac 

eo 
2a 


Read as “negative b plus or minus 
the square root of the quantity b 
squared minus 4ac all over 2a.” 


Study Tip 


The Quadratic Formula works for 
any quadratic equation. 


Quadratic Formula 


Let us now consider the most general quadratic equation: 
art+bx+c=0 a#0 


We can solve this equation by completing the square. 


WorpDsS MatTH 
Divide the equation by the x + Py + 5 =0 
leading coefficient a. 
Subtract c from both sides. x + Py = -" 
b 
Square half of | and add the 
2 2 2 
result b to both sides. e+ b.. + b | 2 = 
2a 7 2a 2a a 

Write the left side of the equation : , 
as a perfect square and the right side ( Pate b ) _ b= 4ac 
as a single fraction. 2a 4a° 

b 2 
Solve using the square root method. xb =+ 2 aus 

2a 4a’ 

b ' 

Subtract me from both sides 5 ‘ ASIP = Ane 

x 
and simplify the radical. 2a 2a 

. . : —biV IP — 4ac 
Write as a single fraction. x= 5 
a 


We have derived the Quadratic Formula. 


QUADRATIC FORMULA 


If ax* + bx + c =0,a # O, then the solution is 


—b + VB’ — 4ac 


2a 


x 


Note: The quadratic equation must be in standard form (ax* + bx + c = 0) in order 
to identify the parameters: 


a—coefficient of x? b—coefficient of x c—constant 


We read this formula as negative b plus or minus the square root of the quantity b squared 
minus 4ac all over 2a. It is important to note that negative b could be positive (if b is 
negative). For this reason, an alternate form is “opposite b. . .” The Quadratic Formula 
should be memorized and used when simpler methods (factoring and the square root 
method) cannot be used. The Quadratic Formula works for any quadratic equation. 


1.3 Quadratic Equations 123 


EXAMPLE 9_ Using the Quadratic Formula and Finding Study Tip 

Two Distinct Real Roots Using parentheses as place holders 
Use the Quadratic Formula to solve the quadratic equation x° — 4x — 1 = 0. ROIS avant SS Srors. 
Solution: x= rs 

a 
For this problem a = 1,b = —4, andc = —1. 5 
: -@ + VOY - 40070) 
—bi Vb -4 2 
Write the Quadratic Formula. x= 5 sts ) 
i saluplvacuahstanpevaet.cedsiumpessnies 

Use parentheses to avoid losing a — -@) + VOY - 40) 
minus sign. 2(U) 
Substitute values for a, b, and c ee (-4) + V(-4P — 40)(-D) 
into the parentheses. 2(1) 


— 44+V16+4 44V20 442V5 4, 2V5 
Simplify. x 5 5 5 a 5 


The solution set {2 — V5,2 + v5} contains two distinct real numbers. 


= Answer: The solution is 


= YOUR TURN Use the Quadratic Formula to solve the quadratic equation x = —3 £111. The solution set is 
x + 6x —2=0. {-3 - Vi1,-3 + Vii}. 


| EXAMPLE 10_ Using the Quadratic Formula and 
Finding Two Complex Roots 


Use the Quadratic Formula to solve the quadratic equation x° + 8 = 4x. 
Solution: 


Write this equation in standard form x* — 4x + 8 = 0 in order to identify a = 1, b = —4, 


and c = 8. 
El 
a are 7 
Write the Quadratic Formula. x= 5 sis Technology Tip 
a 
Set the graphing utility in complex 
5 number mode. Keystrokes: 
Use parentheses to avoid -O)tz VOY — 40) [NORMAL] lath] 
overlooking a minus sign. . 2(0) DEDEDE) | ake 
iM SCI ENG 
Substitute the values for a, b, _— (—4) + V(-4y — 4(1(8) LOAT Cg ac 
and c into the parentheses. 2(1) 
ee 44VvV16-32 44+V-16 444 4 4 - 
Simplify. x= 5 = 5 5 a 5 2+2i 


mS HORIZ 4-T 


The solution set | {2 — 2i, 2 + 2i} contains two complex numbers. Note that they are 


complex conjugates of each other. 


: : : = Answer: The solution set is 
= YOUR TURN Use the Quadratic Formula to solve the quadratic equation “a =F14y 


x +2 = 2x. 
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= Answer: {3} 


EXAMPLE 11_ Using the Quadratic Formula and Finding 
One Repeated Real Root 


Use the Quadratic Formula to solve the quadratic equation 4x7 — 4x + 1 = 0. 


Solution: 
Identify a, b, and c. a=4,b=-4,c=1 
. . —b+ Vb — 4ac 
Write the Quadratic Formula. x= 5 
a 

Use parentheses to avoid losing a i= -@) + V@Y - 4) 
minus sign. 2(0) 
Substitute values a = 4,b = —4, 6 (~4) + V(-4) 4(4)(1) 
andc = 1. 2(4) 

. : 44 16 — 16 4+0 1 
Simplify. x= : = ; a 


1 
The solution set is a repeated real root {>} ‘ 


Note: This quadratic equation also could have been solved by factoring: (2x — 1)’ = 0. 


=™ YOUR TURN Use the Quadratic Formula to solve the quadratic equation 
9x° — 6x +1=0. 


TYPES OF SOLUTIONS 


The term inside the radical, b? — 4ac, is called the discriminant. The discriminant 
gives important information about the corresponding solutions or roots of 
ax’ + bx + c = 0, where a, b, and c are real numbers. 


b? — 4ac SOLUTIONS (ROOTS) 
Positive Two distinct real roots 
0 One real root (a double or repeated root) 


Negative | Two complex roots (complex conjugates) 


In Example 9, the discriminant is positive and the solution has two distinct real roots. In 
Example 10, the discriminant is negative and the solution has two complex (conjugate) 
roots. In Example 11, the discriminant is zero and the solution has one repeated real root. 


Applications Involving Quadratic Equations 


In Section 1.2, we developed a procedure for solving word problems involving linear 
equations. The procedure is the same for applications involving quadratic equations. The 
only difference is that the mathematical equations will be quadratic, as opposed to linear. 


1.3 Quadratic Equations 125 


EXAMPLE 12. Stock Value 


From 1999 to 2001 the price of ANF Quarterly — 5/26/04 

Abercrombie & Fitch’s (ANF) stock 50 
was approximately given by 40 
P = 0.2 — 5.6t + 50.2, where P is the 30 
price of stock in dollars, f is in months, and 20 
t = 1 corresponds to January 1999. When 3000-2001 7002 2003~—«2004. 2? 


was the value of the stock worth $30? 
Solution: 


Step 1 Identify the question. 
When is the price of the stock equal to $30? 


Step 2 Make notes. le 
Stock price: P=0.2f — 5.6t + 50.2 Technology Tip 
pe) The graphing utility screen for 
Step 3 Set up an equation. 0.2P — 5.6t + 50.2 = 30 (-5.6) + Viz5.6 = 40.002) 
STEP 4 Solve the equation. 20.2) 
Subtract 30 from both sides. 0.2° — 5.6¢ + 20.2 = 0 
ie Sle tees te ln fe 
Solve for f using the ce (=5.6) + V(=5.6)" = 4(0.2)(20.2) peodh, SEPA, Pe 
Quadratic Formula. 2(0.2) 2k, So 
56 +39 4, 2552785655 
Simplify. te ———— & 4.25, 23.75 
une 0.4 
Rounding these two numbers, we find that t © 4 and t © 24. Since t = 1 corresponds to ON lo len sare] a Le 
January 1999, these two solutions correspond to | April 1999 and December 2000 |. fy ae StH 2d90 6 
Step 5 Check the solution. "93, Paar oda 
Look at the figure. The horizontal axis represents the year (2000 corresponds to | 


January 2000), and the vertical axis represents the stock price. Estimating when the 
stock price is approximately $30, we find April 1999 and December 2000. 


EXAMPLE 13 Pythagorean Theorem 
Hitachi makes a 60-inch HDTV that has a 60-inch diagonal. If the width of the screen is 


approximately 52-inches, what is the approximate height of the screen? 


Solution: 


Step 1 Identify the question. 
What is the approximate height of the HDTV screen? 


Step 2 Make notes. 


STEP 3 Set up an equation. 


Recall the Pythagorean theorem. e+pe=ac 

Substitute in the known values. I? + 52? = 60° 
STEP 4 Solve the equation. 

Simplify the constants. I? + 2704 = 3600 

Subtract 2704 from both sides. I? = 896 

Solve using the square root method. h=+V896 © +30 Study Tip 
Distance is positive, so the negative value is eliminated. Dimensions such as length and width 

‘: . ‘ 3 are distances, which are defined as 
HN HELE AL IS apoE 30 inches}. positive quantities. Although the 
Step 5 Check the solution. 30° + 52? 2 60° mathematics may yield both positive 
900 + 2704 2 3600 and negative values, the negative 
3604 & 3600 values are excluded. 
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——- SECTION 
» SUMMARY 
The four methods for solving quadratic equations equations and can yield three types of solutions: two distinct real 


roots, one real root (repeated), or two complex roots (conjugates 


ar + bx +c=0 a#0 of each other). 


ee ea cay eee ene Ce ne ee 
the quickest and easiest but cannot always be used. The quadratic 2a 
formula and completing the square work for all quadratic 
SECTION 
=SKILLS 
In Exercises 1-22, solve by factoring. 
1. xe -—5x+6=0 2v+7v+6=0 3. p> -— 8p + 15=0 4. w —2u-24=0 
§. x =12-x 6. 11x = 2x + 12 7. 16x° + 8x = -1 8. 3x° + 10x -8 =0 
9. 9y + 1 = by 10. 4x =4° +1 11. 8y’ = l6oy 12. 3A? = -12A 
13. 9p? = 12p — 4 14. 4u? = 20u — 25 15. xr —9=0 16. 16’ — 25 =0 
17. x(x +4) = 12 18. 3° — 48 =0 19. 2p? —50=0 20. 5y? — 45 =0 
21. 3x° = 12 22. 7v? = 28 
In Exercises 23-34, solve using the square root method. 
23. p? —-8 =0 24. y —-72=0 25. r +9=0 26. v + 16=0 
27. (x — 3) = 36 28. (x — 1)? = 25 29. (2x + 3) = —4 30. (4x — 1)? = —-16 
31. (Sx — 2)? = 27 32. (3x + 8) = 12 33. (l- x’ =9 34. (1—x) = -9 
In Exercises 35-44, what number should be added to complete the square of each expression? 
35. <2 + 6x 36. x° — 8x 37. x? — 12x 38. x2 + 20x 39. x — bx 
40. 3° — 3x 4. e+ x 42. x2 + 3x 43, x° — 2.4x 44, °° + 1.6x 
In Exercises 45-56, solve by completing the square. 
45. 0° + 2x =3 46. y° + 8y-2=0 47, P - 6t=—5 48. x<° + 10x = -21 
49. y —4y+3=0 50. xe —7x+12=0 51. 2p? + 8p = -3 52. 2x7 -4x +3 =0 
a 1 a) 
53. 2x°- 7x+3=0 54, 3x° — 5x — 10 =0 55. 7 2x = 7 ae gt ao 
In Exercises 57-68, solve using the Quadratic Formula. 
57. P+3t-1=0 58 P+2r=1 59. rv t+st1= 60. 25° + 5s = —2 
61. 3x° — 3x-4=0 62. 4x7 — 2x =7 63. x° — 2x + 17=0 64. 4m? + 7m + 8 =0 


65. 5x? + 7x =3 66. 3x°+ 5x=—-I1 67. 4x2 + Fx -4=0 68. 4° — $x -— 7 =0 
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In Exercises 69-74, determine whether the discriminant is positive, negative, or zero, and indicate the number and 


type of root to expect. Do not solve. 
69. x° — 22x + 121=0 
72. —3y’ + 27y + 66 =0 


70. x° — 28x + 196 =0 


73. 9x7 —7x+8=0 


In Exercises 75-94, solve using any method. 


71. 2y? — 30y + 68 =0 
74. —32+5x-7=0 


75. v — 8v = 20 76. v’ — 8v = —20 77. °+5t-6=0 78. P+5t+6=0 

79, (x +3 = 16 80. (x + 3 = -16 81. (p — 2)? = 4p 82. (u+ 5) = lou 

83. 8w? + 2w + 21 =0 84. 8w? + 2w — 21 =0 85. 3p? - 9p + 1 =0 86. 3p? -9p -1=0 
2 4 1 1 2 2 12 10 

7. =P + t= . ae + ox Ss 9 x+—=7 90. x - — = - 

8 3 ru 5 88. 5 3% 5 89. x - x Fi 3 
A(x — 2 = 

91. a eee = 92. a, a 93. x? — O.lx = 0.12 94. y’ — 0.5y = —0.06 
x=3 xX x(x — 3) yt+4 yon 

“APPLICATIONS 


95. Stock Value. From June 2003 until April 2004 
JetBlue airlines stock (JBLU) was approximately worth 


P =—4f + 80 — 360, where P denotes the price of the 


stock in dollars and ¢ corresponds to months, with t = 1 


corresponding to January 2003. During what months was 


the stock equal to $24? 
JBLU Daily = 5/27/04 


40 


30 


JI JAS ON D 04 FM AM am 


96. Stock Value. From November 2003 until March 2004, 
Wal-Mart stock (WMT) was approximately worth 
P = 2f — 12t + 70, where P denotes the price of the 
stock in dollars and t corresponds to months, with ¢ = 1 
corresponding to November 2003. During what months 
was the stock equal to $60? 
WMT Daily =—_ 5/27/04 
65 


60 


55 


JI JAS ON D 04 FM AM of 


In Exercises 97 and 98 refer to the following: 


Research indicates that monthly profit for Widgets R Us is 
modeled by the function 


P = —100 + (0.2¢ — 3)q 


where P is profit measured in millions of dollars and q is the 
quantity of widgets produced measured in thousands. 


97. Business. Find the break-even point for a month to the 
nearest unit. 


98. Business. Find the production level that produces a monthly 
profit of $40 million. 


In Exercises 99 and 100 refer to the following: 
In response to economic conditions, a local business explores the 
effect of a price increase on weekly profit. The function 

P= —5(x + 3)(x — 24) 
models the effect that a price increase of x dollars on a bottle of 
wine will have on the profit P measured in dollars. 


99. Business/Economics. What is the smallest price increase 
that will produce a weekly profit of $460? 


100. Business/Economics. What is the smallest price increase 
that will produce a weekly profit of $630? 
In Exercises 101 and 102 refer to the following: 


An epidemiological study of the spread of the flu in a small city 
finds that the total number P of people who contracted the flu t 
days into an outbreak is modeled by the function 


P=—f + 13t + 130 1<t<6 


101. Health/Medicine. After approximately how many days will 
160 people have contracted the flu? 


102. Health/Medicine. After approximately how many days will 
172 people have contracted the flu? 
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103. 


104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


Environment: Reduce Your Margins, Save a Tree. 

Let’s define the usable area of an 8.5-inch by 11-inch piece 
of paper as the rectangular space between the margins of 
that piece of paper. Assume the default margins in a 

word processor in a college’s computer lab are set up to 

be 1.25 inches wide (top and bottom) and 1 inch wide 

(left and right). Answer the following questions using 

this information. 


. Determine the amount of usable space, in square inches, on 


one side of an 8.5-inch by 11-inch piece of paper with the 
default margins of 1.25-inch and 1-inch. 


. The Green Falcons, a campus environmental club, has 


convinced their college’s computer lab to reduce the 

default margins in their word-processing software by x 
inches. Create and simplify the quadratic expression that 
represents the new usable area, in square inches, of one side 
of an 8.5-inch by 11-inch piece of paper if the default 
margins at the computer lab are each reduced by x inches. 


. Subtract the usable space in part (a) from the expression in 


part (b). Explain what this difference represents. 


. If 10 pages are printed using the new margins and as a result 


the computer lab saved one whole sheet of paper, then by 
how much did the computer lab reduce the margins? Round 
to the nearest tenth of an inch. 


Environment: Reduce Your Margins, Save a Tree. Repeat 
Exercise 103 assuming the computer lab’s default margins 
are | inch all the way around (left, right, top, and bottom). If 
15 pages are printed using the new margins and as a result 
the computer lab saved one whole sheet of paper, then by 
how much did the computer lab reduce the margins? Round 
to the nearest tenth of an inch. 


Television. A standard 32-inch television has a 32-inch 
diagonal and a 25-inch width. What is the height of the 
32-inch television? 


Television. A 42-inch LCD television has a 42-inch 
diagonal and a 20-inch height. What is the width of the 
42-inch LCD television? 


Numbers. Find two consecutive numbers such that their 
sum is 35 and their product is 306. 


Numbers. Find two consecutive odd integers such that their 
sum is 24 and their product is 143. 


Geometry. The area of a rectangle is 135 square feet. The 
width is 6 feet less than the length. Find the dimensions of 
the rectangle. 


Geometry. A rectangle has an area of 31.5 square meters. 
If the length is 2 more than twice the width, find the 
dimensions of the rectangle. 


Geometry. A triangle has a height that is 2 more than 
3 times the base and an area of 60 square units. Find the 
base and height. 


112. 


113. 


114. 


115. 


116. 


117. 


118. 


119. 


120. 


121. 


122. 


Geometry. A square’s side is increased by 3 yards, which 
corresponds to an increase in the area by 69 square yards. 
How many yards is the side of the initial square? 


Falling Objects. If a person drops a water balloon off the 
rooftop of a 100-foot building, the height of the water balloon 
is given by the equation h = —16f + 100, where tis in 
seconds. When will the water balloon hit the ground? 


Falling Objects. If the person in Exercise 113 throws the 
water balloon downward with a speed of 5 feet per second, 
the height of the water balloon is given by the equation 

h = —16f — 5t + 100, where f is in seconds. When 
will the water balloon hit the ground? 


Gardening. A square garden has an area of 900 square feet. 
If a sprinkler (with a circular pattern) is placed in the center 
of the garden, what is the minimum radius of spray the 
sprinkler would need in order to water all of the garden? 


Sports. A baseball diamond is a square. The distance from 
base to base is 90 feet. What is the distance from home plate 
to second base? 


Volume. A flat square piece of cardboard is used to construct 
an open box. Cutting a 1-foot by 1-foot square off of each 
corner and folding up the edges will yield an open box 
(assuming these edges are taped together). If the desired 
volume of the box is 9 cubic feet, what are the dimensions 
of the original square piece of cardboard? 


Volume. A rectangular piece of cardboard whose length is 
twice its width is used to construct an open box. Cutting a 
1-foot by 1-foot square off of each corner and folding up 
the edges will yield an open box. If the desired volume is 
12 cubic feet, what are the dimensions of the original 
rectangular piece of cardboard? 


Gardening. A landscaper has planted a rectangular garden 
that measures 8 feet by 5 feet. He has ordered 1 cubic 

yard (27 cubic feet) of stones for a border along the outside 
of the garden. If the border needs to be 4 inches deep and 
he wants to use all of the stones, how wide should the 
border be? 


Gardening. A gardener has planted a semicircular rose 
garden with a radius of 6 feet, and 2 cubic yards of mulch 
(1 cubic yard = 27 cubic feet) are being delivered. 
Assuming she uses all of the mulch, how deep will the 
layer of mulch be? 


Work. Lindsay and Kimmie, working together, can balance 
the financials for the Kappa Kappa Gamma sorority in 

6 days. Lindsay by herself can complete the job in 5 days 
less than Kimmie. How long will it take Lindsay to 
complete the job by herself? 


Work. When Jack cleans the house, it takes him 4 hours. 
When Ryan cleans the house, it takes him 6 hours. How 
long would it take both of them if they worked together? 


123. 
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=CATCH THE MISTAKE 
In Exercises 123-126, explain the mistake that is made. 
P-5t-6=0 124, (2y — 3)? = 25 125. 16a? +9 =0 126. 2x’ — 4x = 3 
(— 3(t— 2) =0 2y-3=5 16a? = —9 20° — 2x) = 3 
t=2,3 2y =8 a = —%. A-wt+1=3+1 
y=i a=+VE 24-1 =4 
y= g=a8 (x- 1P =2 
x= 1= +V2 
x=1+VvV2 


"CONCEPTUAL 


In Exercises 127-130, determine whether the following 
statements are true or false. 


127. 


128. 


129. 
130. 


131. 


132. 


133. 


134. 


CHALLENGE 
143. 


144. 


145. 


146. 


The equation (3x + 1)? = 16 has the same solution set as the 
equation 3x + 1 = 4. 


The quadratic equation ax” + bx + c = 0 can be solved by 
the square root method only if b = 0. 


All quadratic equations can be solved exactly. 


The Quadratic Formula can be used to solve any quadratic 
equation. 


Write a quadratic equation in general form that has x = a as 
a repeated real root. 


Write a quadratic equation in general form that has x = bi as 
a root. 


Write a quadratic equation in general form that has the 
solution set {2, 5}. 


Write a quadratic equation in general form that has the 
solution set {—3, O}. 


Show that the sum of the roots of a quadratic equation is 


b 
equal to ——. 
a 


Show that the product of the roots of a quadratic equation is 
equal to - 
a 
Write a quadratic equation in general form whose 
solution set is {3 + V5,3 - v5}. 


Write a quadratic equation in general form whose solution 
setis {2 — 1,2 + i}. 


In Exercises 135-138, solve for the indicated variable in terms 
of other variables. 


135. 
136. 
137. 
138. 
139. 
140. 
141. 


142. 


147. 


148. 


149. 


Solve s = Set for t. 

Solve A = P(1 + r) for r. 

Solve a? + b? = c’ for c. 

Solve P = EI — RF for I. 

Solve the equation by factoring: x* — 4x” = 0. 
Solve the equation by factoring: 3x — 6x* = 0. 


Solve the equation using factoring by grouping: 
34 12 = 
x +x —-4y-4=0. 


Solve the equation using factoring by grouping: 
=e = 2 = 0) 


Aviation. An airplane takes | hour longer to go a distance of 
600 miles flying against a headwind than on the return trip 
with a tailwind. If the speed of the wind is 50 miles per hour, 
find the speed of the plane in still air. 


Boating. A speedboat takes 1 hour longer to go 24 miles up 
a river than to return. If the boat cruises at 10 miles per hour 
in still water, what is the rate of the current? 


Find a quadratic equation whose two distinct real roots are 
the negatives of the two distinct real roots of the equation 
ax +bx+c=0. 
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150. Find a quadratic equation whose two distinct real roots are 152. Two boats leave Key West at noon. The smaller boat is 
the reciprocals of the two distinct real roots of the equation traveling due west. The larger boat is traveling due south. 
ax + bx +c=0. The speed of the larger boat is 10 miles per hour faster 


than the speed of the smaller boat. At 3 P.M. the boats are 


151. A small jet and a 757 1 Atlanta at 1 p.M. Th lj 
peace ese ee ee 150 miles apart. Find the average speed of each boat. 


is traveling due west. The 757 is traveling due south. 
The speed of the 757 is 100 miles per hour faster than the 
small jet. At 3 p.M. the planes are 1000 miles apart. Find 
the average speed of each plane. 


"TECHNOLOGY 


153. Solve the equation x° — x = 2 by first writing it in standard 155. a. Solve the equation x” — 2x = b, b = 8 by first writing it 


form and then factoring. Now plot both sides of the equation in standard form. Now plot both sides of the equation in 
in the same viewing screen (y, = x7 — x and y, = 2). At the same viewing screen (y, = x7 — 2x and y, = b). At 
what x-values do these two graphs intersect? Do those points what x values do these two graphs intersect? Do those 
agree with the solution set you found? points agree with the solution set you found? 

154. Solve the equation x° — 2x = —2 by first writing it in De Repost pana er B= Sel Ovando: 
standard form and then using the quadratic formula. Now 156. a. Solve the equation x” + 2x = b, b = 8 by first writing it 
plot both sides of the equation in the same viewing screen in standard form. Now plot both sides of the equation in 
(y, = x° — 2x and y, = —2). Do these graphs intersect? the same viewing screen (y, = x7 + 2x and y, = b). At 
Does this agree with the solution set you found? what x values do these two graphs intersect? Do those 


points agree with the solution set you found? 
b. Repeat part (a) for b = —3, —1, 0, and 5. 


SECTION 
1.4 OTHER TYPES OF EQUATIONS 


Radical Equations 
Radical equations are equations in which the variable is inside a radical (that is, under a 
square root, cube root, or higher root). Examples of radical equations follow. 


Vx —-3=2 V2Ix+3=x Vx +24+ V7x+2=6 


Until now your experience has been with linear and quadratic equations. Often you can 
transform a radical equation into a simple linear or quadratic equation. Sometimes the 
transformation process yields extraneous solutions, or apparent solutions that may solve 
the transformed problem but are not solutions of the original radical equation. Therefore, it 
is very important to check your answers. 
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EXAMPLE 1_ Solving an Equation Involving a Radical 
Solve the equation Vx — 3 = 2. 


Solution: 

Square both sides of the equation. (va=3) =" 
Simplify. x—-3=4 
Solve the resulting linear equation. x=7 


The solution set is {7}. 


Check: V7 —3 = V4 = 2 


=H YOUR TURN Solve the equation V3p + 4 = 5. 


When both sides of an equation are squared, extraneous solutions can arise. For example, 
take the equation 


x=2 


If we square both sides of this equation, then the resulting equation, x° = 4, has two 
solutions: x = —2 and x = 2. Notice that the value x = —2 is not in the solution set of the 
original equation x = 2. Therefore, we say that x = —2 is an extraneous solution. 

In solving a radical equation we square both sides of the equation and then solve the 
resulting equation. The solutions to the resulting equation can sometimes be extraneous in 
that they do not satisfy the original radical equation. 


EXAMPLE 2_ Solving an Equation Involving a Radical 
Solve the equation V2x + 3 = x. 


Solution: 

Square both sides of the equation. (V2x + 3)” =x 
Simplify. ax+3=x 
Write the quadratic equation in standard form. x —2x-3=0 
Factor. (x — 3)(x+ 1) =0 
Use the zero product property. x=3 or x=-1 


Check these values to see whether they both make the original equation statement true. 


x= 3: V236)+3=35V643=353VW0=353=3 Vv 
x=-1: V2(-1) + 3 1=> V-24+3 1> V1 l1>1#-1 xX 


The solution is . The solution set is {3}. 


= YOUR TURN Solve the equation V12 + tf 


ll 


=H YOUR TURN Solve the equation V2x + 6 = x + 3. 


= Answer: p = 7 or {7} 


Study Tip 
Extraneous solutions are common 


when we deal with radical equations, 
so remember to check your answers. 


E 
Technology Tip 

Use a graphing utility to display 
graphs of y) = V2x + 3 and 

y2 = xX. 


Plekd Floke Plots 
WHElCzataa 


so BS 
sas 


The x-coordinate of the point of 
intersection is the solution to the 


equation V2x + 3 = x. 


Tnkerseckion 
nes L sf 


= Answer: ¢ = 4 or {4} 


= Answer: x = —1 and x = —3 or 
{=3,— 1} 
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What happened in Example 2? When we transformed the radical equation into a 
quadratic equation, we created an extraneous solution, x = —1, a solution that appears 
to solve the original equation but does not. When solving radical equations, answers must 
be checked to avoid including extraneous solutions in the solution set. 


EXAMPLE 3. Solving an Equation That Involves a Radical 
Solve the equation 4x — 2Vx + 3 = —10. 


Solution: 

Subtract 4x from both sides. 2Vx +3 = —-10- 4x 

Divide both sides by —2. Vx +3 = 2x4 5 

Square both sides. x+3 = (2x + 5)(2x + 5) 
(2x + 5)P 

Eliminate the parentheses. x +3 = 4x? + 20x + 25 

Rewrite the quadratic equation in standard form. 4° + 19x +22 =0 

Factor. (4x + 11)(x + 2) =0 

Solve. aS -| and x= =2 


The apparent solutions are - and —2. Note that -!} does not satisfy the original equation; 
therefore it is extraneous. The solution is [x =—2]. The solution set is {—2}. 


= Answer: x = —1 or {-1 . 
ie! ™ YOUR TURN Solve the equation 2x — 4Vx + 2 = —6. 


CoMMON MISTAKE 


(9 CORRECT Bq iNCORRECT 
Square the expression. Square the expression. 
(3 + Vx + 2) (3 + Vx + 2) 
Write the square as a product of two The error occurs here when only 
factors. individual terms are squared. 
(3 + Vx + 2)(3 + Vx + 2) #9+ (x + 2) 
Use the FOIL method. 


Q) se Woe ae 2 oe (Ge se 2) 


In Examples | through 3 each equation only contained one radical each. The next example 
contains two radicals. Our technique will be to isolate one radical on one side of the 
equation with the other radical on the other side of the equation. 


se 


Solution: 
Subtract Vx + 2 from 
both sides. 


Square both sides. 
Simplify. 


Multiply the expressions on 
the right side of the equation. 


Isolate the term with the radical 
on the left side. 


Combine like terms on the right side. 


Divide by 6. 
Square both sides. 
Simplify. 


Rewrite the quadratic equation 
in standard form. 


Factor. 


Solve. 


The apparent solutions are 2 and 14. Note that x = 14 does not satisfy the original equation; 


Ix+2=6-Vxt+2 


1.4 Other Types of Equations 


EXAMPLE 4_ Solving an Equation with More Than One Radical 
Solve the equation Vx + 2 + V7x + 2 = 6. 


(V7x +2) = (6 - Vx+2) 
Ix +2 = (6- Vx + 2)(6 F 2) 
Tx + 2 = 36 — 12Vx+2+ (+ 2) 


12Vx+2=36+x+2- 7x 


12Vx + 2 = 36 — 6x 
2Vx+2=6-x 
A(x + 2) = (6 — x)’ 


4x + 8 = 36 — 12x +2 


x — 16x + 28 =0 
(x — 14)\(« — 2) = 0 


x=14 and x=2 


therefore it is extraneous. The solution is [x= 2]. The solution set is {2}. 


™ YOUR TURN Solve the equation Vx — 4 =5 —- Vx+ 1. 


PROCEDURE FOR SOLVING RADICAL EQUATIONS 


Step 1: Isolate the term with a radical on one side. 


Step 2: Raise both (entire) sides of the equation to the power that will eliminate this 


radical, and simplify the equation. 
Step 3: Ifa radical remains, repeat Steps | and 2. 


Step 4: 
Step 5: 


Note: If there is more than one radical in the equation, it does not matter which radical 


is isolated first. 


Solve the resulting linear or quadratic equation. 
Check the solutions and eliminate any extraneous solutions. 


2 
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EB 
Technology Tip 

Use a graphing utility to display 
graphs of 

yy = Vx $2 4+ Vix +2 


and y, = 6. 


Plekd Floke  FIsks 
Shi e e e 


2 BE 


The x-coordinate of the point 
of intersection is the solution 
to the equation 


Vxt2+ 


Ix+2=6. 


Trkerseckion 
n=e 1 


Study Tip 


Remember to check both solutions. 


= Answer: x = 8 or {8} 
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Equations Quadratic in Form: u-Substitution 
Equations that are higher order or that have fractional powers often can be transformed into 
a quadratic equation by introducing a u-substitution. When this is the case, we say that 
equations are quadratic in form. In the following table, the two original equations are 
quadratic in form because they can be transformed into a quadratic equation given the 
correct substitution. 


ORIGINAL EQUATION SUBSTITUTION New Equation 
x'-37-4=0 u=x uw —3u-4=0 
PP + 2? +1=0 n=? w+ 2u+1=0 
2 1 
Fh, queen} u=y il? 2uw—-u+1=0 
y Vy 


For example, the equation x* — 3x7 — 4 = 0 is a fourth-degree equation in x. How did 
we know that u = x* would transform the original equation into a quadratic equation? If we 
rewrite the original equation as (x*)” — 3(x”) — 4 = 0, the expression in parentheses is the 
u-substitution. 

Let us introduce the substitution uv = x°. Note that squaring both sides implies u? = x’. 
We then replace x in the original equation with u, and x‘ in the original equation with u’, 
which leads to a quadratic equation in u: u* — 3u — 4 = 0. 


Worps MatH 

Solve for x. x‘ — 3x7 -4=0 
Introduce u-substitution. u = x° [Note that uw? = x*.] 
Write the quadratic equation in u. uw —3u-—4=0 

Factor. (u— 4)\(u+1)=0 

Solve for u. u=4 or u=—l 
Transform back to x, u = x’. r=4 o YP =-l 


Solve for x. 


The solution set is {+2, +7}. 


It is important to correctly determine the appropriate substitution in order to arrive at an 
equation quadratic in form. For example, 7° + 27'° + 1 = 0 is an original equation given 
in the above table. If we rewrite this equation as (t')* + 2(t'°) + 1 = 0, then it becomes 
apparent that the correct substitution is u = ¢'°, which transforms the equation in f into a 
quadratic equation in u: uv? + 2u + 1=0. 


PROCEDURE FOR SOLVING EQUATIONS QUADRATIC IN FORM 


Step 1: Identify the substitution. 

Step 2: Transform the equation into a quadratic equation. 

Step 3: Solve the quadratic equation. 

Step 4: Apply the substitution to rewrite the solution in terms of the original variable. 
Step 5: Solve the resulting equation. 

Step 6: Check the solutions in the original equation. 


EXAMPLE 5 _ Solving an Equation Quadratic in Form 
with Negative Exponents 


Find the solutions to the equation x? — x7! — 12 = 0. 


Solution: 
Rewrite the original equation. a !P-@)-12=0 
Determine the u-substitution. u =x ! [Note that v? = x7] 


The original equation in x corresponds 


to a quadratic equation in u. w—u-12=0 
Factor. (u— 4) + 3) =0 
Solve for u. u=4 or “w=-3 


The most common mistake is forgetting to transform back to x. 


Transform back to x. Let u = x71. x'=4 or x !=-3 
. 1 1 1 

Write x “as —. =4 or = =3 
x x x 

Solve f : : 

olve for x. x=-] o |Ix=-—— 

v y 3 


= YOUR TURN Find the solutions to the equation x * — x"! — 6 = 0. 


EXAMPLE 6 _ Solving an Equation Quadratic in Form 
with Fractional Exponents 


Find the solutions to the equation x77 — 3x'7 — 10 = 0. 


Solution: 

Rewrite the original equation. (x!) — 3x2 - 10 =0 
Identify the substitution as u = x!” uw —3u-10=0 
Factor. (u— 5)\(ut+ 2) =0 
Solve for u. u=5 or u=-2 
Let u = x! again. gl 5 x3 = —2 
Cube both sides of the equations. (x!3)° = (5) (x!3)° = (-2) 
Simplify. x = 125 x=-8 


The solution set is | {—8, 125}|, which a check will confirm. 


= YOUR TURN Find the solution to the equation 2r — St!” — 3 = 0. 
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Use a graphing utility to graph 
y, =x? — xt -12, 


Pletd Flote Plots 
ts a Ee a 


a | 
sas 


The x-intercepts are the solutions to 
this equation. 


Tan edn Le 


HE" SES32E3 1=0 


= Answer: The solution is x = -4 or 
x= I The solution set is {-3, 3}. 

Study Tip 

Remember to transform back to the 

original variable. 
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=| Factorable Equations 


Technology Tip 


Use a graphing utility to graph 


Some equations (both polynomial and with rational exponents) that are factorable can be 


y= x8 — 3x3 — 4x). solved using the zero product property. 
Fiokd Floke Flake ‘ ‘ ‘ A 
BRO CFSE I-sRe ef EXAMPLE 7 _ Solving an Equation with Rational 
ae . 

qea0—de (1s Exponents by Factoring 
The x-intercepts are the solutions to Solve the equation x’* — 3x*? — 4x'° = 0, 
this equation. Solution: 

MBB Macrae Miele a hr Factor the left side of the equation. x!P GO? — 3x —- 4) =0 

Factor the quadratic expression. x'B(x — 4x + 1) =0 


Apply the zero product property. x8=0 or x-4=0 or x+1=0 


Solve for x. or or |x=—1 


The solution set is {—1, 0, 4}. 


EXAMPLE 8 _ Solvinga Polynomial Equation Using 
Factoring by Grouping 


Solve the equation x° + 2x7 -—x-2=0. 


Solution: 

Factor by grouping (Chapter 0). (? — x) + x — 2) =0 
Identify the common factors. x? — 1) + 20°? — 1)=0 
Factor. (x + 2)0? — 1)=0 
Factor the quadratic expression. (x + 2)(x — 1)x + 1) =0 
Apply the zero product property. x+2=0 of x—-1=0 or x+1=0 
Solve for x. x=-2| or [x= or |x=—1 


The solution set is {—2, —1, 1}. 


= Answer: x = —1 orx = +2 


wri), 9 HE YOUR TURN Solve the equation x + x° — 4x — 4 =0. 
ba SECTION 
. SUMMARY 
Radical equations, equations quadratic in form, and factorable Equations Quadratic in Form: Identify the u-substitution 
equations can often be solved by transforming them into simpler that transforms the equation into a quadratic equation. Solve 
linear or quadratic equations. the quadratic equation and then remember to transform back to 
Radical Equations: Isolate the term containing a radical and the original variable. 
raise it to the appropriate power that will eliminate the radical. Factorable Equations: Look for a factor common to all 
Tf there is more than one radical, it does not matter which terms or factor by grouping. 


radical is isolated first. Raising radical equations to powers 
may cause extraneous solutions, so check each solution. 


SECTION 
1.4 EXERCISES 


1. 


5 


9. 
13. 


1.4 Other Types of Equations 


3. (4p — 7)? =5 


7, W5x+2=3 
Wl. ViI24+¢x=x 
15. s=3Vs-—2 


"SKILLS 
In Exercises 1-40, solve the radical equation for the given variable. 
Viwes=2 2. V2t-7=3 
» Vuitl=—-4 6. —-V3-2u=9 
(4y + 1)!8 = -1 10. (5x - 1)!27 =4 
y=5Vy 14. Vy = 7 


17. 
21. 
25. 
29. 
31. 
33. 
35. 
37. 


39 


41. 
44. 
47. 
50. 
53. 
56. 
59. 


62. 


65. 


V2x+6=x+3 18. V8 — 2x = 2x-2 


3Vx +4 - 2x =9 26. 2Vx + 1 -— 3x = —-5 
e-w-S5=x41 
V3x+1- V6x-5=1 
Vx + 12+ V8 —x=6 
V2x-1-Vx-1=1 


3x —-6Vx-1=3 22. 5x —- 10Vx+2=—-1 


19 V1l-3x=x4+1 


0 23. 3x -6Vx1+2=3 


27. Ve -4=x-1 

30. V2 - 8k t+1l=x-3 
32. V2—x+ V6—5x=6 
34. 


4. 
8. 
12. 
16. 


20. 
24. 
28. 


5 x4 
36. V8-x=2 2e°+ 3 


43. 
46. 
49. 
52. 
55. 
58. 
61. 


64. 


67. 


11 = (21 — py’? 
Wi-x=-2 
x= V56 — x 
-—2s=V3-s5 
V2—-x=x-2 
dx -4Vx4+1=4 
V5 —- 2 =x4+1 


xt —37°4+2=0 
x — 174+ 16=0 


A(t — 1° — 9-1) 2 


Qu > +5u!'—12=0 
2 — 22/5 +1= (0) 

(x + 2)*° = 16 

6r 28 == p18 —-jl= 0 


1 4 


@w+t1y @tD~ 


u3 _ 5u23 =-—4 


V3x—-5=7- Vx+2 38. Vet 5=14+ Vx-2 
. V24 Ve = Vx 40. V2- Vax = Vx 
In Exercises 41-70, solve the equations by introducing a substitution that transforms these equations to quadratic form. 
73 42x13 =0 42. x'? —2x'4*=0 
x*— 87+ 16=0 45. 2x4 +7°+6=0 
(2x + 1° +5(2x+1)+4=0 48. (x - 3° + 6 —- 3) + 8=0 
a1 — yy +5(1-y)-12=0 51. x *-— 17x 4+ 16=0 
By *+y!-4=0 54. Sa? + Ila '+2=0 
2x + = 1=0 57. (x + 3)? = 32 
(«t+ DP =4 60. (x — 7/7 = 81 
PVsore—6=0 63. 3 : c= 
«tir («t+ 1) 
1 \ 1 
é - i) € - :) alia si = 1y a lL z 


68. 


In 
71 
75 
79 
83 


Exercises 71-86, solve by factoring. 


. P-— 7 -12x=0 72. 2y- lly + 12y=0 
. w— lou =0 76.  — 81t=0 
. yy — 52 — 14 —5Y =0 80. wv + 3) — 40( + 37 


, P= 2 =O 84. 40° — 9x = 0 


uX8 + 58 = —4 69. 1= WP +6 


73. 4p? — 9p =0 

77. 0° — 5x —9x+45=0 
0:81, 2" —2x" = ag" = 

85. Ps _ 5y!? 4 6y |? =0 


70. 


74. 
78. 
82. 
86. 


u=W-2w - 1 


25x° = Ax 
2p° — 3p’ — 8p + 12 =0 
W3 + y23 — 20u'3 = 0 


4p? = 5p? = 6p '? =0 
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“APPLICATIONS 


In Exercises 87 and 88 refer to the following: 


An analysis of sales indicates that demand for a product during a 
calendar year is modeled by 


d= 3Vt+ 1-—0.75t 


where d is demand in millions of units and ¢ is the month of the 
year where t = 0 represents January. 


87. Economics. During which month(s) is demand 3 million units? 


88. Economics. During which month(s) is demand 4 million units? 


In Exercises 89 and 90 refer to the following: 


Body Surface Area (BSA) is used in physiology and medicine for 
many clinical purposes. BSA can be modeled by the function 


| wh 
ae 
3600 
where w is weight in kilograms and h is height in centimeters. 


89. Health. The BSA of a 72 kilogram female is 1.8. Find the 
height of the female to the nearest centimeter. 


90. Health. The BSA of a 177 centimeter tall male is 2.1. Find the 
weight of the male to the nearest kilogram. 


91. Insurance: Health. Cost for health insurance with a private 
policy is given by C = V10 + a, where C is the cost per day 
and a is the insured’s age in years. Health insurance for a 
6-year-old, a = 6, is $4 a day (or $1460 per year). At what age 
would someone be paying $9 a day (or $3285 per year)? 


92. Insurance: Life. Cost for life insurance is given by 
C = V5a + 1, where C is the cost per day and a is the 
insured’s age in years. Life insurance for a newborn, a = 0, is 
$1 a day (or $365 per year). At what age would someone be 
paying $20 a day (or $7300 per year)? 


93. Stock Value. The stock price of MGI Pharmaceutical (MOGN) 
from March 2004 to June 2004 can be approximately modeled 
by the equation P = 5Vr + 1 + 50, where P is the price of 
the stock in dollars and ¢ is the month with t = 0 correspond- 
ing to March 2004. Assuming this trend continues, when 
would the stock be worth $85? 


MOGN Daily == 5/28/04 5 


60 


50 


40 


Apr May 
94. Grades. The average combined math and verbal SAT score 
of incoming freshmen at a university is given by the equation 
S = 1000 + 102¢, where t is in years and t = 0 corresponds 
to 1990. What year will the incoming class have an average 
SAT score of 1230? 


95. Speed of Sound. A man buys a house with an old well but 
does not know how deep the well is. To get an estimate he 
decides to drop a rock in the opening of the well and time 
how long it takes until he hears the splash. The total elapsed 
time T given by T = t, + hy, is the sum of the time it takes for 
the rock to reach the water, ,, and the time it takes for the 
sound of the splash to travel to the top of the well, t,. The 
time (seconds) that it takes for the rock to reach the water is 


d 
given by t; = 7° where d is the depth of the well in feet. 


Since the speed of sound is 1100 ft/s, the time (seconds) it 


d 
takes for the sound to reach the top of the well is t, = T100° 
If the splash is heard after 3 seconds, how deep is the well? 
96. Speed of Sound. If the owner of the house in Exercise 91 
forgot to account for the speed of sound, what would he have 
calculated the depth of the well to be? 


97. Physics: Pendulum. The period (7) of a pendulum is related 
to the length (L) of the pendulum and acceleration due to 


L 
gravity (g) by the formula T = 2m If gravity is 9.8 m/s? 


and the period is 1 second, find the approximate length 
of the pendulum. Round to the nearest centimeter. Note: 
100 cm = 1 m. 


98. Physics: Pendulum. The period (7) of a pendulum is related 
to the length (L) of the pendulum and acceleration due to 


L , 
gravity (g) by the formula T = ome If gravity is 32 ft/s" and 
8 


the period is 1 second, find the approximate length of the 
pendulum. Round to the nearest inch. Note: 12 in. = 1 ft. 


In Exercises 99 and 100, refer to the following: 


Einstein’s special theory of relativity states that time is relative: Time 
speeds up or slows down, depending on how fast one object is 
moving with respect to another. For example, a space probe traveling 
at a velocity v near the speed of light c will have “clocked” a time 

t hours, but for a stationary observer on Earth that corresponds to 

a time f. The formula governing this relativity is given by 


t= 


99. Physics: Special Theory of Relativity. If the time elapsed on 
a space probe mission is 18 years but the time elapsed on Earth 
during that mission is 30 years, how fast is the space probe 
traveling? Give your answer relative to the speed of light. 


100. Physics: Special Theory of Relativity. If the time elapsed 
on a space probe mission is 5 years but the time 
elapsed on Earth during that mission is 30 years, how 
fast is the space probe traveling? Give your answer 
relative to the speed of light. 


"=CATCH THE MISTAKE 


In Exercises 101-104, explain the mistake that is made. 


101. Solve the equation V3t + 1 = —4. 


Solution: 3r+1= 16 
3t = 15 
t=5 


This is incorrect. What mistake was made? 


102. Solve the equation x = Vx + 2. 


Solution: gS x2 
x= HH 2=0 
(x — 2x + 1) = 0 
x=—-lx=2 


This is incorrect. What mistake was made? 


"CONCEPTUAL 


1.4 Other Types of Equations 139 


103. Solve the equation «°° — x'7 — 20 = 0. 


u =x! 


w—u-—20=0 
(u— 5)\(u + 4) =0 
x=5,x=-4 
This is incorrect. What mistake was made? 


Solution: 


104. Solve the equation x* — 2x” = 3. 


Solution: x -2x°-3=0 
u=x 
w—2u-3=0 
(u— 3)\u+1)=0 
u=—-lu=3 
u=x 
VP=-lxwr= 
x=tl,x=+3 


This is incorrect. What mistake was made? 


In Exercises 105-108, determine whether each statement is true or false. 


105. The equation (2x 
in form. 


1)° + 4(2x — 1)? + 3 = 0 is quadratic 


106. The equation P° + 2P + 1 = 0 is quadratic in form. 
CHALLENGE 


109. Solve Ve = x. 
110. Solve V2 = —x. 


111. Solve the equation 3x7 + 2x = V3x° + 2x without 
squaring both sides. 


"TECHNOLOGY 


115. Solve the equation Vx — 3 = 4 — Vx + 2. Plot both sides 
of the equation in the same viewing screen, y,; = Vx — 3 
and y, = 4 — Vx + 2, and zoom in on the x-coordinate 
of the point of intersection. Does the graph agree with your 
solution? 


116. Solve the equation 2Vx + I = 1 + V3 — x. Plot both 
sides of the equation in the same viewing screen, 
y, = 2Vx + Tandy, = 1 + V3 — x, and zoom in on 
the x-coordinate of the points of intersection. Does the 
graph agree with your solution? 


117. Solve the equation —4 = Vx + 3. Plot both sides of the 
equation in the same viewing screen, y, = —4 and 
y) = Vx + 3. Does the graph agree or disagree with 
your solution? 


107. If two solutions are found and one does not check, then the 
other does not check. 


108. Squaring both sides of Vx + 2 + Vx = Vx + 5 leads 
toxt+t2+x=x+5. 


112. Solve the equation 3x7? — °° — 2x18 = 0. 
113. Solve the equation Vx + 6+ V11l +x =5V3 +x. 
114. Solve the equation Vv 2xWxVx = 2. 


118. Solve the equation x!4 = —4x!? + 21. Plot both sides of 
the equation in the same viewing screen, y, = x! and 
y, = —4x!? + 21. Does the point(s) of intersection agree 
with your solution? 


119. Solve the equation x!” = —4x'4 + 21, Plot both sides of 
the equation in the same viewing screen, y, = x!” and 


y, = —4x'4 + 21. Does the point(s) of intersection agree 
with your solution? 


120. Solve the equation x"! = 3x* — 10. Plot both sides of 
the equation in the same viewing screen, y, = x ' and 
y, = 3x? — 10. Does the point(s) of intersection agree 
with your solution? 

121. Solve the equation x * = 3x! — 10. Plot both sides of 
the equation in the same viewing screen, y, = x * and 
y, = 3x_' — 10. Does the point(s) of intersection agree 
with your solution? 
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SECTION 
1.5 LINEAR INEQUALITIES 


Graphing Inequalities and Interval Notation 
An example of a linear equation is 3x — 2 = 7. On the other hand, 3x — 2 < 7 is an example 
of a linear inequality. One difference between a linear equation and a linear inequality is that 
the equation has at most only one solution, or value of x, that makes the statement true, 
whereas the inequality can have a range or continuum of numbers that make the statement 
true. For example, the inequality x = 4 denotes all real numbers x that are less than or equal to 
4. Four inequality symbols are used. 


Symbol In Words 
< Less than 
> Greater than 
< 


Less than or equal to 


lV 


Greater than or equal to 


We call < and > strict inequalities. For any two real numbers a and b, one of three things 
must be true: 


a<b or a=b or a>b 


This property is called the trichotomy property of real numbers. 

If x is less than 5 (x < 5) and x is greater than or equal to —2 (x = —2), then we can 
represent this as a double (or combined) inequality, —2 < x < 5, which means that x is 
greater than or equal to —2 and less than 5. 

We will express solutions to inequalities in four ways: an inequality, a solution set, an 
interval, and a graph. The following are ways of expressing all real numbers greater than or 
equal to a and less than b. 


Inequality Solution Interval 

Notation Set Notation Graph/Number Line 

asx<b {x|asx<b} [a, b) es > or ————) _ > 
a b a b 


In this example, a is referred to as the left endpoint and b is referred to as the right endpoint. 
If an inequality is a strict inequality (< or >), then the graph and interval notation use 
parentheses. Tf it includes an endpoint (= or S), then the graph and interval notation use 
brackets. Number lines are drawn with either closed/open circles or brackets/parentheses. In 
this text the brackets/parentheses notation will be used. Intervals are classified as follows: 


Open (, ) Closed [, ] Half open (, ] or [, ) 


1.5 Linear Inequalities 


LET X BE A REAL NUMBER. 


X IS... INEQUALITY Set NOTATION INTERVAL GRAPH 

greater than a and — 

less than b a<x<b {x]|a<x<b} (a, b) a b 

greater than or equal {+} > 

to aand less than b asx<b {x|asx<b} [a, b) a b 

greater than a and £ - 5 

less than or equal to b a<x=b {x|a<x=sb} (a, b] a b 

greater than or equal 

to a and less than a> 

or equal to b asx=b {x|asx=sb} [a, b] 

less than a x<a {x|x<a} (—2, a) —— 

less than or equal to a xa {x|x Sa} (—%, a] <—- ——_}—_> 

a 

greater than b x>b {x|x>b} (b, &) ee es 
b 

greater than or equal to b x=b {x|x = b} [b, %) — 
b 

all real numbers R R (—%, 0) =< > 


1. 


Infinity (©) is not a number. It is a symbol that means continuing indefinitely to 
the right on the number line. Similarly, negative infinity (—~) means continuing 
indefinitely to the left on the number line. Since both are unbounded, we use a 
parenthesis, never a bracket. 

In interval notation, the lower number is always written to the left. 


Write the inequality in interval notation: —1 < x < 3. 


€3cORRECT  [-1,3) E4incorRRECT 33, -1] 


EXAMPLE 1_ Expressing Inequalities Using Interval 
Notation and a Graph 


Express the following as an inequality, an interval, and a graph. 


a. x is greater than —3. 

b. x is less than or equal to 5. 

c. x 1s greater than or equal to —1 and less than 4. 

d. x is greater than or equal to 0 and less than or equal to 4. 
Solution: Inequality Interval 
ax>-3 (—3, ©) 


b. x <5 (—%, 5] 
ce -1=x<4 8 [-1,4 


d.0<x<4 [0, 4] 


Since the solutions to inequalities are sets of real numbers, it is useful to discuss two 
operations on sets called intersection and union. 
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= Answer: 
CUD = [-3,5] 
> 
—3 5 
CND = (0, 3) 


hs 


0 3 


Study Tip 

If you multiply or divide an 
inequality by a negative number, 
remember to change the direction 
of the inequality sign. 


DEFINITION Union and Intersection 


The union of sets A and B, denoted A U B, is the set formed by combining all the 
elements in A with all the elements in B. 


AUB = {x|x is in A or B or both} 


The intersection of sets A and B, denoted AM B, is the set formed by the elements 
that are in both A and B. 


ANB = {x|xisin A and B} 


The notation “x | x is in” is read “‘all x such that x is in.” The vertical line represents 
“such that.” 


As an example of intersection and union, consider the following sets of people: 
A = {Austin, Brittany, Jonathan} B = {Anthony, Brittany, Elise} 
Intersection: AB = {Brittany} 
Union: AUB = {Anthony, Austin, Brittany, Elise, Jonathan} 


EXAMPLE 2_ Determining Unions and Intersections: 
Intervals and Graphs 


If A = [—3, 2] and B = (1, 7), determine A U B and A M B. Write these sets in interval notation, 

and graph. 

Solution: Interval notation 
[—3, 2] 


(1, 7) 


[-3,7) 
, 2] 


= YOUR TURN If C = [-—3, 3) and D = (0, 5], find CUD and CN D. Express the 
intersection and union in interval notation, and graph. 


Solving Linear Inequalities 
As mentioned at the beginning of this section, if we were to solve the equation 3x — 2 = 7, 
we would add 2 to both sides, divide by 3, and find that x = 3 is the solution, the only value 
that makes the equation true. If we were to solve the linear inequality 3x — 2 = 7, we 
would follow the same procedure: add 2 to both sides, divide by 3, and find that x = 3, 
which is an interval or range of numbers that make the inequality true. 

In solving linear inequalities we follow the same procedures that we used in solving 
linear equations with one general exception: if you multiply or divide an inequality by a 
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negative number, then you must change the direction of the inequality sign. For example, 
if —2x < —10, then the solution set includes real numbers such as x = 6 and x = 7. Note 
that real numbers such as x = —6 and x = —7 are not included in the solution set. 
Therefore, when this inequality is divided by —2, the inequality sign must also be reversed: 
x >5.Ifa<b,then ac < beifc >Oandac > be ifc < 0. 

The most common mistake that occurs when solving an inequality is forgetting to 
change the direction of, or reverse, the inequality symbol when the inequality is multiplied 
or divided by a negative number. 


INEQUALITY PROPERTIES 


Procedures That Do Not Change the Inequality Sign 
1. Simplifying by eliminating parentheses 3(x — 6) <6x — x 


and collecting like terms. ae = 13 < Se 
2. Adding or subtracting the same Tse ar) 2 DY) 

quantity on both sides. ie 
3. Multiplying or dividing by the Se SS 15 

same positive real number. wS3 


Procedures That Change (Reverse) the Inequality Sign 


1. Interchanging the two sides x = 4 is equivalent to 4 = x 
of the inequality. 
2. Multiplying or dividing by the =o & 1D 1s equingllant 2 = —3 


same negative real number. 


EXAMPLE 3. Solving a Linear Inequality 
Solve and graph the inequality 5 — 3x < 23. 


Solution: 

Write the original inequality. 2 Br 23 
Subtract 5 from both sides. —3x < 18 
Divide both sides by —3 and reverse 73x = 18 
the inequality sign. =3 =3 
Simplify. x >-6 


Solution set: | {x |x > —6}) Interval notation: Graph: 


= YOUR TURN Solve the inequality 5 = 3 — 2x. Express the solution in set and 
interval notation, and graph. 


EB 
Technology Tip 

Use a graphing utility to display 
graphs of y, = 5 — 3x and y) = 23. 


Pletd Floke FIsks 
WH Bo-3A 


hed — 
a | 


The solutions are the x-values such 
that the graph of y, = 5 — 3x 
is below that of y, = 23. 


Tnterseckion 
n= "6 


= Answer: Solution set: {x |x <= —1} 
Interval notation: (—, —1] 


Graph: <> 
=I 
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vy CAUTION 


Cross multiplication should not be 
used in solving inequalities. 


CHAPTER 1 Equations and Inequalities 


EXAMPLE 4 _ Solving Linear Inequalities with Fractions 
4+ 3x 


2 


. . Ox 
Solve the inequality rs 


ComMMON MISTAKE 


A common mistake is using cross multiplication to solve inequalities. The reason 
cross multiplication should not be used is because the expression by which you are 
multiplying might be negative for some values of x, and that would require the 
direction of the inequality sign to be reversed. 


€3 CORRECT KqINCORRECT 
Eliminate the fractions by multiplying by —_ Cross multiply. 3(4 + 3x) S 2(5x) 
the LCD, 6. Pane anus 
The error is in cross multiplying. 
5x dl te Bhi 
| = }) = © 

3 2 

Simplify. 


10x = 3(4 + 3x) 
Eliminate the parentheses. 
Oye Ss 2 ae Oye 


Subtract 9x from both sides. 


Although it is not possible to “check” inequalities since the solutions are often intervals, 
it is possible to confirm that some points that lie in your solution do satisfy the inequality. 
It is important to remember that cross multiplication cannot be used in solving inequalities. 


EB 
Technology Tip | aa 


Use a graphing utility to display 
graphs of y, = —2, y) = 3x + 4, and 
y3 = 16. 


Flokd Flokz Fok 
oa al [=| Se 


Seb sats 
~YsBie 


The solutions are the x-values such 
that the graph of y. = 3x + 4 is 
between the graphs of y; = —2 and 
y3 = 16 and overlaps that of y; = 16. 


Tnkerseckion 
Hey E 


Y=16 


EXAMPLE 5_ Solving a Double Linear Inequality 
Solve the inequality -2<3x+4= 16. 


Solution: 


a 
This double inequality can be written as two inequalities. —2<3x+4=16 
FT 
—2<3x + 4and3x +4= 16 


3x = 12 


Both inequalities must be satisfied. 


Subtract 4 from both sides of each inequality. —6 <3x and 


Divide each inequality by 3. —2<x and x=s4 


Combining these two inequalities gives us —2 < x S 4 in inequality notation; 
in interval notation we have (—2, ce) M (—oo, 4] or (—2, 4]. 


Notice that the steps we took in solving these inequalities individually were identical. This 
leads us to a shortcut method in which we solve them together: 


Write the combined inequality. —2<3x+4=16 


Subtract 4 from each part. —-6<3x=12 


Divide each part by 3. —2<x=4 


Interval notation: |(—2, 4] 


For the remainder of this section we will use the shortcut method for solving inequalities. 
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EXAMPLE 6 _ Solving a Double Linear Inequality 


=2 = 3% 


Solve the inequality 1 = 7 < 4. Express the solution set in interval notation, and graph. 
Solution: 
: as ; . =2 = 3x 
Write the original double inequality. l= aa 7a <4 
Multiply each part by 7. 7S =2 => 3x < 28 
Add 2 to each part. 9-= —3x < 30 
Divide each part by —3 and reverse the inequality signs. 3:2 > = 10 
Write in standard form. -10<x=-3 


Interval notation: |(—10, —3]| Graph: | 
=—10 =3 


EXAMPLE 7 _ Solving a Double Linear Inequality 


Solve the inequality x — 1 = 4x — 4 = x + 8. Express the solution in interval notation. 


Solution: 

Subtract x from all three parts. =1=37-4=83 
Add 4 to all three parts. 3 = 3x = 12 
Divide all three parts by 3. lsxs4 
Express the solution in interval notation. [1, 4] 


= Answer: (-4, 3) 


= YOUR TURN Solve the inequality 2x + 1 << 4x + 2 < 2x + 5. Express the solution 
in interval notation. 


Ee 
Technology Tip 
Use a graphing utility to display 


Applications Involving Linear Inequalities graphs of y, = 23, y) = 32 + 3x, 
and y; = 86. 
Flokd Flake FIoke 
EXAMPLE s_ Temperature Ranges “iti eS 
red = Pe 


New York City on average has a yearly temperature range of 23 degrees Fahrenheit to +s BS6 
86 degrees Fahrenheit. What is the range in degrees Celsius given that the conversion H=H 
relation is F = 32 + 2C? 


The solutions are the x-values such 
that the graph of y. = 32 + 2x is 


Solution: 
between the graphs of y, = 23 and 

The temperature ranges from 23°F to 86°F. 23 =F = 86 y3 = 86 and overlaps both graphs. 

9 
Replace F using the Celsius conversion. 23: 32+ 5° = 86 

9 

Subtract 32 from all three parts. -9=—-C = 54 
Multiply all three parts by z. =—$:= C= 30 


Tnkerseckion 
nes 


eel el: |- 


New York City has an average yearly temperature range of |—S°C to 30°C |. : 
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PD | EXAMPLE 9 Comparative Shopping 


Two car rental companies have advertised weekly specials on full-size cars. Hertz is 
advertising an $80 rental fee plus an additional $0.10 per mile. Thrifty is advertising 
$60 and $0.20 per mile. How many miles must you drive for the rental car from Hertz 
to be the better deal? 


Solution: 


Let x = number of miles driven during the week. 


Write the cost for the Hertz rental. 80 + O.1x 

Write the cost for the Thrifty rental. 60 + 0.2x 

Write the inequality if Hertz is less than Thrifty. 80 + 0.1x < 60 + 0.2x 
Subtract 0.1x from both sides. 80 < 60 + 0.1x 
Subtract 60 from both sides. 20 < 0.1x 
Divide both sides by 0.1. 200 < x 


You must drive more than 200 miles for Hertz to be the better deal. 


a SECTION 
» SUMMARY 
The solutions of linear inequalities are solution sets that can be Linear inequalities are solved using the same procedures as linear 
expressed four ways: equations with one exception: When you multiply or divide by 
1. Inequality notation acne a negative number, you must reverse the inequality sign. 
2. Set notation {a8 | AK KSD} —_ aesrsnccnnesnsesssecsssecnvecenscssscessccssscsssconsccnsccssecessecnvccansssssccsssssisceneccusssiiesssccnissenssess 
3. Interval notation (a, b] Note: Cross multiplication cannot be used with inequalities. 
4. Graph (number line) ——+}+— 


a b 
SECTION 
1.5 EXERCISES 


"SKILLS 


In Exercises 1-16, rewrite in interval notation and graph. 


1. x23 2.x< -2 3. 4=5 4.x>-7 

» 2S 253 6. -4S5x=-1 Ie “SZ SxS9 8 0<x<6 

9. 0O=x=0 10: =7 SxS =7 11. x =6andx=4 12. x > —-3andx =2 
13. x= —6andx= —8 14. x<8andx<2 15. x >4andx = —2 16. x = —S andx < —6 


In Exercises 17-24, rewrite in set notation. 
17. [0, 2) 18. (0, 3] 19. (—7, —2) 20. [-3, 2] 
21. (—~, 6] 22. (5, ©) 23. (—%, ©) 24, [4, 4] 
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In Exercises 25-32, write in inequality and interval notation. 


25. ttt tt ptt ttf 26. —|+—_—}——$} $+ +} +--+ > 
—-10 =) 0 BS) 10 =i 0 1 
27. ooo 28. I YP 
3 5 4 8 
29. —|—++_ +++ +-+-+-+-+}+> 30. ae +H > 
=5 0 5 —10 —5 0 5 10 
31. —<—_—_____}____L> 32. cum 
8 =2 
In Exercises 33-50, graph the indicated set and write as a single interval, if possible. 
33. (—5, 2] U(-1, 3) 34. (2, 7)U[-S, 3) 35. [—6, 4) U[—2, 5) 36. [—3, 1) U[-6, 0) 
37. (—o, 1] MN [-1, o) 38. (—2, —5)N(—%, 7] 39. (—x%, 4)N [1, 2) 40. (—3, ©) N[—5, «) 
41. [—5,2)N[-1, 3] 42. [-4, 5) N[-2, 7) 43. (—00, 4) U (4, «) 44. (—x, —3] U[—3, «) 
45. (—%, —3] U[3, ») 46. (—2, 2)N[-3, 1] 47. (—2, 0) M (—3, 2] 48. (—20, 0) U(—4, 7) 


49. (—6, —2)N[1, 4) 50. (—o0, —2) N(—1, «) 


In Exercises 51-58, write in interval notation. 


2 3 o 5 0 a 
53. <—__—_} {—} > _ ES 
—4 2 5 =12 —5 =2 
a $6, —<—___}_______+-___» 
—4 =) 3 7 —2 0 2 
37, <__+_—_}+_+_} > —————— os 
-6 3 0 4 =3 ze 


In Exercises 59-90, solve and express the solution in interval notation. 


59, x -3<7 60... +4>9 61. 3x-2<4 62. 3x +7 = -8 

63. —Sp = 10 64. —4u < 12 65.3 —2x<7 66. 4 —3x>-17 

67. —1.8x+2.5>3.4 68. 2.7x — 1.3 <68 69. 3(¢ + 1) > 2 70. 2(y + 5) < 3(y — 4) 
x2 x y—3 y 

TL. 7-21 —x >54+3x-2) 72.4-32 +x <5 i 8s i 8S— 

75, 1? = ~4 223 i yaa eage <6). Woe See 

730 Ys at = ge Ms ae 3 4° 42 

19, -2<x+3<5 80. 1<x+6<12 81. -8<4+2r<8 82. 0<2+x<5 

83, =3<1=2=9 84.3=-2-5x=13 85.0<2-4y<4 86.3 <5A-3<7 

1 Lk yp 3 2-2 1 
ere Bie os, BW -Wra0es leas 90. 7.1 >4.7 — 12x> 11 
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“APPLICATIONS 


91. Weight. A healthy weight range for a woman is given by 
the following formula: 


= 110 pounds for the first 5 feet (tall) 
= 2-6 pounds per inch for every inch above 5 feet 


Write an inequality representing a healthy weight, w, for 
a5 foot 9 inch woman. 


92. Weight. NASA has more stringent weight allowances for 
its astronauts. Write an inequality representing allowable 
weight for a female 5 foot 9 inch mission specialist given 
105 pounds for the first 5 feet, and 1-5 pounds per inch for 
every additional inch. 


93. Profit. A seamstress decides to open a dress shop. Her fixed 
costs are $4000 per month, and it costs her $20 to make 
each dress. If the price of each dress is $100, how many 
dresses does she have to sell per month to make a profit? 


94. Profit. Labrador retrievers that compete in field trials 
typically cost $2000 at birth. Professional trainers charge 
$400 to $1000 per month to train the dogs. If the dog is a 
champion by age 2, it sells for $30,000. What is the range 
of profit for a champion at age 2? 


In Exercises 95 and 96 refer to the following: 
The annual revenue for a small company is modeled by 
R = 5000 + 1.75x 


where x is hundreds of units sold and R is revenue in thousands 
of dollars. 


95. Business. Find the number of units (to the nearest 100) that 
must be sold to generate at least $10 million in revenue. 


96. Business. Find the number of units (to the nearest 100) that 
must be sold to generate at least $7.5 million in revenue. 


In Exercises 97 and 98 refer to the following: 


The Target or Training Heart Rate (THR) is a range of heart rate 
(measured in beats per minute) that enables a person’s heart and 
lungs to benefit the most from an aerobic workout. THR can be 
modeled by the formula 


THR = (AR pax ~ AR,est) x i + AR est 


where HR,,,,, 1s the maximum heart rate that is deemed safe for the 
individual, HR,,,, is the resting heart rate, and / is the intensity of 
the workout that is reported as a percentage. 


97. Health. A female with a resting heart rate of 65 beats per 
minute has a maximum safe heart rate of 170 beats per minute. 
If her target heart rate is between 100 and 140 beats per 
minute, what percent intensities of workout can she consider? 


98. Health. A male with a resting heart rate of 75 beats per minute 
has a maximum safe heart rate of 175 beats per minute. If his 
target heart rate is between 110 and 150 beats per minute, 
what percent intensities of workout can he consider? 


99. Cost: Cell Phones. A cell phone company charges $50 
for an 800-minute monthly plan, plus an additional $0.22 
per minute for every minute over 800. If a customer’s bill 
ranged from a low of $67.16 to a high of $96.86 over a 
6-month period, what were the most minutes used in a 
single month? What were the least? 


100. Cost: Internet. An Internet provider charges $30 per 
month for 1000 minutes of DSL service plus $0.08 for 
each additional minute. In a one-year period the 
customer’s bill ranged from $36.40 to $47.20. What 
were the most and least minutes used? 


101. Grades. In your general biology class, your first three test 
scores are 67, 77, and 84. What is the lowest score you can 
get on the fourth test to earn at least a B for the course? 
Assume that each test is of equal weight and the minimum 
score required to earn a B is an 80. 


102. Grades. In your Economics I class there are four tests and a 
final exam, all of which count equally. Your four test grades 
are 96, 87, 79, and 89. What grade on your final exam is 
needed to earn between 80 and 90 for the course? 


103. Markups. Typical markup on new cars is 15-30%. If the 
sticker price is $27,999, write an inequality that gives the range 
of the invoice price (what the dealer paid the manufacturer for 
the car). 


104. Markups. Repeat Exercise 103 with a sticker price of $42,599. 


105. Lasers. A circular laser beam with a radius ry is transmitted 
from one tower to another tower. If the received beam radius 
rp fluctuates 10% from the transmitted beam radius due to 
atmospheric turbulence, write an inequality representing the 
received beam radius. 


106. Electronics: Communications. Communication systems 
are often evaluated based on their signal-to-noise ratio (SNR), 
which is the ratio of the average power of received signal, S, 
to average power of noise, N, in the system. If the SNR is 
required to be at least 2 at all times, write an inequality 
representing the received signal power if the noise can 
fluctuate 10%. 


107. Real Estate. The Aguileras are listing their house with a 
real estate agent. They are trying to determine a listing price, 
L, for the house. Their realtor advises them that most buyers 
traditionally offer a buying price, B, that is 85-95% of the 
listing price. Write an inequality that relates the buying 
price to the listing price. 


108. Humidity. The National Oceanic and Atmospheric 
Administration (NOAA) has stations on buoys in the oceans 
to measure atmosphere and ocean characteristics such as 
temperature, humidity, and wind. The humidity sensors have 
an error of 5%. Write an inequality relating the measured 
humidity h,,, and the true humidity /,. 


109. Recreation: Golf. Two friends enjoy playing golf. Their 


favorite course charges $40 for greens fees (to play the 
course) and a $15 cart rental (per person), so it currently 
costs each of them $55 every time they play. The 
membership offered at that course is $160 per month. The 
membership allows them to play as much as they want (no 
greens fees), but does still charge a cart rental fee of $10 
every time they play. What is the least number of times 
they should play a month in order for the membership to be 
the better deal? 


110. 
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Recreation: Golf. The same friends in Exercise 109 have 
a second favorite course. That golf course charges $30 for 
greens fees (to play the course) and a $10 cart rental (per 
person), so it currently costs each of them $40 every time 
they play. The membership offered at that course is $125 
per month. The membership allows them to play as much 
as they want (no greens fees), but does still charge a cart 
rental fee of $10. What is the least number of times they 
should play a month in order for the membership to be the 
better deal? 


The following table is the 2007 Federal Tax Rate Schedule for people filing as single: 


TAX BRACKET # IF TAXABLE INCOME IS OVER— BuT NOT OVER— THE TAX IS: 
I $0 $7,825 10% of the amount over $0 
Il $7,825 $31,850 $782.50 plus 15% of the amount over 7,825 
Ul $31,850 $77,100 $4,386.25 plus 25% of the amount over 31,850 
IV $77,100 $160,850 $15,698.75 plus 28% of the amount over 77,100 
Vv $160,850 $349,700 $39,148.75 plus 33% of the amount over 160,850 
VI $349,700 No limit $101,469.25 plus 35% of the amount over 349,700 


111. Federal Income Tax. What is the range of federal income 


taxes a person in tax bracket III will pay the IRS? 


=CATCH THE MISTAKE 


In Exercises 113-116, explain the mistake that is made. 


113. Rewrite in interval notation. 


-lsx<4 
= 0 2 4 6 
(1, 4] 


This is incorrect. What mistake was made? 


114. Graph the indicated set and write as a single interval if 
possible. 
[—2, 4), 6] 
—2 0 2 + 6 
[—2, 6] 


This is incorrect. What mistake was made? 


112. Federal Income Tax. What is the range of federal income 


taxes a person in tax bracket IV will pay the IRS? 


115. Solve the inequality 2 — 3p = —4 and express the solution 
in interval notation. 


Solution: 


2—-3ps -4 

—3p =—-6 
ps2 
(—%, 2] 


This is incorrect. What mistake was made? 


116. 


Solve the inequality 3 — 2x <= 7 and express the solution 


in interval notation. 


Solution: 


3 24 = 77 
—2x = 4 
Kz H2 
(—o, —2] 


This is incorrect. What mistake was made? 
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"CONCEPTUAL 


In Exercises 117 and 118, determine whether each statement is In Exercises 123 and 124, select any of the statements a — c that 


true or false. could be true. 
117. Ifx <a, thena>x. 118. If —x =a, thenx = — a. an=0 b. n>0 ce n<O 
123. m+n<m-n 124. m+n=m-n 


In Exercises 119-122, select any of the statements a — d that 
could be true. 


a. m>Oandn>0 b. m<Oandn<0O 
c. m>Oandn <0 d. m<Oandn>0O 
119. mn >0 120. mn <0 
121. “> 0 102, 6 
n n 


CHALLENGE 


125. Solve the inequality x = —x mentally (without doing any 127. Solve the inequality ax + b < ax — c, whereO <b<ce. 


alge Desc apempulanon 128. Solve the inequality —ax + b<—ax + c, whereO<b<c. 


126. Solve the inequality x > —x mentally (without doing any 
algebraic manipulation). 


"TECHNOLOGY 


129. a. Solve the inequality 2.7x + 3.1 <9.4x —2.5. 132. a. Solve the inequality x —2<3x+4=2x+ 6. 
b. Graph each side of the inequality in the same viewing b. Graph all three expressions of the inequality in the same 
screen. Find the range of x-values when the graph of the viewing screen. Find the range of x-values when the 
left side lies below the graph of the right side. graph of the middle expression lies above the graph of 
c. Do (a) and (b) agree? the left side and on top of and below the graph of the 
right side. 


130. a. Solve the inequality —0.5x + 2.7 > 4.1x — 3.6. 
b. Graph each side of the inequality in the same viewing 
screen. Find the range of x-values when the graph of the 133. a. Solve the inequality x + 3<x+ 5. 
left side lies above the graph of the right side. b. Graph each side of the inequality in the same viewing 
c. Do (a) and (b) agree? screen. Find the range of x-values when the graph of the 
left side lies below the graph of the right side. 
c. Do (a) and (b) agree? 


c. Do (a) and (b) agree? 


131. a. Solve the inequality x —3<2x-1<x+4. 
b. Graph all three expressions of the inequality in the same 


viewing screen. Find the range of x-values when the 134. a. Solve the inequality 5x =3.> —}x + 1. 

graph of the middle expression lies above the graph of b. Graph each side of the inequality in the same viewing 

the left side and below the graph of the right side. screen. Find the range of x-values when the graph of the 
c. Do (a) and (b) agree? left side lies above the graph of the right side. 


c. Do (a) and (b) agree? 


SECTION POLYNOMIAL AND RATIONAL 
1.6 INEQUALITIES 


In this section we will focus primarily on quadratic inequalities, but the procedures outlined are 
also valid for higher degree polynomial inequalities. An example of a quadratic inequality is 
x° + x — 2 < 0. This statement is true when the value of the polynomial on the left side is 
negative. For any value of x, a polynomial has either a positive, negative, or zero value. A 
polynomial must pass through zero before its value changes from positive to negative or from 
negative to positive. Zeros of a polynomial are the values of x that make the polynomial equal 
to zero. These zeros divide the real number line into test intervals where the value of the 
polynomial is either positive or negative. For example, if we set the above polynomial equal to 
zero and solve: 


xr +x—-2=0 
(x + 2)(x -— 1) =0 
x=-2 or x=1 
we find that x = —2 and x = | are the zeros. These zeros divide the real number line into 
three test intervals: (—%, —2), (—2, 1), and (1, ©). 
——_—_+—__+—_>—— 
-2 1 
Since the polynomial is equal to zero at x = —2 and x = 1, the value of the polynomial 


in each of these three intervals is either positive or negative. We select one real number that 
lies in each of the three intervals and test to see whether the value of the polynomial at each 
point is either positive or negative. In this example, we select the real numbers: x = —3, 
x = 0, and x = 2. At this point, there are two ways we can determine whether the value of 
the polynomial is positive or negative on the interval. One approach is to substitute each of 
the test points into the polynomial x” + x — 2. 


x=-3 (-3 + (-3)-2=9-3-2=4 Positive 

x=0 (0 + (0) -2=0-0-2=-2 Negative 

x=2 2° +(2)-2=44+2-2=4 Positive 
The second approach is to simply determine the sign of the result as opposed to actually 
calculating the exact number. This alternate approach is often used when the expressions or 


test points get more complicated to evaluate. The polynomial is written as the product 
(x + 2)(x — 1); therefore, we simply look for the sign in each set of parentheses. 


(x + 2)(x — 1) 
x = —3: (-3 + 2-3 — D = I-A) > (I) =) 
x =0: 0 + 30-1) = W-YoHO=O 
x =2: (2 + 2)(22 — 1) = (4)0) —(4+)(4+) = (4) 
y= CG) C=) =>) (HC) = C+) 
-3 0 2 


x $R=250 AY x +x-2>0 


Vu 
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In this second approach we find the same result: (—~, —2) and (1, ©) correspond to a 
positive value of the polynomial, and (—2, 1) corresponds to a negative value of the 
polynomial. 

In this example, the statement x* + x — 2 < 0 is true when the value of the polynomial 
(in factored form), (x + 2)(x — 1), is negative. In the interval (—2, 1), the value of the 
polynomial is negative. Thus, the solution to the inequality x° + x — 2 < 0 is (—2, 1). To 
check the solution, select any number in the interval and substitute it into the original 
inequality to make sure it makes the statement true. The value x = —1 lies in the interval 
(—2, 1). Upon substituting into the original inequality, we find that x = —1 satisfies the 
inequality ( 1? + (-)-2=-2<0. 


Study Tip PROCEDURE FOR SOLVING POLYNOMIAL INEQUALITIES 
If the original polynomial is < 0, then Step 1: Write the inequality in standard form. 
the interval(s) that yield(s) negative Ste p Demtdenn fy HEROS 


products should be selected. If the 2 : 
Grisinal polynominlis > 0, then'the Step 3: Draw the number line with zeros labeled. 


interval(s) that yield(s) positive Step 4: Determine the sign of the polynomial in each interval. 
products should be selected. Step 5: Identify which interval(s) make the inequality true. 
Step 6: Write the solution in interval notation. 


Note: Be careful in Step 5. If the original polynomial is < 0, then the interval(s) that 
correspond(s) to the value of the polynomial being negative should be selected. If the 
original polynomial is > 0, then the interval(s) that correspond(s) to the value of the 
polynomial being positive should be selected. 


e 
Technology Tip 
Use a graphing utility to display } EXAMPLE 1_ Solving a Quadratic Inequality 


graphs of y, = .x° — x and y, = 12. aka 
Solve the inequality x° — x > 12. 
Fioki Flake Flokz 


Wd Be Solution: 
wieBl2 es ; 
aes Step 1 Write the inequality in standard form. eS = 12,0 
~~ 4=H 
Factor the left side. (x + 3)\(x - 4) >0 
The solutions are the x-values such ‘ = 
that thepraphi of y, hes abovedie Step 2. Identify the zeros. (x + 3)\a - 4 =0 
graph of yp. x=-3 or x=4 
Step 3 Draw the number line with «< > 
the zeros labeled. =3 4 
Step 4 Determine the sign of VI) =O) 4) =) 4) = (4) 
(x + 3)(x — 4) in each 
interval. -4 -3 0 4 5 


Tnkerseckion 
n= oS 


Step 5 Intervals in which the value of the 
polynomial is positive make this 
inequality true. (—%, —3) or (4, ~) 


STEP 6 Write the solution in interval notation. (—o, —3)U (4, 00) 


eases i EH YOUR TURN Solve the inequality x” — 5x < 6 and express the solution in interval 


notation. 
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The inequality in Example 1, x” — x > 12, is a strict inequality, so we use parentheses 
when we express the solution in interval notation (—o, —3) U (4, ). It is important to note 
that if we change the inequality sign from > to =, then the zeros x = —3 and x = 4 also 
make the inequality true. Therefore the solution to x — x= 12 is (—x, —3] U4, ). 


EXAMPLE 2 _ Solving a Quadratic Inequality 
Solve the inequality x” < 4. 


vy CAUTION 
COMMON MISTAKE 
The square root method cannot be 
Do not take the square root of both sides. You must write the inequality in standard used for quadratic inequalities. 


form and factor. 


(9 CORRECT Eq incorRRECT 
Step 1: Write the inequality in standard ERROR: 
form. Take the square root of both sides. 
a0) eS se 
Factor. 


(be = Dye ar 2B) = O 
Step 2: Identify the zeros. 
(x — 2)x% + 2) =0 


x = 2andx = —2 


Step 3: Draw the number line with the 
zeros labeled. 


—_  @ 3; > 
—2 p 


Step 4: Determine the sign of 
(x — 2)(x + 2), in each interval. 
OOM =H  WO=0 CCH = CH) 
=a =2 0 2 a 
Step 5: Intervals in which the value 
of the polynomial is negative 
make the inequality true. 
(—2, 2) 
The endpoints, x = —2 and x = 2, 
satisfy the inequality, so they are 
included in the solution. 


Step 6: Write the solution in interval 
notation. 


[=2, 2] 
When solving quadratic 
inequalities, you must first write 


the inequality in standard form 
and then factor to identify zeros. 


Not all inequalities have a solution. For example, x” < 0 has no real solution. Any real 
number squared is always nonnegative, so there are no real values that when squared will 
yield a negative number. The zero is x = 0, which divides the real number line into two 
intervals: (—%, 0) and (0, ©). Both of these intervals, however, correspond to the value of 
x° being positive, so there are no intervals that satisfy the inequality. We say that this 
inequality has no real solution. 
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Study Tip 


When solving quadratic 
inequalities, you must first write the 
inequality in standard form and then 
factor to identify zeros. 


vy CAUTION 


Do not divide inequalities by a 
variable. 


EXAMPLE 3_ Solving a Quadratic Inequality 


Solve the inequality x? + 2x = —3. 


Solution: 
Step 1 Write the inequality in standard form. xr +2x+320 
Step 2 Identify the zeros. x+2x+3=0 
: —2 + V2?-4(1)@) 
Apply the quadratic formula. x= 
2(1) 
a oe 2 + 2iV2 
Simplify. x= 5 = > : =-1+iv2 


Since there are no real zeros, the quadratic expression x” + 2x + 3 never equals zero; hence 
its value is either always positive or always negative. If we select any value for x, say, x = 0, 
we find that (0)? + 2(0) + 3 = 0. Therefore the quadratic expression is always positive, so 


the solution is the set of all real numbers, [(—e, 0]. 


EXAMPLE 4_ Solving a Quadratic Inequality 
Solve the inequality x* > —5x. 
COMMON MISTAKE 


A common mistake is to divide by x. Never divide by a variable, because the value of 
the variable might be zero. Always start by writing the inequality in standard form and 
then factor to determine the zeros. 


(9 CORRECT Eq iNCORRECT 
Step 1: Write the inequality in standard Write the original inequality. 
form. Wis Sey 
ge + Se > 
F ERROR: 
actor: Divide both sides by x. 
OF ae SD) = 0 
Step 2: Identify the zeros. ae 
x =0,x=—5 Dividing by x is the mistake. If x is 


negative, the inequality sign must be 


Step 3: Draw the number line with the tee Win ee oa 


zeros labeled. 


Se ee a eo 
= 0 


Step 4: Determine the sign of x(x + 5) 
in each interval. 


Qe) =) (ie = @) Chica = Ga 
<< 
-6 -5 -1 0 1 


Step 5: Intervals in which the value of 
the polynomial is positive satisfy 
the inequality. 

(—00, =5)) and (0, ©) 

Step 6: Express the solution in interval 

notation. 


(—o, —5)U (0, 0) 
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EXAMPLE 5 _ Solvinga Quadratic Inequality 


Solve the inequality x7 + 2x < 1. 


EB 
Technology Tip 


Solution: Using a graphing utility, graph 
Write the inequality in standard form. ve +2x-1<0 yy =? + 2xand y) = 1. 
Identify the zeros. V?+2x-1=0 Plokd Flake Flake 
. * i BE +2 
2+ V2 — 4(1((-1) 82H 
Apply the quadratic formula. x= 1 
@) The solutions are the x-values such 
; : =e V3 9) =p wW2 that the graph of y, lies below the 
Simplify. x= 5 = 5 =-14+V2 graph of yy. 
Draw the number line with the intervals labeled. }—({—+——+++_}_ > 
=3 —2 =) 0 1 
Note: -1 — V2 © -241 7 ‘i 
-1+ V2*041 -1-V2 =1 +2 
Test each interval. 2 
Intersection 
n=.414e1356 TH1 
(—0, -1 — V2) x=-3:  (-3P + 2(7-3)-1=2>0 
Note that: 
-1-— vV2,-1+ V2 = 0: 2+ 2:0)-1=-1< 
( V2, V2) x=0 (0) (0) 0 -{-Jt24 
5 “2. 414213562 
(-1 + V2, «) x=1: (ay +20)-1=2>0 “14/23 
24142135624 
Intervals in which the value of the polynomial 
is negative make this inequality true. (=1 — V2,-1+ V2) 
aabsSesecsu vee sbeseavevtesvassvancucbscetntubt essa tveaduccecyavecostasevsy cass edtas svnusvescevesentirec aia inde essa nears dvasitave’ ters exch ecvet nde —— 
= YOUR TURN Solve the inequality x7 — 2x = 1. Ge, 1- v2 |ulI 4 V2, 00) 
EXAMPLE 6 _ Solving a Polynomial Inequality 
Solve the inequality x7 — 3x” = 10x. 
Solution: 
Write the inequality in standard form. x — 3x — 10x =0 
Factor. x(x — 5)(x + 2)=0 
Identify the zeros. x=0,x=5,x = —-2 
Draw the number line with the zeros (intervals) labeled. 
> 
-2 0 5 
Test each interval. 
(“--) (“-)+) (+--+) (YH) 
(©) —2 (+) 0 (-) 5 (+) 


Intervals in which the value of the polynomial 
is positive make this inequality true. [—2, 0] U[5, %) 


= Answer: (—«, —2 )U(0, 3) 


= YOUR TURN Solve the inequality x* — x? — 6x < 0. 
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Study Tip 


Values that make the denominator 


equal to zero are always excluded. 


E 
Technology Tip 


Use a graphing utility to display 
x3 


graph of y,; = 


2 


r-4 


Plekd Floke FIoks 
Lt 


The solutions are the x-values such 
that the graph of y, lies on top and 
above the x-axis, excluding x = 4 


= Answer: [—2, 1) 


E2. 


Rational Inequalities 

Rational expressions have numerators and denominators. Recalling the properties of 
negative real numbers (Chapter 0), we see that the following possible combinations 
correspond to either positive or negative rational expressions. 


(+) _ (-)_ (-)_ (+) _ 
(+) CF) (-) (=) 
A rational expression can change signs if either the numerator or denominator changes 
signs. In order to go from positive to negative or vice versa, you must pass through 
H=3 
xv —4 
to the one used for solving polynomial inequalities, with one exception. You must eliminate 
values for x that make the denominator equal to zero. In this example, we must eliminate 


(+) =) Ct) aa 


zero. Therefore, to solve rational inequalities such as = 0 we use a similar procedure 


x = —2 and x = 2 because these values make the denominator equal to zero. Rational 
inequalities have implied domains. In this example, x # +2 is a domain restriction and 
these values (x = —2 and x = 2) must be eliminated from a possible solution. 


We will proceed with a similar procedure involving zeros and test intervals that was 
outlined for polynomial inequalities. However, in rational inequalities once expressions 
are combined into a single fraction, any values that make either the numerator or the 
denominator equal to zero divide the number line into intervals. 


EXAMPLE 7 _ Solvinga Rational Inequality 


= 3 
Solve the inequality = 0. 

bee” | 
Solution: 

: (x — 3) 
Factor the denominator. ——_—_— = 
(x — 2)(x + 2) 

State the domain restrictions on the variable. x#2,x # —-2 
Identify the zeros of numerator and denominator. x= -2,x=2,x=3 


Draw the number line and divide into intervals. 


=—2 2 3 
Test the intervals. 
© fe) © (+) 
(x — 3) oo oa "oa joo 
eee a) -3 |, 0 a. = | @ 
Intervals in which the value of the rational (—2,2) and (3, &) 


expression is positive satisfy this inequality. 


Since this inequality is greater than or equal to, we include x = 3 in our solution because it 
satisfies the inequality. However, x = —2 and x = 2 are not included in the solution because 
they make the denominator equal to zero. 


The solution is | (—2, 2) U[3, 2) ). 


F 4 2 
= YOUR TURN Solve the inequality 
e= 


1.6 Polynomial and Rational Inequalities 157 


EXAMPLE 8 _ Solving a Rational Inequality 


= 5 
Solve the inequality * <0. 
x 9 
Solution: 
Identify the zero(s) of the numerator. x=5 


Note that the denominator is never 
equal to zero when x is any 
real number. 


: async ea A ~= | > 
Draw the number line and divide into intervals. 5 
Test the intervals. (-) (+) 
_— : a O eH 
The denominator is always positive. 
~« | > 
3 
Intervals in which the value of the rational 
expression is negative satisfy the inequality. (—o0, 5) 


Notice that x = 5 is not included in the solution because of the strict inequality. 


x+4 = Answer: [—4, «) 
2 


vr+25 


= YOUR TURN Solve the inequality 


EXAMPLE 9 Solvinga Rational Inequality 


Solve the inequality = 3. 
x +2 
COMMON MISTAKE pio riceicencl _ 
Rational inequalities should not be 
Do not cross multiply. The LCD or expression by which you are multiplying might be solved using cross multiplication. 


negative for some values of x, and that would require the direction of the inequality 
sign to be reversed. 


(> CORRECT Ed incoORRECT 
Subtract 3 from both sides. ERROR: 
x Do not cross multiply. 
=3=0 
ep 2 se Ge =P 2) 


Write as a single rational expression. 
ae = 3G? ae 2) 
———————<= 

aap 2 

Eliminate the parentheses. 

x = she = © 
a @) 
gear 2 
Simplify the numerator. 
=2he = © 
———_s= 
sap 2 
Factor the numerator. 
=e 4 3) 
——_—< 
ag ap 2 
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Identify the zeros of the numerator and 
the denominator. 


x=-3 and x=-—2 
Draw the number line and test the intervals. 
=Xor ae 3) 
a 
ie ae 


Qi) OM GIG) 
= (Ge) eS (+) (4) () 


= 3) 2 


Intervals in which the value of the 
rational expression is negative satisfy 
the inequality, (—%, —3] and (—2, ~). 
Note that x = —2 is not included in the 
solution because it makes the denominator 
zero, and x = —3 is included because it 
satisfies the inequality. 

The solution is: 


(com 502 ico) 


Applications 


EXAMPLE 10 _ Stock Prices 


From November 2003 until March 2004 Wal-Mart stock (WMT) was worth approximately 
P = 2f — 12r + 70, where P denotes the price of the stock in dollars and f corresponds to 
months. November 2003 is represented by t = 1, December 2003 by t = 2, January 2004 
by t = 3, and so on. During what months was the stock value at least $54? 


WMT Daily = 5/27/04 6S 
60 
55 
JI JAS ON D 04 FM AM at 
Solution: 
Set the price greater than or equal to 54. 2° —12t+ 70254 151r<5 
Write in standard form. 2 — 12t+16=0 
Divide by 2. (? — 6 + 8) =0 
Factor. (t— 4\(t — 2) =0 
Identify the zeros. t=4 and t=2 
Test the intervals. (t — 4\(t — 2) =0 
OOH) OWM=0 HM=@) 
“= o =e 4 5 
Positive intervals satisfy the inequality. [1,2] and [4,5] 


The Wal-Mart stock price was at least $54 during November 2003, December 2003, 
February 2004, and March 2004. 


©, SECTION 


» 4 


SUMMARY 


The following procedure can be used for solving polynomial and 


rational inequalities. 
1. Write in standard form—zero on one side. 
2. Determine the zeros; if it is a rational function, note the 
domain restrictions. 
Polynomial Inequality 
— Factor if possible. 
— Otherwise, use the quadratic formula. 


"SKILLS 


SECTION 
1.6 EXERCISES 
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Rational Inequality 

— Write as a single fraction. 

— Determine values that make the numerator or denominator 
equal to zero. Always exclude values that make the 
denominator = 0. 


3. Draw the number line labeling the intervals. 

4. Test the intervals to determine whether they are positive or 
negative. 

5. Select the intervals according to the sign of the inequality. 

6. Write the solution in interval notation. 


In Exercises 1-28, solve the polynomial inequality and express the solution set in interval notation. 


1. xe -—3x- 1020 


2. x7 +2x-3<0 


5. p +4p<-3 6. p? — 2p = 15 
9. 5v-1>6y 10. 12° <37r+ 10 
13. y+ 2y=4 14. +3y=1 
17. w=3u 18. vw? = —4u 
21. xP >9 22. x = 16 
25. 2 > -16 26. 2 =-2 


3. w—5u-6<0 


4. w — 6u—40>0 


7.2P°-3t 8. 3° = —-5t+2 
11. 2s? — 5s = 3 12. 85+ 12S -s° 
15. °° — 4x <6 16. °° —2x>5 
19. —2x =< —-x 20. -3x <x 

23. P<81 24, P = 49 

27. yy < -4 28. y? <-25 


In Exercises 29-58, solve the rational inequality and graph the solution on the real number line. 


29. we eG 30. 2 <0 
xX x 
t+3 2t — 5 
js =0 34. <0 
3 t—4 t=—6 
37. 3 =0 38. =—~ <0 
y= 25 x —9 
a, 2 = 5 4, =F 
t+2 4-t 
x x 
45. <0 46. =0 
5+ x 54x 
2: 2 
= —1 
49, V7? = 0 50. ~ <0 
yv—3 y+] 
3 1 2 
53. - < 54. a 
3 x+4 eS 2 : x= 5 5 aoe | 
1 1 3 2 1 
57. 58. 
p-2 pt+2 p-4 2p — 3 


31, —_ > 0 32, —" 20 
yr 3 22> y 
+] +5 
35. -—— =0 36. > = 0 
4- 5s 4-5 
Be + ete) 
Ca cae 0, 
3 3 
3p — 2p? 3+ 7 +2 
Pees z Ve eee 
4—p 2-p p-— 100° p+ 10 
eae! ee 
47. 5 >0 48. -“— <0 
x + 16 x +4 
2 1 1 1 
51. > 52. + <0 
t—3 t+3 t=2 t+2 
1 1 2 — 48 1 1 
55. e a <2 
p+4 p-4 p- 16 p-3 pt3 


< 
pt+1 2p-p-3 
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“APPLICATIONS 


59. Profit. A Web-based embroidery company makes 
monogrammed napkins. The profit associated with producing 
x orders of napkins is governed by the equation 


P = —x? + 130x — 3000 


Determine the range of orders the company should accept in 
order to make a profit. 


60. Profit. Repeat Exercise 59 using P = x° — 130x + 3600. 


61. Car Value. The term “upside down” on car payments refers 
to owing more than a car is worth. Assume you buy a new 
car and finance 100% over 5 years. The difference between 
the value of the car and what is owed on the car is governed 


by the expression Des where ft is age (in years) of the car. 


Determine the time period when the car is worth more than 
‘39 
=3 : 


t 
When do you owe more than it’s worth S < 0)? 


you owe (; 


2 St 
62. Car Value. Repeat Exercise 61 using the expression — ae 


63. Bullet Speed. A .22-caliber gun fires a bullet at a speed of 
1200 feet per second. If a .22-caliber gun is fired straight 
upward into the sky, the height of the bullet in feet is given 
by the equation h = —16f° + 1200, where f is the time in 
seconds with t = 0 corresponding to the instant the gun is 
fired. How long is the bullet in the air? 


64. Bullet Speed. A .38-caliber gun fires a bullet at a speed of 600 
feet per second. If a .38-caliber gun is fired straight upward into 
the sky, the height of the bullet in feet is given by the equation 
h = —16f + 600r. How many seconds is the bullet in the air? 


65. Geometry. A rectangular area is fenced in with 100 feet of 
fence. If the minimum area enclosed is to be 600 square feet, 
what is the range of feet allowed for the length of the rectangle? 


"CATCH THE MISTAKE 


In Exercises 71-74, explain the mistake that is made. 


71. Solve the inequality 3x < x°. 


Solution: 
Divide by x. 3<x 
Write the solution in interval notation. (3, ~) 


This is incorrect. What mistake was made? 


66. Stock Value. From June 2003 until April 2004, JetBlue airlines 
stock (JBLU) was approximately worth P = —4° + 801 — 360, 
where P denotes the price of the stock in dollars and t 
corresponds to months, with t = 1 corresponding to January 
2003. During what months was the stock value at least $36? 


JBLU Daily = 


5/27/04 
50 


40 


30 


20 


JI JAS ON D04FM AM 


In Exercises 67 and 68 refer to the following: 


In response to economic conditions, a local business explores the 
effect of a price increase on weekly profit. The function 


P= =3@ + 3)(4 = 24) 


models the effect that a price increase of x dollars on a bottle of 
wine will have on the profit P measured in dollars. 


67. Economics. What price increase will lead to a weekly profit 
of less than $460? 


68. Economics. What price increases will lead to a weekly profit 
of more than $550? 


69. Real Estate. A woman is selling a piece of land that she 
advertises as 400 acres (+7 acres) for $1.36 million. If you 
pay that price, what is the range of dollars per acre you have 
paid? Round to the nearest dollar. 


70. Real Estate. A woman is selling a piece of land that she 
advertises as 1000 acres (+10 acres) for $1 million. If you 
pay that price, what is the range of dollars per acre you have 
paid? Round to the nearest dollar. 


72. Solve the inequality u? < 25. 


Solution: 
Take the square root of both sides. u<—5 
Write the solution in interval notation. (—%, —5) 


This is incorrect. What mistake was made? 


2 


x —4 
73. Solve the inequality > 0. 
xb 2 
Solution: 
Factor the numerator and (x — 2)(x + 2) 
denominator. (x + 2) 
Cancel the (x + 2) common factor. x—-2>0 
Solve. x>2 


This is incorrect. What mistake was made? 
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x+4 1 


74. Solve the inequality 


Solution: 


Cross multiply. 

Eliminate the parentheses. 
Combine like terms. 
Divide both sides by 4. 


3(x + 4) < —1(x) 
Be 12 = =x 
4x < -12 
x= -3 


This is incorrect. What mistake was made? 


In Exercises 75 and 76, determine whether each statement is true or false. Assume that a is a positive real number. 


75. Ifx <a’, then the solution is (—™, a). 


76. If x =a’, then the solution is [a, ©). 


CHALLENGE 


77. Assume the quadratic inequality ax” + bx + c < 0 is true. 


If b? — 4ac < 0, then describe the solution. 


78. Assume the quadratic inequality ax” + bx + c > O is true. 


If b? — 4ac < 0, then describe the solution. 


In Exercises 79-82, solve for x given that a and b are both positive real numbers. 


2 


79, -r <a 80. 


"TECHNOLOGY 


es 2 


xra a 
Iapz? 82. 5 < -b 


81. 


In Exercises 83-90, plot the left side and the right side of each inequality in the same screen and use the zoom feature to 
determine the range of values for which the inequality is true. 


83. 1.4x? — 7.2x + 5.3 > —8.6x + 3.7 88. x + 3x -—5 =x? + 2x 4+ 10 
84. 17x° + 50x — 19 < 9x7 + 2 2p 
89. —— > 1 
85. 11x? < 8x + 16 5 —p 
“i 2 3 
86. Ox +73 >032—41 90, P< 
87. x<x° —3x<6-2x P 
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SECTION ABSOLUTE VALUE EQUATIONS 
1.7 AND INEQUALITIES 


Equations Involving Absolute Value 


The absolute value of a real number can be interpreted algebraically and graphically. 
Algebraically, the absolute value of 5 is 5, or in mathematical notation, |5| = 5; and the 
absolute value of —5 is 5 or |—5| = 5. Graphically, the absolute value of a real number is 
the distance on the real number line between the real number and the origin; thus the 
distance from 0 to either —5 or 5 is 5. 


5 0 5 


DEFINITION Absolute Value 


The absolute value of a real number a, denoted by the symbol |a|, is defined by 


He a, ini @ = © 
we | =a) ata 20 


The absolute value of a real number is never negative. When a = —5, this definition says 
|-5] = -(-5) =5. 


PROPERTIES OF ABSOLUTE VALUE 


For all real numbers a and b, la 
a 
1. |a| =0 Py ||=@l| = |lal 3. |abl =|a||b| 4. =— 620 


~ (pl 


a 


b 


Absolute value can be used to define the distance between two points on the real number line. 


DISTANCE BETWEEN TWO POINTS ON 
THE REAL NUMBER LINE 


If a and b are real numbers, the distance between a and bd is the absolute value of 
their difference given by |a — b| or |b — al. 
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EXAMPLE 1 Finding the Distance Between Two 
Points on the Number Line 


Find the distance between —4 and 3 on the real number line. 
Solution: 


The distance between —4 and 3 is given 


by the absolute value of the difference. |-4 — 3] = |-7|=7 
Note that if we reverse the numbers 
the result is the same. 3 — (-4| = [7] = 7 
We check this by counting the units 7 
. | 
between —4 and 3 on the number line. pop joj oj 4 4 4 g 4 4 — 
—4 0 3 


When absolute value is involved in algebraic equations, we interpret the definition of 
absolute value as follows. 


DEFINITION Absolute Value Equation 


If |x| = a, then x = —a or x = a, where a = 0. 


In words, “if the absolute value of a number is a, then that number equals —a or a.” For 
example, the equation |x| = 7 is true if x = —7 or x = 7. We say the equation |x| = 7 has 
the solution set {—7, 7}. Note: |x| = —3 does not have a solution because there is no value 
of x such that its absolute value is —3. 


E 
Technology Tip 
(©) EXAMPLE 2 Solving an Absolute Value Equation Ses papain ualy Incnely 


graphs of y, = |x — 3] and y, = 8. 
Solve the equation |x — 3] = 8 algebraically and graphically. 


Filgki Flak Flats 


Solution: wy Babstn-3 
: ; a V7 2BS 
Using the absolute value equation definition, we see that if the absolute value of an expres- ce | 


sion is 8, then that expression is either —8 or 8. Rewrite as two equations: 
The x-coordinates of the points of 


x—-—3=—8 or x—3=8 intersection are the solutions to 
x= -5 ei ae 
The solution set is {—5, 11}. 
Graph: The absolute value equation |x — 3| = 8 is interpreted as “what numbers are 


eight units away from 3 on the number line?” We find that eight units to the 
right of 3 is 11 and eight units to the left of 3 is —5. 


8 8 
— SSS ee 
a 2 
a 0 3 11 


= Answer: x = 2 or x = —12. The 


= YOUR TURN Solve the equation |x + 5| = 7. solution'set is. {—12; 2) 
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EXAMPLE 3_ Solving an Absolute Value Equation 


Study Tip 
ree comgte ere caer Solve the equation |1 — 3x| = 7. 
Rewrite an absolute value equation 
as two equations. Solution: 
If the absolute value of an expression is 7, l=24>s7 o 1 3e-7 
then that expression is —7 or 7. Bem ae utes 
8 
x=> x=-2 
3 
The solution set is {—2, $I 
= Answer: x = —3 or x = 2. The 


LI i — 
colitionaek in t-4. 0% YOUR TURN Solve the equation |1 + 2x| = 5. 


)) EXAMPLE 4 Solving an Absolute Value Equation 


Solve the equation 2 — 3|x — 1] = —4|x — 1] +7. 
Solution: 


Isolate the absolute value expressions to one side. 


Add 4|x — 1| to both sides. 24+ |x-1|=7 
Subtract 2 from both sides. jx -—1[=5 
If the absolute value of an expression x-1=-5 or x-1= 
is equal to 5, then the expression is x= —-4 x= 


equal to either —5 or 5. 


The solution set is |{—4, 6}}. 


= Answer: x = —4 or x = 12. 
The solution set is {—4, 12}. 


= YOUR TURN Solve the equation 3 — 2|x — 4] = —3|x — 4] + 11. 


EXAMPLE 5 _ Finding That an Absolute Value 
Equation Has No Solution 


Solve the equation |1 — 3x| = —7. 
Solution: 


The absolute value of an expression is never negative. Therefore no values of x make this 
equation true. 


1.7 Absolute Value Equations and Inequalities 


EXAMPLE 6 _ Solving a Quadratic Absolute Value Equation 


Solve the equation |5 — x*| = 1. 


Solution: 
If the absolute value of an expression is 1, 5-x=-1 o 5-¥Y=1 
that expression is either —1 or 1, which es er 
leads to two equations. 

xr =6 r=4 


The solution set is { 2. Vo} : 


= YOUR TURN Solve the equation |7 — x°| = 2. 


Inequalities Involving Absolute Value 


To solve the inequality |x| < 3, look for all real numbers that make this statement true. Some 


numbers that make it true are —2, — 3, —1,0, i 1, and 2. Some numbers that make it false are 


—7, —5, —3.5, —3, 3, and 4. If we interpret this inequality as distance, we ask what numbers 
are less than three units from the origin? We can represent the solution in the following ways. 


Inequality notation: —3<x<3 


Interval notation: (—3, 3) 
3 3 
Graph: 4 + 
-3 0 3 


Similarly, to solve the inequality |x| = 3, look for all real numbers that make the statement 
true. If we interpret this inequality as a distance, we ask what numbers are at least three units 
from the origin? We can represent the solution in the following three ways. 


Inequality notation: x= —30rx 23 


Interval notation: (—o, —3]U[3, «) 
3 3 
eee 
Graph: =< HH HH HH HE > 
—3 0 3 


This discussion leads us to the following equivalence relations. 


PROPERTIES OF ABSOLUTE VALUE INEQUALITIES 


1. |x| <a is equivalent to = KES SSS SS) 


i 0 a 
2, || S @ is equivalent to —4=x=a a Sa 
ie 0 a 
a, |b SS @ is equivalent to x<-aorx>a ~<— (—>> 
=i 0 a 
4, |x| =a is equivalent to x=-aoxza —=<—J -_—> > 
=i 0 a 
Note: a> 0. 


It is important to realize that in the above four properties the variable x can be any algebraic 
expression. 


= Answer: x = + 
The solution set is { 


165 
Sorx = +3. 
V5, +3}. 
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7 EXAMPLE 7 _ Solving an Inequality Involving an Absolute Value 
Technology Tip & Solve the inequality |3x — 2| = 7. 
Use a graphing utility to display graphs Solution: 


of y, = |3x — 2| and y, = 7. 
We apply property (2) and squeeze the absolute 


Filaki Flak Floks 


aaah eas value expression between —7 and 7. —T= 3% > 27 
wee? Add 2 to all three parts. =5 = 3x =.9 

The values of x where the graph of y, _ 5 

lies on top and below the graph of y, Divide all three parts by 3. 3 =x=3 


are the solutions to this inequality. 


The solution in interval notation is [- 3, 3] . 


Graph: |= +++ 4+ 4}_+4-+-+- +--+ 


= YOUR TURN Solve the inequality |2x + 1| < 11. 


Tnkerseckion 
nes L Y= 


= Answer: Inequality notation: 
—6 <x <5. Interval notation: 


(—6, 5). 
a ~ It is often helpful to note that for absolute value inequalities, 
= less than inequalities can be written as a single statement (see Example 7). 
= greater than inequalities must be written as two statements (see Example 8). 
Study Tip EXAMPLE 8 _ Solving an Inequality Involving an Absolute Value 


Less than inequalities can be written 


aeocdinlediemenk Solve the inequality |1 — 2x| > 5. 


Greater than inequalities must be Solution: 

a eee Apply property (3). 1-2%<-5 or 1-2x>5 
Subtract 1 from all expressions. =2% <= 6 —2x>4 
Divide by —2 and reverse the inequality sign. x>3 x<—2 
Express the solution in interval notation. (—, —2)U(3, 0) 
Graph: = —~——-—++- -++—}_ + + + +++ 


= Answer: Inequality notation: x = 2 


ake = 3: Interval notation: = YOUR TURN Solve the inequality |5 — 2x| = 1. 


(—o0, 2] U[3, «). 


Notice that if we change the problem in Example 8 to |1 — 2x| > —5, the answer is all real 
numbers because the absolute value of any expression is greater than or equal to zero. 
Similarly, |1 — 2x] < —5 would have no solution because the absolute value of an expression 
can never be negative. 
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lad EXAMPLE 9 _ Solving an Inequality Involving an Absolute Value 


Solve the inequality 2 — |3x| < 1. 


Solution: 
Subtract 2 from both sides. —|3xl<-1 
Multiply by (—1) and reverse the inequality sign. |3xl>1 
Apply property (3). 3x<-1 or 3x>1 
noe F os 1 i 
Divide both inequalities by 3. e< 3 x> 3 
nee : 1 1 
Express in interval notation. (-= = 5) U (5 ~) 
Graph. ST aL I a 
101 
3 3 
77 SECTION 
SUMMARY 
Absolute value equations and absolute value inequalities are Inequalities 
solved by writing the equations or inequalities in terms of two 
equations or inequalities. Note: A > 0. |x| <A  isequivalentto -—A<x<A 
Equations |x| > A isequivalentto x < —Aorx >A 
|x] =A isequivalentto x = —Aorx=A 
SECTION 
1.7 EXERCISES 
=SKILLS 
In Exercises 1-38, solve the equation. 
1. |x| =3 2. |x| = 2 3. |x| = —4 4. |x| = —2 
5. |t+3|/=2 6. |¢-— 3) =2 7. |p—7|=3 8. |p +7|=3 
9. |4—y|=1 10. |2—y|= 11 11. |[3x| = 9 12. |[5x| = 50 
13. |2x+7|=9 14. |2x — 5|=7 15. [3¢ — 9| = 3 16. |4¢ + 2| =2 
17. |7 — 2x|=9 18. |6 — 3y| = 12 19. |1 — 3y|=1 20. [5 — x| =2 
21. (4.7 — 2.12| = 3.3 22. |5.2x + 3.7] = 2.4 23. [x - 3] = 3 24, |x + 3) =4 
25. |x—5|+4=12 26. |x + 3|-9=2 27. 3|x —2|+1=19 28. 2|1 —x|-4=2 


29. 5=7-|2—x 30. -1=3-—|x —3] 31. 2|p +3) -— 15 =5 32. 8—3|p—4|=2 
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33. 5|y —2|- 10 =4|y —2| -3 34. 3-—|y+9/=11-3|y+9| 35. |4-xe|=1 36. |7 —2x|=3 
37. |r t+ 1[=5 38. |x -— 1] =5 

In Exercises 39-70, solve the inequality and express the solution in interval notation. 

39, |x| <7 40. |y| <9 41. |y|=5 42. |x| =2 

43. |x + 3|<7 44, |x + 2| <4 45. |x —4|>2 46. |x — 1|<3 

47. |4—-x|<1 48. |1 — y| <3 49, |2x| > —3 50. |2x| < —3 

51. |2r+ 3) <5 52. |3r-—5|>1 53. |7 — 2y|=3 54. |6 — 5y| <1 

55. |4 — 3x|=0 56. |4 — 3x|=1 57. 2|4x| -9 = 3 58. 5|x -1| +257 
59. 2Jx + 1|-3 $7 60. 3|x — 1|-5>4 61. 3 — 2|x+ 4| <5 62. 7 — 3|x + 2|= —-14 
63. 9 — 2x] <3 64.4—|x+1)>1 65. ln - al <5 , PS* >= 
67. |2.6x + 5.4| < 1.8 68. |3.7 — 5.5x| > 4.3 69. |r -— 1] <8 70. |x° + 4] = 29 


In Exercises 71-76, write an inequality that fits the description. 


71. Any real numbers less than seven units from 2. 
73. Any real numbers at least 5 unit from 3. 


75. Any real numbers no more than two units from a. 


“APPLICATIONS 


77. Temperature. If the average temperature in Hawaii is 83°F 
(+£15°), write an absolute value inequality representing the 
temperature in Hawaii. 


78. Temperature. If the average temperature of a human is 
97.8°F (+1.2), write an absolute value inequality describing 
normal human body temperature. 


79. Sports. Two women tee off the green of a par-3 hole on a 
golf course. They are playing “closest to the pin.” If the first 
woman tees off and lands exactly 4 feet from the hole, write 
an inequality that describes where the second woman must 
land in order to win the hole. What equation would suggest a 
tie? Let d = the distance from where the second woman 
lands to the tee. 


80. Electronics. A band-pass filter in electronics allows certain 
frequencies within a range (or band) to pass through to the 
receiver and eliminates all other frequencies. Write an 
absolute value inequality that allows any frequency f within 
15 Hertz of the carrier frequency f, to pass. 


74, Any real number no more than 3 units from =. 


72. Any real numbers more than three units from —2. 


ll 


76. Any real number at least a units from —3. 


In Exercises 81 and 82 refer to the following: 


A company is reviewing revenue for the prior sales year. The 
model for projected revenue and the model for actual revenue are 


R = 200 + 5x 


projected ~ 


Recmat = 210 + 4.8x 


where x represents the number of units sold and R represents the 
revenue in thousands of dollars. Since the two revenue models are 
not identical, an error in projected revenue occurred. This error is 
represented by 


E= | Rorojected — Ractuail 


81. Business. For what number of units sold was the error in 
projected revenue less than $5000? 


82. Business. For what number of units sold was the error in 
projected revenue less than $3000? 
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=CATCH THE MISTAKE 


In Exercises 83-86, explain the mistake that is made. 


83. Solve the absolute value equation |x — 3| = 7. 85. Solve the inequality |5 — 2x| < 1. 
Solution: Solution: 
Eliminate the absolute value symbols. x-3=7 Eliminate the absolute value symbols. = —1<5—2x<1 
Add 3 to both sides. x= 10 Subtract 5. -65-2x=-4 
Check. |10 — 3| =7 Divide by —2. 3S%=2 
This is incorrect. What mistake was made? Write the solution in interval notation. (—0o, 2] U[3, «) 


fa ; 7 
84, Solve the inequality |x — 3] <7. This is incorrect. What mistake was made? 


Solution: 86. Solve the equation |5 — 2x| = —1. 
Eliminate the absolute KH 3L—7 of x= 3S 7 Solution: 5-2x=-1l1 or 5-2x=1 
value symbols. 
—2x = -6 —2x = -4 
Add 3 to both sides. x<—4 x>10 
x=3 x= 2 


The solution is (~%, —4) U(10, ~). a 
The solution is {2, 3}. 
This is incorrect. What mistake was made? 
This is incorrect. What mistake was made? 


=CONCEPTUAL 


In Exercises 87-90, determine whether each statement is true In Exercises 91-96, assuming a and b are real positive 


or false. numbers, solve the equation or inequality and express the 
87. —|m| <m<|ml| solution in interval notation. 
. =al< ° = | = 
88. |r| =n? 91. |x-—al<b 92. |a—x|>b 
> ee 
89. |m + n| = |m| + |n| is true only when m and n are both socal alias sa oa 
nonnegative. 95. |x -—al=b 
90. For what values of x does the absolute value equation 96. |x -—a|l=—b 
|x — 7] =x — 7 hold? 
CHALLENGE 
97. For what values of x does the absolute value equation 98. Solve the inequality |3 2 — Tx + 2|> 8. 
|x + 1] =4 +4 |x — 2| hold? 
"TECHNOLOGY 
99. Graph y, = |x — 7| and y, = x — 7 in the same screen. Do 102. Solve the inequality |2.7x? — 7.9x + 5| < |5.3x? — 9.2 by 
the x-values where these two graphs coincide agree with your graphing both sides of the inequality and identify which 
result in Exercise 90? x-values make this statement true. 


100. Graph y, = |x + 1| and y, = |x — 2| + 4 in the same screen. x 
Do the x-values where these two graphs coincide agree with x+1 


your result in Exercise 97? inequality, and identify which x-values make this statement true. 


103. Solve the inequality < 1 by graphing both sides of the 


101. Graph y, = [3x2 — 7x + 2| and y, = 8 in the same screen. Do 
the x-values where y, lies above y, agree with your result in 


Exercise 98? inequality, and identify which x-values make this statement true. 


104. Solve the inequality aa < 2 by graphing both sides of the 
x 


CHAPTER 1 INQUIRY-BASED LEARNING PROJECT 
Equivalent Equations and Extraneous Solutions 


A general strategy for solving all the various types of equations you encountered in 
this chapter can be summarized as follows: From a given equation, perform algebraic 
operations on both sides in order to generate equivalent equations. Remember, 
equivalent equations have the same solution set. 


1. Consider first a linear equation: 3x — 1 = 5. 
a. Use a graphing utility to show y, = 3x — 1 and yy = 5 and determine the point 
of intersection. Make a sketch and label it. 
b. How does the graph in part (a) relate to the solution set of the equation 
B= | = 8 


c. To solve the equation 3x — 1 = 5 algebraically, the first step is to add 1 to both 
sides of the equation, as follows: 


ge= 1 = 8 
qe] 4b) 
Eire = 6 


Use a graphing utility to show y; = 3x and yo = 6, and determine the point of 
intersection. Make a sketch and label it. How does this graph relate to the 
equation 3x = 6? 

d. The final algebraic step to solve the equation is to divide both sides of the 
equation by 3. 


Use a graphing utility to show y; = x and y. = 2, and determine the point of 
intersection. Make a sketch and label it. How does this graph relate to the 
equation x = 2° 

e. The algebraic steps to solve the equation 3x — 1 = 5 produce two equations: 
3x = 6 and x = 2. How do the graphs you sketched above represent the fact 
that these equations are equivalent to the original? 
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2. Next consider the equation x — 2 = V4 — x 


a. Use a graphing utility to show y, = x — 2 and y, = V4 — x and determine any 
points of intersection. What do you learn about the solution set of the equation 
x — 2 = V4 — x? Make a sketch to explain. 

b. The algebraic steps to solve this equation are as follows: 
x-2=V4--x 


(x — 2)? = (V4 — x)? Square both sides. 

x — 4y + 4—=4—% Simplify. 

Se = Br = © Write the quadratic equation in standard form. 
x(x — 3) — 0 Factor. 

x=0 or x=3 Use the zero product property. 


Use a graphing utility to show the first step above: y, = (x — 2)? and 
Yo = (V4 — x)?. What do you learn about the solution set of 
(x — 2)? = (V4 — x)? 
c. Discuss whether x — 2 = V4 — x and (x — 2)? = (V4 — x)? are equivalent 
equations. 


d. The algebraic process of squaring both sides introduced an extraneous 
solution. What do you think that means? 


e. Why is it important to always check the solutions you obtain when solving 
equations? 
3. Consider x4 — x? = 0 


a. A fellow student suggests dividing both sides of the equation by x?. What will 
be the resulting equation? 


b. Is the equation you wrote in part (a) equivalent to the original equation? How 
can you use a graphing utility to illustrate this? 


c. Show the algebraic steps you should take to solve x* — x* = 0. 
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MODELING OUR WORLD 


Used in fields of study ranging from engineering to economics to sociology, a mathematical 
model is a tool that uses mathematical language to describe a system. There are many types 
of models, which help us not only better understand the world as it is, but by projecting 
different scenarios based on available data, allow us glimpses into possible futures. 

Current changes in the environment, which will affect all of our futures, have brought about 
a fierce debate. Some scientists believe that human activities have played a large part in 
bringing about global warming, which impacts not only day-to-day temperatures, but species 
extinction, loss of glacial ice, and the quality of the air we breathe. Others feel that current 
changes in the climate are simply part of a natural cycle and are not a cause for concern. The 
“Modeling Our World” feature at the end of every chapter allows you to use modeling to 
explore the topic of global climate change and become an informed participant in this debate. 


1. Write an absolute value equation that models the increase in the Earth’s near-surface 


> 


air temperature from 1905 to 2005 in degrees Celsius (°C). Let t represent the 
Bee increase in temperature. 
Bee 2. Use the temperature scale conversion F = 2C + 32 equation to write an absolute 
E +0.2 value equation that models the increase in the Earth’s near-surface air temperature 
< 0 from 1905 to 2005 in degrees Fahrenheit (°F). Let t represent the increase in 
5 -0.2 temperature. The following chart illustrates different global warming projections for 
= aa the next 100 years. 
F 0.6 
> 
1840 1880 1920 1960 2000 


Year 
Global Temperatures 


—e— Annual Average 
——— Five Year Average 


The Earth’s near-surface 
global air temperature 
increased approximately 
0.74 + 0.18°C over 
1905-2005.* 


*Climate Change 2007: The Physical > 
Science Basis. Contribution of 1900 1950 2000 2050 2100 
Working Group 1 to the Fourth 
Assessment Report of the 
Intergovernmental Panel on Climate 


Temperature Anomaly (°C) 


Year 


Global Warming Projections 


CCSR/NIES —— GFDL 
Change. Intergovernmental Panel on cCCma MPIM 
Climate Change (2007-02-05). CSIRO NCAR PCM 


Hadley Centre 


NCAR CSM 


3. Let t represent the increase in temperature in degrees Celsius (let t = 0 correspond to 
the year 2000) and write an approximate absolute value inequality such that the NCAR 
PCM projection is the lowest possible temperature anomaly and the CCSR/NIES 
projection is the highest possible temperature anomaly. 


4. Repeat Problem 3 for temperature in degrees Fahrenheit. 
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WW cHAPTER 1 REVIEW 


SECTION 


CoNncEPT 


Key IDEAS/FORMULAS 


Linear equations 


Solving linear equations in one variable 


Isolate variable on one side and constants on the other side. 


Solving rational equations that are reducible 
to linear equations 


Any values that make the denominator equal to 0 must be eliminated 
as possible solutions. 


Applications involving linear equations 


Solving application problems using 
mathematical models 


Five-step procedure: 

Step 1: Identify the question. 
Step 2: Make notes. 

Step 3: Set up an equation. 
Step 4: Solve the equation. 
Step 5: Check the solution. 


Geometry problems 


Formulas for rectangles, triangles, and circles 


Interest problems 


Simple interest: ] = Prt 


Mixture problems 


Whenever two distinct quantities are mixed, the result is a mixture. 


Distance—rate—-time problems 


Quadratic equations 


ax + bx +c=0 a#0 


Factoring 


If (x — h)\(x — k) = 0, then x = horx =k. 


Square root method 


If x? = P, thenx = dA) Pp. 


Completing the square 


Find half of b; square that quantity; add the result to both sides. 


Quadratic Formula 


Other types of equations 


—bt Vb? — 4ac 


Radical equations 


Check solutions to avoid extraneous solutions. 


Equations quadratic in form: u-substitution 


ie) 
a5 
> 
U 
4 
m 
a 
a 
m 
S 
m 
= 


Use a u-substitution to write the equation in quadratic form. 


Factorable equations 


Extract common factor or factor by grouping. 


Linear inequalities 


Solutions are a range of real numbers. 


Graphing inequalities and interval notation 


mw a<x< bis equivalent to (a, b). 
m@ x =a is equivalent to (—%, a]. 
m x > ais equivalent to (a, ©). 


Solving linear inequalities 


If an inequality is multiplied or divided by a negative number, the 
inequality sign must be reversed. 


Polynomial and rational inequalities 


Polynomial inequalities 


Zeros are values that make the polynomial equal to 0. 


Rational inequalities 


The number line is divided into intervals. The endpoints of these 
intervals are values that make either the numerator or denominator 
equal to 0. Always exclude values that make the denominator = 0. 


Absolute value equations and inequalities 


|b — al is the distance between points a and b on the number line. 


Equations involving absolute value 


If |x| = a, then x = —aorx =a. 


Inequalities involving absolute value 


aw |x| <a is equivalent to -aSx<a. 
w |x| > ais equivalent tox < —aorx >a. 


REVIEW EXERCISES 


CHAPTER 1 


1.1 Linear Equations 


Solve for the variable. 
1. 7x-4=12 2. 13d+ 12=7d+6 
. 20p + 14=6- 5p 4.4 -7)-4=4 


. 3(x +7) -2 = 4-2) 


3 
5 
6. 7c + 3(c — 5) = 2(c + 3) — 14 
7 
8 


. 14-[-3(y - 4) + 9) = 4Qy+3)-6] +4 
. [6 — 4x + Ux — 7] — 52 = 3(2x — 4) + 6[3(2x — 3) + 6] 
12 6 8 7 
ne ea ee 
- es 
13x x 3 b b 29 
11. = ee 
re a eG a G 


Specify any values that must be excluded from the solution 
set and then solve. 


ee eee 14. ee = 3 
x x ee ged 
ce ae an 
t+4 t t(t + 4) 2k: 7 3x + 1 
3 6 3 — (5/m) 
17. — --=9 18. ——__— = 
2x =x 2 + (5/m) 
19. 7x — (2 — 4x) = 3[-6 + (4 — 2x + 7)] + 12 
x = 3 
20. = — = 
5 15 . 
Solve for the specified variable. 
21. Solve for x in terms of y: 
3x — 2[(y + 493 — 7] = y — 2x + 6 — 3) 
2 pp hd = teteentnt 
° ee ye n i=2 erms OF x. 


1.2 Applications Involving 
Linear Equations 


23. Transportation. Maria is on her way from her home near 
Orlando to the Sundome in Tampa for a rock concert. She 
drives 16 miles to the Orlando park-n-ride, takes a bus 3 of 
the way to a bus station in Tampa, and then takes a cab 4 
of the way to the Sundome. How far does Maria live from 
the Sundome? 


24. Diet. A particular 2000 calorie per day diet suggests eating 


breakfast, lunch, dinner, and four snacks. Each snack is i the 


calories of lunch. Lunch has 100 calories less than dinner. 
Dinner has 1.5 times as many calories as breakfast. How 
many calories are in each meal and snack? 
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25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


REVIEW EXERCISES 


Numbers. Find a number such that 12 more than } the 
number is 4 the number. 


Numbers. Find four consecutive odd integers such that the 
sum of the four numbers is equal to three more than three 
times the fourth integer. 


Geometry. The length of a rectangle is one more than two 
times the width, and the perimeter is 20 inches. What are the 
dimensions of the rectangle? 


Geometry. Find the perimeter of a triangle if one side is 
10 inches, another side is ; of the perimeter, and the third 


side is 7 of the perimeter. 


Investments. You win $25,000 and you decide to invest the 
money in two different investments: one paying 20% and the 
other paying 8%. A year later you have $27,600 total. How 
much did you originally invest in each account? 


Investments. A college student on summer vacation was 
able to make $5000 by working a full-time job every 
summer. He invested half the money in a mutual fund and 
half the money in a stock that yielded four times as much 
interest as the mutual fund. After a year he earned $250 
in interest. What were the interest rates of the mutual fund 
and the stock? 


Chemistry. For an experiment, a student requires 150 
milliliters of a solution that is 8% NaCl (sodium chloride). 
The storeroom has only solutions that are 10% NaCl and 
5% NaCl. How many milliliters of each available solution 
should be mixed to get 150 milliliters of 8% NaCl? 


Chemistry. A mixture containing 8% salt is to be mixed with 4 
ounces of a mixture that is 20% salt, in order to obtain a solution 
that is 12% salt. How much of the first solution must be used? 


Grades. Going into the College Algebra final exam, which 
will count as two tests, Danny has test scores of 95, 82, 90, 
and 77. If his final exam is higher than his lowest test score, 
then it will count for the final exam and replace the lowest 
test score. What score does Danny need on the final in order 
to have an average score of at least 90? 


Car Value. A car salesperson reduced the price of a model 
car by 20%. If the new price is $25,000, what was its 
original price? How much can be saved by purchasing the 
model? 


1.3 Quadratic Equations 


Solve by factoring. 


35. 


b? = 4b + 21 


36. x(x — 3) = 54 


37. 


x = 8x 


38. 6y — Ty -—5 =0 


Solve by the square root method. 
39. g — 169=0 40. c? + 36=0 
41. (2x — 4) = —64 42. (d+ 7" -4=0 


Solve by completing the square. 


43, x — 4x —-12=0 44, 2x° —5x-7=0 
x Xx 

aca a ae 46. 8m = m? + 15 

Solve by the Quadratic Formula. 

47. 3° —4t=7 48. 4° + 5x+7=0 

49. 8f* —4f=2 50. ° = —6x + 6 

Solve by any method. 

51. 5¢° — 3g -3 =0 52. (x — 7)? = -12 

53. 2x? —3x-5=0 54. (g — 2)(g + 5) = —7 

55. 7x° = -19x + 6 56. 7=2b°+1 


Solve for the indicated variable. 


3 
h 

57. S= rh forr 58. V = . for r 

59. h=vt—16f forv 60. A =2ar? + 2amrh_ forh 


61. Geometry. Find the base and height of a triangle with an 


area of 2 square feet if its base is 3 feet longer than its height. 


62. Falling Objects. A man is standing on top of a building 
500 feet tall. If he drops a penny off the roof, the height of 
the penny is given by h = —16f + 500, where f is in 
seconds. Determine how many seconds it takes until the 
penny hits the ground. 


1.4 Other Types of Equations 


Solve the radical equation for the given variable. 

63. W2x — 4 = 2 64. Vx -—2=-4 

65. (2x — 7)'5 = 3 66. x = V7x — 10 
67. x -4= Vxr+5x4+6 68. V2x —7= Vx +3 
69. Vx +3 =2- V3x42 

70. 44+ Vx—3= Vx—5 

1. x-2= V49-x 

72. V2x —5 - Vx +2 =3 

73. -x= V3-—x 

74. V15 + 2Ve—-44+VE=5 


Solve the equation by introducing a substitution that 
transforms the equation to quadratic form. 


75. —28 = (3x — 2)" — 11(3x — 2) 
76. x'-—6x°+9=0 


Review Exercises 


Tis. =} = 15 = 2 
1-x =x 


78. 3(x — 4)* — 11(x — 4)? — 20 =0 
79. y?—S5y!+4=0 

80. p*>+4p !'=12 

81. 3x19 + 2°87 = 5 

82. 2x°3 — 3x48 -5 =0 

83. 673 + 3x8 +2=0 

84, y 2-2 '4#+1=0 

85. x1 + 5x° = 36 

86. 3-4x 1? +x!=0 


Solve the equation by factoring. 
87. x + 49°? — 32x =0 

88. 9f — 251 =0 

89. p> — 3p? — 4p + 12 =0 
90. 4° — 92° + 4x —-9 =0 
91. p(2p — 5) — 3p — 5) = 0 
92. 272 —9y — 202-97 =0 
93. y—8ly !=0 

94. 90°" — 37x? + ag = 0 


1.5 Linear Inequalities 
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Rewrite using interval notation. 
95.x=—-4 96. -1<x57 
97, 2=x=6 98. x > -1 


Rewrite using inequality notation. 
99. (—6, ©) 100. (—~, 0] 
101. [-3, 7] 102. (—S, 2] 


2 
m 
= 
m 
= 
m 
x 
m 
2 
2 
Oo 
m 
7) 


Express each interval using inequality and interval notation. 


103, ————— +--+ 


=2. =I: 0 1 2 
104, ——-—+—+>++— +" }F+— 
=2,=1 0: Ff 2 


Graph the indicated set and write as a single interval, if possible. 


105. (4, 6] U[5, «) 106. (—o, —3)U[-7, 2] 
107. (3, 12] N[8, 2) 108. (—2, —2) N[—2, 9) 


M) 
Ww 
a 
O 
x 
Ww 
x 
Ww 
= 
= 
> 
ff 
x 
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Solve and graph. 

109. 2x<5-—x 110. 6x +452 
KES 

111. 4@-1)>2x-7 112. ———_ =6 


113. 6<2+x=11 114.-6=1-4(x~+ 2)= 16 


2 1+x 


4 


x xt4 x 1 
= > 
3 6 


116. — 4 
3 9 6 3 


115. 


= 


lw 


Applications 


117. Grades. In your algebra class your first four exam grades 
are 72, 65, 69, and 70. What is the lowest score you can get 
on the fifth exam to earn a C for the course? Assume that 
each exam is equal in weight and a C is any score greater 
than or equal to 70. 


118. Profit. A tailor decided to open a men’s custom suit business. 
His fixed costs are $8500 per month, and it costs him $50 
for the materials to make each suit. If the price he charges 
per suit is $300, how many suits does he have to tailor per 


month to make a profit? 


1.6 Polynomial and Rational Inequalities 


Solve the polynomial inequality and express the solution set 
using interval notation. 


119. x° = 36 120. 6x° — 7x < 20 
121. 4x <x 122, —x° =9x + 14 
123... =x? <—Tx 124, 0° < -4 

125. 4x° — 12 > 13x 126. 3x =x? +2 


Solve the rational inequality and express the solution set using 
interval notation. 


x x= 1 
127. <0 128. ——>0 
x= 3 x-4 
129, = — 3 = 1g 130, ~—” = 0 
3 C= 7 
1 4 2 
i=" 5- ye 
XH 2 p ene | x- 1 x+3 
xt c+ 
133. 5; =0 digest * 
ve 


1.7 Absolute Value Equations 
and Inequalities 


Solve the equation. 
135. |x — 3| = —4 
137. [3x — 4] = 1.1 


136. [2 +2)=5 
138. |x? — 6| = 3 


Solve the inequality and express the solution using interval 
notation. 


139. |x| <4 
141. |x + 4|>7 


140. |x — 3| <6 
142. |-7 + y|s4 
4+ 2x 


\V 


143. |2x|>6 


144. | - 
7 


145. |2 + 5x|=0 146. |1 — 2x| <4 


Applications 


147. Temperature. If the average temperature in Phoenix is 
85°F (+10°) write an inequality representing the average 
temperature T in Phoenix. 


148. Blood Alcohol Level. If a person registers a 0.08 blood 
alcohol level, he will be issued a DUI ticket in the state of 
Florida. If the test is accurate within 0.007,write a linear 
inequality representing an actual blood alcohol level that 


will not be issued a ticket. 


Technology Exercises 


Section 1.1 


Graph the function represented by each side of the question in 
the same viewing rectangle, and solve for x. 


149. 0.031x + 0.017(4000 — x) = 103.14 


Section 1.3 


151. a. Solve the equation x* + 4x = b, b = 5 by first writing in 
standard form and then factoring. Now plot both sides of 
the equation in the same viewing screen (y, = x° + 4x and 
y, = b). At what x-values do these two graphs intersect? 
Do those points agree with the solution set you found? 

b. Repeat part (a) for b = —5, 0, 7, and 12. 


152. a. Solve the equation x” — 4x = b, b = 5 by first writing in 
standard form and then factoring. Now plot both sides of 
the equation in the same viewing screen (y, = x° — 4x and 
y, = b). At what x-values do these two graphs intersect? 
Do those points agree with the solution set you found? 

b. Repeat part (a) for b = —5, 0, 7, and 12. 


Section 1.4 


153. Solve the equation 2x!/4 = —x'/? + 6. Round your answer 
to two decimal places. Plot both sides of the equation in the 
same viewing screen, y, = 2x!/* and y, = —x!/? + 6. Does 


the point(s) of intersection agree with your solution? 


154. Solve the equation 2x!’ = x"!/* + 6. Plot both sides of 
the equation in the same viewing screen, y, = 2x '/? and 
y, = x '/4 + 6. Does the point(s) of intersection agree with 


your solution? 


Section 1.5 


155. a. Solve the inequality —0.61x + 7.62 > 0.24x — 5.47. 
Express the solution set using interval notation. 

b. Graph each side of the inequality in the same viewing 
screen. Find the range of x-values when the graph of the 
left side lies above the graph of the right side. 

c. Do parts (a) and (b) agree? 


156. a. Solve the inequality —5x eT < 3x — 5. Express the 
solution set using interval notation. 

b. Graph each side of the inequality in the same viewing 
screen. Find the range of x-values when the graph of the 
left side lies below the graph of the right side. 

c. Do parts (a) and (b) agree? 


Section 1.6 


Plot the left side and the right side of each inequality in the 
same screen, and use the zoom feature to determine the range 
of values for which the inequality is true. 


157. 0.2x7-2 > 0.05x + 3.25 
158. 12x? — 7x — 10 < 2x7 + 2x - 1 
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7 
ii" 24 
15 — 2p 


Section 1.7 


161. Solve the inequality |1.6x° — 4.5| < 3.2 by graphing both 
sides of the inequality, and identify which x-values make 
this statement true. Express the solution using interval 
notation and round to two decimal places. 


162. Solve the inequality |0.8x° — 5.4x| > 4.5 by graphing both 
sides of the inequality, and identify which x-values make 
this statement true. Express the solution using interval 
notation and round to two decimal places. 


2 
m 
= 
m 
= 
m 
x 
m 
2 
2 
7 
m 
7) 


CHAPTER 1 PRACTICE TEST 


Solve the equation. 25. Puzzle. A piling supporting a bridge sits so that ; of the piling 
1. 4p-7=6p-1 is in the sand, 150 feet is in the water, and 2 of the piling is in 
the air. What is the total height of the piling? 


2. —2(z — 1) +3 = —3z + 3 — 1) 

26. Real Estate. As a realtor you earn 7% of the sale price. The 
3. 3t=P — 28 owners of a house you have listed at $150,000 will entertain 
4. 8x7 — 13x =6 offers within 10% of the list price. Write an inequality that 

models the commission you could make on this sale. 

5. 6x — 13x = 8 

27. Costs: Cell Phones. A cell phone company charges $49 for a 
6. a 5 600-minute monthly plan, plus an additional $0.17 per minute 

x-1l ox+2 for every minute over 600. If a customer’s bill ranged from a 
5 30 low of $53.59 to a high of $69.74 over a 6-month period, 

7. — oe oe ag write an inequality expressing the number of monthly minutes 


used over the 6-month period. 


A — = 
8. x! — Sx’ — 36 =0 28. Television. Television and film formats are classified as 
9 V2x+14+ x=7 ratios of width to height. Traditional televisions have a 
4:3 ratio (1.33:1), and movies are typically made in 
10. 2x77 + 3x47 -2=0 , 
a widescreen format with a 21:9 ratio (2.35:1). If you own 
11. V3y —-2=3 3y + 1 a traditional 25-inch television (20 inch < 15 inch screen) 
d you play a widescreen DVD on it, there will be black 
12. 3_ 9 2 = and you play ; 
ae) pe aa bars above and below the image. What are the dimensions of 


13. x’? — 8x49 + 12x17 = 0 the movie and of the black bars? 
Solve for the specified variable. > 
= Thame 
14. F=2C +32 forc g | 
15. P=2L+2W forL 7 i 


Solve the inequality and express the solution in interval notation. 
16. 7 — 5x > —-18 

17. 3x + 19 = 5(x — 3) 

18. —1=3x+5< 26 


PRACTICE TEST 


0.45 = 1 
29. Solve th ti — —— = —. Graph the functi 
id: 2 oe: +8 2 iL olve the equation 7 7 gr Staph the function 
5 4 2 represented by each side in the same viewing rectangle and 
20. 3x = 2x solve for x. 
21. 3p? =pt+4 30. Solve the inequality 0.3 + |2.4x7 — 1.5] < 6.3 by graphing 
both sides of the inequality, and identify which x-values make 
22. [5 — 2x] >1 this statement true. Express the solution using interval notation. 
8,2 <2 
2x7 1 
+4 
24, ~ = 6 
x= 9 
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CHAPTER 1 CUMULATIVE TEST 


Simplify. 
1.5°-(7-3°4+4 2) 


Simplify and express in terms of positive exponents. 


Oy?) 


2. (4x 3b4) 4 
Soe (x?y)? 


Perform the operations and simplify. 
4, (—x* + 22°) + @ — 5x — 6) — (Sx* + 4x7 — 6x + 8) 
5. x’ (x + 5)(x — 3) 


Factor completely. 


6. 3x7 — 3x° — 60x 7. 2a* + 2000 


Perform the operations and simplify. 


8 3—x . 5x— 15 9 6x x 
“Y-1 0 xt “x-2 x+2 
Solve for x. 
10. x — x — 30x =0 11. 3x =jx+9 
: : 45 
12. Perform the operation and express in standard form: 6-3 
— 3i 
Solve for x. 
6x 8x 1x x-6 3 
13. =4 14. == 
3 5 3 15 6-x 2 


15. Tim can paint the interior of a condo in 9 hours. If Chelsea is 
hired to help him, they can do a similar condo in 5 hours. 
Working alone, how long will it take Chelsea to paint a similar 
condo? 


16. Solve using the square root method: y* + 36 = 0. 
17. Solve by completing the square: x” + 12x + 40 = 0. 
18. Solve using the Quadratic Formula: x7 + x + 9 = 0. 
19. Solve and check: V4 — x =x — 4. 

20. Solve using substitution: 3x7 + 8x! +4 =0. 


Solve and express the solution in interval notation. 
21. 0<4-x<7 22. 40° < 9x - 11 


eae 2 
> 


23. = 
9-x 


0 24. | 


25. Solve for x: |5x a | = i 


26. Solve the equation x° + 323 = 27. Plot both sides of the 
equation in the same viewing screen, y; = x° + a3 and 


y, = 27. Does the point(s) of intersection agree with your 
solution? 


3 
27. Solve the inequality 5 < 1 by graphing both sides 
c= 


of the inequality, and identify which x-values make this 
statement true. 


LS3Ll AAILVIANND 


Graphs 


A COKE 5-Minute == 4:53 PM 
25 55.25 
& 55.00 
8 20 
5 South Africa 54.75 
Ss 
2 15 
a 54.50 
3 10 11 12 1 2 3 
2 a Stock prices fluctuating throughout the day 
3 
55 : 
a Thailand 
ACF 
> 
1992 1994 1996 1998 2000 
Year 200 
HIV infection rates 
5 100 
a 
a 
oO 
Z °C 
—s > 
= 50 100 
() 
oO 
= n 


corresponds to 32°F. 


oa The conversion between degrees 
= > Fahrenheit and degrees Celsius is a 
a = , linear relationship. Notice that 0°C 


Emperor penguins walking in a line, Weddell Sea, Antarctica 


raphs are used in many ways. There is only one temperature that yields the same number in degrees 
Celsius and degrees Fahrenheit. Do you know what it is?* The penguins are a clue. 


*See Section 2.3, Exercise 107. 


IN THIS CHAPTER. | 


a 2.2 2.4 2.5* 


Basic Tools: Graphing Circles Linear 
Cartesian Plane, Equations: Regression: 
Distance, and Point-Plotting, Best Fit 
Midpoint Intercepts, and 
Symmetry 
e Cartesian Plane e Point-Plotting e Graphing a Line e Standard © Scatterplots 
e Distance e Intercepts e Equations of Equation of a e Identifying 
Between Two e Symmetry Lines Circle Patterns 
Points e Using Intercepts e Parallel and e Transforming e Linear 
e Midpoint of a and Symmetry Perpendicular Equations of Regression 
Line Segment as Graphing Lines Circles to the 
Joining Two Aids Standard Form 
Points by Completing 
the Square 


LEARNING OBJECTIVES 

= Calculate the distance between two points and the midpoint of a line segment joining 
two points. 

= Sketch the graph of an equation using intercepts and symmetry as graphing aids. 

= Find the equation of a line. 

™ Graph circles. 

m Find the line of best fit for a given set of data.* 


*Optional Technology Required Section. 
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SECTION BASIC TOOLS: CARTESIAN PLANE, 
2.1 DISTANCE, AND MIDPOINT 


> X-axis 


Il 


it 


Il 
x<0,y<0 
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Cartesian Plane 

HIV infection rates, stock prices, and temperature conversions are all examples of relationships 
between two quantities that can be expressed in a two-dimensional graph. Because it is two 
dimensional, such a graph lies in a plane. 

Two perpendicular real number lines, known as the axes in the plane, intersect at a point 
we call the origin. Typically, the horizontal axis is called the x-axis, and the vertical axis is 
denoted as the y-axis. The axes divide the plane into four quadrants, numbered by Roman 
numerals and ordered counterclockwise. 

Points in the plane are represented by ordered pairs, denoted (x, y). The first number of 
the ordered pair indicates the position in the horizontal direction and is often called the 
x-coordinate or abscissa. The second number indicates the position in the vertical 
direction and is often called the y-coordinate or ordinate. The origin is denoted (0, 0). 

Examples of other coordinates are given on the graph to the right. 

The point (2, 4) lies in quadrant I. To plot this point, AY X-coordinate 
start at the origin (0, 0) and move to the right two units and v 
up four units. 

All points in quadrant I have positive coordinates, and y copreinate 
all points in quadrant III have negative coordinates. *— 0,0) x 
Quadrant II has negative x-coordinates and positive 6.0) 
y-coordinates; quadrant IV has positive x-coordinates and 9 OD 
negative y-coordinates. 31-2) 

This representation is called the rectangular coordinate 
system or Cartesian coordinate system, named after the 
French mathematician René Descartes. 


os 


@(3,-4) 


_ EXAMPLE 1 Plotting Points in a Cartesian Plane 


a. Plot and label the points (—1, —4), (2, 2), (—2, 3), (2, —3), (0, 5), and (—3, 0) in the 
Cartesian plane. 
b. List the points and corresponding quadrant or axis in a table. 


Solution: 
a. AY b. Point QUADRANT 
10,5) (2, 2) I 
=2,3 
C3), ice (33) II 
C30) - (-1, -4) Il 
5 “ (2, -3) IV 
Ke =3) (0, 5) y-axis 
(-1,-4), (—3, 0) X-axis 
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Distance Between Two Points 

Suppose you want to find the distance between any two points in the plane. In the previous 
graph, to find the distance between the points (2, —3) and (2, 2), count the units between 
the two points. The distance is 5. What if the two points do not lie along a horizontal or 
vertical line? Example 2 uses the Pythagorean theorem to help find the distance between 
any two points. 


EXAMPLE 2 _ Finding the Distance Between Two Points 
Find the distance between the points (—2, —1) and (1, 3). 


Solution: 


Step 1 Plot and label the two points in the AY 
Cartesian plane and draw a line segment 
indicating the distance d between 1, 3) 
the two points. 


(-2, -1) 


AY 


Step 2 Form aright triangle by connecting the 
points to a third point, (1, —1). 


Step 3 Calculate the length of the 
horizontal segment. 3 = |1 — (—2)| 


ve 


Calculate the length of the vertical 
segment. 4 = |3 — (—1)| 


Step 4 Use the Pythagorean theorem to 
calculate the distance d. 


Worps MatH 


For any two points, 
(x1, y1) and (%, ya): 
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The distance along the horizontal 
segment is the absolute value of 
the difference between the x-values. lx, — x,| 


The distance along the vertical 
segment is the absolute value of the 


difference between the y-values. | yyy | 

Use the Pythagorean theorem to 

calculate the distance d. d* = |x, — x, |? + ly. — y,P 

lal? = a’ for all real numbers a. d? = (x, — mY + (2. — yi)’ 

Use the square root property. d= +V (x =m) + Qe wy 

Distance can be only positive. d= V(x =<) + Ox = yi)? 
Study Tip - DEFINITION Distance Formula 


It does not matter which point is 
taken to be the first point or the 


RECON OOT icsuecencisaesiebics d= Vi — 11)? + O» — y? 


The distance d between two points P, = (x), y,) and P, = (x), y2) is given by 


The distance between two points is the square root of the sum of the square of 
the distance between the x-coordinates and the square of the distance between the 
y-coordinates. 


You will prove in the exercises that it does not matter which point you take to be the first 
point when applying the distance formula. 


i EXAMPLE 3_ Using the Distance Formula to Find the Distance 
Between Two Points 


Find the distance between (—3, 7) and (5, —2). 


Solution: 
Write the distance formula. d= Vix uP + be - wl 
Substitute (x), y,) = (—3, 7) 
and (x, y2) = (5, —2). d= V[5— (-3)? + [-2- 77 
Simplify. d= V[5+3P + [-2-72 

d= V8" + (-9" = V64 + 81 = V145 
Solve for d. d= V145 


= Answer: d = V58 ; : 
= YOUR TURN Find the distance between (4, —5) and (—3, —2). 
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Midpoint of a Line Segment Joining Two Points 
The midpoint, (x,,,, y,,,), of a line segment joining two points (x,, y;) and (x, y3) is defined 
as the point that lies on the segment which has the same distance d from both points. In 
other words, the midpoint of a segment lies halfway between the given endpoints. The 
coordinates of the midpoint are found by averaging the x-coordinates and averaging 
the y-coordinates. 


DEFINITION Midpoint Formula 


The midpoint, (x,,, y,,), of the line segment with endpoints (x;, y,) and (%, y2) is 
given by 


xX +X Vy ee) 


(Cizp Yn) ar ( 2 > 2 


The midpoint can be found by averaging the x-coordinates and averaging the 
y-coordinates. 


laa! EXAMPLE 4 _ Finding the Midpoint of a Line Segment 


Find the midpoint of the line segment joining the points (2, 6) and (—4, —2). 


Solution: 
: equa Xx) +X Wy + Vy 
Write the midpoint formula. Qin Ym) = a) 
2 (4) Ore (2) 
Substitute (x1, yy) = (2; 6) Ga Ym) am ay > 2 


and (x3, y2) = (—4, —2). 
Simplify. On Yn) =i (= 1, 2) 

One way to verify your answer is to plot sta (2,|6) 
the given points and the midpoint 


to make sure your answer 


looks reasonable. (1, 2) 


Ve 


= YOUR TURN Find the midpoint of the line segment joining the points 
(3, —4) and (5, 8). 


AY 
Py, = (4,94) 


IN Ym) 


SS, = (2,2) 


vu 


Si 
Technology Tip 
Show a screen display of how to 
2 + (-4) 4 6 + (—2) 
5 an 5 : 
Scientific calculators: 


[2 JOA ID JE] J= 
LOLHOIDIEIZIE 


enter 


C2t-4ir2 


(6+ -2ar2 


= Answer: Midpoint = (4, 2) 
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aS SECTION 
== SUMMARY 


Distance Between Two Points 
d= Va, - m1) + Or - ni? 
Midpoint of Line Segment Joining Two Points 


Xi) FX Wy + yo 
er 2, 


Cartesian Plane 


Plotting coordinates: (x, y) 
Quadrants: I, II, I, and IV 
Origin: (0, 0) 


Midpoint = (Ces Ym) = ( 


SECTION 
2.1 EXERCISES 


=" SKILLS 


In Exercises 1-6, give the coordinates for each point labeled. 
1. PointA AY 

Point B 

Point C bi a 


Point D - 


Point E e 


Point F D t 


Se Pe oR oO oN 


In Exercises 7 and 8, plot each point in the Cartesian plane and indicate in which quadrant or on which axis the point lies. 
7. A: (-2,3) B: 1,4 C: (-3,-3) D: (6,-1)  E: (0,-2)  F: (4,0) 
8. A: (-1,2) B: 0,3) C: (-4,-1) D: (,-2)  E: (0,5) F: (—3,0) 
9. Plot the points (—3, 1), (—3, 4), (-3, —2), (-3, 0), (—3, —4). Describe the line containing points of the form (—3, y). 


10. Plot the points (—1, 2), (—3, 2), (0, 2), (3, 2), (5, 2). Describe the line containing points of the form (x, 2). 


In Exercises 11-32, calculate the distance between the given points, and find the midpoint of the segment joining them. 


11. (1, 3) and (5, 3) 12. (—2, 4) and (—2, —4) 
13. (—1, 4) and (3, 0) 14. (—3, —1) and (1, 3) 

15. (—10, 8) and (7, —1) 16. (—2, 12) and (7, 15) 

17. (—3, —1) and (-7, 2) 18. (—4, 5) and (—9, —7) 

19. (—6, —4) and (—2, —8) 20. (0, —7) and (—4, —5) 

21. (3, 3)and (3, ) 22. (5, 3)and (3,—3) 

23. (—3,—5)and (3, 3) 24. (5,5) and (3, —3) 

25. (—1.5, 3.2) and (2.1, 4.7) 26. (—1.2, —2.5) and (3.7, 4.6) 

27. (—14.2, 15.1) and (16.3, —17.5) 28. (1.1, 2.2) and (3.3, 4.4) 

29. (V3, 5V2) and(V3, V2) 30. (3V5, —3:V3) and(—V5, — V3) 


31. (1, V3) and(— V2, —2) 32. (2V5, 4) and(1, 2V3) 
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In Exercises 33 and 34, calculate (to two decimal places) the perimeter of the triangle with the following vertices: 


33. Points A, B, and C AY 
34. Points C, D, and E 


In Exercises 35-38, determine whether the triangle with the given vertices is a right triangle, an isosceles triangle, neither, or both. 
(Recall that a right triangle satisfies the Pythagorean theorem and an isosceles triangle has at least two sides of equal length.) 


35. (0, —3), (3, —3), and (3, 5) 
37. (1, 1), 3, —1), and (—2, —4) 


" APPLICATIONS 


39. Cell Phones. A cellular phone company currently has three 
towers: one in Tampa, one in Orlando, and one in Gainesville 
to serve the central Florida region. If Orlando is 80 miles east 
of Tampa and Gainesville is 100 miles north of Tampa, what 
is the distance from Orlando to Gainesville? 


40. Cell Phones. The same cellular phone company in Exercise 
39 has decided to add additional towers at each “halfway” 
between cities. How many miles from Tampa is each 
“halfway” tower? 


41. Travel. A retired couple who live in Columbia, South 
Carolina, decide to take their motor home and visit two 
children who live in Atlanta and in Savannah, Georgia. 
Savannah is 160 miles south of Columbia, and Atlanta is 
215 miles west of Columbia. How far apart do the children 
live from each other? 


42. 


43. 


36. (0, 2), (—2, —2), and (2, —2) 
38. (—3, 3), (3, 3), and (—3, —3) 


Sports. In the 1984 Orange Bowl, Doug Flutie, the 5 foot 9 
inch quarterback for Boston College, shocked the world as he 
threw a “hail Mary” pass that was caught in the end zone with 
no time left on the clock, defeating the Miami Hurricanes 
47-45. Although the record books have it listed as a 48 yard 
pass, what was the actual distance the ball was thrown? The 
following illustration depicts the path of the ball. 


x 
> 


7 Midfield 


NASCAR Revenue. Action Performance Inc., the leading 
seller of NASCAR merchandise, recorded $260 million in 
revenue in 2002 and $400 million in revenue in 2004. Calculate 
the midpoint to estimate the revenue Action Performance Inc. 
recorded in 2003. Assume the horizontal axis represents the 
year and the vertical axis represents the revenue in millions. 


A 
500 
Ee 
id (2004, 400) 
= 300 
5 
z (2002, 260) 
2 200 
oO 
5 
2 100 
> 
2001 20042007 2010 


Year 
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44. Ticket Price. In 1993, the average Miami Dolphins ticket 
price was $28, and in 2001 the average price was $56. Find 
the midpoint of the segment joining these two points to 


estimate the ticket price in 1997. 


In Exercises 45 and 46, refer to the following: 


40 


(2001, 56) 


9971993, 28) 


Average Cost of 
Miami Dolphins Ticket 


1995 2000 
Year 


It is often useful to display data in visual form by plotting the data as a set of points. This provides a graphical display 
between the two variables. The following table contains data on the average monthly price of gasoline. 


U.S. All Grades Conventional Retail Gasoline Prices, 1994-2010 (Dollars per Gallon) 


YEAR JAN Fes Mar APR May JUN JUL AUG Sep Oct Nov Dec 
1994 1.175 1.112 
1995 1.107 1.099 1.099 1.143 1.213 1.226 1.189 1.161 1.148 1.122 1.098 1.105 
1996 1.123 1.121 1.169 1.259 1.302 1.282 1.254 1.238 1.238 1.243 1.273 1.273 
1997 1.270 1.263 1.237 1.228 1.229 1.227 1.206 1.250 1.254 1.222 1.198 1.159 
1998 1.115 1.082 1.055 1.064 1.088 1.086 1.078 1.049 1.033 1.045 1.020 0.964 
1999 0.957 0.940 1.000 1.137 1.143 1.134 1.177 1.237 1.279 1.271 1.280 1.302 
2000 1.319 1.409 1.538 1.476 1.496 1.645 1.568 1.480 1.562 1.546 1533 1.458 
2001 1.467 1.471 1.423 1.557 1.689 1.586 1.381 1.422 1.539 1.312 1.177 1.111 
2002 1.134 1.429 1.259 1.402 1.394 1.380 1.402 1.398 1.403 1.466 1.424 1.389 
2003 1.464 1.622 1.675 1.557 1.477 1.489 1.519 1.625 1.654 1.551 1.512 1.488 
2004 1.595 1.654 1.728 1.794 1.981 1.950 1.902 1.880 1.880 1.993 1.973 1.843 
2005 1.852 1.927 2.102 2.251 2.155 2.162 2.287 2.489 2.907 2.736 2.265 2.216 
2006 2.343 2.293 2.454 2.762 2.873 2.849 2.964 2,952, 2.548 2.258 2.254 2.328 
2007 2.237 2.276 2.546 2.831 3.157 3.067 2.989 2.821 2.858 2.838 3.110 3.032 
2008 3.068 3.064 3.263 3.468 3.783 4.038 4.051 3.789 3.760 3.065 2.153 1.721 
2009 1.821 1.942 1.987 2.071 2.289 2.645 2.530 2.613 2.530 2.549 2.665 2.620 
2010 2.730 2.657 2.793 2.867 2.847 2.733 2.728 2.733 2.727 2.816 2.866 3.004 


Source: http://www.eia.doe.gov/dnav/pet/hist/LeafHandler.ashx ?n=PET&s=EMM_EPMOU_PTE_NUS_DPG&f=M 


The following graph displays the data for the year 2000. 


$2.00 
1.80 
1.60 
1.40 
1.20 
1.00 
0.80 
0.60 
0.40 
0.20 


Dollars per Gallon (2000) 


45. 


46. 


Economics. Create a graph displaying the price of 
gasoline for the year 2008. 


Economics. Create a graph displaying the price of 
gasoline for the year 2009. 
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"CATCH THE MISTAKE 


In Exercises 47-50, explain the mistake that is made. 


47. Calculate the distance between (2, 7) and (9, 10). 49. Compute the midpoint of the segment with endpoints (—3, 4) 
: and (7, 9). 
Solution: 
Write the distance formula. d = V(x, — x, + (y) — y,) Solution: 
Substitute (2, 7) and Write the midpoint a i X, +X yy + yo 
(9, 10). d= VI — 2 + 0 — 9 formula. dis Qe 4 
Simplify. d= V5) + dy = V26 Substitute (—3, 4) Oe (2 +474 *) 
This is incorrect. What mistake was made? and (7, 9). 2 2 
48. Calculate the distance between (—2, 1) and (3, —7). Simplify. Gn ¥,) = 6 +) = Gi 4) 
Solution: ae a ‘at a 
tC; t ti ! 
Write the distance formula. d = V5 x) + O» -— 1) leas aekbs sea 
50. Compute the midpoint of the segment with endpoints (— 1, —2) 
Substitute (—2, 1) and and (—3, —4). 
G27), d= VQ - 2" + (-7- 19 Solution: 
Simplify. d= Vly + (-8)7 = V65 Write the midpoint, y ) — X17 2 Yi ~ ye 
formula. Oe 2° 2 


This is incorrect. What mistake was made? 


Substitute (1, —2) ( )=( 1—(-3) -2 <*) 
and (-3, —4), ‘m> Ym 2 3 2 


Simplify. (Xs Yn) = dd, 1) 


This is incorrect. What mistake was made? 


"=" CONCEPTUAL 


In Exercises 51-54, determine whether each statement is true or false. 


51. The distance from the origin to the point (a, b) is 54. The midpoint of any segment joining a point in quadrant I 
1S Vet P. to a point in quadrant III also lies in either quadrant I or III. 


55. Calculate the length and the midpoint of the line segment 


52. The midpoint of the line segment joining the origin and the joining the points (a; BY and tah. 


; _ {aad 
pombe, a) 1s G 5) 56. Calculate the length and the midpoint of the line segment 
53. The midpoint of any segment joining two points in quadrant I joining the points (a, b) and (—a, —5). 
also lies in quadrant I. 


CHALLENGE 


y 


57. Assume that two points (x;, y,) and (x2, y2) are connected by 58. Prove that the diagonals ) 
(a, c) 


a segment. Prove that the distance from the midpoint of the of a parallelogram in the 
segment to either of the two points is the same. figure intersect at their 
midpoints. 


(a+b,c) 
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59. Assume that two points (a, b) and (c, d) are the endpoints 60. Show that the points (—1, —1), (0, 0), and (2, 2) are collinear 
of a line segment. Calculate the distance between the two (lie on the same line) by showing that the sum of the distance 
points. Prove that it does not matter which point is labeled as from (—1, —1) to (0, 0) and the distance from (0, 0) to (2, 2) 
the “first” point in the distance formula. is equal to the distance from (—1, —1) to (2, 2). 


" TECHNOLOGY 


In Exercises 61-64, calculate the distance between the two points. Use a graphing utility to graph the segment joining the two 
points and find the midpoint of the segment. 


. (—2.3, 4.1) and (3.7, 6.2) 
. (—4.9, —3.2) and (5.2, 3.4) 


61 
62. 
63 
64 


» (1.1, 2.2) and (3.3, 4.4) 


. (—1.3, 7.2) and (2.3, —4.5) 


SECTION 


2.2 


GRAPHING EQUATIONS: POINT-PLOTTING, 
INTERCEPTS, AND SYMMETRY 


In this section, you will learn how to graph equations by plotting points. However, when 
we discuss graphing principles in Chapter 3, you will see that other techniques can be more 
efficient. 


Point-Plotting 
Most equations in two variables, such as y = x’, have an infinite number of ordered pairs 
as solutions. For example, (0, 0) is a solution to y = x” because when x = 0 and y = 0, the 
equation is true. Two other solutions are (—1, 1) and (1, 1). 

The graph of an equation in two variables, x and y, consists of all the points in the 
xy-plane whose coordinates (x, y) satisfy the equation. A procedure for plotting the graphs 
of equations is outlined below and is illustrated with the example y = x’. 
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Worps MatH 
Step 1: In a table, list several pairs of ae: 
: x yuu (x,y) 
coordinates that make the 
equation true. o ° (0, 0) 
- 1 (-1, 1) 
1 1 (1, 1) 
-2 4 (-2, 4) 
2 4 (2, 4) 
Step 2: Plot these points on a graph AY 
and connect the points with a (2, 4) (2,4) 
smooth curve. Use arrows to 
indicate that the graph cL ‘Gb 
continues. x 
> 


(0, 0) 


In graphing an equation, first select arbitrary values for x and then use the equation to find 
the corresponding value of y, or vice versa. 


EXAMPLE 1_ Graphing an Equation of a Line by Plotting Points 
Graph the equation y = 2x — 1. 


Solution: 

Step 1 Ina table, list several pairs of . seed y) 
coordinates that make the 0 —1 (0, —1) 
equation true. =] —3 (-1, —3) 

1 1 d, 1) 
=2 =5 (—2;.=5) 
2 3 (2, 3) 


Step 2 Plot these points on a graph and 
connect the points, resulting in 
a line. 


= Answer: 


(1,2) 


= YOUR TURN The graph of the equation y = —x + 1 is a line. Graph the line. 
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el 
Technology Tip 
Graph of y, = x° — 5 is shown ina 
[—5, 5] by [—8, 8] viewing rectangle. 


Flaki Flake Flaks 


sy Bee —5 


ses 
sol 


= Answer: 


AY 


(-2, 3) 


(2, 3) 


ve 


(-1, 0) 
(0, =1) 


(1, 0) 


EXAMPLE 2_ Graphing an Equation by Plotting Points 


Graph the equation y = x° — 5. 


Solution: 


Step 1 Ina table, list several pairs 
of coordinates that make the 
equation true. 


Step 2. Plot these points on a graph 
and connect the points with 
a smooth curve, indicating 
with arrows that the curve 
continues. 


x y=x?-5 (x,y) 
0 a) (0, —5) 

-1 -4 (-1, —4) 
1 —4 (1, —4) 

-2 -1 (—2, -1) 
2 -1 (2, -1) 

ag. 4 (—3, 4) 
3 4 (3, 4) 

> 


(0, -5) 


This graph is called a parabola and will be discussed in further detail in Chapter 8. 


= YOUR TURN Graph the equation y = x° — 1. 


EXAMPLE 3_ Graphing an Equation by Plotting Points 


Graph the equation y = x°. 


Solution: 


Step 1 Ina table, list several pairs 
of coordinates that satisfy 
the equation. 


Step 2. Plot these points on a graph 
and connect the points with 
a smooth curve, indicating 
with arrows that the curve 
continues in both the positive 
and negative directions. 


x y=x° (x, y) 

0 0 (0, 0) 
- -1 (-1, -1) 
1 1 (1, 1) 
4 —8 (2, 8) 
5 8 (2, 8) 

2,8) 
(i, 1) x 
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Intercepts Study Tip 


Identifying the intercepts helps 
When point-plotting graphs of equations, which points should be selected? Points where a__ define the graph unmistakably. 


graph crosses (or touches) either the x-axis or y-axis are called intercepts, and identifying 
these points helps define the graph unmistakably. 

An x-intercept of a graph is a point where the graph intersects the x-axis. Specifically, 
an x-intercept is the x-coordinate of such a point. For example, if a graph intersects the 
x-axis at the point (3, 0), then we say that 3 is the x-intercept. Since the value for y along 
the x-axis is zero, all points corresponding to x-intercepts have the form (a, 0). 

A y-intercept of a graph is a point where the graph intersects the y-axis. Specifically, a 
y-intercept is the y-coordinate of such a point. For example, if a graph intersects the y-axis 
at the point (0, 2), then we say that 2 is the y-intercept. Since the value for x along the 
y-axis 1s zero, all points corresponding to y-intercepts have the form (0, b). 

It is important to note that graphs of equations do not have to have intercepts, and if they 
do have intercepts, they can have one or more of each type. 


One x-intercept AY No x-intercepts 
Two y-intercepts One y-intercept 


x 
> 


Vo 


AY 
No x-intercepts Ay Three x-intercepts AY 


No y-intercepts O One y-intercept 


Veo 
Ve 


Note: The origin (0, 0) corresponds to both an x-intercept and a y-intercept. 


The graph given to the right has two y-intercepts and one x-intercept. 


u The x-intercept is —1, which corresponds to the point (— 1, 0). 
u The y-intercepts are —1 and 1, which correspond to the points (0, — 1) and (0, 1), (0, 1) 
respectively. 


(-1, 0) 
(0, -1) 


Algebraically, how do we find intercepts from an equation? The graph in the margin 
corresponds to the equation x = y* — 1. The x-intercepts are located on the x-axis, which 
corresponds to y = 0. If we let y = 0 in the equation x = y* — 1 and solve for x, the result is 
x = —1. This corresponds to the x-intercept we identified above. Similarly, the y-intercepts are 
located on the y-axis, which corresponds to x = 0. If we let x = 0 in the equation x = y’ — 1 
and solve for y, the result is y = +1. These correspond to the y-intercepts we identified above. 


194 CHAPTER 2 Graphs 


- EXAMPLE 4 _ Finding Intercepts from an Equation 


= Answer: 


a. x-intercepts: —2 and 2 
b. y-intercept: —4 


Given the equation y = x* + 1, find the indicated intercepts of its graph, if any. 
a. x-intercept(s) b. y-intercept(s) 


Solution (a): 


Let y = 0. O=x4+1 

Solve for x. x°=-—1  noreal solution 
Solution (b): 

Letx = 0. y=0+4+1 

Solve for y. y=1 


The y-intercept is located at the point | (0, 1). 


= YOUR TURN For the equation y = x° — 4, 


a. find the x-intercept(s), if any. __b. find the y-intercept(s), if any. 


Symmetry 

The word symmetry conveys balance. Suppose you have two pictures to hang on a wall. If 
you space them equally apart on the wall, then you prefer a symmetric décor. This is an example 
of symmetry about a line. The word (water) written below is identical if you rotate the word 
180 degrees (or turn the page upside down). This is an example of symmetry about a point. 
Symmetric graphs have the characteristic that their mirror image can be obtained about a 
reference, typically a line or a point. 


In Example 2, the points (—2, — 1) and (2, — 1) both lie on the graph of y = x? — 5, as do 
the points (—1, —4) and (1, —4). Notice that the graph on the right side of the y-axis is a 
mirror image of the part of the graph to the left of the y-axis. This graph illustrates 
symmetry with respect to the y-axis (the line x = 0). 

In the graph of the equation x = y” — 1 in the margin, the points (0, 1) and (0, — 1) both 
lie on the graph, as do the points (3, 2) and (3, —2). Notice that the part of the graph above 
the x-axis is a mirror image of the part of the graph below the x-axis. This graph illustrates 
symmetry with respect to the x-axis (the line y = 0). 

In Example 3, the points (—1, —1) and (1, 1) both lie on the graph. Notice that rotating 
this graph 180 degrees (or turning your page upside down) results in an identical graph. 
This is an example of symmetry with respect to the origin (0, 0). 

Symmetry aids in graphing by giving information “for free.” For example, if a graph is 
symmetric about the y-axis, then once the graph to the right of the y-axis is found, the left 
side of the graph is the mirror image of that. If a graph is symmetric about the origin, then 
once the graph is known in quadrant I, the graph in quadrant III is found by rotating the 
known graph 180 degrees. 
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It would be beneficial to know whether a graph of an equation is symmetric about a line or 
point before the graph of the equation is sketched. Although a graph can be symmetric about 
any line or point, we will discuss only symmetry about the x-axis, y-axis, and origin. These 
types of symmetry and the algebraic procedures for testing for symmetry are outlined below. 


Types and Tests for Symmetry 


IF THE Point (a, b) 


TYPE OF Is ON THE GRAPH, ALGEBRAIC TEST FOR 
SYMMETRY GRAPH THEN THE POINT... SYMMETRY 
Symmetric AY (a, —b) is on the graph. Replacing y with —y 
with respect leaves the equation 
to the x-axis unchanged. 
Symmetric us (—a, b) is on the graph. Replacing x with —x 
with respect leaves the equation Study Tip 
to the y-axis unchanged. sacs naasarscenessasesuansteneaasansnestesnses 
Symmetry gives us information 
about the graph “for free.” 
Symmetric AY (—a, —b) is on the graph. Replacing x with —x 
with respect and y with —y leaves 
to the origin the equation 
unchanged. 
EXAMPLE 5 _ Testing for Symmetry with Respect to the Axes m 
Test the equation y” = x° for symmetry with respect to the axes. Technology Tip 


Solution: To enter the graph of y’ = x°, solve 


for y first. The graphs of y, = Ve 


and y, = —Vx are shown. 


Test for symmetry with respect to the x-axis. 


Replace y with —y. (yP =x? 

es 8 Flotd Flot Flot? 
Simplify. yrx wy By tae3 
The resulting equation is the same as the original equation, y” = x°. ot a Cana) 


Therefore y* = x° is symmetric with respect to the x-axis. 


Test for symmetry with respect to the y-axis. 


Replace x with —x. y’ = (—xy 
Simplify. ys -x 
The resulting equation, y> = —x°, is not the same as the original equation, y* = »°. 


Therefore y’ = x’ is not symmetric with respect to the y-axis. 
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When testing for symmetry about the x-axis, y-axis, and origin, there are five possibilities: 


= No symmetry 

= Symmetry with respect to the x-axis 

= Symmetry with respect to the y-axis 

= Symmetry with respect to the origin 

= Symmetry with respect to the x-axis, y-axis, and origin 


= 
Technology Tip le “|)EXAMPLE 6 _ Testing for Symmetry 


Graph of y, = x” + 1 is shown. Determine what type of symmetry (if any) the graphs of the equations exhibit. 
ay=xrt1 b y=x4+1 
Filaki Flak Flats 
sy e+] Solution (a): 
wVE= 
3=H Replace x with —x. y= (-ay + 1 
Simplify. y=xrtl 


The resulting equation is equivalent to the original equation, so the graph of the equation 
y = x’ + 1 is symmetric with respect to the y-axis. 


Replace y with —y. (y=? +1 
Simplify. y=-r-1 
The resulting equation y = —x° — 1 is not equivalent to the original equation y = x” + 1, 
so the graph of the equation y = x’ + 1 is not symmetric with respect to the x-axis. 
= +3 . 
Capea eT eee Replace x with —x and y with —y. (-y) = (-x? +1 
Flotl Fletz Flot Simplify. —y=x'+1 
yor = 1 

The resulting equation y = —x° — 1 is not equivalent to the original equation y = x’ + 1, 


so the graph of the equation y = x° + 1 is not symmetric with respect to the origin. 


Solution (b): 
Replace x with —x. y=(-xy +1 
Simplify. y= -xr+1 
The resulting equation y = —2x° + 1 is not equivalent to the original equation y = x° + 1. 
Therefore, the graph of the equation y = x’ + 1 is not symmetric with respect to the y-axis. 
Replace y with —y. (-y=x+1 
Simplify. y=-x-1 
The resulting equation y = —2x° — 1 is not equivalent to the original equation y = x° + 1. 
Therefore, the graph of the equation y = x’ + 1 is not symmetric with respect to the x-axis. 
Replace x with —x and y with —y. (-y) = (-x +1 
Simplify. -y=-x+1 

y=x-1 


The resulting equation y = x° — 1 is not equivalent to the original equation y = x° + 1. 
Therefore, the graph of the equation y = x* + 1 is not symmetric with respect to the origin. 


: ‘aewers The ‘ih of the The graph of the equation y = x* + 1 exhibits no symmetr 


equation is sy etric with GESpPECe BL *erseetPeeensaveessstessasseececenensezscscssesczereneerencnsnsnasenssnesersnenncncesnassceasinrsesesarenensovostagissvoseestnnrnencermssaqsssieitetenesisst?#ots 


: seein = YOUR TURN Determine the symmetry (if any) forx = y’ — 1. 
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Using Intercepts and Symmetry as 

Graphing Aids 

How can we use intercepts and symmetry to assist us in graphing? Intercepts are a 
good starting point—though not the only one. For symmetry, look back at Example 2, 
y = x° — 5. We selected seven x-coordinates and solved the equation to find the 
corresponding y-coordinates. If we had known that this graph was symmetric with 
respect to the y-axis, then we would have had to find the solutions to only the positive 
x-coordinates, since we get the negative x-coordinates for free. For example, we found 
the point (1, —4) to be a solution to the equation. The rules of symmetry tell us that 
(—1, —4) is also on the graph. 


EXAMPLE 7 _ Using Intercepts and Symmetry as Graphing Aids 


For the equation x” + y* = 25, use intercepts and symmetry to help you graph the equation 
using the point-plotting technique. 


Solution: 

Step 1 Find the intercepts. 
For the x-intercepts, let y = 0. x7 +0? = 25 
Solve for x. x= +5 


The two x-intercepts correspond to the points (—5, 0) and (5, 0). 


For the y-intercepts, let x = 0. 0? + y= 25 
Solve for y. y=45 
The two y-intercepts correspond to the points (0, —5) and (0, 5). 


Step 2 Identify the points on the graph AY 
corresponding to the intercepts. 59 
x 
e > 
-5 5 
5 @ 


STEP 3 Test for symmetry with respect to the y-axis, x-axis, and origin. 
Test for symmetry with respect to the y-axis. 


Replace x with —x. (—x)? + y? = 25 


Simplify. rty =25 


The resulting equation is equivalent to the original, so the graph of 
x? + y* = 25 is symmetric with respect to the y-axis. 
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E 
Technology Tip 


To enter the graph of x” + y? = 25, 


solve for y first. The graphs of 
y, = V25 — x and 


—V25 — x are shown. 


Floti Plott Plots 
WHEY C25-Ke a 


Wel [25-425 
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Test for symmetry with respect to the x-axis. 
x + (—y)? = 25 
r ty =25 


Replace y with —y. 
Simplify. 
The resulting equation is equivalent to the original, so the graph of 
x° + y’ = 25 is symmetric with respect to the x-axis. 
Test for symmetry with respect to the origin. 
(—x) + (—yy = 25 
r ty =25 


Replace x with —x and y with —y. 
Simplify. 


The resulting equation is equivalent to the original, so the graph of 
x° + y? = 25 is symmetric with respect to the origin. 


Since the graph is symmetric with respect to the y-axis, x-axis, and origin, we need to 
determine solutions to the equation on only the positive x- and y-axes and in quadrant I 
because of the following symmetries: 


= Symmetry with respect to the y-axis gives the solutions in quadrant II. 
= Symmetry with respect to the origin gives the solutions in quadrant III. 
= Symmetry with respect to the x-axis yields solutions in quadrant IV. 


Solutions to x* + y* = 25. 
Quadrant I: (3, 4), (4, 3) 

Additional points due to symmetry: 
Quadrant II: (—3, 4), (—4, 3) 
Quadrant III: (—3, —4), (—4, —3), 
Quadrant IV: (3, —4), (4, —3) 


Connecting the points with a smooth curve yields a circle. We will discuss circles in more 
detail in Section 2.4. 


CS) SECTION 
a SUMMARY 


Sketching graphs of equations can be accomplished using a 
point-plotting technique. Intercepts are defined as points where 
a graph intersects an axis or the origin. 


Symmetry about the x-axis, y-axis, and origin is defined both 
algebraically and graphically. Intercepts and symmetry provide 
much of the information useful for sketching graphs of equations. 


Intercepts 
POINT WHERE THE 
INTERCEPTS GRAPH INTERSECTS THE... How To FIND INTERCEPTS POINT ON GRAPH 
x-intercept X-axis Let y = 0 and solve for x. (a, 0) 
y-intercept y-axis Let x = 0 and solve for y. (0, b) 


Types and Testis for Symmetry 
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IF THE POINT (a, b) 


TYPE OF Is ON THE GRAPH, ALGEBRAIC TEST FOR 
SYMMETRY GRAPH THEN THE POINT... SYMMETRY 
Symmetric AY (a, —b) is on the graph. Replacing y with —y 
with respect leaves the equation 
to the x-axis unchanged. 
Symmetric y (—a, b) is on the graph. Replacing x with —x 
with respect leaves the equation 
to the y-axis unchanged. 
Symmetric AY (—a, —b) is on the graph. Replacing x with —x 
with respect and y with —y leaves 
to the origin the equation 


unchanged. 


SECTION 
2.2 EXERCISES 


=" SKILLS 


In Exercises 1-8, determine whether each point lies on the graph of the equation. 


1. y=3x—5 


3; y=3x-4 
5. y=r-2x41 
7 


~y=Vxt2 


a. (1, 2) 


a. (5, —2) 
a. (1,4) 
a. (7,3) 


b. (—2, -11) 
b. (—5, 6) 
b. (0, -1) 
b. (—6, 4) 


2. y=—-2x+7 a. (-1,9)  b. (2, -4) 
4,y=-ix+1 a. (8, 5) b. (—4, 4) 
6 y=xr-1 a. (-1,0) __b. (—2, —9) 
8 y=2+ |3-2| a. (9,-4) — b. (—2,7) 


In Exercises 9-14, complete the table and use the table to sketch a graph of the equation. 


9. 


y=2+x 


(x, y) 


10. 


x y=3x-1 


(x,y) 
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11. 2 12. 


x y=x°-x | (@,y) x y=1-2x-x* | (x,y) 
=] =3 

0 —2 

5 -1 

1 0 

2 1 

13. 14. 

x y=Vx-1 (x, y) x y=-Vx+2 (x, y) 
1 =2 

2 —1 

5 2 

10 7 


In Exercises 15-22, graph the equation by plotting points. 


15. y= —-3x+2 16. y=4-x 17. y=x-—x-2 18. 
19. x=y-1 20. x=ly+ 1) +2 2. y=5x-3 22. 


In Exercises 23-32, find the x-intercept(s) and y-intercepts(s) (if any) of the graphs of the given equations. 


23. 2x -y=6 24. 4x + 2y = 10 25. y=xr-9 26. 
1 
27. y= Vx-4 28. y= WV - 8 ~w%y=5 30. 
5 x +4 

31. 4° + = 16 32. 2 Hy = 
In Exercises 33-38, match the graph with the corresponding symmetry. 

a. No symmetry b. Symmetry with respect to the x-axis 

c. Symmetry with respect to the y-axis d. Symmetry with respect to the origin 

e. Symmetry with respect to the x-axis, y-axis, and origin 
33. 34. 35. 

AY AY 
(1, 1) 


y=xr-2x4+1 


y =0.5|x-1] 
y=47-1 
r—x- 12 
y= 
x 
AY 


vx 


Vr 
Veo 


36. 
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37. 


AY 


Vea 


AY 


Vu 


38. 


In Exercises 39-44, a point that lies on a graph is given along with that graph’s symmetry. State the other known points that 
must also lie on the graph. 


39. 
41. 
43. 


Point on The Graph Is Symmetric 
a Graph about the 

(-1, 3) X-axis 

(7, —10) origin 

(3, —2) X-axis, y-axis, and origin 


Point on 
a Graph 


40. (—2, 4) 
43. (-1,-15 
44. (—1,7) 


The Graph Is Symmetric 


about the 


y-axis 


origin 


X-axis, y-axis, and origin 


In Exercises 45-58, test algebraically to determine whether the equation’s graph is symmetric with respect to the x-axis, y-axis, 


or origin. 

45. x=y +4 46. x=2y +3 
49. x=|y| 50. x =|y|-2 
53. y= x 54, x= y' 
a 58. xy = 1 


In Exercises 59-72, plot the graph of the given equation. 


59. 


63. 


67. 


71. 


" APPLICATIONS 
73. 


74. 


y=x 60. y= —pxt 3 
ra 2 
a 64. x=y +1 
y=lal 68. |x| =lyI 
y 
r—y=16 72,.x°-=1 
25 


Sprinkler. A sprinkler will water a grassy area in the shape 
of x” + y’ = 9. Apply symmetry to draw the watered area, 
assuming the sprinkler is located at the origin. 


Sprinkler. A sprinkler will water a grassy area in the shape of 
2 


y 
xt 9 = 1. Apply symmetry to draw the watered area, 


assuming the sprinkler is located at the origin. 


47. 
51. 
55. 


61. 


65. 


69. 


y=xrtx 
x — y= 100 
rtye=l 
y=xr-1 

1 
y=- 

Bi 
rt+y= 16 


48. 
52. 
56. 


62. 


66. 


70. 


y=rt1 
x + 2y’ = 30 
y= Ll+x 


75. Electronic Signals: Radio Waves. The received power of an 
electromagnetic signal is a fraction of the power transmitted. 


The relationship is given by 


P received — 


Prransmitted 7 


1 


R 


where R is the distance that the signal has traveled in meters. 
Plot the percentage of transmitted power that is received for 
R= 100m, | km, and 10,000 km. 
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76. 


77. 


78. 


81. 


Electronic Signals: Laser Beams. The wavelength A and the 
frequency f of a signal are related by the equation 
_¢ 

fs 
where c is the speed of light in a vacuum, c = 3.0 X 108 
meters per second. For the values, A = 0.001, A = 1, and 
A = 100 mn,, plot the points corresponding to frequency, f- 
What do you notice about the relationship between frequency 
and wavelength? Note that the frequency will have units 
Hz = 1/seconds. 


79. 


Economics. The demand for an electronic device is 
modeled by 


p = 2.95 — V0.01x — 0.01 


where x is thousands of units demanded per day and p is 
the price (in dollars) per unit. 


a. Find the domain of the demand equation. Interpret 
your result. 


b. Plot the demand equation. 


80. Economics. The demand for a new electronic game is 
Profit. The profit associated with making a particular product modeled by 
is given by the equation 
p = 39.95 — V0.01x — 0.4 
y=-x + 6x - 8 . . . 

where x is thousands of units demanded per day and p is 
where y represents the profit in millions of dollars and the price (in dollars) per unit. 
x represents the number of thousands of units sold. (x = 1 : . . 
corresponds to 1000 units and y = 1 corresponds to $1M.) a. Find the domain of the demand equation. Interpret 
Graph this equation and determine how many units must be your result. 
sold to break even (profit = 0). Determine the range of units b. Plot the demand equation. 
sold that correspond to making a profit. 
Profit. The profit associated with making a particular product 
is given by the equation 

y= x 4+ 4x - 3 
where y represents the profit in millions of dollars and 
x represents the number of thousands of units sold. (x = 1 
corresponds to 1000 units and y = | corresponds to $1M.) 
Graph this equation and determine how many units must 
be sold to break even (profit = 0). Determine the range of 
units sold that correspond to making a profit. 
" CATCH THE MISTAKE 
In Exercises 81-84, explain the mistake that is made. 
Graph the equation y = x° + 1. 82. Test y = —x? for symmetry with respect to the y-axis. 
Solution: Solution: 
y=exrt+1 (x,y) : 2 
? Replace x with — x. y = —(—-x) 
0 1 (0, 1) Simplify. y= x 
1 2 (1, 2) The resulting equation is not equivalent to the original 
equation; y = —x* is not symmetric with respect to the y-axis. 
AY 
This is incorrect. What mistake was made? 
83. Test x =|y| for symmetry with respect to the y-axis. 
(0, 1) (1, 2) Solution: 
.. Replace y with —y. x=|-y| 
Simplify. x=|y| 


This is incorrect. What mistake was made? 


The resulting equation is equivalent to the original equation; 
x =|y| is symmetric with respect to the y-axis. 


This is incorrect. What mistake was made? 
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84. Use symmetry to help you graph x° = y — 1. Symmetry with respect to the x-axis implies that (0, — 1), 
Solution: (1, —2), and (2, —5) are also points that lie on the graph. 
Replace x with —x. (-xr =y-1 
Simplify. v=y-l Pil 
x° = y — 1 is symmetric with respect to the x-axis. 

Determine points that lie on the graph in quadrant I. 
y wsy-1 (x,y) “ 
5 5 
1 0 (0, 1) 
2 1 (1, 2) 
5 2 (2, 5) 5 


This is incorrect. What mistake was made? 


"= CONCEPTUAL 


In Exercises 85-88, determine whether each statement is true or false. 


85. If the point (a, b) lies on a graph that is symmetric about the —-87.._:If the point (a, —b) lies on a graph that is symmetric about 
x-axis, then the point (—a, b) also must lie on the graph. the x-axis, y-axis, and origin, then the points (a, b), (—a, —b), 


86. If the point (a, b) lies on a graph that is symmetric about the ene, by musvalso ie an Wo grant 


y-axis, then the point (—a, 5) also must lie on the graph. 88. Two points are all that is needed to plot the graph of an 
equation. 


s CHALLENGE 


b has any 90. Find the intercepts of y = (x — a)’ — b’, where a and b are 
real numbers. 


. axe + 
89. Determine whether the graph of y = 5 
cx 


symmetry, where a, b, and c are real numbers. 


= TECHNOLOGY 


In Exercises 91-96, graph the equation using a graphing utility and state whether there is any symmetry. 
91. y = 16.7x4 — 3.3x? + 7.1 94, 3.2x2 — 5.1y? = 13 

92. y = 0.49 + 8.2x7 — 1.3x 95. 1.217 + 4.7y? = 19.4 

93. 2.3x° = 5.5ly| 96. 2.1y? = 0.8|x + I 


SECTION 
2.3 LINES 
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Graphing a Line 


What is the shortest path between two points? The answer is a straight line. In this section, 
we will discuss characteristics of lines such as slope and intercepts. We will also discuss types 
of lines such as horizontal, vertical, falling, and rising, and recognize relationships between 
lines such as perpendicular and parallel. At the end of this section, you should be able to find 
the equation of a line when given two specific pieces of information about the line. 
First-degree equations, such as 
y= -2x + 4, 3x + y = 6, y= 2, and x= —-3, 

have graphs that are straight lines. The first two equations given represent inclined or 
“slant” lines, whereas y = 2 represents a horizontal line and x = —3 represents a vertical 
line. One way of writing an equation of a straight line is called general form. 


EQUATION OF A STRAIGHT LINE: GENERAL* FORM 

If A, B, and C are constants and x and y are variables, then the equation 
Ax + By=C 

is in general form, and its graph is a straight line. 

Note: A or B (but not both) can be zero. 


The equation 2x — y = —2 isa first-degree equation, so its graph is a straight line. To graph 
this line, list two solutions in a table, plot those points, and use a straight edge to draw the line. 


: y (x, y) > 
=2 =o (=2, 2) an 
1 4 d, 4) 
> 
(-2,-2) 
2x-y=-2 


*Some books refer to this as standard form. 


Intercepts 


The point where a line crosses, or intersects, the x-axis is 
called the x-intercept. The point where a line crosses, 
or intersects, the y-axis is called the y-intercept. By 
inspecting the graph of the previous line, we see that the 
x-intercept is (—1, 0) and the y-intercept is (0, 2). 
Intercepts were discussed in Section 2.2. There, we 
found that the graphs of some equations could have no 
intercepts or one or multiple intercepts. Slant lines, 
however, have exactly one x-intercept and exactly one 


y-intercept. 


DETERMINING INTERCEPTS 


Coordinates 
x-intercept: (a, 0) 
y-intercept: (0, b) 


Axis Crossed 
X-axis 


y-axis 


AY 


x-intercept 
y-intercept 


Algebraic Method 
Set y = 0 and solve for x. 
Set x = 0 and solve for y. 


Horizontal lines and vertical lines, however, each have only one intercept. 


x 
> 


Study Tip 


x-intercept: Set y = 0. 
y-intercept: Set x = 0. 


(0, b) 


AY 


2.3 Lines 


TYPE OF LINE | EQUATION | X-INTERCEPT | Yy-INTERCEPT GRAPH 
Horizontal y=b None b y 
(0, b) 
x 
> 
Vertical x=a a None 


Note: The special cases of x = 0 (y-axis) and y = 0 (x-axis) have infinitely many y-intercepts and 


x-intercepts, respectively. 


(a, 0) 


ve 
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= Answer: a. x-intercept: (3, 0); 
y-intercept: (0, —2) 
b. x-intercept does not exist; 
y-intercept: (0, 5) 


Study Tip 


To get the correct sign (+) for the 
slope, remember to start with the 
same point for both x and y. 


EXAMPLE 1_ Determining x- and y-Intercepts 


Determine the x- and y-intercepts (if they exist) for the lines given by the following equations. 
a. 2x + 4y = 10 b. x = —2 
Solution (a): 2x + 4y = 10 


To find the x-intercept, set y = 0. 2x + 4(0) = 10 
Solve for x. 2x = 10 

x=5 

The x-intercept corresponds to the point | (5, 0) |. 

To find the y-intercept, set x = 0. 2(0) + 4y = 10 
Solve for y. 4y = 10 
_5 

-— 


The y-intercept corresponds to the point (0, 3) ; 


Solution (b): x = —2 AY 
This vertical line consists of all points (—2, y). 
The graph shows that the x-intercept is —2. a) 


We also find that the line never crosses the 
y-axis, so the y-intercept does not exist. C2,0) 
iJ 


vx 


= YOUR TURN Determine the x- and y-intercepts (if they exist) for the lines given by 
the following equations. 


a. 3x-y=2 b y=5 


Slope 


If the graph of 2x — y = —2 represented an incline that you were about to walk on, would 
you classify that incline as steep? In the language of mathematics, we use the word slope 
as a measure of steepness. Slope is the ratio of the change in y over the change in x. An easy 
way to remember this is rise over run. 


SLOPE OF A LINE 


A nonvertical line passing through two points (x,, y,) and (%, yz) has slope m, given 
by the formula 


My Sil 

m = ——,, where x, # X> or 
XxX. — X) 
rise vertical change 


a = 
run _ horizontal change 


Note: Always start with the same point for both the x-coordinates and the y-coordinates. 
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Let’s find the slope of our graph 2x — y = —2. We'll let (x,, y;) = (—2, —2) and 
(x2, yo) = C1, 4) in the slope formula: 
yoy 4A-(-2)] _ 6 


m= = =-=2 


%— x [1—(-2)] 3 


ver 


Notice that if we had chosen the two intercepts (x), y;) = (0, 2) and (%, y2) = (—1, 0) instead, 
we still would have found the slope to be m = 2. 


COMMON MISTAKE 


The most common mistake in calculating slope is writing the coordinates in the 
wrong order, which results in the slope being opposite in sign. 


: ‘ fife Fi vy CAUTION 
Find the slope of the line containing the two points (1, 2) and (3, 4). 


Interchanging the coordinates can 


@ CORRECT INCORRECT result in a sign error in the slope. 
Label the points. The ERROR is interchanging the 
Cin Ty) = Cy 2 6a») = G4 coordinates of the first and second 
Write the slope formula. poe ee 
= 2 Al ie = as 
Xp — X : 
The calculated slope is INCORRECT 

Substitute the coordinates. by a negative sign. 

4-2 2 

m= See 

Simplify. m= Z = 

2 


When interpreting slope, always read the graph from left to right. Since we have determined 
the slope to be 2, or 2 we can interpret this as rising two units and running (to the right) one unit. 
If we start at the point (-2, —2) and move two units up and one unit to the right, we end up 
at the x-intercept, (—1, 0). Again, moving two units up and one unit to the right puts us at 


the y-intercept, (0, 2). Another rise of two and run of one takes us to the point (1, 4). See the 
figure on the right. 


Lines fall into one of four categories: rising, falling, horizontal, or vertical. 


AY 
Line Slope 

Rising Positive (m > 0) 

Falling Negative (m < 0) als 
Horizontal Zero (m = 0), hence y = b b 

Vertical Undefined, hence x = a 


The slope of a horizontal line is 0 because the y-coordinates of any two points are the same. 
The change in y in the slope formula’s numerator is 0, hence m = 0. The slope of a vertical 
line is undefined because the x-coordinates of any two points are the same. The change in 
x in the slope formula’s denominator is zero; hence m is undefined. 
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EXAMPLE 2 _ Graph, Classify the Line, and Determine the Slope 


Sketch a line through each pair of points, classify the line as rising, falling, vertical, or 


horizontal, and determine its slope. 


b. (—3, 3) and (3, 1) 


a. (—1, —3) and (1, 1) 
ce Gl d. (1, —4) and (1, 3) 


, ~2) and (3, —2) 


AY 


@, 1) 


ve 


(—1, —3) and (1, 1) 
This line is rising, so its slope is positive. 
1-—(-3) 4 2 
<= to oe 


Solution (a): 
(-1, -3) 


(-3, 3) 


(3, 1) a 


Solution (b): 


(—3, 3) and (3, 1) 


This line is falling, so its slope is negative. 


a=] 


2 1 


m 
=3.= 3 


Solution (c): 


6 3 


AY 


(—1, —2) and (3, —2) (-1, -2) 


This is a horizontal line, so its slope is zero. 


—2—-(-2) 0 


n= 


3-(- 


Solution (d): 


1) a" 


(3, -2) 


(1, 3) 


(1, —4) and (1, 3) 


This is a vertical line, so its slope is undefined. 


m 
LS 1 


269 9 


= 0 which is undefined. 


(1, -4) 


= Answer: 


a. 


b. 
c. 
d. 


m = —S, falling 

m = 2, rising 

slope is undefined, vertical 
m = 0, horizontal 


= YOUR TURN Poreach pair of points classify the line that passes through them as rising, 


falling, vertical, or horizontal, and determine its slope. Do not graph. 


a. (2, 0) and (1, 5) 
ce. (—3, —1) and (-3, 4) 


b. (—2, —3) and (2, 5) 
d. (—1, 2) and (3, 2) 
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Equations of Lines 


Slope-Intercept Form 


As mentioned earlier, the general form for an equation of a line is Ax + By = C. A more 
standard way to write an equation of a line is in slope—intercept form, because it identifies 
the slope and the y-intercept. 


EQUATION OF A STRAIGHT LINE: SLOPE—INTERCEPT FORM 
The slope—intercept form for the equation of a nonvertical line is 
y=mx+b 


Its graph has slope m and y-intercept b. 


For example, 2x — y = —3 is in general form. To write this equation in slope—intercept 
form, we isolate the y variable: 


y=2x+ 3 


The slope of this line is 2 and the y-intercept is 3. 


= 
EXAMPLE 3 _ Using Slope-Intercept Form to Graph an Equation Technology Tip le 


faLin 
ore e To graph the equation 2x — 3y = 15, 


Write 2x — 3y = 15 in slope—intercept form and graph it. solve for y first. The graph of 
y= 3x — 5 is shown. 


Solution: 
STEP 1 Write in slope—intercept form. Flokl Floke Floks 
; _ as — ae See] 
Subtract 2x from both sides. —3y = —2x + 15 
acc , 2 
Divide both sides by —3. y= 3 = 5 
STEP 2 Graph. 
2 
Identify the slope and y-intercept. Slope: m = 3 y-intercept: b = —5 


¥ 


Plot the point corresponding 

to the y-intercept (0, —5). 

From the point (0, —5), rise 

two units and run (to the right) three 
units, which corresponds to the point 
(3; =3). 


= Answer: y = 3x- 6 


AY 
Draw the line passing through 
the two points. 


Vu 


eases a esesesegzanesnsssansatavesseutasnrasestosaseseaepstivarasevisaseanea4peveatostasueate svseuiestussacedsosesssaveasesseeneatedtssheavtstacasattaviairerte (2,-3) 


= YOUR TURN Write 3x — 2y = 12 in slope—intercept form and graph it. (0, -6) 
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Instead of starting with equations of lines and characterizing them, let us now start with 
particular features of a line and derive its governing equation. Suppose that you are given 
the y-intercept and the slope of a line. Using the slope—intercept form of an equation of a 
line, y = mx + b, you could find its equation. 


EXAMPLE 4_ Using Slope-Intercept Form to Find the Equation 


= Answer: y = —3x +2 


of a Line 


Find the equation of a line that has slope - and y-intercept (0, 1). 


Solution: 

Write the slope—intercept form of an equation of a line. y=mx+b 
2 

Label the slope. m= 3 

Label the y-intercept. b=1 


The equation of the line in slope—intercept form is y= 3+ 1] 


= YOUR TURN Find the equation of the line that has slope -3 and y-intercept (0, 2). 


Point—Slope Form 


Now, suppose that the two pieces of information you are given about an equation are its 
slope and one point that lies on its graph. You still have enough information to write an 
equation of the line. Recall the formula for slope: 
m= a, where x # x, 
XQ ~ xy 

We are given the slope m, and we know a particular point that lies on the line (x, y,). We 
refer to all other points that lie on the line as (x, y). Substituting these values into the slope 
formula gives us 


yy 
xX — xX 


m 


Cross multiplying yields 
y— yy = mx — x) 


This is called the point—slope form of an equation of a line. 


EQUATION OF A STRAIGHT LINE: POINT—SLOPE FORM 
The point-slope form for the equation of a line is 

y— yy = max — x) 
Its graph passes through the point (;, y,), and its slope is m. 


Note: This formula does not hold for vertical lines since their slope is undefined. 


EXAMPLE 5_ Using Point-Slope Form to Find the Equation 
of a Line 


Find the equation of the line that has slope -5 and passes through the point (— 1, 2). 
Solution: 


Write the point—-slope form of an equation of a line. yy, = mx — x) 


Substitute the values m = 5 and (x;, y,;) = (-1, 2). y-2= (x — (-1)) 
nice 1 

Distribute. y-2=-24x- . 

Isolate y. y=-—rti 


We can also express the equation in general form : 


= YOUR TURN Derive the equation of the line that has slope i and passes through the 


point (1, —3). Give the answer in general form. 


Suppose the slope of a line is not given at all. Instead, two points that lie on the line are 
given. If we know two points that lie on the line, then we can calculate the slope. Then, 
using the slope and either of the two points, the equation of the line can be derived. 


_ EXAMPLE 6 Finding the Equation of a Line Given Two Points 


Find the equation of the line that passes through the points (—2, —1) and (3, 2). 


Solution: 
Write the equation of a line. y=mx+b 
Calculate the slope. m= i ay 
XG = Hy 
Substitute (x,, y;) = (—2, —1) and (x, y») = (3, 2) ee a 
JI > 22 42. ’ . 3 — (-2) 5 
: 3 3 
Substitute 5 for the slope. y= 5" +B 
: ; ; ‘ 3 
Let (x, y) = (3, 2). (Either point satisfies the equation.) 2= 5 (3) + b 
1 
Solve for b. b= 5 
fos ‘ 3 1 
Write the equation in slope—intercept form. y= 5° tr 5 


Write the equation in general form. 


= YOUR TURN Find the equation of the line that passes through the points (— 1, 3) 
and (2, —4). 
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= Answer: y = 4x = ; 


coc 


When two points that lie on a line are 
given, first calculate the slope of the 
line, then use either point and the 
slope—intercept form (shown in 
Example 6) or the point—slope form: 


m = 4, (3,2) 
yay, = mx — x1) 
y—2=$@ —- 3) 
Sy — 10 = 3(x — 3) 
Sy — 10 = 3x — 9 


—3x + Sy=1 


= Answer: y = ty + 3 or 
Tx + 3y =2 
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(3, 2) 


AY 


a 


AY 


= Answer: 
ay=7 
bo x=5 


AY 


y=2x+3 


vu 


EXAMPLE 7 _ Finding the Equation of a Horizontal or 
Vertical Line 


Find the equation of each of the following lines given their slope and a point that 
the line passes through: 


a. Slope: undefined; (—3, 2) 
b. Slope: m = 0; (-4, 5) 


Solution (a): 


A vertical line has undefined slope. x=a 


The x-coordinate of the point the line passes through (—3, 2) is—3. x =—3 


Graph of the line x = —3 and the point (—3, 2) indicated. 


Solution (b): 
A horizontal line has slope m = 0. y=b 
The y-coordinate of the point the line passes through (—4, 5) is 5. y=5 


Graph of the line y = 5 with the point (—4, 5) indicated. 


= YOUR TURN Find the equation of each of the following lines given their slope 
and a point that the line passes through: 


a. Slope: m = 0; (3, 7) 
b. Slope: undefined; (5, —2) 


Parallel and Perpendicular Lines 


Two distinct nonintersecting lines in a plane are parallel. How can we tell whether the two 
lines in the graph on the left are parallel? Parallel lines must have the same steepness. In 
other words, parallel lines must have the same slope. The two lines shown on the left are 
parallel because they have the same slope, 2. 


DEFINITION Parallel Lines 


Two distinct lines in a plane are parallel if and only if their slopes are equal. 


In other words, if two lines in a plane are parallel, then their slopes are equal, and if the 
slopes of two lines in a plane are equal, then the lines are parallel. 

WorpDs MatH 

Lines L, and L, are parallel. Ey\|ks 


Two parallel lines have the same slope. mM, = M, 


EXAMPLE s8_ Determining Whether Two Lines Are Parallel 


Determine whether the lines —x + 3y = —3 andy = ix 6 are parallel. 
Solution: 
Write the first line in slope—intercept form. —x+3y=—3 
Add x to both sides. 3y=x~=-3 
1 

Divide by 3. y= Ei =i] 

: 1 1 
Compare the two lines. y= ae —1 and y= a = 6 


Both lines have the same slope, i. These are distinct lines because they have different 


y-intercepts. Thus, the | two lines are parallel |. 


leu EXAMPLE 9 Finding an Equation of a Parallel Line 


Find the equation of the line that passes through the point (1, 1) and is parallel to the 
line y = 3x + 1. 


Solution: 

Write the slope—intercept equation of a line. y=mx+b 
Parallel lines have equal slope. m = 3 
Substitute the slope into the equation of the line. y=3xt+b 
Since the line passes through (1, 1), this point must 

satisfy the equation. 1=3(1) +5 
Solve for b. =-2 


= YOUR TURN Find the equation of the line parallel to y = 2x — 1 that passes through 
the point (—1, 3). 


Two perpendicular lines form a right angle at their point of intersection. Notice 
the slopes of the two perpendicular lines in the figure to the right. They are —4 and 2, 
negative reciprocals of each other. It turns out that almost all perpendicular lines share this 
property. Horizontal (m = 0) and vertical (m undefined) lines do not share this property. 


DEFINITION Perpendicular Lines 


Except for the special case of a vertical and a horizontal line, two lines in a plane 
are perpendicular if and only if their slopes are negative reciprocals of each other. 


In other words, if two lines in a plane are perpendicular, their slopes are negative reciprocals, 
provided their slopes are defined. Similarly, if the slopes of two lines in a plane are negative 
reciprocals, then the lines are perpendicular. 


WorRDS MatH 
Lines L, and L, are perpendicular. L,1L, 
Two perpendicular lines have negative m, = i m, # 0,m, # 0 


reciprocal slopes. mM 
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= Answer: y = 2x + 5 


Study Tip 


If a line has slope equal to 3, then a 
line perpendicular to it has slope -}. 
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_) EXAMPLE 10 Finding an Equation of a Line That Is Perpendicular 
il to Another Line 


Find the equation of the line that passes through the point (3, 0) and is perpendicular to 
the line y = 3x + 1. 


Solution: 
Identify the slope of the given line y = 3x + 1. m, = 3 
The slope of a line perpendicular to the given line is the Paes i_ol 
negative reciprocal of the slope of the given line. - m, 3 
Write the equation of the line we are 
looking for in slope—intercept form. y=mxt+b 
1 

Substitute m, = } into y = mx + b. y= —3* +b 
Since the desired line passes through (3, 0), ot 3) 4b 
this point must satisfy the equation. 7 (3) 

=-I+bD 
Solve for b. b= 


A 2 y=2x-7 
Raa ae = YOUR TURN Find the equation of the line that passes through the point (1, —5) and 


is perpendicular to the line y = —3x + 4, 
Applications Involving Linear Equations 
Slope is the ratio of the change in y over the change in x. In applications, slope can often be 
interpreted as the rate of change, as illustrated in the next example. 


EXAMPLE 11. Slopeasa Rate of Change 


The average age that a person first marries has been increasing over the last several decades. 
In 1970 the average age was 20, in 1990 it was 25 years old, and in 2010 it is expected 

that the average age will be 30 years old at the time of a person’s first marriage. Find the 
slope of the line passing through these points. Describe what that slope represents. 


Solution: 
35 
If we let x represent the year and y represent 30 
the age, then two points* that lie on the line » > 
are (1970, 20) and (2010, 30). er 
10 
5 
1930 1950 1970 1990 2010” 
Year 
; change in y 
Write the slope formula. mn = —— 
change in x 
Substitute the points into the ie 30-20 10 #1 
slope formula. 2010-1970 40 4 


The slope is 4 and can be interpreted as the rate of change of the average age when a 


person is first married. | Every 4 years the average age at the first marriage is | year older. 


*TIn Example 11 we chose to use the points (1970, 20) and (2010, 30). We could have also used the point (1990, 
25) with either of the other points. 
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EXAMPLE 12_ Service Charges 


Suppose that your two neighbors both use the same electrician. One neighbor had a 2-hour 
job that cost her $100, and another neighbor had a 3-hour job that cost him $130. 
Assuming that a linear equation governs the service charge of this electrician, what will 
your cost be for a 5-hour job? 


Solution: 


Step 1 Identify the question. 
Determine the linear equation for this electrician’s service charge and calculate 
the charge for a 5-hour job. 


Step 2 Make notes. 
A 2-hour job costs $100 and a 3-hour job costs $130. 


STEP 3 Set up an equation. 
Let x equal the number of hours and y equal the service charge in dollars. 


Linear equation: y = mx + b 


Two points that must satisfy this equation are (2, 100) and (3, 130). 


STEP 4 Solve the equation. 
130-100 30 


Calculate the rate of change (slope). 32 a: 30 
Substitute the slope into the linear y = 30x +b 

equation. 

Either point must satisfy 100 = 30(2) + b 

the equation. Use (2, 100). 100 = 60 + b 


b = 40 


The service charge y is given by 
y = 30x + 40. 


Substitute x = 5 into this equation 
for a 5-hour job. y = 30(5) + 40 = 190 


The 5-hour job will cost |$190). 


Step 5 Check the solution. 
The service charge y = 30x + 40 can be interpreted as a fixed cost of $40 for 
coming to your home and a $30 per hour fee for the job. A 5-hour job would 
cost $190. Additionally, a 5-hour job should cost less than the sum of a 2-hour 
job and a 3-hour job ($100 + $130 = $230), since the $40 fee is charged 
only once. 


; . : aA : $75 
= YOUR TURN You decide to hire a tutor that some of your friends recommended. mowers = 


The tutor comes to your home, so she charges a flat fee per session 
and then an hourly rate. One friend prefers 2-hour sessions, and the 
charge is $60 per session. Another friend has 5-hour sessions that 
cost $105 per session. How much should you be charged for a 
3-hour session? 
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SECTION 


SUMMARY 


In this section we discussed graphs and equations of lines. Lines 
are often expressed in two forms: 

General Form: Ax + By = C 

Slope-Intercept Form: y = mx + b 


All lines (except horizontal and vertical) have exactly one 
x-intercept and exactly one y-intercept. The slope of a line is a 
measure of steepness. 


Slope of a line passing through (x), y,) and (%, ya): 


wy Ti alse 


Xy — X1 run 


SECTION 
2.3 EXERCISES 


" SKILLS 


Horizontal lines: m = 0 
Vertical lines: m is undefined 


We found equations of lines, given either two points or the slope 
and a point. We found the point-slope form, y — y,; = m(x — x), 
useful when the slope and a point are given. We also discussed 
both parallel (nonintersecting) and perpendicular (forming a right 
angle) lines. Parallel lines have the same slope. Perpendicular 
lines have negative reciprocal slopes, provided their slopes are 
defined. 


In Exercises 1-10, find the slope of the line that passes through the given points. 


1. (1,3) and (2, 6) 2. (2, 1) and (4, 9) 
5. (—7,9)and(3,-10) 6. (11, —3) and (2, 6) 
9. (3-4) and (g,—3) 10. (3,3) and (-3, §) 


3. (—2, 5) and (2, —3) 
7. (0.2, —1.7) and (3.1, 5.2) 


4. (—1, —4) and (4, 6) 
8. (—2.4, 1.7) and (—5.6, —2.3) 


For each graph in Exercises 11-16, identify (by inspection) the x- and y-intercepts and slope if they exist, and classify the line as 


rising, falling, horizontal, or vertical. 


11. 12. 13. 
AY AY 
Q, 3) (42, 3) 
x x x 
> > @,-) > 
(-1, -=3) 
14. 15 16. 
AY AY AY 
(-4, 4) 
(73, 3) 
C1, 1 (3, 1) 
x x x 
> > > 
Q, =2) 
(-4, 73) 


In Exercises 17-30, find the x- and y-intercepts if they exist and graph the corresponding line. 


17. 
21. 
25. 
29. 


In Exercises 31-42, write the equation in slope—intercept form. Identify the slope and the y-intercept. 
31. 
35. 
39. 


y=2x—-3 18. 

2x —3y=4 22. 
x=-l 26. 3 
x=-3 30. y= 


2x — 5y = 10 32. 
4x -—y=3 36. 
0.2x — 0.3y = 0.6 40. 


yo H3e+2 19. y = -5 
—-xt+ty=-l 23 sxt5y=-l 
y=-3 a ee 
y= 


3x — 4y = 12 33. x + 3y =6 
x=y=5 37. 12 = 6x + 3y 
0.4x + O.ly = 0.3 AL. $x +3 


2 
3y=4 


In Exercises 43-50, write the equation of the line, given the slope and intercept. 


43. 


47. 


Slope: m = 2 44, 
y-intercept: (0, 3) 
Slope: m = 0 48. 


y-intercept: (0, 2) 


Slope: m = —2 45. Slope: 
y-intercept: (0, 1) 
Slope: m = 0 49. Slope: 


y-intercept: (0, — 1.5) 


Sot 
Me 3 


y-intercept: (0, 0) 


undefined 


x-intercept: (3, 0) 


34. 
38. 
42. 


46. 


50. 


2.3 Lines 


x+2y=8 
4 = 2x — 8y 
ax t+ 3y = 2 
Slope: m = 4 
y-intercept: (0, —3) 
Slope: undefined 
x-intercept: (—3.5, 0) 


In Exercises 51-60, write an equation of the line in slope—intercept form, if possible, given the slope and a point that 
lies on the line. 


51. 


55. 


59. 


Slope: m = 5 52. 
(-1, —3) 

Slope: m = 7 56. 
d, —1) 

Slope: undefined 60. 
(-1,4) 


Slope: m = 2 53. Slope: 
(1,1) (=2,.2 
Slope: m = -) 57. Slope: 
(—5, 3) (-2,4 
Slope: undefined 


(4,—-1) 


m= —3 
) 
m=0 


) 


54. 


58. 


Slope: m = —1 
(3, —4) 

Slope: m = 0 
(3, —3) 


In Exercises 61-80, write the equation of the line that passes through the given points. Express the equation in slope—intercept 
form or in the form x =a ory = b. 


61. 
65. 
69. 
73. 
77. 


(—2, —1) and (3, 2) 
(20, —37) and (—10, —42) 
(5, 3) and (5, 7) 

(3, 7) and (9, 7) 

(—6, 8) and (—6, —2) 


62. (—4, —3) and (5, 1) 63 
66. (—8, 12) and (—20, —12) 67 
70. (—3, —3) and (3, 3) 71 
74. (—2, —1) and (3, —1) 75 
78. (—9, 0) and (—9, 2) 79. 


(3; 
. (—1, 4) and (2, —5) 


1) and (—2, 


. (3, 5) and (3, —7) 
. (0, 6) and (—5, 0) 


(5, —3) and (5, 3) 


6) 


64. (—5, —8) and (7, —2) 
68. (—2, 3) and (2, —3) 
72. (—5, —2) and (—5, 4) 
76. (0, —3) and (0, 2) 
80. (3, 5) and (3,3) 


In Exercises 81-86, write the equation corresponding to each line. Express the equation in slope—intercept form. 


81. 


AY 


82. 


AY 


83. 


Vu 


AY 


Va 
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84. 


85. 


AY 


86. 


AY 


VR 


In Exercises 87-100, find the equation of the line that passes through the given point and also satisfies the additional piece of 


information. Express your answer in slope—intercept form, if possible. 
88. 
90. 
92. 
94, 
96. 
98. 
100. 


87. 
89. 
91. 
93. 
95. 
97. 
99. 


«= APPLICATIONS 
101. 


102. 


103. 


104. 


(—3, 1); parallel to the line y = 2x — 1 

(0, 0); perpendicular to the line 2x + 3y = 12 

(3, 5); parallel to the x-axis 

(—1, 2); perpendicular to the y-axis 

(—2, —7); parallel to the line 5x = zy =5 

- 3, 2); perpendicular to the line 8x + 10y =—45 
(f, 4); parallel to the line —15x + 35y = 7 


Budget: Home Improvement. The cost of having your 
bathroom remodeled is the combination of material costs 
and labor costs. The materials (tile, grout, toilet, fixtures, 
etc.) cost is $1200, and the labor cost is $25 per hour. Write 
an equation that models the total cost C of having your 
bathroom remodeled as a function of hours h. How much 
will the job cost if the worker estimates 32 hours? 


Budget: Rental Car. The cost of a one-day car rental is the 
sum of the rental fee, $50, plus $0.39 per mile. Write an equation 
that models the total cost associated with the car rental. 


Budget: Monthly Driving Costs. The monthly costs 
associated with driving a new Honda Accord are the 
monthly loan payment plus $25 every time you fill up with 
gasoline. If you fill up 5 times in a month, your total 
monthly cost is $500. How much is your loan payment? 


Budget: Monthly Driving Costs. The monthly costs 
associated with driving a Ford Explorer are the monthly 
loan payment plus the cost of filling up your tank with 
gasoline. If you fill up 3 times in a month, your total monthly 
cost is $520. If you fill up 5 times in a month, your total 
monthly cost is $600. How much is your monthly loan, and 
how much does it cost every time you fill up with gasoline? 


(1, 3); parallel to the line y = —x + 2 


(0, 6); perpendicular to the line x — y = 7 


(3, 5); parallel to the y-axis 


(—1, 2); perpendicular to the x-axis 


(1, 4); perpendicular to the line —3x + By = -2 


(2, a) perpendicular to the line 6x + 1l4y = 7 


(—i, —%); parallel to the line 10x + 45y =—9 


105. 


106. 


107. 


108. 


Business. The operating costs for a local business are a 
fixed amount of $1300 plus $3.50 per unit sold, while 
revenue is $7.25 per unit sold. How many units does the 
business have to sell in order to break even? 


Business. The operating costs for a local business are a 
fixed amount of $12,000 plus $13.50 per unit sold, while 
revenue is $27.25 per unit sold. How many units does the 
business have to sell in order to break even? 


Weather: Temperature. The National Oceanic and 
Atmospheric Administration (NOAA) has an online 
conversion chart that relates degrees Fahrenheit, °F, to 
degrees Celsius, °C. 77°F is equivalent to 25°C, and 68°F 

is equivalent to 20°C. Assuming the relationship is linear, 
write the equation relating degrees Celsius C to degrees 
Fahrenheit F. What temperature is the same in both degrees 
Celsius and degrees Fahrenheit? 


Weather: Temperature. According to NOAA, a “standard 
day” is 15°C at sea level, and every 500 feet elevation 
above sea level corresponds to a 1°C temperature drop. 
Assuming the relationship between temperature and 
elevation is linear, write an equation that models this 
relationship. What is the expected temperature at 2500 

feet on a “standard day”? 


109. Life Sciences: Height. The average height of a man has 


increased over the last century. What is the rate of change in 
inches per year of the average height of men? 


) 
aN 
Pars) 


Height (inches 
fon 
oo 


66 


1900 1950 2000” 


Year 


110. Life Sciences: Height. The average height of a woman has 


111. 


112. 


113. 


114. 


115. 


116. 


increased over the last century. What is the rate of change in 
inches per year of the average height of women? 


Height (inches) 
fon 
Ww 


1900 1950 


Year 


2000” 


Life Sciences: Weight. The average weight of a baby born 
in 1900 was 6 pounds 4 ounces. In 2000, the average weight 
of a newborn was 6 pounds 10 ounces. What is the rate of 
change of birth weight in ounces per year? What do we 
expect babies to weigh at birth in 2040? 


Sports. The fastest a man could run a mile in 1906 was 

4 minutes and 30 seconds. In 1957, Don Bowden became 
the first American to break the 4-minute mile. Calculate the 
rate of change in mile speed per year. 


Monthly Phone Costs. Mike’s home phone plan charges 

a flat monthly fee plus a charge of $0.05 per minute for 
long-distance calls. The total monthly charge is represented 
by y = 0.05x + 35, x = 0, where y is the total monthly 
charge and x is the number of long-distance minutes used. 
Interpret the meaning of the y-intercept. 


Cost: Automobile. The value of a Daewoo car is given by 
y = 11,100 — 1850x, x = 0, where y is the value of the car 
and x is the age of the car in years. Find the x-intercept and 
y-intercept and interpret the meaning of each. 


Weather: Rainfall. The average rainfall in Norfolk, 
Virginia, for July was 5.2 inches in 2003. The average July 
rainfall for Norfolk was 3.8 inches in 2007. What is the 
rate of change of rainfall in inches per year? If this trend 
continues, what is the expected average rainfall in 2010? 


Weather: Temperature. The average temperature for Boston 
in January 2005 was 43°F. In 2007 the average January 
temperature was 44.5°F, What is the rate of change of 

the temperature per year? If this trend continues, what is the 
expected average temperature in January 2010? 


117. 


118. 


119. 


120. 
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Environment. In 2000, Americans used approximately 380 
billion plastic bags. In 2005, approximately 392 billion were 
used. What is the rate of change of plastic bags used per year? 
How many plastic bags will be expected to be used in 2010? 


Finance: Debt. According to the Federal Reserve, Americans 
individually owed $744 in revolving credit in 2004. In 2006, 
they owed approximately $788. What is the rate of change 

of the amount of revolving credit owed per year? How much 
should Americans be expected to owe in 2008? 


Business. A website that supplies Asian specialty foods 
to restaurants advertises a 64 ounce bottle of Hoisin 
Sauce for $16.00. Shipping cost for one bottle is $15.93. 
The shipping cost for two bottles is $19.18. The cost for 
five bottles, including shipping, is $111.83. Answer the 
following questions based on this scenario. Round to the 
nearest cent, when necessary. 


a. Write the three ordered pairs where x represents the 
number of bottles purchased and y represents the total 
cost (including shipping) for one, two, or five bottles 
purchased. 

b. Calculate the slope between the origin and the ordered 
pair that represents the purchase of one bottle of 
Hoisin Sauce. Explain what this amount means in 
terms of the sauce purchase. 

c. Calculate the slope between the origin and the ordered 
pair that represents the purchase of two bottles of 
Hoisin (including shipping). Explain what this amount 
means in terms of the sauce purchase. 

d. Calculate the slope between the origin and the ordered 
pair that represents the purchase of five bottles of 
Hoisin (including shipping). Explain what this 
amount means in terms of the sauce purchase. 


Business. A website that supplies Asian specialty foods 
to restaurants advertises an 8 ounce bottle of Plum Sauce 
for $4.00, but shipping for one bottle is $14.27. The 
shipping cost for two bottles is $14.77. The cost for 

five bottles, including shipping, is $35.93. Answer the 
following questions based on this scenario. Round to 

the nearest cent, when necessary. 


a. Write the three ordered pairs where x represents the 
number of bottles purchased and y represents the total 
cost, including shipping for one, two, or five bottles 
purchased. 

b. Calculate the slope between the origin and the ordered 
pair that represents the purchase of one bottle of Plum 
Sauce. Explain what this amount means in terms of 
the sauce purchase. 

c. Calculate the slope between the origin and the ordered 
pair that represents the purchase of two bottles of 
Plum Sauce (including shipping). Explain what this 
amount means in terms of the sauce purchase. 

d. Calculate the slope between the origin and the ordered 
pair that represents the purchase of five bottles of 
Plum Sauce (including shipping). Explain what this 
amount means in terms of the sauce purchase. 


220 CHAPTER 2 Graphs 


=" CATCH THE MISTAKE 
In Exercises 121-124, explain the mistake that is made. 


121. Find the x- and y-intercepts of the line with equation 


2x — 3y = 6. 

Solution: 

x-intercept: set x = 0 and solve for y. —3y =6 
y= =2 

The x-intercept is (0, —2). 

y-intercept: set y = 0 and solve for x. 2x = 6 
x=3 


The y-intercept is (3, 0). 


This is incorrect. What mistake was made? 


122. Find the slope of the line that passes through the points 
(—2, 3) and (4, 1). 


Solution: 
‘ yo 
Write the slope formula. m= 
x2 ~ X) 
Substitute (—2, 3) and (4, 1) ae 
ubstitute (—2, 3) and (4,1). m= 
—2-4 —-6 


This is incorrect. What mistake was made? 


=" CONCEPTUAL 


123. 


124. 


Find the slope of the line that passes through the points 
(—3, 4) and (—3, 7). 


Solution: 
yo 1 
m = —— 
Xy ~ * 


. =o ($3) 
Substitute (—3, 4) and (—3, 7). m= a = 


Write the slope formula. 


0 


This is incorrect. What mistake was made? 


Given the slope, classify the line as rising, falling, 
horizontal, or vertical. 
a. m=0 


b. m undefined 
c m=2 

d. m=-—1 
Solution: 


a. vertical line 
b. horizontal line 
c. rising 


d. falling 


These are incorrect. What mistakes were made? 


In Exercises 125-128, determine whether each statement is true or false. 


125. A line can have at most one x-intercept. 
126. A line must have at least one y-intercept. 


127. If the slopes of two lines are —t and 5, then the lines are 
parallel. 


CHALLENGE 


131. Find an equation of a line that passes through the point 
(—B, A + 1) and is parallel to the line Ax + By = C. 
Assume that B is not equal to zero. 


132. Find an equation of a line that passes through the point 


(B, A —1) and is parallel to the line Ax + By = C. Assume 


that B is not equal to zero. 


133. Find an equation of a line that passes through the point 


(-A, B —1) and is perpendicular to the line Ax + By = C. 


Assume that A and B are both nonzero. 


128. 


129. 


130. 


134. 


135. 


136. 


If the slopes of two lines are —1 and 1, then the lines are 
perpendicular. 


If a line has slope equal to zero, describe a line that is 
perpendicular to it. 


If a line has no slope, describe a line that is parallel to it. 


Find an equation of a line that passes through the point 
(A, B + 1) and is perpendicular to the line Ax + By = C. 
Assume that A and B are both nonzero. 


Show that two lines with equal slopes and different 
y-intercepts have no point in common. Hint: Let 

y, = mx + b, and y, = mx + by with b, # bz. What 
equation must be true for there to be a point of intersection? 
Show that this leads to a contradiction. 


Let y, = m,x + b, and y, = m,x + b, be two nonparallel 
lines (m, # my). What is the x-coordinate of the point 
where they intersect? 
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" TECHNOLOGY 


For Exercises 137-142, determine whether the lines are parallel, perpendicular, or neither, and then graph both lines in the 
same viewing screen using a graphing utility to confirm your answer. 


137. y, = 17x + 22 139. y, = 0.25x + 3.3 141. y, = 0.16x + 2.7 
yy = -px - 13 yo = —4x +2 yo = 6.25x — 1.4 

138. y, = 0.35x + 2.7 140. y, =3x+5 142, y, = —3.75x + 8.2 
Yo = 0.35x — 1.2 yy =2x-3 Yo = px? 


SECTION 
2.4 CIRCLES 


Standard Equation of a Circle 


Most people understand the shape of a circle. The goal in this section is to develop the 
equation of a circle. 


DEFINITION Circle AY 


A circle is the set of all points in a plane 
that are a fixed distance from a point, the 
center. The center, C, is typically denoted 
by (A, k), and the fixed distance, or radius, 
is denoted by r. 


(x, y) 


Vo 


What is the equation of a circle? We’ll use the distance formula from Section 2.1. 


Distance formula: d = V (x5 — x,)* + (yo — yi” 


222 


= 
Technology Tip 
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The distance between the center (h, k) and any point (x, y) on the circle is the radius r. 
Substitute these values d = r, (x,, y,) = (A, k), and (x9, y2) = (x, y) into the distance formula 
r= V(x — h)? + (y — ky and square both sides: (x — h)? + (y — kb? = r?. Allcircles 
can be written in standard form, which makes it easy to identify the center and radius. 


EQUATION OF A CIRCLE 
The standard form of the equation of a circle with radius r and center (h, k) is 


@-hY t+ -kh? =r? 


For the special case of a circle with center at the origin (0, 0), the equation simplifies to 
2 


+ yo =r’, 
UNIT CIRCLE 
A circle with radius 1 and center (0, 0) is called the unit circle: 


go dy? = Il 


The unit circle plays an important role in the study of trigonometry. Note that if x* + y’ = 0, 
the radius is 0, so the “circle” is just a point. 


To enter the graph of 
= 27 + (y+ 1)? = 4, solve for y 
first. The graphs of 


y, = V4—(x— 2)? - 1 and 
y)= —V4—(x—2)?—1 are shown. 


EXAMPLE 1_ Finding the Center and Radius of a Circle 


Identify the center and radius of the given circle and graph. 


Floki Flokz Fluke 
SHBy Stas eee (@-2P + (y+ 1? =4 


Bile “Pt4-UR-29 eo Solution: 


Rewrite this equation in standard form. [Ix — 22 + Ly -(-DP = 2? 


Identify h, k, and r by comparing this equation with 


the standard form of a circle: (x — h)* + (y - ky =r. h=2,k=-—l,andr=2 
Center (2, —1) andr = 2 
To draw the circle, label the center (2, — 1). Label AY 
four additional points two units (the radius) away from (2, 1) 
the center: (4, —1), (0, —1), (2, 1), and (2, —3). . 
Note that the easiest four points to get are those (0, -1) (4,-1) 
= Answer: Center: (~1, —2) obtained by going out from the center both 
Radius: 3 horizontally and vertically. Connect those four (2, +3) 
a points with a smooth curve. 


vu 


ins = YOUR TURN Identify the center and radius of the given circle and graph. 
(2, =2) 


«+1°+04+27 =9 


EXAMPLE 2 Graphing a Circle: Fractions and Radicals 


Identify the center and radius of the given circle and sketch its graph. 


Ly. + ge : 20 
x T T = 
2 _— 
Solution: 


If r? = 20, then r = V20 = 2V5. (: ) L ( yf = (2v8)? 


Write the equation in standard form. 


Identify the center and radius. 


1 1 
Center( -3) and r= 2V5 


To graph the circle, we’ll use decimal 
approximations of the fractions and 
radicals: (0.5, —0.3) for the center and 
4.5 for the radius. Four points on the 
circle that are 4.5 units from the center 
are (—4, —0.3), (5, —0.3), (0.5, 4.2), 
and (0.5, —4.8). Connect them with 


a smooth curve. / 


(4.0, 0.3) 


AY 
(0.5, 4.2) 


(0.5, —4.8) 


EXAMPLE 3 _ Determining the Equation of a Circle 
Given the Center and Radius 


Find the equation of a circle with radius 5 and center (—2, 3). Graph the circle. 


Solution: 

Substitute (h, k) = (—2, 3) and r = 5 into the 

standard equation of a circle. [x — ( 2Pr +( y 3yv = 5 
Simplify. (x + 2) + (y — 3)? = 25 
To graph the circle, plot the center (—2, 3) y 


(-2, 8) 


and four points 5 units away from the center: 
(—7, 3), (3, 3), (-2, —2), and (—2, 8). Connect 
them with a smooth curve. 


= YOUR TURN Find the equation of a circle with radius 3 and center (0, 1) and graph. 
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Lee 
Technology Tip le 
To enter the eeplk af 
(x — 3) + (y + 4)’ = 20, 
solve for y first. The graphs of 
y= V20= (x — 4)? - 5 and 
y2= -V20-(x—17 a 4 are shown. 


Filaki Flak Floks 


he dl 
ea-1-3 


seb -SOSh-Ce-1-2 
peg-1-3 
sol 


= Answer: x + (y — 1 =9 
AY 
(0, 4) 


(-3,) (3, 1) 


(0, -2) 
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Let’s change the look of the equation given in Example 1. 


In Example | the equation of the circle was given as: (x — 2 + (y+ 1? =4 
Eliminate the parentheses. xr —-44+44+y4+2y+1=4 
Group like terms and subtract 4 from both sides. xrt+y—-4x+2y+1=0 


We have written the general form of the equation of the circle in Example 1. 


The general form of the equation of a circle is x7 + y? + ax + by +c =0 


Suppose you are given a point that lies on a circle and the center of the circle. Can you find 
the equation of the circle? 


-) EXAMPLE 4 Finding the Equation of a Circle Given 
lela Its Center and One Point 


The point (10, —4) lies on a circle centered at (7, —8). Find the equation of the circle in 
general form. 


Solution: 
This circle is centered at (7, —8), so its standard equation is (x — Ty + (y + 8)? =r. 
All that remains is to find the radius. 


Approach 1: 
Since the point (10, —4) lies on the circle, it 
must satisfy the equation of the circle. 


Substitute (x, y) = (10, —4). (10 — 7)? + (-4 + 8f =r 
Simplify. 74+ 4¢=/7? 
The distance from (10, —4) to (7, —8) is 
five units. r=5 
Approach 2: 
Fe Find the distance between (10, —4) and 
(7, -8). r=d= V(0—- 72 + (-4- (€©8) 
=V37+4 
2-4 68101214 x 
oe Vas 
—2+ (7, =3) iiala 
| ( 9T ) = 
(2, 48) Substitute r = 5 into the standard equation. («-7% + (y + 8% = 5? 
ak (12, -8) 
Bi aD Eliminate the parentheses and simplify. x — 14x + 49+ y + loy + 64 = 25 
pit T= 13) Write in general form. x+y — 14x + l6y + 88 =0 
= Answer: 


= YOUR TURN The point (1, 11) lies on a circle centered at (—5, 3). Find the equation 
of the circle in general form. 


9: 


xv +y + 10x—- 6y — 66 =0 


Transforming Equations of Circles to the 
Standard Form by Completing the Square 


If the equation of a circle is given in general form, it must be rewritten in standard form in 
order to identify its center and radius. To transform equations of circles from general to 
standard form, complete the square (Section 1.3) on both the x- and y-variables. 
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) = 
ad EXAMPLE 5 _ Finding the Center and Radius of a Circle by ; le 
Completing the Square Technology Tip | 
To graph x° — 8x + y’ + 20y + 


Find the center and radius of the circle with 107 = 0 without transforming it into 


the equation: x — 8x + y? + 20y + 107 = 0 a standard form, solve for y using the 
Quadratic Formula: 

Solution: 20 + V'20? = 4(1)(x? — 8x + 107) 
y 
7 2. 

Our goal is to transform this equation . : ; Next, set the window to [—5, 30] by 

into standard form (x-— hy +(y-—ky =r [-—30, 5] and use | ZSquare | under 


ZOOM | to adjust the window 


Group x and y terms, respectively, on variable to make the circle look 


the left side of the equation; move circular. The graphs of 


constants to the right side. (x? — 8x) + (y* + 20y) = —107 20 +20? 4(x?— 8x +107) 
Complete the square on both the sy 2 
x and y expressions. (x? — 8x + D) + & + 20y + D) = —107 a 20 —V20? = 4(x2 — 8x + 107) 
Add (~8)° = 16 and (22)° = 100 to both sides. an 2 


(x° — 8x + 4?) + (y? + 20y + 107) = —107 + 16 + 100 Floti Flotz Flot? 
I me i Be “Fat C2He-4 
Factor the perfect squares on the left side ot z Speed : Bee 
and simplify the right side. (x — 4 + (y+ 10) =9 CAe-Setlar sae s 
Write in standard form. (x — 4) + [y - (-10)P = 3? 


The center is (4, —10) and the radius is 3. 


= YOUR TURN Find the center and radius of the circle with the equation: 


vr t+y+ 4x -6y - 12=0 


= Answer: Center: (—2, 3) Radius: 5 
COMMON MISTAKE 


A common mistake is forgetting to add both constants to the right side of 


; : : : ; ; vy CAUTION 
the equation. Identify the center and radius of the circle with the equation: etre eee 


Don’t forget to add both constants 


x+y + lox + 8y + 44=0 to each side of the equation when 

completing the square for x and y. 

@ CORRECT Eq INCORRECT ea a CR RR 
x 4 y + 16x 8y + 44 0 (x? ir l@se $I 64) t (y iF (yy 16) 


= —44 


ERROR: Don’t forget to add 16 and 


(oie BE) ly ey) 64 tothe night. 
= —44 

(x? iP Moxy 64) (y 8y 16) 
= —44 + 64+ 16 


(x + 8Y + (y + 4) = 36 
Center: (-8, —4) Radius: 6 


226 CHAPTER 2 Graphs 


=> SECTION 
SUMMARY 


The equation of a circle is given by 
Standard form: (x — h)? + (y — kb)? = r*. 


General form: x7 + y? + ax + by +c =0. 


Complete the square to transform the equation to standard 


Center: (h, k) form. 
Radius: r 
SECTION 
2.4 EXERCISES 
=" SKILLS 
In Exercises 1-20, write the equation of the circle in standard form. 
1. Center (1, 2) 2. Center (3, 4) 3. Center (—3, —4) 4. Center (—1, —2) 
r=3 r=5 r= 10 r=4 
5. Center (5, 7) 6. Center (2, 8) 7. Center (-11, 12) 8. Center (6, —7) 
r=9 r=6 r= 13 r=8 
9. Center (0, 0) 10. Center (0, 0) 11. Center (0, 2) 12. Center (3, 0) 
r=2 r=3 r=3 r=2 
13. Center (0, 0) 14. Center (—1, 2) 15. Center (5, —3) 16. Center (—4, —1) 
r= V2 r= V7 c= 2V3 r= 3V5 
17. Center (3, —2) 18. Center (—3, —3) 19. Center (1.3, 2.7) 20. Center (—3.1, 4.2) 
r=4 r=2 r= 3.2 r=5.5 


In Exercises 21-32, find the center and radius of the circle with the given equations. 


21. (&- 12% + (y - 37 = 25 

23. (x — 2) + (y + 5 = 49 

25. (x — 4) + (y — 99 = 20 

27. (x — 3) + (y-4) =3 

29. (x — 1.5) + (y + 2.79 = 1.69 
31. er +y-50=0 


In Exercises 33-50, state the center and radius of each circle. 


33. er +y4+4x+ 6y-3=0 
35. r+y t+ 6xt+ 8y—75=0 
37. °° +y— 10x - 14y-7=0 
39. Pr +y-2y-15=0 

4. xP +y-—2x-6y+1=0 
43. °° +y' — 10x + 6y + 22 =0 


a+ f+ O+3Pe 11 
O+3P+G= 77 = st 
a+ lp +(y+2P=8 

(x a) + (y =) 5 
(x + 3.1)? + (y — 7.49 = 56.25 
r+y—8=0 

vr t+yt+2x+ l0y+17=0 
rt+yt+2x+4y-9=0 
x+y — 4x - Loy + 32 =0 
vrt+y+2x-8=0 
x+y — 8x-6y+21=0 
xr +y + 8xt+ 2y- 28 =0 


49. 


51. 
52. 
53. 
54, 
55. 
56. 


57. 


58. 


59. 


60. 
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r+y-6x-4y+1=0 46. x + y — 2x - 10y+2=0 
1 x 3y 3 
2 2 2 2 
ty+—=0 48. x +—=0 
a ee "oe 2 
x+y — 2.6x — 5.4y — 1.26 =0 50. x + y’ — 6.2x — 8.4y —-3 =0 
In Exercises 51-56, find the equation of each circle. 
Centered at (—1, —2) and passing through the point (1, 0). 
Centered at (4, 9) and passing through the point (2, 5). 
Centered at (—2, 3) and passing through the point (3, 7). 
Centered at (1, 1) and passing through the point (—8, —5). 
Centered at (—2, —5) and passing through the point (1, —9). 
Centered at (—3, —4) and passing through the point (—1, —8). 
" APPLICATIONS 
Cell Phones. If a cellular phone tower has a reception radius 61. Design. A university designs its campus with a master plan 
of 100 miles and you live 95 miles north and 33 miles east of of two concentric circles. All of the academic buildings are 
the tower, can you use your cell phone while at home? within the inner circle (so that students can get between 
Cell Phones. Repeat Exercise 57, assuming you live 45 miles cai in lepy than naapia aE Ane Outer cule 
; contains all the dormitories, the Greek park, cafeterias, the 
south and 87 miles west of the tower. : : ‘ 
gymnasium, and intramural fields. Assuming the center of 
Construction/Home Improvement. A couple and their campus is the origin, write an equation for the inner circle 
dog moved into a new house that does not have a fenced-in if the diameter is 3000 feet. 
backyard. The backyard is square with dimensions 100 feet a 
by 100 feet. If they put a stake in the center of the backyard 
with a long leash, write the equation of the circle that will 
map out the dog’s outer perimeter. 
Fr Se wu 
7 x 
/ | \\ > 
’ ) 100 tt 
\ / 
Sales 
100 ft 
Construction/Home Impr ovement. Repeat Exercise 59 62. Design. Repeat Exercise 61 for the outer circle with a diameter 
except that the couple put in a pool and a garden and want to of 6000 feet 
restrict the dog to quadrant I. What coordinates represent the 
center of the circle? What is the radius? 63. Cell Phones. A cellular phone tower has a reception 
radius of 200 miles. Assuming the tower is located at the 
origin, write the equation of the circle that represents 
the reception area. 
64. Environment. In a state park, a fire has spread in the form 


Vu 


of a circle. If the radius is 2 miles, write an equation for 
the circle. 
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For Exercises 65 and 66, refer to the following: 


A cell phone provider is expanding its coverage and needs to 
place four cell phone towers to provide complete coverage of a 
100-square-mile area formed by a 10 mile by 10 mile square. 
This area can be represented by a region on the Cartesian 
coordinate system; see figure. 


Cell Phone 


Coverage Area 


The placement of the four towers is very important in that the 
cell phone provider needs to provide coverage of the entire 
100-square-mile area. The cell phone towers being installed 
can process signals from cell phones within a 3.5-mile radius. 


=" CATCH THE MISTAKE 
In Exercises 67-70, explain the mistake that is made. 


67. Identify the center and radius of the circle with equation 
(x — 4 + (y +: 39? = 25. 
Solution: The center is (4, 3) and the radius is 5. 
This is incorrect. What mistake was made? 

68. Identify the center and radius of the circle with equation 
(x — 2) + (y+ 3% =2. 
Solution: The center is (2, —3) and the radius is 2. 


This is incorrect. What mistake was made? 


69. Graph the solution to the equation 
(x-1P + (y +27 = -16. 


Solution: The center is (1, —2) and the radius is 4. 
AY 


(i, 2) 


Vu 


(3, =2) 


This is incorrect. What mistake was made? 


65. 


66. 


Engineering. One plan under consideration is to place 
the four towers in locations that correspond to the points 
(2.5, 2.5), (2.5, 7.5), (7.5, 2.5), and (7.5, 7.5) on the graph. 


a. Write an equation that describes the perimeter of the 
cell phone coverage for each of the four towers. 


b. Draw the coverage provided by each of these towers. 
Will this placement of towers provide the needed 
coverage? 


Engineering. One plan under consideration is to place 
the four towers in locations that correspond to the points 
(3, 3), (3, 7), (7, 3), and (7, 7) on the graph. 


a. Write an equation that describes the perimeter of the 
cell phone coverage for each of the four towers. 


b. Draw the coverage provided by each of these towers. 
Will this placement of towers provide the needed 
coverage? 


70. Find the center and radius of the circle with the equation 


rt+y-6xt+4y-3=0. 


Solution: 

Group like terms. (7 — 6x) + (9° + 4y) =3 
Complete the (x7 — 6x + 9) + (9° + 4y + 4) = 12 
square. (x — 3 + (y + 2) (2V3) 


The center is (3, —2) and the radius is 2V3. 


This is incorrect. What mistake was made? 


=" CONCEPTUAL 
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In Exercises 71-74, determine whether each statement is true or false. 


71. The equation whose graph is depicted has infinitely many 


72. The equation (x — 7)? + (y + 15)? = —64 has no solution. 


solutions. 73. The equation (x — 2)? + (y + 5)? = —20 has no solution. 
. 2 2 F 
se re 74. The equation (x — 1)” + (y + 3)° = O has only one solution. 
sa) 75. Describe the graph (if it exists) of: 
x+y + 10x — 6y + 34 =0 
: 76. Describe the graph (if it exists) of: 
. ety 4x + 6y +49 =0 
77. Find the equation of a circle that has a diameter with 
endpoints (5, 2) and (1, —6). 
(0, -5) 78. Find the equation of a circle that has a diameter with 
endpoints (3, 0) and (—1, —4). 
CHALLENGE 


79. For the equation x* + y* + ax + by + c = 0, specify 
conditions on a, b, and c so that the graph is a single point. 


80. For the equation x° + y’ + ax + by + c = 0, specify 


conditions on a, b, and c so that there is no corresponding 


graph. 


" TECHNOLOGY 


In Exercises 83-86, use a graphing utility to graph each 
equation. Does this agree with the answer you gave in the 
Conceptual section? 


83. (x — 2)’ + (y + 5)’ = —20 (See Exercise 73 for comparison.) 


84. (x — 1)? + (y + 3)? = 0 (See Exercise 74 for comparison.) 


85. x° + y’ + 10x — 6y + 34 = 0 (See Exercise 75 for 
comparison.) 


86. x7 + y’— 4x + 6y + 49 = 0 (See Exercise 76 for 
comparison.) 


81. Determine the center and radius of the circle given by the 
equation x° + y? — 2ax = 100 — a’. 


82. Determine the center and radius of the circle given by the 
equation x° + y? + 2by = 49 — Bb’. 


In Exercises 87-88, (a) with the equation of the circle in 
standard form, state the center and radius, and graph; (b) use 
the quadratic formula to solve for y; and (c) use a graphing 
utility to graph each equation found in (b). Does the graph in 
(a) agree with the graphs in (c)? 


87. ety - 11x +3y-7.19=0 


88. 2+ y 4 12x —3.2y+2.11=0 
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SECTION 
2.5* LINEAR REGRESSION: BEST FIT 


Scatterplots 

An important aspect of applied research across disciplines is to discover and understand 
relationships between variables, and often how to use such a relationship to predict 
values of one variable in terms of another. You have likely encountered such issues while 
watching TV, reading a magazine or newspaper, or simply talking with friends. Some 
questions include 


¢ Is age predictive of texting speed? 

¢ Is the level of pollution in a country related to the prevalence of asthma in that 
country? 

¢ Do the ratings of car reliability necessarily increase with the price of the car? 


In this section we focus on situations involving relationships between two variables x and 
y, so that the experimental data gathered consists of ordered pairs (x), y,),.-- 5 is Yn) 

A first step in understanding a data set of the form {(x,, y,),..., (X%,». Y,)} is to create 
a pictorial representation of it. Identifying the first coordinates of these ordered pairs as 
values of an independent variable (or predictor variable) x and the second coordinates 
as the values of a dependent variable (or response variable) y, we simply plot them all 
on a single xy-plane. The resulting picture is called a scatterplot. 


I 


EXAMPLE 1_ Drawinga Scatterplot of Olympic Decathlon Data 


The 2004 Men’s Olympic Decathlon consisted of the following 10 events: 100 meter, long 
jump, shot put, high jump, 400 meter, 110 meter hurdles, discus, pole vault, javelin throw, 
and 1500 meter. Actual scores are converted to a point system where points are assigned to 
each of these events based on performance. Events are equally weighted when converting to 
points. These points are then summed to obtain total scores, and, in turn, medals are assigned 
based on these total scores. 


It would be interesting to know if certain events are more predictive of the total scores than 
are others. If someone does exceedingly well in the javelin throw, for example, is that person 
more likely to do well across all events and therefore obtain a large total points score? 


Data from the Men’s 2004 Olympic Decathlon are presented on the next page and were 
retrieved from the following Web source: http://rss.acs.unt.edu/Rdoc/library/FactoMineR/ 
html/decathlon.html. 


Let’s consider the paired data set {(x, y)} where x = score on the 400 m and y = total score. 


* Optional Technology Required Section. 
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One scatterplot using the 400 m and total points Men’s 2004 Olympic Decathlon— 
information from this data set is shown in the ay 400 m and Total Points 
following graph. 9000 ; 
8750 | ++ ® 
Several natural questions arise: How are different 8500 a 
pairs of these data related? Are there any discernible 2 8250 Pace 
; 9 ‘5 8000 Pe 
patterns present, and if so, how strong are they? Is 0 rt ° 
: : = 7750 é 
there a single curve that can be used to describe the 3 7500 °° 
general trend present in the data? We shall answer 7 7250 E 
these questions one by one in this section. 7000 
4 
x 
er 
47 49 S51 53 55 
400 m 
Lona HIGH X110mM POLE TOTAL 
OLYMPIANS X100mM JumP = SHoT-PuUT JUMP X400m HurRdDLE Discus VAULT JAVELIN X1500mM RANK SCORE 
Sebrle 10.85 7.84 16.36 2.12 48.36 14.05 48.72 5.00 70.52 280.01 1 8893 
Clay 10.44 7.96 15.23 2.06 49.19 14.13 50.11 4.90 69.71 282.00 2 8820 
Karpov 10.50 7.81 15.93 2.09 46.81 13.97 51.65 4.60 55.54 278.11 3 8725 
Macey 10.89 7.47 15.73 2.15 48.97 14.56 48.34 4.40 58.46 265.42 4 8414 
Warners 10.62 7.74 14.48 1.97 47.97 14.01 43.73 4.90 55.39 278.05 5 8343 
Zsivoczky 10.91 7.14 15.31 2.12 49.40 14.95 45.62 4.70 63.45 269.54 6 8287 
Hernu 10.97 7.19 14.65 2.03 48.73 14.25 44.72 4.80 57.76 264.35 7 8237 
Nool 10.80 753 14.26 1.88 48.81 14.80 42.05 5.40 61.33 276.33 8 8235 
Bernard 10.69 7.48 14.80 2.12 49.13 14.17 44.75 4.40 55.27 276.31 9 8225 
Schwarzl 10.98 7.49 14.01 1.94 49.76 14.25 42.43 5.10 56.32 273.56 10 8102 
Pogorelov 10.95 7.31 15.10 2.06 50.79 14.21 44.60 5.00 53.45 287.63 11 8084 
Schoenbeck 10.90 7.30 14.77 1.88 50.30 14.34 44.41 5.00 60.89 278.82 12 8077 
Barras 11.14 6.99 14.91 1.94 49.41 14.37 44.83 4.60 64.55 267.09 13 8067 
Smith 10.85 6.81 15.24 1.91 49.27 14.01 49.02 4.20 61.52 272.74 14 8023 
Averyanov 10.55 7.34 14.44 1.94 49.72 14.39 39.88 4.80 54.51 271.02 15 8021 
Ojaniemi 10.68 7.50 14.97 1.94 49.12 15.01 40.35 4.60 59.26 275.71 16 8006 
Smirnov 10.89 7.07 13.88 1.94 49.11 14.77 42.47 4.70 60.88 263.31 17 7993 
Qi 11.06 7.34 13.55 1.97 49.65 14.78 45.13 4.50 60.79 272.63 18 7934 
Drews 10.87 7.38 13.07 188 48.51 14.01 40.11 5.00 51:53 274.21 19 7926 
Parkhomenko 11.14 6.61 15.69 2.03 51.04 14.88 41.90 4.80 65.82 277.94 20 7918 
Terek 10.92 6.94 15.15 1.94 49.56 15.12 45.62 5.30 50.62 290.36 21 7893 
Gomez 11.08 7.26 14.57 1.85 48.61 14.41 40.95 4.40 60.71 269.70 22 7865 
Turi 11.08 6.91 13.62 2.03 51.67 14.26 39.83 4.80 59.34 290.01 23 77108 
Lorenzo 11.10 7.03 13.22 1.85 49.34 15.38 40.22 4.50 58.36 263.08 24 7592 
Karlivans 11.33 7.26 13.30 1.97 50.54 14.98 43.34 4.50 52.92 278.67 25 7583 
Korkizoglou 10.86 7.07 14.81 1.94 51.16 14.96 46.07 4.70 53.05 317.00 26 7573 
Uldal 11.23 6.99 13.53 1.85 50.95 15.09 43.01 4.50 60.00 281.70 27 7495 
Casarsa 11.36 6.68 14.92 1.94 53.20 15.39 48.66 4.40 58.62 296.12 28 7404 


Creating a scatterplot by hand can be tedious, especially for large data sets. You can 
also very easily lose precision and detail. Using technology to create a scatterplot is very 
appropriate and quite easy. Below are the procedures for how you would create the 
scatterplot shown in Example | using the TI-83+ (or TI-84) and Excel 2007. 
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Creating a Scatterplot Using the TI-83+ (or TI-84) 


INSTRUCTION SCREENSHOT 


Entering 
the Data 


Step 1 


Step 2 


Press STAT, followed by 1:Edit. ... 
Clear any data already present in 
columns L1 and L2 so that the 
screen looks like the one to the right. 


Input the values of the x-variable (first 
entries in the ordered pairs) in column 
L1, pressing ENTER after each entry. 
Then, right arrow over to column L2 
and input the values of the y-variable. 
The screen (starting from the beginning 
of the data set) should look like the one 
to the right when you are done. 


Plotting 
the Data 


Step 3 


Step 4 


Step 5 


Step 6 


Step 7 


Press Y= and then select Plot1 

in the top row of the screen. If either 
Plot2 or Plot3 is darkened, move the 
cursor onto it and press ENTER to 
undarken it. The screen should look 
like the one to the right when you 
are done. 


Press 2nd, followed by Y= Flotz  Flotz 
(for StatPlot). Select 1: and modify Off 
=! 


i Pe: Gl L- dh 
the entries to make the screen look dhe We Lot 


like the one to the right. “listiLi = 


Wlist:le 


Press 2nd, followed by Y= and make 
certain that both Plot2 and Plot3 are 
OFF. The screen should look like the 
one to the right. 


Make certain the ranges for the 

x and y values are appropriate for 
the given data set. Here, we use the 
window shown to the right. 


Press GRAPH and you should get 
the scatterplot shown to the right. 
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Creating a Scatterplot Using Excel 2007 


INSTRUCTION SCREENSHOT 


Entering Step1 Openanew Excel spreadsheet. 

the Data Input the values of the x-variable 
(first entries in the ordered pairs) 
in column A, starting with cell 
1A. Then, input the values of the 
y-variable in column B, starting 
with cell 1B. The screen should 
look like the one to the right 
when you are done. 


Plotting Step 2 Highlight the data. The screen Step 3 
the Data should look like the one to the ¢ (3) Gace? 
2 8893 aa 
right when you are done. 3820 z Home | Insert | ae Formulas Data Review View 
= (Ba LBP dikes & 
= EwotTable, Table Picture. ae Shapes ‘Smartart Keniry bas ne sss! oes 
Step 3 Go to the Insert tab and select a Seas seater 
the icon labeled Scatter. A was aia (22550) ha 
. . . 8893 
window list of five possible a 9320 4] [eed 
ated 8725 ey ese 
choices pops up. — aa 
= 6287 
= 8237 i Chart Types... 
7993 8236 
7934 el 
7926 8102 
7918 td 
7893 077 
7365 8067 
7708 8023 
7592 8021 
7583 8006 
7573 7993 
7495 7934 
7404, 7926 
7918 
7893 
7865 
7708 
7592 
7583 
7573 
7495 
7404, 
Step 4 — Select the leftmost choice in the FO =) pa 


top row. Press ENTER. The 
scatterplot shown to the right 
should appear on the screen. 


eseriest 


46 48 50 52 54 
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= Answer: 


Men’s 2004 Olympic Decathlon— 
A Pole Vault and Total Points 


INSTRUCTION SCREENSHOT 


Step5 You can alter the format of the Z 
scatterplot with various bells and 2 
whistles by right-clicking anywhere : 


8893] 
8820] 
8725] 
8414] 4 
8343] 10000 
8287| 9000 
8237| 8000 

8235] | 
8225] 
8102] 


near the data points and then selecting 
Format Plot Area at the bottom of 


the pop-up window. 2 — oe i 
2 8077] pane | 1 
13 8067] ps ; 
rn 2023} 2000 4 cot 
16 8006] Cy) (Paste 
v7 7993 46 48 A Reset to Mateh Style 
18 7934] A. Eont, 
a3 7926 BB change chart ype, 
a 7316 FE) Select Data. 
au _ (Bl) Move chart 
22 7868 
23 7708] é 
24 7592] ei 
25 7583] 2 
26 7574 
7 7495 Assign Macro 
7404] |(SP Eormat chartarea. 


= YOUR TURN Using the data in Example 1, identify x = score on the pole vault and z = total 
score. Use technology to create a scatterplot for the data set consisting of the 
ordered pairs (x, z). 


9000 F 
8750 + e e° 
,, 8500 + . 
= 8250+ e ee e = ‘i 
= 8000; o8eg 8°, Identifying Patterns 
E 7500/8 ee atarersieecc sesh ces ae cesaccecceccas soc aestasa te ete asauecascet ena cet aatecaceeecsaectsaeuaaacee aceendaaedeeceeascecageceassctesseragustcasvereaseeesserucass? 
a [ While scatterplots are comprised merely of clusters of ordered pairs, patterns of various 
Te pn eg ey types can emerge that can provide insight into how the variables x and y are related. 
“~Z50 4.75 5.00 5.25 
Pole Vault - : ee 
ane Direction of Association 
This characteristic is analogous to the concept of slope of a line. If the cluster of points 
tends to rise from left to right, we say that x and y are positively associated, whereas if the 
cluster of points falls from left to right, we say that x and y are negatively associated. 
Certainly, the more closely packed together the points are to an identifiable curve, the 
easier it is to make such a determination. Some examples of scatterplots of varying degrees 
of positive and negative association are shown in the following table. 
SCATTERPLOT DIRECTION OF ASSOCIATION VERBAL DESCRIPTION 
AY AY Positive Association A shape that increases from left 
¥ e° to right is very discernible in each 
2 ; : case. 
- Cg 
e ee 
e 
e® x e ao ig x 
ote > pooee > 
e® 
ay The association is a bit loose, but 
you can still tell the data points tend 
+ ee to rise from left to right. 
* eo oe 
-— - > 
ee * 
e 
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SCATTERPLOT DIRECTION OF ASSOCIATION VERBAL DESCRIPTION 
AY No Association Haphazard scattering of points 
suggests neither positive nor 
. negative association. 
e ° e ° 
e . eo fe . 
eo © . ee 
e 
y Negative Association The association is a bit loose, but 
you can still tell the data points 
ec tend to fall from left to right. 
ee 
ele 
ee % 
o 5°. > 
Coe 
e 
y AY Negative Association A shape that decreases from left 
eel. e to right is very discernible in each 
ooo iF case. 
e 
ee e . 
e °. é 
® 
x 
e % a e : 
Ce % 
e 
Linearity 


Depending on the phenomena being studied and the actual sample being used, the data 
points comprising a scatterplot can conform very closely to an actual curve. If the curve 
is a line, we say that the relationship between x and y is linear; otherwise, we say the 
relationship is nonlinear. Some illustrative examples follow. 


SCATTERPLOT LINEARITY VERBAL DESCRIPTION 
AY Linear Perfect linear relationship; 
‘ positive association 
e e 
e e 
e 
e 
e 
od - x 
= > 
e 
AY Linear Perfect linear relationship; 


Vu 


negative association 
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SCATTERPLOT LINEARITY VERBAL DESCRIPTION 
AY Linear Fairly tight linear relationship; 
oe positive association 
e? 
oe? 
e 
e|* ES 
— Ps 
AY Linear Fairly tight linear relationship; 
° negative association 
ee 
Ly e 
ee 
ee 
e » : 
e +. ra 
e 
ad e 
AY Linear Rather loose, but still somewhat 
ee discernible, linear relationship; 
22° positive association 
© %. 
eer ° 
Pee °° x 
e e ie » 
e 
AY Linear Rather loose, but still somewhat 
F discernible, linear relationship; 
we as ‘ negative association 
e 
© “~ e * 
e e e ~ 
e 
. e 
AY Nonlinear Perfect nonlinear relationship 
ee ee 
e efe, 
e 
*e eee * x 
> 
AY Nonlinear Fairly tight nonlinear relationship 
sete. 
. 
e e 3* af 
@ eoqre 
AY No specifically identifiable No discernible linear relationship 
relationship or degree of association 
e 
e. e 
ele Cn) 
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EXAMPLE 2_ Describing Patterns in a Data Set 


Describe the patterns present in the paired data set (x, y) considered in Example 1, 
where x = points on the 400 m and y = total score. Is this intuitive? 


Solution: 


We can surmise that the variable score on the 400 m has a relatively strong linear, negative 
association with the variable total score. This means that as the 400 m score decreases, the 
total score tends to increase. A negative relationship makes sense here in that 400 m scores 
reflect how much time it took to complete this race. So, lower scores (less time) reflect 
better performance and therefore more total points. 


= YOUR TURN Using the data in Example 1, identify x = score on the pole vault 
and z = total score. Comment on the degree of association and 
linearity of the scatterplot consisting of the ordered pairs (x, z). Is 


this intuitive? 


Strength of Linear Relationship 


The variability in the data can render it difficult to determine if there is a linear relationship 
between two variables. As such, it is useful to have a way of measuring how tightly a paired 
data set conforms to a linear shape. This measure is called the correlation coefficient, r, 


and is defined by the following formula: 


DEFINITION 


For a paired data set {(x;, y;), ..., (%, ,)}, the correlation coefficient, r, is defined by 


nD - (THD) 
nde = (Dae fede? = (By)? 


The symbol ye is a shorthand way of writing z, + - + z,. So, for instance, 


Seat +2. 
This is tedious to calculate by hand but is easily computed using technology. Below 


are the procedures for how you would compute the correlation coefficient for the data 
set introduced in Example | using the TI-83+ (or TI-84) and Excel 2007. 


Computing a Correlation Coefficient Using the TI-83+ (or TI-84) 


INSTRUCTION SCREENSHOT 


Step 1 Enter the data following the procedure outlined 
earlier in this section. The screen should look like 


the one to the right. 


LE=BSoS 


= Answer: The variable score the 
pole vault has a rather weak 
linear, positive association with 
the variable total score. This 
means that as the pole vault 
score increases, the total score 
tends to increase. In this case, a 
positive relationship makes 
sense in that pole vault scores 
reflect the height achieved. So, 
higher scores (greater height) 
reflect better performance and 
therefore more total points. 
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INSTRUCTION 


SCREENSHOT 


Step 2 


Set up what will display! In order for the desired 
output to display once we execute the commands 
to follow, we must tell the calculator to do so. 

As such, do the following: 


i. Press 2nd, followed by 0 to get CATALOG. 
ii. Scroll down until you get to DiagnosticOn. 
Press ENTER. Then, this command will 
appear on the home screen. Press ENTER 
again. The resulting screen should look like 

the one to the right. 


Diadnosticdh 


Done 
| 


Step 3 


Press STAT, followed by CALC, and then by 
4:LinReg(ax+b). The resulting screen should 
look like the one to the right. Press ENTER. 


TESTS 
ar Stats 
-War Stats 
ed-Med 
Linkedt ax+h3 
Auadeed 


Step 4 


Press ENTER again. After a brief moment, your 
screen should look like the one to the right. 

The value we want is in the bottom row of 

the screen, about r = —0.7045. 


Note: The other information provided will be pertinent once we define the best fit line in the next 


subsection. 


Computing a Correlation Coefficient Using Excel 2007 


INSTRUCTION SCREENSHOT 
Step 1 Enter the data following the Step 2 
procedure outlined earlier in this @3) a9! 
section The screen should look )) Home Insert Page Layout Formulas | Dats Review: View: 
&\> 668606 4 B 
like the one to the right. sen Aosun Reet Panel Logel Tet Oale& totup a 
= _Finton orany [B) soir > | 
D F |& Sube } 
@) tntormation > | 
Step 2 Select the Formulas tab at the 


top of the screen and then choose 
the More Functions within the 
Function Library grouping 

(on the left). The pull-down menu 
should be as shown to the right. 
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Step 3 From here, select Statistical, and ee beatae 
then from this list, scroll down 
and choose CORREL. A pop-up enone 
window should appear, as shown = 
Arrayl I 
to the right. fmt 
Returns the correlation coefficient between two data sets. 
Arrayl Ke cel renee: of Hows aie vena should be numbers, names, arrays, or 
ames a 
Formula result = 
Step 4 Enter A1:A28 in Array | and a nee? SSS a 
B1:B28 in Array 2, as shown to = 
the right. Press OK. You will 3 
. . Function Argument 
notice that the correlation : ane 
; Z. Arrayl (AL:Aze = {48,36;49.19;46.61,48,97;47.97;49.4) 
coefficient appears directly : aeroy2 [pisces = teonseeonsrese-tycnscnrcs 
beneath Array 2. In this case, 10 Rainer a a eee Searoeras 
. n 
ris about —0.7045. 2 soa 2077 CBE IT he i ETE ley 
342i] __o007 


Formula result = -0,704488724 


tebomniis incon Ca] 


The square of the correlation coefficient is interpreted as a signed percentage of the 
variability among the y-values that is actually explained by the linear relationship, 
where the sign corresponds to the direction of the association. For instance, an r-value 
of +1 means that 100% of the variability among the y-values is explained by a line with 
positive slope; in such a case, all of the points in the data set actually lie on a single line. 
An r-value of —1 means the same thing, but the line has a negative slope. As the 
r-values get closer to zero, the more dispersed the points become from a line describ- 
ing the pattern, so that an r-value very close to zero suggests no linear relationship 
whatsoever is discernible. The following sample of scatterplots with the associated 
correlation coefficients should provide you with a feel for the strength of linearity 
suggested by various values of r. 
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= Answer: The correlation coefficient 
is approximately r = 0.28. This 
suggests that while the data follow 
a positive (i.e., positive slope) 
pattern, the degree to which an 
actual line describes the trend in 
the data is rather weak. 


SCATTERPLOT CORRELATION COEFFICIENT r STRENGTH OF LINEARITY 


AY r= 1.0 Perfect positive linear relationship 


vu 


Ay r= =1.0 Perfect negative linear relationship 
*. 
e 
e 
e 
° x 
= > 
e 
e 
e 
e 
e 
AY r = 0.80 Reasonably strong, though not 
wa perfect, positive linear relationship 
e 
ee . 
e 
e 
e e 
e 
AYe r= —0.45 Pretty weak, barely discernible, 
|. negative linear relationship 
° e 
a x 
> 
ee 
e 
e 
je e 
AY r=0.10 Essentially no discernible linear 
e relationship whatsoever 
e 
e 
e os be 
° . 


EXAMPLE 3. Calculating the Correlation Coefficient 
Associated with a Data Set 


Use technology to calculate the correlation coefficient r for the paired data set (x, y) 
considered in Example 1, where x = points on the 400 m and y = total score. Interpret 
the strength of the linear relationship. 


Solution: 


We see that using either form of technology yields r =—0.7045. This suggests that the 
data follow a relatively strong negative (i.e., negative slope) linear pattern. 


= YOUR TURN Using the data in Example 1, identify x = score on the pole vault and 
z = total score, and calculate the correlation coefficient for the data set consisting of the 
ordered pairs (x, z) using technology. Interpret the strength of the linear relationship. 
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Linear Regression 


Determining the “Best Fit” Line 


Assuming that a data set follows a reasonably strong linear pattern, it is natural to ask which 
single straight line best describes this pattern. Having such a line would enable us to not only 
describe the relationship between the two variables x and y precisely, but it would also enable 
us to predict values of y from values of x not present among the points of the data set. 

Consider the paired data set (x, y) from Example 1, where x = points on the 400 m and 
y = total score. You learned in Section 2.3 that between any two points there is a unique 
line whose equation can be determined. Three such lines passing through various pairs of 
points in the data set are illustrated below. 


Men’s 2004 Olympic Decathlon— 
400 m and Total Points 


AY 
9000 st 
8750 |— Se 
8500 SJ *\ 
2 8250 t ee" 
"5 8000 ~ To 
ie J 
= 7750 wf = Satine 
S 7500 °° 
Es VON line 2 
7250 at 
7000 He 
7 x 
v > 
47 48 495051 52.53 5455 
400 m 


The unavoidable shortcoming of all of these lines, however, is that not all of the data points 
lie on a single one of them. Each has a negative slope, which is characteristic of the data set, and 
each of the lines is close to some of the data points, but not close to others. In fact, we could draw 
infinitely many such lines and make a similar assessment. But which one best fits the data? 

The answer to this question depends on how you define “best.” Reasonably, for the line that 
best fits the data, the error incurred in using it to describe all of the points in the data set should 
be as small as possible. The conventional approach is to define this error by summing the n 
distances d; between the y-coordinates of the data points and the corresponding y-value on the 
line y = Mx + B (that is, the y-value of the point on the line corresponding to the same x-value). 
These distances are, in effect, the error in making the approximation. This is illustrated below: 


ie 


i} 
' 
' 
e i} 
(x,, Mx,+B) d,! tA 
py) I { 7 
' 
1 i} 
(xy1Mx,+B) 
i} i} 
gr k 144 
y=Mx}+ B ! ' bd 
Pa Gy yg) (x7, yy) 
« Cc i 
x, Xy Xz X4 Xs X_ XX x 


Using the distance formula, we find that 


d; = Va; xi + (yj, — (Mx; + BY = ly; — (Mx; + B)I. 
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Note that d; = 0 precisely when the data point (x;, y;) lies directly on the line y = Mx + B, 
and that the closer d; is to 0, the closer the point (x;, y;) is to the line y = Mx + B. As 
such, the goal is to determine the values of the slope M and y-intercept B for which the sum 
d, + +--+ d,,1s as small as possible. Then, the resulting straight line y = Mx + B best fits 
the data set {(%), y,),---. Qn» Yn) }- 

This is fine, in theory, but it turns out to be inconvenient to work with a sum of absolute 
value expressions. It is actually much more convenient to work with the squared distances 
d?. The values of M and B that minimize d, + --- + d,, are precisely the same as those that 
minimize dj + --- + d?. Using calculus, it can be shown that the formulas for M and B are 
as follows: 


n>xy — (> x)( dy) bo > 


M= ; B M 


nD - (Sx) _ 


The resulting line y = Mx + Bis called the best fit least-squares regression line for the 
data set {(%, Yi) Ee (Xn Yn) 

Again, it is tedious to compute these by hand, but their values are actually produced 
easily using technology. 


EXAMPLE 4 Finding the Line of Best Fit by Linear Regression 


Find the line of best fit (best fit least-squares regression line) for the paired data set (x, y) from Example 1, where x = points on 
the 400 m and y = total score, using (a) the TI-83+ (or TI-84) and (b) Excel 2007. 


Solution (a): 


Determining the Best Fit Least- 


Squares Regression Line Using the TI-83+ (or TI-84). 


INSTRUCTION SCREENSHOT 


Step 1 Enter the data following the procedure 
outlined earlier in this section. The 
screen should look like the one to the right. 


Lev=889 


Step 2 Press STAT, followed by CALC, and 


then by 4:LinReg(ax+b). The resulting Linked axth> 


screen should look like the one to the right. 
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INSTRUCTION 


SCREENSHOT 


Step 3 For this example, the data is stored in lists L1 
and L2. And, since we will want to graph our daxtbhs Lisbes 4 


best fit line on the scatterplot, it will need to 
be stored as a function of x, say as Y1. In order 
to do this, proceed as follows: 


Directly next to LinReg(ax+b) on the home 
screen, we need to type the following: L1, L2, Y1. 


Use the following key strokes: 2nd, 1,],] 2nd, 
2,[,] VARS, Y-VARS, 1:FUNCTION, Y1 
The resulting screen should look like the one 
to the right. 


Step 4 Press ENTER. The equation of the best 
fit least-squares line with the slope (labeled as a) 
and the y-intercept (labeled as b) appears on the 
screen as shown to the right. 


So, the equation of the best fit least-squares 
regression line is approximately 
y = —206.9x + 18317.03. 


Step 5 In order to obtain a graph of the scatterplot with 
the best fit line from Step 4 superimposed on it, 
press ZOOM, then 9:ZoomStat. The resulting 
screen should look like the one to the right. 


Solution (b): 


Determining the Best Fit Least-Squares Regression Line Using Excel 2007. 


INSTRUCTION 


SCREENSHOT 


Step 1 Enter the data following the procedure outlined 
earlier in this section. The screen should look 
like the one to the right. 
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INSTRUCTION 


Step 2 Select the Formulas tab at 
the top of the screen and then 
choose the More Functions 


SCREENSHOT 


fy) H2-© = 


Home Insert Page Layout | Formulas | Data Review 


& 2066846 6 G 


Insert | AutoSum Recently Finanaal Logical Text Datea& Lookup a Math 


Function is Used Time~ Reference & Trig ~ |Fu n 
within the Function Library esos ie ol 
grouping (on the left). The TN PT PT & ce 
|fi| bvormstion + 
pull-down menu should be 
as shown to the right. 
Step 3 From here, select Statistical, Anjali CS PF | 
1 13} 
and then from this list, scroll a ee 
down and choose LINEST. eS aea 
af i 6 49.4] 6287 
A pop-up window should a 
appear, as shown to the right. | 
8. 49.13] 8225} 
10 49 76} 8102) = 
21 __5079] 8084) Returns statistics that describe a linear trend matching known data points, by fitting a straight ine using the least 
12 50.3] 8077] ‘squares method. 
494i] 8067] Known_y's isthe set of y-values you already know in the relationship y= mx +b, 
14 49 27 8023] 
15 49.72) 8021 
16 49.12) 8006] Formula result = 
17 49.11) 7993] this Function 
18 49.65 7934) 
19 48.51) 7926} 
20 51.04] 7918] 
21 49 56} 7893] 
48 61] 7865) 
23 5167] 7708} 
24 49.34) 7592| 


2550.54] 


Step 4 Enter B1:B28 in Known_y’s 
and A1:A28 in Known_x’s, 
as shown to the right. You will 
notice that a set of two values 
occurs directly beneath the 
entry boxes—the output is 
about {—206.92, 18,317.03}. 


The first value is the slope M, 
and the second value is the 


y-intercept B of the best fit line. 


So, the equation of the best fit 
least-squares regression line is 
approximately 

y = —206.92x + 18,317.03. 


Function Arguments 
Known_y's 61628 = {9893;8820;8725;6414;8343}8287;623 
known_x’s | AL:AZ3 FS] = tuceiryrewiaasrasyray.ay 

Const | ~ [E) = tosical 


Stats Fe] = loaical 


= {-206,923880816898, :8317,029441612 
Returns statistics that describe a inear trend matching known data points, by iting @ straight ine using the least 
squares method, 


Known_x's_ is an optional set of x-values that you may already know in the -206.924 
‘relationship y = mx +b. 


Formula resut = -206.9236608 
Help on this Function 


Ce Cee 
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INSTRUCTION SCREENSHOT 
Step 5 In order to obtain a graph of = p[ is |e j¢ [wu [1 | a js 
the scatterplot with the best fit 2 
line from Step 4 superimposed i 
on it, construct the scatterplot XE 
as before, right-click on the SS 
scatterplot near the data points, —}+— 
choose Add Trendline, and eat oe f : 
=. kt: | 10000 
press ENTER. ar a 
1s 49.12] 8006 Delete = he ws ¥ - 
17_49.11| 7993 A esetto maten style — 
iB) Change Series Chart Type 
Gj) Select Data, eee 1 
— Aad Ona abe 
a Aa Tendne 
= CET (FF Eormat Data Series. 
ee 
| 46 48 50 52 34 
Step 6 The best fit line will z Ce: Soden ES OT 
appear on the 2 
scatterplot, along 4 
with a pop-up : Format Trending 
window allowing iS [Feereoom) | trendline Options 
3 | Line Color TrendRegression Type 
you to change the = tnestve {] © einen 
: Staion 
format of the line/ = © bree 
. 10000 Ae vaeitia 
curve that is ¥ a ‘oie 
: 8000 a 2 ee = © Eelymemia 
displayed. = og |_——— g 1 ome 
18 6000 - 
19 5000 © Seriest J] © Moving Average 
20 4000 Linear (Series1) 
aa pr Trennetiane 
22 pee © Automatic Linear (Series) 
23 ea © ustom: ——aae 
Fa 
2 0 Forecast 
a5 a 2s — 
27 Backward: [0.0 
= DO setintercent = [f 
= © Display Equation on chart 
31 
32 
33 


= YOUR TURN Using the data in Example 1, identify x = score on the pole vault and z = total score, and determine the 
best fit least-squares regression line for the data set consisting of the ordered pairs (x, z). Superimpose the 


graph of this line on the scatterplot. 


= Answer: 


Men’s 2004 Olympic Decathlon: 
Pole Vault and Total Points 


with Best Fit Line 
9000 |- < 
8750 + e ° 
» 8500 
8225 
& 8000 
3 7750 
el 
7000 F R* Linear = 0.08 
2 
bpuerpiuriit 
4.50 4.75 5.00 5.25 
Pole Vault 


Here, the best fit line displays a 
positive relationship, and its 
equation is z = 364.97x + 


6324.46. 
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It is important to realize that the correlation coefficient is NOT equal, or even related to, 
the actual slope of the best fit line. In fact, two distinct perfectly linear, positively associated 
scatterplots will both have r = 1, even though the actual lines that fit the data might have slope 
M = 15 and M = 0.04. 


Using the “Best Fit” Line for Prediction 


It is important to realize that for any scatterplot, no matter how haphazardly dispersed 
the data, a best fit least-squares regression line can be created. This is true even when the 
relationship between x and y is nonlinear. However, the utility of such a line in these 
instances is very limited. In fact, a best fit line should only be created when the linear 
relationship is reasonably strong, which means the correlation coefficient is “reasonably 
far away from 0.” This criterion can be made more precise using statistical methods, 
but for our present purposes, we shall make the blanket assumption that it makes sense to 
form the best fit line in all of the scenarios we present. 

Once we have the best fit line in hand, we can use it to predict y-values for values of x that 
do not correspond to any of the points in the data set. For instance, consider the following: 


EXAMPLE 5 Making Predictions Using the Line of Best Fit 
Consider the data set from Example 1. 


a. Use the best fit line to predict the total score given that an Olympian scored 
50.05 points in the 400 m. Is it reasonable to use the best fit line to make such 
a prediction? 

b. Use the best fit line to predict the total score given that an Olympian scored 


40.05 points in the 400 m. Is it reasonable to use the best fit line to make such 
= Answer: a prediction? 


Using the line z = 364.97x + 6324.46, Solution: 
we see that z is approximately 8022 
when x = 4.65. This means that if an 
Olympian were to score 4.65 on the 


a. Using the line y = —206.92x + 18,317.03, we see that y is approximately 7961 
when x = 50.05. This means that if an Olympian were to score 50.05 on the 400 m, 


pole vault, then his predicted total then his predicted total score would be approximately 7961. Using the best fit line 

score would be approximately 8022. to predict the total score in this case is reasonable because the value 50.05 is well 

Using the best fit line to predict the within the range of x-values already present in the data set. 

total score in this case is reasonable 

because the value 4.65 is well within b. Using the line y = —206.92x + 18,317.03, we see that y is approximately 10,030 

the range of x-values already present when x = 40.05. This means that if an Olympian were to score 40.05 on the 400 m, 

in the data set. then his predicted total score would be approximately 10,030. This prediction is 
Next, using the same line, we see questionable because the x-value at which you are using the best fit line to predict y 

that z is approximately 8478 when is sufficiently far away from the rest of the data points that were used to construct 

x = 5.9. This prediction is less the line. As such, there is no reason to believe that the line is valid for such x-values. 


reliable than the former one because 


5.9 is outside of the range of x-values 

corresponding to the rest of the data = YOUR TURN Using the data in Example 1, identify x = score on the pole vault and 

points used to construct the line. z = total score, and use the best fit line to predict the total score given 

sduactscesseios al ouisine iis a that an Olympian scored 4.65 points on the pole vault and then, given 

oe eee Or SAU that an Olympian scored 5.9 points on the pole vault. Comment on the 
validity of these predictions. 
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EXAMPLE 6_ The Power of TV Advertisement 


Video Board Tests, Inc., an advertising testing agency, collected data based on 4000 adult 
participants of a survey. The participants (who were regular product users) were asked to 
recall a commercial that they had viewed for a given product category in the previous week. 
The goal was to examine the relationship between retained impressions of commercials 

and the corresponding TV advertising budget for a given product. The data were published 
in the Wall Street Journal in March 1984. 


The following is an adaptation of the original data set (TV Ad Yields was obtained from the 
following Web source: http://lib.stat.cmu.edu/DASL/Datafiles/tvadsdat.html), but contains 
three modifications made for illustrative purposes. Specifically, ATT/BELL, FORD, 
and MCDONALD’S have been replaced with DIALTONE USA, CARZ, and HAPPY 
BURGERS, respectively. These changes have been highlighted in green. 


TV ADVERTISING BUDGET, MILLIONS RETAINED 
ComMPANY 1983 ($ MILLIONS) IMPRESSIONS PER WEEK 
MILLER_LITE 50.1 32.1 
PEPSI 74.1 99.6 
STROH’S 19.3 11.7 
FEDERAL_EXPRESS 22.9 21.9 
BURGER_KING 82.4 60.8 
COCA-COLA 40.1 78.6 
HAPPY_BURGERS 165.0 10.0 
MCI 26.9 50.7 
DIET_COLA 20.4 21.4 
CARZ 165.0 50.0 
LEVI’S 27.0 40.8 
BUD_LITE 45.6 10.4 
DIALTONE_USA 70.0 88.9 
CALVIN_KLEIN 5.0 12.0 
WENDY’S 49.7 29.2 
POLAROID 26.9 38.0 
SHASTA 5.7 10.0 
MEOW_MIX 7.6 123 
OSCAR_MEYER 9.2 23.4 
CREST 32.4 oa 


KIBBLES_’N_BITS 6.1 4.4 
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First, a scatterplot for this data set (formed using PASW Statistics 18) is shown below. The 
approximate regression line is y = 0.18x + 29.04 and r = 0.28. 


It appears that there might be a TV Advertising Budget and 
relationship between the budget and the Reetned iepeasions 
1 PEPSI 
retained impressions. Both CARZ and 100 $ ta DIALTONE. 
90 F inear = 0.08 sare 
HAPPY_BURGERS are pretty far . x an Sree 
away from the bulk of the data and E = 70 7 Lae TLEVis 
. . . . Pw Pe SPOLAROID : 
might be skewing an otherwise tighter 2 2 60 A fH< 9 MILLER LTE 
relationship between x and y; such 6 z 50} -* Ser fomrcola 
points are potential outliers. What §% 40} %>~ 1ACALVIN-KLEIN 
i 2 : = 2 30 Psaaill | 15 MEOW_MIX 
would happen to the regression line if = Be 0 (ta ‘i le STROH 
we removed each of these points, one 10 [as!9 i sms nets 
at a time? Would the new line be ee gee aieihie 
fics aug ta Flite Hera Gea So 10 150 20 So 
antic anly sale rent onl Wie ores TV Advertising Budget, 1983 
one, or might there be very little change? (millions of dollars) 
Let’s start by removing CARZ. The TV Advertising Budget and 
resulting regression line is y = 0.21x Retained Impressions 
A = 
+ 27.96. We observe only a small 100 | Fé J HnLTONE. USA 
change in both the slope and . 90 ‘ od pie eae 
intercept. Next, let’s put CARZ back 3 8 80 3 er omc 
: 2S 79| 4 R* Linear = 0.278 7 Levis 
into the data set and remove £% ; ig SPOLABOM 
HAPPY_BURGERS instead. In this & 2 Ce 7 a ak 
case, the best fit regression line is 2-2 4g| = 13 FEDERAL EXPRESS 
y = 0.40x + 22.61. This time, we = A 30 a4 4 isMoW SIX 
: oS 143 eaceaey 
have a slightly larger change in = £ 20 Pe caus 
the y-intercept, but more importantly, 10 Se 
: > 
the slope is more than double the $50 100 150 200 250 


TV Advertising Budget, 1983 


slope of the regression line from the 
(millions of dollars) 


original data set. The resulting best fit 
regression line is displayed to the right. 


Clearly, HAPPY_BURGERS was a very influential data point since removing it dramatically 
changed the slope between the budget and retained impressions, thereby considerably 
changing the mathematical description of the relationship between these two variables. 
But why did this happen? 


There was a large distance between it and both the x- and y-directions from the bulk of the 
data set. When a potential outlier is distant in only one of the two directions (x or y), as was 
the case with CARZ, it is far less likely to be influential. 


SUMMARY 
Two variables x and y can be related in different ways. A paired measured using the correlation coefficient r. If ris sufficiently far 
data set {(x,, y,),-.-, (X,, ¥,)} obtained experimentally can be from 0, a best fit least-squares regression line can be formed to 
illustrated using a scatterplot. Patterns concerning the direction of precisely describe the linear relationship and used for reasonable 
association and linearity can be used to describe the relationship prediction purposes. 


between x and y, and the strength of the linear relationship can be 
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SECTION 
2.5* EXERCISES 


"SKILLS 


In Exercises 1—4, for each of the following scatterplots, identify For each of the following data sets, 


the pattern as 
a. create a scatterplot. 


a. having a positive association, negative association, or no : . 
; : we b. guess the value of the correlation coefficient r. 
identifiable association. 

c. use technology to determine the equation of the best fit line and 


b. being linear or nonlinear. 
to calculate r. 


7 AY 2 + d. give a verbal description of the relationship between x and y. 
e 
“She e| ° . e 
Res : a * ‘ 9. x y 10 x y 
ee 
“8 . if cee al 4 -3 | 14 -3 |-16 
e 
=. ogee = eat 8 ae. ite 
° 0 5 -4 | -8 
1 2 =2, —4 
3. AY 4. AY 
eo 3 -4 
e 
e *e, a 5 =10 
Pe e ee 
e ' a 
ea ard fee 12. 
=) ee x y x y 
° ce" 
a} —10 1 =1.|-=17 
=6 0 —1/2 =i! 
In Exercises 5-8, match the following scatterplots with the 0 —2 —1/4 —5 
following correlation coefficients. 8 | —10 —~1/10 0 
a. r = —0.90 c. r= —0.68 14 | -11 0 1 
b. r = 0.80 d. r = 0.20 20 | 16 1/10 : 
é 1/5 8 
. AY ° AY 1 12 
*. Oe 
ee %e 
ee eel 13. e 14. - 
e! = ? eo x y y 
——________# e—__ > 
: = = > ®ee, 3 =6 =6 -1 
e —2 3 -3 4 
= 1 = 3 
7 ‘iy 8 ‘3 0 1 1 0 
1 5 2 —6 
> ie osele. 2 | -1 5 | -4 
= ee x e ** x 4 1 8 1 
e - eg 2 © * 
ee e sd 
e? e . e 
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In Exercises 15-18, for each of the data sets, 


a. use technology to create a scatterplot, to determine the best fit 
line, and to compute 7: 


c. Using the best fit line, at what x-value would you expect y to be 


15. 


. indicate whether or not the best fit line can be used for 
predictive purposes for the following x-values. For those for 


which it can be used, give the predicted value of y: 


i. x =0 
ii. x = —6 
equal to 2? 
x y 
=) =8 
=3 0 
=2 0 
2 1.5 
5 f 
7 2 
10 8 


For Exercises 19-22, 


a. use technology to create a scatterplot, to determine the best fit line, and to compute r for the entire data set. 


iii. x = 12 


iv. x= —15 


16. 


17. 


x y 
—20 15 
—18 10 
—14 3 
—14 8 
=13 3 

—8 0 

=$8 =3 

=5 =6 
1 | -l1 
1 | -15 


b. repeat (a), but with the data set obtained by removing the starred (***) data points. 


18. r 
—15 4 
—15 12 
—15 16 
—13 3 
—10 4 
—10 8 
—10 12 

—5 4 
5 3 
29. || 24 
2 3 
S 6 
| =f 
4 0 
4 4 
7 | = 
7 3 
10 | —4 
10 |). 
10 3 


c. compare the r-values from (a) and (b), as well as the slopes of the best fit lines. Comment on any differences, whether they are 
substantive, and why this seems reasonable. 


19. 


x y 
-3 | 14 
-1 8 

0 5 
1 2 
3 | -4 
#5 | —10 


20. 


21. 


22. 


12 
25 
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"CONCEPTUAL 


23. Consider the data set from Exercise 17. 26. Consider the following data set. 
a. Reverse the roles of x and y so that now y is the explanatory x y 
variable and x is the response variable. Create a scatterplot 
for the ordered pairs of the form (y, x) using this data set. =5 =2 
b. Compute r. How does it compare to the r-value from =H —2 
Exercise 17? Why does this make sense? —| —2 
c. The best fit line for the scatterplot in (a) will be of the 0 =2 
form x = my + b. Determine this line. l ~2 
d. Using the line from (c), find the predicted x-value for the 3 —2 
following y-values, if appropriate. If it is not appropriate, 8 = 
tell why. 
i. y = 23 ii, y= 2 iii. y = —16 


Guess the values of r and the best fit line. Then, check your 
answers using technology. What happens? Can you reason 
why this is the case? 


24. Consider the data set from Exercise 16. Redo the parts in 
Exercise 23. 


25. Consider the following data set. 


Guess the values of r and the best fit line. Then, check your 
answers using technology. What happens? Can you reason 
why this is the case? 


"CATCH THE MISTAKE 


27. The following screenshot was taken when using the TI-83+ to 28. The following scatterplot was produced using the TI-83+ for 
determine the equation of the best fit line for paired data (x, y): paired data (x, y). 


Using the regression line, we observe that there is a strong 

positive linear association between x and y, and that for every The equation of the best fit line was reported to be 

unit increase in x, the y-value increases by about 1.257 units. y = —3.207x + 0.971 with r = 0.9827. Thus, the 
correlation coefficient is given by r = 0.9913, which 
indicates a strong linear association between x and y. 
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"APPLICATIONS 
For Exercises 29 and 30, refer to the data set in Example 1. 
30. a. 


29. a. Examine the relationship between each of the decathlon Using the information from part (a), which event has the 


events and the total points by computing the correlation 
coefficient in each case. 


. Using the information from part (a), which event has the 
strongest relationship to the total points? 


. What is the equation of the best fit line that describes the 
relationship between the event from part (b) and the total 
points? 


. Using the best fit line, if you had a score of 40 for this 
event, what would the predicted total points score be? 


second strongest relationship to the total points? 


. What is the equation of the best fit line that describes 


the relationship between the event in part (b) and the 
total points? 


. Is it reasonable to expect the best fit line from part (c) 


to produce accurate predictions of total points using 
this event? 


. Using the best fit line, if you had a score of 40 for this 


event, what would the total points score be? 


For Exercises 31 and 32, refer to the following scenario: Texting Speed. 


31. What is the relationship between the variables left thumb 
length and total both scores? 


According to the CTIA—The Wireless Association, as of 
December 2010, 187.7 billion messages were sent per month or 
2.1 trillion messages in that year.’ According to a 2010 Pew 
Internet survey, 72% of all teens—or 88% of teen cell phone 
users—are text-messagers. Teens make and receive far fewer 
phone calls than text messages on their cell phones. b. 


a. Create a scatterplot to show the relationship between 
left thumb length and total both scores. 


What is the correlation coefficient between left thumb 


9 
A number of competitions regarding texting speed have taken feet anil titel Dosis scores: 


place worldwide. According to the Guinness World Records, “The c. 
fastest completion of a prescribed 160-character text message is 
34.65 seconds and was achieved by Frode Ness (Norway) at the 
Norwegian SMS championships held at the Oslo City shopping 
centre in Oslo, @stlandet, Norway, on 13 November 2010.” 


Describe the strength of the relationship between 
left thumb length and total both scores. 


d. What is the equation of the best fit line that describes 
the relationship between left thumb length and 
total both scores? 
The data set regarding texting speed on the next page was provided 
by AP Central. (http://apcentral.collegeboard.com/apc/public/ 
courses/teachers_corner/195435.html) 


isa 


Could you use the best fit line to produce accurate 
predictions of total both scores using left thumb length? 


32. Repeat Exercise 31 for right thumb length and total both 


In the data given, the A total score is the amount of time (in 
scores. 


seconds) it took to text the following message, “Statistics students 
are above average.” The B total score is the amount of time (in 
seconds) to type, “Meet me at my car after school today.” The 
Total both scores is the sum of the A total score and B total score. 


What influences texting speed in this group? Let’s consider 
thumb length. 


" http:/Avww.cita.org/advocacy/research/index.cfm/aid/10323 
* http://www.guinnessworldrecords.com/Search/Details/Fastest-text- 
message/57979.htm 
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TEXTING Lert THUMB RIGHT THUMB~ A TOTAL B Tota. Tota BOTH AVG DIFF 
GENDER STYLE LENGTH LENGTH SCORE SCORE SCORES A Minus B THUMB THUMB 
Male Char 6.5 6.5 35 25 60 10 6.5 0 
Female Char 5 Ss) 61 a7 118 4 e) 0 
Female Word 6 6 24 20 44 4 6 0 
Male Word 7 7 43 60 103 =17 qd 0 
Female Word 6 6 14 19 33 =5 6 0 
Male Word 7 6 15 18 33 =3 6.5 =] 
Female Word 6 6 13 14 27 —1 6 0 
Female Word 6 6 22 10 22, 12 6 0 
Male Word 6.5 6 13 15 28 —2 6.25 —0.5 
Female Word 5.5 5.5 16 16 32 0 5:5 0 
Male Char 6 5 85 78 163 Bye) =I 
Male Char 6 6 126 120 246 6 6 0 
Male Word 75 6.5 67 69 136 =2 7 =] 
Female Char 5.5 ayo) 11 7 18 4 3:3 0 
Female Word 5.5 5.7 14 17 31 3 5.6 0.2 
Female Word 6 6 17 14 31 3 6 0 
Female Word 5 5 20 15 35 5 5 0 
Male Word 6.5 6.5 15 13 28 2 6.5 0 
Male Word 7 7 30 31 61 =] 7 0 
Male Word 6 6.1 120 117 237 3 6.05 0.1 
Male Word 6 6 74 25 99 49 6 0 
Male Word 6.3 6 23 21 44 2 6.15 —0.3 
Male Char 6 5.9 45 50 95 = 5 3.95 —0.1 
Male Word 6 6.1 86 100 186 —14 6.05 0.1 
Male Char 6 6 25 23 48 2 6 0 
Male Char 6.3 6.3 81 57 138 24 6.3 0 
Female Char 5.5 5:5 88 66 154 22, 5.5 0 
Female Word 7 6.8 10 9 19 1 6.9 —0.2 
Male Char 6.5 7 21 18 39 3 6.75 0.5 
Female Char 5.4 5.2 72 48 121 24 5.3: =0.2 
Female Char 8 8 36 23 59 13 8 0 
Male Char 7 6.5 46 45 91 1 6.75 —0.5 
Female Char 6 6.8 48 39 87 9 6.4 0.8 
Female Char 7.1 7A 84 57 141 27 7A 0 
Female Word 5,9 yo) 25 23 48 2: aH —0.4 
Female Char 7.6 7.2 32 45 a —13 74 —0.4 
Male Word 6.9 7 23 28 51 =5 6.95 0.1 
Female Char 7.7 75 18 15 33 3 7.6 = 0:2. 
Male Char 8.6 (cast) 22 20 42 2 N/A N/A 


Male Char 13 el 54 50 104 4 752 =0;2 
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For Exercises 33 and 34, refer to the following data set: 
Herd Immunity. 


According to the U.S. Department of Health and Human 
Services, herd immunity is defined as “a concept of protecting a 
community against certain diseases by having a high percentage 
of the community’s population immunized. Even if a few 
members of the community are unable to be immunized, the 
entire community will be indirectly protected because the 
disease has little opportunity for an outbreak. However, with a 
low percentage of population immunity, the disease would have 
great opportunity for an outbreak.” 


Suppose a study is conducted in the year 2016 looking at the 
outbreak of Haemophilus influenzae type b in the winter of 2015 
across 22 nursing homes. We might look at the percentage of 
residents in each of the nursing homes that were immunized and 
the percentage of residents who were infected with this type of 
influenza. 


The fictional data set is as follows. 


% RESIDENTS % RESIDENTS 


NursinG Home IMMUNIZED WITH INFLUENZA 
1 70 11 
2: 68 9 
3 80 8 
4 10 34 
5) 12 30 
6 18 31 
7 27 22 
8 64 18 
9 73 6 

10 9 31 

11 35 19 

12 56 16 

13 57 22 

14 83 10 

15 74 13 

16 64 15 

17 16 28 

18 23 25 

19 29 24 

20 33 20 

21 82 28 

22 67 9 


3 http://www.hhs.gov/nvpo/glossary | .htm 


33. What is the relationship between the variables % residents 
immunized and % residents with influenza? 


a. Create a scatterplot to illustrate the relationship between 
% residents immunized and % residents with influenza. 


b. What is the correlation coefficient between % residents 
immunized and % residents with influenza? 


c. Describe the strength of the relationship between 
% residents immunized and % residents with influenza. 


d. What is the equation of the best fit line that describes 
the relationship between % residents immunized and 
% residents with influenza? 


e. Could you use the best fit line to produce accurate 
predictions of % residents with influenza using 
% residents immunized? 


34. What is the impact of the outlier(s) on this data set? 


a. Identify the outlier in this data set. What is the nursing 
home number for this outlier? 


b. Remove the outlier and re-create the scatterplot to show 
the relationship between % residents immunized and 
% residents with influenza. 


c. What is the revised correlation coefficient between 
% residents immunized and % residents with influenza? 


d. By removing the outlier is the strength of the relationship 
between % residents immunized and % residents with 
influenza increased or decreased? 


e. What is the revised equation of the best fit line that 
describes the relationship between % residents 
immunized and % residents with influenza? 


For Exercises 35-38, refer to the following data set: 
Amusement Park Rides. 


According to the International Association of Amusement Parks 
and Attractions (IAAPA), “There are more than 400 amusement 
parks and traditional attractions in the United States alone. In 
2008, amusement parks in the United States entertained 300 
million visitors who safely enjoyed more than 1.7 billion 
rides.”* Despite the popularity of amusement parks, the wait 
times, especially for the most popular rides, are not so highly 
regarded. There are different approaches and tactics that people 
take to get the most rides in their visit to the park. Now, there 
are even apps for the iPhone and Android to track waiting times 
at various amusement parks. 


One might ask, “Are the wait times worth it? Are the rides with 
the longest wait times, the most enjoyable?” 


Consider the following fictional data. 


4 http://www.iaapa.org/pressroom/Amusement_Park_Industry_Statistics.asp 
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mua rea The data shows 10 popular rides in two sister parks located in 


Wair ENJOYMENT Park Florida and California. For each ride in each park, average wait 
Rive ID Ripe Name Time RATING Park Location times (in minutes) in the summer of 2010 and the average rating 
NCO ride enjoyment (on a scale of 1-100) are provided. 
1 Xoom 45 58 1 Florida 
4 Aapeniiaior 35 40 1 Florida 35. What is the relationship between the variables average wait 
times and average rating of enjoyment? 
3 Wobbler 15 15 1 Florida 
: ; a. Create a scatterplot to show the relationship between 
4 Arctic_Attack 75 75 1 Florida sua ‘i Fi 
average wait times and average rating of enjoyment. 
> Gush 60 70 1 Florid ‘ ; 
saan on z b. What is the correlation coefficient between average wait 
6 Alley_Cats 5 60 1 Florida times and average rating of enjoyment? 
ul Moon_Swing 10 bs | Florida c. Describe the strength of the relationship between average 
8 Speedster 70 50 1 Florida wait times and average rating of enjoyment. 
9 Hailstorm 80 90 1 Florida d. What is the equation of the best fit line that describes the 
10 DragonFire 70 88 1 Florida relationship between average wait times and average 
ti j t? 
1 Xoom 50 10 2 California Paling a enoyier 
2 Accentuatot 35 40 2 California e. Could you use the best fit line to produce accurate 
: . predictions of average wait times using average rating 
3 Wobbler 20 75 2 California of enjoyment? 
= ie ee 10 a 2 Sena i 36. Examine the relationship between average wait times and 
5) Gusher 70 80 2 California average rating of enjoyment for Park 1 in Florida by 
6 Alley_Cats 10 18 2 California repeating Exercise 35 for only Park 1. 
7 Moon_Swing 15 80 2 California 37. Examine the relationship between average wait times and 
: : : average rating of enjoyment for Park 2 in California 
: ea ie = one repeating Exercise 35 for only Park 2. 
9 Hailstorm 95 40 2 California : ; we 
- - — 38. Compare the relationship between average wait times and 
10 DragonFire 55 60 2 California average rating of enjoyment for Park 1 in Florida versus 


Park 2 in California. 


CHALLENGE 


For Exercises 39-42, refer to the following: 
Exploring other types of best-fit curves 


When describing the patterns that emerge in paired data sets, there are many more possibilities other than best fit Jines. Indeed, once you 
have drawn a scatterplot and are ready to identify the curve that best fits the data, there is a substantive collection of other curves that might 
more accurately describe the data. The following are listed among those in STATS/CALC on the TI-83+, along with some comments: 


NAME OF 

REGRESSION CURVE FORM OF THE CURVE ComMMENTS 

5: QuadReg y=ar+bx+e The data set must have at least 3 points to be able to select this option. 
6: CubicReg y=art+bet+ext+d The data set must have at least 4 points to be able to select this option. 
7: QuartReg y=ax't+bet+ert+dxte The data set must have at least 5 points to be able to select this option. 
9: LnReg y=at+binx The data set must have at least 2 points to be able to select this option, 

and x cannot take on negative values. 
0: ExpReg y=axb* The data set must have at least 2 points to be able to select this option, 


and y cannot take on the value of 0. 


A: PwrReg y=axx? The data set must have at least 2 points to be able to select this option. 
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For each of the following data sets, 41. 


a. Create a scatterplot. 


b. Use LinReg(ax+b) to determine the best fit /ine and r. Does 
the line seem to accurately describe the pattern in the data? 


c. For each of the different choices listed in the above chart, find 
the equation of the best fit curve and its associated 7° value. Of 
all of the curves, which seems to provide the best fit? 


Note: The r’-value reported in each case is NOT the linear 
correlation coefficient reported when running LinReg(ax+B). 
Rather, the value will typically change depending on the curve. 
The reason why is that each time, the 7*-value is measuring 
how accurate the fit is between the data and that type of curve. 
A value of 7’ close to 1 still corresponds to a good fit with 
whichever curve you are fitting to the data. 


39. ¢ y 40. 7 y 

1 16.2 0.5 1.20 
2 21 1.0 0.760 
3 2331 1.5 0.412 
4 24.8 2.1 0.196 
5 23.9 2.9 0.131 
6 20.7 3:3 0.071 
7 15.8 

8 9.1 

9 0.3 


x y 
1 0.2 
1.5 | 0.93 
2 1.46 
3 2.29 
10 4.51 
15 5.50 


42. 


CHAPTER 2 INQUIRY-BASED LEARNING PROJECT 
The following table shows U.S. population estimates for the years 1991 to 2002, along 
with the number of tons of municipal waste generated (in 100 million tons) and the 
percentage that was recycled in the United States during those years. 


U.S. POPULATION ESTIMATE MuniciPpaL WASTE GENERATED PERCENTAGE 
YEAR (100 MILLION PEOPLE) (100 MILLION TONS) RECYCLED 
1991 2.46 2.69 8% 
1992 2.49 2.93 11.5% 
1993 2.52 2.80 14% 
1994 2.55 2.91 17% 
1995 2.58 3.06 19% 
1996 2.60 3.22 23% 
1997 2.63 3.26 27% 
1998 2.65 3.27 28% 
1999 2.68 3.40 30% 
2000 2.73 3.74 31.5% 
2001 2.80 3.82 33% 
2002 2.86 4.09 32% 
Adapted from: A Yearly Snapshot of U.S. (Municipal) Waste and Recycling (Data Source: BIOCYCLE/ 
Table & Conversion: ZWA http://www.zerowasteamerica.org/statistics.htm) 


1. For parts (a)—-(f), consider the columns for U.S. Population Estimate, x, and Municipal 
Waste Generated, y. 


a. Write the equation (in slope—intercept form) of the line that passes through the 
points (2.60, 3.22) and (2.80, 3.82). 


b. How can you interpret the slope of the line in part (a)? 


c. Now choose two other data points and write the equation of the line that passes 
through your chosen points. How can you interpret the slope of this line? 


d. How does the slope of this line compare to the line in part (a)? 
e. Sketch a graph of the two lines. What do you notice about their y-intercepts? 
f. Finally, plot all the other ordered points (Population, Waste Generated). 


The graph of all the data points is called a scatterplot. Since the data fall in 
approximately a straight line, each of the lines you graphed above is an 
approximation of the data. Section 2.5* presented methods for finding the line that 
best fits a set of data points, called the least-squares regression line. 


2. For parts (a)—(c) below, consider the columns U.S. Population Estimate, x, and 
Percentage Recycled, y. 


a. Graph the scatterplot for this data. 


b. Sketch the graph of a line that contains two data points. Choose a line you 
think fits the data well. 


c. Write the equation of the line. 


d. How can you interpret the slope of this line? 
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MODELING OUR WORLD 


The Intergovernmental Panel on Climate Change (IPCC) claims that carbon dioxide 
(CO,) production from industrial activity (such as fossil fuel burning and other human 
activities) has increased the CO, concentrations in the atmosphere. Because it is a 
greenhouse gas, elevated CO, levels will increase global mean (average) temperature. In 
this section, we will examine the increasing rate of carbon emissions on Earth. 

In 1955, there were (globally) 2 billion tons of carbon emitted per year. In 2005, 
the carbon emissions more than tripled to reach approximately 7 billion tons of carbon 
emitted per year. Currently, we are on the path to doubling our current carbon emissions 
in the next 50 years. 


The Stabilization Triangle 
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Two Princeton professors* (Stephen Pacala and Rob Socolow) introduced the 
Climate Carbon Wedge concept. A “wedge” is a strategy to reduce carbon emissions 
over a 50-year time period by 1.0 GtC/yr (gigatons of carbon per year). 


1 GtC/yr 


UNS. —< 


1. Draw the Cartesian plane. Label the vertical axis C, where C represents the number of 
gigatons (billions of tons) of carbon emitted, and label the horizontal axis t, where f is 
the number of years. Let t = O correspond to 2005. 


2. Find the equations of the flat path and the seven lines corresponding to the seven 
wedges. 


Flat path (no increase) over 50 years (2005 to 2055) 
Increase of 1 GtC over 50 years (2005 to 2055) 

Increase of 2 GtC over 50 years (2005 to 205 
Increase of 3 GtC over 50 years (2005 to 205 
Increase of 4 GtC over 50 years (2005 to 2055 
Increase of 5 GtC over 50 years (2005 to 2055 
Increase of 6 GtC over 50 years (2005 to 2055 
Increase of 7 GtC over 50 years (2005 to 2055) [projected path] 


5 
5 


Tea*paogs 


) 
) 
) 
) 
) 
) 
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3. For each of the seven wedges and the flat path, determine how many total gigatons of 
carbon will be reduced over a 50-year period. In other words, how many gigatons of 
carbon would the world have to reduce in each of the eight cases? 


Flat path 

Increase of 1 GtC over 50 years 

Increase of 2 GtC over 50 years 

Increase of 3 GtC over 50 years 

Increase of 4 GtC over 50 years 

Increase of 5 GtC over 50 years 

Increase of 6 GtC over 50 years 

Increase of 7 GtC over 50 years (projected path) 


FO *P AOD 


4. Research the “climate carbon wedge” concept and discuss the types of changes 
(transportation efficiency, transportation conservation, building efficiency, efficiency in 
electricity production, alternate energies, etc.) the world would have to make that 
would correspond to each of the seven wedges and the flat path. 


Flat path 
. Wedge 1 
Wedge 2 
. Wedge 3 
Wedge 4 
Wedge 5 
. Wedge 6 


erpaoaD 


*S. Pacala and R. Socolow, “Stabilization Wedges: Solving the Climate Problem for the Next 50 Years with 
Current Technologies;’ Science, Vol. 305 (2004). 
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CHAPTER REVIEW 


SECTION 


CoNncEPT 


Key IDEAS/FORMULAS 


Basic tools: Cartesian plane, 
distance, and midpoint 


Two points in the xy-plane: (x, y,) and (x, y>) 


Cartesian plane 


x-axis, y-axis, origin, and quadrants 


Distance between two points 


d= V(x) 


a + Oe = 


Midpoint of a line segment 
joining two points 


> 


xX, +X. yi + yo 
Ons Yin) = 


Graphing equations: Point- 


plotting, intercepts, and symmetry 


Point-plotting 


Intercepts 


Symmetry 


Using intercepts and symmetry 
as graphing aids 


List a table with several coordinates that are solutions to the equation; 
plot and connect. 
x-intercept: let y = 0 y-intercept: let x = 0 

The graph of an equation can be symmetric about the x-axis, y-axis, or origin. 


If (a, b) is on the graph of the equation, then (—a, b) is on the graph if 
symmetric about the y-axis, (a, —b) is on the graph if symmetric about the 
x-axis, and (—a, —b) is on the graph if symmetric about the origin. 


Graphing a line 


Equations of lines 


Parallel and perpendicular lines 


General form: Ax + By = C 


Vertical: x = a 
Horizontal: y = b 


Slant: Ax + By = C 
where A # 0 and B # 0 


Intercepts 
x-intercept (a, 0) y-intercept (0, b) 
Slope 
— “rise” 
m= eZ as where x, # Xx) er 
Xp = Hy run 


Slope-intercept form: 
y=mx+b mis the slope and b is the y-intercept. 


Point-slope form: y — y, = m(x — x) 


L, || L, if and only if m, = m, (slopes are equal). 
1 fm, #0 


L, L L, if and only if m, = —— (slopes are negative reciprocals). 
m 


Circles 


Standard equation of a circle 


Transforming equations of circles to 
the standard form by completing the 


(x -hP +(y-kv =r C: (h, k) 


General form: x7 + y? + ax + by +c =0 


Linear regression: Best fit 


Scatterplots 


Identifying patterns 


Linear regression 


Fitting data with a line 


Creating a scatterplot: 


= Using Microsoft Excel ®™ Using a graphing calculator 


Association 
= Positive 


Linearity 
= Negative = Linear ® Nonlinear 
Correlation coefficient, r 
= Determine the “best fit” line 
= Making predictions 


CHAPTER 2 REVIEW EXERCISES 


2.1 Basic Tools: Cartesian Plane, 
Distance, and Midpoint 


Plot each point and indicate which quadrant the point lies in. 


1. (—4, 2) 
2. (4,7) 

3. (-1, -6) 
4. (2, -1) 


Calculate the distance between the two points. 
5. (—2, 0) and (4, 3) 
6. (1, 4) and (4, 4) 
7. (—4, —6) and (2, 7) 


(4, 73) and (3, —3) 


~ 


Calculate the midpoint of the segment joining the two points. 


9. (2, 4) and (3, 8) 
10. (—2, 6) and (5, 7) 
11. (2.3, 3.4) and (5.4, 7.2) 
12. (~—a, 2) and (a, 4) 


Applications 


13. Sports. A quarterback drops back to pass. At the point 
(—5, —20) he throws the ball to his wide receiver located 
at (10, 30). Find the distance the ball has traveled. Assume 
the width of the football field is [—15, 15] and the length is 
[—50, 50]. Units of measure are yards. 


14. Sports. Suppose that in the above exercise a defender was 
midway between the quarterback and the receiver. At what 
point was the defender located when the ball was thrown 
over his head? 


2.2 Graphing Equations: Point-Plotting, 
Intercepts, and Symmetry 


Find the x-intercept(s) and y-intercept(s) if any. 
15. P+ 4yr =4 
16. y=xr—x+2 


17. y=Vxr-9 


18. y= 


Use algebraic tests to determine symmetry with respect to the 
x-axis, y-axis, or origin. 


19, P+y=4 
20. y=x-2 
21. xy =4 

22, y=54+x 


Use symmetry as a graphing aid and point-plot the given 
equations. 


23. y=xr-3 

24. y=|x|-4 
25. y= Wx 

26. x=y-2 

27. y=xVo— x 
28. e+ y = 36 


Applications 


29. Sports. A track around a high school football field is in the 
shape of the graph 8x7 + y’ = 8. Graph using symmetry and 
by plotting points. 


30. Transportation. A “bypass” around a town follows the 
graph y = x° + 2, where the origin is the center of town. 
Graph the equation. 


2.3 Lines 


Express the equation for each line in slope—intercept form. 
Identify the slope and y-intercept of each line. 


31. 6x + 2y = 12 
32. 3x + 4y = 

33. -3x-4y = 5 
34. —3x = ty = ; 


Find the x- and y-intercepts and the slope of each line if they 
exist and graph. 


35. y=4x—-5 
36. y = —3x — 3 
37. x+y=4 
38. x = —4 

39. y=2 


40. —3x - zy =3 
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Write the equation of the line, given the slope and the 
intercepts. 


41. Slope: m = 4 
y-intercept: (0, —3) 


42. Slope: m = 0 
y-intercept: (0, 4) 


43. Slope: m is undefined 
x-intercept: (—3, 0) 


44. Slope: m = 3 


y-intercept: (0, 3) 


Write an equation of the line, given the slope and a point that 
lies on the line. 

45. m=—2 (-3,4) 

46. m=% (2,16) 

47. m=0 (4,6) 

48. misundefined (2, —5) 

Write the equation of the line that passes through the given 


points. Express the equation in slope—intercept form or in the 
form of x =aory =b. 


49. (—4, —2) and (2, 3) 
50. (—1, 4) and (-2, 5) 
51. (—3, 7) and (—4, 3) 
52. (3, —2) and (—9, 2) 


= 


Find the equation of the line that passes through the given 
point and also satisfies the additional piece of information. 


53. (-2, -1) 
54. (5, 6) 
55. (-7,3) 
56, @42.b=1) 


parallel to the line 2x — 3y = 6 
perpendicular to the line 5x — 3y = 0 
perpendicular to the line dx = Sy = 12 


parallel to the line Ax + By = C 


Applications 


57. Grades. For a GRE prep class, a student must take a pretest 
and then a posttest after the completion of the course. Two 
students’ results are shown below. Give a linear equation to 
represent the given data. 


PRETEST POSTTEST 
1020 1324 
950 1240 


58. Budget: Car Repair. The cost of having the air conditioner 
in your car repaired is the combination of material costs and 
labor costs. The materials (tubing, coolant, etc.) are $250, 
and the labor costs $38 per hour. Write an equation that 
models the total cost C of having your air conditioner 
repaired as a function of hours t. Graph this equation with t 
as the horizontal axis and C representing the vertical axis. 
How much will the job cost if the mechanic works 1.5 hours? 


2.4 Circles 
Write the equation of the circle in standard form. 


59. center (—2, 3) 
r=6 

60. center (—6, —8) 
r= 3V6 

61. center (3, 3) 
ase 

62. center (1.2, —2.4) 
r= 3.6 

Find the center and the radius of the circle given by the 

equation. 

63. (x+2/"+(y+3/P=81 

64. (x — 47 + (y + 2% = 32 

65. (x +3) + (y- 4) = 4 

66. r+ y+ 4x-2y=0 

67. P+ y+ 2y—-4x+11=0 

68. 3x° + 3y°- 6x -7=0 

69. 9x° + Oy? — 6x + 12y 

6.6y 


76 = 0 


70. P+ y? + 3.2x 2.4=0 


71. Find the equation of a circle centered at (2, 7) and passing 
through (3, 6). 


72. Find the equation of a circle that has the diameter with 
endpoints (—2, —1) and (5, 5). 


Technology Exercises 


Section 2.1 


Determine whether the triangle with the given vertices is a 
right triangle, isosceles triangle, neither, or both. 


73. (—10, —5), (20, —45), (10, 10) 
74. (4.2, 8.4), (—4.2, 2.1), (6.3, —10.5) 


Section 2.2 


Graph the equation using a graphing utility and state whether 
there is any symmetry. 


5. y = |xr—4| 
76. 0.8x — 1.5y = 4.8 


Section 2.3 


Determine whether the lines are parallel, perpendicular, or 
neither, then graph both lines in the same viewing screen using 
a graphing utility to confirm your answer. 


77. y, = 0.875x + 1.5 
ya —§y _ qi 
78. y, = —0.45x — 2.1 


= 3 De 
y2 = 6 ~ 20% 
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Section 2.4 


79. Use the Quadratic Formula to solve for y, and use a graphing 
utility to graph each equation. Do the graphs agree with the 
graph in Exercise 69? 


9x? + 9y — 6x + 12y- 76 = 0 


80. Use the Quadratic Formula to solve for y, and use a graphing 
utility to graph each equation. Do the graphs agree with the 
graph in Exercise 70? 


e+ y + 3.2% 


6.6y — 2.4 = 0 
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PRACTICE TEST 


CHAPTER 2 PRACTICE TEST 


1. Find the distance between the points (—7, —3) and (2, —2). 
2. Find the midpoint between (—3, 5) and (5, —1). 


3. Determine the length and the midpoint of a segment that 
joins the points (—2, 4) and (3, 6). 


4. Research Triangle. The Research Triangle in North Carolina 
was established as a collaborative research center among 
Duke University (Durham), North Carolina State University 
(Raleigh), and the University of North Carolina (Chapel Hill). 


ie) 
Cre 
Hillsborough 
Sy O 


eS 


i 


Durham is 10 miles north and 8 miles east of Chapel Hill, 
and Raleigh is 28 miles east and 15 miles south of Chapel 
Hill. What is the perimeter of the research triangle? Round 
your answer to the nearest mile. 


5. Determine the two values for y so that the point (3, y) is 
5 units away from the point (6, 5). 


6. If the point (3, —4) is on a graph that is symmetric with 
respect to the y-axis, what point must also be on the graph? 


7. Determine whether the graph of the equation x — y” = 5 has 
any symmetry (x-axis, y-axis, and origin). 


8. Find the x-intercept(s) and the y-intercept(s), if any: 
4° — Oy? = 36. 


Graph the following equations. 
9. 2 +y=8 


10. y= 


4 

r+ 

11. Find the x-intercept and the y-intercept of the line 
x— 3y=6. 
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12. Express the line in slope—intercept form: 4x — 6y = 12. 

13. Express the line in slope—intercept form: 2% = i y=2. 
Find the equation of the line that is characterized by the given 
information. Graph the line. 

14. Slope = 4; y-intercept (0, 3) 

15. Passes through the points (—3, 2) and (4, 9) 


16. Parallel to the line y = 4x + 3 and passes through the 
point (1, 7) 


17. Perpendicular to the line 2x — 4y = 5 and passes through the 
point (1, 1) 


18. x-intercept (3, 0); y-intercept (0, 6) 


For Exercises 19 and 20, write the equation of the line that 
corresponds to the graph. 


19. 20. 
AY AY 


(1, 4) 
(72, 3) 


ve 
vx 


(2, -1) 
(-2, -2) 


21. Write the equation of a circle that has center (6, —7) and 
radius r = 8. 


22. Determine the center and radius of the circle 
x+y? 10x + 6y + 22 =0. 

23. Find the equation of the circle that is centered at (4, 9) and 
passes through the point (2, 5). 


24. Solar System. Earth is approximately 93 million miles from 
the Sun. Approximating Earth’s orbit around the Sun as 
circular, write an equation governing Earth’s path around 
the Sun. Locate the Sun at the origin. 


25. Determine whether the triangle with the given vertices is a 
right triangle, isosceles triangle, neither, or both. 


(—8.4, 16.8), (0, 37.8), (12.6, 8.4) 


26. Graph the given equation using a graphing utility and state 
whether there is any symmetry. 


0.25y" + 0.04x7 = 1 


CHAPTERS 1-2 CUMULATIVE TEST 


1. Simplify 2 + 5 


Solve for x: x° — 5x? — 4x + 20 = 0. 


534 4 

2. Simplify and express in terms of positive exponents: ee 
3. Perform the operation and simplify: (x — 4)? (x + 4)”. 
4. Factor completely 8x? — 27y°. 
5: Peau epenionmddmp—  —— 

. Perform the operations and simplify: ik 2 15" 
6. 
7. 


Perform the operations and write in standard form: 

V=36(5: = 27). 
Solve for x. 

8. 15 — [5 + 3x — 4(2x — 6)] 
= 4(6x — 7) — [53x — 7) — 6x + 10] 

+ 3 

4x+1 4-1 
10. Ashley inherited $17,000. She invested some money in a CD 
that earns 5% and the rest in a stock that earns 8%. How 


much was invested in each account, if the interest for the first 
year is $1075? 


11. Solve by factoring: 5x* = 45. 


12. Solve by completing the square: 3x” + 6x = 7. 


13. Use the discriminant to determine the number and type of 
roots: 5x7 + 2x +7 =0. 


14. Solve for r: p? + q? =r. 


15. Solve and check: Vx? + 3x — 10 = x — 2. 


16. 


1 5 
Solve using substitution: ; + 4= (0. 
(+2 x+2 


Solve and express the solution in interval notation: 


17 


18. 
19. 
20. 
21. 


22. 


23. 


24. 


25. 


26. 


27. 


6<ix+6<9 


x —x=20 
|2—x|<4 
Solve for x:|5 — 4x| = 23. 


Use algebraic tests to determine whether the graph of the 
equation y = 4x is symmetric with respect to the x-axis, 
y-axis, or origin. 


Write an equation of a line in slope—intercept form with slope 
m= 3 that passes through the point (5, 1). 


Write an equation of a line that is perpendicular to the x-axis 
and passes through the point (5, 3). 


Write an equation of a line in slope—intercept form that 
2 


passes through the two points (5, 3) and (-§, —4). 
Find the center and radius of the circle: 

(x + 5)? + (y + 3) = 30. 

Calculate the distance between the two points (—V11, 5) 


and (2, V7), and find the midpoint of the segment joining 
the two points. Round your answers to one decimal place. 


Determine whether the lines y, = 0.32x + 1.5 and 
y= ie ab 5 are parallel, perpendicular, or neither, then 


graph both lines in the same viewing screen using a graphing 
utility to confirm your answer. 


LS3AL AAILVIAWNNSD 
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Functions and 
Their Graphs 


O' a sales rack of clothes at a 
department store, you see a shirt you 
like. The original price of the shirt was $100, 
but it has been discounted 30%. As a 
preferred shopper, you get an automatic 
additional 20% off the sale price at the 
register. How much will you pay for the shirt? 

Naive shoppers might be lured into thinking this shirt will cost $50 because they add the 20% and 30% to 
get 50% off, but they will end up paying more than that. Experienced shoppers know that they first take 30% 
off of $100, which results in a price of $70, and then they take an additional 20% off of the sale price, $70, 
which results in a final discounted price of $56. Experienced shoppers have already learned composition of 
functions. 

A composition of functions can be thought of as a function of a function. One function takes an input 
(original price, $100) and maps it to an output (sale price, $70), and then another function takes that output 
as its input (sale price, $70) and maps that to an output (checkout price, $56). 


20}s1adns/euljsnin uyof 


- 


you will find that functions are part of our everyday thinking: converting from degrees Celsius to 
degrees Fahrenheit, DNA testing in forensic science, determining stock values, and the sale price of a shirt. We will develop a 
more complete, thorough understanding of functions. First, we will establish what a relation is, and then we will determine 
whether a relation is a function. We will discuss common functions, domain and range of functions, and graphs of functions. We 
will determine whether a function is increasing or decreasing on an interval and calculate the average rate of change of a 
function. We will perform operations on functions and composition of functions. We will discuss one-to-one functions and inverse 
functions. Finally, we will model applications with functions using variation. 


FUNCTIONS AND THEIR GRAPHS 


3.1 


Functions 


3.2 


Graphs of 
Functions; 
Piecewise- 


Defined 
Functions; 


Increasing 
and 
Decreasing 
Functions; 
Average Rate 
of Change 


e Relations e Recognizing 
and and 
Functions Classifying 

e Functions Functions 
Defined by e Increasing 
Equations and 

e Function Decreasing 
Notation Functions 

e Domain of a e Average Rate 
Function of Change 

e Piecewise- 
Defined 
Functions 


LEARNING OBJECTIVES 


3.4 
Graphing Operations 
Techniques: on Functions 
Transformations and 
Composition 
of Functions 


3.3 


e Horizontal e Adding, 
and Vertical Subtracting, 
Shifts Multiplying, 
e Reflection and Dividing 
about the Functions 
Axes e Composition 
e Stretching of Functions 
and 


Compressing 


= Find the domain and range of a function. 
= Sketch the graphs of common functions. 


3.5 
One-to-One 
Functions 
and Inverse 
Functions 


e Determine 
Whether 
a Function Is 
One-to-One 

e Inverse 
Functions 

e Graphical 
Interpretation 
of Inverse 
Functions 

e Finding the 
Inverse 
Function 


= Sketch graphs of general functions employing translations of common functions. 


= Perform composition of functions. 


= Find the inverse of a function. 


= Model applications with functions using variation. 


3.6 
Modeling 
Functions 
Using 
Variation 


e Direct 
Variation 

e Inverse 
Variation 

e Joint 
Variation and 
Combined 
Variation 
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SECTION 
3.1 FUNCTIONS 


Relations and Functions 


What do the following pairs have in common? 


= Every person has a blood type. 

= Temperature is some specific value at a particular time of day. 

= Every working household phone in the United States has a 10-digit phone number. 
= First-class postage rates correspond to the weight of a letter. 

= Certain times of the day are start times of sporting events at a university. 


They all describe a particular correspondence between two groups. A relation is a 
correspondence between two sets. The first set is called the domain, and the corresponding 
second set is called the range. Members of these sets are called elements. 


DEFINITION Relation 


A relation is a correspondence between two sets where each element in the first set, 
called the domain, corresponds to at least one element in the second set, called the 
range. 


A relation is a set of ordered pairs. 


ts PERSON BLoop TYPE ORDERED PAIR 
The domain is the set of all the first 
components of the ordered pairs, and Michael A (Michael, A) 
the range is the set of all the second Tania A (Tania, A) 
components of the ordered pairs. Dylan AB (Dylan, AB) 
Trevor O (Trevor, O) 
Megan O (Megan, O) 
Worps MaTH 
The domain is the set of all the { Michael, Tania, Dylan, Trevor, Megan} 
first components. 
The range is the set of all the {A, AB, O} 


second components. 


A relation in which each element in the domain corresponds to exactly one element in the 
range is a function. 
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DEFINITION Function 


A function is a correspondence between two sets where each element in the first set, 
called the domain, corresponds to exactly one element in the second set, called the 


range. 
_ 
Function 


Note that the definition of a function is more restrictive than the definition of a relation. | PEOPLE ae 
For a relation, each input corresponds to at least one output, whereas, for a function, each ee 
5 . . . icnae 
input corresponds to exactly one output. The blood-type example given is both a relation Megan >A 
and a function. Dylan 
Also note that the range (set of values to which the elements of the domain correspond) | Trevor ~ AB 
is a subset of the set of all blood types. However, although all functions are relations, not | ™™* O 
all relations are functions. 
: : . —— B 
For example, at a university, four primary sports =e Souceonia 
typically overlap in the late fall: football, volleyball, soccer, 
and basketball. On a given Saturday, the following table 1:00 P.M. Football 
indicates the start times for the competitions. 2:00 P.M. Volleyball 
7:00 P.M. Soccer 
7:00 P.M. Basketball 
Worps MATH a 
The 1:00 start time corresponds (1:00 p.M., Football) Function 
to exactly one event, Football. START ATHLETIC 
The 2:00 start time corresponds (2:00 p.M., Volleyball) EE ie 
to exactly one event, Volleyball. 1:00 pM. > Football 
. 2:00 PM. > Volleyball 
The 7:00 start time corresponds (7:00 p.M., Soccer) Soccer 
7:00 PM. 5 i< 
to two events, Soccer and Basketball. (7:00 P.M., Basketball) | > Basketball 


Because an element in the domain, 7:00 P.M., corresponds to more than one element in the Study Tip 


range, Soccer and Basketball, this is not a function. It is, however, a relation. : peal 
All functions are relations but not all 


relations are functions. 


EXAMPLE 1_ Determining Whether a Relation Is a Function 
Determine whether the following relations are functions. 


a. {(—3, 4), (2, 4), (3, 5), (6, 4)} 
b. {(—3, 4), (2, 4), (3, 5), (2, 2)} 
c. Domain = Set of all items for sale in a grocery store; Range = Price 


Solution: 


a. No x-value is repeated. Therefore, each x-value corresponds to exactly one y-value. 


This relation is a function. 
b. The value x = 2 corresponds to both y = 2 and y = 4. | This relation is not a function. 


c. Each item in the grocery store corresponds to exactly one price. | This relation is a function. 


= Answer: a. function 
b. not a function 


a. {(1, 2), (3, 2), (5, 6), (7, 6)} ce. function 
b. {(1, 2), C1, 3), (5, 6), (7, 8)} 
ce. {(11:00 a.m., 83°F), (2:00 P.M., 89°F), (6:00 P.M., 85°F)} 


= YOUR TURN Determine whether the following relations are functions. 
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vy CAUTION 


Not all equations are functions. 


Study Tip 
We say that x = y’ is not a function 
of x. However, if we reverse the 


independent and dependent variables, 


then x = y’ is a function of y. 


All of the examples we have discussed thus far are discrete sets in that they represent 
a countable set of distinct pairs of (x, y). A function can also be defined algebraically by 
an equation. 


Functions Defined by Equations 


Let’s start with the equation y = x” — 3x, where x can be any real number. This equation 
assigns to each x-value exactly one corresponding y-value. 


x y=x?- 3x y 
1 y = (1 - 30) =2 
5 y = (5) — 3(5) 10 
2 22 
5 y =(-3) — 33) o 
12 y = (1.2)? — 3(1.2) —2.16 


Since the variable y depends on what value of x is selected, we denote y as the dependent 
variable. The variable x can be any number in the domain; therefore, we denote x as the 
independent variable. 

Although functions are defined by equations, it is important to recognize that not all 
equations are functions. The requirement for an equation to define a function is that each 
element in the domain corresponds to exactly one element in the range. Throughout the 
ensuing discussion, we assume x to be the independent variable and y to be the dependent 
variable. 


Equations that represent functions of x: yHx y=|x| vee 


Equations that do not represent functions of x: L= 9 r+y=1 #=|,! 


In the “equations that represent functions of x,’ every x-value corresponds to exactly one 
y-value. Some ordered pairs that correspond to these functions are 


y=x: (—1, 1) (0, 0) C1, 1) 
yelel: CLOG 00,1) 
y=x: (—1, -1) (0,0) dG, 1) 


The fact that x = —1 and x = | both correspond to y = 1 in the first two examples does not 
violate the definition of a function. 

In the “equations that do not represent functions of x,’ some x-values correspond to 
more than one y-value. Some ordered pairs that correspond to these equations are 


RELATION SOLVE RELATION FOR Y PoINTS THAT LIE ON THE GRAPH 

x=y y=tVx (1, —1) (0, 0) (1, 1) x = I maps to both y = —landy =1 
yty=l y=tV1l-2 (0, —1) (0, 1) (-1, 0) C1, 0) x = 0 maps to both y = —landy=1 
x=lyl y= 4x (1, -1) (0, 0) , 1) x = 1 maps to both y = —1 andy =1 
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Let’s look at the graphs of the three functions of x: 


vu 


ta 


y=(z| y=x 


Let’s take any value for x, say x = a. The graph of x = a corresponds to a vertical line. 
A function of x maps each x-value to exactly one y-value; therefore, there should be at 
most one point of intersection with any vertical line. We see in the three graphs of the 
functions above that if a vertical line is drawn at any value of x on any of the three graphs, 
the vertical line only intersects the graph in one place. Look at the graphs of the three 
equations that do not represent functions of x. 


x=y eP+ye=l x=ly| 


A vertical line can be drawn on any of the three graphs such that the vertical line will 
intersect each of these graphs at two points. Thus, there are two y-values that correspond to 
some x-value in the domain, which is why these equations do not define y as a function of x. 


DEFINITION Vertical Line Test Study Tip 


5 A z ; 5 . If any x-value corresponds to more 
Given the graph of an equation, if any vertical line that can be drawn intersects the dain ona y-valus, deny 16 nate 


graph at no more than one point, the equation defines y as a function of x. This test function of x. 
is called the vertical line test. 
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)) EXAMPLE 2 Using the Vertical Line Test 


Use the vertical line test to determine whether the graphs of equations define 
functions of x. 


a. b. 


Solution: 


Apply the vertical line test. 
a. b. 


tad 


> 
Se 
vu 


a. Because the vertical line intersects the graph of the equation at two points, this equation 


does not represent a function |}. 


b. Because any vertical line will intersect the graph of this equation at no more than one 


point, this equation | represents a function |. 


= Answer: The graph of the equation = YOUR TURN Determine whether the equation (x — 3)° + (y + 2)’ = lisa 
is a circle, which does not pass the function of x. 


vertical line test. Therefore, the 
equation does not define a function. 


To recap, a function can be expressed one of four ways: verbally, numerically, algebraically, 
and graphically. This is sometimes called the Rule of 4. 


Expressing a Function 


VERBALLY NUMERICALLY ALGEBRAICALLY GRAPHICALLY 
Every real * 
ana {(-3, 3), (1, 1, 0, 0), A, D, 6, 5)} y= [x ; 
corresponding 


absolute value. 


3.1 Functions 


Function Notation 

We know that the equation y = 2x + 5 defines y as a function of x because its graph is a 
nonvertical line and thus passes the vertical line test. We can select x-values (input) and 
determine unique corresponding y-values (output). The output is found by taking 2 times 
the input and then adding 5. If we give the function a name, say, “f”, then we can use 
function notation: 


f(x) = 2x + 5 


The symbol f(x) is read “f evaluated at x” or “f of x” and represents the y-value that 
corresponds to a particular x-value. In other words, y = f(x). 


INPUT FUNCTION OutTPuT EQuaTION 
5 if f(x) f(x) = 2x + 5 


Independent Mapping Dependent Mathematical 
variable variable tule 


It is important to note that f is the function name, whereas f(x) is the value of the function. 
In other words, the function f maps some value x in the domain to some value f(x) in the 


range. 
F(x) = 2x +5 F(x) (Bomain') ——_» Range 
Function 


fO)=20) +5 | fO)=5 : aoe 
fA) =20) +5 | f=7 i bape 


f 
f(2)=22)+5 | f2)=9 x= 1 Fb» fl) =7 
x=2 > f(2)=9 


Nle| ol! a 


The independent variable is also referred to as the argument of a function. To evaluate 
functions, it is often useful to think of the independent variable or argument as a placeholder. 
For example, f(x) = x — 3x can be thought of as 


ia) Shy = 305) 


In other words, “f of the argument is equal to the argument squared minus 3 times the 
argument.” Any expression can be substituted for the argument: 


f= Oy = 30) 
fetD)=@+ 1% -3@+ 1) 
fon =e — 30a) 


It is important to note: 


= f(x) does not mean f times x. Study Tip 
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=u The most common function names are f and F since the word function begins with It is important to nis that f(x) does 


an “f”. Other common function names are g and G, but any letter can be used. not mean f times x. 
u The letter most commonly used for the independent variable is x. The letter ¢ is also —_ 

common because in real-world applications it represents time, but any letter can be 

used. 
a Although we can think of y and f(x) as interchangeable, the function notation is 

useful when we want to consider two or more functions of the same independent 

variable. 
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= Answer: a. f(—1) = 2 
b. f(0) = 1 
ec. 3f(2) = —21 
d.x=1 


nas 


EXAMPLE 3_ Evaluating Functions by Substitution 


Given the function f(x) = 2x° — 3x° + 6, find f(—1). 


Solution: 


Consider the independent variable x to be a 


placeholder. f(Q) = ay - 3(0) + 6 
To find f(—1), substitute x = —1 into 

the function. f(-1) = 2-1) — 3-17 + 6 
Evaluate the right side. fH) =-2-3+6 


Simplify. 


EXAMPLE 4_ Finding Function Values from the Graph 


The graph of f is given on the right. 


Find f(0). 
. Find f(1). 
Find f(2). 
. Find 4f(3). 


mearoe 


Solution (a): 
Solution (b): 
Solution (c): 
Solution (d): 
Solution (e): 


Solution (f): 


Find x such that f(x) = 10. 
Find x such that f(x) = 2. 


of a Function 


The value x = 0 corresponds to the value y = 5. | f(0) = 5 

The value x = 1 corresponds to the value y = 2. 

The value x = 2 corresponds to the value y = 1. | f(2) = 1 

The value x = 3 corresponds to the valuey = 2. 4f(3)=4-2= 
The value y = 10 corresponds to the value =a) 

The value y = 2 corresponds to the values and |x = 3]. 


= YOUR TURN Por the following graph of a function, find: 


a. f(—1) b. f(0) c. 3f(2) 
d. the value of x that corresponds to f(x) = 0 


AY 


vu 


EXAMPLE 5 _ Evaluating Functions with Variable 
i Arguments (Inputs) 


For the given function f(x) = x? — 3x, evaluate f(x + 1) and simplify if possible. 


COMMON MISTAKE 


A common misunderstanding is to interpret the notation f(x + 1) as a sum: 


f(x + 1) # fx) + FO). 


3 CORRECT 
Write the original function. 
Fie eee 


Replace the argument x with a 
placeholder. 


(a) apn) 
Substitute x + 1 for the argument. 
f(x + 1) = (x + 1 — 3@ + :1) 
Eliminate the parentheses. 


f+ l= +2x+1-3x-3 


Combine like terms. 


kd INCORRECT 


The ERROR is in interpreting the 
notation as a sum. 


Ge ae WD) sg) aP 7) 
AX -—3x-2 


= YOUR TURN Por the given function g(x) = x° — 2x + 3, evaluate g(x — 1). 


EXAMPLE 6_ Evaluating Functions: Sums 


For the given function H(x) = x? + 2x, evaluate: 


a. H(x + 1) b. H(x) + H(1) 
Solution (a): 

Write the function H in placeholder notation. 
Substitute x + 1 for the argument of H. 
Eliminate the parentheses on the right side. 
Combine like terms on the right side. 
Solution (b): 

Write H(x). 

Evaluate H at x = 1. 

Evaluate the sum H(x) + H(1). 


H(A) = (y+ 2(4) 
Hx+l)=@4+12 +2041) 
Hx+1)=2+2x+14+2x4 


Hx+1)=x 4+ 4x +3 


H(x) =x? + 2x 
H(1) = (1)? + 21) = 3 


H(x) + HQ) =x? +2x4+3 


A(x) + H(1) = x? + 2x + 3 


Note: Comparing the results of part (a) and part (b), we see that 


A(x + 1) # A(x) + ACI). 
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vy CAUTION ~ 
fa + D 4 fe) + fd) 


= Answer: g(x — 1) =x° — 4x + 6 


E 
Technology Tip 

Use a graphing utility to display 
graphs of 

y, =Aaxt+)=@4+1% +2041) 
and y, = A(x) + H(1) = 2° + 2x + 3. 


Plekd Flote Plots 
Wi tatloaetecatl 


WVWEBRe tents 


The graphs are not the same. 
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EXAMPLE 7_ Evaluating Functions: Negatives 


= 
Technology Tip le For the given function G(t) = ¢° — t, evaluate: 
Use a graphing utility to display a. G(—1) b. —G(t) 


graphs of y, = G(—x) = (—x)? — x) 
and y, = —G(x) = -( — x). 


Solution (a): 


Write the function G in placeholder notation. G() = (4 - (2) 
Floti Flot Plots aan Psd tage atte 
SHB “He tet -i3 Substitute —7 for the argument of G. G(-t) = (-t) (-f) 
a ze Lg ited Eliminate the parentheses on the right side. G-hn=Pr+t 
Solution (b): 
The graphs are not the same. . 
Write G(t). Gt)=r-t 
Multiply by —1. -GH=-C-d 


Eliminate the parentheses on the right side. -Gt=-P +t 


Note: Comparing the results of part (a) and part (b), we see that G(—1) # —G(0). 


EXAMPLE s_ Evaluating Functions: Quotients 


For the given function F(x) = 3x + 5, evaluate: 
1 F(\) 

. Fle b. —— 

(;) FQ) 


Solution (a): 


Write F in placeholder notation. F()) = 3(4))+ 5 
sd 1 1 
Replace the argument with 5. F > = 5 +5 
1 13 
Simplify the right side. F (5) => 
Solution (b): 
Evaluate F(1). Fd) =30)+5=8 
vY CAUTION Evaluate F(2). F(2) = 3(22)+5=11 


(a\ _,£@ es aly _ &. 
i(¢) * Fy Divide F(1) by F(2). 


1 Fa 
Note: Comparing the results of part (a) and part (b), we see that F G) # _ 


= Answer: a. G(t — 2) = 3t —10 
b. G(t) — G2) = 3t- 6 


il es & : 
GQ) 775 a Gt-2)  bGOH-G2) «Ee aGl3 


a. G(3)= -3 


= YOUR TURN _ Given the function G(t) = 3t — 4, evaluate: 


Examples 6, 7, and 8 illustrate the following: 


fat bF¥fatfe) fen -fo #($) 29 
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Now that we have shown that f(x + h) # f(x) + f(A), we turn our attention to one of 
the fundamental expressions in calculus: the difference quotient. 
f(x + h) — f@) 
h 


h#0 
Example 9 illustrates the difference quotient, which will be discussed in detail in Section 
3.2. For now, we will concentrate on the algebra involved when finding the difference 


quotient. In Section 3.2, the application of the difference quotient will be the emphasis. 


} EXAMPLE 9_ Evaluating the Difference Quotient 


h = 
f@ + h) IO) , 


For the function f(x) = x° — x, find A # 0. 
Solution: 
Use placeholder notation for the function f(x) = x? — x. f() = (4 - (A) 
Calculate f(x + h). fxth)=a+hP-@wth) 
xh) = fe 
Write the difference quotient. oa” 
h 
Let f(x +h) = (x + hy — («+ A) and f(x) = 2° — x. 
f(x+h) f(x) 
2 2, 
fa+h— fo) _ [e+ Wy -@ +h] -[¥-4] 
= h#0 
h h 
Eliminate the parentheses inside the _ ie ek i =e = = a 
first set of brackets. h 


Eliminate the brackets in the numerator, = 


h 
ine Ii 2xh + h? —h 
Combine like terms. = es 
h(2x +h - 1) 
Factor the numerator. = ——— = 


Divide out the common factor, h. = h#0 


. . : = Answer: 2x + h 
= YOUR TURN Evaluate the difference quotient for f(x) = x — 1. 4 bes os 


Domain of a Function 


Sometimes the domain of a function is stated explicitly. For example, 


Domain F(x) = Ixl Range 
FO) = lel <0 Cae 


domain 


Here, the explicit domain is the set of all negative real numbers, (—, 0). Every negative 
real number in the domain is mapped to a positive real number in the range through the 4 > 4 
absolute value function. 


a] 
Y 
a 
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E 
Technology Tip 
To visualize the domain of each 


function, ask the question: What are 
the excluded x-values in the graph? 


a. Graph of F(x) = is shown. 


2 
xr 


Plekd Floke Plots 
ih a re 


a | 
sas 


The excluded x-values are —5 and 5. 


If the expression that defines the function is given but the domain is not stated explicitly, 
then the domain is implied. The implicit domain is the largest set of real numbers for 
which the function is defined and the output value f(x) is a real number. For example, 


f(x) = Vx 


does not have the domain explicitly stated. There is, however, an implicit domain. Note that 
if the argument is negative, that is, if x < 0, then the result is an imaginary number. In order 
for the output of the function, f(x), to be a real number, we must restrict the domain to 
nonnegative numbers, that is, if x = 0. 


FUNCTION ImPLiciT DOMAIN 


f(x) = Vx [0, 20) 


In general, we ask the question, “what can x be?” The implicit domain of a function excludes 
values that cause a function to be undefined or have outputs that are not real numbers. 


EXPRESSION 
THAT DEFINES 


THE FUNCTION EXCLUDED x-VALUES EXAMPLE ImMpPLiciT DOMAIN 
Polynomial None f(x) =x — 4° All real numbers 
Rational x-values that make ge 2 x’ £3 OF 
the denominator gy) © vr -— 9 (— 0, —3) (3, 3) U(3, 0) 
equal to 0 
Radical x-values that result in h(x) = Vx -—5 x = 5 or [5, «) 


a square (even) root 
of a negative number 


lala EXAMPLE 10 _ Determining the Domain of a Function 


State the domain of the given functions. 


a Fx)==-— bw) = VO Gi) = Ve 1 
x — 25 


Solution (a): 


3 
Write the original equation. EQ) == 
x = 25 
Determine any restrictions on the 
values of x. x -— 2540 
Solve the restriction equation. x # Worx # +V25 = +5 


State the domain restrictions. x # +5 


Write the domain in interval notation. (—oo, —5)U(—S, 5) U(S, «) 
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Solution (b): 
Write the original equation. A(x) = WO — 2x 
Determine any restrictions on the values of x. 9-2x20 
Solve the restriction inequality. 9 = 2x 
— 9 
State the domain restrictions. w= 2 
: ae . 9 
Write the domain in interval notation. —o, 3 
Solution (c): 
Write the original equation. Ga) =Wx—1 
Determine any restrictions on the 
values of x. no restrictions 
State the domain. R 
Write the domain in interval notation. (—00, 00) 
= YOUR TURN State the domain of the given functions. m Answer: a. x= 3 or [3,.) 
b. x # +2 0r 
a. f(x) = Vx — 3 b. g(x) = 2 | (=00,.=2) W (=2,:2) U2, 00) 
x -4 


Applications 


Functions that are used in applications often have restrictions on the domains due to 
physical constraints. For example, the volume of a cube is given by the function V(x) = x°, 
where x is the length of a side. The function f(x) = x? has no restrictions on x, and therefore 
the domain is the set of all real numbers. However, the volume of any cube has the restriction 
that the length of a side can never be negative or zero. 


EXAMPLE 11. Price of Gasoline 


Following the capture of Saddam Hussein in Iraq in 2003, gas prices in the United 
States escalated and then finally returned to their precapture prices. Over a 6-month 
period, the average price of a gallon of 87 octane gasoline was given by the function 
C(x) = —0.05x? + 0.3x + 1.7, where C is the cost function and x represents the number 
of months after the capture. 


a. Determine the domain of the cost function. 
b. What was the average price of gas per gallon 3 months after the capture? 


Solution (a): 


Since the cost function C(x) = —0.05x* + 0.3x + 1.7 modeled the price of gas only for 
6 months after the capture, the domain is 0 = x = 6 or |[0, 6]. 


Solution (b): 

Write the cost function. C(x) = —0.05x7 + 0.3x+1.7 O=x=6 
Find the value of the function 

when x = 3. C(3) = —0.05(3)" + 0.3(3) + 1.7 
Simplify. C(3) = 2.15 


The average price per gallon 3 months after the capture was | $2.15). 
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EXAMPLE 12_ The Dimensions of a Pool 
Express the volume of a 30 ft x 10 ft rectangular swimming pool as a function of its depth. 


Solution: 

The volume of any rectangular box is V = /wh, where V is the volume, / is the length, w is 
the width, and h is the height. In this example, the length is 30 ft, the width is 10 ft, and the 
height represents the depth d of the pool. 


Write the volume as a function of depth d. Vid) = (30)(10)d 
Simplify. Vid) = 300d 
Determine any restrictions on the domain. d>0 

> SECTION 

é SUMMARY 


Relations and Functions (Let x represent the independent variable and y the dependent variable.) 


TYPE MaApPING/CORRESPONDENCE EQUATION GRAPH 


Every x-value in the domain maps * 
to at least one y-value in the range. i 


bo 
bad 


Relation 


Every x-value in the domain maps 


Function : 
to exactly one y-value in the range. 


Passes vertical line test 


All functions are relations, but not all relations are functions. Functions can be represented by equations. In the following table, each 
column illustrates an alternative notation. 


INPUT CoRRESPONDENCE OuTPUT EQUATION 
x Function y = Dear 5 
Independent Mapping Dependent Mathematical 
variable variable rule 
Argument if f(x) f(x) = 2x +5 


The domain is the set of all inputs (x-values), and the range is the set of all corresponding outputs (y-values). Placeholder notation is 
useful when evaluating functions. 


f(x) = 3x7 + 2x 
f(Q) = 3(0) + 2(0) 


Explicit domain is stated, whereas implicit domain is found by excluding x-values that: 


= make the function undefined (denominator = 0). 
= result in a nonreal output (even roots of negative real numbers). 


=SKILLS 


SECTION 
3.1 EXERCISES 
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In Exercises 1-24, determine whether each relation is a function. Assume that the coordinate pair (x, y) represents the 
independent variable x and the dependent variable y. 


2. 
Cons) —+ Cont) 


1. 
Cons) —~ Ce) 


MONTH AVERAGE 

Oeist TEMPERATURE 
ctober 

January lf. 


| >> 78°F 


April ——_1__» 6g°R 


4. 
& -&© 


DATE THIS 


PERSON WEEKEND 


Jordan 


3. 
Cit) —+ Gat) 


PERSON 


Mary 
Jason 
Chester 


10-DIGIT PHONE # 


|_» (202) 555-1212 
(307) 123-4567 
(878) 799-6504 


START TIME 


1:00 P.M. =—-—?T 


4:00 P.M. hc 


7:00 P.M. SS 


5. 
& -€© 


NFL GAME 


* Bucs/Panthers 

* Bears/Lions 

¢ Falcons/Saints 

¢ Rams/Seahawks 
¢ Packers/Vikings 


6. 
& -&= 


MATH 


SAT Carrie 
SCORE Michael 
500 atl Jennifer 


PERSON 


PERSON COURSE 
Carrie GRADE 
Michael > 
Jennifer -————j—~ B 
Sean 


650 — 


t+ Sean 


7. {(0, —3), (0, 3), (—3, 0), (3, 0)} 
9. {(0, 0), (9, —3), (4, —2), (4, 2), (9, 3)} 
11. {(0, 1), C1, 0), (2, 1), (2, 1), (5, 4), (3, 4)} 


8. {(2, —2), (2, 2), (5, —5), (5, 5)} 
10. {(0, 0), (—1, —1), (2, —8), CL, 1), (2, 8)} 
12. {(0, 1), , 1), 2, D, B, D} 


13. Pe +y=9 14. x =|y| 15. x=y 16. y=x 17. y=|x-1| 18. y=3 
19. y 20. ay 21. ay 
(0, 5) 
passer ceeeee: 
> > > 
(0, -5) 


24. 4% 


Veo 
v= 


22, r 2. re 
> 
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In Exercises 25-32, use the given graphs to evaluate the functions. 


25. y= f(x) 


26. y = g(x) 


27. y = p(x) 


x 


> 
5 
(0, -5) 

a. f(2) b. f(0) ¢. f(—2) a. ¢(—3) b. g(0) ©. 9(5) a. p(—1) b. pO) ¢. p(1) 

29. y = C(x) 30. y = q(x) 31. y = S(x) 

AY AY AY 

x 4 5 
z= 5” fo 6,1) 
4 6 

(6, 0) a 
4 6 
— 
(2, -5) 
(2, -4) 
-10 -6 -8 


a. C(2) b. C(O) ce. C(—2) 


a. q(—4) b. q(0) ©. q(2) 


33. 
35. 
37. 
39. 


Find x if f(x) = 3 in Exercise 25. 
Find x if p(x) = 5 in Exercise 27. 
Find x if C(x) = —5 in Exercise 29. 
Find x if S(x) = 1 in Exercise 31. 


34. 
36. 
38. 
40. 


a. S(—3) b. S(O) ¢. S(2) 


Find x if g(x) = —2 in Exercise 26. 
Find x if C(@v) = —7 in Exercise 29. 
Find x if g(x) = —2 in Exercise 30. 
Find x if T(x) = 4 in Exercise 32. 


In Exercises 41-56, evaluate the given quantities applying the following four functions. 


f(x) = 2x - 3 Fj =4-27 g(t) =5 
41. f(—2) 42. G(-3) 
45. f(—2) + g(1) 46. G(-3) — F-1) 
=2 G(-3 
= ral ca i 
53. fixt+1)—- fa-D 54. F(t+ 1) — F(t— 1) 


+t G(x) =x? + 2x-7 
43. 9(1) 
47. 3f(—2) — 281) 
fO) — f(-2) 
g(1) 
55. g(x +a) — fix +a) 


51 


> 


28. y = r(x) 


a. r(—4) bo r(—1) ¢. r(3) 


32. y = T(x) 
AY 


(+3, 4) 


-5 


a. T(—5) b. T(—2) ce. T(4) 


44. 
48. 


F(-1) 

2F(—1) — 2G(—3) 

59, G0) = G3) 
F(-1) 


56. G(x + b) + F(b) 


In Exercises 57-64, evaluate the difference quotients using the same f, F, G, and g given for Exercises 41-56. 


57, f@ + A) — fQ@) 
h 
f(-2 + h) — f(-2) 


1 
h 


gg OR si — F(t) 


F(-1 + h) - F(-1) 


g(t + h) — g(t) 
h 


1+h)-g(1 
63. a hn) — g(1) 


59. 


h 


h 


G(x + h) — G(x) 
h 
G(-3 + h) — G(-3) 
h 


60. 


64. 
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In Exercises 65-96, find the domain of the given function. Express the domain in interval notation. 


65. 


69. 


73. 


77. 


81. 


85. 


89. 


93. 


97. 
98. 
99. 
100. 


“APPLICATIONS 
101. 


102. 


103. 


f(x) = 2x -— 5 66. f(x) = —2x-—5 
Kae S 2-f 
PQx) = 70. 0 rere 
F(x) = 74. G(t) = a 
see | i P+4 
F@) = V2x +5 78. g(x) = V5 — 2x 
F(x) = — 82. G(x) = ——_ 
Vx — 3 : V5—-x 
PQ) = ——— 86. Ox) = ——— 
Wet a NT We — 9 
t i=3 
A(t) = —————— 90. f(t) = ——— 
Viat=6 10" “Yew 
r@y=x*G=- 2)" 4, pe)=& = 1P G = 9) 


—3/5 


67 


71. 


75. 


79. 


83. 


87. 


91. 


95 


. gt)=P+3t 68. h(x) = 3x* - 1 
T(x) = = 72. R(x) = 
" v—4 ate rai 
qa) = V7 =x 76. k(t) = Vt—7 
Gi = VP -4 80. FQ) = Ve — 25 
f(x) =W1 — 2x 84. g(x) = W7 — 5x 
Ca p= 
Va = 2 ~ 25 - x 
fix) = (2 - 16)” 92. 9(x) = (2x — 5) 
» f@ = he - FG 96. g(x) = 32-1, -3 


Let g(x) = x° — 2x — 5 and find the values of x that correspond to g(x) = 3. 


Let g(x) = ex - 3 and find the value of x that corresponds to g(x) = z. 


Let f(x) = 2x(x 


sy 
Let f(x) = 3x(x + 3) 


12(x 


Budget: Event Planning. The cost associated with a catered 
wedding reception is $45 per person for a reception for more 
than 75 people. Write the cost of the reception in terms of 
the number of guests and state any domain restrictions. 


Budget: Long-Distance Calling. The cost of a local 

home phone plan is $35 for basic service and $.10 per minute 
for any domestic long-distance calls. Write the cost of 
monthly phone service in terms of the number of monthly 
long-distance minutes and state any domain restrictions. 


Temperature. The average temperature in Tampa, 

Florida, in the springtime is given by the function 

T(x) = —0.7x° + 16.8x — 10.8, where T is the temperature in 
degrees Fahrenheit and x is the time of day in military time 
and is restricted to 6 = x = 18 (sunrise to sunset). What is 
the temperature at 6 A.M.? What is the temperature at noon? 


104. 


105. 


5)’ and find the values of x that correspond to f(x) = 0. 


6(x + 3)° and find the values of x that correspond to f(x) = 0. 


Falling Objects: Firecrackers. A firecracker is launched 
straight up, and its height is a function of time, 

h(t) = —16f? + 1281, where h is the height in feet and ft is 
the time in seconds with t = 0 corresponding to the instant 
it launches. What is the height 4 seconds after launch? 
What is the domain of this function? 


Collectibles. The price of a signed Alex Rodriguez baseball 
card is a function of how many are for sale. When 
Rodriguez was traded from the Texas Rangers to the New 
York Yankees in 2004, the going rate for a signed baseball 
card on eBay was P(x) = 10 + V400,000 — 100x, where 
x represents the number of signed cards for sale. What was 
the value of the card when there were 10 signed cards for 
sale? What was the value of the card when there were 100 
signed cards for sale? 
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106. Collectibles. In Exercise 105, what was the lowest price on 
eBay, and how many cards were available then? What was 
the highest price on eBay, and how many cards were 
available then? 


107. Volume. An open box is constructed from a square 10-inch 
piece of cardboard by cutting squares of length x inches out 
of each corner and folding the sides up. Express the volume 


of the box as a function of x, and state the domain. 


108. Volume. A cylindrical water basin will be built to harvest 
rainwater. The basin is limited in that the largest radius it 
can have is 10 feet. Write a function representing the volume 
of water V as a function of height /. How many additional 
gallons of water will be collected if you increase the height 


by 2 feet? Hint: 1 cubic foot = 7.48 gallons. 


For Exercises 109-110, refer to the following: 


The weekly exchange rate of the U.S. dollar to the Japanese 
yen is shown in the graph as varying over an 8-week period. 
Assume the exchange rate E(f) is a function of time (week); 
let E(1) be the exchange rate during Week 1. 


AE 
90 
89 
88 
87|-¢@ 

86 ‘ 

85 e e 

84 2 ° 

83 ° 
82 
t 


12345678910 
Week 


Japanese Yen to One U.S. Dollar 


109. Economics. Approximate the exchange rates of the U.S. 
dollar to the nearest yen during Weeks 4, 7, and 8. 


110. Economics. Find the increase or decrease in the number of 
Japanese yen to the U.S. dollar exchange rate, to the nearest 
yen, from (a) Week 2 to Week 3 and (b) Week 6 to Week 7. 


For Exercises 111-112, refer to the following: 
An epidemiological study of the spread of malaria in a rural area 
finds that the total number P of people who contracted malaria t 
days into an outbreak is modeled by the function 


1 
PQ =-7t + Tt + 180 1<1<14 


111. Medicine/Health. How many people have contracted 


malaria 14 days into the outbreak? 


112. Medicine/Health. How many people have contracted 


malaria 6 days into the outbreak? 


113. Environment: Tossing the Envelopes. The average 
American adult receives 24 pieces of mail per week, 
usually of some combination of ads and envelopes with 
windows. Suppose each of these adults throws away a 
dozen envelopes per week. 


a. The width of the window of an envelope is 3.375 inches 
less than its length x. Create the function A(x) that 
represents the area of the window in square inches. 
Simplify, if possible. 

b. Evaluate A(4.5) and explain what this value represents. 

c. Assume the dimensions of the envelope are 8 inches by 
4 inches. Evaluate A(8.5). Is this possible for this particular 
envelope? Explain. 


114. Environment: Tossing the Envelopes. Each month, Jack 
receives his bank statement in a 9.5 inch by 6 inch 
envelope. Each month, he throws away the envelope after 


removing the statement. 


a. The width of the window of the envelope is 2.875 inches 
less than its length x. Create the function A(x) that 
represents the area of the window in square inches. 
Simplify, if possible. 

b. Evaluate A(5.25) and explain what this value represents. 

c. Evaluate A(10). Is this possible for this particular 
envelope? Explain. 


Refer to the table below for Exercises 115 and 116. It 
illustrates the average federal funds rate for the month of 
January (2000 to 2008). 


YEAR Feb. RATE 
2000 5.45 
2001 5.98 
2002 1.73 
2003 1.24 
2004 1.00 
2005 225 
2006 4.50 
2007 325 
2008 3.50 


115. Finance. Is the relation whose domain is the year and whose 
range is the average federal funds rate for the month of 
January a function? Explain. 


116. Finance. Write five ordered pairs whose domain is the set 
of even years from 2000 to 2008 and whose range is the 
set of corresponding average federal funds rate for the 


month of January. 


For Exercises 117 and 118, use the following figure: 


A 


$12,000 Fg Employee Share 
10,000 | @ Employer Share 


8,000 
6,000 
4,000 
2,000 


Premiums for Family Plans 
(1988-2005, adjusted for inflation) 


1990 1995 2000 2005 
Year 


Employer-Provided Health Insurance 


Source: Kaiser Family Foundation Health Research and Education 
Trust. Note: The following years were interpolated: 1989-1992; 
1994-1995; 1997-1998. 


117. Health Care Costs. Fill in the following table. Round 
dollars to the nearest $1000. 


TOTAL HEALTH CARE Cost 
YEAR FOR FamILy PLANS 


1989 
1993 
1997 
2001 
2005 


Write the five ordered pairs resulting from the table. 
"CATCH THE MISTAKE 


In Exercises 121-126, explain the mistake that is made. 


121. Determine whether the 


relationship is a function. AY 


Solution: 


Apply the 
horizontal line test. 


Because the horizontal 


line intersects the graph 
in two places, this is not 
a function. 


This is incorrect. What mistake was made? 
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118. Health Care Costs. Using the table found in Exercise 117, 


let the years correspond to the domain and the total costs 
correspond to the range. Is this relation a function? Explain. 


For Exercises 119 and 120, use the following information: 


Global Fossil Carbon Emissions 
A 


sy — Total 
a 7,000 
a — Petroleum 
= 6,000 
os = Coal 
= 2 5,000 
ome) — Natural Gas 
= = 4,000 . 
ae: = Cement Production 
= ¢ 3,000 
ee 
2 2,000 
3 1,000 
Oo 
3 , 
1800 1850 1900 1950 2000 


Year 


Source: http:/www.naftc.wvu.edu 


Let the functions f, F, g, G, and H represent the number of tons of 
carbon emitted per year as a function of year corresponding to 
cement production, natural gas, coal, petroleum, and the total 
amount, respectively. Let ¢ represent the year, with t = 0 
corresponding to 1900. 


119. Environment: Global Climate Change. Estimate (to the 


120. 


122. 


nearest thousand) the value of 


a. F(50) b. g(50) c. A(50) 


Environment: Global Climate Change. Explain what the 
sum F(100) + g(100) + G(100) represents. 


Given the function H(x) = 3x — 2, evaluate the quantity 
H(3) — H(-1). 


Solution: H(3) — H(—1) = H(3) + HU) =74+1=8 


This is incorrect. What mistake was made? 


. Given the function f(x) = x° — x, evaluate the quantity 


f(x + 1). 


Solution: f(x + 1) = f(x) + fd) =" -—x+0 
fxtl)=aHxr-x 


This is incorrect. What mistake was made? 


. Determine the domain of the function g(t) = V3 — tand 


express it in interval notation. 
Solution: 


What can t be? Any nonnegative real number. 
3-1t>0 
3>t or t<3 
Domain: (—~, 3) 


This is incorrect. What mistake was made? 
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125. Given the function G(x) = x’, evaluate 
G(-1 + h) — G(-1) 


h 
Solution: 
G(-1 + h)—- G(-1) G(-1) + G(h) — G(-1) 
h ~ h 
Gh) Ir 
jh ho 


This is incorrect. What mistake was made? 


"CONCEPTUAL 


126. Given the functions f(x) = lx — Al — 1 and fd) = —1, find A. 
Solution: 


Since f(1) = —1, the point (—1, 1) 


must satisfy the function. -1=|-1-A|-1 


Add | to both sides of the equation. |-1 —A| =0 


The absolute value of zero is zero, so there is no need for the 
absolute value signs: -1 —- A = 0=>A = —1. 


This is incorrect. What mistake was made? 


In Exercises 127-130, determine whether each statement is true or false. 


127. If a vertical line does not intersect the graph of an equation, 
then that equation does not represent a function. 


128. If a horizontal line intersects a graph of an equation more 
than once, the equation does not represent a function. 


129. If f(—a) = f(a), then f does not represent a function. 


CHALLENGE 


(e _ 
133. If F(x) = — F(—2) is undefined, and F(—1) = 4, find 
= x* 
C and D. 


134. Construct a function that is undefined at x = 5 and whose 
graph passes through the point (1, —1). 


"TECHNOLOGY 


137. Using a graphing utility, graph the temperature function in 
Exercise 103. What time of day is it the warmest? What is 
the temperature? Looking at this function, explain why this 
model for Tampa, Florida, is valid only from sunrise to 
sunset (6 to 18). 


138. Using a graphing utility, graph the height of the firecracker 
in Exercise 104. How long after liftoff is the firecracker 
airborne? What is the maximum height that the firecracker 
attains? Explain why this height model is valid only for the 
first 8 seconds. 


139. Using a graphing utility, graph the price function in Exercise 
105. What are the lowest and highest prices of the cards? 
Does this agree with what you found in Exercise 106? 


130. If f(—a) = f(a, then f may or may not represent a function. 
131. If f(x) = Ax’ — 3x and f(1) = -1, find A. 


132. If g(x) = and g(3) is undefined, find b. 


1 
b-x 


In Exercises 135 and 136, find the domain of each function, 
where a is any positive real number. 


—100 
r- a 
136. f(x) = -5V Xr - a 


135. f(x) = 


140. The makers of malted milk balls are considering increasing 
the size of the spherical treats. The thin chocolate coating on 
a malted milk ball can be approximated by the surface area, 
S(r) = 47rr’. If the radius is increased 3 mm, what is the 
resulting increase in required chocolate for the thin outer 
coating? 


141. Let f(x) = x° + 1. Graph y, = f(x) and y, = f(x — 2) in 


the same viewing window. Describe how the graph of y, can 
be obtained from the graph of y,. 


142. Let f(x) = 4 — 2°. Graph y, = fd) and y, = f(x + 2) in 
the same viewing window. Describe how the graph of yy can 
be obtained from the graph of y,. 


SECTION GRAPHS OF FUNCTIONS; PIECEWISE-DEFINED 
3.2 FUNCTIONS; INCREASING AND DECREASING 
FUNCTIONS; AVERAGE RATE OF CHANGE 


Recognizing and Classifying Functions 


Common Functions 


Point-plotting techniques were introduced in Section 2.2, and we noted there that we would 
explore some more efficient ways of graphing functions in Chapter 3. The nine main 
functions you will read about in this section will constitute a “library” of functions that you 
should commit to memory. We will draw on this library of functions in the next section 
when graphing transformations are discussed. Several of these functions have been shown 
previously in this chapter, but now we will classify them specifically by name and identify 
properties that each function exhibits. 

In Section 2.3, we discussed equations and graphs of lines. All lines (with the exception 
of vertical lines) pass the vertical line test, and hence are classified as functions. Instead of 
the traditional notation of a line, y = mx + b, we use function notation and classify a 
function whose graph is a line as a linear function. 


LINEAR FUNCTION 


f(x) = mx + b m and b are real numbers. 


The domain of a linear function f(x) = mx + b is the set of all real numbers R. The 
graph of this function has slope m and y-intercept b. 


LINEAR FUNCTION: f(x) = mx + b SLOPE: m y-INTERCEPT: b 
f(~) =2x—-7 m=2 b=-7 
f@) = =x4+3 m=-1 b=3 
fa =x m= b=0 
f(x) =5 m=0 b=5 
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One special case of the linear function is the constant function (m = 0). 


CONSTANT FUNCTION 


ff) =b b is any real number. 


The graph of a constant function f(x) = b is a horizontal line. The y-intercept corresponds 
to the point (0, b). The domain of a constant function is the set of all real numbers R. The 
range, however, is a single value b. In other words, all x-values correspond to a single y-value. 


Points that lie on the graph of a 
constant function f(x) = b are 
(—S, b) 

(-1, d) 

(0, b) (-5, b) (0,b) (4,b) 
(2, b) 
(4, b) 


Domain: (—~, ©) Range: [b, b] or {b} 


y 


(x, b) 
ideatty Bunciion Another specific example of a linear function is the function having a slope of one 


Domain: (-», 2) Range: (—», ©) (m = 1) and ay-intercept of zero (b = 0). This special case is called the identity function. 


IDENTITY FUNCTION 


CD) = 3 


The graph of the identity function has the following properties: It passes through the 
origin, and every point that lies on the line has equal x- and y-coordinates. Both the domain 
and the range of the identity function are the set of all real numbers R. 


A function that squares the input is called the square function. 


Square Function 
Domain: (-, «) Range: [0, o) 
AY 


SQUARE FUNCTION 


fx) = x 


The graph of the square function is called a parabola and will be discussed in further detail 
in Chapters 4 and 8. The domain of the square function is the set of all real numbers R. 
Because squaring a real number always yields a positive number or zero, the range of the 
square function is the set of all nonnegative numbers. Note that the intercept is the origin 

id and the square function is symmetric about the y-axis. This graph is contained in quadrants 
Tand IL. 
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A function that cubes the input is called the cube function. 


CUBE FUNCTION 


f(x) =x? 


The domain of the cube function is the set of all real numbers IR. Because cubing a negative 
number yields a negative number, cubing a positive number yields a positive number, and 
cubing 0 yields 0, the range of the cube function is also the set of all real numbers R. Note 
that the only intercept is the origin and the cube function is symmetric about the origin. 
This graph extends only into quadrants I and III. 

The next two functions are counterparts of the previous two functions: square root 
and cube root. When a function takes the square root of the input or the cube root of 
the input, the function is called the square root function or the cube root function, 
respectively. 


SQUARE ROOT FUNCTION 


f(x) = Vx 


Se yiles eee 


In Section 3.1, we found the domain to be [0, ©). The output of the function will be all real 
numbers greater than or equal to zero. Therefore, the range of the square root function is 
[0, 2). The graph of this function will be contained in quadrant I. 


CUBE ROOT FUNCTION 


ROLE be fe) = a 


In Section 3.1, we stated the domain of the cube root function to be (—~, ©). We see by the 
graph that the range is also (—%, ~). This graph is contained in quadrants I and III and 
passes through the origin. This function is symmetric about the origin. 

In Section 1.7, you read about absolute value equations and inequalities. Now we shift 
our focus to the graph of the absolute value function. 


ABSOLUTE VALUE FUNCTION 


f(~) = |al 


Some points that are on the graph of the absolute value function are (—1, 1), (0, 0), and 
(1, 1). The domain of the absolute value function is the set of all real numbers R, yet the 
range is the set of nonnegative real numbers. The graph of this function is symmetric with 
respect to the y-axis and is contained in quadrants I and II. 


Cube Function 


Domain: (—-9, °°) 


Range: (—»», °°) 


AY 


10 
@, 8) 
x 
5 P) ‘ 
2,-8)f 1 


Square Root Function 


Domain: [0, --) 
AY 


Range: [0, --) 


Cube Root Function 


Domain: (—-2, 0) 


Range: (—°, °-) 


AY 


Absolute Value Function 


Domain: (—c9, o) 


Range: [0, ©) 


(2, 2) 
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Reciprocal Function 
Domain: (9, 0) U (0, -) 
Range: (—ce, 0) U (0, °) 


fet 


AY 


di, ) 


vr 


C=) 


A function whose output is the reciprocal of its input is called the reciprocal function. 


RECIPROCAL FUNCTION 


Oe x#0 
x 


The only restriction on the domain of the reciprocal function is that x # 0. Therefore, we 
say the domain is the set of all real numbers excluding zero. The graph of the reciprocal 
function illustrates that its range is also the set of all real numbers except zero. Note that the 
reciprocal function is symmetric with respect to the origin and is contained in quadrants I 
and II. 


Even and Odd Functions 


Of the nine functions discussed above, several have similar properties of symmetry. 
The constant function, square function, and absolute value function are all symmetric 
with respect to the y-axis. The identity function, cube function, cube root function, and 
reciprocal function are all symmetric with respect to the origin. The term even is used to 
describe functions that are symmetric with respect to the y-axis, or vertical axis, and 
the term odd is used to describe functions that are symmetric with respect to the 
origin. Recall from Section 2.2 that symmetry can be determined both graphically and 
algebraically. The box below summarizes the graphic and algebraic characteristics of 
even and odd functions. 


EVEN AND ODD FUNCTIONS 


Function Symmetric with Respect to On Replacing x with —x 
Even y-axis or vertical axis f(x) = fx) 
Odd origin f(—x) = —f(x) 


The algebraic method for determining symmetry with respect to the y-axis, or vertical 
axis, is to substitute —x for x. If the result is an equivalent equation, the function is 
symmetric with respect to the y-axis. Some examples of even functions are f(x) = b, 
f(x) =x, f(x) = x*; and f(x) = |x|. In any of these equations, if —x is substituted for x, the 
result is the same; that is, f(—x) = f(x). Also note that, with the exception of the absolute 
value function, these examples are all even-degree polynomial equations. All constant 
functions are degree zero and are even functions. 

The algebraic method for determining symmetry with respect to the origin is to substitute 
—x for x. If the result is the negative of the original function, that is, if f(—x) = — f(x), then 
the function is symmetric with respect to the origin and, hence, classified as an odd 
function. Examples of odd functions are f(x) = x, f(x) = x, f(x) =x, and f(x) = x! In 
any of these functions, if —x is substituted for x, the result is the negative of the original 
function. Note that with the exception of the cube root function, these equations are 
odd-degree polynomials. 


Be careful, though, because functions that are combinations of even- and odd-degree 
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polynomials can turn out to be neither even nor odd, as we will see in Example 1. 


EXAMPLE 1_ Determining Whether a Function Is Even, Odd, 


or Neither 

Determine whether the functions are even, odd, or neither. 
a fx)=x?-3 begw)=H84+K ah =xr-x 
Solution (a): 

fx) =x -3 
en =eay = 3 
f(x) =x? — 3 = f(x) 
Because f(—x) = f(x), we say that | f(x) is an even function |. 


Solution (b): 


Original function. 
Replace x with —x. 


Simplify. 


gx) =Hxtx 
g(x) = (—xy + (xy? 
g(-x) = x8 — x3 = —@° + x5) = —g(x) 


Because g(—x) = —g(x), we say that) g(x) is an odd function}. 


Solution (c): 


Original function. 
Replace x with —x. 


Simplify. 


Original function. h(x) =x? -x 


Replace x with —x. h(—x) = (-xY — (-x) 


Simplify. h(-x) =x? +x 
h(—x) is neither —h(x) nor h(x); therefore the function h(x) is neither even nor odd .. 


In parts (a), (b), and (c), we classified these functions as either even, odd, or neither, using 
the algebraic test. Look back at them now and reflect on whether these classifications agree 
with your intuition. In part (a), we combined two functions: the square function and the 
constant function. Both of these functions are even, and adding even functions yields another 
even function. In part (b), we combined two odd functions: the fifth-power function and 

the cube function. Both of these functions are odd, and adding two odd functions yields 
another odd function. In part (c), we combined two functions: the square function and the 
identity function. The square function is even, and the identity function is odd. In this part, 
combining an even function with an odd function yields a function that is neither even nor odd 
and, hence, has no symmetry with respect to the vertical axis or the origin. 


= YOUR TURN Classify the functions as even, odd, or neither. 


a f@=bkl+4 b f@=-1 


E 
Technology Tip &@ 
a. Graph y, = f(x) = x° — 3. 


Even; symmetric with respect to the 
y-axis. 


b. Graph y, = gx) =v t+ x. 


Tn bens 


Odd; symmetric with respect to origin. 


c. Graph y, = h(x) = x? — x. 


No symmetry with respect to y-axis or 
origin. 


= Answer: a.even _ b. neither 
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AY 


(6, 4) 


(-1, D 10, 1) 


(+2,-2) | (2,-2) 


Study Tip 


¢ Graphs are read from left to right. 


¢ Intervals correspond to the 
x-coordinates. 


Increasing and Decreasing 
Functions 


Look at the figure in the margin to the left. Graphs are read from left to right. If we start 
at the left side of the graph and trace the red curve with our pen, we see that the function 
values (values in the vertical direction) are decreasing until arriving at the point (—2, —2). 
Then, the function values increase until arriving at the point (—1, 1). The values then 
remain constant (y = 1) between the points (—1, 1) and (0, 1). Proceeding beyond the 
point (0, 1), the function values decrease again until the point (2, —2). Beyond the point 
(2, —2), the function values increase again until the point (6, 4). Finally, the function val- 
ues decrease and continue to do so. 

When specifying a function as increasing, decreasing, or constant, the intervals are 
classified according to the x-coordinate. For instance, in this graph, we say the function 
is increasing when x is between x = —2 and x = —1 and again when x is between x = 2 
and x = 6. The graph is classified as decreasing when x is less than —2 and again when x 
is between 0 and 2 and again when x is greater than 6. The graph is classified as constant 
when x is between — 1 and 0. In interval notation, this is summarized as 


Decreasing Increasing Constant 
(—2, —2)U(0, 2) U6, 0) (-2, —1)UQ, 6) (-1, 0) 


An algebraic test for determining whether a function is increasing, decreasing, or 
constant is to compare the value f(x) of the function for particular points in the 
intervals. 


INCREASING, DECREASING, AND CONSTANT FUNCTIONS 


1. A function f is increasing on an open interval / if for any x, and x, in J, where 
XxX) <X, then f(x,) < f(x). 

2. A function f is decreasing on an open interval / if for any x, and x, in J, where 
xX; < %X, then f(x,) > f(%). 

3. A function fis constant on an open interval / if for any x, and x, in J, then 


FO) = Fx). 


In addition to classifying a function as increasing, decreasing, or constant, we can 
also determine the domain and range of a function by inspecting its graph from left to 
right: 


= The domain is the set of all x-values (from left to right) where the function is defined. 

u The range is the set of all y-values (from bottom to top) that the graph of the function 
corresponds to. 

= A solid dot on the left or right end of a graph indicates that the graph terminates 
there and the point is included in the graph. 

u An open dot indicates that the graph terminates there and the point is not included in 
the graph. 

= Unless a dot is present, it is assumed that a graph continues indefinitely in the same 
direction. (An arrow is used in some books to indicate direction.) 
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EXAMPLE 2 _ Finding Intervals When a Function Is Increasing 
lata or Decreasing 


Given the graph of a function: 10 


a. State the domain and range of the 
function. (5,7) 


b. Find the intervals when the function is 


increasing, decreasing, or constant. ain (0, 4) 


Solution (a): 
Domain: [—5, © Range: [0, ~ 
[ ) ge: [0, °°) 4 lol Tg 


Solution (b): 


vr 


Reading the graph from left to right, we see that 10 
the graph 
= decreases from the point (—5, 7) to the 
point (—2, 4). 
= is constant from the point (—2, 4) to the 
point (0, 4). 
Constant 


= decreases from the point (0, 4) to the 7 


point (2, 0). Decreasing| 
-5 (2,0) 5 


Decreasing 
(-2, 4) 


Increasing 
x 


= increases from the point (2, 0) on. 


The intervals of increasing and decreasing 
correspond to the x-coordinates. 


We say that this function is 


= increasing on the interval (2, %). 


= decreasing on the interval (—5, —2)U (0, 2). 


= constant on the interval (—2, 0). 


J 


a J es JN 
a ¥— 
| Constant il Increasing 
Decreasing Decreasing 
Note: The intervals of increasing or decreasing are defined on open intervals. This should 


not be confused with the domain. For example, the point x = —5 is included in the 
domain of the function but not in the interval where the function is classified as decreasing. 


Average Rate of Change 
How do we know how much a function is increasing or decreasing? For example, is the price 
of a stock slightly increasing or is it doubling every week? One way we determine how much 
a function is increasing or decreasing is by calculating its average rate of change. 

Let (x, y,) and (x, y,) be two points that lie on the graph of a function f. Draw the line 


that passes through these two points (x, y,) and (x5, y>). This line is called a secant line. 
—y 
Note that the slope of the secant line is given by m = ee) , and recall that the 
x2 ~ X1 
slope of a line is the rate of change of that line. The slope of the secant line is used to 
represent the average rate of change of the function. 


294 CHAPTER 3 Functions and Their Graphs 


AVERAGE RATE OF CHANGE y 


Let (x, f(%,)) and (x, f(%)) be two distinct 
points, (x, # x), on the graph of the function 
f. The average rate of change of f between x, 
and x, 1s given by 


Ff (%) — f(x) 


Average rate of change = 
XX 


EXAMPLE 3 Average Rate of Change 


Find the average rate of change of f(x) = x* from: 


ax=—-ltox=0 bx=Otox=1 


Solution (a): 


c. 


x=ltox=2 


Xz) — f(x 
Write the average rate of change formula. Hea) — He) 
Xy — 
0) — fel 
Let x, = —1 and x, = 0. _ FO) ~ FED 
O=(1) 
Substitute f(—1) = (—1)* = 1 and _ vet 
f(0) = 0* = 0. 0- (1) 
Simplify. = 
Solution (b): 
a) = FO 
Write the average rate of change formula. F@) ~ fm) 
x2 xy 
1) — foo 
Let x, = O and x, = 1. 9 
1=0 
Substitute f(0) = 0* = 0 and _1=0 
A= ty =i, 1=0 
Simplify. = 
Solution (c): 
X>) — f(x,) 
Write the average rate of change formula. FQ) = fl) 
Kg = Ky 
2) — fa 
Let x, = 1 and x, = 2. ee 
2.= 1 
Substitute f(1) = 14 = 1 and _ 16-1 
f2)=QY = 16. 2=1 


Simplify. 
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Graphical Interpretation: Slope of the Secant Line 


a. Average rate of change of ffrom x = —1 tox = 0: 
Decreasing at a rate of 1 


Vu 


b. Average rate of change of f from x = 0 tox = 1: 
Increasing at a rate of 1 


c. Average rate of change of f from x = | to x = 2: 
Increasing at a rate of 15 


aA ta.—2 aes 
=® YOUR TURN Find the average rate of change of f(x) = x? from: aie a b 


a. x= —2tox=0 b. x = Otox = 2 


The average rate of change can also be written in terms of the difference quotient. 


Worps MatH 


Let the difference between 


x, and x, be h. Xy—x,=h 
Solve for x. xy =x, th 
Substitute x, — x, = h into 2) — fy) 
fi Average rate of change = —————_ 
the denominator and Xp = 
X) = x, + h into the numerator — fa + h) — fe) 
of the average rate of change. h 


f(x + h) — f@) 
h 


Let x; = x. =" 
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AY 


Study Tip 
Use brackets or parentheses around 
f(x) to avoid forgetting to distribute 
the negative sign: 
f(x + h) — [fO)] 
h 


= Answer: 
f(x + h) — FQ) 
h 


Plumber Charge 


h 


Time (hours) 


> 
12345678 910 


When written in this form, the average rate of change is called the difference quotient. 


DEFINITION Difference Quotient 


f(x + h) — f@) 


h , where h # O, is called the difference quotient. 


The expression 


The difference quotient is more meaningful when / is small. In calculus the difference 


quotient is used to define a derivative. 


EXAMPLE 4 _ Calculating the Difference Quotient 


Calculate the difference quotient for the function f(x) = 2x? + 1. 


Solution: 
Find f(x + h). fix + h) =2e4+ hy? +1 
= 2° + 2xh +h?) +1 
= 2x + 4xh + 2h? + 1 
S(x+h) fo) 
i . Vw eee - 
Find the difference fle + h) — fx) 7 2? + 4xh + +1 - (22 +1) 
quotient. h h 
ee f(x +h) — f®) — Be + Ach + 20? AL -— PL 
Simplify. = 
h h 
f(x + hy) — f@) — 4xh + 2h 
h h 
tixt+h)—f@)  h(4x + 2h) 
Factor the numerator. = 
h h 
oe x+h x 
Cancel (divide out) fC ie a 4x + 2h h#0 
the common h. h 


Most of the functions that we have seen in this text are functions defined by polynomials. 
Sometimes the need arises to define functions in terms of pieces. For example, most plumbers 
charge a flat fee for a house call and then an additional hourly rate for the job. For instance, if 
a particular plumber charges $100 to drive out to your house and work for 1 hour and then an 
additional $25 an hour for every additional hour he or she works on your job, we would define 
this function in pieces. If we let h be the number of hours worked, then the charge is defined as 


100 hsl 


Plumbing charge = 
a a ee AS 
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If we were to graph this function, we would see that there is 1 hour that is constant and after. Af (x) r 
that the function continually increases. <|_ bat yee 71 
Another piecewise-defined function is the absolute value function. The absolute value in Fh 
function can be thought of as two pieces: the line y = —x (when x is negative) and the line hl aR 
y =x (when x is nonnegative). We start by graphing these two lines on the same graph. M7 x 
The absolute value function behaves like the line y = —x when x is negative (erase the 7 ‘“ 
blue graph in quadrant IV) and like the line y = x when x is positive (erase the red graph in a i 
quadrant III). Ful I 
Absolute value function + ae 
—-x x <0 
y= — Af (x. 
fQ) = Ia . rae Fx) 


f(x) = |x| 


The next example is a piecewise-defined function given in terms of functions in our 
“library of functions.” Because the function is defined in terms of pieces of other functions, 
we draw the graph of each individual function, and then for each function, darken the piece 
corresponding to its part of the domain. This is like the procedure above for the absolute 
value function. 


= 
EXAMPLE 5_ Graphing Piecewise-Defined Functions . le 
Technology Tip 
Plot a piecewise-defined function 
using the |TEST | menu operations 
to define the inequalities in the 
function. Press: 


Graph the piecewise-defined function, and state the domain, range, and intervals when the 
function is increasing, decreasing, or constant. 


Y= |[([x. 7. 6,9] [2] ][« 


X, T, 0, n| | 2nd|| MATH}} Test ||5 |< 


Solution: SAY 


Graph each of the functions on the same plane. \ 


Square function: 
fa) =x deotclan 


Constant function: Swe 
f@)=1 —p {=i pe] | | 


Identity function: G 
f@) =x “ ti Flot? Plots 
%, AE NCHS “1 bE 


a ew) 
421 040% 


The points to focus on in particular are the x-values 
where the pieces change over—that is, x = —1 and 


x=1. 

Let’s now investigate each piece. When x < —1, this 
function is defined by the square function, f(x) = x7, so 
darken that particular function to the left of x = —1. 
When —1 = x <= 1, the function is defined by the (-1, 1) (1, 1) x YASUE WMS -L 401 IRE 10 
constant function, f(x) = 1, so darken that particular | —5 5 
function between the x values of —1 and 1. Whenx > 1, 
the function is defined by the identity function, f(x) = x, 
so darken that function to the right of x = 1. Erase 
everything that is not darkened, and the resulting graph 
of the piecewise-defined function is given on the right. 


Set the viewing rectangle as [—4, 4] 
by [—2, 5]; then press |GRAPH]. 
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This function is defined for all real values of x, so the domain of this function is the set of 
le all real numbers. The values that this function yields in the vertical direction are all real 
Technology Tip numbers greater than or equal to 1. Hence, the range of this function is [1, 00). The intervals 


of increasing, decreasing, and constant are as follows: 
To plot a piecewise-defined function 


using a graphing utility, use the Decreasing: (—o, —1) 
TEST | menu operations to define the 
inequalities in the function. Press: 


Constant: (—1, 1) 


Y= || ( i|- X, T, 0,7 Increasing: (1, 0) 


— 
=~ 


X,T, 6, n] [2nd] [MATH] [5]{k][o 


The term continuous implies that there are no holes or jumps and that the graph can be 
TAC [X62] ][C[X. 1.9.7] drawn without picking up your pencil. A function that does have holes or jumps and 


2nd] [MATH] 4] [=] [o]]) JI cannot be drawn in one motion without picking up your pencil is classified as discontinuous, 
i Gola a] aan EI 5 and the points where the holes or Jumps occur are called points of discontinuity. 
The previous example illustrates a continuous piecewise-defined function. At the x = —1 
MG LOYD ALG 2S B® 2 junction, the square function and constant function both pass through the point (—1, 1). At 
2nd||MATH] | 3}|>]]2|D the x = | junction, the constant function and the identity function both pass through the 
point (1, 1). Since the graph of this piecewise-defined function has no holes or jumps, we 
Flotd Flokz Pluk? classify it as a continuous function. 
ay t seis a 1 : s : The next example illustrates a discontinuous piecewise-defined function. 
itd : : : oat ' : 
= | EXAMPLE 6_ Graphing a Discontinuous Piecewise-Defined Function 
ue a 
ty Graph the piecewise-defined function, and state the intervals where the function is increasing, 
ES decreasing, or constant, along with the domain and range. 
g g 8 
To avoid connecting graphs of the l-x x<0 
pieces, press | MODE} and [Dot ; fa) =4x O=x<2 
Set the viewing rectangle as [—3, 4] =f x>2 
by [—2, 5]; then press |GRAPH ]. 
Solution: AY 
% “ai 
Graph these functions on the same plane. \ 7 
\ Va 
Linear function: nn Xa 
fix) =1-x SO 
Identity function: < 7 > 
fc) =x aos Fie sl 
¢ N 
Constant function: ¢ ‘ 
Be sure to include the open circle : ial NJ 
and closed circle at the appropriate f(x) = -1 4 N 
endpoints of each piece in the ™ 
function. Darken the piecewise-defined function on the graph. For all values less than zero (x < 0) 
The table of values supports the graph, the function is defined by the linear function. Note the use of an open circle, indicating up to 
except at x = 2. The function is not but not including x = 0. For values 0 = x < 2, the function is defined by the identity function. 
defined at x = 2. The circle is filled in at the left endpoint, x = 0. An open circle is used at x = 2. For all 


values greater than 2,x > 2, the function is defined by the constant function. Because this 
interval does not include the point x = 2, an open circle is used. 


AY 


Yo: 


— 
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At what intervals is the function increasing, decreasing, or constant? Remember that the 
intervals correspond to the x-values. 


Decreasing: (—°, 0) Increasing: (0, 2) Constant: (2, c©) 
The function is defined for all values of x except x = 2. 
Domain: (—o, 2)U (2, «) 


The output of this function (vertical direction) takes on the y-values y = 0 and the additional 
single value y = —1. 


Range: [—1, —1]U[0, ) or {—1} U[0, 2) 


We mentioned earlier that a discontinuous function has a graph that exhibits holes or jumps. In 
this example, the point x = 0 corresponds to a jump, because you would have to pick up your 
pencil to continue drawing the graph. The point x = 2 corresponds to both a hole and a jump. 
The hole indicates that the function is not defined at that point, and there is still a jump because 
the identity function and the constant function do not meet at the same y-value at x = 2. 


= YOUR TURN Graph the piecewise-defined function, and state the intervals where the 
function is increasing, decreasing, or constant, along with the domain 
and range. 


—-x xsl 
fa) = 42 =l<x<1 
x x>1 


Piecewise-defined functions whose “pieces” are constants are called step functions. The 
reason for this name is that the graph of a step function looks like steps of a staircase. A 
common step function used in engineering is the Heaviside step function (also called the 


unit step function): 
0 t<0O 
A(t) = 


1 t=O 


This function is used in signal processing to represent a signal that turns on at some time 
and stays on indefinitely. 
A common step function used in business applications is the greatest integer function. 


GREATEST INTEGER FUNCTION 


F() = [[x]] = greatest integer less than or equal to x. 


x 1.0 1.3 1.5 1.7 1.9 2.0 
fe) = [Bl] 1 1 1 1 1 2 
a foo = [DT] 
5 e 
eo 
oo 
oo 
and % 
+ > 
5 4 5 
=o 
= 
o_o 
oo -5 


= Answer: Increasing: (1, ©) 
Decreasing: (—~, —1) 
Constant: (—1, 1) 
Domain: 
(—o, 1) U (1, &) 
Range: [1, %) 


y 


H(t) 
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> SECTION 
— SUMMARY 


NAME FUNCTION Domain RANGE GRAPH EveEn/Opp 
Linear f@) =mx+b,m4#0 (—%, 2%) (—©, ©) AY Neither 
(unless y = x) 

Constant fa)=c (—%, 2) [c, ec] or {c} AY Even 
je 
= |___ 

Identity f@=x (—%, 2) (—©, ©) AY Odd 

Square KO =x (—%, 2) [0, °°) AY Even 

Cube f@) =x (—%, 2) (—%, 9) AY Odd 

Square Root fi) = Ve [0, °°) [ko ©2) AY Neither 
__ | 

Cube Root jie) = WE (—@, ©) (S24, ©) AY Odd 
> 

Absolute Value REO) = |e (—@, ©) [0, °°) AY Even 

1 
Reciprocal KE) = x (—ce, 0) U(O, oo) (—a, 0) U(0, oo) y Odd 


Domain and Range of a Function 


= Implied domain: Exclude any values that lead to the 
function being undefined (dividing by zero) or imaginary 
outputs (square root of a negative real number). 


= Inspect the graph to determine the set of all inputs (domain) 
and the set of all outputs (range). 


Finding Intervals Where a Function Is Increasing, 
Decreasing, or Constant 


a Increasing: Graph of function rises from left to right. 
= Decreasing: Graph of function falls from left to right. 
= Constant: Graph of function does not change height from 
left to right. 
SQ) = fa) 


Average Rate of Change = oh BH 
xy X 


SECTION 
3.2 EXERCISES 


=SKILLS 
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+h) - 
Difference Quotient aa h#0 


Piecewise-Defined Functions 


= Continuous: You can draw the graph of a function without 
picking up the pencil. 
= Discontinuous: Graph has holes and/or jumps. 


In Exercises 1-24, determine whether the function is even, odd, or neither. 


1. G@&=x+4 2. hx) =3-x 
5. 9(t) =50 — 3t 6. f(x) = 3x + 4¢ 
9, h(x) =x'8 —x 10. gx =x !lt+x 
13. f(~) = |x| 14. fi) = |x" | 

17, Ga) = Vi-3 18. f(x) = V2 =x 
21. h(x) = : +3 22. h(x) = . = 2x 


3. fw =3r 41 4, F(x) =x' +2 
7. h(x) =x + 2x 8. G(x) = 2x4 + 3x7 
1. f(x) = |x| +5 12. fi) =|x] +x 
15. G(t) = |t- 3] 16. g(t) = |t + 2I 
19. gx) = Ve +x 20. fx) = Ve +2 
23. 24. 


AY AY 
10 9 
x 
x 5 ie 
3 5 


In Exercises 25-36, state the (a) domain, (b) range, and (c) x-interval(s) where the function is increasing, decreasing, or constant. 


Find the values of (d) f(0), (e) f(—2), and (f) f(2). 
25. 26. 


f(x) f@) 
(-3, 3) 


27. 28. 


2,-) | CL -) 
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29. 30. 31. 32. 
AY AY AY 
5 5 5 
(3, 2) 
4, 2) x x x 
5 5 —5 (-2, 0) OW me -5 (3,0) (3,0) 5 
5 _5|0,-4) 5 
33. 35. 36. 
AY AY AY 
1 8 10 
(0, 7)¢—————e 
(-S, 3) 
(-2, 3) (0, 5) (4, 3) 
: (2,3) : 
-10 -10 (-8, 0) 10 
2,-3 
aie (5,0) (0, -4) 
5 (-5, 0) 
-10 -2 -10 
; ‘ . f(x +h) — f(x) : 
In Exercises 37-44, find the difference quotient ——— for each function. 
37. fwy=xr-x 38. f(x) =x? + 2x 39. f(x) = 3x +x 40. f@) =5x-—2x 
41. f(@) =x - 3x +2 42. fo) =? - 2x45 43. f(x) = —3x° + 5x -4 44. f(x) = —4° + 2x — 3 
In Exercises 45-52, find the average rate of change of the function from x = 1 tox = 3. 
1 
45. fxyy=x 46. fix) =~ 47. f(x) = |x| 48. f(x) = 2x 
49. f(x) =1-2x 50. f(x) =9-x 51. f(~) =|5 — 2x| 52. fy =Vxr-1 
In Exercises 53-78, graph the piecewise-defined functions. State the domain and range in interval notation. Determine the 
intervals where the function is increasing, decreasing, or constant. 
x x<2 =x x<-l 1 x«<-tl 
b = 54. = 55. = 
53. f(x) . a5 fo {7 ene fe) . eee 
SD x x=<0 =% =0 
: = 57. = 44 58. = 
56. f(x) ; oe flax) fe 5 8. f(x) E ee 
Sx ls <1 233% = Sl 3 2x) eS 
F = F = 1. = 
a e =] ae 2 >A a pale x>2 
1 
3 — 5% x <= =2 =I #«< <1 =1 #<—! 
62. f(x) = 63. G(x) = 4 x =1S%=3 64. Gx) = 4) x -l<x<3 
4+ —-x% x > =-2 3 x>3 3 x>3 


1 t<l 

65. Gn= fr 1sts2 66. G(t) 
4 t>2 
—-x-1 <%x<-2 

67. f@M=4xt1 -2<x<1 68. f(x) 
—-x+1 x21 
0 x<0O 

9, = 70. 

69. G(x) ie 20 G(x) 
0 x=0 

71. Ga) = 41 ei 72. G(x) 
Xx 
—Wx x=-l 

73. G(x) = 4x -l<x<1 74. G(x) 
—Vx x>1 
x+3 x5 -2 

75. f(x) = 4 |x| —2<x<2 76. f(x) 
x? x22 
x x=-l 

17. f@M=)x -1<x<1 78. f(x) 
x x>1 


"APPLICATIONS 


For Exercises 79 and 80, refer to the following: 


A manufacturer determines that his profit and cost functions over 
one year are represented by the following graphs. 


a P (profit in millions of dollars) a C (cost in millions of dollars) 


$20 $5 
18 
16 4 
14 
12 3 
10 
8 2 
6 
4 1 
2 t (time in months) t (time in months) 
2 4 6 8 10 12 2 4 6 8 10 12 


79. Business. Find the intervals on which profit is increasing, 
decreasing, and constant. 


80. Business. Find the intervals on which cost is increasing, 
decreasing, and constant. 
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1 ¢t<l 
‘ 1<t<2 

4 t>2 

=x=1 x= =2 
| —2<x<l 
5 aaa 


x+ 1 
—x +1 


81. Budget: Costs. The Kappa Kappa Gamma sorority decides to 
order custom-made T-shirts for its Kappa Krush mixer with 
the Sigma Alpha Epsilon fraternity. If the sorority orders 50 or 
fewer T-shirts, the cost is $10 per shirt. If it orders more than 
50 but less than or equal to 100, the cost is $9 per shirt. If it 
orders more than 100, the cost is $8 per shirt. Find the cost 
function C(x) as a function of the number of T-shirts x ordered. 


82. Budget: Costs. The marching band at a university is 
ordering some additional uniforms to replace existing 
uniforms that are worn out. If the band orders 50 or 
fewer, the cost is $176.12 per uniform. If it orders more 
than 50 but less than or equal to 100, the cost is $159.73 
per uniform. Find the cost function C(x) as a function of 
the number of new uniforms x ordered. 


83. Budget: Costs. The Richmond rowing club is planning to 
enter the Head of the Charles race in Boston and is trying to 
figure out how much money to raise. The entry fee is $250 
per boat for the first 10 boats and $175 for each additional 
boat. Find the cost function C(x) as a function of the number 
of boats x the club enters. 
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84. 


85. 


86. 


87. 


88. 


89. 


90. 


Phone Cost: Long-Distance Calling. A phone company 
charges $.39 per minute for the first 10 minutes of an 
international long-distance phone call and $.12 per minute 
every minute after that. Find the cost function C(x) as a 
function of the length of the phone call x in minutes. 


Event Planning. A young couple are planning their wedding 
reception at a yacht club. The yacht club charges a flat rate of 
$1000 to reserve the dining room for a private party. The cost 
of food is $35 per person for the first 100 people and $25 per 
person for every additional person beyond the first 100. Write 
the cost function C(x) as a function of the number of people x 
attending the reception. 


Home Improvement. An irrigation company gives you an 
estimate for an eight-zone sprinkler system. The parts are 
$1400, and the labor is $25 per hour. Write a function C(x) that 
determines the cost of a new sprinkler system if you choose this 
irrigation company. 


Sales. A famous author negotiates with her publisher the 
monies she will receive for her next suspense novel. She will 
receive $50,000 up front and a 15% royalty rate on the first 
100,000 books sold, and 20% on any books sold beyond that. 
If the book sells for $20 and royalties are based on the selling 
price, write a royalties function R(x) as a function of total 
number x of books sold. 


Sales. Rework Exercise 87 if the author receives $35,000 up 
front, 15% for the first 100,000 books sold, and 25% on any 
books sold beyond that. 


Profit. Some artists are trying to decide whether they 

will make a profit if they set up a Web-based business to 
market and sell stained glass that they make. The costs 
associated with this business are $100 per month for the 
website and $700 per month for the studio they rent. 

The materials cost $35 for each work in stained glass, 

and the artists charge $100 for each unit they sell. Write the 
monthly profit as a function of the number of stained-glass 
units they sell. 


Profit. Philip decides to host a shrimp boil at his house as a 
fundraiser for his daughter’s AAU basketball team. He 
orders gulf shrimp to be flown in from New Orleans. The 
shrimp costs $5 per pound. The shipping costs $30. If he 
charges $10 per person, write a function F(x) that represents 
either his loss or profit as a function of the number of people 
x that attend. Assume that each person will eat 1 pound of 
shrimp. 


91. Postage Rates. The following table corresponds to 
first-class postage rates for the U.S. Postal Service. Write a 
piecewise-defined function in terms of the greatest integer 
function that models this cost of mailing flat envelopes 


first class. 

WEIGHT LEss First-Ciass RATE 
THAN (OUNCES) | (FLAT ENVELOPES) 

1 $0.80 

2 $0.97 

3 $1.14 

4 $1.31 

5 $1.48 

6 $1.65 

7 $1.82 

8 $1.99 

9 $2.16 

10 $2.33 

11 $2.50 

12 $2.67 

13 $2.84 


92. Postage Rates. The following table corresponds to 
first-class postage rates for the U.S. Postal Service. Write a 
piecewise-defined function in terms of the greatest integer 
function that models this cost of mailing parcels first class. 


WEIGHT LEss First-Ciass RATE 
THAN (OUNCES) (PARCELS) 
1 $1.13 
2 $1.30 
3 $1.47 
4 $1.64 
5 $1.81 
6 $1.98 
7 $2.15 
8 $2.32 
9 $2.49 
10 $2.66 
11 $2.83 
12 $3.00 
13 $3.17 


A square wave is a waveform used in electronic circuit testing 
and signal processing. A square wave alternates regularly and 
instantaneously between two levels. 


wn 
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93. Electronics: Signals. Write a step function f(f) that 
represents the following square wave. 


A S(O) 
5 


= — 
vo 


-5 


94. Electronics: Signals. Write a step function f(x) that 
represents the following square wave, where x represents 
frequency in Hz. 


A 
1 


? 
6 


> 
1000 
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See eee 


> ile liens lemeel eel (eis ales (allen Biles lems 
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For Exercises 95 and 96, refer to the following table: 


95. 


96. 


Global Carbon Emissions from Fossil Fuel Burning 


MILLIONS OF TONS 
YEAR OF CARBON 
1900 500 
1925 1000 
1950 1500 
1975 5000 
2000 7000 


Climate Change: Global Warming. What is the average 
rate of change in global carbon emissions from fossil fuel 
burning from 


a. 1900 to 1950? 
b. 1950 to 2000? 


Climate Change: Global Warming. What is the average 
rate of change in global carbon emissions from fossil fuel 
burning from 


a. 1950 to 1975? 
b. 1975 to 2000? 


For Exercises 97 and 98, use the following information: 


The height (in feet) of a falling object with an initial velocity of 48 
feet per second launched straight upward from the ground is given 
by h(t) = —16f + 481, where t is time (in seconds). 


97. 


98. 


Falling Objects. What is the average rate of change of the 
height as a function of time from ¢ = | to tf = 2? 


Falling Objects. What is the average rate of change of the 
height as a function of time from ¢ = | to tf = 3? 


For Exercises 99 and 100, refer to the following: 


An analysis of sales indicates that demand for a product during a 
calendar year (no leap year) is modeled by 


dt) =3Ve +1 —- 2.75t 


where d is demand in thousands of units and f is the day of the year 
and t = | represents January 1. 


99. 


100. 


Economics. Find the average rate of change of the demand 
of the product over the first quarter. 


Economics. Find the average rate of change of the demand 
of the product over the fourth quarter. 
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=CATCH THE MISTAKE 


In Exercises 101-104, explain the mistake that is made. 


101. Graph the piecewise-defined function. State the domain and 


range. 
—x x<0 


= 4 ESS 
Solution: ® 


Draw the graphs of a 
f(x) = —x and XN 


fx) =x. K 


AY 


vx 


Darken the function 

F(x) = —x when x <0 
and the function f(x) = x 
when x > 0. This gives 
us the familiar absolute 


AY 


B 


value graph. 


Domain: (—, ©) or R 
Range: [0, ) 


This is incorrect. What 
mistake was made? 


102. Graph the piecewise-defined function. State the domain and 


vu 


range. 
fo) -x xsl 
x) = 
x x>1 
Solution: ~ AY 4 
Draw the graphs of N 
N 
f(x) = —x and NY 
N 
f@)=H= xX iZ F 
AL 
il My 
7 
4 
7 
Vd 
7 
4 


103. 


104. 


Darken the function AY 
F(x) = —x whenx <1 
and the function f(x) = x 
when x > 1. 


The resulting graph is 


as shown. 


Domain: (—™, ©) or R 
Range: (—1, ©) 


This is incorrect. What 
mistake was made? 


The cost of airport Internet access is $15 for the first 

30 minutes and $1 per minute for each additional minute. 
Write a function describing the cost of the service as a 
function of minutes used online. 


15 x = 30 
lution: = 
Solution: C(x) {2 Hag ese 


This is incorrect. What mistake was made? 


Most money market accounts pay a higher interest with a 
higher principal. If the credit union is offering 2% on 
accounts with less than or equal to $10,000 and 4% on the 
additional money over $10,000, write the interest function 
(x) that represents the interest earned on an account as a 
function of dollars in the account. 


0.02x 
0.02(10,000) + 0.04x 


x = 10,000 


Solution: [(x) = > 10,000 
X > 


This is incorrect. What mistake was made? 


Vu 
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=CONCEPTUAL 


In Exercises 105-108, determine whether each statement is true or false. 


105. The identity function is a special case of the linear function. 107. If an odd function has an interval where the function is 
increasing, then it also has to have an interval where the 


106. The constant function is a special case of the linear function. eee ; 
function is decreasing. 


108. If an even function has an interval where the function is 


increasing, then it also has to have an interval where the 
function is decreasing. 


CHALLENGE 


In Exercises 109 and 110, for a and b real numbers, can the function given ever be a continuous function? If so, specify the value 
for a and b that would make it so. 


1 
as a — x<a 
ax xs 
109. = 110. = 
ee) fe x>2 FO) 1 
— x=2a 
x 
“TECHNOLOGY 
111. In trigonometry you will AY 113. In trigonometry you will learn about the tangent function, 
learn about the sine 1 tan x. Plot the function f(x) = tan x, using a graphing utility. If 


function, sin x. Plot the 
function f(x) = sin x, using 
a graphing utility. It should x should resemble the graph below. Is the tangent function 
look like the graph on the == io even, odd, or neither? 

right. Is the sine function 

even, odd, or neither? 


you restrict the values of x so that “5 <x < zi the graph 


112. In trigonometry you will AY 
learn about the cosine 1 
function, cos x. Plot the 
function f(x) = cos x, 
using a graphing utility. It 
should look like the graph 
on the right. Is the cosine 
function even, odd, or 
neither? 


vu 


Va 


10 10 


114. Plot the function f(x) = = What function is this? 
cos x 


115. Graph the function f(x) = [[3x]] using a graphing utility. 
State the domain and range. 


116. Graph the function f(x) = [[3*]] using a graphing utility. 
State the domain and range. 
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SECTION 
3.3 GRAPHING TECHNIQUES: TRANSFORMATIONS 


Horizontal and Vertical Shifts 

The focus of the previous section was to learn the graphs that correspond to particular 
functions such as identity, square, cube, square root, cube root, absolute value, and reciprocal. 
Therefore, at this point, you should be able to recognize and generate the graphs of 


1 
ee eee a ae ee Wx, y = |x|, and y = —. In this section, we will 
x 


discuss how to sketch the graphs of functions that are very simple modifications 
of these functions. For instance, a common function may be shifted (horizontally or 
vertically), reflected, or stretched (or compressed). Collectively, these techniques are called 
transformations. 


Let’s take the absolute value function as an example. The graph of f(x) = |x| was given in 
the last section. Now look at two examples that are much like this function: g(x) = |x| + 2 
and h(x) = |x — 1|. Graphing these functions by point-plotting yields 


t x | f@) x | gx) x | h@) 
g(x) —2| 2 —2 4 —2 3 
n(x) at | 4 =i 3 “| 2 
£@) x o| 0 0 2 of 1 
| i 1 3 1 0 
2/2 2 4 “s | A 


Instead of point-plotting the function g(x) = |x| + 2, we could have started with 
the function f(x) = |x| and shifted the entire graph up 2 units. Similarly, we could have 
generated the graph of the function A(x) = |x — 1| by shifting the function f(x) = |x| to 
the right 1 unit. In both cases, the base or starting function is f(x) = |x|. Why did we go 
up for g(x) and to the right for h(x)? 

Note that we could rewrite the functions g(x) and A(x) in terms of f(x): 


|x] + 2=f@) +2 
jx — 1] =f@-1) 


g(x) 
h(x) 
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fx) = kel F(x) = |x| 
g(x) =bl+2 h(x) =|x-1] 


In the case of g(x), the shift (42) occurs “outside” the function—that is, outside the 
parentheses showing the argument. Therefore, the output for g(x) is two more than the typical 
output for f(x). Because the output corresponds to the vertical axis, this results in a shift 
upward of two units. In general, shifts that occur outside the function correspond to a vertical 
shift corresponding to the sign of the shift. For instance, had the function been G(x) = |x| — 2, 
this graph would have started with the graph of the function f(x) and shifted down two units. 

In the case of h(x), the shift occurs “inside” the function—that is, inside the parentheses 
showing the argument. Note that the point (0, 0) that lies on the graph of f(x) was shifted to the 
point (1, 0) on the graph of the function h(x). The y-value remained the same, but the x-value 
shifted to the right one unit. Similarly, the points (—1, 1) and (1, 1) were shifted to the points 
(0, 1) and (2, 1), respectively. In general, shifts that occur inside the function correspond 
to a horizontal shift opposite the sign. In this case, the graph of the function h(x) = |x — 1| 
shifted the graph of the function f(x) to the right one unit. If, instead, we had the function 
H(x) = |x + 1|, this graph would have started with the graph of the function f(x) and shifted to 
the left one unit. 


VERTICAL SHIFTS Study Tip 


Shifts outside the function are 


Assuming that c is a positive constant, veHical ili ah oes. 


To Graph Shift the Graph of f(x) Up (4) 
HGS) Fe © c units upward Down (—) 
ie) =e c units downward 


Adding or subtracting a constant outside the function corresponds to a vertical shift 
that goes with the sign. 


HORIZONTAL SHIFTS Study Tip 


Shifts inside the function are 


Assuming that c i itt nstan 
oy eat aos ave constant; horizontal shifts opposite the sign. 


To Graph Shift the Graph of f(x) Left (+) 
Ge sr ©) c units to the left Right (—) 
ee = ©) c units to the right 


Adding or subtracting a constant inside the function corresponds to a horizontal 
shift that goes opposite the sign. 
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EXAMPLE 1_ Horizontal and Vertical Shifts 


E 
Technology Tip 


Sketch the graphs of the given functions using k AY 
F ning 4 (2, 4) 
horizontal and vertical shifts: \ 
a. Graphs of y, = x° and \f() | 
> = g(x) = x2 — 1 ate shown. a gx)= 1 b. HQ) = (+1? \ H 
\ f 
Fiokd Floke Flats \ / 
wid Bae \ ay 
eB \ 
N00), 7 x 
5 S44 —— 


Solution: 


In both cases, the function to start with is f(x) = x”. 


a. 9(x) = x? — 1 can be rewritten as 

a a(x) = f(x) — 1. 

B Gepteet yy . nd 1. The shift (one unit) occurs outside of the 

ae = Gy = We ean function. Therefore, we expect a vertical shift 

Floki Flokz Flokz that goes with the sign. 

2. Since the sign is negative, this corresponds to 
a downward shift. 

3. Shifting the graph of the function f(x) = x? 

WESCHe12 down one unit yields the graph of 

g(x) =x? - 1. 


WYRE 
WYEBCR+1 a2 


b. H(x) = (x + 1)? can be rewritten as 

A(x) = f(x + 1). 

1. The shift (one unit) occurs inside of the function. 
Therefore, we expect a horizontal shift that goes 
opposite the sign. 

2. Since the sign is positive, this corresponds to a 


= Answer: shift to the left. 
a. AY 3. Shifting the graph of the function f(x) = x? to 
+? the left one unit yields the graph of 
H(x) = (x + 1)’. ly 


= YOUR TURN Sketch the graphs of the given functions using horizontal and vertical 
shifts. 


vx 


ad agx)=et1 b A®=(- 12 


It is important to note that the domain and range of the resulting function can be thought of 
as also being shifted. Shifts in the domain correspond to horizontal shifts, and shifts in the 
range correspond to vertical shifts. 
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\)} EXAMPLE 2 Horizontal and Vertical Shifts and Changes 
aa in the Domain and Range 


Graph the functions using translations and state the domain and range of each function. 


a gx) = Vx +1 bd Gw&) = Vx -2 Ay 
5 


Solution: 
In both cases the function to start with is f(x) = Vx. 


Domain: [0, ©) 


Range: [0, 2%) 
a. g(x) = Vx + 1can be rewritten as 
g(x) = fx + 1). 
1. The shift (one unit) is inside the function, 


which corresponds to a horizontal 
shift opposite the sign. 


2. Shifting the graph of f(x) = Vx 
to the Jeft one unit yields the graph 
of g(x) = Vx + 1. Notice that the 
point (0, 0), which lies on the graph 
of f(x), gets shifted to the point 
(—1, 0) on the graph of g(x). 


Although the original function f(x) = Vx had an implicit restriction on the domain: 
[0, 2), the function g(x) = Vx + 1has the implicit restriction that x = —1. We see 
that the output or range of g(x) is the same as the output of the original function f(x). 


Domain: [-—1, ©) Range: [0, ») = Answer: 
b. G(x) = Vx — 2 canbe rewritten as te 7 —- 
G(x) = f(x) — 2. s| 
1. The shift (two units) is outside the function, 
which corresponds to a vertical shift with peer er 
the sign. — ~ S 


2. The graph of G(x) = Vx — 2 is found by 
shifting f(x) = Vx down two units. Note 
that the point (0, 0), which lies on the graph 


5 
of f(x), gets shifted to the point (0, —2) on 


the graph of G(x). Domain: [2, ~) Range: [0, %) 
The original function f(x) = Vx has an implicit restriction on the domain: [0, ©). The b. A(x) = |x] +1 
function G(x) = Vx — 2 also has the implicit restriction that x = 0. The output or range of A 


G(x) is always two units less than the output of the original function f(x). : 


Domain: [0, ©) Range: [—2, ©) 


5 5 
= YOUR TURN Sketch the graph of the functions using shifts and state the domain 
and range. 


a. Gx) = Vx—-2 db. A(x) = |x| + 1 


—5 


Domain: (—%,%) Range: [1, ~) 
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The previous examples have involved graphing functions by shifting a known function 
either in the horizontal or vertical direction. Let us now look at combinations of horizontal 
and vertical shifts. 


- \) =XAMPLE 3. Combining Horizontal and Vertical Shifts 
le Sketch the graph of the function F(x) = (x + 1)? — 2. State the domain and range of F. 


Technology Tip 


a. Graphs of y, = 2°, y. = (x + 1), Solution: 
and y; = F(x) = (x + 1) — 2 
are shown. The base function is y = x’. 


Fs egwe Aue 1. The shift (one unit) is inside the function, so it represents a horizontal shift opposite 


wWoBM+ 1 = the sign. 

® sBtatl] eZ 2. The —2 shift is outside the function, which 
represents a vertical shift with the sign. 

3. Therefore, we shift the graph of y = x? 

WESC I2-2 Fa to the left one unit and down two units. 

: For instance, the point (0, 0) on the 

graph of y = x” shifts to the point 

(—1, — 2) on the graph of 

F(x) = (x + 1)? - 2. 


Domain: (—, 2) Range: [—2, ~) 


aA : 
hock —2| +1 = YOUR TURN Sketch the graph of the function f(x) = |x — 2| + 1. State the domain 
F&) = |x| and range of f. 


Domain: (—~, %) 
Range: [1, ») 


All of the previous transformation examples involve starting with a common function 
and shifting the function in either the horizontal or the vertical direction (or a combination 
of both). Now, let’s investigate reflections of functions about the x-axis or y-axis. 


Reflection about the Axes 


To sketch the graphs of f(x) = x? and g(x) = —x’ start by first listing points that are on each 
of the graphs and then connecting the points with smooth curves. 


x f(x) ¥ g(x) N a : f 
2 4 -2 -4 . 7 
a el \ 
-1 1 a i -1 \ x 

0 | 0 0 0 Stitt x 
———t — 1 > 

1 1 1 = = 3 

y 4 2 =A 

-5 
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Note that if the graph of f(x) = x’ is reflected about the x-axis, the result is the graph 
of g(x) = —x’. Also note that the function g(x) can be written as the negative of the 
function f(x); that is, g(x) = —f(x). In general, reflection about the x-axis is produced by 
multiplying a function by —1. 

Let’s now investigate reflection about the y-axis. To sketch the graphs of f(x) = Vx 
and g(x) = \V — x start by listing points that are on each of the graphs and then connecting 
the points with smooth curves. 


x | fe) x | s@) ae 
0 0 -9 3 
“41d 1 =a | 2 
ae -1 / 1 
“9 | 3 oO | 0 
-5 5 


Note that if the graph of f(x) = x is reflected about the y-axis, the result is the graph of 


g(x) = V —x. Also note that the function g(x) can be written as g(x) = f(—x). In general, 
reflection about the y-axis is produced by replacing x with —x in the function. Notice that 
the domain of f is [0, ©), whereas the domain of g is (—™, O]. 


REFLECTION ABOUT THE AXES 


The graph of —f(x) is obtained by reflecting the graph of f(x) about the x-axis. 
The graph of f(—x) is obtained by reflecting the graph of f(x) about the y-axis. 


EXAMPLE 4_ Sketching the Graph of a Function Using Both 
Shifts and Reflections 


Sketch the graph of the function Gv) = —Vx + 1. 


Solution: 

Start with the square root function. f(x) = Vx 

Shift the graph of f(x) to the left one unit to 

arrive at the graph of f(x + 1). fx +) = Vx +1 

Reflect the graph of f(x + 1) about the 

x-axis to arrive at the graph of —f(x + 1). —-fx+I)= -Vx +1 
AY 


5 


-5 
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le a 
Technology Tip 


a. Graphs of y) = Vx, y= Vx + 2, 


y3 = V—x + 2, and 
ya = f(x) = V2 —x + Lare 
shown. 


Plekd Flote FIeks 
WC 


wVEBoatea 
wea lt ate) 
WYy=[Ce—eat+l] 


ToEfte-ni+L 


EXAMPLE 5_ Sketching the Graph of a Function Using Both 
Shifts and Reflections 


Sketch the graph of the function fx) = V2 —x+ 1. 
Solution: 
Start with the square root function. g(x) = Vx 


Shift the graph of g(x) to the left two units to 
arrive at the graph of g(x + 2). g(x + 2) = Vx + 2 


Reflect the graph of g(x + 2) about the 
y-axis to arrive at the graph of g(—x + 2). g(-x + 2) = V—-x +2 


Shift the graph g(—x + 2) up one unit to 
arrive at the graph of g(—x + 2) + 1. g(-x +2)4+1=vV2—-x+41 


y 


= Answer: 
Domain: [1, %) 
Range: (—®, 2] 
AY = YOUR TURN Use shifts and reflections to sketch the graph of the function 
i fx) = —Vx — 1 + 2. State the domain and range of f(x). 
Look back at the order in which transformations were performed in Example 5: horizontal 
> shift, reflection, and then vertical shift. Let us consider an alternate order of transformations. 
WorDS MatH 
+5 Start with the square root function. g(x) = Vx 
Shift the graph of g(x) up one unit to arrive 
at the graph of g(x) + 1. gx) +1 = Vx +1 
Reflect the graph of g(x) + 1 about the 
y-axis to arrive at the graph of g(—x) + 1. g(-x) +1=V-x+4+1 


Replace x with x — 2, which corresponds 
to a shift of the graph of g(—x) + 1 to 
the right two units to arrive at the graph of 


gl-@ — 2)] + 1. S12) la V2 xe el 
In the last step we replaced x with x — 2, AY 
which required us to think ahead knowing 5 


the desired result was 2 — x inside the radical. 
To avoid any possible confusion, follow this 
order of transformations: 


1. Horizontal shifts: f(x + c) 
2. Reflection: f(—x) and/or —f(x) 
3. Vertical shifts: f(x) + c 


vo 


-3 5 


3.3 Graphing Techniques: Transformations 


Stretching and Compressing 

Horizontal shifts, vertical shifts, and reflections change only the position of the graph in the 
Cartesian plane, leaving the basic shape of the graph unchanged. These transformations 
(shifts and reflections) are called rigid transformations because they alter only the 
position. Nonrigid transformations, on the other hand, distort the shape of the original 
graph. We now consider stretching and compressing of graphs in both the vertical and the 
horizontal direction. 

A vertical stretch or compression of a graph occurs when the function is multiplied by a 
positive constant. For example, the graphs of the functions f(x) = x”, g(x) = 2f(x) = 2x’, 
and h(x) = 4 (x) = $x? are illustrated below. Depending on if the constant is larger than 1 
or smaller than 1 will determine whether it corresponds to a stretch (expansion) or 
compression (contraction) in the vertical direction. 


AY 
20 

x f(x) x | g) x h(x) 
- 4 2 | 8 = 2 
a) 4 -1 | 2 = : 
0 | (0 0 | 0 0 0 
| 4 i| 3 1 : 
= | x 

2 4 2 | 8 2 2 - as 


Note that when the function f(x) = x? is multiplied by 2, so that g(x) = 2f(x) = 2x’, the 
result is a graph stretched in the vertical direction. When the function f(x) = x” is multiplied 
by 5 so that h(x) = 5 Sf) = 5x? , the result is a graph that is compressed in the vertical 
direction. 


VERTICAL STRETCHING AND VERTICAL 
COMPRESSING OF GRAPHS 


The graph of cf(x) is found by: 

a Vertically stretching the graph of f(x) ire = || 

= Vertically compressing the graph of f(x) wO<E<il 
Note: c is any positive real number. 


EXAMPLE 6 _ Vertically Stretching and Compressing Graphs 


Graph the function h(x) = ix, 


Solution: 
1. Start with the cube function. fx =x 


2. Vertical compression is expected 


1 
h = =" 
because 7 is less than 1. (x) a." 
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3. Determine a few points that lie on 
the graph of h. 


(0,0) (2,2) (—2, —2) 


Conversely, if the argument x of a function f is multiplied by a positive real number c, then 
the result is a horizontal stretch of the graph of f if0 <c< 1.Ifc > 1, then the result is a 
horizontal compression of the graph of f. 


HORIZONTAL STRETCHING AND HORIZONTAL 
COMPRESSING OF GRAPHS 


The graph of f(cx) is found by: 
= Horizontally stretching the graph of f(x) rOo<e<il 
= Horizontally compressing the graph of f(x) ie = Il 


Note: c is any positive real number. 


“) EXAMPLE 7 _ Vertically Stretching and Horizontally 
aa Compressing Graphs 


Given the graph of f(x), graph: 


AY 
a. 2f(x)  b. f(2x) 
2 
, 
at 1 
HE) 
(7, 0) z 
Sam 
24 4 
3a 
23 ( iva =1) 
Solution (a): Ay 
eee (3.3 
Since the function is multiplied (on the 2 
outside) by 2, the result is that each y-value 
of f(x) is multiplied by 2, which corresponds | 
to vertical stretching. - 
Sa 
=} 2 
=2 
3a 
(+3) 
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Solution (b): AY 
Since the argument of the function is > 
multiplied (on the inside) by 2, the result {a ; 1) 
is that each x-value of f(x) is divided by 2, 1 ; 
: : = Answer: Stretching of the graph 
which corresponds to horizontal (ar, 0) x mae 
; : > Fx) Sr. 
compression. ( "0 0] Sa 
pet 2 AY 
a 3ar 40 
(aot) 
-2 
= YOUR TURN Graph the function g(x) = 4x°. 
E 
/ EXAMPLE s_ Sketching the Graph of a Function Using Technology Tip & 
i Multiple Transformations Graphs of y, = x’, yy = (x — 3), 
: - 2 y3 = 2(x — 3)°, and 
Sketch the graph of the function H(x) = —2(« — 3). i = oS oe a are howe 
Solution: Floti Flot Flot? 
Start with the square function. f(x) =x? a i ss 3 
Shift the graph of f(x) to the right three sy é See ees > 
units to arrive at the graph of f(x — 3). f(x —3)=(x -— 37 
Vertically stretch the graph of f(x — 3) 
by a factor of 2 to arrive at the graph THE -ECHH FIs * 
of 2f (x — 3). 2f(« — 3) = 24x — 3)? ‘ 
Reflect the graph 2f(x — 3) about the 
X-axis to arrive at the graph of —2f(x — 3). —2f(x — 3) = —2(x - 3) 
AY 
3 
x 
> 
4 6 
-5 


In Example 8 we followed the same “inside out” approach with the functions to determine 
the order for the transformations: horizontal shift, vertical stretch, and reflection. 
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= SECTION 
—— SUMMARY 


TRANSFORMATION 


TO GRAPH THE FUNCTION... 


DRAW THE GRAPH OF f AND THEN... DESCRIPTION 


Horizontal shifts iGerr ©) Shift the graph of f to the left c units. Replace x by x + c. 

heE=—©) Shift the graph of f to the right c units. Replace x by x — c. 
Vertical shifts HED) «Pe Shift the graph of f up c units. Add c to f(x). 

EC) =e Shift the graph of f down c units. Subtract c from f(x). 
Reflection about the x-axis = (G9) Reflect the graph of f about the x-axis. Multiply f(x) by —1. 
Reflection about the y-axis hs) Reflect the graph of f about the y-axis. Replace x by —x. 
Vertical stretch cf(x), where c > 1 Vertically stretch the graph of f. Multiply f(x) by c. 
Vertical compression cf(x), whereO <c <1 Vertically compress the graph of f. Multiply f(x) by c. 
Horizontal stretch f(cx), whereO<<c <1 Horizontally stretch the graph of f. Replace x by cx. 
Horizontal compression f(cx), where c > 1 Horizontally compress the graph of f. Replace x by cx. 


SECTION 


3.3 


SKILLS 


EXERCISES 


In Exercises 1-12, match the function to the graph. 


1 f@=xrt1 
5. fi) =-(@+ 17 
9. f~=ViI-x-1 


a. 


AY 


2. f(@%) =(@- 1? 

6. f@®) =-(—xP?+1 
10. f@) = V-x+1 

b. 


3. f(x) = -d — x? 4. f(x) =—-x-1 

7. fa) = Vx -14+1 8. f(x) = -—Vx- 1 

ll. f@) = -V-x+1 12. fo = -Vl-x-1 
Cc. d. 


AY AY 


ve 
vu 


“reset x 
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Ve 
ve 
\ 
vu 
ve 


AY AY AY AY 


Pheer 


vu 
ve 
ve 

vu 


In Exercises 13-18, write the function whose graph is the graph of y = |x|, but is transformed accordingly. 


13. Shifted up three units 14. Shifted to the left four units 
15. Reflected about the y-axis 16. Reflected about the x-axis 
17. Vertically stretched by a factor of 3 18. Vertically compressed by a factor of 3 


In Exercises 19-24, write the function whose graph is the graph of y = x°, but is transformed accordingly. 


19. Shifted down four units 20. Shifted to the right three units 
21. Shifted up three units and to the left one unit 22. Reflected about the x-axis 
23. Reflected about the y-axis 24. Reflected about both the x-axis and the y-axis 


In Exercises 25-48, use the given graph to sketch the graph of the indicated functions. 


25. 26. 27. 28. 


AY AY AY AY 


v 
Vu 
vu 


ve 


a.y = f(x — 2) a.y = f(x + 2) a.y = f(x) —3 a.y = f(x) + 3 
b. y = f(x) —2 b. y = f(x) +2 b. y = f(x — 3) b.y =f + 3) 
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29. 30. 31. 32. 
AY AY AY AY 
> > > > 
a.y = —f(x) a.y = —f(x) a.y = 2f(x) a. y = 2f(x) 
b.y = f(-x) b. y = f(-x) boy = f(2x) b.y = f(2x) 
33. y= f(x — 2) — 3 AY 37. y= —4¢(x) AY 
34. y=fat+ 1-2 F(x) 38. y= 4g(—X) g(x) 
35; a es =X = 1) +2 39. y= —g(2x) 
6 y= 29) +1 Sa y= ah) 
41. y=5F(x- 1) +2 AY 45. y=2Ga~+1)-4 AY 
F(x) 46. y = 2G(-x) + 1 G(x) 


42. y =5F(-x) 
43. 
44, 


ll 


—F( — x) 
—F(x —2)-1 


< 
ll 


ver 


In Exercises 49-74, graph the function using transformations. 


49. y=xr-2 
53. y=(x-37 +2 
57. y=|-x| 


61. y=2r +1 
65. y=-V2+x-1 


9 y= +2 
me HEB 
73. y=5V-x 


50. y=xr4+3 


54. y=(x +241 


58. 
62. 
66. 


70. 


74. 


y= —|x| 

y =2\x| +1 
y=V2—-x+3 
, 1 

: oie | 

y= -5Vx 


y= —-Vx —2 

y= Ve-1+2 
1 

ya 2 > 


- y=-2G@-1)+3 
. y= -Ge - 2)- 1 


vu 


» y=(- 2/9 
i y=-@+2/ 
. y=|l—x|/ +2 
y= VEox 
y= Wet2-1 
~yH2- : 


1% 
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In Exercises 75-80, transform the function into the form f(x) = c(x — h)? + k, where c, k, and h are constants, by completing the 


square. Use graph-shifting techniques to graph the function. 


75. y=x-—6x4+11 76. f(x) =x +2x-2 


79. f(x) = 2x — 8x +3 80. f(x) = 3x? — 6x + 5 


"=APPLICATIONS 


81. Salary. A manager hires an employee at a rate of $10 per 
hour. Write the function that describes the current salary of 
the employee as a function of the number of hours worked 
per week, x. After a year, the manager decides to award the 
employee a raise equivalent to paying him for an additional 
5 hours per week. Write a function that describes the salary 
of the employee after the raise. 


82. Profit. The profit associated with St. Augustine sod in 
Florida is typically P(x) = —x? + 14,000x — 48,700,000, 
where x is the number of pallets sold per year in a normal 
year. In rainy years Sod King gives away 10 free pallets per 
year. Write the function that describes the profit of x pallets 
of sod in rainy years. 


83. Taxes. Every year in the United States each working 
American typically pays in taxes a percentage of his or her 
earnings (minus the standard deduction). Karen’s 2011 taxes 


were calculated based on the formula T(x) = 0.22(x — 6500). 


That year the standard deduction was $6500 and her tax 
bracket paid 22% in taxes. Write the function that will 
determine her 2012 taxes, assuming she receives the raise 
that places her in the 33% bracket. 


84. Medication. The amount of medication that an infant 
requires is typically a function of the baby’s weight. The 
number of milliliters of an antiseizure medication A is 
given by A(x) = Vx + 2, where x is the weight of the 
infant in ounces. In emergencies there is often not enough 
time to weigh the infant, so nurses have to estimate the 
baby’s weight. What is the function that represents the 
actual amount of medication the infant is given if his 
weight is overestimated by 3 ounces? 


"CATCH THE MISTAKE 


In Exercises 87-90, explain the mistake that is made. 


87. Describe a procedure for graphing the function 


f@) = Vx—3 +2. 


Solution: 

a. Start with the function f(x) = Vx. 

b. Shift the function to the left three units. 
c. Shift the function up two units. 


This is incorrect. What mistake was made? 


77. f(x) = —x — 2x 


78. f(x) = —x° + 6x —7 


For Exercises 85 and 86, refer to the following: 


Body Surface Area (BSA) is used in physiology and medicine for 
many clinical purposes. BSA can be modeled by the function 


wh 


BSA = ,/—— 
3600 


where w is weight in kilograms and h is height in centimeters. 
Since BSA depends on weight and height, it is often thought of as 
a function of both weight and height. However, for an individual 
adult height is generally considered constant; thus BSA can be 
thought of as a function of weight alone. 


85. Health/Medicine. (a) If an adult female is 162 centimeters 
tall, find her BSA as a function of weight. (b) If she loses 
3 kilograms, find a function that represents her new BSA. 


86. Health/Medicine. (a) If an adult male is 180 centimeters tall, 
find his BSA as a function of weight. (b) If he gains 
5 kilograms, find a function that represents his new BSA. 


88. Describe a procedure for graphing the function 


(= Vesa = 3, 


Solution: 

a. Start with the function f(x) = Vx. 

b. Shift the function to the left two units. 
c. Reflect the function about the y-axis. 
d. Shift the function down three units. 


This is incorrect. What mistake was made? 
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89. Describe a procedure for graphing the function 90. Describe a procedure for graphing the function 
f(x) = [3 —x| 41. f(x) = -2x° + 1. 
Solution: Solution: 
a. Start with the function f(x) = |x]. a. Start with the function f(x) = x°. 
b. Reflect the function about the y-axis. b. Reflect the function about the y-axis. 
c. Shift the function to the left three units. c. Shift the function up one unit. 
d. Shift the function up one unit. d. Expand in the vertical direction by a factor of 2. 
This is incorrect. What mistake was made? This is incorrect. What mistake was made? 


=CONCEPTUAL 


In Exercises 91-94, determine whether each statement is true or false. 
91. The graph of y = | —x| is the same as the graph of y = |x|. 93. If the graph of an odd function is reflected about the x-axis 


92. The graph of y = \/—zx is the sameras the sraph of y = Vz. pad ae the y-axis, the result is the graph of the original odd 
unction. 


94. If the graph of y = . is reflected about the x-axis, it produces 


the same graph as if it had been reflected about the y-axis. 


= CHALLENGE 
95. The point (a, b) lies on the graph of the function y = f(x). 96. The point (a, b) lies on the graph of the function y = f(x). 
What point is guaranteed to lie on the graph of f(x — 3) + 2? What point is guaranteed to lie on the graph of —f(—x) + 1? 


"TECHNOLOGY 


97. Use a graphing utility to graph: 100. Use a graphing utility to graph: 
a. y =x — 2andy = |x —2| a. y = Vxandy = 0.1Vx 
b. y=x— Landy =|x + 1| b. y= Vx and y = 10Vx 
What is the relationship between f(x) and | f(x)|? What is the relationship between f(x) and af(x), assuming 


: ene 
98. Use a graphing utility to graph: TNA GAS PORN: 
a. y= x = Dand y= [xl?—2 101. Use a graphing utility to graph y = F(x) = ([0.5x]] +1. 

Use transforms to describe the relationship between f(x) and 
b. y=x + Landy =|x|/?> +1 y = [[x]]. 


What is the relationship between f(x) and f(\x})? 102. Use a graphing utility to graph y = g(x) = 0.5[[x]] + 1. 
Use transforms to describe the relationship between g(x) and 


99. Use a graphing utility to graph: 
y = [x]. 


a. y = Vxandy = V0.1x 
b. y= Vx andy = VI10x 


What is the relationship between f(x) and f(ax), assuming 
that a is positive? 


SECTION OPERATIONS ON FUNCTIONS AND 
3.4 COMPOSITION OF FUNCTIONS 


Two different functions can be combined using mathematical operations such as addition, 
subtraction, multiplication, and division. Also, there is an operation on functions called 
composition, which can be thought of as a function of a function. When we combine 
functions, we do so algebraically. Special attention must be paid to the domain and range 
of the combined functions. 


Adding, Subtracting, Multiplying, 
and Dividing Functions 


Consider the two functions f(x) = x° + 2x — 3 and g(x) = x + 1. The domain of both of 
these functions is the set of all real numbers. Therefore, we can add, subtract, or multiply 
these functions for any real number x. 


Addition: f(x) + g(x) =x? + 2x -34+x4+1=74+3x-2 

The result is in fact a new function, which we denote: 
(fta@=r4+3x-2 This is the sum function. 

Subtraction: f(x) — g(x) =x? + 2x -—3-(@+D=H=r4+x-4 
The result is in fact a new function, which we denote: 

(f-g@M=xr+x-4 This is the difference function. 

Multiplication: f(x) . g(x) = (x? + 2x —3)(@ +1) = +3 -—x-3 
The result is in fact a new function, which we denote: 
(f-2)() = +3 -—x-3 This is the product function. 

Although both fand g are defined for all real numbers x, we must restrict x so that x # —1 to 
form the quotient 2 


f@) _x+2%-3 
g(x) x+1 


Division: , x#-1 


The result is in fact a new function, which we denote: 


f vr +2x-— 3 = : : 
(x) = , x#—-l This is called the quotient function. 
& x+1 

Two functions can be added, subtracted, and multiplied. The resulting function domain is 
therefore the intersection of the domains of the two functions. However, for division, any value 
of x (input) that makes the denominator equal to zero must be eliminated from the domain. 
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= Answer: 
(f+ g(x) = Vet 34VI-x 


Domain: [—3, 1] 


The previous examples involved polynomials. The domain of any polynomial is the 
set of all real numbers. Adding, subtracting, and multiplying polynomials result in other 
polynomials, which have domains of all real numbers. Let’s now investigate operations 
applied to functions that have a restricted domain. 

The domain of the sum function, difference function, or product function is the 
intersection of the individual domains of the two functions. The quotient function has a 
similar domain in that it is the intersection of the two domains. However, any values that 
make the denominator zero must also be eliminated. 


Function Notation Domain 

Sum (f + g)(x) = f(x) + g(x) {domain of f}M {domain of g} 
Difference (f— g)(x) = f(x) — g(x) {domain of f}M {domain of g} 
Product (f- g(x) = f@)- g@) {domain of f}M {domain of g} 


‘Noy = fe) {domain of f}M {domain of g}M {g(x) # 0} 


Quotient ( 206) 


We can think of this in the following way: Any number that is in the domain of both the 
functions is in the domain of the combined function. The exception to this is the quotient 
function, which also eliminates values that make the denominator equal to zero. 


EXAMPLE 1_ Operations on Functions: Determining Domains 
of New Functions 


For the functions f(x) = Vx — 1 and g(x) = V4 — x, determine the sum function, 
difference function, product function, and quotient function. State the domain of these 
four new functions. 


Solution: 
Sum function: F(x) + g(x) = Vea t V4—% 
Difference function: f(x) — g(x) = Veo 1 V4 — x 
Product function: f(x): (x) = Vx —1-V4— x 
=Voa-D4-y= VP + 5x -4 
Quotient function: fe) _ Vara _ f= 
gx) VW4a-—x 4-x 


The domain of the square root function is determined by setting the argument under the 
radical greater than or equal to zero. 


Domain of f(x): [1, 0) 

Domain of g(x): (—%, 4] 
The domain of the sum, difference, and product functions is 

[1, 0) N(—o, 4] = [1, 4] 


The quotient function has the additional constraint that the denominator cannot be zero. This 
implies that x # 4, so the domain of the quotient function is [1, 4). 


= YOUR TURN Given the function f(x) = Vx + 3 and g(x) = VI — x, find 
(f + g)(x) and state its domain. 


3.4 Operations on Functions and Composition of Functions 


}EXAMPLE 2 Quotient Function and Domain Restrictions 
Given the functions F(x) = Vx and G(x) = |x — 3], find the quotient function, 


F 
(E)o. and state its domain. 


Solution: 


The quotient function is written as 


(a 


Domain of F(x): [0, 00) 


_ Fe) _ Vx 
G(x) |x - 3] 


Domain of G(x): (—e, 0) 


The real numbers that are in both the domain for F(x) and the domain for G(x) are represented 
by the intersection [0, 00) M (—2, ©) = [0, 0). Also, the denominator of the quotient 
function is equal to zero when x = 3, so we must eliminate this value from the domain. 


Domain ot(€) (x): [0, 3) U (3, o) 


= YOUR TURN For the functions given in Example 2, determine the quotient 


G 
function (F Jeo. and state its domain. 


Composition of Functions 
Recall that a function maps every element in the domain to exactly one corresponding 
element in the range as shown in the figure on the right. 

Suppose there is a sales rack of clothes in a department store. Let x correspond to the 
original price of each item on the rack. These clothes have recently been marked down 
20%. Therefore, the function g(x) = 0.80x represents the current sale price of each item. 
You have been invited to a special sale that lets you take 10% off the current sale price 
and an additional $5 off every item at checkout. The function f(g(x)) = 0.90g(x) — 5 
determines the checkout price. Note that the output of the function g is the input of the 
function f as shown in the figure below. 


Domain of f 


C3 g(x) = 0.80x f(x) = 0.90 g(x) — ‘Ge ) 
x 


Domain of g Range of g 


Range of f 


Additional 10% off 
sale price and $5 off 
at checkout 


Sale price 20% 
off original price 


Original price 


This is an example of a composition of functions, when the output of one function is the 
input of another function. It is commonly referred to as a function of a function. 


An algebraic example of this is the function y = Vx? — 2. Suppose we let g(x) = x* — 2 
and f(x) = Vx. Recall that the independent variable in function notation is a placeholder. 
Since f(_!) = VO, then f(g(x)) = V (g(x)). Substituting the expression for g(x), we find 
f(g) = V x’ — 2. The function y = Vx — 2 is said to be a composite function, 


y = f(g). 


325 


EB 

Technology Tip 

The graphs of y, = F(x) = Vx, 

y. = G(x) = |x — 3], and 

_ FQ) __ vi 
Go) |x — 3] 


y3 are shown. 


Flokd Flokz Fok 
wa B cea 

Wo Babsth-3o 
SSB paobo inne 


Y=2.0H19H89 


= Answer: 
Ga) _ |x - 3) 


(Fe 
F) = Fo as 


Domain: (0, 0) 


==> 


Domain Range 
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vy CAUTION 


Study Tip 


Orderis important: 
CF a(x) = fle) 
(g © f)) = gf) 


Study Tip 


The domain of f ° g is always a 
subset of the domain of g, and the 
range of f ° g is always a subset of 
the range of f- 


= Answer: g ° f= g(f(x)) =x —-2 


Note that the domain of g(x) is the set of all real numbers, and the domain of f(x) is the 
set of all nonnegative numbers. The domain of a composite function is the set of all x such 
that g(x) is in the domain of f. For instance, in the composite function y = f(g(x)), we know 
that the allowable inputs into fare all numbers greater than or equal to zero. Therefore, we 
restrict the outputs of g(x) = 0 and find the corresponding x-values. Those x-values are the 
only allowable inputs and constitute the domain of the composite function y = f(g(x)). 

The symbol that represents composition of functions is a small open circle; thus 
(f °g)(x) = f(g(x)) and is read aloud as “f of g.” It is important not to confuse this with 
the multiplication sign: (f- g)(x) = f(x)g(x). 


COMPOSITION OF FUNCTIONS 


Given two functions f and g, there are two composite functions that can be formed. 


NOTATION Worps DEFINITION DOMAIN 
f° 8 The set of all real numbers x in the 
f Se f(g@) domain of g such that g(x) is also 
2 in the domain of f- 
gof 4 The set of all real numbers x in the 
: Se a(f@) domain of f such that f(x) is also 


in the domain of g. 


It is important to realize that there are two 
“filters” that allow certain values of x into the 
domain. The first filter is g(x). If x is not in the 
domain of g(x), it cannot be in the domain of 
(f ° g)(x) = f(g(x)). Of those values for x that are 
in the domain of g(x), only some pass through, 
because we restrict the output of g(x) to values 
that are allowable as input into f. This adds an 
additional filter. 

The domain of f ° g is always a subset of the 
domain of g, and the range of f ° g is always a 
subset of the range of f/ 


f(g) 


(fe g(x) =f(g@)) 


p | EXAMPLE 3 _ Finding a Composite Function 


Given the functions f(x) = x° + 1 and g(x) = x — 3, find (f © g)(). 


Solution: 

Write f (x) using placeholder notation. fO=0) +1 
Express the composite function f ° g. f(g) = (gy + 1 
Substitute g(x) = x — 3 into f. f(g@)) =a - 3yP +1 
Eliminate the parentheses on the right side. f(g(x)) = 2x? — 6x + 10 


f° g(x) = fig) = — 6x + 10 


= YOUR TURN Given the functions in Example 3, find (g ° f)(x). 


3.4 Operations on Functions and Composition of Functions 


EXAMPLE 4_ Determining the Domain of a Composite Function 


Given the functions f(x) = 


1 
and g(x) = —, determine f © g, and state its domain. 
x 


Solution: 
1 
Write f(x) using placeholder notation. fO= O-1 
. . 1 
Express the composite functionf ° g. f(g) = — 
g(x) — 1 
: Ie 1! 
Substitute g(x) = x into f- f(g(x)) = 1. 
cae 
x 
1 
Multiply the right side by a f(g(x)) = == 
x i 1 x I =x 
x 
x 
(f° g) = f(g@)) = ios 


What is the domain of (f° g)(x) = f(g(x))? By inspecting the final result of f(g(x)), we see 

that the denominator is zero when x = 1. Therefore, x # 1. Are there any other values for x that 

are not allowed? The function g(x) has the domain x # 0; therefore we must also exclude zero. 
The domain of (f° g)(x) = f(g(x)) excludes x = 0 and x = 1 or, in interval notation, 


(—, 0) U (0, 1) U C1, «) 


= YOUR TURN Por the functions fand g given in Example 4, determine the composite 
function g ° f and state its domain. 


The domain of the composite function cannot always be determined by examining the 


final form of f° g. 


EXAMPLE 5 _ Determining the Domain of a Composite Function 
(Without Finding the Composite Function) 


Let f(x) = : = 5 and g(x) = Vx + 3. Find the domain of f(g(x)). Do not find the 
composite function. 

Solution: 

Find the domain of g. [-—3, 0) 

Find the range of g. [0, 00) 


In f(g(x)), the output of g becomes the input for f’ Since the domain of fis the set of all 
real numbers except 2, we eliminate any values of x in the domain of g that correspond 
to g(x) = 2. 


Let g(x) = 2. Vx+3=2 
Square both sides. x+3=4 
Solve for x. x=1 


Eliminate x = 1 from the domain of g, [—3, «). 


State the domain of f(g(x)). 


[—3, 1) U C1, ~) 
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EB 
Technology Tip 


1 
The graphs of y, = f(x) = ——, 


x= 1 
1 : 
Yo = Bz) =~, and ys = (f° 8x) 
1 
= = ——— are shown. 
I/x — 1 1 aux 


Flokd Flokz Flokz 
“WaBileceR—-13 
sWeB le 
SsBleccl-e3-13 


PESLACCLnI-1) 


= Answer: g(f(x)) = x — 1. Domain 
of g ° fisx # 1, or in interval 
notation, (—o0, 1) U (1, 2). 


vy CAUTION 


The domain of the composite func- 
tion cannot always be determined by 
examining the final form of f ° g. 
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= Answer: f(g(1)) = 5 and 
g(f(1)) = —7 


a EXAMPLE 6 _ Evaluating a Composite Function 
Given the functions f(x) = x* — 7 and g(x) = 5 — x’, evaluate: 
a. f(g(1)) ob. f(g(—2)) se. g(fG)) sd. g(f(- 4) 
Solution: 


One way of evaluating these composite functions is to calculate the two individual 
composites in terms of x: f(g(x)) and g(f(x)). Once those functions are known, the values 
can be substituted for x and evaluated. 


Another way of proceeding is as follows: 


a. Write the desired quantity. f(g()) 
Find the value of the inner function g. el)=5-?=4 
Substitute g(1) = 4 into f f(g) = f4 
Evaluate f(4). f=" -7=9 

f(g()) = 9 

b. Write the desired quantity. f(g(-2)) 
Find the value of the inner function g. g(-2) =5 -(-2P =1 
Substitute g(—2) = | into f f(g(—2)) = fd) 
Evaluate f(1). fd) =V?-7=-6 

f(g 2)) = —6 

c. Write the desired quantity. g(f(3)) 
Find the value of the inner function f f@)=3?-7=2 
Substitute f(3) = 2 into g. a(f(3)) = g(2) 
Evaluate g(2). e(2)=5-2=1 

g(f3)) = 

d. Write the desired quantity. g(f(-4)) 
Find the value of the inner function f f(-4) =(-4" -7=9 
Substitute f(—4) = 9 into g. a(f(—4)) = 89) 
Evaluate g(9). 99) =5-9 = -76 

g(fC-4)) = —76 


= YOUR TURN Given the functions f(x) = »° — 3 and g(x) = 1 + 2°, evaluate f(g(1)) 
and g(f(1)). 


Application Problems 


Recall the example at the beginning of this chapter regarding the clothes that are on sale. 

Often, real-world applications are modeled with composite functions. In the clothes 

example, x is the original price of each item. The first function maps its input (original 

price) to an output (sale price). The second function maps its input (sale price) to an output 

(checkout price). Example 7 is another real-world application of composite functions. 
Three temperature scales are commonly used: 


= The degree Celsius (°C) scale 
e This scale was devised by dividing the range between the freezing (0°C) and boiling 
(100°C) points of pure water at sea level into 100 equal parts. This scale is used in 
science and is one of the standards of the “metric” (SI) system of measurements. 
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u The Kelvin (K) temperature scale 
e This scale shifts the Celsius scale down so that the zero point is equal to absolute 
zero (about —273.15°C), a hypothetical temperature at which there is a complete 
absence of heat energy. 
e Temperatures on this scale are called kelvins, not degrees kelvin, and kelvin is not 
capitalized. The symbol for the kelvin is K. 


= The degree Fahrenheit (°F) scale 
e This scale evolved over time and is still widely used mainly in the United States, 
although Celsius is the preferred “metric” scale. 
e With respect to pure water at sea level, the degrees Fahrenheit are gauged by the 
spread from 32°F (freezing) to 212°F (boiling). 
The equations that relate these temperature scales are 
9 


Pee Gee C = K — 273.15 


EXAMPLE 7 Applications Involving Composite Functions 


Determine degrees Fahrenheit as a function of kelvins. 


Solution: 
9 
Degrees Fahrenheit is a function of degrees r= 5 C+ 32 
Celsius. 
9 
Now substitute C = K — 273.15 into the Fe= 5 (K — 273.15) + 32 
equation for F: 
9 
Simplify. Fe= 3K — 491.67 + 32 


Fe= 3k — 459.67 


ss SECTION 
=a SUMMARY 


Operations on Functions Composition of Functions 
Function Notation 
(f° g)@) = f(g) 
Sum (Ff + g)() = fF) + g@) ee ; 
Difference (f — g\(x) = f@) — g@) The domain restrictions cannot always be determined simply 
Product (f+ g(x) = f(x) + g(x) by inspecting the final form of f(g(x)). Rather, the domain of the 
7 f(x) composite function is a subset of the domain of g(x). Values of 
Quotient @e = eo g(x) #0 x must be eliminated if their corresponding values of g(x) are not in 
g g the domain of f 


The domain of the sum, difference, and product functions is the 
intersection of the domains, or common domain shared by both f 
and g. The domain of the quotient function is also the intersection 
of the domain shared by both f and g with an additional restriction 
that g(x) #0. 
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SECTION 
3.4 EXERCISES 


"SKILLS 


In Exercises 1-10, given the functions f and g, find f + g, f — g, f-g, and : and state the domain of each. 


1. f(x) = 2x +1 2. f(x) =3x+2 3. f(x) =2r -— x 4. fx) =3x4+2 5. f@) = . 
gx) =1-x g(x) = 2x -— 4 g(x) = r-—4 g(x) = x? —25 g(x) =x 

6. f(x) = — 7. f(x) = Vx 8 f@) = Vx- 1 9. fy = V4-—x 10. f(x) = V1 — 2x 
gx) = — g(x) = 2Vx g(x) = 2x7 g(x) = Vx + 3 g(x) = 2 
3x + 2 x 


In Exercises 11-20, for the given functions f and g, find the composite functions f° g and g °f, and state their domains. 


11. f@) =2x+1 12. f= -1 13: f= pa 14. f(@®) = _ 15. f(x) = |x 
g(x) =x -3 g(x) =2—-x g(x) =xt2 a(x) = 24x ee) = —— 
16. fx) =|x- 1 17. fm =Vx-1 18. fi) = V2—x 19. fw=x+4 200. fm = Ver-1 
g(x) = . g(x) =x+5 gixy=xrt+2 s@)=@-— 4)” gx) =X +1 


In Exercises 21-38, evaluate the functions for the specified values, if possible. 


fa=rt+10 g@=Vx-1 


21. (f+ g)(2) 22. (f + g)(10) 23. (f — g)(2) 24. (f— g)(5) 25. (f+ g)(4) 26. (f+ g)(5) 
27. (Zao 28. (Z)e 29. f(g(2)) 30. f(g(1)) 31. g(f(-3)) 32g F(4)) 
33. f(g(0)) 34. 9(f(0)) 35. f(¢(—3)) 36. ¢( f(V7)) 37. (f° g\(4) 38. (g ° f)(-3) 


In Exercises 39-50, evaluate f(g(1)) and g( f(2)), if possible. 


39. f(x) = ~ g(x) = 2x 4+ 1 40. fo =xrt+1, g(x) = ~~ 4. fs) = VIi-x% gx =H=rt+2 

42. fo =V3—-x%, gGvdartl 43. f(x) | : 7) g(x) =x+3 44, f(x) - g(x) = |2x - 3] 
we 

45. f(xy) = Vx -—1, pw arts 46. fx) = Vx - 3, gw = —; 47. f(x) mae a(x) = Vx — 3 


48. f(x) = 5 * > s@)=4-2 49. fx) =(e—-1"8, ea =e+2e4+1 50. fX=U—-2?), oa) = - 3) 
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In Exercises 51-60, show that f(g(x)) = x and g(f(x)) =x. 


51. fw =2x+1, gw= a 5). f= = , gx) = 3x +2 

53. fo = Vx—1, ga =x t+ lforx=1 54. fy) =2-x%, g(x) = V2—<x forx=2 

55. f(x) = . g(x) = . forx # 0 56. fa =6-x'%, ga =5-x 

57. fix) = 42-9, g(x) = We for >0 58. fix) = W8x—T1, g(x) = = . : 

59. f(x) = = 7 8G) = =< E teve di 224 60. fi) = V25— 2, ex) = V25 — Pfor0<x <5 


In Exercises 61-66, write the function as a composite of two functions f and g. (More than one answer is correct.) 


1 

61. =2G 1° + 5 1 62. = 

f(g@)) = 23x — 1) (3x — 1) f(g) ee: 
63. f(g(x)) = I —3| 64. f(g(x)) = VI- 2X 

3 Vx 

65. x) = ——— 66. Sie 

FOO) = FTG fe) = 
"APPLICATIONS 
Exercises 67 and 68 depend on the relationship between 71. Market Price. Typical supply and demand relationships state 
degrees Fahrenheit, degrees Celsius, and kelvins: that as the number of units for sale increases, the market price 


decreases. Assume that the market price p and the number of 


9 
fe 5 C+ 32 C= K — 273.15 units for sale x are related by the demand equation: 


67. Temperature. Write a composite function that converts = tl 
So : p = 3000 x 
kelvins into degrees Fahrenheit. 


68. Temperature. Convert the following degrees Fahrenheit to Assume that the cost C(x) of producing x items is governed 


kelvins: 32°F and 212°F. by the equation 
C(x) = 2000 + 10x 
69. Dog Run. Suppose that you want to build a square fenced-in 


area for your dog. Fencing is purchased in linear feet. and the revenue R(x) generated by selling x units is governed by 


a. Write a composite function that determines the area of your R(x) = 100x 
dog pen as a function of how many linear feet are purchased. 

b. If you purchase 100 linear feet, what is the area of your a. Write the cost as a function of price p. 
dog pen? b. Write the revenue as a function of price p. 

c. If you purchase 200 linear feet, what is the area of your c. Write the profit as a function of price p. 
dog pen? 


72. Market Price. Typical supply and demand relationships state 
that as the number of units for sale increases, the market price 
decreases. Assume that the market price p and the number of 


70. Dog Run. Suppose that you want to build a circular 
fenced-in area for your dog. Fencing is purchased in 


linear feet. units for sale x are related by the demand equation: 
a. Write a composite function that determines the area of 
your dog pen as a function of how many linear feet are p = 10,000 — ‘9 
purchased. 4 
b. If you purchase 100 linear feet, what is the area of your Assume that the cost C(x) of producing x items is governed 
dog pen? by the equation 
c. If you purchase 200 linear feet, what is the area of your C(x) = 30,000 + 5x 
dog pen? 


and the revenue R(x) generated by selling x units is governed by 
R(x) = 1000x 
a. Write the cost as a function of price p. 


b. Write the revenue as a function of price p. 
c. Write the profit as a function of price p. 
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In Exercises 73 and 74, refer to the following: 


The cost of manufacturing a product is a function of the number 
of hours f the assembly line is running per day. The number of 
products manufactured n is a function of the number of hours ¢ the 
assembly line is operating and is given by the function n(t). The 
cost of manufacturing the product C measured in thousands of 
dollars is a function of the quantity manufactured, that is, the 
function C(n). 


73. Business. If the quantity of a product manufactured during a 
day is given by 
nt) = 50t — ° 


and the cost of manufacturing the product is given by 


C(n) = 10n + 1375 


a. Find a function that gives the cost of manufacturing the 
product in terms of the number of hours ¢ the assembly 
line was functioning, C(n(t)). 

b. Find the cost of production on a day when the assembly 
line was running for 16 hours. Interpret your answer. 


74. Business. If the quantity of a product manufactured during a 
day is given by 
n(t) = 100¢ — 4° 


and the cost of manufacturing the product is given by 


C(n) = 8n + 2375 


a. Find a function that gives the cost of manufacturing the 
product in terms of the number of hours f the assembly 
line was functioning, C(n(f)). 

b. Find the cost of production on a day when the assembly 
line was running for 24 hours. Interpret your answer. 


In Exercises 75 and 76, refer to the following: 


Surveys performed immediately following an accidental oil spill 

at sea indicate the oil moved outward from the source of the spill 
in a nearly circular pattern. The radius of the oil spill 7 measured 
in miles is a function of time t measured in days from the start of 
the spill, while the area of the oil spill is a function of radius, that 
is, the function A(r). 


=CATCH THE MISTAKE 


75. 


76. 


77. 


78. 


79. 


80. 


Environment: Oil Spill. If the radius of the oil spill is given by 
r(t) = 10¢ — 0.27 


and the area of the oil spill is given by 
A(r) = ar 
a. Find a function that gives the area of the oil spill in terms 
of the number of days since the start of the spill, A(()). 


b. Find the area of the oil spill to the nearest square mile 
7 days after the start of the spill. 


Environment: Oil Spill. If the radius of the oil spill is given by 
r(t) = 8t — 0.1P 
and the area of the oil spill is given by 
A(r) = ar 
a. Find a function that gives the area of the oil spill in terms 
of the number of days since the start of the spill, A(7()). 


b. Find the area of the oil spill to the nearest square mile 5 
days after the start of the spill. 


Environment: Oil Spill. An oil spill makes a circular pattern 
around a ship such that the radius in feet grows as a function 

of time in hours r(t) = 150‘. Find the area of the spill as a 

function of time. 


Pool Volume. A 20 foot by 10 foot rectangular pool has 
been built. If 50 cubic feet of water is pumped into the 
pool per hour, write the water-level height (feet) as a 
function of time (hours). 


Fireworks. A family is watching a fireworks display. If the 
family is 2 miles from where the fireworks are being 
launched and the fireworks travel vertically, what is the 
distance between the family and the fireworks as a function 
of height above ground? 


Real Estate. A couple are about to put their house up 
for sale. They bought the house for $172,000 a few years 
ago, and when they list it with a realtor they will pay a 
6% commission. Write a function that represents the 
amount of money they will make on their home as a 
function of the asking price p. 


In Exercises 81-86, for the functions f(x) = x + 2 and g(x) = x” — 4, find the indicated function and state its domain. Explain 


the mistake that is made in each problem. 


s1. © 
f 
Solution: 8@) =e c 
F(x) x+2 
_— &~ 2a + 2) 
~ x+2 
=x-2 


Domain: (—~, ©) 


This is incorrect. What mistake was made? 


82. 


ul 
Solution: IG) aoe 
gx) xr -4 
= x+2 — ol 
(x — 2)x+2) x-2 
eth 
~x-2 


Domain: (—2%, 2) U (2, 2) 


This is incorrect. What mistake was made? 
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83. fog 85. (f+ 22) =@ +242 - 492) 
=o _ 
Solution: fe g = fxg(x) = + x — 2)(2) 
— 95,2 _ 
= (x + 2)02 — 4) = 2x + 2x— 4 


Ora ae ee Domain: (—~, ©) 


This is incorrect. What mistake was made? 


86. f(x) — 8Q) 


Domain: (—%, ©) 
x+2-x-4 


ll 


This is incorrect. What mistake was made? 


84. Given the function f(x) = x? + 7 and g(x) = Vx — 3, find 
f° g, and state the domain. 


Sag be 
Domain: (—~, ~) 


5 This is incorrect. What mistake was made? 


Solution: f° g = f(g(x)) = (<fe=3) as 
a 


= f(g@)) =x-— 34 
=x—-4 


Domain: (—, ©) 


This is incorrect. What mistake was made? 


"=CONCEPTUAL 


In Exercises 87-90, determine whether each statement is true or false. 


87. When adding, subtracting, multiplying, or dividing two 89. For any functions fand g, (f° g)(x) exists for all values of x 
functions, the domain of the resulting function is the union of that are in the domain of g(x), provided the range of g is a 
the domains of the individual functions. subset of the domain of f. 


88. For any functions fand g, f(g(x)) = g(f(x)) for all values of x 90. The domain of a composite function can be found by 
that are in the domain of both f and g. inspection, without knowledge of the domain of the 
individual functions. 


CHALLENGE 
1 ‘ 
91. For the functions f(x) = x + a and g(x) = ——,, find 93. For the functions f(x) = Vx + aand g(x) = 2° — a find 
g ° fand state its domain. ae g ° fand state its domain. 


1 . 1 1 
92. For the functions f(x) = ax’ + bx + cand g(x) = . : 94. For the functions f(x) = — and g(x) = +e find g ° fand 


; : =¢ x 
find g ° fand state its domain. state its domain. Assume a > | andb > 1. 


"TECHNOLOGY 


95. Using a graphing utility, plot y,; = Vx + 7andy,= V9— x. 97. Using a graphing utility, plot y, = V x — 3x — 4, 


= : : 1 
Plot y3 = y; + yo. What is the domain of y3? ywW=5 , and y, = ———. If y, represents a function 
96 : hi ‘lity. pl eee 1 x — 14 yi, — 14 
. Using a es ing utility, plot y) = Vx v2 [aay f and y, represents a function g, then y; represents the 
and y3 = =| What is the domain of y3? composite function g ° f. The graph of y3 is only defined 


Yo 


2 for the domain of g ° f. State the domain of g ° f. 


98. Using a graphing utility, plot y,) = V1 — x,y, = x° + 2, 
and y,; = y; + 2. If y, represents a function f and y, represents a 
function g, then y3 represents the composite function g ° f. The 
graph of y; is only defined for the domain of g ° f. State the 
domain of g ° f. 


SECTION ONE-TO-ONE FUNCTIONS AND 
3.5 INVERSE FUNCTIONS 


Every human being has a blood type, and every human being has a DNA sequence. These 
are examples of functions, where a person is the input and the output is blood type or 
DNA sequence. These relationships are classified as functions because each person can 
have one and only one blood type or DNA strand. The difference between these functions 
is that many people have the same blood type, but DNA is unique to each individual. Can 
we map backwards? For instance, if you know the blood type, do you know specifically 
which person it came from? No, but, if you know the DNA sequence, you know exactly 
to which person it corresponds. When a function has a one-to-one correspondence, like 
the DNA example, then mapping backwards is possible. The map back is called the 
inverse function. 


Determine Whether a Function Is One-to-One 
In Section 3.1, we defined a function as a relationship that maps an input (contained in the 
domain) to exactly one output (found in the range). Algebraically, each value for x can 
correspond to only a single value for y. Recall the square, identity, absolute value, and 
reciprocal functions from our library of functions in Section 3.3. 

All of the graphs of these functions satisfy the vertical line test. Although the square 
function and the absolute value function map each value of x to exactly one value for y, 
these two functions map two values of x to the same value for y. For example, (—1, 1) and 
(1, 1) lie on both graphs. The identity and reciprocal functions, on the other hand, map each 
x to a single value for y, and no two x-values map to the same y-value. These two functions 
are examples of one-to-one functions. 


DEFINITION One-to-One Function 


A function f(x) is one-to-one if no two elements in the domain correspond to the 
same element in the range; that is, 


if x, # x, then f(x,) # f(x). 


In other words, it is one-to-one if no two inputs map to the same output. 


3.5 One-to-One Functions and Inverse Functions 


EXAMPLE 1 _ Determining Whether a Function Defined as a Set of 
Points Is a One-to-One Function 


For each of the three relations, determine whether the relation is a function. If it is a function, 
determine whether it is a one-to-one function. 


f= (0,9), C, 1), d, -1)} 
g = {Cl}, ©, 0), d, DI 
h = {(-1,-1), (, 0), (1, 1} 


Solution: 
f 8 h 
Domain Range Domain Range Domain Range 
0 ——> 0 0 —— 0 =| ——___—$ =] 


1 1 1 — >» 1 
fis not a function. g is a function, but not his a one-to-one function. 
one-to-one. 


Just as there is a graphical test for functions, the vertical line test, there is a graphical 
test for one-to-one functions, the horizontal line test. Note that a horizontal line can be 
drawn on the square and absolute value functions so that it intersects the graph of each 
function at two points. The identity and reciprocal functions, however, will intersect 
a horizontal line in at most only one point. This leads us to the horizontal line test for 
one-to-one functions. 


DEFINITION Horizontal Line Test 


If every horizontal line intersects the graph of a function in at most one point, then 
the function is classified as a one-to-one function. 


-) EXAMPLE 2 _ Using the Horizontal Line Test to Determine Whether 
lula a Function Is One-to-One 


For each of the three relations, determine whether the relation is a function. If it is a function, 
determine whether it is a one-to-one function. Assume that x is the independent variable and 
y is the dependent variable. 


x=yo ye yee 
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Solution: 
x= y’ yr x y= x 
AY | 
I 
| 
| 
l > 
l 10 
I 
I 
I 
=5 | 
I 
Not a function Function, but not One-to-one function 
one-to-one 
(fails vertical line test) (passes vertical line test (passes both horizontal 
but fails horizontal line test) and vertical line tests) 
= Answer: ; . . . 
a. yes bei = YOUR TURN Determine whether each of the functions is a one-to-one function. 


a. fy =x+2 b. fy =x +1 


Another way of writing the definition of a one-to-one function is: 
If f(x) = f(@%), then X= X>. 


In the Your Turn following Example 2, we found (using the horizontal line test) that 
f(x) = x + 2 is a one-to-one function, but that f(x) = x° + 1 is not a one-to-one 
function. We can also use this alternative definition to determine algebraically whether 
a function is one-to-one. 


WorpDsS 
State the function. 


Let there be two real numbers, x, and x, 
such that f(x,) = f(%). 


Subtract 2 from both sides of the equation. 


MatH 


f@ =xt+2 


x, t2=x,+2 


XxX, = Xo 


f(x) = x + 2 is a one-to-one function. 


WorpDs 
State the function. 


Let there be two real numbers, x, and x, 
such that f(x,) = f(%). 


MatH 
fa = ert) 


a tl=xyt1 


Subtract | from both sides of the equation. Hx 
Solve for x,. Xx, = EX) 


f(x) = 2x + 2 is not a one-to-one function. 


3.5 One-to-One Functions and Inverse Functions 


o EXAMPLE 3 _ Determining Algebraically Whether a Function 
Is One-to-One 

Determine algebraically whether the following functions are one-to-one: 

a. f(x) =5x° - 2 b. f@) =|x+ 1 

Solution (a): 

Find f(x,) and f(x). f(x) = 5x} — 2 and f(x) = 5x3 — 2 
Let f(x) = f(%). 5xi — 2 =5x3-2 

Add 2 to both sides of the equation. 5a = 5x 
Divide both sides of the equation by 5. X= 5 
Take the cube root of both sides of the equation. (3)? = (3)'” 
Simplify. xX, =X 


f@= 5x° — 2 is a one-to-one function. 


Solution (b): 

Find f(x,) and f(x). f(x) = |x, + Land f(x) = lay + 1 

Let f(x,;) = f(x). lx, + 1) =|x, +1] 

Solve the absolute value equation. (x, +1) =@+ Dor@ +l) =-@+1) 
X, =X, Or x, = —X, — 2 


fw = |x + 1| is not a one-to-one function. 


Inverse Functions 

If a function is one-to-one, then the function maps each x to exactly one y, and no two 
x-values map to the same y-value. This implies that there is a one-to-one correspondence 
between the inputs (domain) and outputs (range) of a one-to-one function f(x). In the special 
case of a one-to-one function, it would be possible to map from the output (range of f) back to 
the input (domain of f ), and this mapping would also be a function. The function that maps the 
output back to the input of a function f is called the inverse function and is denoted f~'(x). 
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A one-to-one function f maps every x in the domain to a unique and distinct Domain Range 


corresponding y in the range. Therefore, the inverse function f_' maps every y back to a of f 


unique and distinct x. f 
The function notations f(x) = y and f—'(y) = x indicate that if the point (x, y) satisfies ——_ 


the function, then the point (y, x) satisfies the inverse function. Range ite Domain 


For example, let the function h(x) = {(—1, 0), C1, 2), (3, 4)}. of f-! of f—! 


h= {(~1, 0), (1, 2), G, 4)} 


Domain Range 
-1 0 
1 2 his a one-to-one function 
3 4 
Range Domain 


h™ = {(0, -1), 2, 1), 4, 3)} 
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Domain Range 


of f of f 


7 


The inverse function undoes whatever the function does. For example, if f(x) = 5x, then 
the function f maps any value x in the domain to a value 5x in the range. If we want to map 
backwards or undo the 5x, we develop a function called the inverse function that takes 5x 
as input and maps back to x as output. The inverse function is f '(x) = ty, Note that if we 
input 5x into the inverse function, the output is x: f (5x) = 5(5x) = Xx. 


DEFINITION Inverse Function 
If fand g denote two one-to-one functions such that 


f(g(x)) = x for every x in the domain of g 
and 
g(f(x)) = x for every x in the domain of f, 


then g is the inverse of the function f. The function g is denoted by f | (read 
“f-inverse’’). 


Note: f is used to denote the inverse of f. The — 1 is not used as an exponent and, therefore, 
: d) 
does not represent the reciprocal of f: f 


Two properties hold true relating one-to-one functions to their inverses: (1) the range of 
the function is the domain of the inverse, and the range of the inverse is the domain of the 
function, and (2) the composite function that results with a function and its inverse (and 
vice versa) is the identity function x. 


Domain of f = range of f | and range of f = domain of f ! 


f GO) = 2 and 7G G@))—2 


EXAMPLE 4 _ Verifying Inverse Functions 


Verify that f~'(x) = 5x — 2 is the inverse of f(x) = 2x + 4. 


Solution: 
Show that f~'(f(x)) = x and f(f~'(x)) = x. 


Write f | using placeholder notation. f?Q = ; P= 2 

Substitute f(x) = 2x + 4 into f7!. f UF) = 5x + 4)-2 

Simplify. fUS@) =x+2-2=x 
fF) =x 

Write fusing placeholder notation. fQ) =2Q) + 4 

Substitute f~4(v) = 5x — 2intof. fF) = (ps = 2) +4 

Simplify. SF "@)=x-44+4=x 


SF") =x 
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Note the relationship between the domain and range of f and f !. 


DOMAIN RANGE 


f(x) = 2x +4 (—00, 00) (—00, 00) 


f'@ = 3x -2 (—c0, 00) (—0, 00) 


\) EXAMPLE 5_ Verifying Inverse Functions with Domain Restrictions 
Verify that f~'(x) = x°, for x = 0, is the inverse of f(x) = Vx. 


Solution: 
Show that f~'(f(x)) = x and f(f~"(x)) = x. 
Write f | using placeholder notation. f7°O) = (0 
Substitute f(x) = Vx into f7!. f-"G@) = (way? =x 
S'S) =x forx = 0 
Write fusing placeholder notation. fQ) = VO) 
Substitute f-'(x) = x’, x = 0 into f Sf) = V2 =x, x = 0 
Sf) = x forx = 0 
Domain RANGE 
fix) = Vz [0, %) [0, %) 
F'@=2,x2=0 — [0,%) [0, 2) 


Graphical Interpretation of Inverse Functions 


In Example 4, we showed that f hig) = 3x — 2 is the inverse of f(x) = 2x + 4. Let’s 
now investigate the graphs that correspond to the function f and its inverse f |. 


f(x) Em) 

x] oy x y 
—3 —2 —2 =3 
— | 6 o | -2 
a 2 | -1 
0 | 4 4 0 


Note that the point (—3, —2) lies on the function and the point (—2, —3) lies on the inverse. Study Tip 
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In fact, every point (a, b) that lies on the function corresponds to a point (b, a) that lies on If the point (a, b) is on the function, 
the inverse. then the point (b, a) is on the inverse. 


Draw the line y = x on the graph. In general, the point (b, a) on the inverse f ~'(x) is the Notice the interchanging of the 
reflection (about y = x) of the point (a, b) on the function f(x). Aen y-Coorsindes. 


In general, if the point (a, b) is on the graph of a function, then the point (J, a) is on the 
graph of its inverse. 
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= Answer: 


EXAMPLE 6_ Graphing the Inverse Function 


Given the graph of the function f(x), Ay f@) 
plot the graph of its inverse f(x). 


ve 


Solution: 


Because the points (—3, —2), (—2, 0), 

(0, 2), and (2, 4) lie on the graph of f, then 
the points (—2, —3), (0, —2), (2, 0), 

and (4, 2) lie on the graph of f~/. 


= YOUR TURN Given the graph of a function 
f, plot the inverse function. 


We have developed the definition of an inverse function and described properties of inverses. 
At this point, you should be able to determine whether two functions are inverses of one another. 
Let’s turn our attention to another problem: How do you find the inverse of a function? 


Finding the Inverse Function 
If the point (a, b) lies on the graph of a function, then the point (b, a) lies on the graph of 
the inverse function. The symmetry about the line y = x tells us that the roles of x and y 
interchange. Therefore, if we start with every point (x, y) that lies on the graph of a function, 
then every point (y, x) lies on the graph of its inverse. Algebraically, this corresponds to 
interchanging x and y. Finding the inverse of a finite set of ordered pairs is easy: simply 
interchange the x- and y-coordinates. Earlier, we found that if h(x) = {(—1, 0), 1, 2), 3,4}, 
then h-'(x) = {(0, —1), (2, 1), (4, 3)}. But how do we find the inverse of a function defined 
by an equation? 

Recall the mapping relationship if fis a one-to-one function. This relationship implies that 
f(x) =y and f~ 1 y) = x. Let’s use these two identities to find the inverse. Now consider the 
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function defined by f(x) = 3x — 1. To find f ', we let f(x) = y, which yields y = 3x — 1. 
Solve for the variable x:x = ay + 3. 


Recall that f'V) = x, so we have found the inverse to be f'O) = ay + i. It is 
customary to write the independent variable as x, so we write the inverse as 
fiw 5x oP 7 Now that we have found the inverse, let’s confirm that the properties 


f'(f@)) = x and f(f7'0)) = x hold. 
_ 1 
sete) = (5x +5] THe 1—1=% 


> 1G +. ee 
eC) ae RFS =x 


FINDING THE INVERSE OF A FUNCTION 


Let f be a one-to-one function. Then the following procedure can be used to find the 
inverse function f | if the inverse exists. 


STEP PROCEDURE EXAMPLE 
1 Let y = f(x). Heo) = —=Ske sr S) 
y= ake PS) 
2 Solve the resulting equation for x in he = 4 or 5) 
terms of y (if possible). e= —ty a 3 
3 Wetec —afma(y)! f O) = -hy +3 
4 Let y = x (interchange x and y). i '@ = —tx ar 3 


The same result is found if we first interchange x and y and then solve for y in terms 


of x. 
STEP PROCEDURE EXAMPLE 

1 Let y = f(a). G9) = =B ae S 
sy = she ap ) 

Z Interchange x and y. so = =i a SD) 

3 Solve for y in terms of x. ay = =P S 
ya-bet$ 

4 Let y = f-'(x) f'Q) = zx + 3 


Note the following: 


a Verify first that a function is one-to-one prior to finding an inverse (if it is not 
One-to-one, then the inverse does not exist). 

= State the domain restrictions on the inverse function. The domain of fis the range 
of f | and vice versa. 

= To verify that you have found the inverse, show that f(f '(x)) = x for all x in the 
domain of f~! and f '(f(x)) = x for all x in the domain of f. 
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"7 EXAMPLE 7 _ The Inverse of a Square Root Function 
Technology Tip ee Find the inverse of the function f(x) = Vx + 2. State the domain and range of both fand f !. 
Using a graphing utility, plot Soluti 
olution: 
y, =f) = Vx + 2, , 
Yo = f-\(@x) =x — 2, and f(x) is a one-to-one function because it passes 
3 = xX. 


the horizontal line test. 


Flotd FIohe Flats 
ra = pe ee 


Bee 
EBM eS CREB 5 
ws BA 


mn 
> 
SJ 
Nn 
ve 


Note that the function f(x) and its 
inverse f ~l(x) are symmetric about 


the line y = x. 7 
Step 1 Lety = f(x). y=Vx+2 
Step 2. Interchange x and y. x= Vy+2 
Step 3 Solve for y. 
Square both sides of the equation. vr=y+2 
Subtract 2 from both sides. vr -2=yory=x-2 
P Seeded encasendssnores STEP 4 Let y = f '(x). fi@=x-2 
Study : Tip Sivesptbadbldenervesetes Note any domain restrictions. (State the domain and range of both f and f '.) 
Had we ignored the domain and fi Domain: [—2, %) Range: [0, 2) 
range in Example 7, we would have m4 . : , 
found the inverse function to be the Sve Domain: [0, 2) Range: [—2, ) 
. rr > = . 
squeal function f(x) = *: 2, which The inverse of f(x) = Vx + 2is| f(x) = °° -— 2forx = 0). 
is not a one-to-one function. It is 
only when we restrict the domain of Check. 
the square function that we get a 4 ; 4 2 
one-to-one function. f (f@)) = x for all x in the ff) = ( Vx + 2) -—2 
: domain of f. =x+2-—2forx = —2 
=x 
f(f-'(@)) = x for all x in the ff ')) = Ve - 2) + 2 
: -1 
domain of f. =A Aion =O 
=x 
-1 
Note that the function f(x) = Vx + 2 ay f 1 , 
and its inverse f-'(x) = x° — 2 for ? I cl 
x = 0 are symmetric about the line y = x. HM a“ 
Ty f@) E 
aan > 
5 ely 5 
“| )4 
. 
=5 
= Answers: 


+ Perera eee Serer e eee rere rere eee rere errr eee eee cere eee reer ee eee ee eee reer eee ee eee eer eee eee eee eee eee eee eee eee eee eee eee eee eee eee eee eee eee eee eee eee eee eee eee eee 
a. f 1(x) = a Domain: 
= YOUR TURN Find the inverse of the given function. State the domain and range of 
Coy Rangel 25s) the inverse function. 
b. g '(x) =x + 1, Domain: 
[0, %), Range: [1, 2) a. f(x) = 7x — 3 b. g(x) = Vx - 1 
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EXAMPLE s_ A Function That Does Not Have an Inverse Function 


Find the inverse of the function f(x) = |x| if it exists. 


5 
Solution: f(x) = [| 


The function f(x) = |x| fails the horizontal 

line test and therefore is not a one-to-one 
function. Because f is not a one-to-one function, 
its inverse function does not exist. 


_) EXAMPLE 9 Finding the Inverse Function 


The function f(x) = 3 x # —3, is a one-to-one function. Find its inverse. 
x 
Solution: 
2 
Step1 Lety = f(x). y= 
LAD 
2 
Step 2. Interchange x and y. x= aS 
y+ 
Step 3 Solve for y. 
Multiply the equation by (y + 3). xy + 3) =2 
Eliminate the parentheses. xy + 3x = 2 
Subtract 3x from both sides. xy = —3x + 2 
icy : =se 2 2 
Divide the equation by x. y= . ==3-+ . 
-1 1 2 
SteP4 Lety=f (x). f-@=-3+ . 
Note any domain restrictions on f~1(x). x #0 
: F 2 |e 2 
The inverse of the function f(x) = a # —-3,is|f @® = -3+—x #0}. 
x x 
Check. 


Puey=34 : 
2 


4 
# YOUR TURN The function f(x) = , x # 1, is a one-to-one function. 
x— 


Find its inverse. 


Note in Example 9 that the domain of fis (—o%, —3)U(—3, «) and the domain of f° is 
(—c, 0) U (0, «). Therefore, we know that the range of f is (~%, 0) U (0, ), and the 
range of f_' is (—«, —3) U(-3, 0). 


EE 
Technology Tip 
The graphs of y,; = f(x) = 7 


> 


x # —3, and y, f'@ 
x # 0, are shown. 


Plekd Floke Plots 
Wd Bee Cat 
Wel Steen 


aed — Fc 
ae | 


Note that the function f(x) and its 
inverse f '(x) are symmetric about 
the line y = x. 


Yes Steen 


Study Tip _ 


The range of the function is equal to 
the domain of its inverse function. 


4 
= Answer: f ‘(x)= 1+-—x #0 
x 
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EXAMPLE 10 _ Finding the Inverse of a Piecewise-Defined Function 


. 3x x’'< 0. . Bi ten 
The function f(x) = 4 5 , iS a one-to-one function. Find its inverse. 
x x20 
Solution: AY 
25 2 
From the graph of f we can make a table f@) =x 


with corresponding domain and range values. 


x 
DoMAIN OF f RANGE OF f ee 
(00, 0) (—20, 0) 
[0, co) [0, 20) 


From this information we can also list domain and range values for f -o 


Domain OF f/RANGE OF f ' RANGE OF f/DOMAIN OF f * 


(—00, 0) (—00, 0) 


[0, <0) [0, 20) 


f(x) = 3x on (—o, 0); find f~'(x) on (—2, 0). 


Step i Lety = f(x). y = 3x 
Step 2. Solve for x in terms of y. x = 3y 
STEP 3. Solve for y. y= 5x 
Step4 Lety =f '(). f°) = 5x on (—2, 0) 


f@ = x on [0, «); find f~!(x) on [0, «). 


Step1 Let y = f(x). yor 
Step 2. Solve for x in terms of y. <= y- 
Step 3. Solve for y. y= +Vx 
Step 4 Lety =f '(). fi) = Vx 
Step 5 The range of f ' is [0, «) f(x) = Vx 


Combining the two pieces yields a piecewise-defined inverse function. 


—] = 
ff @) = Vi x=0 
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@gm SECTION 


a SUMMARY 


One-to-One Functions 

Each input in the domain corresponds to exactly one output in the 
range, and no two inputs map to the same output. There are three 
ways to test a function to determine whether it is a one-to-one 
function. 


1. Discrete points: For the set of all points (a, b) verify that no 
y-values are repeated. 

2. Algebraic equations: Let f(x,) = f(x»); if it can be shown 
that x; = x5, then the function is one-to-one. 

3. Graphs: Use the horizontal line test; if any horizontal line 
intersects the graph of the function in more than one point, 


Properties of Inverse Functions 
1. If f is a one-to-one function, then f ~! exists. 
2. Domain and range 
Domain of f = range of f ! 
Domain of f ' = range of f 
3. Composition of inverse functions 
f ‘f@)) = x for all x in the domain of f. 
f(f \()) = x for all x in the domain of f~!. 
4. The graphs of f and f | are symmetric with respect to the 
line y = x. 


BACT A ESHOLS GyWel Toluca Procedure for Finding the Inverse of a Function 


1. Let y = f(@). 

2. Interchange x and y. 
3. Solve for y. 

4. Lety = f '). 


SECTION 


3.5 | EXERCISES 


"SKILLS 


In Exercises 1-16, determine whether the given relation is a function. If it is a function, determine whether it is 


a one-to-one function. 
i 2: F j 
Domain )————>(__ Range — Domain )————> (__ Range 


MONTH AVERAGE PERSON 10-DIGIT 
October TEMPERATURE Mary PHONE # 
January i 78°F on (202) 555-1212 
April P 68°F (307) 123-4567 

Chester (878) 799-6504 
3. Z 2 4. = 
_ Domain )————> (_ Range Domain ) ————> (_ Range 
PERSON SPOUSE PERSON COURSE GRADE 
Jordan Rien e Chris Carrie 
Pat —| Alex Michael 
B 
Tim > Morgan Jennifer 
Sean 
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5. {(0, 1), (L, 2), (2, 3), 3, 4)} 6. {(0, —2), (2, 0), (5, 3), (-5, —7)} 
7. {(0, 0), (9, —3), (4, —2), (4, 2), (9, 3)} 8 {(0, 1), CL. 1), (2, 1), GB, D} 
9. {(0, 1), (1, 0), (2, 1), (2, 1), 6, 4), 3, 4} 10. {(0, 0), (1, —1), (-2, -8), CL, D, (2, 8)} 
11. es 12. re 13. ‘3 
(6,4) 
(-1, 1) (0, 1) 
> : : 


(-2,-2) | (2,-2) 


14. AY 15. AY 16. AY 


(-2, 3) 


vx 


(2, -1) 


vu 
Veo 


In Exercises 17-24, determine algebraically and graphically whether the function is one-to-one. 


17. fw =|x-3] 18. f(x) =(@-2P 41 19. f(x) = 2a 2 i 20. fi) = Wx 
21. fw=x—4 22. fix) = Vx +1 23. fx)=x-1 24, f(x) = 


In Exercises 25-34, verify that the function f —l(y) is the inverse of f(x) by showing that f( f “l(y)) = x and f “1h f(x)) = x. Graph 
f(x) and f~1(x) on the same axes to show the symmetry about the line y = x. 


25. f(x) = 2x + 1: f@ = 26. f(x) =~ ; 2. pla) = 9x + 2 

27. fo = Vx — Lx Zl fl@=r+ 1x =0 28. fy) =2-x,x=0; f(a) = V2 —x,x = 2 

29. f(x) = = f x) = * x #0 30. fy = 5-4»! fw =5-x 

31. f(x) = pe Pj ae = ee G 2, fie ee Pep d =e 
2x + 6 2x 4—x x 

33. f@®) = a # -4; f(a) = ae #1 34. f(x) = : = 7 #3: f'@ = a #-1 
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In Exercises 35-42, graph the inverse of the one-to-one function that is given. 


35. 36. 
AY AY 
(3, 3) 
(3, 1) 
d, 1) : : 
(-1, -3) 
39, 40. 
AY AY 
5 10 
x 
> 
—4 5 
x 
> -10 
_% 2 


37. 
AY 
10 
x 
> 
=) 8 
41. 
AY 
10 
x 
a? 
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38. 
AY 
5 
x 
> 
10 
-5 
42. 
AY 
x 
5 > 
-10 


In Exercises 43-60, the function f is one-to-one. Find its inverse, and check your answer. State the domain and range of 


both f and f~'. 


43. f(x)=x-1 

45. f(x) = —3x +2 

47. fix)=xt1 

49. f(x) = Vx — 3 

51. f(x) = -1,x=0 


53. fx) =(4+2P-3,x=-2 
2 

55. f(x) = 

57. fa) = = 

59. fG) = eel 
5—x 


44, f(x) = 7x 
46. f(x) = 2x +3 

48. fiyy=x-1 

50. f(x) = V3 —x 

52. f(x) =2 +1,x=0 


54. f(x) =(x — 3% —2,x23 


3 

56. f@) = —~ 
58. fx) = —— 
x +5 
60. f(%) = oo 


In Exercises 61-64, graph the piecewise-defined function to determine whether it is a one-to-one function. If it is a one-to-one 


function, find its inverse. 


0 x<0 
61. G(x) = oe =O 62. G(x) = 


1 
x 
Vx 


Ze x xsl x+3 xs -2 
" 63. f= -1l<x<1 64 fi =4 Ix ee S| 
x=0 x xl x x=2 
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"APPLICATIONS 


65. 


66. 


67. 


68. 


69. 


"CATCH THE MISTAKE 


Temperature. The equation used to convert from degrees 
Celsius to degrees Fahrenheit is f(x) = 2x + 32, 
Determine the inverse function f-'(x). What does the 
inverse function represent? 


Temperature. The equation used to convert from degrees 
Fahrenheit to degrees Celsius is C(x) = Fx — 32). 
Determine the inverse function C”'(x). What does the inverse 
function represent? 


Budget. The Richmond rowing club is planning to enter 
the Head of the Charles race in Boston and is trying to 
figure out how much money to raise. The entry fee is $250 
per boat for the first 10 boats and $175 for each additional 
boat. Find the cost function C(x) as a function of the 
number of boats the club enters x. Find the inverse 
function that will yield how many boats the club can enter 
as a function of how much money it will raise. 


Long-Distance Calling Plans. A phone company charges 
$.39 per minute for the first 10 minutes of a long-distance 
phone call and $.12 per minute every minute after that. Find 
the cost function C(x) as a function of the length of the 
phone call in minutes x. Suppose you buy a “prepaid” 
phone card that is planned for a single call. Find the inverse 
function that determines how many minutes you can talk as 
a function of how much you prepaid. 


Salary. A student works at Target making $10 per hour and 
the weekly number of hours worked per week x varies. If 
Target withholds 25% of his earnings for taxes and Social 


In Exercises 75-78, explain the mistake that is made. 


75. Is x = y’ aone-to-one AY 


function? 
Solution: 


Yes, this graph 
represents a one-to-one 
function because it 
passes the horizontal 
line test. 


This is incorrect. What mistake was made? 


Security, write a function E(x) that expresses the student’s 
take-home pay each week. Find the inverse function E'(x). 
What does the inverse function tell you? 


70. Salary. A grocery store pays you $8 per hour for the first 
40 hours per week and time and a half for overtime. Write a 
piecewise-defined function that represents your weekly earnings 
E(x) as a function of the number of hours worked x. Find the 
inverse function E’'(x). What does the inverse function tell you? 


In Exercises 71-74, refer to the following: 


By analyzing available empirical data it was determined that 
during an illness a patient’s body temperature fluctuated during 
one 24-hour period according to the function 
T(t) = 0.0003(t — 24)? + 101.70 
where T represents that patient’s temperature in degrees 
Fahrenheit and ¢ represents the time of day in hours measured 
from 12:00 A.M. (midnight). 
71. Health/Medicine. Find the domain and range of the 
function T(t). 
72. Health/Medicine. Find time as a function of temperature, 
that is, the inverse function #(T). 
73. Health/Medicine. Find the domain and range of the function 
t(T) found in Exercise 72. 


74. Health/Medicine. At what time, to the nearest hour, was the 
patient’s temperature 99.5°F? 


76. A linear one-to-one function is graphed below. Draw its 


inverse. AY 
Solution: 
Note that the points (3:3) 
(3, 3) and (0, —4) lie . 
on the graph of the > 
function. 

(0, -4) 


By symmetry, the ‘ie 
points (—3, —3) and (0,4) 
(0, 4) lie on the graph 43 
of the inverse. G, 3} 
x 
> 
(-3, 33) 
(0, -4) 


This is incorrect. What mistake was made? 
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77. Given the function f(x) = x°, find the inverse function f~!(x). 78. Given the function f(x) = Vx — 2, find the inverse 
function f '(x), and state the domain restrictions on 


Solution: f(x). 
Step 1: Let y = f(x). yar . 
Solution: 

Step 2: Solve for x. = Vy 

Becpe seo ee Step 1: Let y = f(@. y=Ve-2 
Step 3: Interch dy. = Vx 

Be ee ere 4 * Step 2: Interchange x and y. x= Vy-2 
Step 4: Let y = f-'(x). f'@) = Vx Step 3: Solve for y. y=xr"+2 

eel sin = -1 =V?2= =ipy -lyy) — x2 

Check: f(f “(x)) = (Vx) = x and f'(f(x)) YH x, Step 4: Let f-'(@) = y. fl@=74+2 
The inverse of f(x) = xis f'@ = Vx. Step 5: Domain restrictions: f(x) = Vx — 2 has the 
This is incorrect. What mistake was made? domain restriction that x = 2. 


The inverse of f(x) = Vx — 2is f-\(~) =2° + 2. 
The domain of f~'(x) is x = 2. 


This is incorrect. What mistake was made? 


=CONCEPTUAL 


In Exercises 79-82, determine whether each statement is true or false. 


79. Every even function is a one-to-one function. 83. If (0, b) is the y-intercept of a one-to-one function f, what is 


thea g : the x-intercept of the inverse f '? 
80. Every odd function is a one-to-one function. P f 


Si, Tiedt pombe tia, f= - 84. If (a, 9) is the x-intercept ofa pneae-one function f, what is 
the y-intercept of the inverse f°? 
82. A function f has an inverse. If the function lies in quadrant 


II, then its inverse lies in quadrant IV. 


"= CHALLENGE 
85. The unit circle is not a function. If we restrict ourselves to 86. Find the inverse of f(x) = S c#0. 
the semicircle that lies in quadrants I and IJ, the graph repre- 
sents a function, but it is not a one-to-one function. If we fur- 87. Under what conditions is the linear function f(x) = mx + ba 


ther restrict ourselves to the quarter circle lying in quadrant I, 
the graph does represent a one-to-one function. Determine 
the equations of both the one-to-one function and its inverse. | 88. Assuming that the conditions found in Exercise 87 are met, 
State the domain and range of both. determine the inverse of the linear function. 


one-to-one function? 


"TECHNOLOGY 


In Exercises 89-92, graph the following functions and In Exercises 93-96, graph the functions f and g and the line 
determine whether they are one-to-one. y =x in the same screen. Do the two functions appear to be 
inverses of each other? 


89. f(x) = 14 - "| 90. f(x) = 


2 
v+2 93. f(x) = V3x — 5; so) = +5 
91. f(x) =x2-9 92. 7) =— _ qa. _4_ x 
x2 94. f(x) = V4 — 3x; g(x) = 3 a 20 


95. f(x) = (x —7)9 +2; gw =x - 6 + 12x-1 
96. fix) = Vet 3-2; gx) = + 6 + 12e4+6 


SECTION 
3.6 MODELING FUNCTIONS USING VARIATION 


In this section we discuss mathematical models for different applications. Two quantities in 
the real world often vary with respect to one another. Sometimes, they vary directly. For 
example, the more money we make, the more total dollars of federal income tax we expect 
to pay. Sometimes, quantities vary inversely. For example, when interest rates on 
mortgages decrease, we expect the number of homes purchased to increase because a buyer 
can afford “more house” with the same mortgage payment when rates are lower. In this 
section we discuss quantities varying directly, inversely, and jointly. 


Direct Variation 


When one quantity is a constant multiple of another quantity, we say that the quantities are 
directly proportional to one another. 


DIRECT VARIATION 
Let x and y represent two quantities. The following are equivalent statements: 


= y= kx, where k is a nonzero constant. 
= y varies directly with x. 
= yis directly proportional to x. 


The constant k is called the constant of variation or the constant of 
proportionality. 


In 2005, the national average cost of residential electricity was 9.53 ¢/kWh (cents per 
kilowatt-hour). For example, if a residence used 3400 kWh, then the bill would be $324.02, 
and if a residence used 2500 kWh, then the bill would be $238.25. 
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EXAMPLE 1 Finding the Constant of Variation 


In the United States, the cost of electricity is directly proportional to the number of 
kilowatt - hours (kWh) used. If a household in Tennessee on average used 3098 kWh per 
month and had an average monthly electric bill of $179.99, find a mathematical model that 
gives the cost of electricity in Tennessee in terms of the number of kilowatt - hours used. 


Solution: 
Write the direct variation model. y=kx 
Label the variables and constant. x = number of kWh 


y = cost (dollars) 
k = cost per kWh 


Substitute the given data x = 3098 kWh 


and y = $179.99 into y = kx. 179.99 = 3098k 
179.99 
Ive for k. k= = 0.0581 
Solve for 3098 0.05810 
y = 0.0581x 


In Tennessee the cost of electricity is |5.81 ¢/kWh). 


= Answer: y = 0.12x; the cost 
of electricity in California is 
12 ¢/kWh. 


= YOUR TURN Finda mathematical model that describes the cost of electricity in 
California if the cost is directly proportional to the number of kWh 
used and a residence that consumes 4000 kWh is billed $480. 


Not all variation we see in nature is direct variation. Isometric growth, where the vari- 
ous parts of an organism grow in direct proportion to each other, is rare in living organ- 
isms. If organisms grew isometrically, young children would look just like adults, only 
smaller. In contrast, most organisms grow nonisometrically; the various parts of organisms 
do not increase in size in a one-to-one ratio. The relative proportions of a human body 
change dramatically as the human grows. Children have proportionately larger heads and 
shorter legs than adults. Allometric growth is the pattern of growth whereby different parts 
of the body grow at different rates with respect to each other. Some human body charac- 
teristics vary directly, and others can be mathematically modeled by direct variation with 
powers. 


DIRECT VARIATION WITH POWERS 
Let x and y represent two quantities. The following are equivalent statements: 


=m y = kx", where k is a nonzero constant. 
= y varies directly with the nth power of x. 
= yis directly proportional to the nth power of x. 


One example of direct variation with powers is height and weight of humans. Weight (in 
pounds) is directly proportional to the cube of height (feet). 


W = kiP 
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= Answer: 200 pounds 


aimed 


EXAMPLE 2_ Direct Variation with Powers 
The following is a personal ad: 


Single professional male (6 ft/194 lbs) seeks single professional female for long-term 
relationship. Must be athletic, smart, like the movies and dogs, and have height and weight 
similarly proportioned to mine. 


Find a mathematical equation that describes the height and weight of the male who wrote the 
ad. How much would a 5'6” woman weigh who has the same proportionality as the male? 


Solution: 


Write the direct variation (cube) 


model for height versus weight. W = ke? 
Substitute the given data W = 194 
and H = 6 into W = kH’®. 194 = k(6)° 
194 
Solve for k. k= Lead = 0.898148 ~ 0.90 
216 
W = 0.9H? 
Let H = 5.5 ft. W = 0.9(5.5)° = 149.73 


A woman 5’6" tall with the same height and weight proportionality as the male would 


weigh (150 Ib |. 


= YOUR TURN A brother and sister both have weight (pounds) that varies as the cube 
of height (feet) and they share the same proportionality constant. The 
sister is 6 feet tall and weighs 170 pounds. Her brother is 6 feet 4 
inches. How much does he weigh? 


Inverse Variation 


Two fundamental topics covered in economics are supply and demand. Supply is the quantity 
that producers are willing to sell at a given price. For example, an artist may be willing to 
paint and sell 5 portraits if each sells for $50, but that same artist may be willing to sell 
100 portraits if each sells for $10,000. Demand is the quantity of a good that consumers are 
not only willing to purchase but also have the capacity to buy at a given price. For example, 
consumers may purchase | billion Big Macs from McDonald’s every year, but perhaps 
only | million filet mignons are sold at Outback. There may be | billion people who want 
to buy the filet mignon but don’t have the financial means to do so. Economists study the 


equilibrium between supply and demand. 


Demand can be modeled with an inverse variation of price: when the price increases, 


demand decreases, and vice versa. 


INVERSE VARIATION 
Let x and y represent two quantities. The following are equivalent statements: 
k ; 
= y =~, where k is a nonzero constant. 
x 


= y varies inversely with x. 
= yis inversely proportional to x. 


The constant k is called the constant of variation or the constant of proportionality. 
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las EXAMPLE 3 _ Inverse Variation ual (100, 1000) 
The number of potential buyers of a house decreases Ss 
as the price of the house increases (see graph on the 3 Py a 
right). If the number of potential buyers of ahouse ina © 2 699 
particular city is inversely proportional to the price of es z (20, $00) 
the house, find a mathematical equation that describes 5 8 400 (400, 250) 
the demand for houses as it relates to price. How many 3 ™ j (600, 167) 
potential buyers will there be for a $2 million house? oe 
200 400 600 800 a 


Price of the house 
(in thousands of dollars) 


Solution: 
; ; _ k 
Write the inverse variation model. y= 
x 
Label the variables and constant. x = price of house in thousands of dollars 
y = number of buyers 


Select any point that lies 


on the curve. (200, 500) 
Substitute the given data x = 200 

k k 
and y = 500 into y = —. 500 = —— 

x 200 
Solve for k. k = 200 - 500 = 100,000 

100,000 
y= 
x 
Let x = 2000 so 255 
tact "2000 


There are only 50 potential buyers for a $2 million house in this city. 


: ' : . = Answer: 5000 
= YOUR TURN In New York City, the number of potential buyers in the housing 


market is inversely proportional to the price of a house. If there are 
12,500 potential buyers for a $2 million condominium, how many 
potential buyers are there for a $5 million condominium? 


Two quantities can vary inversely with the nth power of x. 


k 
If x and y are related by the equation y = ee then we say that y varies inversely 


with the nth power of x, or y is inversely proportional to the nth power of x. 


Joint Variation and Combined Variation 

We now discuss combinations of variations. When one quantity is proportional to the 
product of two or more other quantities, the variation is called joint variation. When direct 
variation and inverse variation occur at the same time, the variation is called combined 
variation. 
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An example of a joint variation is simple interest (Section 1.2), which is defined as 


I = Prt 
where 


= / is the interest in dollars 

= P is the principal (initial) dollars 

= ris the interest rate (expressed in decimal form) 
m fis time in years 


The interest earned is proportional to the product of three quantities (principal, interest 
rate, and time). Note that if the interest rate increases, then the interest earned also increases. 
Similarly, if either the initial investment (principal) or the time the money is invested 
increases, then the interest earned also increases. 

An example of combined variation is the combined gas law in chemistry, 


T 
P=k— 
4 
where 


a P is pressure 

u T is temperature (kelvins) 
= Vis volume 

u kis a gas constant 


This relation states that the pressure of a gas is directly proportional to the temperature 
and inversely proportional to the volume containing the gas. For example, as the 
temperature increases, the pressure increases, but when the volume decreases, pressure 
increases. 

As an example, the gas in the headspace of a soda bottle has a fixed volume. Therefore, 
as temperature increases, the pressure increases. Compare the different pressures of 
opening a twist-off cap on a bottle of soda that is cold versus one that is hot. The hot one 
feels as though it “releases more pressure.” 


all EXAMPLE 4_ Combined Variation 


The gas in the headspace of a soda bottle has a volume of 9.0 ml, pressure of 2 atm 
(atmospheres), and a temperature of 298 K (standard room temperature of 77°F). If the 
soda bottle is stored in a refrigerator, the temperature drops to approximately 279 K 
(42°F). What is the pressure of the gas in the headspace once the bottle is chilled? 


Solution: 
: . T 
Write the combined gas law. P= ky 
298 
Let P = 2 atm, T = 298 K, and V = 9.0 ml. me a 
1 
Solve for k. k= 8 
298 
1 T 18 27 
ie 7 Ho nd Sooner SE po? aie 
298 4 298 9 


Since we used the same physical units for both the chilled and 
room-temperature soda bottles, the pressure is in atmospheres. P = 1.87 atm 
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77 SECTION 
, SUMMARY 
Direct, inverse, joint, and combined variation can be used to Joint variation occurs when one quantity is directly proportional 
model the relationship between two quantities. For two quantities to two or more quantities. Combined variation occurs when one 
x and y, we say that quantity is directly proportional to one or more quantities and 


y is directly proportional to x if y = kx. 


inversely proportional to one or more other quantities. 


te : : k 
y is inversely proportional to x if y = —. 
PG 


SECTION 
3.6 EXERCISES 


=SKILLS 


In Exercises 1-16, write an equation that describes each variation. Use k as the constant of variation. 


eS ow oe 


11. 
13. 
15. 


y varies directly with x. 2. s varies directly with ¢. 

V varies directly with x°. 4. A varies directly with x’. 

z varies directly with m. 6. h varies directly with V1. 

f varies inversely with i. 8. P varies inversely with 7°. 

F varies directly with w and inversely with L. 10. V varies directly with T and inversely with P. 
v varies directly with both g and ¢. 12. S varies directly with both ¢ and d. 

R varies inversely with both P and T: 14. y varies inversely with both x and z. 

y is directly proportional to the square root of x. 16. y is inversely proportional to the cube of f. 


In Exercises 17-36, write an equation that describes each variation. 


17. 
18. 
19. 
20. 
21. 
22. 
23. 


24. 
25. 
26. 
27. 


d is directly proportional to t. d = r when t = 1. 

F is directly proportional to m. F = a when m = 1. 

V is directly proportional to both / and w. V = 6h when w = 3 and/ = 2. 

A is directly proportional to both b and h. A = 10 when b = 5 andh = 4. 

A varies directly with the square of r. A = 97 when r = 3. 

V varies directly with the cube of r. V = 367 when r = 3. 

V varies directly with both h and 7°. V = 1 when r = 2 andh = = 

W is directly proportional to both R and the square of J. W = 4 when R = 100 and J = 0.25. 
V varies inversely with P. V = 1000 when P = 400. 

I varies inversely with the square of d. 1 = 42 when d = 16. 


F varies inversely with both A and L. F = 20a/m? when A = | wm and L = 100 kilometers. 
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28. y varies inversely with both x and z. y = 32 when x = 4 and z = 0.05. 


29. t varies inversely with s. t = 2.4 whens = 8. 


30. W varies inversely with the square of d. W = 180 when d = 0.2. 


31. R varies inversely with the square of J. R = 0.4 when J = 3.5. 


32. y varies inversely with both x and the square root of z. y = 12 when x = 0.2 and z = 4. 


33. R varies directly with L and inversely with A. R = 0.5 when L = 20 and A = 0.4. 


34. F varies directly with m and inversely with d. F = 32 when m = 20 andd = 8. 


35. F varies directly with both m, and m, and inversely with the square of d. F = 20 when m, = 8, m, = 16, andd = 0.4. 


36. w varies directly with the square root of g and inversely with the square of t. w = 20 when g = 16 andt¢ = 0.5. 


"APPLICATIONS 


37. Wages. Jason and Valerie both work at Panera Bread and 
have the following paycheck information for a certain week. 
Find an equation that shows their wages W varying directly 
with the number of hours worked H. 


EMPLOYEE Hours WorKED WaGeEs 
Jason 23 $172.50 
Valerie 32 $240.00 


38. Sales Tax. The sales tax in Orange and Seminole counties in 
Florida differs by only 0.5%. A new resident knows this but 
doesn’t know which of the counties has the higher tax. The 
resident lives near the border of the counties and is in the 
market for a new plasma television and wants to purchase it 
in the county with the lower tax. If the tax on a pair of $40 
sneakers is $2.60 in Orange County and the tax on a $12 
T-shirt is $0.84 in Seminole County, write two equations: one 
for each county that describes the tax T, which is directly 
proportional to the purchase price P. 


For Exercises 39 and 40, refer to the following: 


The ratio of the speed of an object to the speed of sound determines 
the Mach number. Aircraft traveling at a subsonic speed (less than 
the speed of sound) have a Mach number less than 1. In other 
words, the speed of an aircraft is directly proportional to its Mach 
number. Aircraft traveling at a supersonic speed (greater than the 
speed of sound) have a Mach number greater than 1. The speed of 
sound at sea level is approximately 760 miles per hour. 


39. Military. The U.S. Navy Blue Angels fly F-18 Hornets that 
are capable of Mach 1.7. How fast can F-18 Hornets fly at sea 
level? 


40. Military. The U.S. Air Force’s newest fighter aircraft is the 
F-35, which is capable of Mach 1.9. How fast can an F-35 fly 
at sea level? 


Exercises 41 and 42 are examples of the golden ratio, or phi, a 
proportionality constant that appears in nature. The numerical 
approximate value of phi is 1.618. From www.goldenratio.net. 


41. Human Anatomy. The length of your forearm F (wrist 
to elbow) is directly proportional to the length of your 
hand H (length from wrist to tip of middle finger). Write 
the equation that describes this relationship if the length of 
your forearm is 11 inches and the length of your hand is 
6.8 inches. 
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42. Human Anatomy. Each section of your index finger, from the 
tip to the base of the wrist, is larger than the preceding one by 
about the golden (Fibonacci) ratio. Find an equation that 
represents the ratio of each section of your finger related to 
the previous one if one section is eight units long and the next 
section is five units long. 


For Exercises 43 and 44, refer to the following: 


Hooke’s law in physics states that if a spring at rest (equilibrium 
position) has a weight attached to it, then the distance the spring 
stretches is directly proportional to the force (weight), according 
to the formula: 

F=kx 


where F is the force in Newtons (N), x is the distance stretched in 
meters (m), and k is the spring constant (N/m). 


Equilibrium 
position 


43. Physics. A force of 30 N will stretch the spring 10 centimeters. 


How far will a force of 72 N stretch the spring? 


44, Physics. A force of 30 N will stretch the spring 
10 centimeters. How much force is required to stretch 
the spring 18 centimeters? 


45. Business. A cell phone company develops a pay-as-you-go 
cell phone plan in which the monthly cost varies directly as 
the number of minutes used. If the company charges $17.70 
in a month when 236 minutes are used, what should the 
company charge for a month in which 500 minutes are used? 


46. Economics. Demand for a product varies inversely with the 
price per unit of the product. Demand for the product is 
10,000 units when the price is $5.75 per unit. Find the 
demand for the product (to the nearest hundred units) when 
the price is $6.50. 


47. Sales. Levi’s makes jeans in a variety of price ranges for 
juniors. The Flare 519 jeans sell for about $20, whereas the 
646 Vintage Flare jeans sell for $300. The demand for 
Levi's jeans is inversely proportional to the price. If 300,000 
pairs of the 519 jeans were bought, approximately how many 
of the Vintage Flare jeans were bought? 


48. Sales. Levi’s makes jeans in a variety of price ranges for 
men. The Silver Tab Baggy jeans sell for about $30, 
whereas the Offender jeans sell for about $160. The 
demand for Levi’s jeans is inversely proportional to the 
price. If 400,000 pairs of the Silver Tab Baggy jeans were 
bought, approximately how many of the Offender jeans 
were bought? 
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For Exercises 49 and 50, refer to the following: 


In physics, the inverse square law states that any physical quantity 
or strength is inversely proportional to the square of the distance 
from the source of that physical quantity. In particular, the 
intensity of light radiating from a point source is inversely 
proportional to the square of the distance from the source. Below 
is a table of average distances from the Sun: 


PLANET DISTANCE TO THE SUN 
Mercury 58,000 km 
Earth 150,000 km 
Mars 228,000 km 


49. Solar Radiation. The solar radiation on the Earth is 
approximately 1400 watts per square meter (w/m?). How 
much solar radiation is there on Mars? Round to the nearest 
hundred watts per square meter. 


50. Solar Radiation. The solar radiation on the Earth is 
approximately 1400 watts per square meter. How much solar 
radiation is there on Mercury? Round to the nearest hundred 
watts per square meter. 


51. Investments. Marilyn receives a $25,000 bonus from her 
company and decides to put the money toward a new car 
that she will need in two years. Simple interest is directly 
proportional to the principal and the time invested. She 
compares two different banks’ rates on money market 
accounts. If she goes with Bank of America, she will earn 
$750 in interest, but if she goes with the Navy Federal Credit 
Union, she will earn $1500. What is the interest rate on 
money market accounts at both banks? 


52. Investments. Connie and Alvaro sell their house and buy a 
fixer-upper house. They made $130,000 on the sale of their 
previous home. They know it will take 6 months before the 
general contractor will start their renovation, and they want 
to take advantage of a 6-month CD that pays simple interest. 
What is the rate of the 6-month CD if they will make $3250 
in interest? 


53. Chemistry. A gas contained in a 4 milliliter container at a 
temperature of 300 K has a pressure of 1 atmosphere. If the 
temperature decreases to 275 K, what is the resulting pressure? 


54. Chemistry. A gas contained in a 4 milliliter container at a 
temperature of 300 K has a pressure of | atmosphere. If 
the container changes to a volume of 3 millileters, what 
is the resulting pressure? 
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=CATCH THE MISTAKE 


In Exercises 55 and 56, explain the mistake that is made. 


55. _y varies directly with ¢ and indirectly with x. When x = 4 and 
t = 2, then y = 1. Find an equation that describes this variation. 


Solution: 
Write the variation equation. y = ktx 
Letx = 4,¢=2,andy= 1. 1 = k(2)(4) 
1 
Solve for k. k= 3 
3 1s 1 
Substitute k = g into y = ktx. y= 3” 


This is incorrect. What mistake was made? 


"CONCEPTUAL 


In Exercises 57 and 58, determine whether each statement is 
true or false. 


57. The area of a triangle is directly proportional to both the base 
and the height of the triangle (joint variation). 


58. Average speed is directly proportional to both distance and 
time (joint variation). 


CHALLENGE 


56. y varies directly with t and the square of x. When x = 4 
and ¢ = 1, then y = 8. Find an equation that describes this 


variation. 

Solution: 

Write the variation equation. y = ktVx 
Letx =4,t= 1, andy = 8. 8 = k(1)V4 
Solve for k. k=4 
Substitute k = 4 into y = ktVx. y = 4tVx 


This is incorrect. What mistake was made? 


In Exercises 59 and 60, match the variation with the graph. 
59. Inverse variation 


60. Direct variation 


10. 10 


ve 
ve 


10 10 


Exercises 61 and 62 involve the theory governing laser propagation through the Earth’s atmosphere. 


The three parameters that help classify the strength of optical 
turbulence are: 


m C2, index of refraction structure parameter 
uk, wave number of the laser, which is inversely proportional to 
the wavelength A of the laser: 


a L, propagation distance 


The variance of the irradiance of a laser a is directly proportional 
to Cc. Kk", and L'", 


61. When GC = 1.0 X10 2m 77, L =2km, anda = 1.55 pom, 
the variance of irradiance for a plane wave oI is 7.1. Find 
the equation that describes this variation. 


62. When C = 10X10 2m 77, L = 2km, and A = 1.55 pm, 
the variance of irradiance for a spherical wave ae is 2.3. 
Find the equation that describes this variation. 
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"TECHNOLOGY 


For Exercises 63-66, refer to the following: 


Data from 1995 to 2006 for oil prices in dollars per barrel, the U.S. Dow Jones Utilities Stock Index, New Privately Owned Housing, and 
5-year Treasury Constant Maturity Rate are given in the table. (Data are from Forecast Center’s Historical Economic and Market Home Page 
at www.neatideas.com/djutil.htm.) 

Use the calculator | stat | | EDIT] commands to enter the table with L, as the oil price, L, as the utilities stock index, L; as 
number of housing units, and L, as the 5-year maturity rate. 


New, PRIVATELY 5-YEAR TREASURY 
OlL PRICE, U.S. Dow JONES OwNeED CONSTANT MAaATuRITY 

JANUARY OF EACH YEAR $ PER BARREL Utitities Stock INDEX HousinG UNITS Rate 
1995 17.99 193.12 1407 7.76 
1996 18.88 230.85 1467 5.36 
1997 25.17 232.53 1355 6.33 
1998 16.71 263.29 1525 5.42 
1999 12.47 302.80 1748 4.60 
2000 27.18 315.14 1636 6.58 
2001 29.58 372.32 1600 4.86 
2002 19.67 285.71 1698 4.34 
2003 32.94 207.75 1853 3.05 
2004 32.27 271.94 1911 3.12 
2005 46.84 343.46 2137 3.71 
2006 65.51 413.84 2265 4.35 

63. An increase in oil price in dollars per barrel will drive the 64. An increase in oil price in dollars per barrel will affect the 

U.S. Dow Jones Utilities Stock Index to soar. interest rates across the board—in particular, the 5-year 


Treasury constant maturity rate. 


a. Use the calculator commands | STAT}, |linReg} (ax + b), _ 
and to model the data using the least squares a. Use the calculator commands | STAT , linReg} (ax + b), 
regression. Find the equation of the least-squares regression and | STATPLOT | to model the data using the least-squares 


line using x as the oil price in dollars per barrel. regression. Find the equation of the least-squares regression 
line using x as the oil price in dollars per barrel. 


b. If the U.S. Dow Jones Utilities Stock Index varies 
directly as the oil price in dollars per barrel, then use the 
calculator commands | STAT , [PwrReg , and | STATPLOT 


b. If the 5-year Treasury constant maturity rate varies 
inversely as the oil price in dollars per barrel, then use the 


to model the data using the power function. Find the calculator commands | star |, |PwrReg], and | STATPLOT 


variation constant and equation of variation using x as the to model the data using the power function. Find the 
oil price in dollars per barrel. variation constant and equation of variation using x as the 


oil price in dollars per barrel. 


c. Use the equations you found in (a) and (b) to predict the 
stock index when the oil price hits $72.70 per barrel in 
September 2006. Which answer is closer to the actual 
stock index of 417? Round all answers to the nearest 
whole number. 


c. Use the equations you found in (a) and (b) to predict the 
maturity rate when the oil price hits $72.70 per barrel 
in September 2006. Which answer is closer to the 
actual maturity rate at 5.02%? Round all answers to two 
decimal places. 


a. Use the calculator commands 
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65. An increase in interest rates—in particular, the 5-year 
Treasury constant maturity rate—will affect the number of 
new, privately owned housing units. 


STAT |, |linReg| (ax + b), 
and to model the data using the least-squares 
regression. Find the equation of the least-squares 
regression line using x as the 5-year rate. 


. Ifthe number of new privately owned housing units 
varies inversely as the 5-year Treasury constant 
maturity rate, then use the calculator commands [star } 
PwrReg|, and | sTATPLoT | to model the data using the 
power function. Find the variation constant and equation 
of variation using x as the 5-year rate. 


Use the equations you found in (a) and (b) to predict the 
number of housing units when the maturity rate is 5.02% 
in September 2006. Which answer is closer to the actual 
number of new, privately owned housing units of 1861? 
Round all answers to the nearest unit. 


For Exercises 67 and 68, refer to the following: 


66. An increase in the number of new, privately owned housing 
units will affect the U.S. Dow Jones Utilities Stock Index. 


a. 


Use the calculator commands [star } (ax + b), 


and to model the data using the 
least-squares regression. Find the equation of the 
least-squares regression line using x as the number 
of housing units. 


If the U.S. Dow Jones Utilities Stock Index varies directly 
as the number of new, privately owned housing units, then 
use the calculator commands | stat |, | PwrReg |, and 
STATPLOT | to model the data using the power function. 
Find the variation constant and equation of variation 
using x as the number of housing units. 


Use the equations you found in (a) and (b) to predict 
the utilities stock index if there are 1861 new, 
privately owned housing units in September 2006. 
Which answer is closer to the actual stock index 

of 417? Round all answers to the nearest whole 
number. 


Data for retail gasoline price in dollars per gallon for the period March 2000 to March 2008 are given in the following 
table. (Data are from Energy Information Administration, Official Energy Statistics from the U.S. government at 
command to enter the table below 
with L, as the year (x = 1 for year 2000) and L, as the gasoline price in dollars per gallon. 


http://tonto.eia.doe.gov/oog/info/gdu/gaspump.html.) Use the calculator 


STAT 


EDIT 


MARCH OF EACH YEAR 2000 2001 2002 2003 2004 2005 2006 2007 2008 
RETAIL GASOLINE PRICE $ PER GALLON | 1.517 1.409 1.249 1.693 1.736 2.079 2.425 2.563 3.244 
67. a. Use the calculator commands to 68. a. Use the calculator commands to 


model the data using the least-squares regression. Find the 
equation of the least-squares regression line using x as the 
year (x = | for year 2000) and y as the gasoline price in 
dollars per gallon. Round all answers to three decimal 
places. 


. Use the equation to predict the gasoline price in March 
2006. Round all answers to three decimal places. Is the 
answer close to the actual price? 


. Use the equation to predict the gasoline price in 
March 2009. Round all answers to three decimal 
places. 


model the data using the power function. Find the 
variation constant and equation of variation using x as the 
year (x = | for year 2000) and y as the gasoline price in 
dollars per gallon. Round all answers to three decimal 
places. 


. Use the equation to predict the gasoline price in March 


2006. Round all answers to three decimal places. Is the 
answer close to the actual price? 


. Use the equation to predict the gasoline price in 


March 2009. Round all answers to three decimal 
places. 
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Transformations of Functions A 
= 5 ' ‘ 
: f a Dylan's Jog on Friday 
Being a creature of habit, Dylan usually sets out a ‘ 
each morning at 7 Am from his house for a jog. 2 
Figure 1 shows the graph of a function, y = d(d), 8 3 
that represents Dylan’s jog on Friday. gE : 
& 
aa. ae y=d0) 
a. Use the graph in Figure 1 to fill in the table F 
below. - 
0{ 10 20 30 40 50 60 70 80 
Time (minutes) 
Figure 1 
t 
y= d(i) 
Describe a jogging scenario that fits the graph and table above. 
b. The graph shown in Figure 2 represents A 
Dylan’s jog on Saturday. It is a transformation >| Dylan's Jog on Saturday 


of the function y = a(t) shown in Figure 1. 


Complete the table of values below for this 
transformation. You may find it helpful to 
refer to the table in part (a). 


Distance from home (miles) 
tN 


10 20 30 40 50 60 70 80 sg 
Time (minutes) 


Figure 2 


o 


t 


Vy 
What is the real-world meaning of this transformation? How is Dylan’s jog on 
Saturday different from his usual jog? How is it the same? 


The original function (in Figure 1) is represented by the equation y = a(Z). Write an 
equation, in terms of d(t), that represents the function graphed in Figure 2. Explain. 
c. The graph shown in Figure 3 represents af 
Dylan’s jog on Sunday. It is a transformation 

of the function y = a(t) shown in Figure 1. 


Dylan's Jog on Sunday 
4 


3 
Complete the table of values below for 


this transformation. 


Distance from home (miles) 
ive) 


10 20 30 40 50 60 70 80 ms 
Time (minutes) 


So 


Figure 3 


y 


What is the real-world meaning of this transformation? How is Dylan's jog on Sunday 
different from his usual jog? 


361 


The original function (in Figure 1) is represented by the equation y = d(z). Use function 
notation to represent the function graphed in Figure 3. Explain. 


d. Suppose Dylan's jog on Monday can be A 

represented by the equation y = 4d(t). Dylan's Jog on Monday 
Complete the table of values below and 
sketch a graph at the right for this 
transformation. 


Distance from home (miles) 


0 10 20 30 40 50 60 70 80 


Time (minutes) 


y 


What is the real-world meaning of this transformation? How does Dylan’s jog on 
Monday differ from his usual jog? How is it the same? 


e. Suppose Dylan has a goal of cutting his 


. . . . . . — 5) 1 4 

usual jogging time in half, while covering & Dylan's Jogging Goal 
the same distance. Represent this scenario & 4 
as a transformation of y = d(t) shown in ze ; 
Figure 1. Complete the table, sketch a = 
graph, and write an equation in function & 2 

. . = oO 
notation. Explain why your equation makes z ‘ 
sense. Finally, discuss whether you think A 
Dylan’s goal is realistic. 01 10 20 30 40 50 60 70 80> 

Time (minutes) 
Y — 
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MODELING OUR WORLD 


The U.S. National Oceanic and Atmospheric Association (NOAA) monitors temperature and 
carbon emissions at its observatory in Mauna Loa, Hawaii. NOAA's goal is to help foster an 
informed society that uses a comprehensive understanding of the role of the oceans, coasts, 
cS and atmosphere in the global ecosystem to make the best social and economic decisions. 
The data presented in this chapter is from the Mauna Loa Observatory, where historical 
atmospheric measurements have been recorded for the last 50 years. You will develop linear 
models based on this data to predict temperature and carbon emissions in the future. 
The following table summarizes average yearly temperature in degrees Fahrenheit °F 
and carbon dioxide emissions in parts per million (ppm) for Mauna Loa, Hawaii. 


Year 1960 1965 1970 IGS) 1980 1985 1990 1995 2000 2005 
Temperature (°F) | 44.45 43.29 43.61 43.35 46.66 | 45.71 45.53 47.53 45.86 | 46.23 


CO, Emissions 316.9 320.0 32504 331.1 338.7 345.9 354.2 360.6 369.4 379.7 
(ppm) 


1. Plot the temperature data with time on the horizontal axis and temperature on the 
vertical axis. Let t = 0 correspond to 1960. 
2. Find a linear function that models the temperature in Mauna Loa. 
a. Use data from 1965 and 1995. 
b. Use data from 1960 and 1990. 
c. Use linear regression and all data given. 
3. Predict what the temperature will be in Mauna Loa in 2020. 
a. Apply the line found in Exercise 2(a). 
b. Apply the line found in Exercise 2(b). 
c. Apply the line found in Exercise 2(c). 
4. Predict what the temperature will be in Mauna Loa in 2100. 
a. Apply the line found in Exercise 2(a). 
b. Apply the line found in Exercise 2(b). 
c. Apply the line found in Exercise 2(c). 
5. Do you think your models support the claim of “global warming”? Explain. 
6. Plot the carbon dioxide emissions data with time on the horizontal axis and carbon 
dioxide levels on the vertical axis. Let t = 0 correspond to 1960. 
7. Find a linear function that models the CO, emissions (ppm) in Mauna Loa. 
a. Use data from 1965 and 1995. 
b. Use data from 1960 and 1990. 
c. Use linear regression and all data given. 
8. Predict the expected CO, levels in Mauna Loa in 2020. 
a. Apply the line found in Exercise 7(a). 
b. Apply the line found in Exercise 7(b). 
c. Apply the line found in Exercise 7(c). 
9. Predict the expected CO, levels in Mauna Loa in 2100. 
a. Apply the line found in Exercise 7(a). 
b. Apply the line found in Exercise 7(b). 
c. Apply the line found in Exercise 7(c). 


10. Do you think your models support the claim of the “greenhouse effect”? Explain. 
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") cHaPTER 3 REVIEW 


SECTION ConceEePT Key IDEAS/FORMULAS 

3.1 Functions 
Relations and functions All functions are relations, but not all relations are functions. 
Functions defined by equations A vertical line can intersect a function in at most one point. 
Function notation Placeholder notation: 


fx) =3r -6x +2 fC) =30% - 60) +2 
Difference quotient: 


f@ + h) — f@). 


she#0 
h 
Domain of a function Are there any restrictions on x? 
3.2 Graphs of functions; 
piecewise-defined functions; 
increasing and decreasing 
functions; average rate of change 
Recognizing and classifying functions Common functions 


fx) = mx + b, Ff) =x, fO) =x, 
fx) = 2°, fx) = Vx, fO) = Wx, 


1 
f@) = |x|, f@) = — 
x 


Es 
Ey Even and odd functions 
rf Even: Symmetry about y-axis: f(—x) = f(x) 
x Odd: Symmetry about origin: f(—x) = — f(x) 
rr Increasing and decreasing ¢ Increasing: rises (left to right) 
FE functions ¢ Decreasing: falls (left to right) 
o 
Xo) — f(x 

< Average rate of change FG) — Fe) x, FX 
O Xy — X 

Piecewise-defined functions Points of discontinuity 

3.3 Graphing techniques: Shift the graph of f(x). 
Transformations 
Horizontal and vertical shifts f(x +c) c units to the left, c > 0 


f(x -c) c units to the right, c > 0 
fa +e c units upward, c > 0 


fw -c c units downward, c > 0 
Reflection about the axes —f(x) Reflection about the x-axis 

f(—x) Reflection about the y-axis 
Stretching and compressing cf(x) if c > 1; stretch vertically 


cf(x) if 0 <c < 1; compress vertically 
f(cx) if c > 1; compress horizontally 
f(cx) if 0 < c < 1; stretch horizontally 
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SECTION 


CONCEPT 


Operations on functions 


and composition of functions 


Key IDEAS/FORMULAS 


Adding, subtracting, 
multiplying, and 
dividing functions 


(f + g)(x) = f@) + g(x) 

(f — g)(x) = Ff) — g(x) 

(f + g(x) = fx) + gx) 

Domain of the resulting function is the 
intersection of the individual domains. 
(Z)ea = ies g(x) # 0 


g& gx) 
Domain of the quotient is the intersection of 


the domains of f and g, and any points when 
g(x) = 0 must be eliminated. 


Composition of functions 


One-to-one functions and 
inverse functions 


(f° s(x) = f(g(x)) 

The domain of the composite function is a 
subset of the domain of g(x). Values for x 
must be eliminated if their corresponding 
values g(x) are not in the domain of f. 


Determine whether 
a function is one-to-one 


¢ No two x-values map to the same y-value. 
If f(x) = f@), then x, = x». 

¢ A horizontal line may intersect a one-to-one 
function in at most one point. 


Inverse functions 


¢ Only one-to-one functions have inverses. 
«f *(f@)) = x and f(f* (x) ==. 
* Domain of f = range of f |. 

Range of f = domain of f7!. 


Graphical interpretation of 
inverse functions 


¢ The graph of a function and its inverse are 
symmetric about the line y = x. 

¢ If the point (a, b) lies on the graph of a 
function, then the point (0, a) lies on the 
graph of its inverse. 


Finding the inverse function 


Modeling functions using 
variation 


1. Let y = f(). 

2. Interchange x and y. 
3. Solve for y. 

4. Let y = f (x). 


Direct variation y=k 
aoe k 
Inverse variation y=— 
x 

Joint variation and combined Joint: One quantity is directly proportional 


variation 


to the product of two or more other 
quantities. 


Combined: Direct variation and inverse variation 


occur at the same time. 


@) 
xr 
> 
U 
=| 
m 
a 
a 
m 
= 
m 
= 


CHAPTER 3 REVIEW EXERCISES 


3.1 Functions 


Determine whether each relation is a function. 


1. 


AGES 


2. {(, 2), (3, 4), (2, 4), (3, 7)} 

3. {(—2, 3), A, —3), (0, 4), (2, 6)} 

4. {(4, 7), (2, 6), (3, 8), (1, 7)} 

5, 2+ y= 36 6 e=5 
7. y= |x+2| 8 y = Vx 
9. 


AY 


veo 


REVIEW EXERCISES 


10. 
AY 
> 


Use the graphs of the functions to find: 


11. 12. 
AY AY 


x x 
> > 


a. f(—4)_ b. f(0) 


c. x, where f(x) = 0 


a. f(—1)_ b. fC) 


c. x, where f(x) = 0 
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13. 14, 
AY AY 
e 
. > 
> 
N\ 
a. f(—2)_b. f(4) a. f(—5)_b. f(0) 


c. x, where f(x) = 0 c. x, where f(x) = 0 


Evaluate the given quantities using the following three 
functions. 


f(x) = 4x -—7 FQ=P+4t-3 ga =|P 42x44 
15. f(3) 16. F(A) 
17. f(—7) - 83) 18. oo 
(0) 
19, FQ) — FQ) 20. f3 + h) 


g(0) 


L f3 + h) — f() ». F(t + h) — F(t) 


2 
h h 


Find the domain of the given function. Express the domain in 
interval notation. 


23. f(x) = —3x -—4 24. g(x) =x? —2x +6 


25. h(x) = 26. F(x) = 

@) x+4 @) r+ 3 

1 

27. Gx) = Vx - 4 28. A(x) = ——= 

ee am rome 
Challenge 

D 
29. If f(x) = P16 f(4) and f(—4) are undefined, and 
f(5) = 2, find D. 

30. Construct a function that is undefined at x = —3 and x = 2 


such that the point (0, —4) lies on the graph of the function. 


3.2 Graphs of Functions 


Determine whether the function is even, odd, or neither. 


31. f(x) =2x-7 

33. A(x) = x — Tx 
35. fy =xl'4 +x 
37. f(x) = 5 + 3x 


32. g(x) = 7° + 4x — 2x 
34. f(x) =x + 3x7 


36. fe) = Vet 4 
38. f(x) = 5 + 3x4 + |x 


Use the graph of the functions to find: 


a. Domain 

b. Range 

c. Intervals on which the function is increasing, decreasing, 
or constant. 


39. 40. 


x x 
> > 
10 Prt 10 —10 10 


41. Find the average rate of change of f(x) = 4 — 2° from 
x=0tox= 2. 


—10. -10 


42. Find the average rate of change of f(x) = |2x — 1| from 
x=Iltox=5. 


Graph the piecewise-defined function. State the domain and 
range in interval notation. 


Pr x<0 
2 x20 


=x = 3. x= 0 
44. f(xy) = 44 0<xsl 


VrP+4 x > 


aw Fy ={ 


2 


e x=0 
45. fx) =4 -Vx O0K<x<1 
Ix +2) x>1 


re x <0 
46. F(x) = 4 x 0<x<l 
-|lx}-1 x=1 


Applications 


47. Tutoring Costs. A tutoring company charges $25.00 for the 
first hour of tutoring and $10.50 for every 30-minute period 
after that. Find the cost function C(x) as a function of the length 
of the tutoring session. Let x = number of 30-minute periods. 


48. Salary. An employee who makes $30.00 per hour also earns 
time and a half for overtime (any hours worked above the normal 
40-hour work week). Write a function E(x) that describes her 
weekly earnings as a function of the number of hours worked x. 


3.3 Graphing Techniques: 
Transformations 
Graph the following functions using graphing aids. 


49. y= -(x-27 +4 50. y=|-x+5|-7 
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1 
51. y=Wx-—342 52. y=——_ - 4 
5 ae 


53. y= —3x° 54. y = 2x2 +3 


Use the given graph to graph the following: 


55. 56. 


AY AY 


y= f@ — 2) y = 3f@) 
S75 58. 

AY AY a 
m 
Ss 
m 
= 
m 
> > & 
m 
a 
Q 
1) 
m 
n 

y = —2f(x) y=f@)+3 


Write the function whose graph is the graph of y = \x, but 
is transformed accordingly, and state the domain of the 
resulting function. 


59. Shifted to the left three units 

60. Shifted down four units 

61. Shifted to the right two units and up three units 

62. Reflected about the y-axis 

63. Stretched by a factor of 5 and shifted down six units 

64. Compressed by a factor of 2 and shifted up three units 
Transform the function into the form f(x) = c(x — h)? +k by 
completing the square and graph the resulting function using 


transformations. 


65. y=xr+4x-8 66. y = 2x + 6x — 5 
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3.4 Operations on Functions and au 
oe : 81. f@) 
Composition of Functions \2x — 3| 
g a(x) = [5x + 2| 
Given the functions g and h, find g + h, g — h, g -h, and hy 1 
and state the domain. 82. f(x) = a 
oe 
7. =—3x-4 
67. g(x) 3x wee 1 
h = aoe 
es 83. f(x) = er — x + 10 
68. g(x) = 2x + 3 ex) = Wx —4 
h(x) =x? + 6 4 
1 84. f(x) = 
69. sa =s 2 
x (x) 1 
%~) = 
Ax) = Vx ° Po 
70. g(x) = aaa Write the function as a composite f(g(x)) of two functions f 
2x — 4 and g. 
hte = 3xn-S-1 
are) 85. h(x) = 3(x — 2 + 4 — 2) +7 
3 
71. g(x) = Vx — 4 86. h(x) = on 
il ia 
h(x) = V2x +1 a 
87. ha) = —— 
Wy) 72. g(x) =x - 4 Vet] 
WW 
rn) h(x) =x +2 88. h(x) = V [3x + 4| 
O 
‘« | For the given functions f and g, find the composite functions 
¥ f° gand g ° f, and state the domains. Applications 
am 673. f(x) = 3x—4 89. Rain. A rain drop hitting a lake makes a circular ripple. If the 
f g(x) =2x +1 radius, in inches, grows as a function of time, in minutes, 
Ss 74 = Ph Gy 4 r(t) = 25V t + 2, find the area of the ripple as a function of 
Ww = ms time. 
& (x) =x + 3 F 
8 90. Geometry. Let the area of a rectangle be given by 
75. f(x) = 2 42 = 1-w, and let the perimeter be 36 = 2-/+2-w. 
x fi 3 Express the perimeter in terms of w. 
go) = 7 
76. fix) = 1 /y2 — 5 3.5 One-to-One Functions and 
Inverse Functions 
g(x) = Vx +6 
Determine whether the given function is a one-to-one function. 
77. f(x~) = Vx -—5 
91. 
78. f(x) = = BROTHER SISTER 
x Chris Paula 
1 oe 
g(x) = ; Harold Vickie 
e-4 Tom > Renee 
Evaluate f(g(3)) and g(f(—1)), if possible. Dantiy Gabriel 


79. f(x) = 4° —3x+2 
g(x) = 6x — 3 

80. f(x) = V4 — x 
g(x) =r +5 


92. 
Range 
Function 


STUDENTS GRADE 
IN IN 
PRECALC PRECALCULUS 
COURSE 
Bill = & 


Tracey 
Tonja — Cc 
Troy = Dp 
Maria 

F 


Martin —————_ 


93. {(2, 3), (1, 2), G, 3), (—3, -—4), 2, D} 
94. {(—3, 9), (5, 25), (2, 4), (3, 9)} 

95. {(—2, 0), (4, 5), (3, 7)} 

96. {(—8, —6), (—4, 2), (0, 3), (2, —8), (7, 4)} 


97. y= Vx 9 y= 99 f= 100. fQX) = 4 


Verify that the function f ~1(x) is the inverse of f (x) by 
showing that f(f~1(x)) = x. Graph f(x) and f~1(x) on the 
same graph and show the symmetry about the line y = x. 


101. f@) = 3x +4; fw == ; : 
et 2 
102, #0) af = 


103. f~) = Vxt+4fl@M=xr-4 x=0 


7x +2 
eS 1 


{id ji 2 = igs 
x= 


The function f is one-to-one. Find its inverse and check your 
answer. State the domain and range of both f and f—'. 


105. f(x) =2x+1 106. f(x) = +2 


107. f@)=Vx+4 108. fa = +4243 x= -4 
109. f(x) = — 110. f(x) = 2Wx— 5-8 


Applications 


111. Salary. A pharmaceutical salesperson makes $22,000 base 
salary a year plus 8% of the total products sold. Write a 
function S(x) that represents her yearly salary as a function 
of the total dollars worth of products sold x. Find S~'(x). 
What does this inverse function tell you? 


112. Volume. Express the volume V of a rectangular box that has 
a square base of length s and is 3 feet high as a function of 
the square length. Find V_'. If a certain volume is desired, 
what does the inverse tell you? 
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3.6 Modeling Functions Using 
Variation 


Write an equation that describes each variation. 


113. Cis directly proportional to r.C = 27 when r = 1. 


114. Vis directly proportional to both / and w. V = 12h when 
w = 6and/ = 2. 


115. A varies directly with the square of r A = 257 when r = 5. 


116. F varies inversely with both A and L. F = 207 when 
A = 10 umand L = 10 km. 


Applications 


117. Wages. Cole and Dickson both work at the same museum 
and have the following paycheck information for a certain 
week. Find an equation that shows their wages (W) varying 
directly with the number of hours (H) worked. 


EMPLOYEE Hours WorKED WaGeE 
Cole 27 $229.50 
Dickson 30 $255.00 


118. Sales Tax. The sales tax in two neighboring counties 
differs by 1%. A new resident knows the difference but 
doesn’t know which county has the higher tax rate. The 
resident lives near the border of the two counties and wants 
to buy a new car. If the tax on a $50.00 jacket is $3.50 in 
County A and the tax on a $20.00 calculator is $1.60 in 
County B, write two equations (one for each county) that 
describe the tax (T), which is directly proportional to the 
purchase price (P). 


a 
m 
Ss 
m 
= 
m 
x 
m 
a 
2) 
o 
m 
7) 


Technology Exercises 


Section 3.1 


119. Use a graphing utility to graph the function and find the 
domain. Express the domain in interval notation. 


1 


Vir — 2x -— 3 


120. Use a graphing utility to graph the function and find the 
domain. Express the domain in interval notation. 


fa) = 


wr — 4x — 5 


fx) = 


M) 
Ww 
2 
O 
x 
Ww 
x 
Ww 
= 
= 
> 
ff 
x 
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Section 3.2 


121. Use a graphing utility to graph the function. State the 
(a) domain, (b) range, and (c) x intervals where the function 
is increasing, decreasing, and constant. 


Ll=x «Ss —! 
fo) = ¥§ [El] -lsx<2 
Kaede 2 


122. Use a graphing utility to graph the function. State the 
(a) domain, (b) range, and (c) x intervals where the function 
is increasing, decreasing, and constant. 


|e = 4 
Vx —-2+4 


—2<x<2 
Rie 


r-| 


Section 3.3 


123. Use a graphing utility to graph f(x) = x° — x — 6 and 
g(x) = x° — 5x. Use transforms to describe the relationship 
between f(x) and g(x)? 


124. Use a graphing utility to graph f(x) = 2x7 — 3x — 5 and 
g(x) = —2x? — x + 6. Use transforms to describe the 
relationship between f(x) and g(x)? 


Section 3.4 


125. Using a graphing utility, plot y,) = V2x + 3,y. = V4 — x, 


and y; = a What is the domain of y,? 


Y2 


126. Using a graphing utility, plot y,) = V2? — 4,y. = x» - 5, 
and y; = yj — 5. If y, represents a function f and y, 
represents a function g, then y; represents the composite 
function g © f. The graph of y; is only defined for the 
domain of g ° f. State the domain of g ° f. 


Section 3.5 


127. Use a graphing utility to graph the function and determine 
whether it is one-to-one. 


6 
Vr- 1 
128. Use a graphing utility to graph the functions f and g and the 


line y = x in the same screen. Are the two functions inverses 
of each other? 


f@® = Wx-3 4 


fa) = 


1, g(x) = x4 


Section 3.6 


From December 1999 to December 2007, data for gold price in 
dollars per ounce are given in the table below. (Data are from 
Finfacts Ireland Business & Finance Portal, Ireland’s Top 
Business website at www. finfacts.ie/Private/curency/ 
goldmarketprice.htm.) Use the calculator | STAT] EDIT | commands 
to enter the table below with L, as the year (x = 1 for year 1999) 
and L, as the gold price in dollars per ounce. 


DECEMBER OF GOLD PRICE IN 
EaAcH YEAR $ PER OUNCE 
1999 287.90 
2000 272.15 
2001 278.70 
2002 346.70 
2003 414.80 
2004 438.10 
2005 517.20 
2006 636.30 
2007 833.20 


129. a. Use the calculator commands to model 
the data using the least-squares regression. Find the 
equation of the least-squares regression line using x as 
the year (x = 1 for year 1999) and y as the gold price in 
dollars per ounce. Round all answers to two decimal 


places. 


b. Use the equation to predict the gold price in December 
2005. Round all answers to two decimal places. Is the 
answer close to the actual price? 


c. Use the equation to predict the gold price in December 
2008. Round all answers to two decimal places. 


130. a. Use the calculator commands | sTaT|| PwrReg| to model 
the data using the power function. Find the variation 
constant and equation of variation using x as the year 
(x = 1 for year 1999) and y as the gold price in 

dollars per ounce. Round all answers to two decimal 


places. 


b. Use the equation to predict the gold price in December 
2005. Round all answers to two decimal places. Is the 
answer close to the actual price? 


c. Use the equation to predict the gold price in December 
2008. Round all answers to two decimal places. 


CHAPTER 3 PRACTICE TEST 


Assuming that x represents the independent variable and y 
represents the dependent variable, classify the relationships as: 


a. not a function 

b. a function, but not one-to-one 
c. a one-to-one function 
1 


foals] a xayt2 a= YEFT 
Use fix) = Vx — 2 and g(x) = x" + 11, and determine the 


desired quantity or expression. In the case of an expression, 


state the domain. 
5. (E)oo 
&§ 


7. g(f(x)) 
9. f(¢(V7)) 


Determine whether the function is odd, even, or neither. 


10. f(@~) = |x| -—x 11. f@) = 9 +5x-3 12. f(x) = : 


4. fl) —2g(-1) 


«(o 


8. (f + g)(6) 


Graph the functions. State the domain and range of each 
function. 


13. fa) = -Vx-—34+2 14. f(x) = -2(x - 17 


=X fos 1 
is so9= {1 -l<x<2 
xr eZ 


Use the graphs of the function to find: 


16. AY 
y= fe) 
> 
a. f(3) b. f(0) c. f(—4) 
d. x, where f(x) = 3 e. x, where f(x) = 0 
17. AY 


Vr 


a. g(3) 


b. g(0) 
d. x, where g(x) = 0 


c. g(—4) 


18. AY 
y= p(x) 
? x 
> 
a. p(0) b. x, where p(x) = 0 
c. p(1) d. p(3) 
+h) - 
Find ee! for: 


19. f(x) = 3x7 -— 4x +1 20. fx) = 5 — 7x 


Find the average rate of change of the given functions. 


21. f(x) = 64 — 16x” forx = 0 tox = 2 


22. f(x) = Vx — 1 forx = 2tox = 10 
Given the function f, find the inverse if it exists. State the ss 
domain and range of both f and f 1. > 
ce) 
23. f@) = Vx —5 24. f@=245 a 
aie ee ae -{7 x=0 m 
CS okay era » £O) = -~ x>0 4 
m 
27. What domain restriction can be made so that f(x) = x* has an cl 

inverse? 


28. If the point (—2, 5) lies on the graph of a function, what point 
lies on the graph of its inverse function? 


29. Discount. Suppose a suit has been marked down 40% off the 
original price. An advertisement in the newspaper has an 
“additional 30% off the sale price” coupon. Write a function 
that determines the “checkout” price of the suit. 


30. Temperature. Degrees Fahrenheit (°F), degrees Celsius (°C), 
and kelvins (K) are related by the two equations: 
FH 2C + 32 and K = C + 273.15. Write a function whose 
input is kelvins and output is degrees Fahrenheit. 


31. Circles. If a quarter circle is drawn by tracing the unit circle 
in quadrant III, what does the inverse of that function look 
like? Where is it located? 


32. Sprinkler. A sprinkler head malfunctions at midfield in an 
NFL football field. The puddle of water forms a circular 
pattern around the sprinkler head with a radius in yards that 
grows as a function of time, in hours: r(t) = 10Vt. When 
will the puddle reach the sidelines? (A football field is 30 
yards from sideline to sideline.) 
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33. Internet. The cost of airport Internet access is $15 for the 


first 30 minutes and $1 per minute for each minute after that. 


Write a function describing the cost of the service as a 
function of minutes used. 

Use variation to find a model for the given problem. 

34. y varies directly with the square of x. y = 8 when x = 5. 


35. F varies directly with m and inversely with p. F = 20 when 
m = 2andp = 3. 


36. Use a graphing utility to graph the function. State the 
(a) domain, (b) range, and (c) x intervals where the function 
is increasing, decreasing, and constant. 

-4sx< -2 


5 
f0)= {5 4 oy 2 i ped 


37. Use a graphing utility to graph the function and determine 
whether it is one-to-one. 


y =x — 12° + 48x — 65 


CHAPTERS 1—3 CUMULATIVE TEST 


2 
1. Simplify ———~. 
3- V5 
2. Factor completely: 10x? — 29x — 21. 


3 


—4 
3. Simplify and state the domain: - as 


+20 


1 1 
4. Solve for x: -x = -—=x + 11. 
ve for x. 6 5 
5. Perform the operation, simplify, and express in standard 
form: (8 — 9i)(8 + 9i). 


5 10 
6. Solve for x, and give any excluded values: - 10 = ae 


7. The original price of a hiking stick is $59.50. The sale price 
is $35.70. Find the percent of the markdown. 
8. Solve by factoring: x(6x + 1) = 12. 
x 1 
9. Solve by completing the square: = x= 5 
10. Solve and check: Wx + 2 = —3. 


11. Solve using substitution: x* — x° — 12 = 0. 


Solve and express the solution in interval notation. 
12. -7<3-2x=5 


x 
x= 5 
14. |2.7 — 3.2x| = 1.3 


13. 


<0 


15. Calculate the distance and midpoint between the segment 
joining the points (—2.7, —1.4) and (5.2, 6.3). 


16. Find the slope of the line passing through the points 
(0.3, —1.4) and (2.7, 4.3). 


17 


18. 


19. 


20. 


21. 


22. 


23. 
24. 
25. 


26. 


27. 


. Write an equation of a line that passes through the points 
(1.2, — 3) and (—0.2, —3). 


Transform the equation into standard form by completing the 
square, and state the center and radius of the circle: 
erty t+ 12x- 1B8y-4=0. 

Find the equation of a circle with center (—2, —1) and 
passing through the point (—4, 3). 


If a cellular phone tower has a reception radius of 100 miles 
and you live 85 miles north and 23 miles east of the tower, 
can you use your cell phone at home? Explain. 


Use interval notation to express the domain of the function 


B(x ae 


Find the average rate of change for f (x) = 5x’, from x = 2 to 
x=4, 

Evaluate g(f(—1)) for f(x) = |6 — x| and g(x) = x7 — 3. 
Find the inverse of the function f(x) = x° + 3 forx = 0. 


Write an equation that describes the variation: r is inversely 
proportional to t. r = 45 when ¢t = 3. 


Use a graphing utility to graph the function. State the 
(a) domain, (b) range, and (c) x intervals where the function 
is increasing, decreasing, and constant. 


i= |z| 
1—|x-2| 


-lsx<l 
1<xx3 


fey = { 


Use a graphing utility to graph the function f(x) = x° — 3x 
and g(x) = x° + x — 2 in the same screen. Find the function 
h such that g 0° h = f. 


LS3L AAILVIAWNNS 
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Polynomial and 
Rational Functions 


ndoor football stadiums are designed 

so that football punters will not hit 
the roof with the football. One of the 
greatest NFL punters of all time was 
Ray Guy, who played 14 seasons from 
1973 to 1986. “In the 1976 Pro Bowl, Ray Guy 
one of his punts hit the giant TV screen hanging from the rafters in the Louisiana Superdome. Not only 
did Guy punt high and far—the term ‘hang time’ came into the NFL lexicon during his tenure—once 
he even had an opponent take a ball he punted and test it for helium!” (www.prokicker.com; 
Ray Guy Fact Sheet) 

The path that punts typically follow is called a parabola and 
is classified as a quadratic function. The distance of a punt is 
measured in the horizontal direction. The yard line where 
the punt is kicked from and the yard line where the punt 
either hits the field or is caught are the zeros of the quadratic 
function. Zeros are the points where the function value is equal 


to zero. 


sasew| Ajja5/W0ds uo snd04 


we will start by discussing quadratic functions (polynomial functions of degree 2) whose graphs 
are parabolas. We will find the vertex, which is the maximum or minimum point on the graph. Then we will expand our discussion 
to higher degree polynomial functions. We will discuss techniques to find zeros of polynomial functions and strategies for 
graphing polynomial functions. Last we will discuss rational functions, which are ratios of polynomial functions. 


POLYNOMIAL AND RATIONAL FUNCTIONS 


4.2 
Polynomial 
Functions of 

Higher Degree 


4.1 


Quadratic 


4.3 
Dividing 
Polynomials: 
Long Division 
and Synthetic 
Division 


4.4 
The Real Zeros 
ofa 
Polynomial 
Function 


4.5 
Complex 
Zeros: The 
Fundamental 
Theorem of 
Algebra 


4.6 


Rational 
Functions 


Functions 


e Graphs of e Identifying e Long e The ¢ Complex e Domain of 
Quadratic Polynomial Division of Remainder Zeros Rational 
Functions: Functions Polynomials Theorem and e Factoring Functions 
Parabolas © Graphing e Synthetic the Factor Polynomials e Vertical, 

e Finding the Polynomial Division of Theorem Horizontal, 
Equation of a Functions Polynomials e The Rational and Slant 
Parabola Using Zero Theorem Asymptotes 

Transforma- and Descartes’ e Graphing 
tions of Rule of Signs Rational 
Power e Factoring Functions 
Functions Polynomials 

e Real Zeros of e The 
a Polynomial Intermediate 
Function Value Theorem 

e Graphing e Graphing 
General Polynomial 
Polynomial Functions 
Functions 


LEARNING OBJECTIVES 


Find the vertex (maximum or minimum) of the graph of a quadratic function. 
Graph polynomial functions. 

Divide polynomials using long division and synthetic division. 

Develop strategies for searching for zeros of a polynomial function. 
Understand that complex zeros come in conjugate pairs. 


Graph rational functions. 
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SECTION 
4.1 QUADRATIC FUNCTIONS 


Graphs of Quadratic Functions: Parabolas 


In Chapter 3, we studied functions in general. In this chapter we will learn about a special 
group of functions called polynomial functions. Polynomial functions are simple functions; 
often, more complicated functions are approximated by polynomial functions. Polynomial 
functions model many real-world applications such as the stock market, football punts, 
business costs, revenues and profits, and the flight path of NASA’s “vomit comet.” Let’s 
start by defining a polynomial function. 


DEFINITION Polynomial Function 


Let n be a nonnegative integer, and let a,, a,_1, . . . , Go, 4, Ag be real numbers with 
a, # 0. The function 


FQ) = ax" + ayy | + + + aye? + ax + ay 


is called a polynomial function of x with degree n. The coefficient a, is called the 
leading coefficient, and ap is the constant. 


Polynomials of particular degrees have special names. In Chapter 3, the library of 
functions included the constant function f(x) = b, which is a horizontal line; the linear 
function f(x) = mx + b, which is a line with slope m and y-intercept (0, b); the square 
function f(x) = x’; and the cube function f(x) = x°. These are all special cases of a 
polynomial function. 

Here are more examples of polynomial functions of particular degree together with their 
names: 


Polynomial Degree Special Name 

f@ =3 0 Constant function 
f(x) = -2x +1 1 Linear function 
fQ) = Tx = Sx + 19 2 Quadratic function 
f@) =40° + 2x-7 3 Cubic function 


The leading coefficients of these functions are 3, —2, 7, and 4, respectively. The 
constants of these functions are 3, 1, 19, and —7, respectively. In Section 2.3, we 
discussed graphs of linear functions, which are first-degree polynomial functions. In 
this section we will discuss graphs of quadratic functions, which are second-degree 
polynomial functions. 
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In Section 3.2, the library of functions that we compiled included the square function AY 
f(x) = x’, whose graph is a parabola. See the graph on the right. +6 
In Section 3.3, we graphed functions using transformation techniques such as 
F(x) = (x + 1)? — 2, which can be graphed by starting with the square function y = x” and 
shifting one unit to the left and down two units. See the graph on the right. 
Note that if we eliminate the parentheses in F(x) = (x + 1)? — 2to get 


F@) =e +2xe+1-2 io) 
=7+22x-1 


the result is a function defined by a second-degree polynomial (a polynomial with x° as the 
highest degree term), which is also called a quadratic function. 


a 
DEFINITION Quadratic Function il a 
Let a, b, and c be real numbers with a # 0. The function 


f@) =a2+bx+e 


is called a quadratic function. = 7 


F(x) = (x+1)?-2 


The graph of any quadratic function is a parabola. If the leading coefficient a is positive, 
then the parabola opens up. If the leading coefficient a is negative, then the parabola opens 
down. The vertex (or turning point) is the minimum point, or low point, on the graph if 
the parabola opens up, whereas it is the maximum point, or high point, on the graph if the 
parabola opens down. The vertical line that intersects the parabola at the vertex is called 
the axis of symmetry. 

The axis of symmetry is the line x = h, and the vertex is located at the point (h, k), as 
shown in the following two figures. 


aah AY AY 
Axis of : 
Symmetry (h, k) 
i Vertex \, | 

i f(x) =ax?+bx te <--|k 


a>0 


f(x) =ax?+bx +e 
a<0 


vu 


x=h 
Axis of 
Symmetry 


At the start of this section, the function F(x) = x? + 2x — 1, which can also be written 
as F(x) = (x + 1)? — 2, was shown through graph-shifting techniques to have a graph 
of a parabola. Looking at the graph on top of the margin, we see that the parabola 
opens up (a = | > 0), has a vertex at the point (—1, —2), and has an axis of symmetry 
ofx = —1. 
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Graphing Quadratic Functions Given in 
Standard Form 


In general, writing a quadratic function in the form 
SQ) = ax - hy +k 


allows the vertex (h, k) and the axis of symmetry x = h to be determined by inspection. 
This form is a convenient way to express a quadratic function in order to quickly determine 
its corresponding graph. Hence, this form is called standard form. 


QUADRATIC FUNCTION: STANDARD FORM 
The quadratic function 
fix) =aax—hP +k 


is in standard form. The graph of fis a parabola whose vertex is the point (Ah, k). 
The parabola is symmetric with respect to the line x = h. If a > 0, the parabola 
opens up. If a < 0, the parabola opens down. 


Recall that graphing linear functions requires finding two points on the line, or a point 
and the slope of the line. However, for quadratic functions simply knowing two points 
that lie on its graph is no longer sufficient. Below is a general step-by-step procedure for 
graphing quadratic functions given in standard form. 


GRAPHING QUADRATIC FUNCTIONS 
To graph f(x) = a(x — hy’ +k 
Step 1: Determine whether the parabola opens up or down. 


a>0 up 
a<0 down 
Step 2: Determine the vertex (h, k). 
Step 3: Find the y-intercept (by setting x = 0). 
Step 4: Find any x-intercepts (by setting f(x) = 0 and solving for x). 
Step 5: Plot the vertex and intercepts and connect them with a smooth curve. 


AY AY AY 


Note that Step 4 says to “find any x-intercepts.” Parabolas opening up or down will 
always have a y-intercept. However, they can have one, two, or no x-intercepts. The 
figures above illustrate this for parabolas opening up, and the same can be said about 
parabolas opening down. 
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EXAMPLE 1_ Graphing a Quadratic Function Given in 
Standard Form 


Graph the quadratic function f(x) = (x — 3)? — 1. 


Solution: 
Step 1 The parabola opens up. a=1,soa>0 
Step 2 Determine the vertex. (h, k) = (3, —1) 
Step 3 Find the y-intercept. f(0) =(-3P -1=8 
(0, 8) corresponds to the y-intercept 
Step 4 Find any x-intercepts. f) =(«- 3 -1=0 
(«-3P=1 
Use square-root method. e= 3 S21 
Solve. x=2orx=4 
(2, 0) and (4, 0) correspond to the x-intercepts 
Step 5 Plot the vertex and intercepts AY 
(3, —1), (0, 8), (2, 0), (4, 0). 
(0, 8)) 


ve 


2,0" 4,0) 
*(3,-1) 


Sr Fcecccrxsncosecseon 


A quadratic function given in stan- 

dard form can be graphed using the 
transformation techniques shown in 
Section 3.3 for the square function. 


Connect the points with a smooth 
curve opening up. 


= Answer: 
AY 
(2, 0) (4,0) 
(3,-1) 

x 

> 
The graph in Example | could also have been found by shifting the square function G10) 3,0) 
to the right three units and down one unit. 

(0, -3) 
Se pessegrenccensens see chase soepsassezes tes cps veepe nonce ser cats sae aun fess cervaea evenness ees en peepasaneebcnssseenseeenseeeaeoieas Aa 


= YOUR TURN Graph the quadratic function f(x) = (x — 1? -4. 
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= Answer: 


ve 


|} EXAMPLE 2_ Graphing a Quadratic Function Given in Standard 
ea Form with a Negative Leading Coefficient 


Graph the quadratic function f(x) = —2(x — 1)° — 3. 


Solution: 
Step 1 The parabola opens down. a=-2,soa<0 
Step 2 Determine the vertex. (h, k) = (1, —3) 
Step 3 Find the y-intercept. f@) = -2(-1 -3 = -2-3=—-5 
(0, —5) corresponds to the y-intercept 
Step 4 Find any x-intercepts. fi) = -2x - 1° -— 3 =0 
-2«¢-1P =3 
3 
— |r =- = 
(«— 1) 5 
The square root of a negative 22 fede 3 
number is not a real number. > 2 


No real solutions. There are no x-intercepts. 


Step 5 Plot the vertex (1, —3) and y-intercept 
(0, —5). Connect the points with a 
smooth curve. 


Note that the axis of symmetry is x = 1. 
Because the point (0, —5) lies on the parabola, 
then by symmetry with respect to x = 1, the 
point (2, —5) also lies on the graph. 


= YOUR TURN Graph the quadratic function f(x) = —3(x + 1)* — 2. 


When graphing quadratic functions (parabolas), have at least 3 points labeled on 

the graph. 

= When there are x-intercepts (Example 1), label the vertex, y-intercept, and 
x-intercepts. 

= When there are no x-intercepts (Example 2), label the vertex, y-intercept, and 
another point. 


Graphing Quadratic Functions in 
General Form 


A quadratic function is often written in one of two forms: 


Standard form: f(x) = a — hy +k 
General form: f(x) = ax? + bx + ¢ 


When the quadratic function is expressed in standard form, the graph is easily obtained by 
identifying the vertex (h, k) and the intercepts and drawing a smooth curve that opens either 
up or down, depending on the sign of a. 
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Typically, quadratic functions are expressed in general form and a graph is the ultimate 
goal, so we must first express the quadratic function in standard form. One technique for 
transforming a quadratic function from general form to standard form was introduced in 
Section 1.3 and is called completing the square. 


ws 


a 
EXAMPLE 3_ Graphing a Quadratic Function Given in Technology Tip e - 


General Form Use a graphing utility to graph the 
function f(x) = x° — 6x + 4as y,. 


Graph the quadratic function f(x) = x? — 6x + 4. 
Fileki Flaki Flats 


Solution: ay Bee e+4 
Express the quadratic function in standard form by completing the square. “Weal 
Write the original function. =v -6x+4 
rite the original function f@) =x — 6x WiEHo-eHe4 
Group the variable terms together. = (x — 6x) +4 


Complete the square. 


Half of —6 is —3; —3 squared is 9. 


Add and subtract 9 within the parentheses. =(? -6x+9-9)+4 


Write the —9 outside the parentheses. =(? —6x+9)-9+4 


Write the expression inside the parentheses as 
a perfect square and simplify. = (4-37 5 


Now that the quadratic function is written in standard form, f(x) = (x — 3)? — 5, 
we follow our step-by-step procedure for graphing a quadratic function in standard 


form. 
Step 1 The parabola opens up. a=1,soa>0 
Step 2 Determine the vertex. (h, k) = (3, —5) 
Step 3 Find the y-intercept. f(0) = (0 — 6(0) +4 =4 
(0, 4) corresponds to the y-intercept 
Step 4 Find any x-intercepts. f@=0 
fHaRH 37 =2=0 
o> Study Ti 
u I 
t t t 
o 3 4V5 ough either rorm (s andard or 


general) can be used to find the inter- 
(3 + V5, 0) and (3 — V5, 0) correspond to the x-intercepts. Repis sEisipiten mote bonvenicnite 
use the general form when finding 


Step 5 Plot the vertex and intercepts the y-intercept and the standard form 


6..=5),(0; 45,0 4°V5,0), when finding the x-intercept. 
and (3 — V5, 0). 
Connect the points with a smooth parabolic = Answer: 
curve. 
AY 
Note: 3 +V5 ® 5.24 and 
3-— V5 & 0.76. 
(5.4, 0) ¥ 
(26,0) 


(4,-2) 


= YOUR TURN Graph the quadratic function f(x) = x? — 8x + 14. 
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When the leading coefficient of a quadratic function is not equal to 1, the leading coefficient 


= must be factored out before completing the square. 


Technology Tip & 
ikea pranhinp atility to peuph the EXAMPLE 4 Graphing a Quadratic Function Given in General Form 
function f(x) = —3x2 + 6x + 2as y). with a Negative Leading Coefficient 


WIHDO Graph the quadratic function f(x) = —3x? + 6x + 2. 
Solution: 
Express the function in standard form by completing the square. 
Write the original function. f(x) = —3x? + 6x +2 


Group the variable terms together. = (—3x? + 6x) +2 


BE) ES FERS Factor out —3 in order to make the coefficient 
WE RAE wma iriey of x’ equal to 1 inside the parentheses. = —3(x? — 2x) +2 


wee Add and subtract 1 inside the 
parentheses to create a perfect square. = -3(0? —-2x +1-1)+2 


VIS -Fns+onte 


ll 


Regroup the terms. —3(x? — 2x + 1) -3(-1) + 2 


Write the expression inside the parentheses 


as a perfect square and simplify. =-3(4-1P +5 
Now that the quadratic function is written in standard form, f(x) = —3(x — 1° + 5, 
we follow our step-by-step procedure for graphing a quadratic function in standard form. 
Step 1 The parabola opens down. a = —3, therefore a < 0 
Step 2 Determine the vertex. (h, k) = (1, 5) 
Step 3 Find the y-intercept using FO) 30) + 6(0) +2 =2 
the general form. (0, 2) corresponds to the y-intercept 


Step 4 Find any x-intercepts using 


the standard form. SQ) 3(x — 17 +5=0 
x= 1h —=5 

5 

r— 1 De a 

(x ) 3 


ll 


x— 1 + 


ll 
a 
u 
im 


V15 
The x-intercepts are (: + 3 0) and (1 = 


Step 5 Plot the vertex and intercepts 


V5 
(1, 5), (0, ».(1 are .0) and 
= Answer: V5 
AY f= 0' |; 
5 3 
(1,3) Connect the points with a smooth curve. 
V15 
(2.2, 0) (0,1) x Note: 1 + ——— ® 2.3 and 
“si 2,0) 5 : 
| at VI15 
1 == =0:3: 
3 
TS cssseeseanssennnnnnnnennnannnnsnunnsnnenuannnnessnananessunsannesuannnnessnannnessnassneesuasnneessnsnanessaananessunanasessnannnessnananensstant 


= YOUR TURN Graph the quadratic function f(x) = —2x° — 4x + 1. 


4.1 Quadratic Functions 


In Examples 3 and 4, the quadratic functions were given in general form, and they were 
transformed into standard form by completing the square. It can be shown (by completing 
the square) that the vertex of a quadratic function in general form, f(x) = ax’ + bx + c, is 


located atx = ——. 
2a 


Another approach to sketching the graphs of quadratic functions is to first find the vertex 
and then find additional points through point-plotting. 


VERTEX OF A PARABOLA 


The graph of a quadratic function f(x) = ax* + bx + c is a parabola with the vertex 


located at the point 
2a : 2a 2a : 4a 


GRAPHING A QUADRATIC FUNCTION IN GENERAL FORM 


Step 1: Find the vertex. 

Step 2: Determine whether the parabola opens up or down. 
= Ifa> 0, the parabola opens up. 
= Ifa<0, the parabola opens down. 

Step 3: Find additional points near the vertex. 

Step 4: Sketch the graph with a parabolic curve. 


EXAMPLE 5_ Graphing a Quadratic Function Given in General Form 
Sketch the graph of f(x) = —2x* + 4x + 5. 
Solution: Let a = —2,b = 4, andc = 5. 


; b 4 
Step 1 Find the vertex. x= = = 
2a i), 


f() = -20)? + 401) +5 =7 
Vertex = (1, 7) 


1 


Step 2 The parabola opens down. a=-2 


Step 3 Find additional points near the vertex. 


x -1 Oo 1 2 3 


SO) f(-l)=-1 f(0) =5 fd) =7 FQ) =5 fB) = —1 


Step 4 Label the vertex and additional 
points, then sketch the graph. 


= YOUR TURN Sketch the graph of f(x) = 3x° — 6x + 4. 


= Answer: 


(0,4) 
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= Answer: Standard form: 
f(x) = («+ 3% -5 


Finding the Equation of a Parabola 

It is important to understand that the equation y = x* is equivalent to the quadratic function 
f(x) = x’. Both have the same parabolic graph. Thus far, we have been given the equation 
and then asked to find characteristics (vertex and intercepts) in order to graph. We now 
turn our attention to the problem of determining the equation, or function, given certain 
characteristics. 


EXAMPLE 6 _ Finding the Equation of a Parabola Given the Vertex 
and Another Point 


Find the equation of a parabola whose graph has a vertex at (3, 4) and that passes through the 
point (2, 3). Express the quadratic function in both standard and general forms. 


Solution: 


Write the standard form of the 
equation of a parabola. f(x) = ax — hy +k 


Substitute the coordinates of the 
vertex (h, k) = (3, 4). f@) =aa- 3y +4 


Use the point (2, 3) to find a. 


The point (2, 3) implies f(2) = 3. fQ) =a —- 3Y +4=3 
Solve for a. a2 —-3P +4=3 
a-1P +4 =3 
a+4=3 

a=-l 


Write both forms of the equation of this parabola. 


Standard form: | f(x) = —(x — 3yr +4 General form: | f(x) = —-x + 6x —5 


= YOUR TURN Find the standard form of the equation of a parabola whose graph has 
a vertex at (—3, —5) and that passes through the point (—2, —4). 


As we have seen in Example 6, once the vertex is known, the leading coefficient a can be 
found from any point that lies on the parabola. 


Application Problems That Involve 
Quadratic Functions 


= What is the minimum distance a driver has to maintain in order to be at a safe 
distance between her car and the car in front as a function of speed? 

= How many units produced will yield a maximum profit for a company? 

= Given the number of linear feet of fence, what rectangular dimensions will yield a 
maximum fenced-in area? 

= Ifa particular stock price has been shown to follow a quadratic trend, when will the 
stock achieve a maximum value? 

= Ifa gun is fired into the air, where will the bullet land? 


These are all problems that can be solved using quadratic functions. Because the vertex of 
a parabola represents either the minimum or maximum value of the quadratic function, in 
application problems it often suffices simply to find the vertex. 
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In Example 6, the function F(x) = —x + 6x — 5, which can also be written as 
F(x) = —(x — 3)? + 4, was shown to “open down” and has a vertex at the point (3, 4). Suppose 
this function represents profit, where x is the number (millions) of units made. The vertex 
would then represent the maximum profit. Instead of rewriting the function in standard form 


through completing the square, we use the vertex formula x = ——. 


2a 
Worps MatTH 
Quadratic function. F(x) = —x + 6x —5 
Coefficients. a=—-1,b=6,c=—5 
: . b 6 

Find the x-coordinate of the vertex. x= = = 3 

2a 2(-1) 
Find the value of the function at x = 3. f@B) = (3) + 6(33) -5 =4 
Therefore, the vertex is located at the point | (3, 4) |. 

rl 
Technology Tip 
EXAMPLE 7 _ Finding the Minimum Cost of Manufacturing Use a oxanhing inility to ovaplithe 
a Motorcycle cost function 


C(x) = 2000 — 15x + 0.052" as y,. 


WIMOOW 


A company that produces motorcycles has a daily production cost of 
C(x) = 2000 — 15x + 0.05x° 


where C is the cost in dollars to manufacture a motorcycle and x is the number of 
motorcycles produced. How many motorcycles can be produced each day in order to 


minimize the cost of each motorcycle? What is the corresponding minimum cost? Vax =208H 
Wsc1l=258 
Solution: Ares=1 


The graph of the quadratic function is a parabola. 
Filaki Flake Floks 


ou! B2GRG8-15x+.85 


Rewrite the quadratic function 


in general form. C(x) = 0.05x? — 15x + 2000 

g (x) ol 
The parabola opens up, 
because a is positive. a = 0.05 > 0 


TIFend- Let eS 
Because the parabola opens up, the 
vertex of the parabola is a minimum. 


b —15 
Find the x-coordinate of the vertex. x= = ¢ ) = 150 
2a 2(0.05) 


The company keeps costs to a minimum when 150 motorcycles are produced each day. 


The minimum cost is $875 per motorcycle. C(150) = 875 


= Answer: 250,000 bottles 


= YOUR TURN The revenue associated with selling vitamins is 
R(x) = 500x — 0.001x° 


where R is the revenue in dollars and x is the number of bottles of 
vitamins sold. Determine how many bottles of vitamins should be 
sold to maximize the revenue. 
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"7 EXAMPLE 8 _ Finding the Dimensions That Yield a Maximum Area 
Technology Tip You have just bought a puppy and want to fence in an area in the backyard for her. You buy 
Use a graphing utility to graph the 100 linear feet of fence from Home Depot and have decided to make a rectangular fenced-in 
area function A(x) = —2x? + 100x. area using the back of your house as one side. Determine the dimensions of the rectangular 
pen that will maximize the area in which your puppy may roam. What is the maximum area 
WIMOO of the rectangular pen? 
Solution: 


1 =14 50 Step 1 Identify the question. 
Max= le que 
Yeo 1l=164 Find the dimensions of the rectangular pen. 


ares=1 Step 2 Draw a picture. 


loth Plate Flotz 
sh - 2h 2+1 68% 


»/2=H 


The maximum occurs when 

x = 25. The maximum area is 

y = 1250 square feet. STEP 3 Set up a function. 

If we let x represent the length of one side 
of the rectangle, then the opposite side is 
also of length x. Because there are 100 feet 
of fence, the remaining fence left for the 
side opposite the house is 100 — 2x. 


VIS -ens+ 100 


The area of a rectangle is equal to length 
times width: 


Yele5o 


A table of values supports the A(x) = x(100 — 2x) 


lution. 
somunen Step 4 Find the maximum value of the function. 


A(x) = x(100 — 2x) = —2x? + 100x 


Find the maximum of the parabola that corresponds to the quadratic 
function for area A(x) = —2x? + 100x. 


a = —2 and b = 100; therefore, the maximum occurs when 


a | DI ee 


1 
b 00 _ 45 


Replacing x with 25 in our original diagram: 100 — 2x = 100 — 2(25) = 50 


The dimensions of the rectangle are 


25 feet by 50 feet |. eos x = 25 


The maximum area A(25) = 1250 is 


1250 square feet |. 


Step 5 Check the solution. 
Two sides are 25 feet and one side is 50 feet, and together they account for all 
100 feet of fence. 


sssscuossusavsissvusssavsssdeveseduaseevseswsanuesevensdess = YOUR TURN Suppose you have 200 linear feet of fence to enclose a rectangular 
garden. Determine the dimensions of the rectangle that will yield 
the greatest area. 
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EXAMPLE 9 Path ofa Punted Football 


The path of a particular punt follows the quadratic function: h(x) = — 7 (x — 5)? +50, where h(x) 
is the height of the ball in yards and x corresponds to the horizontal distance in yards. 
Assume x = 0 corresponds to midfield (the 50 yard line). For example, x = —20 corresponds 
to the punter’s own 30 yard line, whereas x = 20 corresponds to the other team’s 30 yard line. 


x=-20 x=0 x=20 


a. Find the maximum height the ball achieves. 
b. Find the horizontal distance the ball covers. Assume the height is zero when the ball is 
kicked and when the ball is caught. 


Solution (a): 
Identify the vertex since it is given in standard form. (h, k) = (5, 50) 
The maximum height of the punt occurs at the other team’s 45 yard line, and the height 


the ball achieves is | 50 yards (150 feet) |. 


Solution (b): 


The height when the ball is kicked 
or caught is zero. 


h(x) = A 5° + 50=0 


1 
Solve for x. re — 5% = 50 
(x — 5) = 400 
(x — 5) = +V400 
x=5+20 


x = —15 and x = 25 
The horizontal distance is the distance between these two points: |25 — (—15)| =| 40 yards). 


SECTION 


4 SUMMARY 
All quadratic functions f(x) = ax* + bx + ¢ or When the quadratic function is given in general form, 
f(x) = a(x — hy + khave graphs that are parabolas: completing the square can be used to rewrite the function in 


standard form. 


If a > 0, the parabola opens up. 
At least three points are needed to graph a quadratic function. 


If a < 0, the parabola opens down. 
The vertex is at the point vertex 


a9 b b\\ _ b 4ac— y-intercept 
(h, k) 2a f Dp jf 2a’ 4a x-intercept(s) or other point(s) 
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SECTION 
4.1| EXERCISES 


"SKILLS 


In Exercises 1-4, match the quadratic function with its graph. 


1. f(x) = 3(x + 27 — 5 2. f(x) = 2x - 1° +3 3. f(x) = 4x +37 +2 4. f(x) = F(x —2~r +3 
a. AY b. y c. AY d. AY 
4 4 0 
4 
> 
-8 2 x 
= oo 
x 
—6 5 3 3 > 
In Exercises 5-8, match the quadratic function with its graph. 
5. f(x) =3x + 5x-2 6. f(x) = 3x -—x-2 7. f(y) = —P +2x-1 8. f(x) = -2x? —x4+3 
a. b. c. d. 
AY 
6 
* 
3 . 
4 x 
5 ae: oo 
x 
> 
-5 5 
4 
In Exercises 9-22, graph the quadratic function, which is given in standard form. 
9. f(x) =(«+ 1? -2 10. f(x) =(e+2Y"-1 ll. fi) =(«- 27-3 12. f(x) = (x - 47 +2 
13. f~) = —@@—- 3" +9 14. f(x) = —@—5P-4 15. f(x) =—-(+1P-3 16. fy) = -(-2Y +6 
17. fx) = 2x - 2 +2 18. f(x) = —3(x + 2Y - 15 19. fix) =(x- 4) +5 20. f) = (x + 4) - 3 


21. f(x) = —0.5(x — 0.25 + 0.75 22. f(x) 0.2(x + 0.6)? + 0.8 


In Exercises 23-32, rewrite the quadratic function in standard form by completing the square. 


23. fy) =x + 6x —3 24. f(x) =x + 8x +2 25. f(x) = —2x° — 10x + 3 
27. f(x) = 2x? + 8x -— 2 28. f(x) = 3x — 9x + 11 29. f(x) = —4x7 + 16x - 7 
31. f(x) = 5° — 4x + 3 32. f(x) = -yxr° + Ox + 4 


In Exercises 33-40, graph the quadratic function. 
33. fy) =x + 6x -—7 34. f(x) =x — 3x + 10 35. f(xy) =x + 2x - 15 
37. f(x) = —2x2 — 12x — 16 38. f(x) = —3x2 + 12x — 12 39. fi) =3x -4 


26. f(x) = —x° — 12x + 6 
30. f(x) = —5x° + 100x — 36 


36. f(x) = —r + 3x44 
40. f) = fxr +3 
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In Exercises 41-48, find the vertex of the parabola associated with each quadratic function. 
41. f(x) = 33x — 2x + 15 42. f(x) = 17 + 4x - 3 43. fix) = 5° -— Ix +5 
45. f(x) = 


44. f(x) = -4x + 5x + 


0.00217 


0.3x+1.7 46. fo) = 0.057 4+25x-15 47. fX) = -2 +3x4+2 48. fa) = -Fx - Gxt 


In Exercises 49-58, find the quadratic function that has the given vertex and goes through the given point. 


Ole 


49. vertex: (—1, 4) point: (0, 2) 


52. vertex: (1, 3) point: (—2, 0) 
point: (3, 0) 56. vertex: (- 2, 2) 


point: (—2.2, —2.1) 


55. vertex: (5, —3) 


58. vertex: (1.8, 2.7) 


"APPLICATIONS 


59. Business. The annual profit for a company that manufactures 
cell phone accessories can be modeled by the function 


P(x) = —0.0001x2 + 70x + 12,500 


where x is the number of units sold and P is the total profit in 
dollars. 


a. What sales level maximizes the company’s annual profit? 


b. Find the maximum annual profit for the company. 


60. Business. A manufacturer of office supplies has daily 
production costs of 


C(x) = 0.5x° — 20x + 1600 


where x is the number of units produced measured in 
thousands and C is cost in hundreds of dollars. 


a. What production level will minimize the manufacturer’s 
daily production costs? 


b. Find the minimum daily production costs for the 
manufacturer. 
For Exercises 61 and 62, refer to the following: 


An adult male’s weight, in kilograms, can be modeled by the 
function 


W(t) = rs t+ ; lsr=sis 
© 3 5 5 


where f measures months (f = 1 is January 2010, t = 2 is 
February 2010, etc.) and W is the male’s weight. 


61. Health/Medicine. During which months was the male losing 
weight and gaining weight? 


62. Health/Medicine. Find the maximum weight to the nearest 
kilogram of the adult male during the 18 months. 


50. vertex: (2, —3) 
53. vertex: (—1, —3) 


point: (0, 1) 51. vertex: (2, 5) point: (3, 0) 
point: (—4, 2) 54, vertex: (0, —2) point: (3, 10) 
point: (0, 0) 57. vertex: (2.5, —3.5) point: (4.5, 1.5) 


Exercises 63 and 64 concern the path of a punted football. 
Refer to the diagram in Example 9. 


63. Sports. The path of a particular punt follows the quadratic 
function 


h(x) = 


where h(x) is the height of the ball in yards and x corresponds 
to the horizontal distance in yards. Assume x = 0 corresponds 
to midfield (the 50 yard line). For example, x = —20 
corresponds to the punter’s own 30 yard line, whereas 

x = 20 corresponds to the other team’s 30 yard line. 


a. Find the maximum height the ball achieves. 


b. Find the horizontal distance the ball covers. Assume the 
height is zero when the ball is kicked and when the ball is 


caught. 
64. Sports. The path of a particular punt follows the quadratic 
function 
h(x) : (= 30) + 50 
i Xx T 
40 


where /(x) is the height of the ball in yards and x corresponds 
to the horizontal distance in yards. Assume x = 0 corresponds 
to midfield (the 50 yard line). For example, x = —20 
corresponds to the punter’s own 30 yard line, whereas 

x = 20 corresponds to the other team’s 30 yard line. 


a. Find the maximum height the ball achieves. 


b. Find the horizontal distance the ball covers. Assume the 
height is zero when the ball is kicked and when the ball is 
caught. 
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65. Ranching. A rancher has 10,000 linear feet of fencing and 
wants to enclose a rectangular field and then divide it into 
two equal pastures with an internal fence parallel to one of 
the rectangular sides. What is the maximum area of each 
pasture? Round to the nearest square foot. 


68. 


69. 


66. Ranching. A rancher has 30,000 linear feet of fencing and 
wants to enclose a rectangular field and then divide it into four 
equal pastures with three internal fences parallel to one of the 


rectangular sides. What is the maximum area of each pasture? 


67. Gravity. A person standing near the edge of a cliff 100 feet 
above a lake throws a rock upward with an initial speed of 32 
feet per second. The height of the rock above the lake at the 


bottom of the cliff is a function of time and is described by 


h(t) = —16t? + 32t + 100 


a. How many seconds will it take until the rock reaches its 
maximum height? What is that height? 


b. At what time will the rock hit the water? 70. 


100 feet 


71. 


Gravity. A person holds a pistol straight upward and fires. The 
initial velocity of most bullets is around 1200 feet per second. 
The height of the bullet is a function of time and is described by 


h(t) = —16t? + 1200 


How long, after the gun is fired, does the person have to get 
out of the way of the bullet falling from the sky? 


Zero Gravity. As part of their training, astronauts ride the 
“vomit comet,” NASA’s reduced gravity KC 135A aircraft 
that performs parabolic flights to simulate weightlessness. 
The plane starts at an altitude of 20,000 feet and makes a 
steep climb at 52° with the horizon for 20-25 seconds and 
then dives at that same angle back down, repeatedly. The 
equation governing the altitude of the flight is 


A(x) = —0.0003x° + 9.3x — 46,075 
where A(x) is altitude and x is horizontal distance in feet. 


a. What is the maximum altitude the plane attains? 


b. Over what horizontal distance is the entire maneuver 
performed? (Assume the starting and ending altitude is 
20,000 feet.) 


VSWN Aseuno9 


NASA's “Vomit Comet” 


Sports. A soccer ball is kicked from the ground at a 45° 
angle with an initial velocity of 40 feet per second. The 
height of the soccer ball above the ground is given by 
H(x) = —0.0128x° + x, where x is the horizontal distance 
the ball travels. 


a. What is the maximum height the ball reaches? 


b. What is the horizontal distance the ball travels? 


Profit. A small company in Virginia Beach 
manufactures handcrafted surfboards. The profit of 
selling x boards is given by 


P(x) = 20,000 + 80x — 0.4x? 


a. How many boards should be made to maximize the profit? 


b. What is the maximum profit? 


72. Environment: Fuel Economy. Gas mileage (miles per 
gallon, mpg) can be approximated by a quadratic function 
of speed. For a particular automobile, assume the vertex 
occurs when the speed is 50 miles per hour (mph); the mpg 
will be 30. 


a. Write a quadratic function that models this relationship, 
assuming 70 mph corresponds to 25 mpg. 


b. What gas mileage would you expect for this car driving 


90 mph? 
A 
45 
35 (50, 30) 
io) (70, 25) 
g& 25 aN 
= 
15 
2 
10 30 50 70 90 
Speed (mph) 


For Exercises 73 and 74, use the following information: 


One function of particular interest in economics is the profit 
function. We denote this function by P(x). It is defined to be the 
difference between revenue R(x) and cost C(x) so that 


P(x) = R(x) — C(x) 
The total revenue received from the sale of x goods at price p is 
given by 
R(x) = px 
The total cost function relates the cost of production to the level of 
output x. This includes both fixed costs C; and variable costs Cy 
(costs per unit produced). The total cost in producing x goods is 
given by 
C(x) = Ce + Cyx 


Thus, the profit function is 
P(x) = px — Cp — Cx 


Assume fixed costs are $1000, variable costs per unit are $20, and 
the demand function is 


p= 100-x 


73. Profit. How many units should the company produce to 
break even? 


74. Profit. What is the maximum profit? 
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75. Cell Phones. The number of cell phones in the United States 
can be approximated by a quadratic function. In 1996 there 
were approximately 16 million cell phones, and in 2005 there 
were approximately 100 million. Let ¢ be the number of years 
since 1996. The number of cell phones in 1996 is represented 
by (0, 16), and the number in 2005 is (9, 100). Let (0, 16) be 
the vertex. 


a. Find a quadratic function that represents the number of 
cell phones. 


b. Based on this model, how many cell phones were used in 
2010? 


76. Underage Smoking. The number of underage cigarette 
smokers (ages 10-17) has declined in the United States. The 
peak percent was in 1998 at 49%. In 2006 this had dropped 
to 36%. Let t be time in years after 1998 (t = 0 corresponds 
to 1998). 


a. Find a quadratic function that models the percent of underage 
smokers as a function of time. Let (0, 49) be the vertex. 


b. Based on this model, what was the percent of underage 
smokers in 2010? 


77. Drug Concentration. The concentration of a drug in the 
bloodstream, measured in parts per million, can be modeled 
with a quadratic function. In 50 minutes the concentration is 
93.75 parts per million. The maximum concentration of the 
drug in the bloodstream occurs in 225 minutes and is 400 
parts per million. 


a. Find a quadratic function that models the concentration of 
the drug as a function of time in minutes. 


b. In how many minutes will the drug be eliminated from the 
bloodstream? 


78. Revenue. Jeff operates a mobile car washing business. When 
he charged $20 a car, he washed 70 cars a month. He raised 
the price to $25 a car and his business dropped to 50 cars a 
month. 


a. Find a linear function that represents the demand equation 
(the price per car as a function of the number of cars 
washed). 


b. Find the revenue function R(x) = xp. 
c. How many cars should he wash to maximize the revenue? 


d. What price should he charge to maximize revenue? 
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"CATCH THE MISTAKE 


In Exercises 79-82, explain the mistake that is made. There may be a single mistake, or there may be more than one mistake. 

79. Plot the quadratic function f(x) = (x + 3)° — 1. 81. Rewrite the following quadratic function in standard form: 
Solution: f@) = - + 2x43 
Step 1: The parabola opens up because a = 1 > 0. 
Step 2: The vertex is (3, —1). 
Step 3: The y-intercept is (0, 8). 


Solution: 


Step 1: Group the variables together. (—x? + 2x) +3 


Step 4: The x-intercepts are (2, 0) and (4, 0). Step 2: Factor out a negative. —(x° + 2x) +3 
Step 5: Plot the vertex and intercepts, and connect the points Step 3: Add and subtract 1 
witha smooth Curve: inside the parentheses. (P+ 2x+1-1)+3 
AY Step 4: Factor out the —1. (P+ 2x+1)+14+3 
Step 5: Simplify. -—(x +1) +4 


This is incorrect. What mistake(s) was made? 


x 82. Find the quadratic function whose vertex is (2, —3) and 
(2, 0) (4,0) whose graph passes through the point (9, 0). 
(3, -1) F 
Solution: 


Step 1: Write the quadratic 
function in 


standard form. f(x) =a(x — hy +k 
ooh ; % 
This is incorrect. What mistake(s) was made? Step 2: Substitute 
h, k) = (2, —3). = —2y- 
80. Determine the vertex of the quadratic function (= ¢ 3) fa) = ate ee? 
f(x) = 2x7 — 6x — 18. Step 3: Substitute the point ; 
Solution: (9,0) and solve fora. f(0) =a(0— 2) -3=9 
; " 4a-3=9 
Step 1: The vertex is given by (h, k) = ( —- i(- >). 4a = 12 
2a 2a a3 
In this case, a = 2 and b = 6. The quadratic function sought is: f(x) = 3(x — 27 — 3. 
Step 2: The x-coordinate of the vertex is This is incorrect. What mistake(s) was made? 
6 6 3 
—_ _ = 
2(2) 4 2 
Step 3: The y-coordinate of the vertex is 
3 3\7 3 
=-2 + 6 18 
i ( >) ( >) ( 5 
4 2 
9 
=--~-9- 18 
2 
= 0 
2 
This is incorrect. What mistake(s) was made? 
=CONCEPTUAL 
In Exercises 83-86, determine whether each statement is true or false. 
83. A quadratic function must have a y-intercept. 85. A quadratic function may have more than one y-intercept. 


84. A quadratic function must have an x-intercept. 86. A quadratic function may have more than one x-intercept. 


CHALLENGE 
87. For the general quadratic equation, f(x) = ax” + bx + c, 


b b 
show that the vertex is (h, k) = ' —+ ff ¢ >). 
2a 2a 


88. Given the quadratic function f(x) = a(x — h) + k, determine 
the x- and y-intercepts in terms of a, h, and k. 


"TECHNOLOGY 


91. Ona graphing calculator, plot the quadratic function 
f(x) = —0.002x* + 5.7x — 23. 


a. Identify the vertex of this parabola. 


b. Identify the y-intercept. 
c. Identify the x-intercepts (if any). 
d. What is the axis of symmetry? 
92. Determine the quadratic function whose vertex is (—0.5, 1.7) 
and whose graph passes through the point (0, 4). 
a. Write the quadratic function in general form. 
b. Plot this quadratic function with a graphing calculator. 


c. Zoom in on the vertex and y-intercept. Do they agree with 
the given values? 


In Exercises 93 and 94: (a) use the calculator commands | STAT 
QuadReg | to model the data using a quadratic function; 

(b) write the quadratic function in standard form and identify 
the vertex; (c) plot this quadratic function with a graphing 
calculator and use the | TRACE| key to highlight the given 
points. Do they agree with the given values? 


93. 94. 
x) =2 2 5 x)=9 =2 4 
y | —29.28 | 21.92 | 18.32 y | —2.72 | —16.18 | 6.62 


For Exercises 95 and 96, refer to the following discussion of 
quadratic regression: 


The “least-squares” criterion used to create a quadratic regression 
curve y = ax’ + bx + c that fits a set of n data points (x, y,), 
(X2, yo), - 5 (Xp, Yp) is that the sum of the squares of the vertical 
distances from the points to the curve be minimum. This means 
that we need to determine values of a, b, and c for which 


D0; _ (ax? + bx; + c)) is as small as possible. Calculus can 
i=1 


be used to determine formulas for a, b, and c that do the job, but 
computing them by hand is tedious and unnecessary because the 
TI-83+ has a built-in program called QuadReg that does this. 

In fact, this was introduced in Section 2.5*, Problems 39-42. The 
following are application problems that involve experimental data 
for which the best fit curve is a parabola. 
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89. Arancher has 1000 feet of fence to enclose a pasture. 
a. Determine the maximum area if a rectangular fence is used. 
b. Determine the maximum area if a circular fence is used. 


90. A 600-room hotel in Orlando is filled to capacity every night 
when the rate is $90 per night. For every $5 increase in the 
rate, 10 fewer rooms are filled. How much should the hotel 
charge to produce the maximum income? What is the 
maximum income? 


Projectile Motion 

It is well known that the trajectory of an object thrown with initial 
velocity vy from an initial height sy is described by the quadratic 
function s(t) = —16P + vot + so. If we have data points obtained 
in such a context, we can apply the procedure outlined in Section 
2.5* with QuadReg in place of LinReg(ax+b) to find a best fit 
parabola of the form y = ax? + bx + c. 

Each year during Halloween season, it is tradition to hold the 
Pumpkin Launching Contest where students literally hurl their 
pumpkins in the hope of throwing them the farthest horizontal 
distance. Ben claims that it is better to use a steeper trajectory 
since it will have more air time, while Rick believes in throwing 
the pumpkin with all of his might, but with less inclination. The 
following data points that describe the pumpkin’s horizontal x and 
vertical y distances (measured in feet) are collected during the 
flights of their pumpkins: 


BeEN’s Data Rick’s Data 


x y x y 
0 4 0 4 

1 14.2 1 8.5 
2 28.4 2 10.6 
3 30.1 3 13.3 
4 35.9 4 16.2 
5 37.8 5 17,3 
6 41.1 6 19.3 
7 38.2 fi] 19.5 


95. a. Form a scatterplot for Ben’s data. 


b. Determine the equation of the best fit parabola and report 
the value of the associated correlation coefficient. 


c. Use the best fit curve from (b) to answer the following: 
i. What is the initial height of the pumpkin’s trajectory 
and with what initial velocity was it thrown? 
ii. What is the maximum height of Ben’s pumpkin’s 
trajectory? 
iii. How much horizontal distance has the pumpkin 
traveled by the time it lands? 


96. Repeat Exercise 95 for Rick’s data. 


SECTION POLYNOMIAL FUNCTIONS 
4.2 OF HIGHER DEGREE 


Identifying Polynomial Functions 


Polynomial functions model many real-world applications. Often, the input is time, and the 
output of the function can be many things. For example, the number of active-duty military 
personnel in the United States, the number of new cases in the spread of an epidemic, and 
the stock price as a function of time ¢ can all be modeled with polynomial functions. 


DEFINITION Polynomial Function 


Let n be a nonnegative integer and let a,, a, — |, ..., A, a), Ay be real numbers with 
a, # 0. The function 


f(@®) = a,x" + a,x") + +++ + x? t+ ax t ay 


is called a polynomial function of x with degree n. The coefficient a, is called the 
leading coefficient. 


Note: If n is a nonnegative integer, then n — 1, n — 2,..., 2, 1, 0 are also nonnegative 
integers. 


EXAMPLE 1_ Identifying Polynomials and Their Degree 


For each of the functions given, determine whether the function is a polynomial function. If 
it is a polynomial function, then state the degree of the polynomial. If it is not a polynomial 
function, justify your answer. 


a. f(x) = 3 — 2x b. F(x) = Vx +1 
c. g(x) =2 d. h(x) = 3x — 2x + 5 
e. H(x) = 4x°(2x — 3) f. G(x) = 2x4 — 5° -— 4x? 
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Solution: 
a. f(x) is a polynomial function of degree 5. 


b. F(x) is not a polynomial function. The variable x is raised to the power of 5 which is 
not an integer. 


c. g(x) is a polynomial function of degree zero, also known as a constant function. Note 
that g(x) = 2 can also be written as g(x) = 2x° (assuming x # 0). 


d. h(x) is a polynomial function of degree 2. A polynomial function of degree 2 is called a 
quadratic function. 


e. (x) is a polynomial function of degree 7. Note: 4°(4x" — 12x + 9) = 16x’ — 48x°+ 36x. 


f. G(x) is not a polynomial function. —4x~* has an exponent that is negative. 


= YOUR TURN Foreach of the functions given, determine whether the function is a 
polynomial function. If it is a polynomial function, then state the 
degree of the polynomial. If it is not a polynomial function, justify 
your answer. 


a. fx) = 7 +2 b. g(x) = 38x — 2)°(x + 1° 


Whenever we have discussed a particular polynomial, we have graphed it too. The graph 
of a constant function (degree 0) is a horizontal line. The graph of a general linear function 
(degree 1) is a slant line. The graph of a quadratic function (degree 2) is a parabola. These 
functions are summarized in the table below. 


POLYNOMIAL DEGREE SPECIAL NAME GRAPH 
f@a=c 0 Constant function Horizontal line 
F(x) = mx +b i. Linear function Line 


¢ Slope =m 
* y-intercept: (0, b) 


f(x) = ax + bx +e 2 Quadratic function Parabola 
* Opens up if a > 0. 
* Opens down if a < 0. 


How do we graph polynomial functions that are of degree 3 or higher, and why do we care? 
Polynomial functions model real-world applications, as mentioned earlier. One example is 
the percentage of fat in our bodies as we age. We can model the weight of a baby after 
it comes home from the hospital as a function of time. When a baby comes home from 
the hospital, it usually experiences weight loss. Then typically there is an increase in the 
percent of body fat when the baby is nursing. When infants start to walk, the increase in 
exercise is associated with a drop in the percentage of fat. Growth spurts in children are 
examples of the percent of body fat increasing and decreasing. Later in life, our metabolism 
slows down, and typically the percent of body fat increases. We will model this with a 
polynomial function. Other examples are stock prices, the federal funds rate, and yo-yo 
dieting as functions of time. 


= Answer: 
a. f(x) is not a polynomial because 
x is raised to the power of —1, 
which is a negative integer. 
b. g(x) is a polynomial of degree 13. 
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Polynomial functions are considered simple functions. Graphs of all polynomial 
functions are both continuous and smooth. A continuous graph is one you can draw 
completely without picking up your pencil (the graph has no jumps or holes). A smooth 
graph has no sharp corners. The following graphs illustrate what it means to be smooth 
(no sharp corners or cusps) and continuous (no holes or jumps). 


Study Tip The graph is not continuous. The graph is not continuous. 
All polynomial functions have AY AY 
graphs that are both continuous and 
smooth. Jump 
cadeanesemness = : : 
{ > > 
Hole 
The graph is continuous but not smooth. The graph is continuous and smooth. 
y AY 
x x 
> = 
Corner 


All polynomial functions have graphs that are both continuous and smooth. 


Graphing Polynomial Functions Using 
Transformations of Power Functions 


Recall from Chapter 3 that graphs of functions can be drawn by hand using graphing aids 
such as intercepts and symmetry. The graphs of polynomial functions can be graphed using 
these same aids. Let’s start with the simplest types of polynomial functions called power 
functions. Power functions are monomial functions of the form f(x) = x”, where n is 
an integer greater than zero. 


DEFINITION Power Function 


Let n be a positive integer and the coefficient a # 0 be a real number. The 
function 


f(x) = ax" 


is called a power function of degree 7. 


Power functions with even powers Power functions with odd powers (other than 
look similar to the square function. n = 1) look similar to the cube function. 


4.2 Polynomial Functions of Higher Degree 


All even power functions have similar characteristics to a quadratic function 
(parabola), and all odd (n > 1) power functions have similar characteristics to a cubic 
function. For example, all even functions are symmetric with respect to the y-axis, 
whereas all odd functions are symmetric with respect to the origin. The following table 


summarizes their characteristics. 


CHARACTERISTICS OF POWER FUNCTIONS: f(x) = x” 


n Even n Opp 
Symmetry y-axis Origin 
Domain (—, 90) (—&, °°) 
Range [0, 2) (—®, °°) 
Some key points that 
lie on the graph (—1, 1), (0, 0), and (1, 1) (—1, —1), (0, 0), and (1, 1) 
Increasing (0, ~) (—%, 0) 
Decreasing (—, 0) N/A 


We now have the tools to graph polynomial functions that are transformations of power 
functions. We will use the power functions summarized above, combined with our graphing 


techniques such as horizontal and vertical shifting and reflection (Section 3.3). 


EXAMPLE 2_ Graphing Transformations of Power Functions 
Graph the function f(x) = (x — 1)°. 


Solution: 
Step 1 Start with the graph of y = x°. AY 
10 
x 
> 
= 5 
-10 
Step 2 Shift y = x’ to the right one unit to AY 
yield the graph of f(x) = (x — 1)°. 10 
x 
> 
=5 5 
10 


= YOUR TURN Graph the function f(x) = 1 — x". 


= Answer: f(x) = 1 — xt 


-5__(-1, 0) (1,0) | 5 


vu 
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Real Zeros of a Polynomial Function 

How do we graph general polynomial functions of degree greater than or equal to 3 if they 
cannot be written as transformations of power functions? We start by identifying the 
x-intercepts of the polynomial function. Recall that we determine the x-intercepts by 
setting the function equal to zero and solving for x. Therefore, an alternative name for an 
x-intercept of a function is a zero of the function. In our experience, to set a quadratic 
function equal to zero, the first step is to factor the quadratic expression into linear factors 
and then set each factor equal to zero. Therefore, there are four equivalent relationships 
that are summarized in the following box. 


Study Tip REAL ZEROS OF POLYNOMIAL FUNCTIONS 


Real zeros correspond to x-intercepts. F ; ; ; ; 
If f(x) is a polynomial function and a is a real number, then the following statements 


are equivalent. 


Relationship 1: x = ais a solution, or root, of the equation f(x) = 0. 
Relationship 2: (a, 0) is an x-intercept of the graph of f(x). 
Relationship 3: x = ais a zero of the function f(a). 

Relationship 4: (x — a) is a factor of f(x). 


Let’s use a simple polynomial function to illustrate these four relationships. We’ Il focus on 
the quadratic function f(x) = x* — 1. The graph of this function is a parabola that opens up 
and has as its vertex the point (0, —1). 


Ilustration of Relationship 1 


Set the function equal to zero, f(x) = 0. = 1=0 

Factor. (x-Da~t+1=0 

Solve. x=lorx=-l 

x = —1 and x = 1 are solutions, or roots, of the equation x? — 1 = 0. 
Illustration of Relationship 2 i? 


The x-intercepts are (—1, 0) and (1, 0). 


Ilustration of Relationship 3 


The value of the function at x = —1 andx = 1 is 0. 


fC) =CIy-1=0 
fd) = yr -1=0 
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Ilustration of Relationship 4 


fa=xr-1 
=(x- Dart) 
x = 1is a zero of the polynomial, so (x — 1) is a factor. 
x = —1is a zero of the polynomial, so (x + 1) is a factor. 


We have a good reason for wanting to know the x-intercepts, or zeros. When the value 
of a continuous function transitions from negative to positive and vice versa, it must pass 
through zero. 


DEFINITION Intermediate Value Theorem 


Let a and b be real numbers such that a < b and let fbe a polynomial function. If f(a) 
and f(b) have opposite signs, then there is at least one zero between a and b. 


The intermediate value theorem will be used later in this chapter to assist us in 
finding real zeros of a polynomial function. For now, it tells us that in order to change signs, 
the polynomial function must pass through the x-axis. In other words, once we know the 
zeros, then we know that between two consecutive zeros the polynomial is either entirely 
above the x-axis or entirely below the x-axis. This enables us to break the x-axis down into 
intervals that we can test, which will assist us in graphing polynomial functions. Keep in 
mind, though, that the existence of a zero does not imply that the function will change 
signs—as you will see in the subsection on graphing general polynomial functions. 


| EXAMPLE 3 _ Identifying the Real Zeros of a Polynomial Function 
Maia Find the zeros of the polynomial function f(x) = x° + x° — 2x. 

Solution: 

Set the function equal to zero. xetixr-—2x=0 
Factor out an x common to all three terms. x0? +x—2)=0 


Factor the quadratic expression 


inside the parentheses. x(x + 2)(x- 1) =0 


Apply the zero product property. x =Oor@+t+ 2) =Oor@~-1)=0 


Solve. x=—2,x=0,andx=1 


The zeros are |=2, 0, and 1]. 


Recall that when we were factoring a quadratic equation, if the factor was raised to a 
power greater than 1, the corresponding root, or zero, was repeated. For example, the 
quadratic equation x* — 2x + 1 = 0 when factored is written as (x — 1)° = 0. The solution, 
or root, in this case is x = 1, and we say that it is a repeated root. Similarly, when 
determining zeros of higher order polynomial functions, if a factor is repeated, we say that 
the zero is a repeated, or multiple, zero of the function. The number of times that a zero 
repeats is called its multiplicity. 


Ee 
Technology Tip & 
Graph y, = x° + x° — 2x. 


Floti Plot Plots 
“YE St Eo 


a! | 


The zeros of the function —2, 0, and 
1 correspond to the x-intercepts 
(—2, 0), (0, 0), and (1, 0). 


The table supports the real zeros 
shown by the graph. 


WHE Ste ee 


= Answer: The zeros are 0, 3, and 4. 
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DEFINITION Multiplicity of a Zero 


If (« — a)" is a factor of a polynomial f, then a is called a zero of multiplicity n of f 


EXAMPLE 4_ Finding the Multiplicities of Zeros of a 
Polynomial Function 


Find the zeros, and state their multiplicities, of the polynomial function 
3\7 \ 
a(x) = (x — 1P°(x + 3)'@ + 5). 


Solution: | 1 is a zero of multiplicity 2. 


-i is a zero of multiplicity 7. 


—5 is a zero of multiplicity 1. 


Note: Adding the multiplicities yields the degree of the polynomial. The polynomial g(x) is 
of degree 10, since 2 + 7+ 1 = 10. 


= Answer: 0 is a zero of multiplicity 
2. 2 is a zero of multiplicity 3. -5 ae 
is a zero of multiplicity 5. plicities. 


= YOUR TURN For the polynomial h(x), determine the zeros and state their multi- 


ie] 
h(x) = (x r(x ) 


EXAMPLE 5 Finding a Polynomial from Its Zeros 
Find a polynomial of degree 7 whose zeros are: 


—2 (multiplicity 2) 0 (multiplicity 4) 1 (multiplicity 1) 


Solution: 

If x = ais a zero, then (x — a) is a factor. ff) = («+ 2° — 0 - 1)! 
Simplify. = x4(x + 2) - 1) 
Square the binomial. = x40? + 4x + 4)(x — 1) 
Multiply the two polynomials. = x43 + 3x - 4) 


Distribute x*. 


Graphing General Polynomial Functions 
. Let’s develop a strategy for sketching an approximate graph of any polynomial function. 
Study Tip sotsesees First, we determine the x- and y-intercepts. Then we use the x-intercepts, or zeros, to divide 
It is not always possible to find the domain into intervals where the polynomial is positive or negative so that we can find 
ACER CEP IS SOMERS NES ee points in those intervals to assist in sketching a smooth and continuous graph. Note: It is 
serene not always possible to find x-intercepts. Sometimes there are no x-intercepts. 
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EXAMPLE 6 _ Using a Strategy for Sketching the Graph of a 


Polynomial Function 


Sketch the graph of f(x) = (x + 2)(x — 1) 


Solution: 


STEP 1 


STEP 2 


STEP 3 


STEP 4 


STEP 5 


Find the y-intercept. 
(Let x = 0.) 


Find any x-intercepts. 


(Set f(x) = 0.) 


Plot the intercepts. 


Divide the x-axis into intervals:* 


f(0) = (2)(-1° = 2 
(0, 2) is the y-intercept 


f(x) = («+ 2)@—- 1" =0 
x=-2orx=1 
(—2, 0) and (1, 0) are the x-intercepts 


(+2, 0) (1, 0) 


(—00, —2), (—2, 1), and (1, o) 


*The x-intercepts (—2, 0) and (1, 0) divide the x-axis into three intervals similar to 
those created by zeros when we studied inequalities in Section 1.5. 


Select a number in each interval and test each interval. The function f(x) either 
crosses the x-axis at an x-intercept or touches the x-axis at an x-intercept. 
Therefore, we need to check each of these intervals to determine whether the 
function is positive (above the x-axis) or negative (below the x-axis). We do so 
by selecting numbers in the intervals and determining the value of the function 


at the corresponding points. 


AY AY f 
res (1, 4) [hy fa) 4) 
(22-2) (1, &) / if / 
7 7 +t \ x 
C20) [ato . eit 7 
|__) 
x=-3 Pw) 
(-3, -16) 
e 

Interval (—%, —2) (=2,.1) (1, %) 
Number Selected in Interval —3 =] 2 
Value of Function f(—3) = -16 f(-) =4 f2)=4 
Point on Graph (©3;,—16) (-1,4) (2, 4) 
Interval Relation to x-Axis Below x-axis Above x-axis Above x-axis 


E 
Technology Tip ) 
The graph of f(x) = (x + 2)(x — 1)? 
is shown. 


WIKOOW 


Filoki Flake Flats 


ae ae al 
ses 


VSth ee Lis 


Note: The graph crosses the x-axis at 
the point x = —2 and touches the 
x-axis at the point x = 1. 


A table of values supports the graph. 


iY 
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Study Tip 


We do not know for sure that the 
points (— 1, 4) and (1, 0) are turning 
points. A graphing utility can 
confirm this, and later in calculus 
you will learn how to find relative 
maximum points and relative 
minimum points. 


= Answer: 


ve 


Study Tip 


In general, zeros with even 
multiplicity correspond to intercepts 
where the function touches the 
x-axis and zeros with odd 
multiplicity correspond to intercepts 
where the function crosses the 


X-axis. 
AY 
Turning 
points 
\/ 
> 
Study Tip 


If fis a polynomial of degree n, 
then the graph of fhas at most n — 1 
turning points. 


From the table, we find three additional points on the graph: (—3, —16), (—1, 4), 
and (2, 4). The point (—2, 0) is an intercept where the function crosses the 
x-axis, because it is below the x-axis to the left of —2 and above the x-axis to 
the right of —2. The point (1, 0) is an intercept where the function touches the 
x-axis, because it is above the x-axis on both sides of x = 1. Connecting these 
points with a smooth curve yields the graph. 


Step 6 Sketch a plot of the function. AY 


(-1, 4) (2, 4) 
(0, 2) 


vu 


(1, 0) 


= YOUR TURN Sketch the graph of f(x) = x(x + 3). 


In Example 6, we found that the function crosses the x-axis at the point (—2, 0). Note that 
—2 isa zero of multiplicity 1. We also found that the function touches the x-axis at the point 
(1, 0). Note that 1 is a zero of multiplicity 2. In general, zeros with even multiplicity 
correspond to intercepts where the function touches the x-axis and zeros with odd 
multiplicity correspond to intercepts where the function crosses the x-axis. 


MULTIPLICITY OF A ZERO AND RELATION 
TO THE GRAPH OF A POLYNOMIAL 


If a is a zero of f(x), then: 


Muttipuicity | f(x) ON EITHER GRAPH OF FUNCTION 

OFa SIDE OF x=a AT THE INTERCEPT 

Even Does not change sign Touches the x-axis (turns around) at point (a, 0) 
Odd Changes sign Crosses the x-axis at point (a, 0) 


Also in Example 6, we know that somewhere in the interval (—2, 1) the function must 
reach a maximum and then turn back toward the x-axis, because both points (—2, 0) and 
(1, 0) correspond to x-intercepts. When we sketch the graph, it “appears” that the point 
(—1, 4) is a turning point. The point (1, 0) also corresponds to a turning point. In general, 
if fis a polynomial of degree n, then the graph of fhas at most n — | turning points. 

The point (— 1, 4), which we call a turning point, is also a “high point” on the graph in the 
vicinity of the point (— 1, 4). Also note that the point (1, 0), which we call a turning point, is 
a “low point” on the graph in the vicinity of the point (1, 0). We call a “high point” on a graph 
a local (relative) maximum and a “low point” on a graph a local (relative) minimum. 
For quadratic functions we can find the maximum or minimum point by finding the vertex. 
However, for higher degree polynomial functions, we rely on graphing utilities to locate such 
points. Later in calculus, techniques will be developed for finding such points exactly. 
For now, we use the |zoom| and | trace] features to locate such points on a graph, and we 
can use the | table | feature of a graphing utility to approximate relative minima or maxima. 
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Let us take the polynomial f(x) = x? — 2x” — 5x + 6. Using methods discussed thus =) 
far, we can find that the x-intercepts of its graph are (=2, 9), d, 0), and (3, 0) and the Technology Tip 
y-intercept is the point (0, 6). We can also find additional points that lie on the graph such : 

: : a beget 8s ; Use TI to graph the function 
as (—1, 8) and (2, —4). Plotting these points we might “think” that the points (— 1, 8) and A= 8 =e = Ge + 6 ay 
(2, —4) might be turning points, but a graphing utility reveals an approximate relative 
maximum at the point (—0.7863, 8.2088207) and an approximate relative minimum at the 
point (2.1196331, —4.060673). 

Intercepts and turning points assist us in sketching graphs of polynomial functions. 
Another piece of information that will assist us in graphing polynomial functions is 
knowledge of the end behavior. All polynomials eventually rise or fall without bound as x 
gets large in both the positive (x >) and negative (x — —co) directions. The highest 
degree monomial within the polynomial dominates the end behavior. In other words, 
the highest power term is eventually going to overwhelm the other terms as x grows 
without bound. 


1H Sens Ente 


H=2.1196519 [= "4.060erS 


END BEHAVIOR 


As x gets large in the positive (x — 00) and negative (x —> —co) directions, the graph 
of the polynomial 


f(®) = ax" + agyx™) + + + ax? + ax + ay 


has the same behavior as the power function 


Haximiury te 
y ax H=-.PHeSg [Y=B.20BBeOF 


Power functions behave much like a quadratic function (parabola) for even-degree 
polynomial functions and much like a cubic function for odd-degree polynomial functions. 
There are four possibilities because the leading coefficient can be positive or negative with 
either an odd or even power. 


Let y = a,x"; then 


n Even Even Odd Odd 


an Positive Negative Negative Positive 


x —0 The graph of the The graph of the The graph of the The graph of the 


(Left) function rises function falls function rises function falls 
xX>% The graph of the The graph of the The graph of the The graph of the 
(Right) function rises function falls function falls function rises 
Graph d,>0 a, <0 ay <9 a,>0 


\ Tf 


x 
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le ») EXAMPLE 7_ Graphing a Polynomial Function 
Technology Tip Sketch a graph of the polynomial function f(x) = 2x* — 82°. 


The graph of f (x) = 2x* — 8x7 is Solution: 
shown. 
Plotd Plotz Plott Step 1 Determine the y-intercept: (x = 0). f(0) =0 
wY1 BK" d-Sk ce The y-intercept corresponds 
Y2= to the point (0, 0). 
WEEN“4-BNE Step 2 Find the zeros of the polynomial. f(x) = 2x4 -— 8x° 
Factor out the common 2x”. = 2° (x7 — 4) 
Factor the quadratic binomial. = 2x°(x — 2)(x + 2) 
Set f(x) = 0. = 2x*(x — 2)(x + 2) =0 


0 is a zero of multiplicity 2. The graph will touch the x-axis. 


2 is a zero of multiplicity 1. The graph will cross the x-axis. 


Note: The graph crosses the x-axis at —2 is a zero of multiplicity 1. The graph will cross the x-axis. 

the points x = —2 and x = 2. The 

graph touches the x-axis at the point Step 3 Determine the end behavior. f(x) = 2x4 — 8x" behaves 
x = 0. A table of values supports the like y = Ix". 

graph. 


y = 2x* is of even degree, and the leading coefficient is positive, so the graph rises 
without bound as x gets large in both the positive and negative directions. 


Step 4 Sketch the intercepts and end behavior. | AY | 
° 10 ul > 
(+2, 0) (2, 0) 


Step 5 Find additional points. 


f(x) | -6 | —2 | -28 | -6 


Step 6 Sketch the graph. 
a Estimate additional points. 
= Connect with a smooth curve. 


Note the symmetry about the y-axis. 
This function is an even 
function: f(—x) = f(x). 


= Answer: 
AY 
10 
= It is important to note that the local minimums occur atx = +V2 ~ +1.14 
=> ; but at this time can only be illustrated using a graphing utility. 
ai = YOUR TURN Sketch a graph of the polynomial function f(x) = x° — 42°. 
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@@ SECTION 
» 


SUMMARY 
In general, polynomials can be graphed in one of two ways: 3. x-intercepts (real zeros) divide the x-axis into intervals. 

Use graph-shifting techniques with power functions. Test points in the intervals to determine whether the graph 
General polynomial function. ® above or below the 2 Oxls: oe 

1. Identify intercepts. 4. Determine the end behavior by investigating the end 

2. Determine each real zero and its multiplicity, and ascertain behavior of the highest degree monomial. 

whether the graph crosses or touches the x-axis there. 5. Sketch the graph with a smooth curve. 
SECTION 
4.2 EXERCISES 


"SKILLS 


In Exercises 1-10, determine which functions are polynomials, and for those that are, state their degree. 


lL. f@)=-3 4+ 15x-7 2. fx) = 2h — 2° + 13 3. g(x) = (x + 2)°(x - 2) 4. g(x) =x4(e — 1° + 2.59 
2 
5. h(x) = Vx +1 6. A(x) = (x — 1)'7 + 5x 7. F(x) =x'8 + 7x7 - 2 8. F(x) = 3x° + 7x - 
X 
eget 10. Ha) -~ 22 
. x) = 2 . x 2 
In Exercises 11-18, match the polynomial function with its graph. 
HW. fi) = -3x4+ 1 12. f(x) = -3X -— x 13. fpH=xrtx 14. fix) = —2x7 + 49° — 6x 
15. fy=xr—x 16. f(x) = 2x* — 18x 17. fix) = —3x' + 5x? 18. f(x) = 9° — 5x + 4x 
a. b. c. d. 
AY AY AY AY 
5 4 90 50 
x x 
> > 
-5 5 -10 10 
x 
> 
3 2 Zz 
ls “4 -10 10 50 
e. f. g. h. 
AY AY AY AY 
5 10 5 5 
x x x x 
> > > > 
-5 5 -5 BI -5 bi -5 5 
=5 K-10 =5 =5 
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In Exercises 19-26, graph each function by transforming a power function y = x”. 
19. fix) = —x 20. f(x) = —x* 21. fix) = (x - 2)' 22. f(x) = (x + 2° 
23. fy =x +3 24. fix) = -x* - 3 25. f(xy) =3 -(+ 14 26. f(x) = (x — 3 - 2 


In Exercises 27-38, find all the real zeros (and state their multiplicities) of each polynomial function. 


27. fx) = 2x — 3)(x + 4° 28. f(x) = —3(x + 2)°(« -— 1° 
29. fx) = 4°(x — 7)°(x + 4) 30. f(x) = 5x + 1) - 6) 
31. f(x) = 4x°(« — 1°(x + 4) 32. f(x) = 4°(x? - 1)? + 9) 
33. f(x) = 8x° + 6x? — 27x 34, f(x) = 2x4 + 5x3 - 3x 
35. f(x) = —2.7x3 — 8.1x° 36. f(x) = 1.2x° — 4.6x4 

37. f(x) = $x° + 3x4 38. fi) =3x -3xt +52 


In Exercises 39-52, find a polynomial (there are many) of minimum degree that has the given zeros. 


39. —3,0, 1,2 40. —2,0,2 41. =5; =3,0, 2,6 42. 0, 1, 3,5, 10 

43. —3,3,3 44. —3,-3,0,4 45. 1 — V2,1+ V2 46.1 — V3,1+ V3 
47. —2 (multiplicity 3), 0 (multiplicity 2) 48. —4 (multiplicity 2), 5 (multiplicity 3) 

49. —3 (multiplicity 2), 7 (multiplicity 5) 50. 0 (multiplicity 1), 10 (multiplicity 3) 


51. — V3 (multiplicity 2), —1 (multiplicity 1), 0 (multiplicity 2), V3 (multiplicity 2) 
52. —V5 (multiplicity 2), 0 (multiplicity 1), 1 (multiplicity 2), V5 (multiplicity 2) 
In Exercises 53-72, for each polynomial function given: (a) list each real zero and its multiplicity; (b) determine whether 


the graph touches or crosses at each x-intercept; (c) find the y-intercept and a few points on the graph; (d) determine the 
end behavior; and (e) sketch the graph. 


53. f(x) = —2° — 6x — 9 54. f(y) =x? + 4x44 55. f(y) = (x — 29° 56. f(x) = —(x + 3) 

57. f(x) = x3 — 9x 58. fi) = —e + 4¢ 59. fix) = —P +? + 2x 60. f(x) = 2° — 6x7 + 9x 

61. f(x) = -x* - 3x 62. fix) =x —x 63. f(x) = 12x° — 36° — 48x 64. f(x) = 7° — 14x47 -— 219 
65. fa) = 26 = b= Be 66. {@) = —30 +10 — 5" OT. FR -r—- eet 4 RQ - x — x +1 

69. fix) = —x + 2274-1? 70. f(@) = & — 2° + 1 71. fi) =e — 243% 72. fx) = — x — 4)? + 2) 


In Exercises 73-76, for each graph given: (a) list each real zero and its smallest possible multiplicity; (b) determine whether the 
degree of the polynomial is even or odd; (c) determine whether the leading coefficient of the polynomial is positive or negative; 
(d) find the y-intercept; and (e) write an equation for the polynomial function (assume the least degree possible). 


73. 74. 75. 76. 
AY 
16 


-5 R) 


"APPLICATIONS 


For Exercises 77 and 78, refer to the following: 


The relationship between a company’s total revenue R (in millions 


of dollars) is related to its advertising costs x (in thousands of 
dollars). The relationship between revenue R and advertising 
costs x is illustrated in the graph. 
AR 
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100 200 300 400 500 600 i 


Advertising Costs 
(in thousands of dollars) 


Revenue (in millions of dollars) 


77. Business. Analyze the graph of the revenue function. 


a. Determine the intervals on which revenue is increasing 
and decreasing. 


b. Identify the zeros of the function. Interpret the meaning 


of zeros for this function. 


78. Business. Use the graph to identify the maximum revenue 


for the company and the corresponding advertising costs that 


produce maximum revenue. 


For Exercises 79 and 80, refer to the following: 


During a cough, the velocity v (in meters per second) of air in the 


trachea may be modeled by the function 
wr) = —120r + 80° 


where r is the radius of the trachea (in centimeters) during the 
cough. 


79. Health/Medicine. Graph the velocity function and estimate 


the intervals on which the velocity of air in the trachea is 
increasing and decreasing. 


80. Health/Medicine. Estimate the radius of the trachea that 
produces the maximum velocity of air in the trachea. Use 
this radius to estimate the maximum velocity of air in the 
trachea. 
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81. 


82. 


83. 


Weight. Jennifer has joined a gym to lose weight and feel 
better. She still likes to cheat a little and will enjoy the 
occasional bad meal with an ice cream dream dessert and 
then miss the gym for a couple of days. Given in the table is 
Jennifer’s weight for a period of 8 months. Her weight can be 
modeled as a polynomial. Plot these data. How many turning 
points are there? Assuming these are the minimum number of 
turning points, what is the lowest degree polynomial that can 
represent Jennifer’s weight? 


WEIGHT 


169 
158 
150 
161 
154 
159 
148 
153 


MONTH 


CoO; N TDN] MY BP] WwW] N]r 


Stock Value. A day trader checks the stock price of 
Coca-Cola during a 4-hour period (given below). The price 
of Coca-Cola stock during this 4-hour period can be modeled 
as a polynomial function. Plot these data. How many turning 
points are there? Assuming these are the minimum number of 
turning points, what is the lowest degree polynomial that can 
represent the Coca-Cola stock price? 


PERIOD WATCHING 
Stock MARKET PRICE 
1 $53.00 
2 $56.00 
3 $52.70 
4 $51.50 


Stock Value. The price of Tommy Hilfiger stock during a 
4-hour period is given in the following table. If a third- 
degree polynomial models this stock, do you expect the stock 
to go up or down in the fifth period? 


PERIOD WATCHING 
Stock MARKET PRICE 
1 $15.10 
2 $14.76 
2 $15.50 
4 $14.85 
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84. Stock Value. The stock prices for Coca-Cola during a For Exercises 85 and 86, the following graph illustrates the 
4-hour period on another day yield the following results. Ifa | average federal funds rate in the month of January (2000 to 
third-degree polynomial models this stock, do you expect the 2008). 


stock to go up or down in the fifth period? A 
10.00% 
PERIOD WATCHING 9.00 
Stock MARKET PRICE g 8.00 
~ 7.00 
1 $52.80 3 6.00 
2 5.00 
2 $53.00 2 4.00 
3 $56.00 3 3.00 
m& 2.00 
4 $52.70 1.00 


2001 2003 2005 2007 2009 
Year 


85. Finance. If a polynomial function is used to model the federal 
funds rate data shown in the graph, determine the degree of 
the lowest degree polynomial that can be used to model those 
data. 


86. Finance. Should the leading coefficient in the polynomial 
found in Exercise 85 be positive or negative? Explain. 


"CATCH THE MISTAKE 


In Exercises 87-90, explain the mistake that is made. 


87. Find a fourth-degree polynomial function with zeros —2, 89. Graph the polynomial function f(x) = (x — 1)°(x + 2)°. 
=1,.3; 4, 
Solution: 
Solution: x) = (x — 2)x — 1)(x + 3)(x + 4) 
Fa) = 6 M M M The zeros are —2 and 1, AY 
This is incorrect. What mistake was made? and therefore, the 10 


88. Determine the end behavior of the polynomial function a-tnuercepts are 250) 


f(x) = x(x = 2). and CL; 0). 
Solution: The y-intercept is (0, 8). x 
5 5 
This polynomial has similar end behavior to the graph of Rowme mes ee 
= and connecting with 
y , a smooth curve yields 
End behavior falls to the left and rises to the right. the graph on the right. -10 


This is incorrect. What mistake was made? 
This graph is incorrect. What did we forget to do? 


90. Graph the polynomial function f(x) = (x + 1)°(x — 1). 


Solution: 

The zeros are —1 and 1, so AY 
the x-intercepts are (—1, 0) 5 
and (1, 0). 


The y-intercept is (0, 1). 


Plotting these points and 
connecting with a smooth 
curve yields the graph on 
the right. 


This graph is incorrect. What did we forget to do? 


"=CONCEPTUAL 


In Exercises 91-94, determine if each statement is true or false. 


91. The graph of a polynomial function might not have any 
y-intercepts. 


92. The graph of a polynomial function might not have any 
x-intercepts. 


93. The domain of all polynomial functions is (—2%, 0). 


CHALLENGE 


97. Find a seventh-degree polynomial that has the following 
graph characteristics: The graph touches the x-axis at 
x = —1, and the graph crosses the x-axis at x = 3. Plot 
this polynomial function. 


98. Find a fifth-degree polynomial that has the following graph 
characteristics: The graph touches the x-axis at x = 0 and 
crosses the x-axis at x = 4. Plot the polynomial function. 


=TECHNOLOGY 


In Exercises 101 and 102, use a graphing calculator or 
computer to graph each polynomial. From that graph, 
estimate the x-intercepts (if any). Set the function equal to 
zero, and solve for the zeros of the polynomial. Compare the 
zeros with the x-intercepts. 


101. fy =x +241 102. f(x) = 1.x — 2.4x° + 5.2x 
For each polynomial in Exercises 103 and 104, determine 
the power function that has similar end behavior. Plot this 
power function and the polynomial. Do they have similar 
end behavior? 


103. f(x) = —2x° — 5x4 — 3x8 104. f(x) =x* -— 6x +9 
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94. The range of all polynomial functions is (—co, ©). 


95. What is the maximum number of zeros that a polynomial of 
degree n can have? 


96. What is the maximum number of turning points a graph of an 
nth-degree polynomial can have? 


99. Determine the zeros of the polynomial 
f(x) = 8 + (b — axe — abx for the positive real numbers a 
and b. 


100. Graph the function f(x) = x°(x — a)*(x — b)° for the 
positive real numbers a, b, where b > a. 


In Exercises 105 and 106, use a graphing calculator or 

a computer to graph each polynomial. From the graph, 
estimate the x-intercepts and state the zeros of the function 
and their multiplicities. 


105. f(x) =x* 
106. f(x) = — + 2.2x4 + 18.49x7 — 29.878x° — 76.5x + 100.8 


15.93 + 1.31x? + 292.905x + 445.7025 


In Exercises 107 and 108, use a graphing calculator or a 
computer to graph each polynomial. From the graph, estimate 
the coordinates of the relative maximum and minimum 
points. Round your answers to two decimal places. 


107. f(x) = 2x4 + 5x 
108. f(x) = 2° — 4x4 


10x* — 15x + 8 


12x? + 18x? + 16x — 7 


410 


SECTION DIVIDING POLYNOMIALS: LONG 
4.3 DIVISION AND SYNTHETIC DIVISION 


311 


21)6542 
63 
24 
21 
32 
721 
in 


To divide polynomials, we rely on the technique we use for dividing real numbers. For example, 
if you were asked to divide 6542 by 21, the long division method used is illustrated in the 


11 
margin. This solution can be written two ways: 311 R11 or 311 + Th 


In this example, the dividend is 6542, the divisor is 21, the quotient is 311, and the 
remainder is 11. We employ a similar technique (dividing the leading terms) when 
dividing polynomials. 


Long Division of Polynomials 


Let’s start with an example whose answer we already know. We know that a quadratic 


expression can be factored into the product of two linear factors: x? + 4x — 5 = 


(x + 5)(x — 1). Therefore, if we divide both sides of the equation by (x — 1), we get 
r+ 4x —5 
—————— = x +5 
x-—1 


We can state this by saying x” + 4x — 5 divided by x — 1 is equal to x + 5. Confirm this 
statement by long division: 


x— 1+ 4x —5 


Note that although this is standard division notation, the dividend and the divisor are both 
polynomials that consist of multiple terms. The /eading terms of each algebraic expression 
will guide us. 


Worps MatTH 
Q: x times what quantity gives x? = 1)x? + 4x%-5 
A:x 


x 
=i)? + 4,= 5 


{1 
Multiply x(x — 1) = x — x. ¥-D)e+4x—5 


vr-—x 
Subtract (x? — x) from x? + 4x — 5. x 
Note: -Q? — x) = —X +x. x—-1Ixe+4x—5 
—r +x 
Bring down the —5. BP cout) 
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Worps 


Q: x times what quantity is 5x? 
A:5 
Multiply 5@ — 1) = 5x — 5. 


Subtract (5x — 5). 
Note: —(5x — 5) = —5x + 5. 


As expected, the remainder is 0. By long division we have shown that 


vr+4x—-5 


x- 1 


Check: Multiplying the equation by x — 1 yields x7 + 4x — 5 = (x + 5)(x — 1), which 


we knew to be true. 


EXAMPLE 1 
Zero Remainder 


=x+5 


Dividing Polynomials Using Long Division; 


MatH 
KES 
¥- 12+ 4x —5 
—?+x 
Se) 
x= 5S 
x+5 
x-Ixet4x—5 = 
—v+x le 
x= 5 Jechnolosy Tp. =. 
os A graphing utility can be used to 
=Se + 3 check (x? — 5x + 6)(2x + 1) = 
0 2x7 — 9x7 + 7x + 6 using their 


graphs. 


Pleti Floke FIsks 
WH Bea aS e teat 


EERE Sete 
+13 


Wen S-Ons+ nto 


Divide 2x — 9x° + 7x + 6 by 2x + 1. 

pone ja 1S — = us =e YE=CHE-ENsGEHeL) 
Multiply: x°(2x + 1). (2x7 + x’) 

Subtract: Bring down the 7x. 0x2 Ux 

Multiply: —5x(2x + 1). —(-10x? — 5x) 

Subtract: Bring down the 6. 12x + 6 

Multiply: 6(2x + 1). —(12x + 6) Notice that the graphs are the same. 
greta ars sais sSuad ganas deaysnesdabinncey terdes 
Quotient: 

Check: (2x + 1)(x* — 5x + 6) = 2x° — 9x° + 7x + 6. 


Note: Since the divisor cannot be equal to zero, 2x + 1 #0, then we say x # —5. 


= Answer: x° + 2x — 3, remainder 0. 


™ YOUR TURN Divide 4° + 13x — 2x — 15 by 4x + 5. 


Why are we interested in dividing polynomials? Because it helps us find zeros of 
polynomials. In Example 1, using long division, we found that 


2x7 — 9x7 + Tx + 6 = (2x + DG? — 5x 4+ 6) 
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= Answer: 2x7 + 3x —1R:—4 or 


2+ 3x —-1- 


4 


Fae | 


Factoring the quadratic expression enables us to write the cubic polynomial as a product of 
three linear factors: 


2x3 — 9x7 + Tx + 6 = (2x + DO? — 5x + 6) = (2x + 1)(x — 3)(x — 2) 


Set the value of the polynomial equal to zero, (2x + 1)(x — 3)(x — 2) = 0, and solve for x. 
The zeros of the polynomial are -}, 2, and 3. In Example | and in the Your Turn, the 
remainder was 0. Sometimes there is a nonzero remainder (Example 2). 


EXAMPLE 2_ Dividing Polynomials Using Long Division; 
Nonzero Remainder 


Divide 6x7 — x — 2byx + 1. 


Solution: 6x = 7 
x+16e—x-2 
Multiply 6x(x + 1). —(6x" + 6x) 
Subtract and bring down —2. =Tx = 2 
Multiply —7(@ + 1). =C1x =7) 
Subtract and identify the remainder. +5 
Dividend Quotient Remainder 
6x? —x -— 2 5 
————_——— = 66 = 7 + KAS] 
Fai aaa 
Divisor Divisor 
2) 
Check: Multiply the quotient and (6x — 7)(x + 1) 4 iy ‘(x + 1) 
remainder by x + 1. (x ) 
= 6 -—x-74+5 
The result is the dividend. =6-—x-2 v 


= YOUR TURN Divide 2x° + x? — 4x — 3 byx— 1. 


In general, when a polynomial is divided by another polynomial, we express the result 


in the following form: 


PQ) _ r(x) 
de ae 


where P(x) is the dividend, d(x) # 0 is the divisor, Q(x) is the quotient, and r(x) is the 
remainder. Multiplying this equation by the divisor, d(x), leads us to the division algorithm. 


THE DIVISION ALGORITHM 


If P(x) and d(x) are polynomials with d(x) # 0, and if the degree of P(x) is greater than 
or equal to the degree of d(x), then unique polynomials Q(x) and r(x) exist such that 


P(x) = d(x) Q(x) + r(x) 


If the remainder r(x) = 0, then we say that d(x) divides P(x) and that d(x) and Q(x) 
are factors of P(x). 


4.3 Dividing Polynomials: Long Division and Synthetic Division 
EXAMPLE 3 _Long Division of Polynomials with “Missing” Terms 
Divide x* — 8 by x — 2. 
Solution: eta +4 
Insert Ox? + Ox for placeholders. x — 2)x3 + Ox? + Ox — 8 
Multiply x°(x — 2) = x8 — 2x. —( — 2x) 
Subtract and bring down Ox. 2x7 + Ox 
Multiply 2x(x — 2) = 2x° — 4x. —(2x? — 4x) 
Subtract and bring down —8. 4x—8 
Multiply 4(x — 2) = 4x — 8. — (4x —8) 
Subtract and get remainder 0. 0 
Since the remainder is 0, x — 2 is a factor of x* — 8. 
3 
x — 8 
=x’ +2x+4 x42 
x= 2 
Check: «7 — 8 = (°° + 2x + 4)(Q~ — 2) = 0° + 2x + 4x — 22° — 4x —-8 =X - 8 v 
™ YOUR TURN Divide x — 1 byx— 1. cedar ny ale 
EXAMPLE 4 _ Long Division of Polynomials 
Divide 3x* + 2x3 + x? + 4by x? + 1. 
Solution: 
Insert 0x as a placeholder in both 3x° + 2x —2 
the divisor and the dividend. etext 1) 344284 2 +0r4+4 
Multiply 3x°(x7 + Ox + 1). (on Ox? 3x7) 
Subtract and bring down Ox. 2x3 — 2x2 + Ox 
Multiply 2x(x? + Ox + 1). (2x3 + Ox? + 2x) 
Subtract and bring down 4. —2x° — 2x +4 
Multiply —2@2 — 2x + 1). =(=2e 04 2) 
Subtract and get remainder —2x + 6. —2x + 6 
4 3 
3x" + a3 +44 32 + 2x —-24 = + 6 = Answer: 
x +1 x +1 11x” + 18x + 36 


2+ 64 
we — 3x - 4 


= YOUR TURN Divide 2x + 3x? + 12 by x — 3x — 4. 


413 
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= Answer: 
Te 3 
2 2 
5x7 — 3x a7 3 suse 
2x. a1 


Study Tip 


If (x — a) is the divisor, then a is 


the number used in synthetic 
division. 


In Examples | through 4 the dividends, divisors, and quotients were all polynomials 
with integer coefficients. In Example 5, however, the resulting quotient has rational 
(noninteger) coefficients. 


EXAMPLE 5 _ Long Division of Polynomials Resulting in Quotients 
with Rational Coefficients 


Divide 8x* — 5x° + 7x — 2 by 2x7 + 1. 


Solution: 
2_ 5 
Insert Ox* as a placeholder in the dividend 4x0 — 9x — 2 
and Ox as a placeholder in the divisor. 22 + Ox + 1)8x4 — 5x3 + O + Tx — 2 
Multiply 42°(2x" + Ox + 1). —(8x* + Ox? + 42°) 
Subtract and bring down remaining terms. — 52° — 4° + Tx 
3 2 5 
Multiply —3x(2x? + Ox + 1). =CSx* + Ox — 3x) 
2 19 
Subtract and bring down remaining terms. — 4x + yx — 2 
Multiply —2(2x + Ox + 1). —(—4x° + Ox — 2) 
Subtract and bring down the remainder Px. 19 x 
2 
19 
—_ x 
8x* — 5° + Tx — 2 , 5 2 
7 = 4° La 2 
2x +1 2 2x +1 


= YOUR TURN Divide 10x‘ — 3x7 + 5x — 4 by 2x? — 1. 


Synthetic Division of Polynomials 

In the special case when the divisor is a linear factor of the form x — a or x + a, there 
is another, more efficient way to divide polynomials. This method is called synthetic 
division. It is called synthetic because it is a contrived shorthand way of dividing a 
polynomial by a linear factor. A detailed step-by-step procedure is given below for 
synthetic division. Let’s divide x4 — x3 — 2x + 2 by x + 1 using synthetic division. 


Step 1 Write the division in synthetic form. Coefficients of Dividend 
= List the coefficients of the =1 1 =-1 0 -—2 2 
dividend. Remember to use 
0 for a placeholder. 
a The divisor is x + 1. Sincex + 1 =0 
x = —1is used. 
Step 2 Bring down the first term (1) in =] 1 <1 @ =<? 2 
the dividend. | 
Bring down the 1 
1 
Step 3 Multiply the —1 by this leading =I 1 =1 ) <2 3 
coefficient (1), and place the product = 


up and to the right in the second 
column. 1 
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Step 4 Add the values in the second =| 1: =f 9 —3% 3 
column. | 
—1 ADD 
1 -2 
Step 5 Repeat Steps 3 and 4 until all =f 


columns are filled. 


Step 6 Identify the quotient by assigning =f [4 -=1 Q@ <2 2 Study Tip 
powers of x in descending order, Synthetic division can only be used 
beginning with xe la xt l= x3, -1 2 -2 4 when the divisor is of the form 
The last term is the remainder. 1 -2 2 -4 6 pinecone 

~~... __ Remainder 


Quotient Coefficients 
x — 2x? + 2x -—4 


We know that the degree of the first term of the quotient is 3 because a fourth-degree 
polynomial was divided by a first-degree polynomial. Let’s compare dividing x* — x° — 2x + 2 
by x + 1 using both long division and synthetic division. 


Long Division Synthetic Division 
x — 2x7 + 2x -— 4 -1 |1 -1 0 -2 2 
x + I)xt -— x + Ox? -— 2x + 2 -1 2-2 4 
xt+x 
—23 +4 Ox 1 —2 2 —4 6 
—(—2x7 — 2x’) xo — 2x? + 2x-4 
2x? — 2x 
—(2x* + 2x) 
—4x +2 
—(—4x — 4) 
+ 6 


Both long division and synthetic division yield the same answer. 


eek ee a ae 


we -2P+2xr-44 
x+1 x+1 


EXAMPLE 6_ Synthetic Division 


Use synthetic division to divide 3x° — 2x7 + x* — 7 by x + 2. 
Solution: 


Step 1 Write the division in synthetic form. —2 3 0 -2 1 0 -7 
a List the coefficients of the 
dividend. Remember to use 0 
for a placeholder. 
a The divisor of the original problem 
isx + 2. If we set x + 2 = 0 we find 
that x = —2, so —2 is the divisor for 
synthetic division. 
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Step 2 Perform the synthetic =2 3 0 -2 Lt .Q -=7 
division steps. 


—6 12 —20 38 —76 
3 -6 10 —19 38 —83 
Step 3 Identify the quotient and —2 3 Q —2 1 O -7 
remainder. 

—6 12 —20 38 —76 
3 -6 10 —-19 38 

ee” 

3x4 — 6x7 + 10x7 — 19x + 38 
3° — 2 +2 -7 83 


3x4 — 6x° + 10x* — 19x + 38 
x+2 x+2 


= Answer: 2x7 + 2x + 1 + 


_ : = YOUR TURN Use synthetic division to divide 2x° — x + 3 byx — 1. 


fem | SECTION 
4 SUMMARY 


Division of Polynomials Expressing Results 
Long division can always be used. Dividend _ areal remainder 
Synthetic division is restricted to when the divisor is of the Divisor _ aucient divisor 


form x — aorx + a. ; es: ‘ 
Dividend = (quotient)(divisor) + remainder 


When Remainder Is Zero 


Dividend = (quotient)(divisor) 
Quotient and divisor are factors of the dividend. 


SECTION 
4.3 EXERCISES 


"SKILLS 


In Exercises 1-30, divide the polynomials using long division. Use exact values. Express the answer in the form Q(x) = ?, r(x) = ?. 


1. (2x? + 5x — 3) + (4 3) 2. (2x7 + 5x — 3) + (x — 3) 

3. @? — 5x +6) +(x —- 2) 4. (2x7 + 3x+1)+(x+1) 

5. (3x7 — 9x — 5) + (x — 2) 6 (0° + 4x -3)+-1) 

7. (3x7 — 13x — 10) + (x + 5) 8. (3x7 — 13x — 10) + (x — 5) 

9. — 4) +(x +4) 10. (? -— 9) + («- 2) 

HW. (9x7 — 25) + Gx — 5) 12. (5x — 3) +(x +1) 

13. (4x? — 9) + (2x + 3) 14. (8x° + 27) + (2x + 3) 

15. (11x + 20x? + 12x3 + 2) + (3x + 2) 16. (12° + 2 + 11x + 20x”) + (2x + 1) 
17. (4° — 2x + 7) + (2x + 1) 18. (6x? — 2x? + 5) + (—3x + 2) 
Doe = ie? =e43) > @ Ss) 20; De et + et 16) + (x +4) 


21. (—2x + 3x4 — 2x’) + OP? - 3x + 1) 22. (—9x° + Txt — 22° + 5) + Gxt — 2x + 1) 
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40 — 22x + 7x3 + 6x7 $6 —13x? + 4x4 +9 
62 +x-—2 , 4° — 9 
2° — 43 + 3x7 +5 
x — 0.9 


A 1 A 
23. ~ 4 25. 

Bee | D sigs aE 

3x4 + Tx — 2x + 1 
27. 28. 
x — 0.6 : 

29. (x + 0.8x° — 0.26x7 — 0.168x + 0.0441) + (? + 1.4x + 0.49) 
30. OO + 2.8x4 + 1.3427 — 0.68827 — 0.2919x + 0.0882) + (x? — 0.6x + 0.09) 


In Exercises 31-50, divide the polynomial by the linear factor with synthetic division. Indicate the quotient Q(x) and the 


remainder r(x). 
31. (3x7 + 7x + 2) +(x + 2) 
33. (7x? — 3x +5) = (x4 1) 
35. (3x7 + 4x — x4 — 2° — 4) + (x + 2) 
37. Qt +1) +41) 
39. (x — 16) + (x + 2) 
41. (2x3 — 5x? — x + 1) + (x + 5) 
43, (2x* — 3x3 + 7x7 — 4) + (x — 4) 
45. (2x* + 99° — 9x? — 81x — 81) + (x + 1.5) 
47. x’ — 8x4 +341 
x= fl 
49. (x° — 49x4 — 25x? + 1225) + (x - V5) 


32. 
34. 
36. 
38. 
40. 
42. 
44. 
46. 


48. 


50. 


(2x7 + 7x — 15) + («+ 5) 
(4° +x+1)+(x- 2) 
Br-44+x)+a-1 


(xt + 9) + (x + 3) 


In Exercises 51-60, divide the polynomials by either long division or synthetic division. 


51. (6x° — 23x + 7) + 3x - 1) 
53. Wf — x -— 9x +9) +(x- 1) 
55. (x + 4° + 2x7 -— 1) + (x - 2) 


57. (x4 — 25) + (2 — 1) 


59. (x7 —1)+(x- 1) 


"APPLICATIONS 


61. Geometry. The area of a rectangle is 6x* + 41° — x7 — 2x - 1 
square feet. If the length of the rectangle is 2x” — 1 feet, what 
is the width of the rectangle? 


62. Geometry. If the rectangle in Exercise 61 is the base of a 
rectangular box with volume 18x° + 18x* + x7 — 7x7 — 5x - 1 


cubic feet, what is the height of the box? 


52. 
54. 
56. 
58. 
60. 


(x4 — 81) + (x — 3) 
(3x3 — 8x7 + 1) + (x + 3) 
(3x4 + x? + 2x — 3) + (x - 3) 
(5x9 — x7 + 6x + 8) + (x + 0.8) 
x8 + 4° — 247 

xt1 
(x8 — 4x4 — 9x? + 36) + (x - V3) 
(6x7 + x — 2) + Qx- 1) 
(x + 2x? — 6x — 12) + (x + 2) 
(x4 — x? + 3x — 10) + (x +5) 
=e =o) 
(x® — 27) + (x — 3) 


63. Travel. If a car travels a distance of x* + 60x" + x + 60 
miles at an average speed of x + 60 miles per hour, how long 
does the trip take? 


64. Sports. If a quarterback throws a ball —x? — 5x + 50 yards 


in 5 — x seconds, how fast is the football traveling? 
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"CATCH THE MISTAKE 


In Exercises 65-68, explain the mistake that is made. 


65. 


66. 


"CONCEPTUAL 


In Exercises 69-72, determine whether each statement is true or false. 


69. 


70. 


CHALLENGE 


73. 
74. 


77. 


Divide x° — 4° +x + 6byx+x+1. 
Solution: x= 3 
r+txt 1)e-4° 4x46 


eP+xertx 


3x7 + 2x + 6 
—3x? — 3x -— 3 
7b 3 


This is incorrect. What mistake was made? 


Divide x* 


3x° + 5x + 2byx-2. 


Solution: 


I =-§ 
ee 
x — 5x + 15 


15 [-28] 


This is incorrect. What mistake was made? 


A fifth-degree polynomial divided by a third-degree 
polynomial will yield a quadratic quotient. 


A third-degree polynomial divided by a linear polynomial 
will yield a linear quotient. 


Is x + ba factor of x° + (2b — a)x* + (b’ ab”? 


2ab)x 


67. 


68. 


71. 


72. 


75. 


Divide x? + 4x — 12 by x — 3. 


Solution: 3 


XE T- 
This is incorrect. What mistake was made? 


Divide x° + 3x? lbyx +1. 


Solution: -1]1 ao So 1 


ee 
x —2x- 4 


This is incorrect. What mistake was made? 


Synthetic division can be used whenever the degree of the 
dividend is exactly one more than the degree of the divisor. 


When the remainder is zero, the divisor is a factor of the 
dividend. 


Divide x°" + x7” — x" 


lby x" —1. 


Is x + ba factor of x4 + (b? — a*)x? — a’b*? 76. Divide x" + 5x7" + 8x" + 4by x" + 1. 
"=TECHNOLOGY 
2 — x + 10x — 5 x — 9x4 + 18x73 + 2x? — 5x - 3 
Plot ss ‘ . What type of function is it? 80. Plot - . . * . What type of 


78. 


79. 


rt 5 
Perform this division using long division, and confirm that 
the graph corresponds to the quotient. 
xX — 3x? + 4x = 12 
Plot a . What type of function is it? 
Pa 
Perform this division using synthetic division, and confirm 
that the graph corresponds to the quotient. 


x¢+27-x-2 too 
Plot ————_—. What type of function is it? 
eas 
Perform this division using synthetic division, and confirm 


that the graph corresponds to the quotient. 


. Plot 


xt — 6x + 2x + 1 
function is it? Perform this division using long division, and 
confirm that the graph corresponds to the quotient. 


6x? + 7x* + 14x — 15 
Dee 3 
Perform this division using long division, and confirm that 
the graph corresponds to the quotient. 


Be = Ag 4 29x" + 36x" = 18 
3x? + 4x — 2 

function is it? Perform this division using long division, and 
confirm that the graph corresponds to the quotient. 


. What type of function is it? 


Plot 2 What type of 


SKILLS OBJECTIVES 


Apply the remainder theorem to evaluate a polynomial 
function. 


SECTION THE REAL ZEROS OF A 
4.4 POLYNOMIAL FUNCTION 


CONCEPTUAL OBJECTIVES 


Understand that a polynomial of degree n has at most 
n real zeros. 


Understand that a real zero can be either rational or 
irrational and that irrational zeros will not be listed as 
possible zeros through the rational zero test. 

Realize that rational zeros can be found exactly, 
whereas irrational zeros must be approximated. 


Apply the factor theorem. 

Use the rational zero (root) theorem to list possible 
rational zeros. 

Apply Descartes’ rule of signs to determine the possible 
combination of positive and negative real zeros. 
Utilize the upper and lower bound theorems to narrow 
the search for real zeros. 

Find the real zeros of a polynomial function. 

Factor a polynomial function. 

Employ the intermediate value theorem to approximate 
areal zero. 


The Remainder Theorem and 
the Factor Theorem 


The zeros of a polynomial function assist us in finding the x-intercepts of the graph of a 
polynomial function. How do we find the zeros of a polynomial function? For polynomial 
functions of degree 2, we have the quadratic formula, which allows us to find the two 
zeros. For polynomial functions whose degree is greater than 2, much more work is 
required.* In this section we focus our attention on finding the real zeros of a polynomial 
function. Later, in Section 4.5, we expand our discussion to complex zeros of polynomial 
functions. 

In this section we start by listing possible rational zeros. As you will see there are sometimes 
many possibilities. We can then narrow the search using Descartes’ rule of signs, which 
tells us possible combinations of positive and negative real zeros. We can narrow the search 
even further with the upper and lower bound rules. Once we have tested possible values 
and determined a zero, we will employ synthetic division to divide the polynomial by the 
linear factor associated with the zero. We will continue the process until we have factored the 
polynomial function into a product of either linear factors or irreducible quadratic factors. 
Last, we will discuss how to find irrational real zeros using the intermediate value theorem. 

If we divide the polynomial function f(x) = x° — 2x? + x — 3 by x — 2 using synthetic 
division, we find the remainder is —1. 


2|1 —2 Lt 3 


Notice that if we evaluate the function at x = 2, the result is —1. 
This leads us to the remainder theorem. 


f2)=-1 


*There are complicated formulas for finding the zeros of polynomial functions of degree 3 and 4, but there are no 
such formulas for degree 5 and higher polynomials (according to the Abel—Ruffini theorem). 
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WorpDsS MatH 
Recall the Division Algorithm. P(x) = d(x)> Q(x) + r(x) 


Let d(x) = x — a for any real number a. P(x) = (x — a)* O(x) + r(x) 
The degree of the remainder is always 

less than the degree of the divisor: 

therefore the remainder must be a constant 


(Call it r, r(x) = r). P(x) = &@— a):Q@) +r 
Let x = a. Pla) = (a— a)?OX) +r 


Simplify. ° 


REMAINDER THEOREM 


If a polynomial P(x) is divided by x — a, then the remainder is r = P(a). 


The remainder theorem tells you that polynomial division can be used to evaluate a 


[a 
le polynomial function at a particular point. 
Technology Tip 


A graphing utility can be used to EXAMPLE 1_ Two Methods for Evaluating Polynomials 
evaluate P(2). Enter P(x) = 4x° — 3x4 ; : * 
+23 — 72 + Ox — Sas). Let P(x) = 49° — 3x4 + 2x7 — 7x° + 9x — 5 and evaluate P(2) by 


Flotd Flokz Flot a. Evaluating P(2) directly 
yy ods ate b. The remainder theorem and synthetic division 


SPARE tIAS 


ses Solution: 


a. P(2) = 4(2y — 3(2)4 + 2(2)° — 7(2)? + 9(2) — 5 


To evaluate P(2), press | VARS] | 


= 4(32) — 3(16) + 2(8) — 7(4) + 9(2) — 5 


Y-VARS| |1:Function | }1:Y; = 128 — 48 + 16— 28+ 18-5 
(|2]) || ENTER ~ 


Tae bh 2/4 3 2 -7 9 <5 
- a1 8 10 24 34 86 


= Answer: P(—2) = 28 


= YOUR TURN Let P(x) = —x' + 2x° — 5x + 2 and evaluate P(—2) using the remainder 
theorem and synthetic division. 


Recall that when a polynomial is divided by x — a, if the remainder is zero, we say that 
x — ais a factor of the polynomial. Through the remainder theorem, we now know that the 
remainder is related to evaluation of the polynomial at the point x = a. We are then led to 
the factor theorem. 


FACTOR THEOREM 


If P(a) = 0, then x — ais a factor of P(x). Conversely, if x — a is a factor of P(x), 
then P(a) = 0. 


4.4 The Real Zeros of a Polynomial Function 421 


EXAMPLE 2_ Using the Factor Theorem to Factor a Polynomial 


Determine whether x + 2 is a factor of P(x) = x — 2x° — 5x + 6. If so, factor P(x) completely. 


Solution: 


By the factor theorem, x + 2 is a factor of P(x) = x? — 2x” — 5x + 6 if P(—2) = 0. By the 
remainder theorem, if we divide P(x) = x° — 2x? — 5x + 6 by x + 2, then the remainder is 
equal to P(—2). 


=2 (tl =2. =5 6 
Step 1 Divide P(x) = x° — 2x* — 5x + 6 
by x + 2 using synthetic division. =2) 28 -=6 
1-4 3 [0] 
x — 4x + 3 


Since the remainder is zero, P(—2) = 0, of 


P(x) = x — 2x? — 5x 4+ 6. 


STEP 2 Write P(x) as a product. 
P(x) = (x + 2)(0° — 4x + 3) 


Step 3 Factor the quadratic polynomial. 
Pa) = (x + 2)(x — 3)(x — I) 


= YOUR TURN Determine whether x — 1 is a factor of P(x) = x° — 4x° — 7x + 10. 
If so, factor P(x) completely. 


EXAMPLE 3_ Using the Factor Theorem to Factor a Polynomial 


Determine whether x — 3 and x + 2 are factors of P(x) = x* — 13x? + 36. If so, factor 
P(x) completely. 


Solution: 


Step 1 With synthetic division divide 3 {1 O —-13 0 36 


P(x) = x* — 13x° + 36 by x — 3. 


3 9 =12: =36 


1 3-4 -12 [0] 


w+ 3x7 - 4x - 12 


Because the remainder is 0, , and we can write the polynomial as 


P(x) = (x — 3)00¢ + 3x° — 4x - 12) 
Step 2 With synthetic division divide the —2/1 3 -4 -12 
remaining cubic polynomial 
(x3 + 3x? — 4x — 12) by x + 2. =2 2 12 
1 1-6 {0| 
rt+x-6 


Because the remainder is 0, |x + 2 is a factor), and we can now write the polynomial as 


P(x) = (x — 3)(x + 2)? + x - 6) 


6 = (x + 3)(x — 2). 
Step 4 Write P(x) as a product of linear factors: | P(x) = (x — 3)(x 


Step 3 Factor the quadratic polynomial: x* + x 


2x + 2x + 3) 


= YOUR TURN Determine whether x — 3 and x + 2 are factors of 
P(x) = x* — 3 — 7° + x + 6. If so, factor P(x) completely. 


1H Sens Ente 


The three zeros of the function give 
the three factors x + 2,x — 1, and 
x — 3. A table of values supports the 
zeros of the graph. 


= Answer: (x — ljisa factor: 
P(x) = (x — 5) — 1) (x + 2) 


= 
Technology Tip @& 


1H" 4-LSns+s6 


The zeros of the function at x = —3, 
x = —2,x = 2, and x = 3 are shown 
in the graph. A table of values supports 
the zeros of the graph. 


Bea -1 SHE +36 


= Answer: (x — 3) and (x + 2) 
are factors; 
PQ) =a 


3)(x + 2) (x — D+ 1) 
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Study Tip 


The largest number of zeros a 
polynomial can have is equal to 
the degree of the polynomial. 


The Search for Real Zeros 


In all of the examples thus far, the polynomial function and one or more real zeros (or linear 
factors) were given. Now, we will not be given any real zeros to start with. Instead, we will 
develop methods to search for them. 

Each real zero corresponds to a linear factor, and each linear factor is of degree 1. 
Therefore, the largest number of real zeros a polynomial function can have is equal to the 
degree of the polynomial. 


THE NUMBER OF REAL ZEROS 


A polynomial function cannot have more real zeros than its degree. 


The following functions illustrate that a polynomial function of degree n can have at 
most 7 real zeros. 


POLYNOMIAL FUNCTION DEGREE REAL ZEROS ComMMENTS 
fa=xr-9 2 x=+43 Two real zeros 
fxiHxrt+4 2 None No real zeros 
fa =x-1 3 5 One real zero 
f(x) =e -— x - 6x 3 x= —2,0;3 Three real zeros 


Now that we know the maximum number of real zeros a polynomial function can have, let 
us discuss how to find these zeros. 


The Rational Zero Theorem and 
Descartes’ Rule of Signs 


When the coefficients of a polynomial are integers, then the rational zero theorem 
(rational root test) gives us a list of possible rational zeros. We can then test these possible 
values to determine whether they really do correspond to actual zeros. Descartes’ rule of 
signs tells us the possible combinations of positive real zeros and negative real zeros. Using 
Descartes’ rule of signs will assist us in narrowing down the large list of possible zeros 
generated through the rational zero theorem to a (hopefully) shorter list of possible zeros. 
First, let’s look at the rational zero theorem; then we’ll turn to Descartes’ rule of signs. 


THE RATIONAL ZERO THEOREM (RATIONAL ROOT TEST) 


If the polynomial function P(x) = a,x" + a,x" | + +++ + ax? + ayx + ay 
has integer coefficients, then every rational zero of P(x) has the form: 
integer factors of ap integer factors of constant term 


Rational zero = - = 5 : = 
integer factors of a, integer factors of leading coefficient 


positive integer factors of constant term 


positive integer factors of leading coefficient 


To use this theorem, simply list all combinations of integer factors of both the constant 
term dy and the leading coefficient term a, and take all appropriate combinations of ratios. 
This procedure is illustrated in Example 4. Notice that when the leading coefficient is 1, then 
the possible rational zeros will simply be the possible integer factors of the constant term. 
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EXAMPLE 4_ Using the Rational Zero Theorem 


3 


Determine possible rational zeros for the polynomial P(x) = x* — x° — 5x? — x — 6 by the 
rational zero theorem. Test each one to find all rational zeros. 


Solution: 
Step 1 List factors of the constant ay = —6 1,42,+3,+6 
and leading coefficient terms. a,=1 +1 
a 1 +2 +3 +6 
Step 2 List possible rational zeros = Par eT 21 = +1, +2, +3, +6 


STEP 3 


the other possible zeros fail. This is a fourth-degree 
polynomial, and we have found two rational 

real zeros. We see in the graph on the right 

that these two real zeros correspond to the 
x-intercepts. 


There are three ways to test whether any of these are zeros: Substitute these values 
into the polynomial to see which ones yield zero; use either polynomial division or 
synthetic division to divide the polynomial by these possible zeros; and look for a 
zero remainder. 
Test possible zeros by looking for zero remainders. 
lisnotazero: P(1) = (1)'- 0) — 501 — d) —6 = -12 
—1 is not a zero: P(—1) = (—1)* — (-1)° — 5(— Ll” — (-1) — 6 = -8 


We could continue testing with direct substitution, but let us now use synthetic 
division as an alternative. 


2 is not a zero: 2]1 1 5 1 6 


—2 is a zero: 


Since —2 is a zero, then x + 2 is a factor of P(x), and the remaining quotient is 

x — 3x? + x — 3. Therefore, if there are any other real roots remaining, we can now 
use the simpler x? — 3x° + x — 3 for the dividend. Also note that the rational zero 
theorem can be applied to the new dividend and possibly shorten the list of possible 
rational zeros. In this case, the possible rational zeros of F(x) = x° —3x* + x -3 
are +1 and +3. 


3 is a zero: 3.) 1 3 i, =3 
3. (0 3 
1 o 1. [ol 
We now know that and are confirmed AY 
zeros. If we continue testing, we will find that 20 


ve 


= YOUR TURN List the possible rational zeros of the polynomial 


P(x) = x1 + 2x° — 2x? + 2x — 3, and determine rational real zeros. 


Study Tip 
The remainder can be found by 


evaluating the function or synthetic 
division. For simple values like 


x = +1, it is easier to evaluate the 
polynomial function. For other 
values, it is often easier to use 
synthetic division. 


F(x) =x — 3x7 +. x — 3 can be 
factored by grouping: 
F(x) = (x — 3)? + 1). 


= Answer: Possible rational zeros: 
1 and +3. Rational real zeros: | 
and —3. 
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mS 
Technology Tip 


Flotd Flot Flote 
wi Badd stdeie 
~S6a-45 


Tan 44a Sens sen-4e 


The real zeros of the function at 
x = —1landx = 5 give the linear 
factors x + 1 and x — 5. Use the 
synthetic division to find the 
irreducible quadratic factors. 


A table of values supports the real 
zeros of the graph. 


= Answer: 


P(x) = (x + Dx — 3)(x? + 2) 


Notice in Example 4 that the polynomial function P(x) = x* — x* — 5x? — x — 6 had two 
rational real zeros, x = —2 and x = 3. This implies that x + 2 and x — 3 are factors of P(x). 
Also note in the last step when we divided by the zero x = 3, the quotient was x? + 1. 
Therefore, we can write the polynomial in factored form as 


P(x) = (x +2) (x — 3)(e + 1) 


linear linear irreducible 
factor factor quadratic 
factor 


Notice that the first two factors are of degree 1, so we call them linear factors. The 
third expression, x°* + 1, is of degree 2 and cannot be factored in terms of real numbers. 
We will discuss complex zeros in the next section. For now, we say that a quadratic 
expression, ax’ + bx + c, is called irreducible if it cannot be factored over the real 
numbers. 


EXAMPLE 5 _ Factoring a Polynomial Function 


Write the following polynomial function as a product of linear and/or irreducible quadratic 
factors: 


P(x) = x4 — 4x3 + 40° -— 36x - 45. 
Solution: 


Use the rational zero theorem to 
list possible rational roots. x =+1,43,45,49,415, +45 


Test possible zeros by evaluating the function or by utilizing synthetic division. 
x = | is not a zero. P(1) = —80 


x = —1isa zero. P(-1) =0 


1-4 4 -36 -45 
-1 5 -9 45 
1-5 9 -45 [ol 
1-5 9 —45 
5 0 45 
1 0 9 {o| 


Divide P(x) by x + 1. 


all 
x = 5 is a zero. 5 | 


xr +9 
The factor x° + 9 is irreducible. 


Write the polynomial as a product of 
linear and/or irreducible quadratic factors. 


P(x) = (x — 5)(x + 1)(x? + 9) 


Notice that the graph of this polynomial function has x-intercepts at x = —1 and x = 5. 


= YOUR TURN Write the following polynomial function as a product of linear and/or 
irreducible quadratic factors. 


P(x) = x* — 2 — x — 4x - 6 
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The rational zero theorem lists possible zeros. It would be helpful if we could narrow 
that list. Descartes’ rule of signs determines the possible combinations of positive real zeros 
and negative real zeros through variations of sign. A variation in sign is a sign difference seen 
between consecutive coefficients. 


Sign Change 
—tot+ 


J oY 


P(x) = 2x® — 5° — 3x4 +27 - 2 -—x- 1 
‘ot \ f 


Sign Change Sign Change 
+ to — + to — 


This polynomial experiences three sign changes or variations in sign. 


DESCARTES’ RULE OF SIGNS 

If the polynomial function P(x) = a,x" + a,x" | + +++ + ayx? + a,x + aghas 

real coefficients and a) # 0, then: 

= The number of positive real zeros of the polynomial is either equal to the 
number of variations of sign of P(x) or less than that number by an even integer. 

= The number of negative real zeros of the polynomial is either equal to the 
number of variations of sign of P(—x) or less than that number by an even integer. 


Descartes’ rule of signs narrows our search for real zeros because we don’t have to test all 
of the possible rational zeros. For example, if we know there is one positive real zero, then if 
we find a positive rational zero we no longer need to continue to test possible positive zeros. 


EXAMPLE 6_ Using Descartes’ Rule of Signs 


Determine the possible combinations of zeros for P(x) = x* — 2x* — 5x + 6. 


Solution: Sign Change 

Determine the number of 

variations of sign in P(x). P(x) = x° — 2° — 5x +6 
Sign Change 


P(x) has 2 variations in sign. 


Apply Descartes’ rule of signs. P(x) has either 2 or 0 positive real zeros. 
Determine the number of (—x)> — 2(-x) — 5(—x) + 6 
variations of sign in P(—x). —x — 2x7 + 5x +6 
Sign Change 
v J 
P(—x) has 1 variation in sign. P(x) = —x° — 2° + 5x46 
Apply Descartes’ rule of signs. P(x) must have | negative real zero. 


Since P(x) = x° — 2x° — 5x + 6 isa third-degree polynomial, there are at most 3 real zeros. 
One zero is a negative real number, and there can be either 2 positive real zeros or 0 positive 
real zeros. Now look back at Example 2 and see that in fact there were | negative real 
zero and 2 positive real zeros. 
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™| ©) EXAMPLE 7 _ Using Descartes’ Rule of Signs to Find Possible 
Technology Tip el Combinations of Real Zeros 


Determine the possible combinations of real zeros for P(x) = x* — 2x3 + x° + 2x — 2. 


PIGhL Plate Flats 


Sign Change 
Solution: J | 
P(x) has 3 variations in sign. P(x) = 2x6 - 28 +2°+2x-2 
a St 
Sign Change Sign Change 
Apply Descartes’ rule of signs. P(x) has either 3 or | positive real zero. 
Find P(—x). P(—x) = (—x)* — 2(—x) + (—x)" + 2(—x) - 2 


=x'+2P4+2-2x-2 


There are | negative real zero and 


1 positive real zero. P(—x) has | variation in sign. P(-x) =x 4+ 274+ -2x-2 
The number of negative real zeros ‘ i} 
is | and the number of positive real Sign Change 

is 1. So, it has 2 1 : ; : 
ee ee Apply Descartes’ rule of signs. P(x) has | negative real zero. 


conjugate zeros. 


A table of values supports the zeros 
of the function. 


Since P(x) = x4 — 2x3 + x° + 2x — 2 is a fourth-degree polynomial, there are at most 
4 real zeros. 


P(x) has | negative real zero and could have 3 or | positive real zeros. 


BS 4 geet, 


The Technology Tip in the margin confirms 1 negative real zero and 1 positive real 
zero. 


= Answer: Positive real zeros: | 


Negative real zeros: 3 or | = YOUR TURN Determine the possible combinations of zeros for: 


P(x) = 2x¢ + 20° +27 + 8x - 12 


Factoring Polynomials 


Now let’s draw on the tests discussed in this section thus far to help us in finding all real 
zeros of a polynomial function. Doing so will enable us to factor polynomials. 
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|) EXAMPLE 8 _ Factoring a Polynomial 


Write the polynomial P(x) = x° + 2x* — x — 2 as a product of linear and/or irreducible 
quadratic factors. 


Solution: 


Step 1 Determine variations in sign. 


P(x) has | sign change. P(x) = x + 2x79 - x -2 
P(—x) has 2 sign changes. P(-x) = - + 2x4 +x-2 
Step 2 Apply Descartes’ rule of signs. Positive Real Zeros: 1 


Negative Real Zeros: 2 or 0 


Step 3 Use the rational zero theorem to 
determine the possible rational zeros. 1,+2 


We know (Step 2) that there is one positive real zero, so test the possible 
positive rational zeros first. 


Step 4 Test possible rational zeros. 1 1 2 0 Q =1 =2 
1 3 3 3 2 
1 is a zero: 1 3 ) 3 2 ‘0| 


Now that we have found the positive 
zero, we can test the other two 


possible negative zeros—because =a 1 3 3 3 2 
either they both are zeros or neither 

is a zero. =] =2. =I =2 
—1 is a zero: 1 2 1 2 0) 
At this point, from Descartes’ rule —2 1 2 1 ph 

of signs we know that —2 must also = 0 -2 

be a zero, since there are either 2 or 0 

negative zeros. Let’s confirm this: 1 0 1 ‘0 

—2 is a zero: el 


Step 5 Three of the five zeros have been found to be zeros: —1, —2, and 1. 


Step 6 Write the fifth-degree polynomial as a product of 3 linear factors and an irreducible 
quadratic factor. 


P(x) = (& — IY& + D@ + 2)(2 + 1) 


= YOUR TURN Write the polynomial P(x) = «° — 2x* + «8 — 2x7 — 2x +4asa 
product of linear and/or irreducible quadratic factors. 


The rational zero theorem gives us possible rational zeros of a polynomial, and 
Descartes’ rule of signs gives us possible combinations of positive and negative real zeros. 
Additional aids that help eliminate possible zeros are the upper and lower bound rules. 
These rules can give you an upper and lower bound on the real zeros of a polynomial 
function. If f(x) has a common monomial factor, you should factor it out first, and then 
follow the upper and lower bound rules. 


= Answer: 
P(x) = (x — 2)x + Ie — 1G? 4 


Study Tip 


If f(x) has a common monomial 
factor, it should be factored out first 
before applying the bound rules. 


2) 
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UPPER AND LOWER BOUND RULES 


Let f(x) be a polynomial with real coefficients and a positive leading coefficient. 

Suppose f(x) is divided by x — c using synthetic division. 

1. If c > 0 and each number in the bottom row is either positive or zero, c is an 
upper bound for the real zeros of f. 

2. If c < 0 and the numbers in the bottom row are alternately positive and negative 
(zero entries count as either positive or negative), c is a lower bound for the real 
zeros of f. 


EXAMPLE 9_ Using Upper and Lower Bounds to Eliminate 
Possible Zeros 


Find the real zeros of f(x) = 42° — x° + 36x — 9. 
Solution: 


Step 1 The rational zero theorem gives possible rational zeros. 


Factors of 9 — £1, £3, +9 
Factors of 4 1, +2, +4 


= oi, E , es 4 = 3, S 9 
2 4 42° 4 2 
Step 2 Apply Descartes’ rule of signs: 
f(x) has 3 sign variations. 3 or | positive real zeros 
F(—x) has no sign variations. no negative real zeros 
Step 3 Tryx=1. 1/4 -1 36 -9 


x = | is not a zero, but because the last row contains all positive entries, x = 1 is 
an upper bound. Since we know there are no negative real zeros, we restrict our search 
to between 0 and 1. 


1 


Step 4 Try x = 4. 4 -1 36 —-9 


Ale 


1 0 9 
4 0 36 O 


j is a zero and the quotient 4x” + 36 has all positive coefficients; therefore, 


i is the only real zero}. 


Note: If f(x) has a common monomial factor, it should be factored out first before 
applying the bound rules. 
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The Intermediate Value Theorem 
In our search for zeros, we sometimes encounter irrational zeros, as in, for example, the 
polynomial 

f) =xr—-—xt- 1 


Descartes’ rule of signs tells us there is exactly one real positive zero. However, the 
rational zero test yields only x = +1, neither of which are zeros. So if we know there is 
a real positive zero and we know it’s not rational, it must be irrational. Notice that 
fC) = —1 and f(2) = 15. Since polynomial functions are continuous and the function 
goes from negative to positive between x = 1 and x = 2, we expect a zero somewhere 
in that interval. Generating a graph with a graphing utility, we find that there is a zero 
around x = 1.3. 


i trl tt els a 8 


VEL.G2125 


The intermediate value theorem is based on the fact that polynomial functions are 
continuous. 


INTERMEDIATE VALUE THEOREM 


Let a and b be real numbers such that a < b and f(x) 
be a polynomial function. If f(a) and f(b) have 
opposite signs, then there is at least one real zero 
between a and b. 


If the intermediate value theorem tells us that there is a real zero in the interval (a, b), 
how do we approximate that zero? The bisection method* is a root-finding algorithm that 
approximates the solution to the equation f(x) = 0. In the bisection method the interval is 
divided in half, and then the subinterval that contains the zero is selected. This is repeated 
until the bisection method converges to an approximate root of f. 


*In calculus you will learn Newton’s method, which is a more efficient approximation technique for finding zeros. 
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Ee 
Technology Tip 


The graph of f(x) =2x° — x — Lis 
shown. To find the zero of the function, 
press 


2nd | TRACE] [ 2 ]{Zero][ 1] [ENTER 


2| | ENTER | |ENTER 


cera 
HELSc4rlb oY 


A table of values supports this zero of 
the function. 


A 
6 
z 
E 
? 
z 
4 
4 


EXAMPLE 10 Approximating Real Zeros of a Polynomial Function 


Approximate the real zero of f(x) = x° — x* — 1. 


Note: Descartes’ rule of signs tells us that there are no real negative zeros and there is 
exactly one real positive zero. 


Solution: x | f() 


Find two consecutive integer values 1 = 
for x that have corresponding function —— 
values opposite in sign. 


Note that a graphing utility would have shown an x-intercept between x = 1 and x = 2. 


Apply the bisection method, with oct tbe Lor? 3 
a=landb=2. 2 2 2 

Evaluate the function at x = c. fU.5) © 1.53 

Compare the values of fat the endpoints 

and midpoint. fQ) = -1,f.5) © 1.53, f(2) = 15 
Select the subinterval corresponding 

to the opposite signs of f. (1, 1.5) 

Apply the bisection method again P+ 15 _ 1.25 

(repeat the algorithm). 2 ‘ 

Evaluate the function at x = 1.25. f(1.25) ~ —0.38965 

Compare the values of fat the endpoints 

and midpoint. fC) = -1,fC1.25) © —0.38965, f(1.5) © 1.53 
Select the subinterval corresponding 

to the opposite signs of f. (1.25, 1.5) 

Apply the bisection method again 1.25 4+ 1.5 = 1375 

(repeat the algorithm). 2 ; 

Evaluate the function at x = 1.375. fU.375) © 0.3404 

Compare the values of fat the 

endpoints and midpoint. fU.25) © —0.38965, f(1.375) © 0.3404, f(1.5) © 1.53 
Select the subinterval corresponding 

to the opposite signs of f. (1.25, 1.375) 


We can continue this procedure (applying the bisection method) to find that the zero is 
somewhere between f(1.32) © —0.285 and f(1.33) ~ 0.0326. 


We find that to three significant digits, is an approximation to the real zero. 


Graphing Polynomial Functions 

In Section 4.2, we graphed simple polynomial functions that were easily factored. Now that 
we have procedures for finding real zeros of polynomial functions (rational zero theorem, 
Descartes’ rule of signs, and upper and lower bound rules for rational zeros, and the 
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intermediate value theorem and the bisection method for irrational zeros), let us return to 
the topic of graphing polynomial functions. Since a real zero of a polynomial function 
corresponds to an x-intercept of its graph, we now have methods for finding (or estimating) 
any x-intercepts of the graph of any polynomial function. 


a 
EXAMPLE 11_ Graphing a Polynomial Function 
Technology Tip 
The graph of 
Solution: F(X) = 2x* — 20 + 5x7 + 17x — 22 
is shown. 


Graph the function f(x) = 2x4 — 2x3 + 5x? + 17x — 22. 


Step 1 Find the y-intercept. f() = —22 


WIKOOW 


Step 2 Find any x-intercepts (real zeros). 
Apply Descartes’ rule of signs. 


3 sign changes correspond to 
3 or | positive real zeros. f(x) = 2x4 — 2x3 + 5x? + 17x — 22 


1 sign change corresponds to 


1 negative real zero. f(—x) = 2x4 + 2x + 5x? — 17x — 22 Flokd Flake Flak 
= ld are 
Apply the rational zero theorem. e+¢1 7-22 
oer | 
Factors of ao 1 11 
Let ay) = —22 anda, = 2. = ee]. ee ED DD 
Factors of a,, 2 2 
Er ile bl a al as 
Test the possible zeros. 
x = 1 isa zero. fd) =0 


There are no other rational zeros. 


Apply the upper bound rule. 1)2 -2 5 17 22 


To find the zero of the function, press: 
2 0 5S 22 [o] 2nd ||TRACE] | 2 || Zero|| - ||3 


Since x = 1 is positive and all of the numbers in the bottom row are positive (or [ENTER ~ | [1] LENTER]|ENTER 
zero), x = 1 is an upper bound for the real zeros. We know there is exactly one 
negative real zero, but none of the possible zeros from the rational zero theorem is 
a zero. Therefore, the negative real zero is irrational. 


Apply the intermediate value theorem and the bisection method. 


fis positive at x = —2. F(-2) = 12 
Zero 
fis negative atx = —1. f(-1) = -30 S"L.BSSsa2 [St 
Use the bisection method to find the negative A table of values supports this zero of 
real zero between —2 and —1. x - 1.85 the function and the graph. 


Step 3 Determine the end behavior. y = 2x4 
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Step 4 Find additional points. 


x =2 = 1:85 = 0 1 2 
S(x) 12 0 —30 —22 0 48 
Point | (—2,12) | (—1.85,0) | (—1, —30) | (0, -—22) | (1,0) | (2, 48) 


STEP 5 Sketch the graph. AY 


(-2,42) 
(1.85, 0) 


—2 2 
CL -30\_% 
bl SECTION 
. i SUMMARY 
In this section we discussed how to find the real zeros of a Irrational zeros: Approximate zeros by determining when the 
polynomial function. Once real zeros are known, it is possible to polynomial function changes sign (intermediate value theorem). 
ite th 1 ial functi duct of li d/ : ; : 
eee acts rae re ea ap eae opt ae CR TRE Procedure for Factoring a Polynomial Function 
irreducible quadratic factors. 


List possible rational zeros (rational zero theorem). 


The Number of Zeros List possible combinations of positive and negative real zeros 


A polynomial of degree n has at most n real zeros. (Descartes’ rule of signs). 
Descartes’ rule of signs determines the possible combinations Test possible values until a zero is found.” 
of positive and negative real zeros. Once a real zero is found, repeat testing on the quotient until 
Upper and lower bounds help narrow the search for zeros. linear and/or irreducible quadratic factors remain. 
. If there is a real zero but all possible rational roots have 
How to Find Zeros 


failed, then approximate the zero using the intermediate value 


Rational zero theorem: List possible rational zeros: theorem and the bisection method. 


Factors of constant, a Prerrrrrrrrrre itty Ee a ae ie ae : Annee e en eeeeenaerenaseennaeeenasseansseensseeaasees 
*Depending on the form of the quotient, upper and lower 
bounds may eliminate possible zeros. 


Factors of leading coefficient, a, 


SECTION 


4.4 EXERCISES 


"SKILLS 


In Exercises 1-6, find the following values by using synthetic division. Check by substituting the value into the function. 


f(x) = 3x4 - 2° +77 - 8 g(x) = 2h +2741 
1. fd) 2. f(-1) 3. g(1) 4. g(-1) 5. f(—2) 6. g(2) 
In Exercises 7-10, determine whether the number given is a zero of the polynomial. 
7. —7, P(x) =x + 2x? — 29x + 42 8. 2, P(x) = 0° + 2x? — 29x + 42 
9. —3, P(x) =x — x -— 8x4 12 10. 1,PQ) =x -—x-8x+12 
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In Exercises 11-20, given a real zero of the polynomial, determine all other real zeros, and write the polynomial in terms of a 
product of linear and/or irreducible quadratic factors. 


Polynomial Zero Polynomial Zero 
1. P(x) =x — 13x + 12 1 12. P(x) =x + 3x — 10x — 24 3 
13. P(x) = 2 +? — 13x + 6 5 14. P(x) = 3x - 14° + 7x + 4 -4 
15. P(x) = x4 — 2° — 117 — 8x — 60 245 16. P(x) =x¢ — 3 +72 — 9x — 18 1,2 
17. P(x) = x4 — 5x° 4+ 10x -—6 1,-3 18. P(x) = x* — 4° + 2° + 6x — 40 4,-2 
19. P(x) = x1 + 6 + 132° + 12x +4 2 (multiplicity 2) 20. P(x) = x¢ + 4° — 2x7 -— 12x 4 9 1 (multiplicity 2) 


In Exercises 21-28, use the rational zero theorem to list the possible rational zeros. 


21. P(x) = x1 + 3x° — 8x +4 22. P(x) = —x¢ +2 -—5x+4 

23. Px) =x — 1434+ x? — 15x 4+ 12 24. Pax)= vr -—x-—xr+4x49 
25. P(x) = 2x° — 7x4 + — 2x48 26. P(x) = 3x + 2x4 - 5x +x - 10 
27. P(x) = 5x + 3x4 + 0 -—x—- 20 28. P(x) = 4x6 — 7x4 + 4° + x — 21 


In Exercises 29-32, list the possible rational zeros, and test to determine all rational zeros. 


29. P(x) = x4 +2 - 9x7 - 2x +8 30. P(x) = x4 + 2x -— 4° — 2x 4+ 3 
31. P(x) = 2x° — 9x7 + 10x — 3 32. P(x) = 3x° — 5x? — 26x — 8 


In Exercises 33-44, use Descartes’ rule of signs to determine the possible number of positive real zeros and negative real 
zeros. 


33. P(x) = x* — 32 34. P(x) = x* + 32 

35. Px)=x-1 36. Paa)=xt+1 

37. P(x) =x -3x-x4+2 38. P(x) =x° +2 -9 

39. P(x) = 9x7 + 2h —-x-— x 40. P(x) = 16x’ — 3x4 + 2x - 1 

41. P(x) = x° — 16x* + 2° +7 42. P(x) = —7x° — 5x4 — 3° + 2x41 
43. P(x) = —3x4 +2 - 4° 4x - 11 44. P(x) = 2x4 — 3x4 7x? + 3x42 


For each polynomial in Exercises 45-62: (a) use Descartes’ rule of signs to determine the possible combinations of positive real 
zeros and negative real zeros; (b) use the rational zero test to determine possible rational zeros; (c) test for rational zeros; and 
(d) factor as a product of linear and/or irreducible quadratic factors. 


45. P(x) =x + 6x? + Ilx +6 46. P(x) =x — 6x + Ilx -6 

47, P(x) =X -7P —x +7 48. P(x) =x — 5x° — 4x + 20 

49. P(x) = x* + 6x° + 3x7 — 10x 50. P(x) = x4 — x — 14x? + 24x 

51. P(x) = x4 — 7x + 27x — 47x + 26 52. P(x) = x¢ — 5x° + 5x? + 25x — 26 
53. P(x) = 108 — 7x? — 4x 4+ 1 54. P(x) = 12 — 13° +2x- 1 

55. P(x) = 64+ 17P +x- 10 56. P(x) = 6 +x -—5x-2 

57. P(x) =x -— 24+ 5x -— 8x + 4 58. P(x) = x° + 2° + 10x? + 18x + 9 
59. P(x) = x° + 12x* + 23x — 36 60. P(x) = x* — 2° — 16x? + 16 

61. P(x) = 4x4 — 20x° + 3727 — 24x +5 62. P(x) = 4x4 — 8° + 72° + 30x + 50 


In Exercises 63-66, use the information found in Exercises 47, 51, 55, and 61 to assist in sketching a graph of each polynomial 
function. 


63. Exercise 47. 64. Exercise 51. 65. Exercise 55. 66. Exercise 61. 
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In Exercises 67-72, use the intermediate value theorem and the bisection method to approximate the real zero in the indicated 
interval. Approximate to two decimal places. 


67. fy =x'-34+4 — [1,2] 68. fy =x -—3xr4+1 [0, 1] 
69. f(x) = 7x — 2° + 5x - 1 [0, 1] 70. f(x) = —2° + 3x° + 6x —7 [-2, -1] 
71. f(x) =x — 2x -— 8x -—3 [-1, 0] 72. f(xy) =2' + 4° — Tx — 13 [-2, -1] 


"APPLICATIONS 


73. Profit. A mathematics honorary society wants to sell magazine 75. Business. Find the total profit function when x units are 
subscriptions to Math Weekly. If there are x hundred produced and sold. Use Descartes’ rule of signs to 
subscribers, its monthly revenue and cost are given by: determine possible combinations of positive zeros for the 


profit function. 
R(x) = 46 — 3x7 and C(x) = 20 + 2x 


76. Business. Find the break-even point(s) for the product to the 
a. Determine the profit function. Hint: P = R — C. nearest unit. Discuss the significance of the break-even 


b. Determine the number of subscribers needed in order to point(s) for the product. 


break even. 77. Health/Medicine. During the course of treatment of an 
74, Profit. Using the profit equation P(x) = x2 — 5x2 + 3x + 6 illness the concentration of a dose of a drug (in mcg/mL) in 
when will the company break even if x represents the units Mie lopuste ara aucinaies acbonaine tetne tae 
sold? C(t) = 15.4 — 0.057 
For Exercises 75 and 76, refer to the following: where f = 0 is when the drug was administered. Assuming a 


single dose of the drug is administered, in how many hours 
(to the nearest hour) after being administered will the drug be 
p(x) = 28 — 0.0002x eliminated from the bloodstream? 


The demand function for a product is 


78. Health/Medicine. During the course of treatment of an 
illness, the concentration of a dose of a drug (in mcg/mL) 
in the bloodstream fluctuates according to the model 


where p is the unit price (in dollars) of the product and x is the 
number of units produced and sold. The cost function for the 
product is 


C(x) = 20% + 1500 Ce ei te: 

where ft = 0 is when the drug was administered. Assuming a 
single dose of the drug is administered, in how many hours 
(to the nearest hour) after being administered will the drug be 
eliminated from the bloodstream? 


where C is the total cost (in dollars) and x is the number of units 
produced. The total profit obtained by producing and selling x 
units is 


PX) = xp) — C(x) 


"CATCH THE MISTAKE 


In Exercises 79 and 80, explain the mistake that is made. 


79. Use Descartes’ rule of signs to determine the possible 80. Determine whether x — 2 is a factor of 
combinations of zeros of P(x) = — 2° — 5x + 6. 
P(x) = 20° + 7x4 + 9x9 + 9x7 + Ix + 2 Solution: —2/1 -2 -5 6 
Solution: =o 8 —6 
No sign changes, so no positive real zeros. 1 —-4 3 [ol 
PQ) = ir Pe FOr FO + xs 2 Yes, x — 2 is a factor of P(x). 
Five sign changes, so five negative real zeros. This is incorrect. What mistake was made? 


P(-x) = - 2x + 7x — 9x3 + 9x7 — 7x + 2 


This is incorrect. What mistake was made? 
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"CONCEPTUAL 


In Exercises 81-84 determine whether each statement is true or false. 


81. All real zeros of a polynomial correspond to x-intercepts. 83. A polynomial of degree n, n > 0, can be written as a product 


82. A polynomial of degree n, n > 0, must have at least one zero. of n linear factors over real numbers. 


84. The number of sign changes in a polynomial is equal to the 
number of positive real zeros of that polynomial. 


"CHALLENGE 


85. Given that x = a isa zero of P(x) =x —(atbt+oxr+t+ 86. Given that x = ais a zero of p(x) =x + (-at+b-—o)x 
(ab + ac + bc)x — abc, find the other two zeros, given that (ab + be — ac)x + abc, find the other two real zeros, given 
a, b,c are real numbers anda >b>c. that a, b, c are real positive numbers. 


“TECHNOLOGY 


In Exercises 87 and 88, determine all possible rational zeros In Exercises 89 and 90: (a) determine all possible rational 

of the polynomial. There are many possibilities. Instead of zeros of the polynomial, use a graphing calculator or software 
trying them all, use a graphing calculator or software to to graph P(x) to help find the zeros; and (b) factor as a product 
graph P(x) to help find a zero to test. of linear and/or irreducible quadratic factors. 

87. P(x) = x° — 2x + 16x — 32 89. P(x) = 12x* + 25x° + 56x” — 7x — 30 

88. P(x) = x° — 3x° + 16x — 48 90. P(x) = -3x° — x° — 7x — 49 


SECTION COMPLEX ZEROS: THE FUNDAMENTAL 
4.5 THEOREM OF ALGEBRA 


Complex Zeros Study Tip 


. . : . The zeros of a polynomial can 
In Section 4.4, we found the real zeros of a polynomial function. In this section we find the be complex numbers. Only when 


complex zeros of a polynomial function. In this chapter we assume the coefficients of _ the zeros are real numbers do we 
polynomial functions are real numbers. The domain of polynomial functions thus far has —iMterpret Zeros as x-intercepts. 
been the set of all real numbers. Now, we consider a more general case. In this section, the 
coefficients of a polynomial function and the domain of a polynomial function are complex 
numbers. Note that the set of real numbers is a subset of the complex numbers. (Choose the 
imaginary part to be zero.) 
It is important to note, however, that when we are discussing graphs of polynomial 
functions, we restrict the domain to the set of real numbers. 
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vr 


Study Tip 


The largest number of zeros a 
polynomial can have is equal to the 
degree of the polynomial. 


A zero of a polynomial P(x) is the solution or root of the equation P(x) = 0. The zeros 
of a polynomial can be complex numbers. However, since the xy-plane represents real 
numbers, we interpret zeros as x-intercepts only when the zeros are real numbers. 

We can illustrate the relationship between real and complex zeros of polynomial 
functions and their graphs with two similar examples. Let’s take the two quadratic functions 
f(x) =x? — 4and g(x) = x” + 4. The graphs of these two functions are parabolas that open 
upward with f(x) shifted down four units and g(x) shifted up four units as shown on the left. 
Setting each function equal to zero and solving for x, we find that the zeros for f(x) are —2 
and 2 and the zeros for g(x) are —2i and 2i. Notice that the x-intercepts for f(x) are (—2, 0) 
and (2, 0) and g(x) has no x-intercepts. 


The Fundamental Theorem of Algebra 


In Section 4.4, we were able to write a polynomial function as a product of linear and/or 
irreducible quadratic factors. Now, we consider factors over complex numbers. Therefore, 
what were irreducible quadratic factors over real numbers will now be a product of two 
linear factors over the complex numbers. 

What are the minimum and maximum number of zeros a polynomial can have? Every 
polynomial has at least one zero (provided the degree is greater than zero). The largest 
number of zeros a polynomial can have is equal to the degree of the polynomial. 


THE FUNDAMENTAL THEOREM OF ALGEBRA 


Every polynomial P(x) of degree n > 0 has at least one zero in the complex 
number system. 


The fundamental theorem of algebra and the factor theorem are used to prove the 
following n zeros theorem. 


nM ZEROS THEOREM 


Every polynomial P(x) of degree n > 0 can be expressed as the product of n linear 
factors. Hence, P(x) has exactly n zeros, not necessarily distinct. 


These two theorems are illustrated with five polynomials below. 


a. The first-degree polynomial f(x) = x + 3 has exactly one zero: x = —3. 
b. The second-degree polynomial f(x) = x° + 10x + 25 = (x + 5)(x + 5) has 
exactly two zeros: x = —5 and x = —5. It is customary to write this as a single 


zero of multiplicity 2 or refer to it as a repeated root. 

c. The third-degree polynomial f(x) = + 16x = x(x° + 16) = x(x + 41x — 40) 
has exactly three zeros: x = 0, x = —4i, and x = 41. 

d. The fourth-degree polynomial f(x) = M-1=(? -— 1? +1) 
= (x — I(x + D(@ — i) + 2d has exactly four zeros: 
x=1,x=—-1,x =i,andx = —i. 

e. The fifth-degree polynomial f(x) = x° = x + x + x +x + x has exactly five zeros: 
x = 0, which has multiplicity 5. 


The fundamental theorem of algebra and the n zeros theorem only tell you that the zeros 
exist—not how to find them. We must rely on techniques discussed in Section 4.4 and 
additional strategies discussed in this section to determine the zeros. 


4.5 Complex Zeros: The Fundamental Theorem of Algebra 437 


Complex Conjugate Pairs 


Often, at a grocery store or a drugstore, we see signs for special offers—‘‘buy one, get one 
free.” A similar phenomenon occurs for complex zeros of a polynomial function with real 
coefficients. If we restrict the coefficients of a polynomial to real numbers, complex zeros 
always come in conjugate pairs. In other words, if a zero of a polynomial function is a 
complex number, then another zero will always be its complex conjugate. Look at the 
third-degree polynomial in the above illustration, part (c), where two of the zeros were —4i 
and 4i, and in part (d), where two of the zeros were i and —i. In general, if we restrict the 
coefficients of a polynomial to real numbers, complex zeros always come in conjugate pairs. 


COMPLEX CONJUGATE ZEROS THEOREM 


If a polynomial P(x) has real coefficients, and if a + bi is a zero of P(x), then its 
complex conjugate a — bi is also a zero of P(x). 


EXAMPLE 1_ Zeros That Appear as Complex Conjugates 
Find the zeros of the polynomial P(x) = x? — 4x + 13. 

Solution: 

P(x) =x — 4x + 13 =0 


(—4) + V(-4y — 403) 


2(1) 


Set the polynomial equal to zero. 


Use the quadratic formula to solve for x. x= 


x=243i 


Simplify. 
The zeros are the complex conjugates 2 — 3i and 2 + 3i. 


Check: This is a second-degree polynomial, so we expect two zeros. 


EXAMPLE 2 _ Finding a Polynomial Given Its Zeros 


Study Tip 

If we restrict the coefficients of a 
polynomial to real numbers, complex 
zeros always come in conjugate 
pairs. 


Find a polynomial of minimum degree that has the zeros: —2, 1 — i, 1 +7. 
Solution: 
Write the factors corresponding to each zero: —2:(« + 2) 
lt+i[x-d+)] 
Leip = =D] 
Express the polynomial as the product 
of the three factors. P(x) = (x + 2)[x- 1 + Dix - d - dD] 
Regroup inner parentheses. P(x) = (x + 2)[(@ — 1) — il — 1) + i 
Use the difference of two squares formula 
(a — ba + b) = a’ — Bb’ for the product Px) =(a+ 2[a-1)-J[a@-1)+i] 
of the latter two factors. (x — 1P-? 
Simplify. FO = @ + De = 1F =F] 
AARREIGL AE earns 
xe—2x+1 +1 
P(x) = (x + 2)? — 2x + 2) 


= YOUR TURN Finda polynomial of minimum degree that has the zeros: 1,2 — i,2 +7. 


= Answer: 
P(x) = 8 — 5x7 4+ 9x -— 5 
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E 
Fecnnolosy Np =. 


The graph of 
P(x) = x4 -— x3 — 5x? -x-6 
is shown. 


Plekd Floke FIsts 
la 


a | 


Tan yan Senn B 


The real zeros of the function at 

x = —2 and x = 3 give the factors of 
x + 2 and x — 3. Use synthetic 
division to find the other factors. 


A table of values supports the real 
zeros of the function and its factors. 


= Answer: P(x) = 


(x — 2i)(x + 2i)(x — 1) — 2) 
Note: The zeros of P(x) are 1, 2, 2i, 
and —2i. 


EXAMPLE 3 _ Factoring a Polynomial with Complex Zeros 


Factor the polynomial P(x) = x* — x* — 5x° — x — 6 given that i is a zero of P(x). 


Since P(x) is a fourth-degree polynomial we expect four zeros. The goal in this problem 
is to write P(x) as a product of four linear factors: P(x) = (x — a)(x — b)\(x — c)(x — a), 
where a, b, c, and d are complex numbers and represent the zeros of the polynomial. 


Solution: 

Write known zeros and linear factors. 
Since 7 is a zero, we know that —/ is a zero. x=iandx=—i 
We now know two linear factors of P(x). (x — i) and (x + i) 


P(x) = (x — i)(x + i)(x — C)x — d) 


Write P(x) as a product of four factors. 
Qxtia-i)j=x-7? 
= —(-1) 
=x +1 


Multiply the two known factors. 


Rewrite the polynomial. P(x) = 7 + Di - cx — d) 


_ : ; P(x) 
Divide both sides of the equation by x? + 1. ee = (x — c)\(x — d) 
Divide P(x) by x? + 1 using long division. ue = 6 
P+0xt1 )t— 8 5r — x 6 


-~ -6-x 
-—(-x* =+ Ox — x) 
—6x° + Ox — 6 


Since the remainder is 0, x — x — 6 
is a factor. 


P(x) = 0° + DG? - x - 6) 


Factor the quotient x? — x — 6. vr —x-— 6 = (x — 3)(x + 2) 


Write P(x) as a product of four linear factors. P(x) = (x — i)(x + i) — 3) + 2) 


Check: P(x) is a fourth-degree polynomial and we found four zeros, two of which are 
complex conjugates. 


= YOUR TURN Factor the polynomial P(x) = x* — 3x° + 6x? — 12x + 8 given that 
x — 2iis a factor. 
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“) EXAMPLE 4 Factoring a Polynomial with Complex Zeros 


Factor the polynomial P(x) = x* — 2x7 + x? + 2x — 2 given that 1 + iis a zero of P(x). 


Since P(x) is a fourth-degree polynomial, we expect four zeros. The goal in this problem 
is to write P(x) as a product of four linear factors: P(x) = (x — a)(x — b)(x — c)(x — a), 
where a, b, c, and d are complex numbers and represent the zeros of the polynomial. 


Solution: 


STEP 1 Write known zeros and linear factors. 


Since 1 + iis a zero, we know that 1 — i 
is a zero. x=1+iandx=1-i 


We now know two linear factors of P(x). [x — (1 + dj] and [x - (1 — a] 


Step 2 Write P(x) as a product 


of four factors. P(x) = [x - (1 + dD] [x -— d — D]@& — c)\(x — d) 
Step 3 Multiply the first two terms. [x- (1+ i)][x - Ud —1)] 
First group the real parts together 
in each bracket. [a -— 1) -i][a&- 1) +i] 
Use the special product (««-1" -? 
(a-— bat b)=a —-bd’, (Q — 2x + 1)-(-D 
where a is (x — 1) and b is i. er —2x+2 
Step 4 Rewrite the polynomial. P(x) = (3° — 2x + 2)(x — c)(x — d) 


Step 5 Divide both sides of the equation by 
x° — 2x + 2, and substitute in the 


original polynomial ele tae lea! Se ie ah 
P(x) =x' — 2 42° + 2x - 2. xv —-2Ax4+2 

Step 6 Divide the left side of the equation x -— A+ 427-2 24 
using long division. xe —2x+2 aia 

Step 7 Factor x? — 1. (x — 1) + 1) 


Step 8 Write P(x) as a product of four linear factors. 


Pa) =[x- (+ DO] — dd — )]b — Ife + 


or | PQ) = («*-1-D)e-—1+)eq—- Iixt 1) 
= Answer: P(x) = [x — (1 + 2i)]- 
Vsdevc aaa ae ps eakeee ana erle OLS ENA an tps eX Con Sea dse SUSn Were ape ANN ind ¥k Soe # So BNA anv oN SUS Sun es eA daha dea SUSUR Eb DODGE NR Ese een EE BERS [x — (1 — 21) — 1)x + 3) 
Note: The zeros of P(x) are 1, —3, 
1 + 2iand 1 = 27, 


= YOUR TURN Factor the polynomial P(x) = x* — 2x7 + 16x — 15 given that 1 + 2i 
is a zero. 


Because an n-degree polynomial function has exactly n zeros and since complex zeros Study Tip 

always come in conjugate pairs, if the degree of the polynomial is odd, there is guaranteed — G4yq_ device polynomials haved 
to be at least one zero that is a real number. If the degree of the polynomial is even, there east one real zero. 

is no guarantee that a zero will be real—all the zeros could be complex. ; ; 
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= Answer: 


REAL CompPLex 
ZEROS ZEROS 
0 6 
2 4 
4 2 
6 0 


EXAMPLE 5 _ Finding Possible Combinations of Real and 
Complex Zeros 


List the possible combinations of real and complex zeros for the given polynomials. 


a 17° 4+ 2x4 - 34+ -5 b. 5xt +2 -—x+2 


Solution: 
a. Since this is a fifth-degree polynomial, 
; REAL ZEROS CompPLex ZEROS 
there are five zeros. Because complex 
zeros come in conjugate pairs, the 1 4 
table describes the possible five zeros. 3 2 
5 0 
ply aie Destories! sale OF cele bis Positive NeEGaTIvE | COMPLEX 
find that there are 3 or | positive real REAL Zeros | REAL ZEROS| ZEROS 
zeros and 2 or 0 negative real zeros. 1 4 
3 2 
1 Z 
3 2 0 
b. Because this is a fourth-degree 
‘ REAL ZEROS CompPLex ZEROS 
polynomial, there are four zeros. 
Since complex zeros come in conjugate 0 4 
pairs, the table describes the possible 2 2 
four zeros. 
4 0 
Applying Descartes’ rule of signs 
alone & ae Positive NeGativE |COMPLEX 
we find that there are 2 or 9 positive REAL Zeros | REAL ZeERos| ZEROS 
real zeros and 2 or 0 negative 
real zeros. 0 0 4 
2 0 2 
0 2 2 
2 2 0 


= YOUR TURN List the possible combinations of real and complex zeros for: 


P(x) = x® — 7x7 + 80 -— 2x +1 


Factoring Polynomials 


Now let’s draw on the tests discussed in this chapter to help us find all the zeros of a 
polynomial. Doing so will enable us to write polynomials as a product of linear factors. 
Before reading Example 5, reread Section 4.4, Example 8. 
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lala EXAMPLE 6 Factoring a Polynomial Study Tip 
Factor the polynomial P(x) = x> + 2x* — x — 2. From Step 2 we know there is one 
positive real zero, so test the positive 
Solution: possible rational zeros first in Step 4. 


Step 1 Determine variations in sign. 


P(x) has 1| sign change. P(x) =x + 2x79 - x -2 


P(x) has 2 sign changes. P(=x) xt 2x4 +x%-2 


Step 2 Apply Descartes’ rule of signs and summarize the results in a table. 


Positive NEGATIVE CompPLex SI 
REAL ZEROS REAL ZEROS ZEROS Technology Tip 
The graph of P(x) = x° + 2x* — x —2 
1 0 4 is shown. 


tr ao ie bat tl 


SteP 3 Utilize the rational zero theorem to 
determine the possible rational zeros. 1, +2 


Step 4 Test possible rational zeros. 


1 is a zero: 1 1 2 0 0) —l =) 


1 3 3 3 2 Lo | The real zeros of the function at x = —2, 
x = —1, and x = 1 give the factors of 
: x+2,x+ 1,andx— 1. Use 
— Lis a zero: =I 1 3 3 3 2 synthetic division to find the other 
-1 —-2 -1 2 factors. 
A table of values supports the real 
1 2 1 2 Lo] zeros of the function and its factors. 


—2 is a zero: =2° [1 2 1 2 
=2- “O.. =2 
1 0 1 [0] 
——— 
r+) =(« - Dx + Dd) 


STEP 5 Write P(x) as a product of linear factors. 


P@®) = — D& + D& + 2)@ —- D@ + i) Study Tip 


P(x) is a fifth-degree polynomial, 
sO we expect five zeros. 


a SECTION 


SUMMARY 
In this section we discussed complex zeros of polynomial P(x) has at least one zero and no more than n zeros. 
functions. A polynomial function, P(x), of degree n with real Ifa + biis a zero, then a — bi is also a zero. 
coefficients has the following properties: The polynomial can be written as a product of linear factors, 


not necessarily distinct. 


442 CHAPTER 4 Polynomial and Rational Functions 


SECTION 
4.5 EXERCISES 


"SKILLS 


In Exercises 1-8, find all zeros (real and complex). Factor the polynomial as a product of linear factors. 
1. PQ) =r +4 2. Px) =x +9 3. P(x) =x? -—2x +2 4. Pix) =x — 4x45 
5. P(x) =x' - 16 6. P(x) = x*- 81 7. P(x) =x'- 25 8 P(x) =x'-9 


In Exercises 9-16, a polynomial function with real coefficients is described. Find all remaining zeros. 


9. Degree: 3 Zeros: —1, i 10. Degree: 3 Zeros: 1, i 

11. Degree: 4 Zeros: 21,3 — i 12. Degree: 4 Zeros: 31,2 +7 
13. Degree: 6 Zeros: 2 (multiplicity 2), 1 — 37,2 + 5i 14. Degree: 6 Zeros: —2 (multiplicity 2), 1 — 57,2 + 37 
15. Degree: 6 Zeros: —i, 1 — i (multiplicity 2) 16. Degree: 6 Zeros: 2i, 1 + i (multiplicity 2) 


In Exercises 17-22, find a polynomial of minimum degree that has the given zeros. 
17. 0,1 — 27,1 4+ 27 18. 0,2 -—i1,2 +i 19. 1,1 — 5i,1 + Si 
20. 2,4-i14,4 +1 21. 1 —i,1 4+ i, —3i, 37 22. —i,i,1 — 2i,1 + 27 


In Exercises 23-34, given a zero of the polynomial, determine all other zeros (real and complex) and write the polynomial in 
terms of a product of linear factors. 


Polynomial Zero Polynomial Zero 
23. P(x) = x* — 2x — 11x” — 8x — 60 —2i 24. P(x) = xt - x +7 — 9x — 18 3i 
25. P(x) =x' — 4° + 40° -— 4x +3 i 26. P(x) =xt- 0 +2 -—4x-8 —2i 
27. P(x) = x* — 2x3 + 10x7 — 18x + 9 —3i 28. P(x) = xt — 3x° + 21x -—75x-100 5 
29. P(x) = x* — 9x? + 18x — 14 1+i 30. P(x) = xt — 4° + 2° + 6x — 40 1 -2i 
31. P(x) = x* — 6° + 6x7 + 24x — 40 3-3 32. P(x) =x - 44+ 4° 444-5 2+i 
33. P(x) = x* — 9x3 + 29x° — 41x + 20 2-i 34. P(x) = x4 — 7x° + 14x? + 2x — 20 34+i 


In Exercises 35-58, factor each polynomial as a product of linear factors. 


35. P(x) =x — 2+ 9x-9 36. P(x) =x — 2° + 4x-8 

37. Pa) =x -5r4+x-5 38. Px) =x - Ie +x-7 

39. Pa) = +2444 4+4 40. Pa) =r +2x7-2 

4. P(x) =x — x - 18 42. P(x) = x4 — 2° — 2x7 - 2x -3 
43. P(x) = x* — 2x7 — 11x? — 8x — 60 44. P(x) = xt - x +7 — 9x - 18 
45. P(x) = x* — 4° — 2° — 16x — 20 46. P(x) = x4 — 3x + 11x? — 27x + 18 
47. P(x) = x' — 7x + 27x° — 47x + 26 47. P(x) = x4 — 53° + 5x° + 25x — 26 


49, P(x) = —x* — 3x8 +.3° + 13x 4+ 10 50. P(x) = —xt — x + 12x? + 26x + 24 


51. 
53. 
55. 
57. 


"APPLICATIONS 
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52. P(x) = x4 + 2x7 + 10x7 + 18x +9 

54. P(x) = x® — 2x + 9x4 — 16x° + 24x7 — 32x + 16 
56. P(x) = 4x* — 44x° + 145x? — 114x + 26 

58. P(x) = 2x — 5x7 + 4° — 26x + 50x — 25 


In Exercises 59-62, assume the profit model is given by a polynomial function P(x) where x is the number of units sold by the 
company per year. 


59. 


60. 


61. 


62. 


Profit. If the profit function of a given company has all 
imaginary zeros and the leading coefficient is positive, would 
you invest in this company? Explain. 


Profit. If the profit function of a given company has all 
imaginary zeros and the leading coefficient is negative, 
would you invest in this company? Explain. 


Profit. If the profit function of a company is modeled by a 
third-degree polynomial with a negative leading coefficient 
and this polynomial has two complex conjugates as zeros 
and one positive real zero, would you invest in this 
company? Explain. 


Profit. If the profit function of a company is modeled by a 
third-degree polynomial with a positive leading coefficient 
and this polynomial has two complex conjugates as zeros 
and one positive real zero, would you invest in this 
company? Explain. 


For Exercises 63 and 64, refer to the following: 


The following graph models the profit P of a company where f is 
months and t = 0. 


4 P (profit in millions of dollars) 


15 
12 
9 
6 
3 
t (months) 
> 
1 2 3 4 5 6 


63. Business. If the profit function pictured is a third-degree 
polynomial, how many real and how many complex zeros 
does the function have? Discuss the implications of these 
zeros. 


64. Business. If the profit function pictured is a fourth-degree 
polynomial with a negative leading coefficient, how many 
real and how many complex zeros does the function have? 
Discuss the implications of these zeros. 


For Exercises 65 and 66, refer to the following: 


The following graph models the concentration, C (in wg/mL) of a 
drug in the bloodstream; and f is time in hours after the drug is 
administered where t = 0. 


C (mcg/mL) 
50 
45 
40 


35 


t (hours) 
12345678 


65. Health/Medicine. If the concentration function pictured is a 
third-degree polynomial, how many real and how many 
complex zeros does the function have? Discuss the 
implications of these zeros. 


66. Health/Medicine. If the concentration function pictured is a 
fourth-degree polynomial with a negative leading coefficient, 
how many real and how many complex zeros does the 
function have? Discuss the implications of these zeros. 
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=CATCH THE MISTAKE 
In Exercises 67 and 68, explain the mistake that is made. 


67. Given that 1 is a zero of P(x) = x° — 2x* + 7x — 6, find all 68. Factor the polynomial P(x) = 2x7 + x7 + 2x + 1. 
other zeros. 


Solution: 
Solution: : : ‘ 
Step 1: Since P(x) is an odd-degree polynomial, we are 
Step 1: P(x) is a third-degree polynomial, so we expect guaranteed one real zero (since complex zeros come 
three zeros. in conjugate pairs). 
Step 2: Because | is a zero, —1 is a zero, so two linear Step 2: Apply the rational zero test to develop a list of 
factors are (x — 1) and (x + 1). potential rational zeros. 
Step 3: Write the polynomial as a product of three linear Possible zeros: +1 
factors. 


Step 3: Test possible zeros. 


P(x) = (x — D(x + 1x - c) 
P(x) = (7 — 1)(x — c) 


1 is not a zero: P(x) = 20) + dy? + 201) + 1 


=6 
Step 4: To ae the remaining linear factor, we divide P(x) isnoeaven: Pip = 91 ATP ee 4 
by x — 1. ae 
3 2 
— 2x° + 7x — 6 6x — 8 : : ; 
= * = x= 24 * i Note: =} is the real zero. Why did we not find it? 
5 fa x= 

Which has a nonzero remainder? What went wrong? 
"CONCEPTUAL 
In Exercises 69-72, determine whether each statement is true or false. 
69. If x = 1 is a zero of a polynomial function, then x = —1 is 72. A polynomial function of degree n,n > 0 can be written as a 

also a zero of the polynomial function. product of n linear factors. 
70. All zeros of a polynomial function correspond to x-intercepts. 73. Is it possible for an odd-degree polynomial to have all 


wo Se ‘ : 
71. A polynomial function of degree n, n > 0 must have at least MEY SOND Nex cetosy EADIAD. 


one zero. 74. Is it possible for an even-degree polynomial to have all 
imaginary zeros? Explain. 


CHALLENGE 


In Exercises 75 and 76, assume a and D are nonzero real numbers. 


75. Find a polynomial function that has degree 6, and for which 76. Find a polynomial function that has degree 4, and for which 
bi is a zero of multiplicity 3. a + biis a zero of multiplicity 2. 


"TECHNOLOGY 


For Exercises 77 and 78, determine possible combinations of real and complex zeros. Plot P(x) and identify any real zeros with a 
graphing calculator or software. Does this agree with your list? 


77, P(x) = x4 + 13x? + 36 78. P(x) = x® + 2x4 + 7x° — 130x — 288 


For Exercises 79 and 80, find all zeros (real and complex). Factor the polynomial as a product of linear factors. 


79. P(x) = —5x0 + 3x* — 253 + 15x? — 20x + 12 80. P(x) =x + 2.1x4 — 533 — 5.592x7 + 9.792x — 3.456 


SECTION 
4.6 RATIONAL FUNCTIONS 


Domain of Rational Functions 


So far in this chapter we have discussed polynomial functions. We now turn our attention 
to rational functions, which are ratios of polynomial functions. Ratios of integers are 
called rational numbers. Similarly, ratios of polynomial functions are called rational 
functions. 


DEFINITION Rational Function 
A function f(x) is a rational function if 


(x) = ea) d(x) #0 

f@ = da) a 

where the numerator, n(x), and the denominator, d(x), are polynomial functions. 
The domain of f(x) is the set of all real numbers x such that d(x) # 0. 


Note: If d(x) is a constant, then f(x) is a polynomial function. 


The domain of any polynomial function is the set of all real numbers. When we divide two 
polynomial functions, the result is a rational function, and we must exclude any values of 
x that make the denominator equal to zero. 


445 
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= Answer: The domain is the set of 
all real numbers such that x # —1 


or x # 4. Interval notation: 
(—«, —1)U(-1, 4) U(4, «) 


= Answer: The domain is the set of 


all real numbers. Interval 
notation: (—9, %) 


AY 
5 


vx 


hole 


EXAMPLE 1_ Finding the Domain of a Rational Function 


‘ : : x+1 oo 
Find the domain of the rational function f(x) = >—————.. Express the domain in 
interval notation. + —x— 6 


Solution: 

Set the denominator equal to zero. r—-x-6=0 

Factor. (x + 2)(x — 3) =0 

Solve for x. x=-2orx =3 

Eliminate these values from the domain. x#—2orx #3 

State the domain in interval notation. (—o0, —2) U2, 3) UG, «) 


= YOUR TURN Find the domain of the rational function f(x) = 
Express the domain in interval notation. 


VP —3x-4 


It is important to note that there are not always restrictions on the domain. For example, if 
the denominator is never equal to zero, the domain is the set of all real numbers. 


EXAMPLE 2. When the Domain of a Rational Function Is the Set of 


All Real Numbers 
Find the domain of the rational function g(x) = 2 : 9° Express the domain in interval notation. 
Solution: 
Set the denominator equal to zero. r+9=0 
Subtract 9 from both sides. r= -9 
Solve for x. x= —3iorx = 3i 


There are no real solutions; therefore 
the domain has no restrictions. R, the set of all real numbers 


State the domain in interval notation. (—o, 00) 


5x 
r+4 


= YOUR TURN Find the domain of the rational function g(x) = . Express the 


domain in interval notation. 


—4 
It is important to note that f(x) = a 2 where x # —2, and g(x) = x — 2 are not 
x 


the same function. Although f(x) can be written in the factored form 
— (& — 2)a + 2) 

FO) x+2 

all real numbers, whereas the domain of f(x) is the set of all real numbers such that x # —2. 

If we were to plot f(x) and g(x), they would both look like the line y = x — 2. However, f(x) 

would have a hole, or discontinuity, at the point x = —2. 


2, its domain is different. The domain of g(x) is the set of 


4.6 Rational Functions 447 


Vertical, Horizontal, and Slant Asymptotes 


If a function is not defined at a point, then it is still useful to know how the function behaves 
near that point. Let’s start with a simple rational function, the reciprocal function 


1 
f(x) = —. This function is defined everywhere except at x = 0. 
Xx 
1 1 1 1 1 oo x |f=L 
’ 10 100 1000 1000 100 10 ; % 
1 —10 i0 
f(x) = - —-10 —100 -—1000 1000 100 10 -] -] 
x approaching 0 from x approaching 
the left 0 from the right 10 Tr 


We cannot let x = 0 because that point is not in the domain of the function. We should, 
however, ask the question, “how does f(x) behave as x approaches zero?” Let us take values 
that get closer and closer to x = 0, such as ib Tae 000°: - - (see the table above.) We use an 
arrow to represent the word approach, a positive superscript to represent from the right, and a 
negative superscript to represent from the /eft. A plot of this function can be generated using 


1 
point-plotting techniques. The following are observations of the graph f(x) = —. 
x 


WorpDs 


As x approaches zero from the right, 
the function f(x) increases without bound. 


As x approaches zero from the left, the 
function f(x) decreases without bound. 


As x approaches infinity (increases without bound), 
the function f(x) approaches zero from above. 


As x approaches negative infinity (decreases without 
bound), the function f(x) approaches zero from below. 


The symbol ~ does not represent an actual real number. This symbol represents growing 
without bound. 


1. Notice that the function is not defined at x = 0. The y-axis, or the vertical line x = 0, 


represents the vertical asymptote. 


2. Notice that the value of the function is never equal to zero. The x-axis is never 
touched by the function. The x-axis, or y = 0, is a horizontal asymptote. 


AY 
foy=t 
di, 1) 
x 
> 
(-1, =) 
AY . 
f@)= >= x>0 
Hae 
x 
(1, 1) 
x 
> 
X co 
S97 
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Asymptotes are lines that the graph of a function approaches. Suppose a football 
team’s defense is its own 8 yard line and the team gets an “offsides” penalty that results in 
loss of “half the distance to the goal.” Then the offense would get the ball on the 4 yard 
line. Suppose the defense gets another penalty on the next play that results in “half the 
distance to the goal.” The offense would then get the ball on the 2 yard line. If the defense 
received 10 more penalties all resulting in “half the distance to the goal,” would the 
referees give the offense a touchdown? No, because although the offense may appear to 
be snapping the ball from the goal line, technically it has not actually reached the goal 
line. Asymptotes utilize the same concept. 


1 
We will start with vertical asymptotes. Although the function f(x) = — had one vertical 
x 


asymptote, in general, rational functions can have none, one, or several vertical asymptotes. We 
will first formally define what a vertical asymptote is and then discuss how to find it. 


DEFINITION Vertical Asymptotes 


The line x = ais a vertical asymptote for the graph of a function if f(x) either increases 
or decreases without bound as x approaches a from either the left or the right. 


AY 


* 
Ml 
Q 


AY 


x=a 


vx 


a 
Ul 


a 


f(x) 


AY 


s 
NW 


8 


f(x) 


Vu 


<-—-—-—-—-— + - - S > 
v 


As x > at, f(x) > 00 


A 
I 
l 
l 
l 
l 
l 
t 
l 
l 
l 
f(x) I 
l 
y 


Asx a-, f(x) > co 


Ee 


== = | = S| | | > 


As x > at, f(x) > —00 


Asx > a-, f(x) 4-00 


Vertical asymptotes assist us in graphing rational functions since they essentially “steer” 
the function in the vertical direction. How do we locate the vertical asymptotes of a 
rational function? Set the denominator equal to zero. If the numerator and denominator 
have no common factors, then any numbers that are excluded from the domain of a rational 
function locate vertical asymptotes. 

n(x) 


A rational function f(x) = dq) is said to be in lowest terms if the numerator n(x) and 
x 


n(x 
denominator d(x) have no common factors. Let f(x) = i be a rational function in lowest 
x 


terms; then any zeros of the numerator n(x) correspond to x-intercepts of the graph of f, and 
any zeros of the denominator d(x) correspond to vertical asymptotes of the graph of f. If a 
rational function does have a common factor (is not in lowest terms), then the common 
factor(s) should be canceled, resulting in an equivalent rational function R(x) in lowest 
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terms. If (x — a)? is a factor of the numerator and (x — a)‘ is a factor of the denominator, 
then there is a hole in the graph at x = a provided p = qg and x = ais a vertical asymptote 


ifp<q. 
LOCATING VERTICAL ASYMPTOTES Study Tip 
n(x) ; 7 : The vertical asymptotes of a rational 
Let f(x) = dG) be a rational function in lowest terms (that is, assume n(x) and d(x) are function in lowest terms occur at 
i 


polynomials with no common factors); then the graph of f has a vertical asymptote a . eee ween 
at any real zero of the denominator d(x). That is, if d(a) = 0, then x = a corresponds cteseeseeeeeenees 
to a vertical asymptote on the graph of f. 

Note: If f is a rational function that is not in lowest terms, then divide out the 
common factors, resulting in a rational function R that is in lowest terms. Any 
common factor x — a of the function f corresponds to a hole in the graph of f at 
x = a provided the multiplicity of a in the numerator is greater than or equal to the 


multiplicity of a in the denominator. 


(6) EXAMPLE 3 _ Determining Vertical Asymptotes 


She 2 
Locate any vertical asymptotes of the rational function f(x) = Peer 
ie Se = 


Solution: 


_ 5x + 2 
(2x + 1)(3x — 2) 


Factor the denominator. FO) 


The numerator and denominator have no common factors. 


Set the denominator equal to zero. 2x+1=0 and 3x-2=0 
1 2 
Solve for x. x=-—— and pee 
2 3 
The vertical asymptotes are and [== 3] 
_ 5 = 
= YOUR TURN Locate any vertical asymptotes of the following rational function: = Answer: x = —5 and x = 3 
3x — 1 
ee 
Fe) 2x — x — 15 
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= Answer: x = 3 


EXAMPLE 4_ Determining Vertical Asymptotes When the Rational 
me Function Is Not in Lowest Terms 


Locate any vertical asymptotes of the rational function f(x) = 


Solution: 


Factor the denominator. 


x = 3x7 


x+2 


x — 3x7 — 10x 


10x = x(x? — 3x — 10) 


Write the rational function in factored form. 


Cancel (divide out) the common factor (x + 2). 


Find the values when the denominator of R is 


equal to zero. 


The vertical asymptotes are and [x= 5]. 


Note: x = —2 is not in the domain of f(x), even though there is no vertical asymptote there. 
There is a “hole” in the graph at x = —2. Graphing calculators do not always show such “holes.” 


= x(x — 5)(x + 2) 


+2) 
fO = 7G 5a+D 
R(x) = x#-—2 


x=0 and x=5 


= YOUR TURN Locate any vertical asymptotes of the following rational function: 


We now turn our attention to horizontal asymptotes. As we have seen, rational functions 
can have several vertical asymptotes. However, rational functions can have at most one 
horizontal asymptote. Horizontal asymptotes imply that a function approaches a constant 
value as x becomes large in the positive or negative direction. Another difference between 
vertical and horizontal asymptotes is that the graph of a function never touches a vertical 
asymptote but, as you will see in the next box, the graph of a function may cross a horizontal 


fQ@) = 


x? — 4x 


x — 7x + 12 


asymptote, just not at the “ends” (x — +00). 


DEFINITION 


Horizontal Asymptote 


The line y = bis a horizontal asymptote of the graph of a function if f(x) approaches 
b as x increases or decreases without bound. The following are three examples: 


AY 


As x — ©, f(x) > b 


AY 


Note: A horizontal asymptote steers a function as x gets large. Therefore, when x is 
not large, the function may cross the asymptote. 


4.6 Rational Functions 


How do we determine whether a horizontal asymptote exists? And, if it does, how do we 
locate it? We investigate the value of the rational function as x — o or as x — —oo. One of 
two things will happen: either the rational function will increase or decrease without bound 
or the rational function will approach a constant value. 


We say that a rational function is proper if the degree of the numerator is less than the 
degree of the denominator. Proper rational functions, like f(x) = —, approach zero as x gets 
x 


large. Therefore, all proper rational functions have the specific horizontal asymptote, 
y = 0 (see Example 5a). 


We say that a rational function is improper if the degree of the numerator is greater than 
or equal to the degree of the denominator. In this case, we can divide the numerator by the 
denominator and determine how the quotient behaves as x increases without bound. 


a If the quotient is a constant (resulting when the degrees of the numerator and 
denominator are equal), then as x — oo or as x —> —o, the rational function 
approaches the constant quotient (see Example 5b). 

= If the quotient is a polynomial function of degree | or higher, then the quotient 
depends on x and does not approach a constant value as x increases (see Example 5c). 
In this case, we say that there is no horizontal asymptote. 


We find horizontal asymptotes by comparing the degree of the numerator and the degree 
of the denominator. There are three cases to consider: 


1. The degree of the numerator is less than the degree of the denominator. 
2. The degree of the numerator is equal to the degree of the denominator. 
3. The degree of the numerator is greater than the degree of the denominator. 


LOCATING HORIZONTAL ASYMPTOTES 
Let f be a rational function given by 
n(x) a,x" + a,x" 1+ --- + ax + a 


d(x) by x™ +b, xt + oe + bx + By 


m 


fe) = 


where n(x) and d(x) are polynomials. 
1. When n < m, the x-axis (y = 0) is the horizontal asymptote. 
a, . . . . . 
2. When n = m, the line y = fe (ratio of leading coefficients) is the horizontal asymptote. 


3. When n > m, there is no horizontal asymptote. 


In other words, 


1. When the degree of the numerator is less than the degree of the denominator, then 
y = Ois the horizontal asymptote. 

2. When the degree of the numerator is the same as the degree of the denominator, 
then the horizontal asymptote is the ratio of the leading coefficients. 

3. If the degree of the numerator is greater than the degree of the denominator, then 
there is no horizontal asymptote. 
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EXAMPLE 5 _ Finding Horizontal Asymptotes 


Determine whether a horizontal asymptote exists for the graph of each of the given rational 


Ee 
Technology Tip functions. If it does, locate the horizontal asymptote. 


The following graphs correspond 


7 the rational functions given in 4.70 = = +3 bk 2s a +3 & Has at aes 
xample 5. The horizontal 4x° + 1 4x° + 1 4x° + 1 
asymptotes are apparent, but : 
are not drawn in the graph. Solution (a): 
a. Graph f(x) = - * *. The degree of the numerator 8x + 3 is 1. n=1 
x 
The degree of the denominator 4x” + 1 is 2. m=2 
VIEChnt secon sed . 
The degree of the numerator is less than the 
degree of the denominator. n<m 
The x-axis is the horizontal asymptote for the graph of f(x). y=0 
The line is the horizontal asymptote for the graph of f(x). 
Solution (b): 
8x" + 3 . 
b. Graph g(x) = re The degree of the numerator 8x7 + 3 is 2. n=2 
XT 
The degree of the denominator 4x” + 1 is 2. m=2 
TVISCBns eFC eels 
The degree of the numerator is equal to the 
degree of the denominator. n=m 
The ratio of the leading coefficients is the 8 > 
horizontal asymptote for the graph of g(x). x4 
The line is the horizontal asymptote for the graph of g(x). 
_ 8 +3 
ce. Graph h(x) = ‘Pe If we divide the numerator by the denominator, 8x7 + 3 5 1 
the resulting quotient is the constant 2. a(x) = 4241 * 42+ 1 
VISCBH Be Ege ; 
Solution (c): 
The degree of the numerator 8x* + 3 is 3. n=3 
The degree of the denominator 4x” + 1 is 2. m=2 
The degree of the numerator is greater than 
the degree of the denominator. n>m 
The graph of the rational function h(x) has | no horizontal asymptote |. 
If we divide the numerator by the denominator, his = 8x + 3 _ _ 72x + 3 
the resulting quotient is a linear function. (x) 424] 424] 


= Answer: y = -} is the horizontal 


= YOUR TURN Find the horizontal asymptote (if one exists) for the graph of the 


asymptote. Ie +x—-—2 
ses rational function f(x) = ———.———.. 
f -4¢ +1 


Study Tip Thus far we have discussed linear asymptotes: vertical and horizontal. There are 


There are three types of linear three types of lines: horizontal (slope is zero), vertical (slope is undefined), and slant 
peer ven Horizontal, seta (nonzero slope). Similarly, there are three types of linear asymptotes: horizontal, vertical, 
and slant. 

Spices cast and slant. 
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Recall that when dividing polynomials the degree of the quotient is always the difference 
between the degree of the numerator and the degree of the denominator. For example, a 
cubic (third-degree) polynomial divided by a quadratic (second-degree) polynomial results 
in a linear (first-degree) polynomial. A fifth-degree polynomial divided by a fourth-degree 
polynomial results in a first-degree (linear) polynomial. When the degree of the numerator 
is exactly one more than the degree of the denominator, the quotient is linear and represents 
a slant asymptote. 


SLANT ASYMPTOTES 


n(x 

Let f be a rational function given by f(x) = — where n(x) and d(x) are polynomials 
and the degree of n(x) is one more than the degree of d(x). On dividing n(x) by d(x), 
the rational function can be expressed as 

(one a 

is mx da 

where the degree of the remainder r(x) is less than the degree of d(x) and 
the line y = mx + bisa slant asymptote for the graph of f 


Note that as x > —o orx—>o, f(x) > mx + b. 


EXAMPLE 6 _ Finding Slant Asymptotes 


. ; ; 43+ 43 
Determine the slant asymptote of the rational function f(x) = re 
AX 
Solution: He di 
Divide the numerator by the P-x+ 143+ 2+ 0x43 
denominator with long division. —(4x° — 4x? + 4x) 
5x — 4x +3 
—(5x? — 5x + 5) 
XS 2 
; mee 
Note that as x — +o the rational fo =4 45+ 
: ro-xtl 
expression approaches 0. 
— Oas 
x —> too 
The quotient is the slant asymptote. y=4x+5 
ee 


E 
Technology Tip 
The graph of 


) — 40 + 224+ 3 
FO) 5 la Ae a | 


has a slant asymptote of 


y=4x+5 


= Answer: y=x+5 
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Study Tip Graphing Rational Functions 


Common factors need to be divided 
out first; then the remaining x-values | We can now graph rational functions using asymptotes as graphing aids. The following box 


corresponding to a denominator summarizes the five-step procedure for graphing rational functions. 
value of 0 are vertical asymptotes. 


GRAPHING RATIONAL FUNCTIONS 


n(x) 
d(x) 
Step 1: Find the domain of the rational function f- 
Step 2: Find the intercept(s). 
m y-intercept: evaluate (0). 
m x-intercept: solve the equation n(x) = 0 for x in the domain of f. 


Let f be a rational function given by f(x) = 


Step 3: Find any holes. 
= Factor the numerator and denominator. 
= Divide out common factors. 
= Acommon factor x — a corresponds to a hole in the graph of f at x = a 
if the multiplicity of a in the numerator is greater than or equal to the 
multiplicity of a in the denominator. 


3 
= The result is an equivalent rational function R(x) = a in lowest terms. 
q(x 


Step 4: Find any asymptotes. 
= Vertical asymptotes: solve q(x) = 0. 
= Compare the degree of the numerator and the degree of the denominator to 
determine whether either a horizontal or slant asymptote exists. If one exists, 
find it. 


Step 5: Find additional points on the graph of f—particularly near asymptotes. 


Step 6: Sketch the graph; draw the asymptotes, label the intercept(s) and additional 
points, and complete the graph with a smooth curve between and beyond 
the vertical asymptotes. 


It is important to note that any real number eliminated from the domain of a rational 
function corresponds to either a vertical asymptote or a hole on its graph. 


Study Tip /EXAMPLE 7 _ Graphing a Rational Function 
Any real number excluded from 
the domain of a rational function Graph the rational function f(x) = > : 
corresponds to either a vertical v4 
asymptote or a hole on its graph. Solution: 
Step 1 Find the domain. 
Set the denominator equal to zero. xr -4=0 
Solve for x. x = +2 
State the domain. (—o, —2)U(—2, 2) U(2, o) 
Step 2 Find the intercepts. 
0 
y-intercept: S(O) = =5 0 y=0 
: x 
x-intercepts: f(x) = =0 x=0 


r-4 


The only intercept is at the point | (0, 0) |. 


4.6 Rational Functions 455 


x 


Step 3 Find any holes. FX) = G+ De = 2) 


There are no common factors, so fis in lowest terms. 

Since there are no common factors, there are no holes on the graph of f. 
Step 4 Find any asymptotes. 

Vertical asymptotes: d(x) = (x + 2)x — 2) =0 


. Degree of numerator = 1 
Horizontal asymptote: . 
Degree of denominator = 2 


Degree of numerator < Degree of denominator 


Step 5 Find additional points on the graph. ¥ 3 1 1 3 


fa) | -3 3 | 3/3 


Step 6 Sketch the graph; label the intercepts, 


asymptotes, and additional points 
and complete with a smooth curve 
approaching the asymptotes. 
= Answer: 
AY 
= 5 5 
x 
= 5 > 
x 
= YOUR TURN Graph the rational function f(x) = i i 
x2 — 
EXAMPLE 8. Graphing a Rational Function with No Horizontal = 
or Slant Asymptotes Lo : Technology Tip 
a ee sesvasennsenseseenasenteae seoteeeseenns 
State the asymptotes (if there are any) and graph the rational function f(x) = a The behavior of each function as 
x1 approaches co or —ce can be shown 
Solution: using tables of values. 
4_ 3 _ 62 
Step 1 Find the domain. Graph f(x) =~ = i - 
ee 
Set the denominator equal to zero. -1=0 
WIMDOOW 
Solve for x. x=+1 
State the domain. (-o, -1I)U(-1, INU, »%) 
Step 2 Find the intercepts. 
0 
y-intercept: f(O) = = =0 
: : A A, A 
x-intercepts: n(x) =x —x 6x 0 Plati Flokz Flake 
Factor. x(x — 3)(x + 2) =0 Seca ae 
we — 
Solve. x =0,x = 3,andx = —2 | 


The intercepts are the points (0, 0), (3, 0), and (—2, 0). 
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7 x(x — 3)(x + 2) 
je =e + 1) 


Step 3 Find any holes. F(x) 
There are no common factors, so fis in lowest terms. 
Since there are no common factors, there are no holes on the graph of f: 


ee a rE Step 4 Find the asymptotes. 


Vertical asymptote: dx) =x -1=0 
The graph of f(x) shows that the 


vertical asymptotes are atx = +1 Factor. (x + 1)(x- 1) =0 
and there is no horizontal asymptote 


or slant asymptote. Solve. x=-Ilandx=1 
WIECH 4-H SBME Ed) No horizontal asymptote: degree of n(x) > degree of d(x) [4 > 2] 
No slant asymptote: degree of n(x) — degree of d(x) > 1 [4—-2=2>1] 
The asymptotes are x = —1 andx = 1. 


Step 5 Find additional 
points on the graph. 


f(x) | 6.75 | 1.75 2.08 —5.33 | 64 


Step 6 Sketch the graph; label the intercepts 


and asymptotes, and complete with a 
smooth curve between and beyond 
= Answer: Vertical asymptote: the vertical asymptote. 
x = —2. No horizontal or slant 
asymptotes. - 
5 
AY 
NE 
x=-2 
(1; 0) Mei cha SRA NES Sr Doc cs ivcoutpcsaccedecnaeossacudsnecstaecceaneeacanct sey tessas cares tencas sa coeds cseccseecsoetessaesesnciaaacsteneatesacesepasssascarenceeecesss 
a oF ib” 
= YOUR TURN ‘State the asymptotes (if there are any) and graph the rational function 
25 FO) x 2x = 3x 
eS 
xe, 


EXAMPLE 9_ Graphing a Rational Function witha 
Horizontal Asymptote 


State the asymptotes (if there are any) and graph the rational function 


_ 4x° + 10x? — 6x 


fx) = 
Solution: 
Step 1 Find the domain. 
Set the denominator equal to zero. 8-x=0 
Solve for x. x=2 


State the domain. (00, 2) U (2, 00) 
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Step 2 Find the intercepts. 


E 

; 0 i“ 

y-intercept: fy= = 0 heeccttcldeesheyt 1 A 
The behavior of each function as x 

x-intercepts: n(x) = 4x7 + 10x” — 6x = 0 approaches <o or —co can be shown 
using tables of values. 

Factor. 2x(2x — 1)(x + 3) = 0 43 + 10x2 — 6x 
Graph f(x) = ————.——.. 

1 ex 
Solve. x=0,x = a and x = 3 


The intercepts are the points (0, 0), (3, 0), and (—3, 0). 


2x(2x — 1)(x + 3) 
(2 — x)(x? + 2x + 4) 


Step 3 Find the holes. f(x) = 
Wada" S+1 eat -be 


There are no common factors, so fis in lowest terms (no holes). i 
f ( ) The graph of f(x) shows that the 


vertical asymptote is at x = 2 


Step 4 Find the asymptotes. and the horizontal asymptote is 


Vertical asymptote: d(x) =8 -x =0 aty = —4. 

Solve. x=2 oi Ee Cri dC: at 
Horizontal asymptote: degree of n(x) = degree of d(x) 

Use leading coefficients. y= = =-—-4 


The asymptotes are x = 2 andy = —4. 


Step 5 Find additional 
points on the graph. 


© | xia 
an 
oO 
= 
a 
T= 


fa) | -1 | 133) | -0. ~9.47 


Step 6 Sketch the graph; label the intercepts 
and asymptotes and complete with a 
smooth curve. 


= Answer: Vertical asymptotes: 
x=4,x=—-1 
Horizontal asymptote: y = 2 
Intercepts: (0, — 3), (3, 0), (2, 0) 


2 —Ix+6_. ; _— ‘aia 
—>———. Give equations 
Peed) See +5 


of the vertical and horizontal asymptotes and state the intercepts. 


= YOUR TURN Graph the rational function f(x) = 
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E 
Technology Tip 

The behavior of each function as x 
approaches oo or —oo can be shown 
using tables of values. 

x — 3x-4 


Graph f(x) = para 


EXAMPLE 10_ Graphing a Rational Function with a Slant Asymptote 


2 
“— 3x— 4 

Graph the rational function f(x) = == 

. ee 2 

Solution: 

Step 1 Find the domain. 


Set the denominator equal to zero. x+2=0 


Solve for x. 


x=-2 


WIMOOW 


State the domain. (=0,;=2) U(=2,.c0) 


Step 2 Find the intercepts. 
4 
y-intercept: f(0) = es ~2 


x-intercepts: n(x) =x — 3x -4=0 


Floki Flokz Floke Factor. (x + I) — 4) = 0 
eta camocmrc us Solve. x=-landx=4 
The intercepts are the points (0, —2), (—1, 0), and (4, 0). 
Step 3 Find any hol ie 
TEP 3 Find any holes. f@ = ed) 


There are no common factors, so fis in lowest terms. 
Since there are no common factors, there are no holes on the graph of f- 


Wa Be ee—-sh—dists | Step 4 Find the asymptotes. 


Vertical asymptote: d(x) =x+2=0 
The graph of f(x) shows that the 
vertical asymptote is atx = —2 and 


the slant asymptote is at y = x — 5. 


Solve. x=-—2 


Slant asymptote: degree of n(x) — degree of d(x) = 1 


T1athe- shat ef xr — 3x-4 
Divid by d(x). x) = = ea a 
ivide n(x) by d(x) SQ) rer % are 
Write the equation of the asymptote. y=x—5 
The asymptotes arex = —2 andy =x — 5. 
Step 5 Find additional 
ee ERE x 6 5 3 5 6 
points on the graph. 
Sx) 12-5 12 14 0.86 1.75 
Step 6 Sketch the graph; label the Ay 
intercepts and asymptotes, 2 
and complete with a smooth x=-2 VA 
= Answer: curve between and beyond f-- 
Horizontal asymptote: x = 3 the vertical asymptote. x 
Slant asymptote: y = x + 4 CL ; 
ymp » > 
-20 (0, -2) (4, 0) 20 
AY, 
20 yHx-5 74 
Y 
-20 
2 
C D | itr Tt ; Ae 
y=xt+4_ -7 (1, 0) x 
Sn GOST ieee ceri cerCrcicrreocrrieirirre rer eiTrirerorcerOCOTiinitierrcirereieercrrriricerer rere citer creer oh 
10 
: Vr+x-2 . : 
¥=|3 = YOUR TURN For the function f(x) = , State the asymptotes (if any exist) 


and graph the function. 


EXAMPLE 11 


: . rt+x-6 
Graph the rational function f(x) = =—————. 
R= eH! 
Solution: 
Step 1 Find the domain. 


STEP 2 


STEP 3 


STEP 4 


STEP 5 


STEP 6 


r= x= 2 
= YOUR TURN Graph the rational function f(x) = -erey 
Me = 


Set the denominator equal to zero. 


Solve for x. 


State the domain. 
Find the intercepts. 
y-intercept: 


x-intercepts: 


Graphing a Rational Function with a Hole in the Graph 


r—x-2=0 
(x — 2)x+1)=0 
x=—-lorx=2 


(—o, —1)U(—1, 2) UQ, «) 


—6 
=> = 3 
nx) =xr+x-6=0 
(x + 3)\x% — 2) =0 


x=—30rx =2 


y=3 


The intercepts correspond to the points | (0, 3) | and | (—3, 0)|. The point (2, 0) 


appears to be an x-intercept; however, x = 2 is not in the domain of the function. 


Find any holes. 


Since x — 2 is acommon factor, there is a 
hole in the graph of f at x = 2. 
Dividing out the common factor generates 


an equivalent rational function in lowest terms. 


Find the asymptotes. 


Vertical asymptotes: 


Horizontal 
asymptote: 


(x — 2x + 3) 
IO a Des.) 
(+ 3) 

RW) = Oa 
x+1=0 
gS —] 


Degree of numerator of f = Degree of denominator of f = 2 


and 


Degree of numerator of R = Degree of denominator of R = 1 


Since the degree of the numerator 
equals the degree of the denominator, 
use the leading coefficients. 


Find additional points on the graph. 


x —4)-2| - 1 | 3 


NIK 


fx)orR@) | 4]/-1] 5]2 | 2 


Sketch the graph; label the intercepts, 
asymptotes, and additional points and 
complete with a smooth curve approaching 
asymptotes. Recall the hole at x = 2. 
Note that R(2) = 3 so the open “hole” 

is located at the point (2, 5/3). 
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E 
Technology Tip 


The behavior of each function as x 
approaches o or —oo can be shown 
using tables of values. 

rt+x-6 

Graph f(x) = ————_.. 
ex? 


Plekd Flote Fists 
i ate 
aoe 


WHC ee tae ce... 


The graph of f(x) shows that the 
vertical asymptote is atx = —1 and 
the horizontal asymptote is at y = 1. 


Notice that the hole at x = 2 is not 
apparent in the graph. A table of 
values supports the graph. 


rf 


= Answer: 


Vr 
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a SECTION 
: 4 SUMMARY 


In this section, rational functions were discussed. 1. If degree of the numerator — degree of the denominator 
AC) = |, then there is a slant asymptote. 
i= I) 2. Divide the numerator by the denominator. The quotient 
xi 


corresponds to the equation of the line (slant asymptote). 


Domain: All real numbers except the x-values that make Procedure for Graphing Rational Functions 
the denominator equal to zero, d(x) = 0. 

Vertical Asymptotes: Vertical lines, x = a, where d(a) = a, 
after all common factors have been divided out. Vertical 
asymptotes steer the graph and are never touched. 
Horizontal Asymptotes: Horizontal lines, y = b, that steer 
the graph as x — =o. 


1. Find the domain of the function. 
2. Find the intercept(s). 
y-intercept 
x-intercepts (if any) 
3. Find any holes. 
If x — ais acommon factor of the numerator and 
1. If degree of the numerator < degree of the denominator, denominator, then x = a corresponds to a hole in the 
then y = 0 is a horizontal asymptote. graph of the rational function if the multiplicity of a in 
2. If degree of the numerator = degree of the denominator, the numerator is greater than or equal to the multiplicity 
then y = cis a horizontal asymptote where c is the of a in the denominator. The result after the common 
ratio of the leading coefficients of the numerator and factor is canceled is an equivalent rational function in 


denominator, respectively. . lowest terms (no common factor). 
3. If degree of the numerator > degree of the denominator, 4. Find any asymptotes. 


then there is no horizontal asymptote. Vertical asymptotes 
Slant Asymptotes: Slant lines, y = mx + b, that steer the 


i Horizontal/slant asymptotes 
graph as x — +0. 


Find additional points on the graph. 
6. Sketch the graph: draw the asymptotes and label the intercepts 
and points and connect with a smooth curve. 


oH 


SECTION 
4.6 EXERCISES 


=SKILLS 


In Exercises 1-10, find the domain of each rational function. 


3 ax +1 5 — 3x 
Ie T43 se eae eae 3 f= Ba par h * f= @rapG 7 
5 _ x+4 6 Z gS 1 7 Tx 8 — 2x 
5 ae ET i Ges -fO- 2446 » #a)= VP +9 
30? + x — 2) 5(x° — 2x — 3) 
i to i Ee 


In Exercises 11-20, find all vertical asymptotes and horizontal asymptotes (if there are any). 


1 Tx +1 ae a 
eS arte 12. f(x) = = 13. fo) = >> 14. $= — 
60° — 4° 4+ 5 6x7 + 3x+1 ge tix — 5 ne =e) 
15. = —__ 16. == 617. =-* _* 4 18. = 
FO- 6245-4 FO) = 325-2 Fe) ees fe ead 
(0.2x — 3.1)(1.2x + 4.5) 0.8x* — 1 
19. = 20. = ——__ 
FO = 07 — 05)(0.2x + 0.3) FO) = 3 005 


4.6 Rational Functions 


In Exercises 21-26, find the slant asymptote corresponding to the graph of each rational function. 


x + 10x + 25 


21. y= 
Fe) x+4 

3+ 4x? — 6x + 1 
24. f(x) = 3x 5 Xx 6x 

i == 30 


In Exercises 27-32, match the function to the graph. 


3 
27. f(x) = —— 
Ff) Bee 
3x7 
30. f(x) = - 
FO) r+4 
a. 
AY 
10 
e 
> 
-10 10 
—10 
d. 
AY 
10 
x 
> 
-10 10 
—10 


2+ 9x + 20 
22. f@) = x + 9x + 20 
= 3 
25. f(x) 8x7 + 7x9 + 2x — 5 
. f(x) = 
2 — x? + 3x - 1 
3x 
28. = —— 
fe; 
3x7 
31. = 
ere: 
b. 
AY 
10 
x 
> 
-10 10 
-10 
e. 
AY 
5 
x 
—5 5 


Basser 


ALL 


2x7 + 14x +7 
8. f= 
=—5 
2x° + I 
26. j= 
eae ee 
3x 
29. f(x) = 3 a4 
3x7 
2. f(x) = 
321) x+4 
c. 
Ay 
150 
* 
> 
-10 10 
L150 
f; 
AY 
5 
x 
> 
—5 5 
5 


In Exercises 33-58, use the graphing strategy outlined in this section to graph the rational functions. 


33 ane 34 y= = 
fO=-> M fO=- 
a6 _ air = 2 = 3) a 
P= eae » fa) = 
2-x-—x 
43. f(x) ar 44. f(x) 
7x 
47. = 48. 
F(x) (ox + 1? 8. f(x) 
51. f(x) = 3x + — 
(x — D(x? - 4) 
55. = 56. = 
£0) = aye ay 5% FOO 


2. 
35. f(x) = —— 
eH 
a 
& ) 41 
= 3X 
3 oe De. 
3x = 2x 45 
x +4 
12x* 
: 49 
3x + 1) 
53 
— 1-9 
= De = 9) sy 
3)(x? + 1) 


36. f(x) = 


ee 2D 

x 

ON ad 

re ca 

» £& me ee 
1 — 9x 
f= Gap 
_@- 1 
 10=B— 
fx) = 3x(x — 1) 


37. f(x) = ss 38. f(x) = 
vr - 9 
42. f(x) = 
46. f(x) = = 
I= r+ 
25x7 — 1 
50. - 
Ee eae 
(x + 1) 
54. f(x) = 
f= 
58 _ 72x(x — 3) 
va x(x? + 1) 
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In Exercises 59-62, for each graph of the rational function given determine: (a) all intercepts, (b) all asymptotes, and 
(c) equation of the rational function. 


59. 60. 61. 62. 
1 A y AY 
10 1 
( 
a ze 3 x eo x 
= 5 =10 10° 10 10° —10 "| 10” 
= V 
7 
4 
7 
4 
10 Yt 
“APPLICATIONS 
63. Medicine. The concentration C of a particular drug in a 66. Memorization. A professor teaching a large lecture course 


64. 


65. 


person’s bloodstream f¢ minutes after injection is given by 


7 2t 
CO Fy 100 
a. What is the concentration in the bloodstream after 1 minute? 
b. What is the concentration in the bloodstream after 1 hour? 
c. What is the concentration in the bloodstream after 5 hours? 


d. Find the horizontal asymptote of C(4). What do you 
expect the concentration to be after several days? 


Medicine. The concentration C of aspirin in the bloodstream 


t hours after consumption is given by C(t) = : 
p g y C(t) Pag 


a. What is the concentration in the bloodstream after 5 hour? 
b. What is the concentration in the bloodstream after 1 hour? 
c. What is the concentration in the bloodstream after 4 hours? 


d. Find the horizontal asymptote for C(t). What do you 
expect the concentration to be after several days? 


Typing. An administrative assistant is hired after graduating 
from high school and learns to type on the job. The number 
of words he can type per minute is given by 


130r + 260 
Nt) = ——.—_ t=0 
t+5 


where f¢ is the number of months he has been on the job. 

a. How many words per minute can he type the day he starts? 
b. How many words per minute can he type after 12 months? 
c. How many words per minute can he type after 3 years? 


d. How many words per minute would you expect him to 
type if he worked there until he retired? 


67. 


tries to learn students’ names. The number of names she can 
remember M(t) increases with each week in the semester t¢ 
and is given by the rational function: 


600t 
t + 20 


Nt) = 


How many students’ names does she know by the third 
week in the semester? How many students’ names 
should she know by the end of the semester (16 weeks)? 
According to this function, what are the most names she 
can remember? 


Food. The amount of food that cats typically eat increases as 


their weight increases. A rational function that describes this 
2 


10. 
is F(x) = eo where the amount of food F(x) is given in 
2 


ounces and the weight of the cat x is given in pounds. 
Calculate the horizontal asymptote. How many ounces of 
food will most adult cats eat? 


10. 


vs 


10 


68. Memorization. The Guinness Book of World Records, 2004 
states that Dominic O’Brien (England) memorized on a 
single sighting a random sequence of 54 separate packs 
of cards all shuffled together (2808 cards in total) at 
Simpson’s-In-The-Strand, London, England, on May 1, 
2002. He memorized the cards in 11 hours 42 minutes, and 
then recited them in exact sequence in a time of 3 hours 
30 minutes. With only a 0.5% margin of error allowed (no 
more than 14 errors), he broke the record with just 8 errors. 
If we let x represent the time (hours) it takes to memorize 
the cards and y represent the number of cards memorized, 
then a rational function that models this event is given 


2800x? + x 
r+2 


could be memorized in an hour? What is the greatest number 
of cards that can be memorized? 


byy = . According to this model, how many cards 


69. Gardening. A 500-square-foot rectangular garden will be 
enclosed with fencing. Write a rational function that 
describes how many linear feet of fence will be needed to 
enclose the garden as a function of the width of the garden w. 


70. Geometry. A rectangular picture has an area of 414 square 
inches. A border (matting) is used when framing. If the top 
and bottom borders are each 4 inches and the side borders are 
3.5 inches, write a function that represents the area A(/) of 
the entire frame as a function of the length of the picture /. 


For Exercises 71 and 72, refer to the following: 
The monthly profit function for a product is given by 
P(x) = —x° + 10x? 


where x is the number of units sold measured in thousands 
and P is profit measured in thousands of dollars. The average 
profit, which represents the profit per thousand units sold, for 
this product is given by 


where x is units sold measured in thousands and P is profit 
measured in thousands of dollars. 


=CATCH THE MISTAKE 
In Exercises 75-78, explain the mistake that is made. 
75. Determine the vertical asymptotes of the function 


x— 1 
ie=> 


x 


Solution: 


Set the denominator equal to zero. 


Solve for x. x= 


The vertical asymptotes are x = —1 andx = 1. 
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71. Business. Find the number of units that must be sold to 
produce an average profit of $16,000 per thousand units. 
Convert the answer to average profit in dollars per unit. 


72. Business. Find the number of units that must be sold to 
produce an average profit of $25,000 per thousand units. 
Convert the answer to average profit in dollars per unit. 


For Exercises 73 and 74, refer to the following: 


Some medications, such as Synthroid, are prescribed as a 
maintenance drug because they are taken regularly for an 
ongoing condition, such as hypothyroidism. Maintenance 
drugs function by maintaining a therapeutic drug level in the 
bloodstream over time. The concentration of a maintenance 
drug over a 24-hour period is modeled by the function 

. 22(t — 1) vy 

a P+.” 

where f is time in hours after the dose was administered and C 
is the concentration of the drug in the bloodstream measured in 
pg/mL. This medication is designed to maintain a consistent 
concentration in the bloodstream of approximately 25 g/mL. 
Note: This drug will become inert; that is, the concentration will 
drop to 0 wg/mL, during the 25th hour after taking the medication. 


73. Health/Medicine. Find the concentration of the drug, to the 
nearest tenth of wg/mL, in the bloodstream 15 hours after the 
dose is administered. Is this the only time this concentration 
of the drug is found in the bloodstream? At what other times 
is this concentration reached? Round to the nearest hour. 
Discuss the significance of this answer. 


74. Health/Medicine. Find the time, after the first hour and a half, 
at which the concentration of the drug in the bloodstream has 
dropped to 25 g/mL. Find the concentration of the drug 
24 hours after taking a dose to the nearest tenth of a wg/mL. 
Discuss the importance of taking the medication every 
24 hours rather than every day. 


The following is a correct graph of the function. Note that 
only x = —1 is an asymptote. What went wrong? 


y 


ve 
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76. Determine the vertical asymptotes of f(x) = > ri 78. Determine whether a horizontal or a slant asymptote exists 
x 2 
+2x-1 

for the function f(x) = s* If one does, find it. 

Solution: oie 2d 
; P Solution: 

Set the denominator equal to zero. x+1=0 

Step 1: The degree of the denominator is exactly one more 
Solve for x. x= +1 than the degree of the numerator, so there is a slant 
The vertical asymptotes are x = —1 andx = 1. Bema Rate 

Step 2: Divide. 3x = 8 


The following is a correct graph of the function. Note that 
there are no vertical asymptotes. What went wrong? 


Pe Be ae = te Sty = 1 
3x3 + 6x7 — 3x 


y 


—8e+ 3x-1 
8x? — 16x + 8 
19x — 9 


The slant asymptote is y = 3x — 8. 


The following is the correct graph of the function. Note that 
y = 3x — 8 is not an asymptote. What went wrong? 


y 


77. Determine whether a horizontal or a slant asymptote exists 
2 


7 If one does, find it. 


for the function f(x) = > 
Pe 
Solution: 


Step 1: The degree of the numerator equals the degree of the 
denominator, so there is a horizontal asymptote. 


Step 2: The horizontal asymptote is the ratio of the lead 
coefficients: y = ? = 9. 


The horizontal asymptote is y = 9. 


The following is a correct graph of the function. Note that 
there is no horizontal asymptote at y = 9. What went wrong? 
, 
20 


—30 


=CONCEPTUAL 
For Exercises 79-82, determine whether each statement is true or false. 


79. Arational function can have either a horizontal asymptote or 81. A rational function can cross a vertical asymptote. 


a slant asymptote, but not both. ‘ ‘ ; 
ia 82. A rational function can cross a horizontal or a slant 


80. A rational function can have at most one vertical asymptote. asymptote. 


CHALLENGE 


83. Determine the asymptotes of the rational function 


(x — ax + Bb) 
fa) = ~~. 
(x — c)(x + d) 
84. Determine the asymptotes of the rational function 
Fe) 3 + 
X) Se 
r+a 


"TECHNOLOGY 


x-4 
xv -— 2x - 8 
Graph this function utilizing a graphing utility. Does the 
graph confirm the asymptotes? 


87. Determine the vertical asymptotes of f(x) = 


2x A 
or +x—1 
Graph this function utilizing a graphing utility. Does the 
graph confirm the asymptotes? 


88. Determine the vertical asymptotes of f(x) = 


89. Find the asymptotes and intercepts of the rational function 
i= 3x + 1 


into a single rational expression. Graph this function utilizing 
a graphing utility. Does the graph confirm what you found? 


— —. Note: Combine the two expressions 
x 


90. Find the asymptotes and intercepts of the rational function 
y= - 
Pe) rtd 


into a single rational expression. Graph this function 
utilizing a graphing utility. Does the graph confirm what you 
found? 


1 : é 
+ —. Note: Combine the two expressions 
x 
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85. Write a rational function that has vertical asymptotes at 
x = —3 and x = 1 and a horizontal asymptote at y = 4. 


86. Write a rational function that has no vertical asymptotes, 
approaches the x-axis as a horizontal asymptote, and has an 
x-intercept of (3, 0). 


For Exercises 91 and 92: (a) Identify all asymptotes for 

each function. (b) Plot f(x) and g(x) in the same window. 
How does the end behavior of the function f differ from g? 
(c) Plot g(x) and h(x) in the same window. How does the end 
behavior of g differ from 1? (d) Combine the two expressions 
into a single rational expression for the functions g and h. 
Does the strategy of finding horizontal and slant asymptotes 
agree with your findings in (b) and (c)? 


1 i 
91. IQ) = 53 80) 2a eagle -3+ 


x= 3 


2x 2x 
92. I) = 3a p78) = * es on 34 2 


CHAPTER 4 INQUIRY-BASED LEARNING PROJECT 


Discovering the Connection between the Standard Form 
of a Quadratic Function and Transformations of the 
Square Function 


In Chapter 3, you saw that if you are familiar with the graphs of a small library of 
common functions, you can sketch the graphs of many related functions using 
transformation techniques. These ideas will help you here as you discover the 
relationship between the standard form of a quadratic function and its graph. 


Let G and H be functions with: 
Gls) = Abr = 1) +S ael JAled) = SiGe te @) = 4 
where F(x) = x”. 


1. For this part, consider the function G. 
a. List the transformation you’d use to sketch the graph of G from the graph of F. 
b. Write an equation for G(x) in the form G(x) = a(x — h)? + k. This is called the 
standard form of a quadratic function. What are the values of a, h, and k? 


c. The vertex, or turning point, of the graph of F(x) = x* is (0, 0). How can you 
use the transformations you listed in part (a) to determine the coordinates of 
the vertex of the graph of G? 


d. The vertical line that passes through the vertex of a parabola is called its axis 
of symmetry. The axis of symmetry of the graph of F(x) = x? is the y-axis, or 
the vertical line with equation x = 0. How can you determine the axis of 
symmetry of the graph of G? Write the equation of this line. 

e. Sketch graphs of F and G. 

2. Next consider the function H given above. 

a. List the transformations that will produce the graph of H from the graph of F. 

b. Write an equation for H(x) in standard form. What are the values of a, h, and k? 

c. What are the coordinates of the vertex of the graph of H? How do the 
transformations you listed in part (a) help you determine this? 

d. Determine the equation of the axis of symmetry of the graph of H. 

e. Sketch graphs of F and H. 

a. What do you know about the graph of a quadratic function just by looking at its 

equation in standard form, f(x) = a(x — h)? + k? 

b. Shown below are the graphs of F(x) = x° and another quadratic function, y = K(x). 

Write the equation of K in standard form. Hint: Think about the transformations. 
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MODELING OUR WORLD 


The following table summarizes average yearly temperature in degrees Fahrenheit (°F) 
and carbon dioxide emissions in parts per million (ppm) for Mauna Loa, Hawaii. 


y YEAR 


TEMPERATURE 


1960 | 1965 | 1970 | 1975 | 1980 | 1985 | 1990 | 1995 | 2000 | 2005 


44.45 | 43.29 | 43.61 | 43.35 | 46.66 | 45.71 | 45.53 | 47.53 | 45.86 | 46.23 


(ppm) 


CO, Emissions 


316.9 | 320.0 | 325.7 | 331.1 | 338.7 | 345.9 | 354.2 | 360.6 | 369.4 | 379.7 


In the Modeling Our World in Chapter 3, the temperature and carbon emissions were 
modeled with /inear functions. Now, let us model these same data using polynomial 
functions. 


ills 


Plot the temperature data with time on the horizontal axis and temperature on the 
vertical axis. Let t = 0 correspond to 1960. Adjust the vertical range of the graph 
to (43, 48). How many turning points (local maxima and minima) do these data 
exhibit? What is the lowest degree polynomial function whose graph can pass 
through these data? 


Find a polynomial function that models the temperature in Mauna Loa. 


a. Find a quadratic function: Let the data from 1995 correspond to the vertex of the 
graph and apply the 2005 data to determine the function. 

b. Find a quadratic function: Let the data from 2000 correspond to the vertex of the 
graph and apply the 2005 data to determine the function. 

c. Utilize regression and all data given to find a polynomial function whose degree is 
found in 1. 


. Predict what the temperature will be in Mauna Loa in 2020. 


a. Use the function found in 2a. 
b. Use the function found in 2b. 
c. Use the function found in 2c. 


. Predict what the temperature will be in Mauna Loa in 2100. 


a. Use the function found in 2a. 
b. Use the function found in 2b. 
c. Use the function found in 2c. 


. Do your models support the claim of “global warming”? Explain. Do these models 


make similar predictions to the linear models found in Chapter 3? 


. Plot the carbon dioxide emissions data with time on the horizontal axis and carbon 


dioxide emissions on the vertical axis. Let t = 0 correspond to 1960. Adjust the vertical 
range of the graph to (315, 380). 


. Find a quadratic function that models the CO, emissions (ppm) in Mauna Loa. 


a. Let the data from 1960 correspond to the vertex of the graph and apply the 2005 
data to determine the function. 

b. Let the data from 1980 correspond to the vertex of the graph and apply the 2005 
data to determine the function. 

c. Utilize regression and all data given. 
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MODELING OUR WORLD (continued) 
8. Predict the expected CO, levels in Mauna Loa in 2020. 


a. Use the function found in 7a. 
b. Use the function found in 7b. 
c. Use the function found in 7c. 
9. Predict the expected CO, levels in Mauna Loa in 2100. 


a. Use the function found in 7a. 
b. Use the function found in 7b. 
c. Use the function found in 7c. 


10. Do your models support the claim of “global warming”? Explain. Do these models 
give similar predictions to the linear models found in Chapter 3? 


11. Discuss differences in models and predictions found in parts (a), (b), and (c) and 
also discuss differences in linear and polynomial functions. 
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- CHAPTER 4 REVIEW 


SECTION 


CONCEPT 


Key IDEAS/FORMULAS 


Quadratic functions 


Graphs of quadratic functions: Parabolas 


Parabolas 


Graphing quadratic functions in standard form 
f(~) =aix— hy +k 

@ Vertex: (h, k) 

@ Opens Up: a > 0 

™ Opens Down: a < 0 


Graphing quadratic functions in general form 


f(x) = ax + bx + c, vertex is (h, k) = € - i(- >) 


Finding the equation of a parabola 


Polynomial functions of higher degree 


Identifying polynomial functions 


P(x) = aj,X" + ayy! + ove + ax? + ayx + ay 
is a polynomial of degree n. 


Graphing polynomial functions using 
transformations of power functions 


Shift power functions 

y = x" behave similar to: 

m y =x’, when nis even. 
m y = 2°, when nis odd. 


Real zeros of a polynomial function 


P(x) = (x — a)\x — by" =0 
@ ais a zero of multiplicity 1. 
@ bisa zero of multiplicity n. 


Graphing general polynomial functions 


Dividing polynomials: Long division and 
synthetic division 


Intercepts; zeros and multiplicities; end behavior 


Use zero placeholders for missing terms. 


(2) 
I 
> 
U 
+ 
m 
a 
a 
m 
< 
m 
= 


Long division of polynomials 


Can be used for all polynomial division. 


Synthetic division of polynomials 


Can only be used when dividing by (x + a). 


The real zeros of a polynomial function 


P(x) = a,X" + ayy! Hove + ax? + ax + ay 
If P(c) = 0, then c is a zero of P(x). 


The remainder theorem and the factor theorem 


If P(x) is divided by x — a, then the remainder ris r = P(a). 


The rational zero theorem and 
Descartes’ rule of signs 


; Factors of ag 
Possible zeros = ————_ 
Factors of a,, 
Number of positive or negative real zeros is related to the 


number of sign variations in P(x) or P(—x). 
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Factoring polynomials 


AS/FORMULAS 


1. List possible rational zeros (rational zero theorem). 


2. List possible combinations of positive and negative real zeros 
(Descartes’ rule of signs). 

3. Test possible values until a zero is found. 

4. Once a real zero is found, use synthetic division. Then repeat 
testing on quotient until linear and/or irreducible quadratic 
factors are reached. 

5. If there is a real zero but all possible rational roots have failed, 
then approximate the real zero using the intermediate value 
theorem/bisection method. 


The intermediate value theorem 


The intermediate value theorem and the bisection method 
are used to approximate irrational zeros. 


Graphing polynomial functions 


4.5 Complex zeros: The fundamental 
theorem of algebra 


1. Find the intercepts. 

2. Determine end behavior. 
3. Find additional points. 
4. Sketch a smooth curve. 


P(x) = a,x + a,x) + ove) + ax? + ax + dy 
P(x) = (% — Cy) — Cy) +++ & — C) 
SS 
n factors 


where the c’s represent complex (not necessarily distinct) zeros. 


The fundamental theorem of algebra 


m P(x) of degree n has at least one zero and at most n zeros. 


Complex zeros 


Complex conjugate pairs: 
@ Ifa-+t biisa zero of P(x), then a — bi is also a zero. 


Factoring polynomials 


CHAPTER REVIEW 


4.6 Rational functions 


The polynomial can be written as a product of linear factors, not 
necessarily distinct. 


Domain of rational functions 


Domain: All real numbers except x-values that make the 


denominator equal to zero; that is, d(x) = 0. 
n(x 
A rational function f(x) = a is said to be in lowest terms if n(x) 
x 


and d(x) have no common factors. 


Horizontal, vertical, and slant asymptotes 
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A rational function that has a common factor x — a in both the 
numerator and denominator has a hole at x = a in its graph if the 
multiplicity of a in the numerator is greater than or equal to the 
multiplicity of a in the denominator. 

Vertical Asymptotes 

A rational function in lowest terms has a vertical asymptote 
corresponding to any x-values that make the denominator equal 
to zero. 


SECTION CONCEPT 


Key IDEAS/FORMULAS 


Horizontal Asymptotes 

a y = Oif degree of n(x) < degree of d(x). 

= No horizontal asymptote if degree of n(x) > degree of d(x). 
Leading coefficient of n(x) 


aS 
y Leading coefficient of d(x) 


if degree of n(x) = degree of d(x). 
Slant Asymptotes 
If degree of n(x) — degree of d(x) = 1. 
Divide n(x) by d(x) and the quotient determines the slant 
asymptote; that is, y = quotient. 


Graphing rational functions 


1. Find the domain of the function. 

2. Find the intercept(s). 

3. Find any holes. 

4. Find any asymptotes. 

5. Find additional points on the graph. 

6. Sketch the graph: Draw the asymptotes and label the intercepts 
and points and connect with a smooth curve. 


@) 
I 
> 
U 
= 
m 
a 
a 
m 
= 
m 
= 
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REVIEW EXERCISES 


CHAPTER 4 REVIEW EXERCISES 


4.1 Quadratic Functions 


Match the quadratic function with its graph. 
2. f(x) =4@ - 4 +2 
4. f(x) = —3x° — 10x + 8 


1. fd) = -20¢ + 6) +3 
3. fx) =P +x-6 


a. b. 
AY AY 
10 10 
x x 
=10 io” = 10 10” 
1G 10 
c d. 
AY AY 
10 
x 
=10 10 
x 
> 
=10 10 
—10 +4 


Graph the quadratic function given in standard form. 

5. fx) = -(w-77% +4 6. f(x) =(4+3"-5 

7. fx) = -3@ -4)7 +2 8 f@) = 0.6 — 0.75 + 0.5 
Rewrite the quadratic function in standard form by completing 
the square. 

9. f(x) = 2 — 3x — 10 
I. fi) = 40° + 8x -7 


10. f(x) = x — 2x — 24 
12. f(x) = —Gr + 2x-4 


Graph the quadratic function given in general form. 

13. fs) =x — 3x45 

14. f(xy) = -9° + 4x +2 

15. f(x) = —4x° + 2x +3 

16. f(x) = —0.75x7 + 2.5 

Find the vertex of the parabola associated with each quadratic 
function. 

17. f(x) = 13° — 5x + 12 

18. f(x) = 22? — 4x43 
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19. f(x) = —0.45x° — 0.12x + 3.6 

20. fx) = —3x° + 2x +4 

Find the quadratic function that has the given vertex and goes 
through the given point. 

21. vertex: (—2, 3) 
22. vertex: (4, 7) 
23. vertex: (2.7, 3.4) 


point: (1, 4) 
point: (—3, 1) 
point: (3.2, 4.8) 
24. vertex: (- 3, 4) point: (3, 3) 
Applications 


25. Profit. The revenue and the cost of a local business are given 
below as functions of the number of units x in thousands 
produced and sold. Use the cost and the revenue to answer 
the questions that follow. 


1 
C(x) = 3 +2 and R(x) = —2x° + 12x - 12 


a. Determine the profit function. 
b. State the break-even points. 
c. Graph the profit function. 


d. What is the range of units to make and sell that will 
correspond to a profit? 


26. Geometry. Given the length of a rectangle is 2x — 4 and 
the width is x + 7, find the area of the rectangle. What 
dimensions correspond to the largest area? 


27. Geometry. A triangle has a base of x + 2 units and a height 
of 4 — x units. Determine the area of the triangle. What 
dimensions correspond to the largest area? 


28. Geometry. A person standing at a ridge in the Grand Canyon 
throws a penny upward and toward the pit of the canyon. The 
height of the penny is given by the function: 


h(t) = —12P + 80t 
a. What is the maximum height that the penny will reach? 


b. How many seconds will it take the penny to hit the 
ground below? 


4.2 Polynomial Functions of 
Higher Degree 


Determine which functions are polynomials, and for those, 
state their degree. 


29. f(x) = x° — 2x + 3x° + Ox — 42 
30. f(x) = Gx — 4°07 + 6) 
31. f(x) = 3xt — OP +P 4+ 45 


32. f(x) = 5x? — 2x 4 3 


Match the polynomial function with its graph. 
33. f(x) = 2x —5 34. f(xy) = -3Xr° +x-4 
35. fy) =x - 2847-6 36. fl) =x’ — 9 43x44 3x47 


a. b. 
AY AY 


I 
y AY 
40 10 
x 
> 
-10 10 
x 
> 
a5) 5 
-10 0 


Graph each function by transforming a power function y = x”. 
37. f(x) = —x’ 38. f(x) = (x — 3)3 
39. f(x) = xt -2 40. f(x) = -6-(«+7P 


ver 


Find all the real zeros of each polynomial function, and state 
their multiplicities. 


41. f(x) = 3(x + 4)*(x — 6) 
43. f(x) = — 13x° + 36x 


42. f(x) = Tx(2x — 4° + 5) 
44. f(x) = 4.2x* — 2.62 


Find a polynomial of minimum degree that has the given zeros. 
45. —3,0,4 46. 2,4, 6, -8 47. —2,3,0 

48. 2— V5,2+ V5 

49. —2 (multiplicity of 2), 3 (multiplicity of 2) 

50. 3 (multiplicity of 2), —1 (multiplicity of 2), 0 (multiplicity of 3) 
For each polynomial function given: (a) list each real zero and 
its multiplicity; (b) determine whether the graph touches or 
crosses at each x-intercept; (c) find the y-intercept and a few 


points on the graph; (d) determine the end behavior; and 
(e) sketch the graph. 


51. f(x) = —5x- 14 
52. f(x) = -—(« -— 5) 
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53. fi) = 6x’ + BP —- Pr 4+x-4 
54, f(x) = 


Applications 


x4(3x + 6(x — 7) 


55. Salary. Tiffany has started tutoring students x hours per 
week. The tutoring job corresponds to the following 
additional income: 


fa) = & 


a. Graph the polynomial function. 


Ia — 3)@ — 7) 


b. Give any real zeros that occur. 
c. How many hours of tutoring are financially beneficial to 
Tiffany? 


56. Profit. The following function is the profit for Walt Disney 
World, where P(x) represents profit in millions of dollars and 
x represents the month (x = | corresponds to January): 


P(x) = 3(x — 2°(x 


svix—- 102 1<x<12 


Graph the polynomial. When are the peak seasons? 


4.3 Dividing Polynomials: Long Division 
and Synthetic Division 


Divide the polynomials with long division. If you choose to use 
a calculator, do not round off. Keep the exact values instead. 
Express the answer in the form Q(x) = ?, r(x) = ?. 


57. (x° + 2x — 6) + (x — 2) 

58. (2x2 — 5x — 1) + (2x — 3) 

59. (4x* — 16x° + x — 9 + 12x”) = (2x — 4) 
60. (6x° + 2° — 4x4 + 2-2) + (20 +x-4) 


a 
m 
= 
m 
= 
m 
x 
m 
a 
9 
n 
m 
“ 


Use synthetic division to divide the polynomial by the linear 
factor. Indicate the quotient Q(x) and the remainder r(x). 


61. (x4 + 4° + 5x° — 2x — 8) + (x + 2) 
62. (x° — 10x + 3) + (24+) 

63. (x° — 64) + (x + 8) 

64. (2x° + 4x4 — 209 + Tx + 5) + (x — 2) 


Divide the polynomials with either long division or synthetic 
division. 

65. (5x° + 8x° — 22x + 1) + 
66. (x1 + 2x9 — 5x? + 4x + 2) + (x - 3) 
67. (x — 4° + 2x — 8) = (x 4 1) 

68. 0 — 5x° + 4x — 20) + + 4) 


Applications 


69. Geometry. The area of a rectangle is given by the 
polynomial 6x* — 8x° — 10x° + 12x — 16. If the width 
is 2x — 4, what is the length of the rectangle? 


M) 
Ww 
a 
O 
x 
Ww 
x 
ft 
= 
rm 
> 
ff 
4 
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70. Volume. A 10 inch by 15 inch rectangular piece of cardboard 
is used to make a box. Square pieces x inches on a side are 
cut out from the corners of the cardboard, and then the sides 
are folded up. Find the volume of the box. 


4.4 The Real Zeros of a Polynomial 
Function 


Find the following values by applying synthetic division. 
Check by substituting the value into the function. 


f) = 6 +x4°- TP +x -1 
71. f(—2) 72. fl) 73. g(1) 


g(x) = et 27-3 
74, 2(-1) 


Determine whether the number given is a zero of the polynomial. 


75. —3,P(xy) =x —5r4+4x4+2 

76. 2 and —2, P(x) = x* — 16 

77. 1, P(x) = 2x* — 2x 

78. 4, P(x) = x4 — 2x — 8x 

Given a zero of the polynomial, determine all other real zeros, 


and write the polynomial in terms of a product of linear or 
irreducible factors. 


Polynomial Zero 
79. P(x) =x — 6° + 32x -2 
80. P(x) = x° — 7x? + 36 3 
81. P(x) =x — x* — 8x + 12x 0 
82. P(x) = x* — 32x° — 144 6 


Use Descartes’ rule of signs to determine the possible number 
of positive real zeros and negative real zeros. 


83. P(x) =x + 3x - 16 

84. P(x) =x + 6x° — 4x -—2 

85... PQ) Hr = Oy x! 36 2 1 
86. P(x) = 2x — 4° +2 -7 


Use the rational zero theorem to list the possible rational zeros. 
87. P(x) =x — 2° + 4x + 6 

88. P(x) =x — 40° + 2x? — 4x — 8 

89. P(x) = 2x4 + 2° — 36x° 
90. P(x) = —40° — 5° + 4x +2 


List the possible rational zeros, and test to determine all 
rational zeros. 


91. P(x) = 2x7 — 5x° + 1 
92. P(x) = 12x7 + 8x° 


13x + 3 


93. P(x) = x* — 5x° + 20x — 16 
94. P(x) = 24x* — 49° — 10x7 + 3x -—2 


For each polynomial: (a) use Descartes’ rule of signs to 
determine the possible combinations of positive real zeros and 
negative real zeros; (b) use the rational zero test to determine 
possible rational zeros; (c) use the upper and lower bound 
rules to eliminate possible zeros; (d) test for rational zeros; 

(e) factor as a product of linear and/or irreducible quadratic 
factors; and (f) graph the polynomial function. 


95. P(x) =x 4+ 3x-—5 
96. P(x) =x + 3x — 6x — 8 


97. P(x) = 3 — 9x2 + 20x — 12 


98. P(x) = x4 - x - TP 4+x4+6 


10x° + 20x + 24 


99, P(x) = x4 — 5x8 
100. P(x) = x — 3x° — 6x7 + 8x 


4.5 Complex Zeros: The Fundamental 
Theorem of Algebra 


Find all zeros. Factor the polynomial as a product of linear 
factors. 


101. P(x) = 2° + 25 
103. P(x) =x? — 2x +5 


102. P(x) =x + 16 
104. P(x) =? + 4x45 


A polynomial function is described. Find all remaining zeros. 


105. Degree: 4 Zeros: —2i,3 +7 


106. Degree: 4 Zeros: 31,2 —i 


107. Degree: 6 Zeros: i, 2 — i (multiplicity 2) 


108. Degree: 6 Zeros: 2i, 1 — i (multiplicity 2) 

Given a zero of the polynomial, determine all other zeros (real 
and complex) and write the polynomial in terms of a product 
of linear factors. 


Polynomial Zero 
109. P(x) = x4 — 3x — 3x° - 3x-4 I 
110. P(x) = x* — 4° + 2° + 16x — 20 2-1 
VW. P(x) = x* — 2x + 11x? — 18x + 18 3i 
112. P(x) = x* — 5x? + 10x — 6 1+i 


Factor each polynomial as a product of linear factors. 
113. P(x) = x* - 81 
114. P(x) = 23 — 6x7 + 12x 


115. Pa) =x —- r+ 4x-4 


116. P(x) = x* — 5x° + 12x? — 2x — 20 


4.6 Rational Functions 


Determine the vertical, horizontal, or slant asymptotes (if they 


exist) for the following rational functions. 


T—-x 2-x 
117. F(x) aa y+2 118. F(x) a Gay 
4 2 2 
119. fo) = = ~ 120. fa) = 
2x7 — 3x +1 2x7 + 3x +5 
121. fi) = = 122. f(x) = re 


Graph the rational functions. 


2 5 
123. =-— 124, = 
= come 
xe x — 36 
125. = 126. f(x) = 
i aaa trae 9 ees 
x — 49 2x7 — 3x —2 
127. f(x) = a 128. f(x) = aia Sy 8 
Technology 


Section 4.1 


129. 


130. 


On a graphing calculator, plot the quadratic function: 
f(x) = 0.005x* — 4.8x — 59 

a. Identify the vertex of this parabola. 

b. Identify the y-intercept. 

c. Identify the x-intercepts (if any). 

d. What is the axis of symmetry? 


Determine the quadratic function whose vertex is 

(2.4, —3.1) and passes through the point (0, 5.54). 

a. Write the quadratic function in general form. 

b. Plot this quadratic function with a graphing calculator. 


c. Zoom in on the vertex and y-intercept. Do they agree 
with the given values? 
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Section 4.2 


In Exercises 131 and 132, use a graphing calculator or a 
computer to graph each polynomial. From the graph, estimate 
the x-intercepts and state the zeros of the function and their 
multiplicities. 


131. fix) = 5x 
132. f(x) = —x 


11x? — 10.4x + 5.6 
0.9x° + 2.16x — 2.16 


Section 4.3 


15x° — 47x° + 38x — 8 
3x° — Tx + 2 
Perform this division using long division, and confirm that 
the graph corresponds to the quotient. 


133. Plot 


. What type of function is it? 


14x° — x 
x= 3 
Perform this division using synthetic division, and confirm 
that the graph corresponds to the quotient. 


4x3 4 


5 
134. Plot . What type of function is it? 


Section 4.4 


In Exercises 135 and 136: (a) From the list of all possible 
rational zeros of the polynomial, use a graphing calculator or 
software to graph P(x) to find the rational zeros. (b) Factor as 
a product of linear and/or irreducible quadratic factors. 


135. P(x) = x* — 3x° — 12x° + 20x + 48 
136. P(x) = —5x° — 18x? 


32x3 
Section 4.5 


Find all zeros (real and complex). Factor the polynomial as a 
product of linear factors. 


137. P(x) = 2° + x? - 2x - 91 
138. P(x) = 


a 
m 
= 
m 
= 
m 
x 
m 
a 
9 
on 
m 
n 


2x* + 5x9 + 37x" 


160x + 150 


Section 4.6 


In Exercises 139 and 140: (a) graph the function f(x) utilizing 
a graphing utility to determine if it is a one-to-one function; 
(b) if it is, find its inverse; and (c) graph both functions in the 
same viewing window. 


203 
139. = 
39. f(x) er 

4x + 7 
140. f(x) = 

x—2 


PRACTICE TEST 


CHAPTER 4 PRACTICE TEST 


Graph the parabola y = —(x — 4)? + 1. 
Write the parabola in standard form y = —x? + 4x — 1. 
Find the vertex of the parabola f(x) = 52 + 3x — 4. 


Se yo 


Find a quadratic function whose vertex is (—3, —1) and 
whose graph passes through the point (—4, 1). 
5. Find a sixth-degree polynomial function with the given 
Zeros: 
2 of multiplicity 3. 1 of multiplicity 2 0 of multiplicity 1 
6. For the polynomial function f(x) = x* + 6x° — 7x: 
a. List each real zero and its multiplicity. 


b. Determine whether the graph touches or crosses at each 
x-intercept. 


c. Find the y-intercept and a few points on the graph. 
d. Determine the end behavior. 
e. Sketch the graph. 
7. Divide —4x* + 2x3 — 7x? + 5x 
8. Divide 17° — 42° + 2x 


2 by 2x7 — 3x4 1. 
10 by x + 2. 


9, Isx — 3a factor of xt + x° — 137 — x + 12? 


10. Determine whether —1 is a zero of P(x) = x7! — 2x!8 + 
5x!? + 7x3 + 3x? + 2. 


11. Given that x — 7 is a factor of P(x) = x° — 6x7 — 9x + 14, 
factor the polynomial in terms of linear factors. 


3x9 + 19x? 


12. Given that 37 is a zero of P(x) = x* 
90, find all other zeros. 


27x + 


13. Can a polynomial have zeros that are not x-intercepts? Explain. 


14. Apply Descartes’ rule of signs to determine the possible 
combinations of positive real zeros, negative real zeros, and 
complex zeros of P(x) = 3x° + 2x4 — 3x3 + 2x? —x +1. 


15. From the rational zero test, list all possible rational zeros of 
P(x) = 3x4 — 7x? + 3x + 12. 

In Exercises 16-18, determine all zeros of the polynomial 

function and graph. 

16. P(x) = —x° + 4x 

17. P(x) = 2x? — 3x7 + 8x — 12 

18. P(x) = x4 — 6x7 + 10x° — 6x + 9 


19. Sports. A football player shows up in August at 300 pounds. 
After 2 weeks of practice in the hot sun, he is down to 285 
pounds. Ten weeks into the season he is up to 315 pounds 
because of weight training. In the spring he does not work out, 
and he is back to 300 pounds by the next August. Plot these 
points on a graph. What degree polynomial could this be? 
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20. 


21. 


Profit. The profit of a company is governed by the polynomial 
P(x) = 2° — 13x? + 47x — 35, where x is the number of units 
sold in thousands. How many units does the company have 
to sell to break even? 


Interest Rate. The interest rate for a 30-year fixed mortgage 
fluctuates with the economy. In 1970, the mortgage interest 
rate was 8%, and in 1988 it peaked at 13%. In 2002, it dipped 
down to 4%, and in 2005, it was up to 6%. What is the lowest 
degree polynomial that can represent this function? 


In Exercises 22-25, determine (if any) the: 


22. 


24. 


26. 


27. 


28. 


. x- and y-intercepts 


. vertical asymptotes 


a 
b 
c. horizontal asymptotes 
d. slant asymptotes 

e 


. graph 


x 
23, = 
g(x) Sad 


5 os 
vr —2x- 8 


h(x) = 25. F(x) = 
Food. On eating a sugary snack, the average body almost 
doubles its glucose level. The percentage increase in glucose 
level y can be approximated by the rational function 

25x 
y= 2 + 50 

+ 50 
eating the snack. Graph the function. 


a. Use the calculator commands | STAT 
the data using a quadratic function. 


, where x represents the number of minutes after 


QuadReg]| to model 


b. Write the quadratic function in standard form and identify 
the vertex. 


c. Find the x-intercepts. 


d. Plot this quadratic function with a graphing calculator. Do 
they agree with the given values? 


x | -3 a3 715 
y | 10.01 | —9.75 | 25.76 


Find the asymptotes and intercepts of the rational function 
Fa) x(2x — 3) 
6) a 
xr — 3x 
into a single rational expression. Graph this function utilizing 
a graphing utility. Does the graph confirm what you found? 


+ 1. Note: Combine the two expressions 


CHAPTERS 1-4 CUMULATIVE TEST 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


. Simplify 


. Multiply and simplify 


=1,,-2\3 


(1027 and express in terms of positive exponents. 


. Factor 2xy — 2x + 3y — 3. 


x + 6x7 
x + Ox + 18 


4x? — 36 
x 


. Solve for x: |2x — 5] + 3 > 10. 


. Austin can mow a lawn in 75 minutes. The next week Stacey 


mows the same lawn in 60 minutes. How long would it take 
them to mow the lawn working together? 


. Use the discriminant to determine the number and type of 


roots: —4x7 + 3x + 15 =0. 


. Solve and check V16 + x? = x + 2. 


. Apply algebraic tests to determine whether the equation’s 


graph is symmetric with respect to the x-axis, y-axis, or 
origin for y = |x| — 3. 


. Write an equation of the line that is parallel to the line 


x — 3y = 8 and has the point (4, 1). 

Find the x-intercept and y-intercept and sketch the graph for 
2y-6=0. 

Write the equation of a circle with center (0, 6) and that 


passes through the point (1, 5). 


Express the domain of the function f(x) = V6x — 7 with 
interval notation. 


Determine whether the function g(x) = Vx + 10 is even, 


odd, or neither. 


For the function y = —(x + 1)? + 2, identify all of the 
transformations of y = x°. 


Sketch the graph of y = Vx — 1 + 3 and identify all 
transformations. 


Find the composite function f ° g and state the domain for 


f(x) = — 3 and g(x) = Vx + 2. 


7 
18 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


17. Evaluate g( f(—1)) for f(x) = 7 — 2x" and g(x) = 2x — 10. 


. Find the inverse of the function f(x) = (x — 4)? + 2, 
where x = 4. 


Find a quadratic function that has the vertex (—2, 3) and 
point (—1, 4). 


Find all of the real zeros and state their multiplicities of the 
function f(x) = —3.7x* — 14.8x°. 


Use long division to find the quotient Q(x) and the remainder 
r(x) of (—20x? — 8x7 + 7x — 5) + (—5x + 3). 


Use synthetic division to find the quotient Q(x) and the 
remainder r(x) of (2x° + 3x7 — 11x + 6) + (x — 3). 


List the possible rational zeros, and test to determine all 
rational zeros for P(x) = 12x° + 29x + 7x — 6. 


Given the real zero x = 5 of the polynomial 

P(x) = 2x3 — 3x7 — 32x — 15, determine all the other zeros 
and write the polynomial in terms of a product of linear 
factors. 


3x 5 
Find all vertical and horizontal asymptotes of f(x) = a Zz 
ae =a = 
Graph the function f(x) = ~~ 
la 
Find the asymptotes and intercepts of the rational function 


1 
{w= — —. Note: Combine the two expressions 
2:= 3. x 


into a single rational expression. Graph this function 
utilizing a graphing utility. Does the graph confirm 
what you found? 


LS3AL AAILVIAWNNSD 


Find the asymptotes and intercepts of the rational function 

6x 6x 
Fo) Ca aes OY | 
expressions into a single rational expression. Graph this 
function utilizing a graphing utility. Does the graph confirm 
what you found? 


. Note: Combine the two 
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Exponential and 
Logarithmic Functions 


ow do archaeologists and anthropologists date fossils? 

One method is carbon testing. The ratio of carbon 12 
(the more stable kind of carbon) to carbon 14 at the 
moment of death is the same as the ratio in all living things 
while they are still alive, but the carbon 14 decays and is not 
replaced. By looking at the ratio of carbon 12 to carbon 14 
in the sample and comparing it with the ratio in a living 
organism, it is possible to determine the age of a formerly 
living thing fairly precisely. 

The amount of carbon in a fossil is a function of how 
many years the organism has been dead. The amount is 
modeled by an exponential function, and the inverse of the exponential function, a logarithmic function, 
is used to determine the age of the fossil. 


me) ‘siayaieasay 0}0Yd/Z}IMON “| pseyriy 


> IN THIS CHAPTER 


L 


EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


5.1 5.2 5.3 5.4 5.5 
Exponential Logarithmic Properties of Exponential and Exponential and 
Functions and Functions and Logarithms Logarithmic Logarithmic 
Their Graphs Their Graphs Equations Models 


e Evaluating e Evaluating e Properties of e Exponential e Exponential 
Exponential Logarithms Logarithmic Equations Growth Models 
Functions e Common and Functions e Solving e Exponential 

e Graphs of Natural e Change-of-Base Logarithmic Decay Models 
Exponential Logarithms Formula Equations e Gaussian 
Functions ¢ Graphs of (Normal) 

e The Natural Logarithmic Distribution 
Base e Functions Models 

e Applications of e Applications of e Logistic Growth 
Exponential Logarithms Models 
Functions e Logarithmic 

Models 


EARNING OBJECTIVES 


Graph exponential functions. 

Graph logarithmic functions. 

Apply properties of logarithms. 

Solve exponential and logarithmic equations. 

Use exponential and logarithmic models to represent a variety of real-world phenomena. 
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SECTION EXPONENTIAL FUNCTIONS AND 
5.1 THEIR GRAPHS 


Evaluating Exponential Functions 

Most of the functions (polynomial, rational, radical, etc.) we have studied thus far have 
been algebraic functions. Algebraic functions involve basic operations, powers, and roots. 
In this chapter, we discuss exponential functions and logarithmic functions, which are 
called transcendental functions because they transcend our ability to define them with a 
finite number of algebraic expressions. The following table illustrates the difference 
between algebraic functions and exponential functions: 


FUNCTION VARIABLE IS IN THE CONSTANT IS IN THE EXAMPLE EXAMPLE 
Algebraic Base Exponent fy =x g(x) = xl? 
1 x 
Exponential Exponent Base F(x) = 2° G(x) = i) 
DEFINITION Exponential Function 


An exponential function with base b is denoted by 
f@) = 


where b and x are any real numbers such that b > 0 and b # 1. 


Note: 


= We eliminate b = | as a value for the base because it merely yields the constant 
function f(x) = 1* = 1. 

u We eliminate negative values for b because they would give non—real-number values 
such as (—9)!” = V/—9 = 33. 

=u We eliminate b = 0 because 0* corresponds to an undefined value when x is 
negative. 


Sometimes the value of an exponential function for a specific argument can be found 
by inspection as an exact number. 


2 =3 =] 0 1 3 
t il 11 

F«x)=2 | = [= 20 == 2=1] 2=2 | 2=8 
2 Ss 2" 2 


5.1 Exponential Functions and Their Graphs 
If an exponential function cannot be evaluated exactly, then we find the decimal 
approximation using a calculator. Most calculators have either a base to a power button 
or a caret button for working with exponents. 
x —2.7 -4 3 27 
F(x) =2* | 2?7 = 0.154 | 2“ ~ 0.574 | 2°/7 = 1.641 | 277 © 6.498 
The domain of exponential functions, f(x) = b’, is the set of all real numbers. It is important 
to note that in Chapter 0 we discussed exponents of the form b*, where x is an integer or a 
rational number. What happens if x is irrational? We can approximate the irrational number 
with a decimal approximation such as b” © b*!4 or bY? = b!4!, 
Lt ay 
Consider qv3, and realize that the irrational number V3 is a decimal that never terminates Te % 27.3317 
or repeats: V3 = 1.7320508 .... We can show in advanced mathematics that there is a TUB x 28.9747 
number V3, and although we cannot write it exactly, we can approximate the number. In 71.732 =~ 99.0877 
fact the closer the exponent is to V3, the closer the approximation is to 7¥°. 
It is important to note that the properties of exponents (Chapter 0) hold when the exponent - 
is any real number (rational or irrational). 7¥3 = 29.0906 
EXAMPLE 1_ Evaluating Exponential Functions 
Let f(x) = 3°, g(x) = Gy. and h(x) = 10*~*. Find the following values. If an approximation 
is required, approximate to four decimal places. 
a. f(2) b. f(r) e g(-3)  d. A(2.3) e f(0) — f. g(0) 
Solution: 
a. f(2) = 3? = {9| 
b. f(7) = 37 © | 31.5443 | * 
-3/2 
ce a(-}) = (= #8 = (va = 2 
d. h(2.3) = 1073-7 = 10°7 = | 1.9953 
e. f(0) = 3° = 
£. 90) = (1) = 
Notice that parts (a) and (c) were evaluated exactly, whereas parts (b) and (d) required 
approximation using a calculator. 
= Answer: a. 16 b. 8.8250 


= YOUR TURN Let f(x) = 2" and g(x) = (§)' and A(x) = 5*. Find the following values. 07 


Evaluate exactly when possible, and round to four decimal places when 
a calculator is needed. 


a. f(4) ob. f(r) ec g(-3) — d. A(2.9) 


*In part (b), the 7 button on the calculator is selected. If we instead approximate 7 by 3.14, we get a slightly 
different approximation for the function value: 


f(r) = 37 = 334 = 31.4891 


d. 4.2567 
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Graphs of Exponential Functions 


=%: 


Let’s graph two exponential functions, y = 2* andy = 2-* = (5), by plotting points. 


x y=2 (x, y) x y=2* (x, y) 
ae (-2, i) —3) 2s HR=8 3,8) 
ie ‘ —2 2%=%=4 (2,4) 
= 1 = 1 1 -(-1) — 51 > 
-1 2t=iat (1.3) 1 2P=7=2 E12) 
0 Y=4 (0, 1) 
0 Ve (0, 1) 

1_92 1.2 1 271 fe eae 1 1 

1 cls qd, ) 21 ys oO) 

2 Po4 (2, 4) fj pc 8 7 
3 2=8 (3, 8) | | 


Notice that both graphs’ y-intercepts are (0, 1) (as shown to the left) and neither graph 
___ has an x-intercept. The x-axis is a horizontal asymptote for both graphs. The following 
> box summarizes general characteristics of exponential functions. 


CHARACTERISTICS OF GRAPHS OF 
EXPONENTIAL FUNCTIONS 


(OO) eh ee Ge IL 


Domain: (—%, 2) AY 
Range: (0, ~) 

x-intercepts: none 
y-intercept: (0, 1) 
Horizontal asymptote: x-axis 


il 0<b<1 
= The graph passes through (1, b) and|{—1, Ale 


= As x increases, f(x) increases if 
b > 1 and decreases if 0 < b < 1. 
= The function fis one-to-one. 


ve 


Since exponential functions, f(x) = b’, all go through the point (0, 1) and have the x-axis as 
a horizontal asymptote, we can find the graph by finding two additional points as outlined 
in the following procedure. 


PROCEDURE FOR GRAPHING f(x) = bX 
Step 1: Label the point (0, 1) corresponding to the y-intercept f(0). 
Step 2: Find and label two additional points corresponding to f(— 1) and f(1). 


Step 3: Connect the three points with a smooth curve, with the x-axis as the horizontal 
asymptote. 


ws 
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EXAMPLE 2_ Graphing Exponential Functions for b > 1 


Ss 
Graph the function f(x) = 5*. Technology Tip le 


Solution: The graph of f(x) = 5* is shown. 


Step 1: Label the y-intercept (0, 1). f(O) = S=1 Floki Flote Flots 
‘ wi Bes 
STEP 2: Label the point (1, 5). fay =5 =5 a | 


wes 


Label the point (—1, 0.2). 


Step 3: Sketch a smooth curve through the three 
points with the x-axis as a horizontal 
asymptote. 


Domain: (—~, ©) 


Range: (0, ©) 


: _ = Answer: 
= YOUR TURN Graph the function f(x) = 5°. rc 
(-1,5) 
EXAMPLE 3_ Graphing Exponential Functions for b < 1 
‘ (0,1) 
Graph the function f(x) = (32) . —CCTTG, 0.2) > 


Solution: 


Step 1: Label the y-intercept (0, 1). 


STEP 2: Label the point (—1, 2.5). 


Label the point (1, 0.4). 


Step 3: Sketch a smooth curve through 
the three points with the x-axis 
as a horizontal asymptote. 


Domain: (—~, ~) 


Range: (0, ©) 
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Exponential functions, like all functions, can be graphed by point-plotting. We can also 
use transformations (horizontal and vertical shifting and reflection; Section 3.3) to graph 
exponential functions. 


EXAMPLE 4_ Graphing Exponential Functions Using a Horizontal or 
Vertical Shift 


a. Graph the function F(x) = 2*~!. State the domain and range of F. 
b. Graph the function G(x) = 2* + 1. State the domain and range of G. 


Solution (a): 
Identify the base function. f@) =2* 


Identify the base function y-intercept 
and horizontal asymptote. (0, 1) and y = 0 


The graph of the function F is found by 
shifting the graph of the function f 


to the right one unit. F(x) = f(x — 1) 
Shift the y-intercept to the right one unit. (0, 1) shifts to (1, 1) 
The horizontal asymptote is not altered 
by a horizontal shift. y=0 

1 
Find additional points on the graph. FO) =2°!'=271= 5 


y — intercept: (0, 5) 


F(2) = 271 =2!=2 


Sketch the graph of F(x) = 2*~' with 
a smooth curve. 


Domain: (—~, ~) 
Range: (0, %) 


Solution (b): 
Identify the base function. f@) =2" 


Identify the base function y-intercept and 
horizontal asymptote. (0, 1) and y = 0 


The graph of the function G is found by 
shifting the graph of the function f 


up one unit. G(x) =f@) +1 
Shift the y-intercept up one unit. (0, 1) shifts to (0, 2) 
Shift the horizontal asymptote up one unit. y = O shifts toy = 1 
Find additional points on the graph. G0) =2'+1=24+1=3 
1 3 
G-lH=2'+1=-+1=2= 


Sketch the graph of G(x) = 2* + 1 
with a smooth curve. 


Domain: (—™, ©) 
Range: (1, ©) 


EXAMPLE 5 Graphing Exponential Functions Using Both Horizontal 
and Vertical Shifts 
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Gx) =2* +1 


(0, 2) 


Graph the function F(x) = 3**! — 2. State the domain and range of F. 


Solution: 
Identify the base function. 


Identify the base function y-intercept 
and horizontal asymptote. 


The graph of the function F is found by 
shifting the graph of the function f to 
the left one unit and down two units. 


Shift the y-intercept to the left one unit 
and down two units. 


Shift the horizontal asymptote down 
two units. 


Find additional points on the graph. 


Sketch the graph of F(x) = 3**! — 2 with 
a smooth curve. 


Domain: (—%, ©) 
Range: (—2, ) 


= YOUR TURN Graph f(x) = 2**? — 1. State the domain and range of f, 


f(x) =3* 


(0, 1) and y = 0 


Fax) =fa+)-2 


(0, 1) shifts to (—1, —1) 


y = 0 shifts to y = —2 


F(0) = 3°"! 


2=3 


2=1 


F(1) = 3'*! 


2=9 


2=7 


The sraph: of f(x) = 3°"! — 2is 
shown. 


Pletd Fleki FIots 
Raa a 


WeSE CntLi-e 


= Answer: Domain: (—~, ~) 


Range: (— 1, ») 
AY 
(0,7) 
fx) = 23-1 


Vu 
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= the Natural Base e 

Technology Tip 8 Any positive real number can serve as the base for an exponential function. A particular 
Use a graphing utility to set up the irrational number, denoted by the letter e, appears as the base in many applications, as you 
table for( ee -)" Rnien torn: will soon see when we discuss continuous compounded interest. Although you will see 2 

ut and 10 as common bases, the base that appears most often is e, because e, as you will come 
to see in your further studies of mathematics, is the natural base. The exponential function 
with base e, f(x) = e*, is called the exponential function or the natural exponential 
function. Mathematicians did not pull this irrational number out of a hat. The number e has 
many remarkable properties, but most simply, it comes from evaluating the expression 


m 
(: + *) as m increases without bound. 
m 


tt 


To find the value of e, press the e key. 1\” Vitel nen 

This can be done by pressing |2nd|} + m (1 + x) 
1 2 

eee laces a epost 
sa pabsics Y=e.7 048138 

1000 2.71692 
10,000 2.71815 
100,000 2.71827 
1,000,000 2.71828 


Calculators have an button for approximating the natural exponential function. 


o EXAMPLE 6 _ Evaluating the Natural Exponential Function 
Evaluate f(x) = e* for the given x-values. Round your answers to four decimal places. 
a x=1 b x=-l1 G x= 1.2 d. x = —0.47 
Solution: 
a. f(1) = e! © 2.718281828 = 
b. f(-1) = e! © 0.367879441 


c. f(1.2) = e!? © 3.320116923 ~ |3.3201 
d. f(—0.47) = e 47 = 0.625002268 ~ |0.6250 


dhe 22 


v 


v 
d 


Like all exponential functions of the form f(x) = b’, 
f(x) = e* and f(x) = e~ have (0, 1) as their y-intercept and 
the x-axis as a horizontal asymptote as shown in the figure 
on the right. 


AY 
i) =e* (x) = e* 
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EXAMPLE 7_ Graphing Exponential Functions with Base e 


Ld 
: _ 
Graph the function f(x) = 3 + e™. Technology Tip le 
Solution: The graph of y, = 3 + e”* is shown. 
‘Ky To setup the split screen, press 
x f(x)=3+e* (x, y) MODE ||G-T |[ENTER | GRAPH |. 
(1,3 +e?) 
2, 3.02 (—2, 3.02) 
1 3.14 (1, 3.14) 
0 4 (0, 4) 
(0, 4) 
1 10.39 (1, 10.39) 
2 57.60 (2, 57.60) a 
Note: The y-intercept is (0, 4) and the line y = 3 is the horizontal asymptote. 
= YOUR TURN Graph the function f(x) = e**! — 2. Sones re 
(1, e? - 2) 
Applications of Exponential Functions LIT paet-y |S 
Exponential functions describe either growth or decay. Populations and investments are 


often modeled with exponential growth functions, while the declining value of a used car 
and the radioactive decay of isotopes are often modeled with exponential decay functions. 
In Section 5.5, various exponential models will be discussed. In this section we discuss 
doubling time, half-life, and compound interest. 

A successful investment program, growing at about 7.2% per year, will double in 
size every 10 years. Let’s assume that you will retire at the age of 65. There is a saying: It’s 
not the first time your money doubles, it’s the last time that makes such a difference. As you 
may already know or as you will soon find, it is important to start investing early. 

Suppose Maria invests $5000 at age 25 and David invests $5000 at age 35. Let’s calculate 
how much will accrue from the initial $5000 investment by the time they each retire, 
assuming their money doubles every 10 years. 


AGE Maria Davip 
25 $5,000 

35 $10,000 $5,000 
45 $20,000 $10,000 
55 $40,000 $20,000 
65 $80,000 $40,000 


They each made a one-time investment of $5000. By investing 10 years sooner, Maria 
made twice what David made. 

A measure of growth rate is the doubling time, the time it takes for something to double. 
Often doubling time is used to describe populations. 
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= Answer: 38 million 


DOUBLING TIME GROWTH MODEL 
The doubling time growth model is given by 
Pape 
where P = Population at time t 
P, = Population at time t = 0 
d = Doubling time 
Note that when t = d, P = 2P,) (population is equal to twice the original). 


The units for P and Py are the same and can be any quantity (people, dollars, etc.). The units 
for t and d must be the same (years, weeks, days, hours, seconds, etc.). 

In the investment scenario with Maria and David, Py) = $5000 and d = 10 years, so 
the model used to predict how much money the original $5000 investment yielded is 
P = 5000(2)/°. Maria retired 40 years after the original investment, t = 40, and David 
retired 30 years after the original investment, t = 30. 


Maria: P = 5000(2)*/"° = 5000(2)* = 5000(16) = 80,000 
David: P = 5000(2)°"!° = 5000(2)? = 5000(8) = 40,000 


EXAMPLE 8_ Doubling Time of Populations 


In 2004, the population in Kazakhstan, a country in Asia, reached 15 million. It is estimated 
that the population will double in 30 years. If the population continues to grow at the same 
rate, what will the population be 20 years from now? Round to the nearest million. 


Solution: 

Write the doubling model. P = P,2"/4 

Substitute Py = 15 million, 

d = 30 years, and t = 20 years. P = 15(2)70/3 

Simplify. P = 15(2)°7 = 23.8110 


In 20 years, there will be approximately | 24 million people | in Kazakhstan. 


=& YOUR TURN What will the approximate population in Kazakhstan be in 40 years? 
Round to the nearest million. 


We now turn our attention from exponential growth to exponential decay, or negative 
growth. Suppose you buy a brand-new car from a dealership for $24,000. The value of a car 
decreases over time according to an exponential decay function. The half-life of this 
particular car, or the time it takes for the car to depreciate 50%, is approximately 3 years. 
The exponential decay is described by 


1 t/h 
= (>) 


where Ay is the amount the car is worth (in dollars) when new (that is, when t = 0), A is the 
amount the car is worth (in dollars) after t years, and h is the half-life in years. In our car 
scenario, Ay = 24,000 and h = 3: 


1 1/3 
A= 24,000( + 
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How much is the car worth after three years? Six years? Nine years? Twenty-four years? 


1\7" 1 

f= 3: A= 24,000( = 24,000 ) 
2 2 
1 2 

24,000{ — 
(3) 


1 3 
24,000( 5) = 3000 


12,000 


6/3 
t=6: A= 24,000( 6000 


1 9/3 
t = 9: A= 24,000( >) 


24/3 1\8 
t = 24: A= 24,000( = 24,000( 5) = 93.75 = 100 


The car that was worth $24,000 new is worth $12,000 in 3 years, $6000 in 6 years, $3000 
in 9 years, and about $100 in the junkyard in 24 years. 


EXAMPLE 9 Radioactive Decay 


The radioactive isotope of potassium **K which is used in the diagnosis of brain tumors, 


has a half-life of 12.36 hours. If 500 milligrams of potassium 42 are taken, how many 
milligrams will remain after 24 hours? Round to the nearest milligram. 


Solution: 
1 t/h 
Write the half-life formula. A= As($) 
Substitute Ay = 500 mg, h = 12.36 hours, 1 \24/12.36 
t = 24 hours. A= s00(;) 
Simplify. A & 500(0.2603) © 130.15 


After 24 hours, there are approximately | 130 milligrams | of potassium 42 left. 


= YOUR TURN How many milligrams of potassium are expected to be left in the body 
after 1 week? 


In Section 1.2, simple interest was discussed where the interest J is calculated based on the 
principal P, the annual interest rate r, and the time ¢ in years, using the formula: J = Prt. 

If the interest earned in a period is then reinvested at the same rate, future interest is 
earned on both the principal and the reinvested interest during the next period. Interest paid 
on both the principal and interest is called compound interest. 


COMPOUND INTEREST 


If a principal P is invested at an annual rate r compounded n times a year, then the 
amount A in the account at the end of t years is given by 


ra Nae 
a= P(r +") 
n 


The annual interest rate r is expressed as a decimal. 


The following list shows the typical number of times interest is compounded. 


Annually n=1 Monthly n= 12 
Semiannually n=2 Weekly n= 52 
Quarterly n=4 Daily n = 365 


= Answer: 0.04 mg (less than | mg) 
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Technology Tip 


go 


0. (4\(7) 
Enter 3000{ 1 + oe) into the 


graphing calculator. 


SHERCI+E. Bada 
4473 


S698, 135243 


= Answer: $6312.38 


EXAMPLE 10 Compound Interest 


If $3000 is deposited in an account paying 3% compounded quarterly, how much will you 
have in the account in 7 years? 


Solution: 

Write the compound interest formula. A= (i + :) 

Substitute P = 3000, r = 0.03, 0.03\ 0 
n=4,andt=7. A= 3000 + oe) 
Simplify. A = 3000(1.0075)* = 3698.14 


You will have | $3698.14) in the account. 


= YOUR TURN [If $5000 is deposited in an account paying 6% compounded annually, 
how much will you have in the account in 4 years? 


Notice in the compound interest formula that as 1 increases the amount A also increases. 
In other words, the more times the interest is compounded per year, the more money you 
make. Ideally, your bank will compound your interest infinitely many times. This is called 
compounding continuously. We will now show the development of the compounding 
continuously formula, A = Pe”. 


Worps MatH 
nt 
Write the compound interest formula. A= ( =f ") 
n 

r 1 n 1 (alr)rt 
Note that — = and nt = rt. A= P\1l + — 

n ni/r r ni/r 

n 1 mrt 
Letm = -. A=P\1+— 

i m 


1\” rt 
a=A(i+2)"| 
m 


Use the exponential property: x" = (")". 


ee : ty 
Earlier in this section, we showed that as m increases, ( 1+ ) approaches e. Therefore, 
m 


as the number of times the interest is compounded approaches infinity, or as n — o, the 


r nt ; 
amount in an account A = (1 + “ approaches A = Pe”. 
n 


CONTINUOUS COMPOUND INTEREST 


If a principal P is invested at an annual rate r compounded continuously, then the 
amount A in the account at the end of t years is given by 


AL = [Be 


The annual interest rate r is expressed as a decimal. 


It is important to note that for a given interest rate, the highest return you can earn is by 
compounding continuously. 
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EXAMPLE 11 Continuously Compounded Interest 


i 
If $3000 is deposited in a savings account paying 3% a year compounded continuously, Technology Tip le 
how much will you have in the account in 7 years? : ~ : eee 


Enter 3000e°” into the graphing 


Solution: calculator. 
Write the continuous compound interest formula. A = Pe" 

, SHGGe "£8. AS? 3 
Substitute P = 3000, r = 0.03, and f = 7. A = 3000¢0°™ 4781.83415 
Simplify. A = 3701.034 
There will be |$3701.03 | in the account in 7 years. Study Tip 


Note: In Example 10, we worked this same problem compounding quarterly, and the result If the number of times per year 


was $3698.14. interest is compounded increases, 
then the total interest earned that 


If the number of times per year interest is compounded increases, then the total interest : 
year also increases. 


earned that year also increases. 


aA : $6356.25, 
= YOUR TURN [If $5000 is deposited in an account paying 6% compounded seule 


continuously, how much will be in the account in 4 years? 


a SECTION 
. , SUMMARY 


In this section we discussed exponential functions (constant base, Procedure for Graphing: f(x) = b* 
variable exponent). Step 1: Label the point (0, 1) corresponding to the y-intercept 
General Exponential Functions: f(x) = b‘,b 4 1,andb>0 f (0). vat ; ; 
Step 2: Find and label two additional points corresponding to 
1. Evaluating exponential functions f(-1) and f(A). 
Exact (by inspection): f(x) = 2" — f() = 2? =8. Step 3: Connect the three points with a smooth curve with the 
Approximate (with the aid of a calculator): f(x) = 2* x-axis as the horizontal asymptote. 


PNB) a2 3322 


2. Graphs of exponential functions The Natural Exponential Function: f(x) = e* 


Domain: (—, %) and range: (0, ©). The irrational number e is called the natural base. 
The point (0, 1 to the y-int t. ION 

e point (0, 1) corresponds to the y-intercep 4 ( i. ) Par ete 
The graph passes through the points (1, b) and ( s) o © 2.71828 


The x-axis is a horizontal asymptote. 


aie FUACHON fie Onedy one Applications of Exponential Functions (all variables 


expressed in consistent units) 


oa tee at 1. Doubling time: P = P)2‘/4 


AY d is doubling time. 

P is population at time ¢. 
soil Py is population at time t = 0. 

2. Half-life: A = Ay(3)" 

his the half-life. 

0<b<1 A is amount at time ¢. 
Ao is amount at time ft = 0. 
3. Compound interest (P = principal, A = amount after ¢ years, 

x r = interest rate) 


nt 
Compounded n times a year: A = (1 ap ") 
n 


Compounded continuously: A = Pe’ 
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SECTION 
5.1 EXERCISES 


"SKILLS 


In Exercises 1-10, evaluate exactly (without using a calculator). 


(ie ae 3.52 4,45 5. 9% 6. 27% 7. (3) 8. (4) 9, —5° 10. —6° 


In Exercises 11-18, approximate with a calculator. Round your answer to four decimal places. 
11. 41? D4 13. 5v? 14. 6V3 
15. 16. e!” i, 2% 18. &V? 


In Exercises 19-26, for the functions f(x) = 3°, g(x) = (;,)", and h(x) = 10**', find the function value at the indicated points. 
19. f() 20. (1) 21. g(-1) 22, f(—2) 
23. g(-3) 24. g(-3) 25. fle) 26. g(m) 


In Exercises 27-32, match the graph with the function. 


WM. yas* 28. y=5'* 29. y= —S* 
30. y= —-5* 31. y=1-—5% 32. y=5*'-1 
a. b. c. 
AY AY AY 
(1, 0.8) 
4) (0, 5) 
(-1,-4) 
(, 1) 
(2, 0.2) 
d. e. f. 


AY AY 
(41, 0.2) 


AY 
(0, -1) (0, -1) 
(-1, -5) (1, -5) (2, 5) 
apl 
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In Exercises 33-48, graph the exponential function using transformations. State the y-intercept, two additional points, the 


domain, the range, and the horizontal asymptote. 


33. f(x) = 6" 34. f(x) = 7 35. f(x) = 10 
39. f(~ =2°-1 40. f@=3'-1 41. f@) =2-e 
45. f(x) =3e"? 46. f(x) = 2e* 


"APPLICATIONS 


49. Population Doubling Time. In 2002, there were 7.1 million 
people living in London, England. If the population is 
expected to double by 2090, what is the expected population 
in London in 2050? 


50. Population Doubling Time. In 2004, the population in 
Morganton, Georgia, was 43,000. The population in Morganton 
is expected to double by 2010. If the growth rate remains the 
same, what is the expected population in Morganton in 2020? 


51. Investments. Suppose an investor buys land in a rural area 
for $1500 an acre and sells some of it 5 years later at $3000 
an acre and the rest of it 10 years later at $6000. Write a 
function that models the value of land in that area, assuming 
the growth rate stays the same. What would the expected cost 
per acre be 30 years after the initial investment of $1500? 


52. Salaries. Twin brothers, Collin and Cameron, get jobs 
immediately after graduating from college at the age of 22. 
Collin opts for the higher starting salary, $55,000, and stays 
with the same company until he retires at 65. His salary 
doubles every 15 years. Cameron opts for a lower starting 
salary, $35,000, but moves to a new job every 5 years; he 
doubles his salary every 10 years until he retires at 65. 
What is the annual salary of each brother upon retirement? 


53. Radioactive Decay. A radioactive isotope of selenium ”Se 
used in the creation of medical images of the pancreas, has a 
half-life of 119.77 days. If 200 milligrams are given to a 
patient, how many milligrams are left after 30 days? 


54. Radioactive Decay. The radioactive isotope indium-111 
('''In), used as a diagnostic tool for locating tumors associated 
with prostate cancer, has a half-life of 2.807 days. If 300 
milligrams are given to a patient, how many milligrams will 
be left after a week? 


55. Depreciation of Furniture. A couple buys a new bedroom 
set for $8000 and 10 years later sells it for $4000. If the 
depreciation continues at the same rate, how much would 
the bedroom set be worth in 4 more years? 


56. Depreciation of a Computer. A student buys a new laptop 
for $1500 when she arrives as a freshman. A year later, the 
computer is worth approximately $750. If the depreciation 
continues at the same rate, how much would she expect to 
sell her laptop for when she graduates 4 years after she 
bought it? 


6. fo) =47 
42. f(x) =1+e* 
47. f(x) = 14+ (4)? 48. fa) =2- (4) 


37. f(x) =e" 38. f(x) = —e* 
43. fy =e*!-4 44. fa) =e" 142 


x+l 


57. Compound Interest. If you put $3200 in a savings account 
that earns 2.5% interest per year compounded quarterly, how 
much would you expect to have in that account in 3 years? 


58. Compound Interest. If you put $10,000 in a savings 
account that earns 3.5% interest per year compounded 
annually, how much would you expect to have in that 
account in 5 years? 


59. Compound Interest. How much money should you put in a 
savings account now that earns 5% a year compounded daily 
if you want to have $32,000 in 18 years? 


60. Compound Interest. How much money should you put in a 
savings account now that earns 3.0% a year compounded 
weekly if you want to have $80,000 in 15 years? 


61. Compound Interest. If you put $3200 in a savings account 
that pays 2% a year compounded continuously, how much 
will you have in the account in 15 years? 


62. Compound Interest. If you put $7000 in a money market 
account that pays 4.3% a year compounded continuously, 
how much will you have in the account in 10 years? 


63. Compound Interest. How much money should you 
deposit into a money market account that pays 5% a year 
compounded continuously to have $38,000 in the account 
in 20 years? 


64. Compound Interest. How much money should you 
deposit into a certificate of deposit that pays 6% a year 
compounded continuously to have $80,000 in the account 
in 18 years? 


For Exercises 65 and 66, refer to the following: 


Exponential functions can be used to model the concentration of a 
drug in a patient’s body. Suppose the concentration of Drug X ina 
patient’s bloodstream is modeled by 


C(t) = Qe 


where C(t) represents the concentration at time ¢ (in hours), 

Cy is the concentration of the drug in the blood immediately after 
injection, and r > 0 is a constant indicating the removal of the 
drug by the body through metabolism and/or excretion. The rate 
constant r has units of 1/time (1/hr). It is important to note that 
this model assumes that the blood concentration of the drug Cy 
peaks immediately when the drug is injected. 
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65. Health/Medicine. After an injection of Drug Y, the 67. Economics. Find the demand for the product by completing 
concentration of the drug in the bloodstream drops at the the following table. 
rate of 0.020 1/hr. Find the concentration, to the nearest 
tenth, of the drug 20 hours after receiving an injection with P(PRICE PER UNIT) D(P)—DEMAND FOR PRODUCT IN UNITS 
initial concentration of 5.0 mg/L. Non 
66. Health/Medicine. After an injection of Drug Y, the 
concentration of the drug in the bloodstream drops at the a 
rate of 0.009 1/hr. Find the concentration, to the nearest 10.00 
tenth, of the drug 4 hours after receiving an injection with 20.00 
initial concentration of 4.0 mg/L. 
40.00 
For Exercises 67 and 68, refer to the following: 60.00 
The demand for a product, in thousands of units, can be expressed 80.00 
by the exponential demand function 90.00 


D(p) = 2300(0.85)? . : 
68. Economics. Evaluate D(91) and interpret what this means 


where p is the price per unit. in terms of demand. 


"CATCH THE MISTAKE 


In Exercises 69-72, explain the mistake that is made. 


69. Evaluate the expression 4~"/?, 71. If $2000 is invested in a savings account that earns 2.5% 
‘Sapaiion ge = 2 = 46 interest compounding continuously, how much will be in the 
account in one year? 
The correct value is 5. What mistake was made? . 
Solution: 
70. Evaluate the function for the given x: f(x) = 4° for Write the compound continuous interest 
x= 3. formula. A = Pe" 
Sehution: *(3) = 43/2 Substitute P = 2000, r= 2.5,andr=1. A = 2000025" 
2 ee Simplify. A = 24,364.99 
= 2 = 16 = This is incorrect. What mistake was made? 


72. If $5000 is invested in a savings account that earns 3% interest 
compounding continuously, how much will be in the account 
in 6 months? 


The correct value is 8. What mistake was made? 


Solution: 


Write the compound continuous interest 


formula. A = Pe" 
Substitute P = 5000, r = 0.03, andt=6. A = 50000 
Simplify. A = 5986.09 


This is incorrect. What mistake was made? 


"CONCEPTUAL 


In Exercises 73-76, determine whether each statement is true or false. 


73. The function f(x) = —e * has the y-intercept (0,1). 76. e = 2.718. 
74. The function f(x) = —e “* has a horizontal asymptote along 77. Plot f(x) = 3 and its inverse on the same graph. 
the x-axis. 


78. Plot f(x) = e* and its inverse on the same graph. 
75. The functions y = 3°“ andy = (3) have the same graphs. 


CHALLENGE 


79. Graph f(x) = e”. 
80. Graph f(x) = el 


81. Find the y-intercept and horizontal asymptote of 
f(x) = be! = a. 


"TECHNOLOGY 


x 


1 P. 
85. Plot the function y = (: + ») . What is the horizontal 
x 
asymptote as x increases? 


86. Plot the functions y = 2°, y = e*, and y = 3* in the same viewing 
screen. Explain why y = e' lies between the other two graphs. 
4 


x. x 
87. Plot y, =e‘ andy, = 14 t t t in the same 
. " ae ar oe 
viewing screen. What do you notice? 
x x 
88. Ploty, =e “andy, =1— x4 + in the same 
= ve 2 6 


viewing screen. What do you notice? 


+)’ 09 = (: + ai and 
x x 


2x 
h(x) = (: + *) in the same viewing screen. Compare 
x 


89. Plot the functions f(x) = (: t 


their horizontal asymptotes as x increases. What can you say 
about the function values of f, g, and / in terms of the powers 


of e as x increases? 
1\* 1\* 
Jee =(1 sand 
x x 


2 x 
h(x) = ( 1=- *) in the same viewing screen. Compare their 
x 


90. Plot the functions f(x) = (: t 


horizontal asymptotes as x increases. What can you say about 
the function values of f; g, and / in terms of the powers of e as 
x increases? 


For Exercises 91 and 92, refer to the following: 


Newton’s Law of Heating and Cooling: Have you ever heated 
soup in a microwave and, upon taking it out, have it seem to cool 
considerably in the matter of minutes? Or has your ice-cold soda 
become tepid in just moments while outside on a hot summer’s 
day? This phenomenon is based on the so-called Newton’s Law of 
Heating and Cooling. Eventually, the soup will cool so that its 
temperature is the same as the temperature of the room in which it 
is being kept, and the soda will warm until its temperature is the 
same as the outside temperature. 
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82. Find the y-intercept and horizontal asymptote of 
f(x) = at be**!, 


83. Graph f(x) = b'", b > 1, and state the domain. 


: a x <0 
84. Graph the function f(x) = where a > 1. 


a* x20 


91. Consider the following data: 


Time (iN minutes) | 1.0) 1.5 | 2.0 2.5 3.0 3.5 4.0 | 4.5 
203 200 195 | 188 180 171 160 151 


TEMPERATURE OF 
Soup (IN DEGREES 
FAHRENHEIT) 


a. Form a scatterplot for this data. 

b. Use ExpReg to find the best fit exponential function for 
this data set, and superimpose its graph on the scatterplot. 
How good is the fit? 

c. Use the best fit exponential curve from (b) to answer the 


following: 
i. What will the predicted temperature of the soup be at 
6 minutes? 


ii. What was the temperature of the soup the moment it 
was taken out of the microwave? 

d. Assume the temperature of the house is 72° F. According 
to Newton’s Law of Heating and Cooling, the temperature 
of the soup should approach 72°. In light of this, comment 
on the shortcomings of the best fit exponential curve. 


92. Consider the following data: 


Time (IN MINUTES) 1 2 3 4 5 
Temperature OF 45 = 48 | 49 | 530 «57~— ss 61 =| «68 ~— 75 


SODA (IN DEGREES 
FAHRENHEIT) 


a. Form a scatterplot for this data. 

b. Use ExpReg to find the best fit exponential function for 
this data set, and superimpose its graph on the scatterplot. 
How good is the fit? 

c. Use the best fit exponential curve from (b) to answer the 
following: 

i. What will the predicted temperature of the soda be at 
10 minutes? 

ii. What was the temperature of the soda the moment it 
was taken out of the refrigerator? 

d. Assume the temperature of the house is 90° F. According 
to Newton’s Law of Heating and Cooling, the temperature 
of the soda should approach 90°. In light of this, comment 
on the shortcomings of the best fit exponential curve. 


SECTION LOGARITHMIC FUNCTIONS 
5.2 AND THEIR GRAPHS 


Evaluating Logarithms 


In Section 5.1, we found that the graph of an exponential function f(x) = b* passes through 
the point (0, 1), with the x-axis as a horizontal asymptote. The graph passes both the 
vertical line test (for a function) and the horizontal line test (for a one-to-one function), and 
therefore an inverse exists. We will now apply the technique outlined in Section 3.5 to find 
the inverse of f(x) = b": 


WorRDS MATH 
Let y = f(x). y= 
Interchange x and y. x=b 
Solve for y. y=? 


We see that y is the exponent that D is raised to in order to obtain x. We call this exponent a 
logarithm (or “log” for short). 


WorRDS MatH 

x = bis equivalent to y = log, x. y = log,x 

Let y = f'(). f-'(@) = log, x 
DEFINITION Logarithmic Function 


For x > 0, b > 0, and b ¥ 1, the logarithmic function with base b is denoted 
f(x) = log,x, where 


y = log,x if and only if x = b” 


Study Tip 
Pee mee ser ee ees seesenesseesesesseesesessessessese We read log, x as “log base b of x.” 


5.2 Logarithmic Functions and Their Graphs 


This definition says that x = b’ (exponential form) and y = log,.x (logarithmic form) are 
equivalent. One way to remember this relationship is by adding arrows to the logarithmic 
form: 


log,4°= y oS bp=x 
ees 7 


EXAMPLE 1_ Changing from Logarithmic Form to Exponential Form 


Write each equation in its equivalent exponential form. 


a. log,8=3 ob. logs3=5 ~~ e. logs (x) = —2 


Solution: 

a. log, 8 = 3 is equivalent to 2S 8 
b. logy 3 = § is equivalent to gl? = 3 
c. logs (+) = =2 is equivalent to 57 = * 


=™ YOUR TURN Write each equation in its equivalent exponential form. 


a. log; 9 = 2 b. logis 4 = 5 c. log, (5) = -3 


EXAMPLE 2 Changing from Exponential Form to Logarithmic Form 
Write each equation in its equivalent logarithmic form. 


a 16=2° b9O= VBI «a f=37% dxt=z 


Solution: 

a. 16 = 24 is equivalent to 
b. 9 = V81 = 811? is equivalent to logs, 9 = 5 

c. 5 =3-° is equivalent to log,(3) = =2 
d. x*=z is equivalent to log.z=a 


= YOUR TURN Write each equation in its equivalent logarithmic form. 


a. 81 = 97 b. 12 = V144 i d. y’=w 


Some logarithms can be found exactly, while others must be approximated. Example 3 
illustrates how to find the exact value of a logarithm. Example 4 illustrates approximating 
values of logarithms with a calculator. 


= Answer: a. 3° = 9 


b. 1617 =4 


42 i 
ce. 2° =8 


= Answer: a. logy 81 = 2 
b. logyay 12 = 5 
c. log; (a5) = =2 


d. log, w = b 
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= Answer: a. log, $ =-l1 


b. logioo 10 = 5 
ec. logy) 1000 = 3 


Study Tip 

* logipx = logx. No explicit base 
implies base 10. 

* log.x = Inx 


EXAMPLE 3 _ Finding the Exact Value of a Logarithm 


Find the exact value of: 
a. log;81 bx logis 13. e._logs (4) 


Solution (a): 


The logarithm has some value. Let’s call it x. log; 81 = x 

Change from logarithmic to exponential form. 3*= 81 

3 raised to what power is 81? 37=81 x=4 

Change from exponential to logarithmic form. 

Solution (b): 

The logarithm has some value. Let’s call it x. logy69 13 = x 

Change from logarithmic to exponential form. 169° = 13 

169 raised to what power is 13? 169'? = V169 = 13 x ; 


1 
Change from exponential to logarithmic form. logig9 13 = > 


Solution (c): 


1 
The logarithm has some value. Let’s call it x. logs (G) =x 
ae . 1 
Change from logarithmic to exponential form. v= 5 
: «ol = ee 
5 raised to what power is 5? 2 = 5 x= 1 
; beg as 1 
Change from exponential to logarithmic form. logs 5 =-1 


= YOUR TURN Evaluate the given logarithms exactly. 


a. log,4 —b. logy 10 &. logy 1000 


Common and Natural Logarithms 

Two logarithmic bases that arise frequently are base 10 and base e. The logarithmic function 
of base 10 is called the common logarithmic function. Since it is common, f(x) = log)9 x is 
often expressed as f(x) = log x. Thus, if no explicit base is indicated, base 10 is implied. 
The logarithmic function of base e is called the natural logarithmic function. The natural 
logarithmic function f(x) = log, x is often expressed as f(x) = In x. Both the LOG and LN 
buttons appear on scientific and graphing calculators. For the logarithms (not the functions) 
we say “the log” (for base 10) and “the natural log” (for base e). 

Earlier in this section, we evaluated logarithms exactly by converting to exponential 
form and identifying the exponent. For example, to evaluate log), 100, we ask the question, 
10 raised to what power is 100? The answer is 2. 

Calculators enable us to approximate logarithms. For example, evaluate log,) 233. We 
are unable to evaluate this exactly by asking the question, 10 raised to what power is 233? 
Since 10? < 10* < 10°, we know the answer x must lie between 2 and 3. Instead, we use a 
calculator to find an approximate value 2.367. 
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EXAMPLE 4_ Using a Calculator to Evaluate Common and 
Natural Logarithms 


Use a calculator to evaluate the common and natural logarithms. Round your answers 
to four decimal places. 


a. log 415 b. In 415 c. log 1 d. Intl e. log(—2) f. In(—2) 

Solution: 

a. log(415) © 2.618048097 ~ b. In(415) © 6.02827852 = 

c. log(1) =|0) d. In(1) =|0| 

e. log(—2) f. In(—2) ee 
tudy Tip 


Parts (c) and (d) in Example 4 illustrate that all logarithmic functions pass through Logarithms can only be evaluated for 
the point (1, 0). Parts (e) and (f) in Example 4 illustrate that the domains of logarithmic Positive arguments. 
functions are positive real numbers. 


Graphs of Logarithmic Functions 

The general logarithmic function y = log, x is defined as the inverse of the exponential 
function y = b*. Therefore, when these two functions are plotted on the same graph, they 
are symmetric about the line y = x. Notice the symmetry about the line y = x when y = b* 
and y = log, x are plotted on the same graph. 


0<b<1 


Comparison of Inverse Functions: 
f(x) = log, x and f(x) = b* 


EXPONENTIAL FUNCTION LOGARITHMIC FUNCTION 

y= y = log, x 

y-intercept (0, 1) x-intercept (1, 0) 

Domain (—™, ©) Domain (0, ©) 

Range (0, ©) Range (—%, ©) 

Horizontal asymptote: x-axis Vertical asymptote: y-axis 
AY AY 


b>1 
b>1 


(1/b, -1) 


(-1, 1/b) (0, 0) (4,9) 


ta 
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= Answer: a. (—2, 0) 
b. (—%,3) 


esbethed_ Male 


Review solving inequalities in 
Sections 1.5, 1.6, and 1.7. 


= Answer: a. (—0, —2)U(2, 0) 
b. (—, 3) U (3, ~) 


Additionally, the domain of one function is the range of the other, and vice versa. When 
dealing with logarithmic functions, special attention must be paid to the domain of the 
function. The domain of y = log, x is (0, ©). In other words, you can only take the log of a 
positive real number, x > 0. 


_) EXAMPLE 5 Finding the Domain of a Shifted Logarithmic Function 


Find the domain of each of the given logarithmic functions. 
a. f(x) =log(x—4) be g(x) = log,(5 — 2x) 


Solution (a): 


Set the argument greater than zero. x-4>0 
Solve the inequality. x>4 
Write the domain in interval notation. (4, 2%) 
Solution (b): 
Set the argument greater than zero. 5-—2x>0 
Solve the inequality. =2% = 5 
2n=5 
>) 
LS 
2 
: ee ; 5 
Write the domain in interval notation. —oo, 5 


= YOUR TURN Find the domain of the given logarithmic functions. 
a. f(x) = log,(x + 2) b. g(x) = log,(3 — 5x) 


It is important to note that when finding the domain of a logarithmic function, we set the 
argument strictly greater than zero and solve. 


EXAMPLE 6 _ Finding the Domain of a Logarithmic Function with a 
Complicated Argument 


Find the domain of each of the given logarithmic functions. 
a. In (x? = 9) b. log(|x + 1|) 


Solution (a): 


Set the argument greater than zero. xr -9>0 

Solve the inequality. 
Solution (b): 

Set the argument greater than zero. [x + 1 | >0 

Solve the inequality. x#-1 

Write the domain in interval notation. (—oo, —1) U1, 00) 


= YOUR TURN Find the domain of each of the given logarithmic functions. 


a. In (x? — 4) b. log(| x = 3)) 
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Recall from Section 3.3 that a technique for graphing general functions is transformation of 
known functions. For example, to graph f(x) = (x — 3)° + 1, we start with the known parabola 
y =x’, whose vertex is at (0, 0), and we shift that graph to the right three units and up one unit. 
We use the same technique for graphing logarithmic functions. To graph y = log,(x + 2) — 1, we 
start with the graph of y = log,(x) and shift the graph to the left two units and down one unit. 


EXAMPLE 7_ Graphing Logarithmic Functions Using Horizontal and 
Vertical Shifts 


Graph the functions, and state the domain and range of each. 
a. y = log,(x — 3) b. log,(x) — 3 

Solution: 

Identify the base function. y = log, x 
Label key features of y = log, x. A 
x-intercept: (1, 0) y =log)x 
Vertical asymptote: x = 0 


Additional points: (2, 1), (4, 2) 


(1, 0) 10 


a. Shift the base function to the right three units. 


x-intercept: (4, 0) 


y = log, (v - 3) 


Vertical asymptote: x = 3 


Additional points: (5, 1), (7, 2) 


Domain: (3, ©) Range: (— ©, 2) 


b. Shift the base function down three units. 


x-intercept: (1, —3) 
= Answer: 
a. Domain: (0, ©) Range: (—%, «) 
b. Domain:(—3, ©) Range:(—%, «) 


Vertical asymptote: x = 0 
y =logyx -3 


Additional points: (2, —2), (4, —1) - ‘a eDoinaiidh, oh Rance, 
Domain: (0, ©) Range: (—~, %) AY 
x=-3 
(4) 
(—2,-0) 


= YOUR TURN Graph the functions and state the domain and range of each. 


a. y = log,x b. y = log,(x + 3) c. log;(x) + 1 
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All of the transformation techniques (shifting, reflection, and compression) discussed in 
Chapter 3 also apply to logarithmic functions. For example, the graphs of —log,x and 
log,(—x) are found by reflecting the graph of y = log,x about the x-axis and y-axis, 
respectively. 


| EXAMPLE 8_ Graphing Logarithmic Functions Using Transformations 
Graph the function f(x) = —log,(x — 3) and state its domain and range. 
Solution: 
Graph y = log, x. 
x-intercept: (1, 0) 
Vertical asymptote: x = 0 


Additional points: (2, 1), (4, 2) 


Graph y = log,(x — 3) by shifting 
y = log, x to the right three units. 


x-intercept: (4, 0) 
Vertical asymptote: x = 3 


Additional points: (5, 1), (7, 2) 


Graph y = —log,(x — 3) by reflecting 
y = log,(x — 3) about the x-axis. 


x-intercept: (4, 0) 


Vertical asymptote: x = 3 


Additional points: (5, —1), (7, —2) 


Domain: (3, 2%) Range: (—%, 2) 
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Applications of Logarithms 
Logarithms are used to make a large range of numbers manageable. For example, to create 
a scale to measure a human’s ability to hear, we must have a way to measure the sound 
intensity of an explosion, even though that intensity can be more than a trillion (10) times 
greater than that of a soft whisper. Decibels in engineering and physics, pH in chemistry, 
and the Richter scale for earthquakes are all applications of logarithmic functions. 

The decibel is a logarithmic unit used to measure the magnitude of a physical quantity 
relative to a specified reference level. The decibel (dB) is employed in many engineering 
and science applications. The most common application is the intensity of sound. 


DEFINITION Decibel (Sound) 


if 
The decibel is defined as ID) = io loe(Z) 
T 
where D is the decibel level (dB), / is the intensity of the sound measured in watts 
per square meter, and /; is the intensity threshold of the least audible sound a human 
can hear. 
The human average threshold is 1; = 1 X 10° '* W/m’. 


0 
Notice that when J = 1/7, then D = 10 Jog] = 0 dB. People who work professionally 
with sound, such as acoustics engineers or medical hearing specialists, refer to this 
threshold level J; as “O dB.” The following table illustrates typical sounds we hear and their 
corresponding decibel levels. 


SOUND SOURCE SOUND INTENSITY (W/m?) DEcIBELS (dB) 
Threshold of hearing 1.0 x 10°? 0 
Vacuum cleaner 1.0 x 10-4 80 
iPod 1.0 x 107 100 
Jet engine 1.0 x 107 150 


For example, a whisper (approximately 0 dB) from someone standing next to a jet engine 
(150 dB) might go unheard because when these are added, we get approximately 150 dB 
(the jet engine). 


EXAMPLE 9 Calculating Decibels of Sounds 


Suppose you have seats to a concert given by your favorite musical artist. Calculate the 
approximate decibel level associated with the typical sound intensity, given 
T= 1X 10°? Wim’. 


Solution: 


I 
Write the decibel-scale formula. D = 10 log (7) 

T 
Substitute 7 = 1 X 10°* W/m? and 


Tp = 1X 10°? Wh? D = 101o (a) 
Bx 10-2 


504 


= Answer: 160 dB 


E 
Ktactelietehee. | Aide ll 


Enter the number 1.12 < 10'5 using the 
scientific notation key | EXP | or] EE . 


2Slogtl.12e1s-1 
A 4. 4a 


7. 899478682 


= Answer: 5.1 
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Simplify. D = 10 log(10"°) 


Recall that the implied base for log is 10. D = 10 log,9(10"") 
Evaluate the right side. {logi(10!) = 10] D= 10-10 
D = 100 

The typical sound level on the front row of a rock concert is | 100 aB |. 


= YOUR TURN Calculate the approximate decibels associated with a sound so loud it 
will cause instant perforation of the eardrums, J = 1 X 10* W/m’. 


The Richter scale (earthquakes) is another application of logarithms. 


Richter Scale 


The magnitude M of an earthquake is measured using the Richter scale 


M 2 1 2 
= —10 — 

aE 
where: M is the magnitude 


E is the seismic energy released by the earthquake (in joules) 
E, is the energy released by a reference earthquake Ey = 10** joules 


DEFINITION 


EXAMPLE 10 Calculating the Magnitude of an Earthquake 


On October 17, 1989, just moments before game 3 of the World Series between the 
Oakland A’s and the San Francisco Giants was about to start—with 60,000 fans in 
Candlestick Park—a devastating earthquake erupted. Parts of interstates and bridges 
collapsed, and President George H. W. Bush declared the area a disaster zone. The 
earthquake released approximately 1.12 < 10'° joules of energy. Calculate the magnitude 
of the earthquake using the Richter scale. 

ssl) 

M = —log| — 
3 Ey 


1.12 x 105 
M = —log 10" 


Solution: 


Write the Richter scale formula. 


Substitute E = 1.12 x 10° and Ey = 10**. 


M = = log (1.12 X 10'°°) 


2 

3 

2 

Simplify. 2 
implify. 3 
2 


Approximate the logarithm using a calculator. Me 3 (10.65) © 7.1 


The 1989 earthquake in California measured on the Richter scale. 


= YOUR TURN On May 3, 1996, Seattle experienced a moderate earthquake. The 
energy that the earthquake released was approximately 1.12 x 10!” 
joules. Calculate the magnitude of the 1996 Seattle earthquake using 
the Richter scale. 
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AO 27.500 
BO 30.868 
Cl 32.703 
D1 36.708 
E1 41.203 
F1 43.654 
G1 48.999 


A logarithmic scale expresses the logarithm of a physical quantity instead of 
the quantity itself. In music, the pitch is the perceived fundamental frequency 
of sound. The note A above middle C on a piano has the pitch associated with 
a pure tone of 440 hertz (Hz). An octave is the interval between one musical 
pitch and another with either double or half its frequency. For example, if a note 
has a frequency of 440 Hz, then the note an octave above it has a frequency 


AO# 29.135 


C1# 34.648 
D1# 38.891 


F1# 46.249 


of 880 Hz, and the note an octave below it has a frequency of 220 Hz. 


Therefore, the ratio of two notes an octave apart is 2:1. 


The following table lists the frequencies associated with A notes. 


Note 


A, Az 


A, As 


Frequency (Hz) 


BP) 110 


220 440 880 


Octave with 
respect to Ay 


=3 =2 


Frequency of note 


We can graph 


440 Hz 


(with respect to A,) on the vertical axis. 


If we instead graph the logarithm of this quantity, log 


AOctave 
5 


(4, 2) 


(8, 3) 


= of =) 
440 Hz 


> 
2345678 910 


on the horizontal axis and the octave 


Frequency of note 


440 Hz 


we see that using a logarithmic scale expresses octaves linearly (up or down 


an octave). In other words, an “octave” is a purely logarithmic concept. 
When a logarithmic scale is used we typically classify a graph one of two 


ways: 


¢ Log-log plot (both the horizontal and vertical axes use logarithmic 


scales) 


¢ Semilog plot (one of the axes uses a logarithmic scale) 


The second graph with octaves on the vertical axis and the log of the ratio of 


frequencies on the horizontal axis is called a semilog plot. 


Semilog Plot 
AOctave 


5 


Logg ( 


> 
0.1 


Frequency of note 
440 Hz 


) 


Al 55.000 
B1 61.735 
C2 65.406 
D2 73.416 
E2 82.407 
F2 87.307 
G2 97.999 
A2 110.00 
B2 123.47 
C3 130.81 
D3 146.83 
E3 164.81 
F3 174.61 
G3 196.00 
A3 220.00 
B3 246.94 
C4 261.63 
D4 293.66 
E4 329.63 
F4 349.23 
G4 392.00 
A4 440.00 
B4 493.88 
C5 523.25 
D5 587.33 
ES 659.25 
F5 698.46 
GS 783.99 
AS 880.00 
B5 987.77 
C6 1046.5 
D6 1174.7 
E6 1318.5 
F6 1396.9 
G6 1568.0 
A6 1760.0 
B6 1979.5 
C7 2093.0 
D7 2349.3 
E7 2637.0 
F7 2793.8 
G7 3136.0 
AT 3520.0 
B7 3951.1 
C8 4186.0 


Gl# 51.913 
Al# 58.270 


C2# 69.296 
D2# 77.782 


F2# 185.00 
G2# 103.83 
A2# 116.54 


C3# 138.59 
D3# 155.56 


F3# 185.00 
G3# 207.65 
A3# 233.08 


C4# 277.18 
D4# 311.13 


F4# 369.99 
G4# 415.30 
A4# 466.16 


C5# 554.37 
DS# 622.25 


F5# 739.99 
GS5# 830.61 
AS# 932.33 


C6# 1108.7 
D6# 1244.5 


F6# 1480.0 
G6# 1661.2 
AG6# 1864.7 


C7# 2217.5 
D7# 2489.0 


F7# 2960.0 
G7# 3322.4 
AT# 3729.3 
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EXAMPLE 11_ Graphing Using A Logarithmic Scale 
Frequency is inversely proportional to the wavelength: In a vacuum f = x where f is the 


frequency (in hertz), c = 3.0 X 10° m/s is the speed of light in a vacuum, and is the 
wavelength in meters. Graph frequency versus wavelength using a log-log plot. 


Solution: 
Let wavelength range from microns (10°) to Togslog lee 
hundreds of meters (107) by powers of 10 along 10!4 ae é 
2 a. = aSers 
the horizontal axis. 103 
8 1026 
3.0 x 108 é 1o!! fe Short radio waves 
N pes Bil E 
IN I E 
10° 3.0 x 10'4 z a Broadcast 
7 0X 2 EF : 
= 108 & band 
10> 3.0 x 10" 1” E 
— m 
—4 12 R (9% COLL I PE th 
10 3.0 x 10 (TeraHertz: THz) io? ict 2 ae ae 
103 3.0 x 10" Wavelength (meters) 
10°? 3.0 x 10'° 
107! 3.0 < 10° (GigaHertz: GHz) 
10° 3.0 x 108 
10! 3.0 X 10’ 
10° 3.0 X 10° (MegaHertz: MHz) 


The logarithmic scales allow us to represent a large range of numbers. In this graph, 
the x-axis ranges from microns, 10°° meters, to hundreds of meters, and the y-axis 
ranges from megahertz (MHz), 10° hertz, to hundreds of terahertz (THz), 10!” hertz. 


ws SECTION 
— SUMMARY 


In this section, logarithmic functions were defined as inverses of Evaluating Logarithms 


exponential functions. Exact: Convert to exponential form first, then evaluate. 


v= 


y = log,x is equivalent to x = b” Approximate: Natural and common logarithms with 
calculators. 
NAME Expticit BASE ImMPLicit BASE 
Common logarithm F(X) = logiox FS) = logx 
Natural logarithm f(x) = log.x f(x) = Inx 
ae eye Graphs of Logarithmic Functions Ay 
b>1 
EXPONENTIAL FUNCTION LOGARITHMIC FUNCTION y = log,x 
2 WE lene (6, 1) 
> -intercept: (0, 1 x-intercept: (1, 0 
y pt: 0, 1b) pt: (1, 0) a afro 
Domain: (—%, ©) Domain: (0, ~) b’ 
Range: (0, ~) Range: (—™, %) 
Horizontal asymptote: x-axis Vertical asymptote: y-axis 
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SECTION 
5.2 EXERCISES 


"SKILLS 


In Exercises 1-20, write each logarithmic equation in its equivalent exponential form. 


1. log, 125 =3 2; log, 27 =3 3. logs, 3 = 4 4. logy, 11 = 4 
5. log, (45) = —5 6. log;(s7) = —4 7. log 0.01 = —2 8. log 0.0001 = —4 
9. log 10,000 = 4 10. log 1000 = 3 11. logy, (64) = -3 12. logis (36) = —2 
13. —1 = In(4) 14. 1=Ine 15. Inl =0 16. log1=0 
17. n5=x 18. In4=y 19. z= log, y 20. y = log, z 


In Exercises 21-34, write each exponential equation in its equivalent logarithmic form. 


21. 8 =512 22. 2° = 64 23. 0.00001 = 1075 24. 100,000 = 10° 25. 15 = V/225 
26. 7 = V343 27. 78 = (2) 2s, & = @) 29, 9=(4)" 30, 4=G4:)" 
31. ce =6 32, e* =4 33. x=y" 34. z=y" 


In Exercises 35-46, evaluate the logarithms exactly (if possible). 
35. log, 1 36. logs; | 37. log; 3125 38. log; 729 39. log 10’ 40. log 10° 
41. log), 4096 42. logy; 2401 43. log 0 44. In0 45. log(—100) 46. In(—1) 


In Exercises 47-54, approximate (if possible) the common and natural logarithms using a calculator. Round to two decimal places. 
47. log 29 48. In 29 49. In 380 50. log 380 
51. log 0 52. In0 53. In 0.0003 54. log 0.0003 


In Exercises 55-64, state the domain of the logarithmic function in interval notation. 


55. f(x) = logs(x + 5) 56. f(x) = log.(4x — 1) 57. f(x) = log3(5 — 2x) 58. f(x) = log3(5 — x) 
59. f(x) = In — 2x) 60. f(x) =InB - x) 61. f(x) = log|x| 62. f(x) = log|x + 1 
63. f(x) = log(? + 1) 64. f(x) = log(1 — 2°) 


In Exercises 65-70, match the graph with the function. 


65. y = logs x 66. y = logs(—x) 67. y = —log;(—x) 
68. y = logs(x + 3) -— 1 69. y = log,(1 — x) — 2 70. y = —logs(3 — x) + 2 
a. b. c. 
AY AY AY 
$ 5 5 
x x 7 
= 5” -5 5 = 5 
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AY AY 


AY 


-5 > -5 


In Exercises 71-82, graph the logarithmic function using transformation techniques. State the domain and range of f. 


71. f(x) = log — 1) 72. f(x) = log + 2) 


75. f(x) = log,(x + 2) — 1 76. f(x) = log,a~ + 1) — 2 


79. f(x) = In(x + 4) 80. f(x) = In(4 — x) 


"APPLICATIONS 


For Exercises 83-86, refer to the following: 


I 2 
Decibel: D = 10loe( 7) Ip = 1X 10°? W/m? 
T 
83. Sound. Calculate the decibels associated with normal 
conversation if the intensity is 1 = 1 X 10°° W/m’. 


84. Sound. Calculate the decibels associated with the onset of 
pain if the intensity is J = 1 X 10' W/m’. 


85. Sound. Calculate the decibels associated with attending a 
football game in a loud college stadium if the intensity is 
T=1X 10°? Wim’. 


86. Sound. Calculate the decibels associated with a doorbell 
if the intensity is J = 1 < 10°45 W/m’. 


For Exercises 87-90, refer to the following: 


2 E 44 
Richter Scale: M = = log | — Ey = 10°" joules 
3 Ey 

87. Earthquakes. On Good Friday 1964, one of the most 
severe North American earthquakes ever recorded struck 
Alaska. The energy released measured 1.41 X 10!” joules. 
Calculate the magnitude of the 1964 Alaska earthquake 
using the Richter scale. 


88. Earthquakes. On January 22, 2003, Colima, Mexico, 
experienced a major earthquake. The energy released measured 
6.31 X 10° joules. Calculate the magnitude of the 2003 
Mexican earthquake using the Richter scale. 


73. Inx +2 74. Inx—-1 
77. f(x) = —log(x) + 1 
81. f(x) = log(2x) 


78. f(x) = log(—x) + 2 
82. f(x) = 2In(—x) 


89. Earthquakes. On December 26, 2003, a major earthquake 
rocked southeastern Iran. In Bam, 30,000 people were killed, 
and 85% of buildings were damaged or destroyed. The energy 
released measured 2 X 10 joules. Calculate the magnitude 
of the 2003 Iran earthquake with the Richter scale. 


90. Earthquakes. On November 1, 1755, Lisbon was 
destroyed by an earthquake, which killed 90,000 people 
and destroyed 85% of the city. It was one of the most 
destructive earthquakes in history. The energy released 
measured 8 X 10!’ joules. Calculate the magnitude of the 
1755 Lisbon earthquake with the Richter scale. 


For Exercises 91-96, refer to the following: 


The pH of a solution is a measure of the molar concentration of 
hydrogen ions, H* in moles per liter, in the solution, which means 
that it is a measure of the acidity or basicity of the solution. The 
letters pH stand for “power of hydrogen,” and the numerical value 
is defined as 


pH = —logio| H* | 


Very acidic corresponds to pH values near 1, neutral corresponds 
to a pH near 7 (pure water), and very basic corresponds to values 
near 14. In the next six exercises you will be asked to calculate 
the pH value of wine, Pepto-Bismol, normal rainwater, bleach, 
and two fruits. List these six liquids and use your intuition to 
classify them as neutral, acidic, very acidic, basic, or very basic 
before you calculate their actual pH values. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


100. 


Chemistry. If wine has an approximate hydrogen ion 
concentration of 5.01 X 10°“, calculate its pH value. 


Chemistry. Pepto-Bismol has a hydrogen ion concentration 
of about 5.01 X 107'!. Calculate its pH value. 


Chemistry. Normal rainwater is slightly acidic and has an 
approximate hydrogen ion concentration of 107>*. Calculate 
its pH value. Acid rain and tomato juice have similar 
approximate hydrogen ion concentrations of 10~*. 

Calculate the pH value of acid rain and tomato juice. 


Chemistry. Bleach has an approximate hydrogen ion 
concentration of 5.0 X 107°. Calculate its pH value. 


Chemistry. An apple has an approximate hydrogen ion 
concentration of 107*°. Calculate its pH value. 


Chemistry. An orange has an approximate hydrogen ion 
concentration of 10~*7. Calculate its pH value. 


Archaeology. Carbon dating is a method used to determine 
the age of a fossil or other organic remains. The age f in years 
is related to the mass C (in milligrams) of carbon 14 through 


a logarithmic equation: 
C 
In (<a) 
500 


~ 0.0001216 


How old is a fossil that contains 100 milligrams of carbon 14? 


Archaeology. Repeat Exercise 97, only now the fossil 
contains 40 milligrams of carbon 14. 


Broadcasting. Decibels are used to quantify losses associated 
with atmospheric interference in a communication system. The 
ratio of the power (watts) received to the power transmitted 
(watts) is often compared. Often, warts are transmitted, but 
losses due to the atmosphere typically correspond to milliwatts 
being received: 
Power received 
dB = 10 log — 
Power transmitted 

If 1 W of power is transmitted and 3 mW is received, 
calculate the power loss in dB. 


Broadcasting. Repeat Exercise 99 assuming 3 W of power is 
transmitted and 0.2 mW is received. 


For Exercises 101 and 102, refer to the following: 


The range of all possible frequencies of electromagnetic radiation 
is called the electromagnetic spectrum. In a vacuum the frequency 
of electromagnetic radiation is modeled by 


(a 


o> 


where c is 3.0 X 10° m/s and } is wavelength in meters. 


5.2 Logarithmic Functions and Their Graphs 509 


101. Physics/Electromagnetic Spectrum. The radio spectrum is 


the portion of the electromagnetic spectrum that corresponds 
to radio frequencies. The radio spectrum is used for various 
transmission technologies and is government regulated. 
Ranges of the radio spectrum are often allocated based on 
usage; for example, AM radio, cell phones, and television. 
(Source: http://en.wikipedia.org/wiki/Radio_spectrum) 


a. Complete the following table for the various usages of the 
radio spectrum. 


USAGE WAVELENGTH | FREQUENCY 
Super Low Frequency— 

Communication with 

Submarines 10,000,000 m 30 Hz 
Ultra Low Frequency— 

Communication within Mines 1,000,000 m 


Very Low Frequency— 

Avalanche Beacons 100,000 m 
Low Frequency— 

Navigation, AM Long-wave 

Broadcasting 10,000 m 
Medium Frequency— 

AM Broadcasts, Amateur Radio 1000 m 
High Frequency— Shortwave 

broadcasts, Citizens Band Radio 100 m 
Very High Frequency— 

FM Radio, Television 10m 
Ultra High Frequency— 

Television, Mobile Phones 0.050 m 


b. Graph the frequency within the radio spectrum (in Hertz) as 
a function of wavelength (in meters). 


102. Physics/Electromagnetic Spectrum. The visible spectrum is 


the portion of the electromagnetic spectrum that is visible to the 
human eye. Typically, the human eye can see wavelengths 
between 390 and 750 nm (nanometers or 10~° m). 


a. Complete the following table for the following colors of the 
visible spectrum. 


CoLoR WAVELENGTH FREQUENCY 
Violet 400 nm 750 X 10" Hz 
Cyan 470 nm 

Green 480 nm 

Yellow 580 nm 

Orange 610 nm 

Red 630 nm 


b. Graph the frequency (in Hertz) of the colors as a function of 
wavelength (in meters) on a log-log plot. 
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=CATCH THE MISTAKE 


In Exercises 103-106, explain the mistake that is made. 


103. Evaluate the logarithm log, 4. 105. State the domain of the logarithmic function f(x) = logy(x + 5) 

Solution: in interval notation. 
Set the logarithm equal to x. logy 4 =x Solution: 

. ea ees eee 
Waite Wie aganiiun inexpenential tomn. x=! The domain of all logarithmic functions is x > 0 

oo. Interval notation: (0, %) 
Simplify. x= 16 
This is incorrect. What went wrong? 

Answer: log, 4 = 16 


106. State the domain of the logarithmic function f(x) = In|x| in 


This is incorrect. The correct answer is log, 4 = 2. : : 
interval notation. 


What went wrong? 


Solution: 


104. Evaluate the logarithm log jo, 10. ; — ; 
Since the absolute value eliminates all negative numbers, the 


Solution: domain is the set of all real numbers. 
Set the logarithm equal to x. logjo9 10 = x Interval notation: (-™, %) 

Express the equation in exponential form. 10* = 100 This is incorrect. What went wrong? 
Solve for x. x=2 

Answer: logio9 10 = 2 


This is incorrect. The correct answer is logjo) 10 = 5. 
What went wrong? 


=CONCEPTUAL 


In Exercises 107-110, determine whether each statement is true or false. 


107. The domain of the standard logarithmic function, y= Inx,is 109. The graphs of y = log x and y = In x have the same 
the set of nonnegative real numbers. x-intercept (1, 0). 


108. The horizontal axis is the horizontal asymptote of the graph 110. The graphs of y = log x and y = In x have the same vertical 


of y = Inx. asymptote, x = 0. 
CHALLENGE 
111. State the domain, range, and x-intercept of the function In(—x) x<0 
f(x) = —In(@& — a) + b for a and b real positive numbers. 113. Graph the function f(x) = es get 


112. State the domain, range, and x-intercept of the function 


f(x) = log(a — x) — b for a and b real positive numbers. 114, Graph the hastened = ony x<0 


—In(x) x>0O 


"TECHNOLOGY 


115. Use a graphing utility to graph y = e* and y = Inxin 
the same viewing screen. What line are these two graphs 
symmetric about? 


116. Use a graphing utility to graph y = 10* and y = log xin 


the same viewing screen. What line are these two graphs 
symmetric about? 


117. Use a graphing utility to graph y = log x and y = Inx 
in the same viewing screen. What are the two common 
characteristics? 


118. Using a graphing utility, graph y = In| x]. Is the function 
defined everywhere? 

119. Use a graphing utility to graph f(x) = In(3x), 
g(x) = In3 + In x, and A(x) = (In 3)(In x) in the same 


viewing screen. Determine the domain where two of the 
functions give the same graph. 


120. Use a graphing utility to graph f(x) = InQ?’ — 4), 


g(x) = In@ + 2) + In@ — 2), and A(x) = In(x + 2) In(x — 2) 
in the same viewing screen. Determine the domain where 
two of the functions give the same graph. 


For Exercises 121 and 122, refer to the following: 


Experimental data is collected all the time in biology and 
chemistry labs as scientists seek to understand natural phenomena. 
In biochemistry, the Michaelis—Menten kinetics law describes the 
rates of enzyme reactions using the relationship between the rate 
of the reaction and the concentration of the substrate involved. 

The following data has been collected, where the velocity v is 
measured in xmol/min of the enzyme reaction and the substrate 
level [S] is measured in mol/L. 


[S] (iN MOL/L) v (IN #MOL/MIN) 
4.0 x 10-4 130 
2.0 x 10-4 110 
1.0 x 10-7 89 
5.0 x 10> 62 
4.0 x 10> 52 
2.5 X 10> 38 
2.0 x 10> 32 


121. a. Create a scatterplot of this data by identifying [S] with the 
x-axis and v with the y-axis. 
b. The graph seems to be leveling off. Give an estimate of 
the maximum value the velocity might achieve. Call this 
estimate V, 


max* 
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c. Another constant of importance in describing the 
relationship between v and [S] is K,,,. This is the value 
of [S] that results in the velocity being half its maximum 
value. Estimate this value. 
Note: K,,, measures the affinity level of a particular 
enzyme to a particular substrate. The lower the value of 
K,,, the higher the affinity. The higher the value of K,,,, the 
lower the affinity. 

d. The actual equation that governs the relationship between 


1+ K,,/[S] 


is the simple Michaelis-Menten kinetics equation. 


vand [S]isv = , which is NOT linear. This 


i. Use LnReg to get a best fit logarithmic curve for this 
data. Although the relationship between v and [S] is 
not logarithmic (rather, it is logistic), the best fit 
logarithmic curve does not grow very quickly and so it 
serves as a reasonably good fit. 

ii. At what [S] value, approximately, is the velocity 100 
pemol/min? 


122. The Michaelis—Menten equation can be arranged into various 
other forms that give a straight line (rather than a logistic 
curve) when one variable is plotted against another. One such 
rearrangement is the double-reciprocal Lineweaver—Burk 
equation. This equation plots the data values of the reciprocal 
of velocity (1/v) versus the reciprocal of the substrate level 
(1/[S]). The equation is as follows: 


i - Ke 2, A 


v Visage [S ] : V sisi 


Think of y as zs and x as 
. [S] 
a. What is the slope of the “line”? How about its 
y-intercept? 
b. Using the data from Exercise 121, we create two new 
columns for 1/v and 1/[S] to obtain the following data set: 


[S] (moL/L) 1/[S] Vv (wMOL/MIN) 1/v 

4.00E—04 2.50E+03 130 0.00769231 
2.00E—04 5.00E+03 110 0.0090909 1 
1.00E—04 1.00E+04 89 0.01123596 
5.00E—05 2.00E+ 04 62 0.01612903 
4.00E—05 2.50E+ 04 53 0.01886792 
2.50E—05 4.00E+04 38 0.02631579 
2.00E—05 5.00E+ 04 32 0.03125 


Create a scatterplot for the new data, treating x as 1/[S] 
and yas l/v. 
c. Determine the best fit line and value of r. 
d. Use the equation of the best fit line in (c) to calculate Vijax. 
e. Use the above information to determine K,,. 


SECTION 
5.3 PROPERTIES OF LOGARITHMS 


Properties of Logarithmic Functions 


Since exponential functions and logarithmic functions are inverses of one another, properties 
of exponents are related to properties of logarithms. We will start by reviewing properties of 
exponents, and then proceed to properties of logarithms. 

In Chapter 0, properties of exponents were discussed. 


PROPERTIES OF EXPONENTS 


Let a, b, m, and n be any real numbers and m > 0 and n > 0, then the following are 
true. 


il IN b” 
. bb" p= m+n 2b" = — a 3) SS pret 
Lb" b" =b =, ( 5 wae 
4. oy =b™ 5. (ab)” = a™- 6” 60 


Tee 1h 


From these properties of exponents we can develop similar properties for logarithms. We 
list seven basic properties. 


PROPERTIES OF LOGARITHMS 


If b, M, and N are positive real numbers, where b # | and p and x are real numbers, 
then the following are true: 


1. log,1 =0 2. log,b = 1 

3. log, b* = x Ape — x>0 

5. log, MN = log,M + log,N Product rule: Log of a product is the sum of 
the logs. 


M 
6. log, &) = log,M — log,N Quotient rule: Log of a quotient is the 
difference of the logs. 


7. log,M” = p log,M Power rule: Log of a number raised to an 
exponent is the exponent times the log of 
the number. 


5.3 Properties of Logarithms 


We will devote this section to proving and illustrating these seven properties. 
The first two properties follow directly from the definition of a logarithmic function and 
properties of exponentials. 
Property (1): log, 1 = O since b° = 1 
Property (2): log, b = 1 since b' = b 
The third and fourth properties follow from the fact that exponential functions and logarithmic 
functions are inverses of one another. Recall that inverse functions satisfy the relationship that 


f '(f@) = x for all x in the domain of f(x), and f(f- '(x)) = x for all x in the domain of f-'. 
Let f(x) = b‘ and f"'(x) = log, x. 


Property (3): 


Write the inverse identity. f 'Cf@)) =x 
Substitute f~'(x) = log, x. log,( f(x) = x 
Substitute f(x) = b*. log, b* =x 
Property (4): 

Write the inverse identity. 47 *@) =x 
Substitute f(x) = b*. bf =x 
Substitute f~'(x) = log,x x>0. po* =x 


The first four properties are summarized for common and natural logarithms. 


COMMON AND NATURAL LOGARITHM PROPERTIES 


Common Logarithm (base 10) Natural Logarithm (base e) 
1. log 1 =0 1. nl =0 

2. log 10 = 1 2. Ine=1 

3. log 10* = x 3. Ine* =x 

4.10%" =x x>0 4,e% =x x>0 


EXAMPLE 1_ Using Logarithmic Properties 


Use properties (1)—(4) to simplify the following expressions. 


a. logy 10 b. In 1 : c. 10leset8) 

d..e"@**>) e. log 10" f. Ines? 

Solution: 

a. Use property (2). logig 10 = 

b. Use property (1). Inl = /o| 

c. Use property (4). oeee*8) = x>-8 
d. Use property (4). elt@xt5) = 19x + 5 x>-3 
e. Use property (3). log 10" = 

f. Use property (3). Ines? = 


513 


514 CHAPTER 5 Exponential and Logarithmic Functions 


= Answer: 
log,(x*Wy) = 4log,x + zlog,y 


The fifth through seventh properties follow from the properties of exponents and the definition 
of logarithms. We will prove the product rule and leave the proofs of the quotient and power 
rules for the exercises. 


Property (5): log, MN = log, M + log, N 


WorpDs MatH 

Assume two logs that have the same base. Let u = log,M and v = log,N 
M>0,N>0 

Change to equivalent exponential forms. bY = Mand b’=N 

Write the log of a product. log, MN 

Substitute M = b" and N = Db’. = log,(b" b’) 

Use properties of exponents. = log, (b"*”) 

Apply property 3. =uty 


Substitute u = log, M, v = log,N. 


log, MN = log,M + log,N 


In other words, the log of a product is the sum of the logs. Let us illustrate this property 
with a simple example. 


log,M + log,N 


3 2 5 
log, 8 + log) 4 = log, 32 


Notice that log, 8 + log, 4 # log, 12. 


_) EXAMPLE 2. Writing a Logarithmic Expression as a Sum 
lala of Logarithms 


Use the logarithmic properties to write the expression log,(u’Vv) as a sum of simpler 


logarithms. 

Solution: 

Convert the radical to exponential form. log, ( wv) = log,(u’v'”) 

Use the product property (5). = log,u? + log,v!? 


2log,u + slog,v 


Use the power property (7). 


= YOUR TURN Use the logarithmic properties to write the expression log, (x*Wy) asa 
sum of simpler logarithms. 
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EXAMPLE 3. Writing a Sum of Logarithms as a Single Logarithmic 
Expression: The Right Way and the Wrong Way 


Use properties of logarithms to write the expression 2 log, 3 + 4 log, u as a single 
logarithmic expression. 


COMMON MISTAKE Y CAUTION 
: : : log, M + log, N = log,(MN) 
A common mistake is to write the sum of the logs as a log of the sum. 


log, M + log, N # log,(M + N) 
log,M + log,N # log,(M + N) ; 


€3 CORRECT INCORRECT 


Use the power property (7). 
2 log, 3 + 4 log, u = log, 3” + log, u* 
Simplify. 
log,9 + log, u* # log, (9 + u*) ERROR 
Use the product property (5). 


= log,(9u*) 


: ‘ A 2 In(?y? 
= YOUR TURN Express 2 Inx + 3 Inyasa single logarithm. ileal t. 


EXAMPLE 4 Writing a Logarithmic Expression as a Difference 
of Logarithms 


3 
Write the expression In (5) as a difference of logarithms. 
y 


Solution: 


3 
Apply the quotient property (6). In (5) = In(x*) — In(y?) 
y 


Apply the power property (7). =| 3Inx — 2Iny 


4 


. ‘ a 3 Z 
= YOUR TURN Write the expression log (S) as a difference of logarithms. 


= Answer: 4 loga — 5 logb 


Another common mistake is misinterpreting the quotient rule. 
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Y CAUTION EXAMPLE 5 Writing the Difference of Logarithms as a Logarithm 


M of a Quotient 
log,M — log,N = log, W 


Write the expression : Inx — 5 Iny as a logarithm of a quotient. 


log,M 
log,M — log,N # 
logyN COMMON MISTAKE 
enue ee 
08> 08> log, 
€3 CORRECT iq INCORRECT 
Use the power property (7). 
3 Inx = 5 Iny = Inx?/3 — Iny!/? 
Use the quotient property (6). 
2 Ine 
In ( 2) inyi2 ERROR 
1/2 
= Answer: log (S) = YOUR TURN Write the expression 5 loga — 3 logb as a single logarithm. 
EXAMPLE 6 Combining Logarithmic Expressions into a 
aa Single Logarithm 
Write the expression 3 log, x + log,(2x + 1) — 2 log, 4 as a single logarithm. 
Solution: 
Use the power property (7) on the first and 
third terms. = log, x + log,(2x + 1) — log, 4 
Use the product property (5) on the first 
two terms. = log,[x(2x + 1)] — log, 16 
. (2x + 1) 
Use the quotient property (6). = | log, 16 
POE PE 
™ Answer: in( 3y ) = YOUR TURN Write the expression 2 Inx — In(3y) + 3 Inzas a single logarithm. 


\) EXAMPLE 7_ Expanding a Logarithmic Expression into a Sum or 
aa Difference of Logarithms 


oe 
Write In a as a sum or difference of logarithms. 

x + 7x + 6 
Solution: 

(x — 3)@ + 2) 

Factor the numerator = In Ge Oa 1) 
and denominator. 
Use the quotient property (6). = In[(x — 3)(x + 2)] — In[(&x + 6)(x + 1)) 
Use the product property (5). = In(x — 3) + In(x + 2) — [In(x + 6) + In(x + 1)] 


Eliminate brackets. = | In(x — 3) + In(x + 2) — Inf + 6) — In + 1) 


5.3 Properties of Logarithms 


Change-of-Base Formula 

Recall that in the last section we were able to evaluate logarithms two ways: (1) exactly by 
writing the logarithm in exponential form and identifying the exponent and (2) using a 
calculator if the logarithms were base 10 or e. How do we evaluate a logarithm of general 
base if we cannot identify the exponent? We use the change-of-base formula. 


EXAMPLE 8_ Using Properties of Logarithms to Change the Base 
to Evaluate a General Logarithm 


Evaluate log, 8. Round the answer to four decimal places. 


Solution: 
Let y = log; 8. y = log; 8 
Write the logarithm in exponential form. 3? =8 
Take the log of both sides. log 3” = log 8 
Use the power property (7). y log 3 = log 8 
- ; log 8 

Divide both sides by log 3. y= 

log 3 

log 8 
Let y = log; 8. log;8 = 

log 3 


Example 8 illustrated our ability to use properties of logarithms to change from base 3 to 
base 10, which our calculators can handle. This leads to the general change-of-base formula. 


CHANGE-OF-BASE FORMULA 


For any logarithmic bases a and b and any positive number M, the change-of-base 
formula says that 
log, M 


log, M = 
2) log,b 


a 


In the special case when a is either 10 or e, this relationship becomes 


Common Logarithms Natural Logarithms 
nay; logM ey InM 
(o) = or ) = — 
ee logb 2 Inb 


It does not matter what base we select (10, e, or any other base), the ratio will be the same. 


Proof of Change-of-Base Formula 


WorpDs MatH 
Let y be the logarithm we want to evaluate. y = log,M 
Write y = log, in exponential form. b=M 


Let a be any positive real number (where a # 1). 
Take the log of base a of both sides of the equation. 
Use the power rule on the left side of the equation. 


Divide both sides of the equation by log,b. 


log, Db» = log, M 
y log, b = log,M 
_ log.M 


log,.b 
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EXAMPLE 9_ Using the Change-of-Base Formula 
Use the change-of-base formula to evaluate log, 17. Round to four decimal places. 
Solution: 


We will illustrate this two ways (choosing common and natural logarithms) using a 
scientific calculator. 


Common Logarithms 


log 17 
Use the change-of-base formula with base 10. log, 17 = 4 
0g 
Approximate with a calculator. = 2.043731421 
= |2.0437 
Natural Logarithms 
. In 17 
Use the change-of-base formula with base e. log, 17 = aa 
n 
Approximate with a calculator. = 2.043731421 


= Answer: log, 34 ~ 1.8122 : 
= YOUR TURN Use the change-of-base formula to approximate log; 34. Round to four 


decimal places. 


SECTION 


SUMMARY 


Properties of Logarithms Product Property: log, MN = log,M + log,N 
If a, b, M, and N are positive real numbers, where a # 1, b # 1 Quotient Property: toa) = log,M — log,N 
and p and x are real numbers, then the following are true: N 
Power Property: log, M” = p log,M 
GENERAL LOGARITHM COMMON LOGARITHM NATURAL LOGARITHM 
log, 1 = 0 log 1 =0 Ini =0 
log, b= 1 log 10 = 1 Ine=1 
log, b' = log 10° = x Ine =x 
oe = ae as = (0) IO"24 = gs SO Gu = x y= O 
log,M logM InM 
log, M = log, M = log, M = —— 
ue log,b Ae logb oe Inb 
SECTION 
5.3 | EXERCISES 
=SKILLS 


In Exercises 1-18, apply the properties of logarithms to simplify each expression. Do not use a calculator. 


1. logy 1 
5. logy 10° 


2 logeo 1 


6. Ine 


3. log, /(5) 
7. logj9 0.001 


4. log;3 3.3 
8. log, 3’ 
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9. log, V8 10. log; V5 11. gives5 12, glows 
13. elntet5) 14. 19!°8G"+224+D 15. 53 logs2 16. 7? losi5 
V7; 7-8? 18. eo2inl0 


In Exercises 19-32, write each expression as a sum or difference of logarithms. 


Example: log(m?n>) = 2logm+ 5logn 


19. log,(x*y°) 20. log,(x 4y~°) 21. log,(x!/7y") 22. log,(Vr Ay t) 
1/3 A 
23. el =) 24. el) 25. toa(~) 26. toes(~) 
s s yz z 
3 2 3 
x0 2) Vet 3Vx —4 
27. log(x2Vx + 5) 28. log[(x — 3)(x + 2)] 29. nf 30. In| “7+ —* 
Vets «+1 
31. 1 past 32. | =| 
. log) —.—— . log} =————_ 
re Sle + 3x4 
In Exercises 33-44, write each expression as a single logarithm. 
Example: 2 logm + 5 logn = log(m’n’) 
33. 3 log,x + 5 log,y 34. 2 log,u + 3 log,v 35. 5 log,u — 2 log,v 36. 3 log,x — log,y 
37. 5 log, x + 2 log,y 38. 5 log, x = 2 log,y 39. 2 logu — 3 logy — 2 logz 40. 3 logu — log2v — logz 
41. In(x + 1) + In@ — 1) — 2 In(@’ + 3) 42. Invx — 1 + Invx + 1 — 2In@’ - 1) 
43. 4in(x + 3) — dine + 2) — In) 44, 5 inQ? + 4) — 5 InG? — 3) — In@ — 1) 
In Exercises 45-54, evaluate the logarithms using the change-of-base formula. Round to four decimal places. 
45. log; 7 46. log, 19 47. logy/5 48. logs 5 
49. logs, 5.2 50. log; 2.5 51. log, 10 52. log, 2.7 
53. logy; 8 54. logy 9 
"APPLICATIONS 
55. Sound. Sitting in the front row of a rock concert exposes For Exercises 57 and 58, refer to the following: 


us to a sound pressure (or sound level) of 1 X 107! W/m? . . 
(or 110 dB), and a normal conversation is typically around There are two types of waves associated with an earthquake: 


1 X 10-6 W/m? (or 60 dB). How many decibels are you compression and shear. The compression, or longitudinal, 
waves displace material behind the earthquake’s path. 


Longitudinal waves travel at great speeds and are often called 
“primary waves” or simply “P” waves. Shear, or transverse, 
waves displace material at right angles to its path. Transverse 


exposed to if a friend is talking in your ear at a rock concert? 
Note: 160 dB causes perforation of the eardrums. Hint: Add 
the sound pressures and convert to dB. 


56. Sound. A whisper corresponds ee I on 10°" Wim? (or 20 = waves do not travel as rapidly through the Earth’s crust and 
dB), and a normal conversation is typically around 1 X 10 mantle as do longitudinal waves, and they are called 
W/m? (or 60 dB). How many decibels are you exposed to if “secondary” or “S” waves. 


one friend is whispering in your ear while the other one is 

talking at a normal level? Hint: Add the sound pressures and 57. Earthquakes. If a seismologist records the energy of P 

convert to dB. waves as 4.5 X 10’? joules and the energy of S waves as 
7.8 X 10° joules, what is the total energy? What would the 
combined effect be on the Richter scale? 


58. Earthquakes. Repeat Exercise 57 assuming the energy 
associated with the P waves is 5.2 X 10!! joules and the 
energy associated with the S waves is 4.1 X 10° joules. 
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=CATCH THE MISTAKE 


In Exercises 59-62, simplify if possible and explain the 61. log,x + log,y — logyz 
mistake that is made. - ‘ 
Solution: 
59. 3 log 5 — log 25 
Apply the product property (5). logs xy — logy z 
Solution: 
nied Apply the quotient property (6). logo4xyz 
: 0g 
Apply the quotient property (6). log 25 This is incorrect. What mistake was made? 
3 log 5 62. 2(log3 — log5) 
Write 25 = 5S”. 5 F 
log 5° Solution: 
3 
3 log 5 i = 
Apply the pane papery Os: g Apply the quotient property (6). 2( tos =) 
2 log 5 
3 2 
3 ¥ iad 
Sianeli: ; Apply the power property (7) (te 3) 
Apply a calculator to approximate. = 0.0492 


This is incorrect. The correct answer is log 5. What mistake 
was made? This is incorrect. What mistake was made? 


60. In3+21In4—31n2 


Solution: 

Apply the power property (7). In3 + In 4 — In2? 
Simplify. In3 + In 16 —1n8 
Apply property (5). In(3 + 16 — 8) 
Simplify. In 11 


This is incorrect. The correct answer is In 64. What mistake 
was made? 


=CONCEPTUAL 


In Exercises 63—66, determine whether each statement is true or false. 


1 1 Ina  loga 
63. | = ——_— 64. In e = —— 65. | > = (Inx + Iny)* 66. — = 
o8¢ ~ in 10 "Yo 10 a = eR Inb logb 
CHALLENGE 
. M ee ; ee 
67. Prove the quotient rule: log, wi log,M — log,N. 69. Write in terms of simpler logarithmic forms. 
Hint: Let u = log,M and v = log,N. Write both in x \o 
M log, | \/ 3-5 
exponential form and find the quotient toe). ye 
1 
68. Prove the power rule: log,M? = p log,M. 70. Show that toei(*) = —logpx. 


Hint: Let u = log,M. Write this log in exponential form, and 
find log,M”. 
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=TECHNOLOGY 


71. Use a graphing calculator to plot y = In(2x) and 75. Use a graphing calculator to plot y = In(x’) and y = 2 Inx. 
y = 1n2 + Inx. Are they the same graph? Are they the same graph? 
72. Use a graphing calculator to plot y = In(2 + x) and 76. Use a graphing calculator to plot y = (In x)’ and y = 2 Inx. 
y =In2 + Inx. Are they the same graph? Are they the same graph? 
logx 
7%. ‘ aa ai _ logx 4 77. Use a graphing calculator to plot y = In x and y = = 
. Use a graphing calculator to plot y = toed an Are they the same graph? oge 
In 
y = logx — log2. Are they the same graph? 78. Use a graphing calculator to plot y = log x and y = i : ; 
9 n 
74, Use a graphing calculator to plot y = log (3) and a 


y = logx — log2. Are they the same graph? 


SECTION EXPONENTIAL AND 
5.4 LOGARITHMIC EQUATIONS 


Exponential Equations 

In this book you have solved algebraic equations such as x” — 9 = 0, in which the goal 
is to solve for x by finding the values of x that make the statement true. Exponential and 
logarithmic equations have the x buried within an exponent or a logarithm, but the goal is 
the same. Solve for x. 


Exponential equation: e”**! = 5 


Logarithmic equation: log(3x — 1) = 7 
There are two methods for solving exponential and logarithmic equations that are based on 
the properties of one-to-one functions and inverses. To solve simple exponential and 
logarithmic equations, we will use one-to-one properties. To solve more complicated 


exponential and logarithmic equations, we will use properties of inverses. The following 
box summarizes the one-to-one and inverse properties that hold true when b > 0 andb#¥ 1. 


ONE-TO-ONE PROPERTIES 
*= p* if and only if x=y 
log,x = log,y if and only if x=y 
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INVERSE PROPERTIES 
ps = x x>0 


log, b* = x 
The following strategies are outlined for solving simple and complicated exponential 
equations using the one-to-one and inverse properties. 
STRATEGIES FOR SOLVING EXPONENTIAL EQUATIONS 


Strategy for Solving Exponential Equations 


TYPE OF EQUATION STRATEGY EXAMPLE 
Simple 1. Rewrite both sides of the equation in terms of the ES = 3D) 
same base. PS = 98 
2. Use the one-to-one property to equate the exponents. 3 = 
3. Solve for the variable. x= 
Complicated 1. Isolate the exponential expression. 3e* —2= 
3e* = 9 
et = 
2. Take the same logarithm* of both sides. nc = ine 
3. Simplify using the inverse properties. 26 = Ini3 
4. Solve for the variable. 2 = 5 In 3 
*Take the logarithm with base that is equal to the base of the exponent and use the property log, b* = x or take the natural logarithm and use 
the property In M’ = pInM. 


EXAMPLE 1_ Solving a Simple Exponential Equation 


Solve the exponential equations using the one-to-one property. 


a, 7 = 81 b. 57* = 125 ce. (4)” = 16 
Solution (a): 

Substitute 81 = 3*, 3* = 34 
Use the one-to-one property to identify x. x=4 
Solution (b): 

Substitute 125 = 5°. 57 * = 5° 
Use the one-to-one property. 7-x=3 
Solve for x. x=4 


Solution (c): 


1\*” 1 
Substitute (5) = (ss) = 24. 2-4 = 16 


Substitute 16 = 2+. 


Use the one-to-one property to identify y. 


mAnswer:a.x=4  b. y= —3 = YOUR TURN Solve the following equations. 


a 2°'=8 ~ b. (3) = 27 
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In Example 1, we were able to rewrite the equation in a form with the same bases so that 
we could use the one-to-one property. In Example 2, we will not be able to write both sides 
in a form with the same bases. Instead, we will use properties of inverses. 


EXAMPLE 2_ Solving a More Complicated Exponential Equation 
with a Base Other Than 10 or e 


Solve the exponential equations exactly and then approximate answers to 
four decimal places. 


aS*=16 b. 4°? =71 


Solution (a): 


Take the natural logarithm of both sides of the equation. In 5** = In 16 
Use the power property on the left side of the equation. 3x In5 = In 16 
sss , : In 16 
Divide both sides of the equation by 3 In 5. x= 3In5 
n 
Use a calculator to approximate x to four decimal places. x & 0.5742 
Solution (b): 
LL! 
Rewrite in logarithmic form. 3x + 2 = log, 71 . 
Subtract 2 from both sides. 3x = logy 71 — 2 Te ee, Lae. 
log, 71 — 2 
Divide both sides by 3. xe nie de Tat ee 
= 3582911866 
In 71 Ind 
Use the change-of-base formula, log, 71 = nd” x= = — 
n 
Use a calculator to approximate x to four 3.07487356 — 2 
decimal places. x —— = | 0.3583 


We could have proceeded in an alternative way by taking either the natural log or the 
common log of both sides and using the power property (instead of using the change- 
of-base formula) to evaluate the logarithm with base 4. 


Take the natural logarithm of both sides. In(4***?) =In71 
Use the power property (7). (3x + 2)In4 = In71 
fie In71 

Divide by In 4. 3x4 +2 = 
In 4 


Subtract 2 and divide by 3. 


Use a calculator to approximate x. 


3 © | 0.3583) 


= Answer: y = +Vlog;27 


=™ YOUR TURN Solve the equation a = 97 exactly and then approximate the answer to 
four decimal places. 


LN 
ye 


+1.4310 
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“\) EXAMPLE 3. Solving a More Complicated Exponential Equation 
aa with Base 10 or e 


Solve the exponential equation 4e* = 64 exactly and then round the answer to 
four decimal places. 


Solution: 
Divide both sides by 4. e = 16 
Take the natural logarithm (In) of both sides. In(e*) = In 16 
Simplify the left side with the property of inverses. x = In 16 
Solve for x using the square-root method. x = +ViIn 16 
Use a calculator to approximate x to four decimal places. x © +1.6651 
logiy7 + 3 : 2x3 
= Answer: x = ————— =& YOUR TURN Solve the equation 10 = 7 exactly and then round the answer to four 
2 decimal places. 
= 1.9225 
EB 
Technology Tip Solvi E ial E . dratic in F 
aU A _) EXAMPLE 4 _ Solving an Exponential Equation Quadratic in Form 
e*— 4e* + 3 is shown. The Solve the equation e** — 4e* + 3 = 0 exactly and then round the answer to four decimal 
x-intercepts are x © 1.10 and x = 0. places. 
Solution: 
Let u = e*. (Note: wv = e+ & = e*. uw —4u+3=0 
Factor. (u— 3)\u— 1) =0 
=i |: Solve for u. u=3o0ru=1 
Wade Seaton tr . ; 
Substitute u = e*. e=30re=1 
Take the natural logarithm (In) of both sides. In(e*) = In 3 or In(e*) = In 1 


Simplify with the properties of logarithms. x=In30rx=Inl 
m Answers x = log 2 0.3010 Approximate or evaluate exactly the right sides. x © 1.0986 or 


= YOUR TURN Solve the equation 100° — 10* — 2 = 0 exactly and then round the 
answer to four decimal places. 


Solving Logarithmic Equations 

We can solve simple logarithmic equations using the property of one-to-one 
functions. For more complicated logarithmic equations we can employ properties of 
logarithms and properties of inverses. Solutions must be checked to eliminate 
extraneous solutions. 


5.4 Exponential 


Strategy for Solving Logarithmic Equations 


and Logarithmic Equations 


525 


TYPE OF EQUATION 


STRATEGY 


EXAMPLE 


. Rewrite the equation in exponential form. 


. Solve for the variable. 


. Check the results and eliminate any extraneous solutions. 


Simple . Combine logarithms on each side of the equation log(x — 3) + logx = log4 
using properties. log x(x — 3) = log4 
. Use the one-to-one property to equate the arguments. x% — 3) = 4 
. Solve for the variable. x —3x-4=0 
(Ge = 4NGese ib) = @ 
pe IIE: 
. Check the results and eliminate any extraneous solutions. | Eliminate x = —1 because log(—1) 
is undefined. 
Complicated . Combine and isolate the logarithmic expressions. loge(@x + 2)) = logex = 2 


=| 
logs, ——— ] = 2 
ze 


xe ar 2) 5 
= 52 
i 
gop 2) = Dspe 
24x = 
si 
ip 
1 1 
loes( 5 t 2) loes( 5) 
25 1 
=| l 
oe) o8.(35) 
ae] 
1 5 any Pea, 
1/12 


= log; [25] = 2 Vv 


EXAMPLE 5 Solving a Simple Logarithmic Equation 


(ina Solve the equation log,(2x — 3) = log4(x) + logy(x — 2). 


Solution: 


Apply the product property (5) on the 


right side. 


Apply the property of one-to-one functions. 


Distribute and simplify. 


Factor. 


Solve for x. 


The possible solution x = 1 must be 
eliminated because it is not in the domain 
of two of the logarithmic functions. 


= YOUR TURN Solve the equation In(x + 


log,(2x — 3) = log,[x(x — 2)] 
2x — 3 = x(x — 2) 
vr —4x+3=0 
(x — 3)(x- 1) =0 
x=3orx=1 
undefined 
—“— 


x = 1: log,(—1) 2 logy(1) + log4(—1) 


8) = In(x) + In( + 3). 


undefined 


Study Tip 


Solutions should be checked in 


the original equation to eliminate 


extraneous solutions. 


= Answer: x = 2 


526 CHAPTER 5 Exponential and Logarithmic Functions 


|} EXAMPLE 6_ Solving a More Complicated Logarithmic Equation 
Solve the equation log,(9x) — log,(x — 8) = 4. 


Solution: 
9 
Employ the quotient property (6) on the left side. log; ( = 3) =4 
= 
Se : . 9x ri 
Write in exponential form. log,x=y>x=D 8 =3 
ie 
aT : ; 9x 
Simplify the right side. 8 = 81 
a 
Multiply the equation by the LCD, x — 8. 9x = 81(x — 8) 
Eliminate parentheses. 9x = 81x — 648 
Solve for x. —72x = —648 
x=9 


Check: log;[9 - 9] — log3[9 — 8] = log,[81] — log; 1 =4—-0=4 


= Answer: x = 2 : 
= YOUR TURN Solve the equation log,(4x) — log,(2) = 2. 


= 
le EXAMPLE 7_ Solving a Logarithmic Equation with No Solution 
Technology Tips 


Solve the equation In(3 — y= Ts 
Graphs of y, = In(3 — x’) and 


y> = 7 are shown. Solution: 
V1=1nt2-H=) Write in exponential form. 3-7 =e! 
Simplify. vr =3-e! 
puly. 
7: : 
3 — e’ is negative. x” = negative real number 


There are no real numbers that when squared yield a negative real number. Therefore, there 


is no real solution. 


No intersection of the graphs indicates 


no solution. 


Applications 


In the chapter opener we saw that archaeologists determine the age of a fossil by how much 
carbon 14 is present at the time of discovery. The number of grams of carbon 14 based on 
the radioactive decay of the isotope is given by 


= 4 _,-0.000124 
A = Age 


where A is the number of grams of carbon 14 at the present time, Ag is the number of grams 
of carbon 14 while alive, and f is the number of years since death. Using the inverse 
properties, we can isolate f. 


Worps MatH 
A 
Divide by Apo. = ¢~0.0001241 
Ao 
i i A —0.0001241 
Take the natural logarithm of both sides. In A.) = In(e ag 2 ) 
0 


> 


Simplify the right side utilizing properties of inverses. in( +) = —0.000124t 
0 
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1 A 
Solve for ¢. t 1 
eas 0.000124 (4) 


Let’s assume that animals have approximately 1000 mg of carbon 14 in their bodies 
when they are alive. If a fossil has 200 mg of carbon 14, approximately how old is 
the fossil? Substituting A = 200 and Ay = 1000 into our equation for t, we find 


1 1 
In ) = 12,979.338 
0.000124 (; 


The fossil is approximately 13,000 years old. 


EXAMPLE 8 Calculating How Many Years It Will Take for 
Money to Double 


You save $1000 from a summer job and put it in a CD earning 5% compounding 
continuously. How many years will it take for your money to double? Round to the 
nearest year. 


Solution: 
Recall the compound continuous interest formula. A= Pe" 
Substitute P = 1000, A = 2000, and r = 0.05. 2000 = 1000¢°° 
Divide by 1000. 2 = @9 0 
Take the natural logarithm of both sides. In2=In hens ) 
Simplify with the property In e* = x. In 2 = 0.05 
In 2 
Solve for ¢. t= 0.05 = 13.8629 


It will take almost 14 years for your money to double. 


ee ; . . = Answer: approximately 11 years 
= YOUR TURN How long will it take $1000 to triple (become $3000) in a savings 


account earning 10% a year compounding continuously? Round your 
answer to the nearest year. 


When an investment is compounded continuously, how long will it take for that investment 


to double? 
WorpDs MatH 
Write the interest formula for compounding continuously. A = Pe" 
Let A = 2P (investment doubles). 2P = Pe" 
Divide both sides of the equation by P. 2=e" 
Take the natural log of both sides of the equation. In 2 = Ine” 
Simplify the right side by applying the property In e* = x. In2 =rt 
Divide both sides by r. t= ws 
Approximate In 2 ~ 0.7. te ae 


r 
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Recall that an interest rate such as 4.5% is written in decimal form as r = 0.045. 
70 
te 
100r 


Multiply the numerator and denominator by 100. 


This is the “rule of 70.” 
If we divide 70 by the interest rate (compounding continuously), we get the approximate 


time for an investment to double. In Example 8, the interest rate (compounding 
continuously) is 5%. Dividing 70 by 5 yields 14 years. 


Si SECTION 
—— SUMMARY 


Strategy for Solving Exponential Equations Strategy for Solving Logarithmic Equations 
TYPE OF EQUATION STRATEGY TYPE OF EQUATION STRATEGY 
Simple 1. Rewrite both sides of the equation Simple 1. Combine logarithms on each side of 
in terms of the same base. the equation using properties. 
2. Use the one-to-one property to 2. Use the one-to-one property to 
equate the exponents. equate the arguments. 
3. Solve for the variable. 3. Solve for the variable. 
Complicated 1. Isolate the exponential expression. 4. Eliminate any extraneous solutions. 
2. Take the same logarithm* of both Complicated 1. Combine and isolate the logarithmic 
sides. expressions. 
3. Simplify using the inverse 2. Rewrite the equation in exponential 
properties. form. 
4. Solve for the variable. 3. Solve for the variable. 


4. Eliminate any extraneous solutions. 


*Take the logarithm with the base that is equal to the base of the exponent and use the 


property log, b‘ = x, or take the natural logarithm and use the property In M” = p In M. 


SECTION 
5.4 EXERCISES 


"SKILLS 


In Exercises 1-18, solve the exponential equations exactly for x. 


1. 3°=81 2, 5° = 125 3. F=% 4.4 =% 

5. 2" = 16 6. 169° = 13 7 Gy =F 8 (3) =F 
9, P35 =] 10. 10°"! = 1 ly P= 12. 125° = 5-3 
1 A a 14, 5° 3 = 5% 15, 9* = 3° 16. 16°! = 2" 
17, e! = eX #3 18. 10°-* = 100° 


In Exercises 19-44, solve the exponential equations exactly and then approximate your answers to three decimal places. 
19. 107 = 81 20. 2**! = 21 21. 3°41 =5 22. 5°*"1 = 35 
235° 27 =o" 24, 15= 7% 25. 3e°-8 =7 26. S5e* + 12 = 27 


5.4 
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27. 9-2e°* =1 28. 21 — 4e°! =5 29. 2(3*) - 11 =9 30. 3(2*) + 8 = 35 
31. e*** = 22 32. e* = 73 33. 3e°* = 18 34. 4(10*) = 20 
35. e* + Te’ - 3 =0 36. e*— 4e*-5 =0 37, 3*-37Y=0 38. (3° — 3°*)3* +377) =0 
39. a 1 40. Ss 2 41. ae f 42. — 8 
e = e~+4 6 — e* 3-e 
43. a =2 44. aa =4 
In Exercises 45-62, solve the logarithmic equations exactly. 
45. log(2x) = 2 46. log(5x) = 3 47. log,(2x + 1)=4 48. log,(3x — 1) =3 
49. log,(4x — 1) = -3 50. log,(5 — 2x) = —2 51. Inv’ —In9=0 52. logx’ + log x =3 
53. logs(x — 4) + logsx = 1 54, log.(x — 1) + log,(x — 3) = 3 
55. log(x — 3) + log(x + 2) = log(4x) 56. log.(x + 1) + log,(4 — x) = log,(6x) 
57. log(4 — x) + log(x + 2) = log(3 — 2x) 58. _log(3 — x) + log(x + 3) = log(1 — 2x) 
59. logy(4x) — woe, 7) =3 60. log;(7 — 2x) — log3(x + 2) = 2 
61. log(2x — 5) — log(x — 3) = 1 62. log3;(10 — x) — log;(x + 2) = 1 


In Exercises 63-78, solve the logarithmic equations exactly, if possible; and then approximate your answers to three decimal places. 


63. Inx’ =5 64. log 3x =2 65. log(2x + 5) =2 66. In(4x — 7) =3 
67. In? + 1) =4 68. log(x? + 4) = 2 69. In(2x + 3) = —2 70. log(3x — 5) = —-1 
71. log(2 — 3x) + log(3 — 2x) = 1.5 72. log,(3 — x) + log,(1 — 2x) = 5 

73. In(x) + In(x — 2) = 4 74. In(4x) + In@2Q + x) =2 

75. log,(1 — x) — log;(x + 2) = log, x 76. logs(x + 1) — logs(x — 1) = log;(x) 

77. InVx + 4 - InVx — 2 = Invx+t+ 1 78. log(V1 — x) = log(Vx + 2) = log x 


"=APPLICATIONS 


79. Health. After strenuous exercise Sandy’s heart rate R (beats 


per minute) can be modeled by 


R(t) = 151e", O< 4 < 15 


where ¢ is the number of minutes that have elapsed after she 


stops exercising. 
a. 
stops at time t = 0). 

Determine how many minutes it takes after Sandy stops 
exercising for her heart rate to drop to 100 beats per 
minute. Round to the nearest minute. 


b. 


exercising. 


80. 


Find Sandy’s heart rate at the end of exercising (when she 


. Find Sandy’s heart rate 15 minutes after she had stopped 


Business. A local business purchased a new company van for 


$45,000. After 2 years the book value of the van is $30,000. 


a. 
V(t) = Vy e where V is the value of the van in dollars 
and f is time in years. 


value of the van to drop to $20,000? 


Find an exponential model for the value of the van using 


. Approximately how many years will it take for the book 


81. 


82. 


83. 


84. 


85. 


86. 


Money. If money is invested in a savings account earning 
3.5% interest compounded yearly, how many years will pass 
until the money triples? 


Money. If money is invested in a savings account earning 
3.5% interest compounded monthly, how many years will 
pass until the money triples? 


Money. If $7500 is invested in a savings account earning 5% 
interest compounded quarterly, how many years will pass 
until there is $20,000? 


Money. If $9000 is invested in a savings account earning 6% 
interest compounded continuously, how many years will pass 
until there is $15,000? 


Earthquakes. On September 25, 2003 an earthquake that 
measured 7.4 on the Richter scale shook Hokkaido, Japan. 
How much energy (joules) did the earthquake emit? 


Earthquakes. Again, on that same day (September 25, 
2003), a second earthquake that measured 8.3 on the Richter 
scale shook Hokkaido, Japan. How much energy (joules) did 
the earthquake emit? 
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87. 


88. 


89. 


90. 


=CATCH THE MISTAKE 


Sound. Matt likes to drive around campus in his classic 
Mustang with the stereo blaring. If his boom stereo has a 
sound intensity of 120 dB, how many watts per square meter 
does the stereo emit? 


Sound. The New York Philharmonic has a sound intensity of 
100 dB. How many watts per square meter does the orchestra 
emit? 


Anesthesia. When a person has a cavity filled, the dentist 
typically administers a local anesthetic. After leaving the 
dentist’s office, one’s mouth often remains numb for several 
more hours. If a shot of anesthesia is injected into the 
bloodstream at the time of the procedure (t = 0), and the 
amount of anesthesia still in the bloodstream t hours after the 
initial injection is given by A = Aye °, in how many hours 
will only 10% of the original anesthetic still be in the 
bloodstream? 


Investments. Money invested in an account that compounds 
interest continuously at a rate of 3% a year is modeled by 
A = Ae®°*, where A is the amount in the investment after 

t years and Ag is the initial investment. How long will it 

take the initial investment to double? 


In Exercises 95-98, explain the mistake that is made. 


95. 


96. 


Solve the equation: 4e* = 9. 


Solution: 
Take the natural log of both sides. In(4e*) = In9 
Apply the property of inverses. 4x = In9 
1 
Solve for x. x= = = 0.55 


This is incorrect. What mistake was made? 


Solve the equation: log(x) + log(3) = 1. 


Solution: 

Apply the product property (5). log(3x) = 1 
Exponentiate (base 10). 1986”) = 4 
Apply the properties of inverses. 3x = 1 
Solve for x. x= ; 


This is incorrect. What mistake was made? 


91. 


92. 


93. 


94. 


97. 


98. 


Biology. The U.S. Fish and Wildlife Service is releasing a 
population of the endangered Mexican gray wolf in a 
protected area along the New Mexico and Arizona border. 
They estimate the population of the Mexican gray wolf to be 
approximated by 


200 


P®) = ——5 
OF Te me 


How many years will it take for the population to reach 
100 wolves? 


Introducing a New Car Model. If the number of new model 
Honda Accord hybrids purchased in North America is given 

100,000 
YN TS 00 
Honda releases the new model, how many weeks will it take 
after the release until there are 50,000 Honda hybrids from 
that batch on the road? 


where f is the number of weeks after 


Earthquakes. A P wave measures 6.2 on the Richter scale, 
and an S wave measures 3.3 on the Richter scale. What is 
their combined measure on the Richter scale? 


Sound. You and a friend get front row seats to a rock concert. 
The music level is 100 dB, and your normal conversation is 
60 dB. If your friend is telling you something during the 
concert, how many decibels are you subjecting yourself to? 


Solve the equation: log(x) + log(x + 3) = 1 for x. 

Solution: 

log(x? + 3x) 
19’2"+39 = 49! 


1 


Apply the product property (5). 
Exponentiate both sides (base 10). 
Apply the property of inverses. x + 3x = 10 
Factor. (x + 5)(x — 2) = 0 
Solve for x. x= -—S5andx=2 
This is incorrect. What mistake was made? 

Solve the equation: log x + log 2 = log 5. 

Solution: 

Combine the logarithms on the left. log(x + 2) = log 5 
Apply the property of one-to-one functions. x + 2=5 
Solve for x. x=3 


This is incorrect. What mistake was made? 
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=CONCEPTUAL 
In Exercises 99-102, determine whether each statement is true or false. 


99. The sum of logarithms with the same base is equal to the 103. Solve for x in terms of b: 
logarithm of the product. 


1 ; 1 
100. A logarithm squared is equal to two times the logarithm. 3 log,(e) + 2 log,(x° — 2x + 1) = 2 


101, 2°* =x 104. Solve exactly: 
102. e* = —2 has no solution. 2 log,(x) + 2 log,(1 — x) = 4. 
' CHALLENGE 
_ 3000 . 107. A function called the hyperbolic cosine is defined as the 
ea a 1 + 260 for pin teams of y. average of exponential growth and exponential decay by 
e ieee ee 
106. State the range of values of x such that the following identity Sf) = an an Find its inverse. 


holds: e@™"-® = x? — a. 
108. A function called the hyperbolic sine is defined by 


x Xx 


ff) = a Find its inverse. 


=TECHNOLOGY 
109. Solve the equation In 3x = In(x? + 1). Using a graphing 112. Use a graphing utility to help solve log x* = In(x — 3) + 2. 
calculator, plot the graphs y = In(3x) and y = In(? + 1) in f = 
the same viewing rectangle. Zoom in on the point where the 


+ 
113. Use a graphing utility to graph y = ar State the 


graphs intersect. Does this agree with your solution? domain. Determine if there are any symmetries and 
110. Solve the equation 10° = 0,001". Using a graphing Beye: ote 
calculator, plot the graphs y = 10° and y = 0.001’ in the 114. Use a graphing utility to graph y = ———. State the 
e— e* 


same viewing rectangle. Does this confirm your solution? ; oo : 
domain. Determine if there are any symmetries and 


111. Use a graphing utility to help solve 3* = 5x + 2. asymptotes. 
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SECTION 
5.5 EXPONENTIAL AND LOGARITHMIC MODELS 


The following table summarizes the five primary models that involve exponential and 


logarithmic functions. 


f@) =at+clinx 


wearing off, time to pay off credit 
cards 


Name MopeEL GRAPH APPLICATIONS 
Exponential f(x) = ce® k>0 Y World populations, bacteria growth, 
growth appreciation, global spread of the 
HIV virus 
x 
Exponential f(x) = ce™ k>0 y Radioactive decay, carbon dating, 
decay depreciation 
x 
Gaussian f@) = cee or" y Bell curve (grade distribution), life 
(normal) expectancy, height/weight charts, 
distribution intensity of a laser beam, IQ tests 
x 
Logistic growth a y Conservation biology, learning curve, 
f) = 
lt+e spread of virus on an island, carrying 
capacity 
x 
Logarithmic f(x) =a+t+clogx y Population of species, anesthesia 
a 


5.5 Exponential and Logarithmic Models 


Exponential Growth Models 

Quite often one will hear that something “grows exponentially,’ meaning that it grows very 
fast and at increasing speed. In mathematics, the precise meaning of exponential growth 
is a growth rate of a function that is proportional to its current size. Let’s assume you get a 
5% raise every year in a government job. If your starting annual salary out of college is 
$40,000, then your first raise will be $2000. Fifteen years later your annual salary will be 
approximately $83,000 and your next 5% raise will be around $4150. The raise is always 
5% of the current salary, so the larger the current salary, the larger the raise. 

In Section 5.1 we saw that interest that is compounded continuously is modeled 
by A = Pe". Here A stands for amount and P stands for principal. There are similar 
models for populations; these take the form M(t) = Noe”, where No represents the 
number of people at time ¢ = 0, r is the growth rate, f is time in years, and N represents 
the number of people at time ¢. In general, any model of the form f(x) = ce“, k > 0, 
models exponential growth. 


©) EXAMPLE 1_ World Population Projections 


The world population is the total number of humans on Earth at a given time. In 2000 the 
world population was 6.1 billion and in 2005 the world population was 6.5 billion. Find the 
relative growth rate and determine what year the population will reach 9 billion. 


Solution: 
Assume an exponential growth model. N(t) = Noe" 
Let t = 0 correspond to 2000. N(O) = Ny = 6.1 
In 2005, t = 5, the population was 6.5 billion. 6.5 = 6.1e” 
6.5 
Solve for r. —— = e 
6.1 


The relative growth rate is approximately per year. 


Assuming the growth rate stays the same, write a 
population model. 


Let M(t) = 9. 


Solve for t. 


r © 0.012702681 


N(t) — 6.1e°-0!3# 
9= 6.1e20!" 


9 
00131 — 


1 
In(e0?) = in( 2) 


a 


0.013t¢ = In 


2 


t © 29.91813894 


In | 2030 | the world population will reach 9 billion if the same growth rate is maintained. 


= Answer: 1% per year; 2115 


= YOUR TURN The population of North America was 300 million in 1995 and 
332 million in 2005. Find the relative growth rate and determine what 


year the population will reach 1 billion. 
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Exponential Decay Models 
We mentioned radioactive decay briefly in Section 5.1. Radioactive decay is the process 
in which radioactive elements (atoms) lose energy by emitting radiation in the form of 
particles. This results in loss of mass. This process is random, but given a large number of 
atoms, the decay rate is directly proportional to the mass of the radioactive substance. Since 
the mass is decreasing, we say this represents exponential decay, m = me", where mo 
represents the initial mass at time f = 0, ris the decay rate, fis time, and m represents the mass 
at time ¢. In general, any model of the form f(x) = ce“, k > 0, models exponential decay. 
Typically, the decay rate r is expressed in terms of the half-life h. Recall (Section 5.1) 
that half-life is the time it takes for a quantity to decrease by half. 


WorpDs MatH 
Write the radioactive decay model. m= me ™ 
Divide both sides by mo. mesen 
Mo 
. . . . "ae 1 a rh 
The remaining mass is half of the initial mass when t = h. > =e™ 
Solve for 7: 
1 
Take the natural logarithm of both sides. in( 5) = In(e™”) 
Simplify. In] — In2 = -rh 
0 
rh = In2 
In2 
r=— 
h 


EXAMPLE 2 Radioactive Decay 


The radioactive isotope of potassium *’K, which is vital in the diagnosis of brain tumors, 
has a half-life of 12.36 hours. 


a. Determine the exponential decay model that represents the mass of “K. 

b. If 500 milligrams of potassium-42 are taken, how many milligrams will remain after 
48 hours? 

c. How long will it take for the original 500-milligram sample to decay to a mass of 
5 milligrams? 


Solution (a): 


In 2 
Write the relationship between rate of decay and half-life. r= a 
Let h = 12.36. r © 0.056 


Write the exponential decay model for the mass of K. M = Moe 
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Solution (b): lag 
Let my = 500 and ¢ = 48. m = 500e 948) =~ 3.4,00841855 Technology Tip 


There are approximately of “°K still in the body after 48 hours. Graphs of Y, = 500e~°°* with 

x = tand Y, = 5 are shown. 
Note: Had we used the full value of r = 0.056079868, the resulting mass would have been 
m = 33.8782897, which is approximately 34 milligrams. 


Plekd Floke  FIeks 
null Baeee™« —. B56 


Solution (c): 


WEBS 
Write the exponential decay model for the mass of “K. m = moe °° 
Let m = 5 and my = 500. 5 = 500e °° 
Solve for t. 
Divide by 500 goose 9 tL 
‘ 500. ~—-:100 
Intersection 
1 n=Be.2s51he TH=o 
Take the natural logarithm of both sides. Infe ?*) =In 00 
Simplif —0.056r = | = 
implify. : D| F00 
Divide by —0.056 and approximate 
with a calculator. t © 82.2352 


It will take approximately for the original 500-milligram substance to decay 
to a mass of 5 milligrams. 


; ; nA a 0.18241 
= YOUR TURN The radioactive element radon-222 has a half-life of 3.8 days. ren - i pedis 
a. Determine the exponential decay model that represents the mass of c. 15 days 
radon-222. 


b. How much of a 64-gram sample of radon-222 will remain after 
7 days? Round to the nearest gram. 

c. How long will it take for the original 64-gram sample to decay to a 
mass of 4 grams? Round to the nearest day. 


Gaussian (Normal) Distribution Models 
If your instructor plots the grades from the last test, typically you will see a Gaussian 
(normal) distribution of scores, otherwise known as the bell-shaped curve. Other 
examples of phenomena that tend to follow a Gaussian distribution are SAT scores, Numberof'scores 
height distributions of adults, and standardized tests like IQ assessments. 

The graph to the right represents a Gaussian distribution of IQ scores. The average 
score, which for IQ is 100, is the x-value at which the maximum occurs. The typical 
probability distribution is 


F(x) = eB 20? 
oV2n 0.1% 0.1% 
55 70 85 100115 130 145 
7 ; 7 Intelligence quotient 
where p is the average or mean value and the variance is o°. (Score on Wechsler Adult Intelligence Scale) 
—(x-ay/k + 


Any model of the form f(x) = ce is classified as a Gaussian model. 


Plot the graph of Y,; = 


E 
Tecnaciody in =. 
60000 


1 + 5e 0 


with x = t. Use the | TRACE | key to 


find f(20) and f(40). 


Flotd Flotz Flot 
W4'1 BBG686/01+5e* 
(7.1243 


wee 


Ed LULU a Bo A 


need Sherr lel a 


A table of values supports the 
solution at tf = 20 and t = 40. 


Wi Bbeeee-Cltse™... 
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)) EXAMPLE 3 Weight Distributions 


Suppose each member of a Little League football team is weighed and the weight 
distribution follows the Gaussian model f(x) = 10e™@ 19/5, 


a. Graph the weight distribution. 
b. What is the average weight of a member of this team? 
c. Approximately how many boys weigh 95 pounds? 


Solution: 


a yy b. | 100 pounds 


10 


c. f(95) = 10e 05 1007/25 
ioe 

= 10e"! 

3.6788 


60 150 Approximately weigh 95 pounds. 


Logistic Growth Models 


ll 


v 


Earlier in this section we discussed exponential growth models for populations that experience 
uninhibited growth. Now we will turn our attention to logistic growth, which models 
population growth when there are factors that impact the ability to grow, such as food 
and space. For example, if 10 rabbits are dropped off on an uninhabited island, they will 
reproduce and the population of rabbits on that island will experience rapid growth. The 
population will continue to increase rapidly until the rabbits start running out of space or 
food on the island. In other words, under favorable conditions the growth is not restricted, 
while under less favorable conditions the growth becomes restricted. This type of growth is 


represented by logistic growth models, f(x) = =a Ultimately, the population of 
cé ~ 
rabbits reaches the island’s carrying capacity, a. 


) EXAMPLE 4 Number of Students on a College Campus 
In 2011, the University of Central Florida (UCF) gee) Cauimiber of seudents) 


was the second largest university in the country. The ses 

number of students can be modeled by the function: 50,000 

60,000 45,000 

x) = ———,, where f is time in years and 40,000 

fia) 1+ 5e0 2? y 35,000 

30,000 

t = Ocorresponds to 1970. 25,000 

20,000 

a. How many students attended UCF in 1990? 15,000 

Round to the nearest thousand. 10,000 
5,000 1970 t (time in years) 


b. How many students attended UCF in 2010? 
c. What is the carrying capacity of the UCF main campus? 


10 20 30 40 50 60 
(1980) (2000) (2020) 


Round all answers to the nearest thousand. 


60,000 

Solution (a): Let t = 20. Fx) = 1 + 5e70-1220) y 41,000 
60,000 

Solution (b): Let t = 40. f@ = T+ 5e-01240) = | 58,000 


Solution (c): As ¢ increases, the UCF student population approaches | 60,000 |. 
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Logarithmic Models 


Homeowners typically ask the question, “If I increase my payment, how long will it take to 
pay off my current mortgage?” In general, a loan over f years with an annual interest rate r 


r 
with n periods per year corresponds to an interest rate per period of i = —. Typically 
n 


loans are paid in equal payments consisting of the principal P plus total interest divided 
by the total number of periods over the life of the loan nt. The periodic payment R is 
given by 
i 
P = 
1-d+a™ 


R= 


We can find the time (in years) it will take to pay off the loan as a function of periodic payment 


by solving for t. 
Worps MATH 
Multiply both sides by 1 — (1 +1)". Ril-d+ i”) = Pi 
Eliminate the brackets. R-RO +) "=Pi = 
Subtract R. —-R(1+i)"=Pi-R Technology Tip le 
Pi 
Divide by —R. 147% = 1 == Floki Floke Flak 
aca one R WHEL SaaaC, 13 
yft1-¢1+8,.13-1 
Take the natural log of both sides. Indi +i" = in — > 
“My 
' ; Pi 
Use the power property for logarithms. —ntIn(1 + i) = Inf 1 - R Use the keystrokes |2nd||Calc 
5:Intersect| to find the points of 
In(1 — Pi/R) intersection. 
Isolate f. ; 
nI|n(1 + i) 


3 


or In(1 — Pr/(nR)) 
Leti = -. t= 
nIn(1 + r/n) 


EXAMPLE 5 Paying Off Credit Cards 


Tatersection 
H=l¢.946266 T=200 


James owes $15,000 on his credit card. The annual interest rate is 13% compounded 


monthly. 
a. Find the time it will take to pay off his credit card if he makes payments of 
$200 per month. 
b. Find the time it will take to pay off his credit card if he makes payments of Ta —— 
$400 per month. HE40S1BE 9 Y=4O0 
15,000(0.13) 
Int 1 — ———— 
12R 
Let P = 15,000, r = 0.13, and n = 12. t= 


0.13 
12 Inj 1 + —— 
12 
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( ao) 
ni 
12(200) 


0.13 
12 Inj 1 + —— 
12 


$200 monthly payments will allow James to pay off his credit card in about +13 years |. 


( 15.00015)) 
In{ 1 — ————— 
12(400) 


0.13 
12 In| 1 + —— 
12 


$400 monthly payments will allow James to pay off the balance in approximately /4 years |. 
It is important to note that doubling the payment reduced the time to pay off the balance 
to less than a third. 


Solution (a): Let R = 200. t 


Solution (b): Let R = 400. 


SECTION 


SUMMARY 


In this section we discussed five main types of models that involve exponential and logarithmic functions. 


NAME MopDeEL APPLICATIONS 

Exponential growth RO) = C2 ESO Uninhibited growth (populations/inflation) 

Exponential decay fO)ZH CEES Carbon dating, depreciation 

Gaussian (normal) distributions f@) = ce fa Tk Bell curves (standardized tests, height/weight charts, distribution of 

power flux of laser beams) 

Logistic growth fQ) = eZ Conservation biology (growth limited by factors like food and space), 
1+ce* learning curve 

Logarithmic ff) =a+clogx Time to pay off credit cards, annuity planning 


f@=at+clnx 
or quotients of 
logarithmic functions 


SECTION 
5.5 | EXERCISES 


=SKILLS 


In Exercises 1-6, match the function with the graph (a to f) and the model name (i to v). 


‘ 200 
1. f() = Se” 2. M(t) = 28°”? 3. T(x) = 4e@ 80/10 4. P(t) = —>z 
1ser" 
5. D(x) = 4 + log(x — 1) 6. h(t) = 2 + In(t + 3) 
Model Name 


i. Logarithmic ii. Logistic iii. Gaussian iv. Exponential growth v. Exponential decay 


5.5 Exponential and Logarithmic Models 539 


Graphs 
a. b. c. 
AY AY AY 
10 200 10 
x x 
~6 14 = 5 
d. e. f. 
AY AY 
20 5 
x 
= ad 
-5 
x 
=] 20 ile 
"APPLICATIONS 
7. Population Growth. The population of the Philippines in 11. Cellular Phone Plans. The number of cell phones in 
2003 was 80 million. Their population increases 2.36% per China is exploding. In 2007, there were 487.4 million cell 
year. What was the expected population of the Philippines in phone subscribers and the number was increasing at a rate 
2010? Apply the formula VN = Noe”, where N represents the of 16.5% per year. How many cell phone subscribers were 
number of people. there in 2010 according to this model? Use the formula 
. a : N = Ne”, where N represents the number of cell phone 
8. Population Growth. China’s urban population is growing at subscribers. Let t = 0 correspond to 2007. 
2.5% a year, compounding continuously. If there were 13.7 
million people in Shanghai in 1996, approximately how 12. Bacteria Growth. A colony of bacteria is growing 
many people will there be in 2016? Apply the formula exponentially. Initially 500 bacteria were in the colony. The 
N = Noe”, where N represents the number of people. growth rate is 20% per hour. (a) How many bacteria should be 
; ; ; in the colony in 12 hours? (b) How many in one day? Use the 
9. Population Growth. Port St. Lucie, Florida, had the United formula N = Noe”, where N represents the number of bacteria. 
States’ fastest growth rate among cities with a population of 
100,000 or more between 2003 and 2004. In 2003, the 13. Real Estate Appreciation. In 2004, the average house in Las 
population was 103,800 and increasing at a rate of 12% per Vegas cost $185,000, and real estate prices were increasing at 
year. In what year should the population reach 200,000? an amazing rate of 30% per year. What was the expected cost 
(Let t = 0 correspond to 2003.) Apply the formula N = Noe”, of an average house in Las Vegas in 2007? Use the formula 
where N represents the number of people. N = Noe”, where N represents the average cost of a home. 
Round to the nearest thousand. 
10. Population Growth. San Francisco’s population has been 


declining since the “dot com” bubble burst. In 2002, the 
population was 776,000. If the population is declining at a 
rate of 1.5% per year, in what year will the population be 
700,000? (Let t = 0 correspond to 2002.) Apply the formula 
N = Noe ", where N represents the number of people. 


14. 


Real Estate Appreciation. The average cost of a single-family 
home in California in 2004 was $230,000. In 2005, the 
average cost was $252,000. If this trend continued, what 
was the expected cost in 2007? Use the formula N = Nye", 
where N represents the average cost of a home. Round to 

the nearest thousand. 
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15. Oceanography (Growth of Phytoplankton). Phytoplankton 
are microscopic plants that live in the ocean. Phytoplankton 
grow abundantly in oceans around the world and are the 
foundation of the marine food chain. One variety of 
phytoplankton growing in tropical waters is increasing at a 
rate of 20% per month. If it is estimated that there are 
100 million in the water, how many will there be in 6 months? 
Utilize formula N = Noe”, where N represents the population 
of phytoplankton. 


16. Oceanography (Growth of Phytoplankton). In Arctic 
waters there are an estimated 50 million phytoplankton. 
The growth rate is 12% per month. How many phytoplankton 
will there be in 3 months? Utilize formula N = Noe”, where 
N represents the population of phytoplankton. 


17. HIV/AIDS. In 2003, an estimated 1 million people had been 
infected with HIV in the United States. If the infection rate 
increases at an annual rate of 2.5% a year compounding 
continuously, how many Americans will be infected with the 
HIV virus by 2015? 


18. HIV/AIDS. In 2003, there were an estimated 25 million 
people who have been infected with HIV in sub-Saharan 
Africa. If the infection rate increases at an annual rate of 
9% a year compounding continuously, how many Africans 
will be infected with the HIV virus by 2015? 


19. Anesthesia. When a person has a cavity filled, the dentist 
typically gives a local anesthetic. After leaving the dentist’s 
office, one’s mouth often is numb for several more hours. If 
100 ml of anesthesia is injected into the local tissue at the 
time of the procedure (t = 0), and the amount of anesthesia 
still in the local tissue ¢ hours after the initial injection is 
given by A = 100e °*’, how much is in the local tissue 
4 hours later? 


20. Anesthesia. When a person has a cavity filled, the dentist 
typically gives a local anesthetic. After leaving the dentist’s 
office, one’s mouth often is numb for several more hours. If 
100 ml of anesthesia is injected into the local tissue at the 
time of the procedure (t = 0), and the amount of anesthesia 
still in the local tissue t hours after the initial injection is 
given by A = 100e °*’, how much is in the local tissue 
12 hours later? 


21. Business. The sales S (in thousands of units) of a new mp3 
player after it has been on the market for f years can be 
modeled by 


S(t) = 750011 — e*) 


a. If 350,000 units of the mp3 player were sold in the first 
year, find k to four decimal places. 

b. Use the model found in part (a) to estimate the sales of the 
mp3 player after it has been on the market for 3 years. 


22. Business. During an economic downturn the annual profits of 
a company dropped from $850,000 in 2008 to $525,000 in 
2010. Assume the exponential model P(t) = P, e“ for the 
annual profit where P is profit in thousands of dollars, and 
t is time in years. 


a. Find the exponential model for the annual profit. 

b. Assuming the exponential model is applicable in the year 
2012, estimate the profit (to the nearest thousand dollars) 
for the year 2012. 


23. Radioactive Decay. Carbon-14 has a half-life of 5730 years. 
How long will it take 5 grams of carbon-14 to be reduced to 
2 grams? 


24. Radioactive Decay. Radium-226 has a half-life of 1600 
years. How long will it take 5 grams of radium-226 to be 
reduced to 2 grams? 


25. Radioactive Decay. The half-life of uranium-238 is 4.5 
billion years. If 98% of uranium-238 remains in a fossil, how 
old is the fossil? 


26. Radioactive Decay. A drug has a half-life of 12 hours. If the 
initial dosage is 5 milligrams, how many milligrams will be 
in the patient’s body in 16 hours? 


In Exercises 27-30, use the following formula for Newton’s 
law of cooling. 


If you take a hot dinner out of the oven and place it on the kitchen 
countertop, the dinner cools until it reaches the temperature of 
the kitchen. Likewise, a glass of ice set on a table in a room 
eventually melts into a glass of water at that room temperature. 
The rate at which the hot dinner cools or the ice in the glass melts 
at any given time is proportional to the difference between its 
temperature and the temperature of its surroundings (in this case, 
the room). This is called Newton’s law of cooling (or warming) 
and is modeled by 


T= Ts + (Ty — Tse“ 


where T is the temperature of an object at time f, T, is the 
temperature of the surrounding medium, 7p is the temperature of 
the object at time t = 0, tis the time, and k is a constant. 


27. Newton’s Law of Cooling. An apple pie is taken out of the 
oven with an internal temperature of 325°F. It is placed on a 
rack in a room with a temperature of 72°F. After 10 minutes, 
the temperature of the pie is 200°F. What will be the 
temperature of the pie 30 minutes after coming out of the oven? 


28. Newton’s Law of Cooling. A cold drink is taken out of 
an ice chest with a temperature of 38°F and placed on a 
picnic table with a surrounding temperature of 75°F. After 
5 minutes the temperature of the drink is 45°F. What will 
the temperature of the drink be 20 minutes after it is taken 
out of the chest? 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


Forensic Science (Time of Death). A body is discovered 
in a hotel room. At 7:00 A.M. a police detective found the 
body’s temperature to be 85°F. At 8:30 A.M. a medical 
examiner measures the body’s temperature to be 82°F. 
Assuming the room in which the body was found had a 
constant temperature of 74°F, how long has the victim been 
dead? (Normal body temperature is 98.6°F.) 


Forensic Science (Time of Death). At 4 A.M. a body is 
found in a park. The police measure the body’s temperature 
to be 90°F. At 5 A.m. the medical examiner arrives and 
determines the temperature to be 86°F. Assuming the 
temperature of the park was constant at 60°F, how long has 
the victim been dead? 


Depreciation of Automobile. A new Lexus IS250 has a 
book value of $38,000, and after one year it has a book value 
of $32,000. What is the car’s value in 4 years? Apply the 
formula N = Noe”, where N represents the value of the car. 
Round to the nearest hundred. 


Depreciation of Automobile. A new Hyundai Tiburon has a 
book value of $22,000, and after 2 years a book value of 
$14,000. What is the car’s value in 4 years? Apply the 
formula N = Noe”, where N represents the value of the car. 
Round to the nearest hundred. 


Automotive. A new model BMW convertible coupe is designed 
and produced in time to appear in North America in the fall. 
BMW Corporation has a limited number of new models 
available. The number of new model BMW convertible coupes 
100,000 


1+ 10e°” 
where f is the number of weeks after the BMW is released. 


purchased in North America is given by N = 


a. How many new-model BMW convertible coupes will 
have been purchased 2 weeks after the new model 
becomes available? 

b. How many after 30 weeks? 

c. What is the maximum number of new model BMW 
convertible coupes that will be sold in North America? 


iPhone. The number of iPhones purchased is given by 
__ 2,000,000 
1 +204 
made available for purchase. 


where ¢ is the time in weeks after they are 


a. How many iPhones are purchased within the first 2 weeks? 
b. How many iPhones are purchased within the first month? 


Spread of a Virus. The number of MRSA (methicillin- 
resistant Staphylococcus aureus) cases has been rising 
sharply in England and Wales since 1997. In 1997, 2422 
cases were reported. The number of cases reported in 2003 
was 7684. How many cases will be expected in 2013? (Let 

t = O correspond to 1997.) Use the formula N = Nye”, where 
N represents the number of cases reported. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 
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Spread of a Virus. Dengue fever, an illness carried by 
mosquitoes, is occurring in one of the worst outbreaks in 
decades across Latin America and the Caribbean. In 2004, 
300,000 cases were reported, and 630,000 cases in 2007. 
How many cases might be expected in 2013? (Let t = 0 be 
2004.) Use the formula N = Noe”, where N represents the 
number of cases. 


Carrying Capacity. The Virginia Department of Fish and 

Game stocks a mountain lake with 500 trout. Officials believe 

the lake can support no more than 10,000 trout. The number of 
10,000 


La oe 
How many years will it take for the trout population to reach 
5000? 


trout is given by N = where f is time in years. 


Carrying Capacity. The World Wildlife Fund has placed 
1000 rare pygmy elephants in a conservation area in Borneo. 
They believe 1600 pygmy elephants can be supported in this 
environment. The number of elephants is given by 
_ 1600 
1 + 0.6e°°14” 
years will it take the herd to reach 1200 elephants? 


where f is time in years. How many 


Lasers. The intensity of a laser beam is given by the ratio of 
power to area. A particular laser beam has an intensity 
function given by J = e’ mW/cm?, where r is the radius off 
the center axis given in cm. Where is the beam brightest 
(largest intensity)? 


Lasers. The intensity of a laser beam is given by the ratio 

of power to area. A particular laser beam has an intensity 
function given by J = e” mW/cm”, where r is the radius off 
the center axis given in cm. What percentage of the on-axis 
intensity (r = 0) corresponds to r = 2 cm? 


Grade Distribution. Suppose the first test in this class has a 
normal, or bell-shaped, grade distribution of test scores, 
with an average score of 75. An approximate function that 
models your class’s grades on test 1 is N(x) = 102-79 
where N represents the number of students who received the 
score x. 


a. Graph this function. 

b. What is the average grade? 

c. Approximately how many students scored a 50? 
d. Approximately how many students scored 100? 


Grade Distribution. Suppose the final exam in this class has a 
normal, or bell-shaped, grade distribution of exam scores, with 
an average score of 80. An approximate function that models 
your class’s grades on the exam is M(x) = 10e@- 89" where 
N represents the number of students who received the score x. 


a. Graph this function. 

b. What is the average grade? 

c. Approximately how many students scored a 60? 
d. Approximately how many students scored 100? 
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43. Time to Pay Off Debt. Diana just graduated from medical 
school owing $80,000 in student loans. The annual interest 
rate is 9%. 


a. Approximately how many years will it take to pay off her 
student loan if she makes a monthly payment of $750? 

b. Approximately how many years will it take to pay off 
her loan if she makes a monthly payment of $1000? 


44. Time to Pay Off Debt. Victor owes $20,000 on his credit 
card. The annual interest rate is 17%. 


a. Approximately how many years will it take him to 
pay off this credit card if he makes a monthly payment 
of $300? 

b. Approximately how many years will it take him to 


pay off this credit card if he makes a monthly payment 
of $400? 


"CATCH THE MISTAKE 


In Exercises 47 and 48, explain the mistake that is made. 


47. The city of Orlando, Florida, has a population that is growing 
at 7% a year, compounding continuously. If there were 1.1 
million people in greater Orlando in 2006, approximately 
how many people will there be in 2016? Apply the formula 
N = Noe”, where N represents the number of people. 


Solution: 

Use the population growth model. N = Noe” 
Let No = 1.1,r = 7, and t = 10. N= 1.1e 
Approximate with a calculator. 2.8 x 10° 


This is incorrect. What mistake was made? 


=CONCEPTUAL 


For Exercises 45 and 46, refer to the following: 


A local business borrows $200,000 to purchase property. The loan 
has an annual interest rate of 8% compounded monthly and a 
minimum monthly payment of $1467. 


45. Time to Pay Off Debt/Business. 


a. Approximately how many years will it take the business 
to pay off the loans if only the minimum payment is 
made? 

b. How much interest will the business pay over the life of 
the loan if only the minimum payment is made? 


46. Time to Pay Off Debt/Business. 


a. Approximately how many years will it take the business 
to pay off the loan if the minimum payment is doubled? 

b. How much interest will the business pay over the life of 
the loan if the minimum payment is doubled? 

c. How much in interest will the business save by doubling 
the minimum payment (see Exercise 45, part b)? 


48. The city of San Antonio, Texas, has a population that is 
growing at 5% a year, compounding continuously. If there 
were 1.3 million people in the greater San Antonio area in 
2006, approximately how many people will there be in 2016? 
Apply the formula N = Nye”, where N represents the number 
of people. 


Solution: 

Use the population growth model. N = Noe” 
Let No = 1.3, r= 5, andt = 10. N = 1.3e90 
Approximate with a calculator. 6.7 X 107! 


This is incorrect. What mistake was made? 


In Exercises 49-52, determine whether each statement is true or false. 


49. When a species gets placed on an endangered species list, the 
species begins to grow rapidly, and then reaches a carrying 
capacity. This can be modeled by logistic growth. 


50. A professor has 400 students one semester. The number of 
names (of her students) she can memorize can be modeled by 
a logarithmic function. 


51. The spread of lice at an elementary school can be modeled 
by exponential growth. 


52. If you purchase a laptop computer this year (t = 0), then the 
value of the computer can be modeled with exponential 
decay. 
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CHALLENGE 


In Exercises 53 and 54, refer to the logistic model f(x) = 5 where a is the carrying capacity. 


a 
1+ce* 


53. Asc increases, does the model reach the carrying capacity in 54. Ask increases, does the model reach the carrying capacity in 
less time or more time? less time or more time? 


"TECHNOLOGY 


55. Wing Shan just graduated from dental school owing $80,000 56. Hong has a credit card debt in the amount of $12,000. The 
in student loans. The annual interest is 6%. Her time f to pay annual interest is 18%. His time f to pay off the loan is 
off the loan is given by given by 
In(1 — 12000(0.18)/(mR)) 


nIn(1 + 0.18/n) 


In(1 — 80000(0.06)/(nR)) 
nIn(1 + 0.06/n) 


where 7 is the number of payment periods per year and R is 
where n is the number of payment periods per year and R is the periodic payment. 


ne penode pay aent, a. Use a graphing utility to graph 


a. Use a graphing utility to graph In(1 — 12000(0.18)/(12x)) ae 
t= as Y, ani 
In(1_ — 80000(0.06)/(12x)) ' 12 In(1 + 0.18/12) : 
t= as Y, and 
12 In(1 + 0.06/12) In(1 — 12000(0.18)/(26x)) 

= - 

__ _ _ !a( = 80000(0.06)/26x)) 2 26 In(l + 0.18/26)? 

2 26 In(1 + 0.06/26) oe Explain the difference in the two graphs. 

Explain the difference in the two graphs. b. Use the |TRACE| key to estimate the number of years it 


will take Hong to pay off his credit card if he can afford a 


b. Use the | TRACE | key to estimate the number of years it raonthly- payment of $300. 


will take Wing Shan to pay off her student loan if she can 
afford a monthly payment of $800. c. If he can make a biweekly payment of $150, estimate the 
number of years it will take him to pay off the credit card. 


c. If she can make a biweekly payment of $400, estimate the 
number of years it will take her to pay off the loan. d. If he adds $100 more to his monthly or $50 more to his 
biweekly payment, estimate the number of years it will 


d. If she adds $200 more to her monthly or $100 more to her takedhinito-pay- oir thie credibeatd, 


biweekly payment, estimate the number of years it will 
take her to pay off the loan. 


CHAPTER 5 INQUIRY-BASED LEARNING PROJECT 


Among other ideas, in Chapters 3 and 4 you studied functions and their inverses. For 
instance, you worked with this familiar quadratic function: y = x’. In words, this 
means “squaring x equals y.’ The equation of its inverse function can be written 
x = y’; “squaring y equals x” Of course, we call y the “square root of x” In order to 
write this relationship with y in terms of x, mathematicians devised the symbol for 
square root, and so we write y = Vx. 

Keep these ideas in mind as you look now at an exponential function and the need 
to define a new function and new symbol for its inverse. 


1. Lef f be the base 10 exponential function, f(x) = 10%. 
a. Graph the exponential function y = 10” by plotting points. 


x y AY 


ta 


b. Discuss whether or not f(x) = 10* has an inverse function. How did you 
determine this? 


c. Using the definition of inverse function, complete the table below for the 
function y = f~'(x). Then plot the points to make a graph. 


x y AY 


d. In part (a) y = 10%, so we could say, “10 to the power of x equals y.” Write a 
similar statement about the inverse relationship between x and y in part (d). 
How would you write this as an equation? 


2. If you wanted to obtain the graph of y = f~'(x) using your graphing calculator, you 
would need to solve for y in the equation you wrote in part (d) above. To this end, 
we need a new symbol to represent the relationship x = 10”. We will call y the 
“base 10 logarithm of x” and write y = log,o(x). 


a. The base 10 logarithm is also called the common logarithm. (You will study 
logarithms of other bases in Chapter 5.) Use the “log” key on your graphing 
calculator to graph y = log;o(x). How does this graph differ from the one you 
sketched in part 1(c)? 


b. What are the domain and range of y = log,o(x)? 
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MODELING OUR WORLD 


The following table summarizes the average yearly temperature in degrees Fahrenheit (°F) 
and carbon dioxide emissions in parts per million (ppm) for Mauna Loa, Hawaii. 


y YEAR 


1960 | 1965 | 1970 | 1975 | 1980 | 1985 | 1990 | 1995 | 2000 | 2005 


TEMPERATURE 


44.45 | 43.29 | 43.61 | 43.35 | 46.66 | 45.71 | 45.53 | 4753 | 45.86 | 46.23 


CO, EMISSIONS 
(PPM) 


316.9 | 320.0 | 325.7 | 331.1 | 338.7 | 345.9 | 354.2 | 360.6 | 369.4 | 379.7 


In the Modeling Our World feature in Chapters 3 and 4, the temperature and carbon 
emissions were modeled with /inear functions and polynomial functions, respectively. 
Now, let us model these same data using exponential and logarithmic functions. 


1. 


Plot the temperature data, with time on the horizontal axis and temperature on the 
vertical axis. Let t= 1 correspond to 1960. 


Find a logarithmic function with base e, f(t) = A In Bt, that models the temperature in 
Mauna Loa. 

a. Apply data from 1965 and 2005. 

b. Apply data from 2000 and 2005. 

c. Apply regression and all data given. 


Predict what the temperature will be in Mauna Loa in 2020. 
a. Use the function found in 2a. 


b. Use the function found in 2b. 
c. Use the function found in 2c. 


Predict what the temperature will be in Mauna Loa in 2100. 
a. Use the function found in 2a. 


b. Use the function found in 2b. 
c. Use the function found in 2c. 


Do your models support the claim of “global warming”? Explain. Do these logarithmic 
models give similar predictions to the linear models found in Chapter 3 and the 
polynomial models found in Chapter 4? 


Plot the carbon dioxide emissions data, with time on the horizontal axis and carbon 
dioxide emissions on the vertical axis. Let t = O correspond to 1960. 


Find an exponential function with base e, f(t) = Ae”, that models the CO, emissions 
(ppm) in Mauna Loa. 

a. Apply data from 1960 and 2005. 

b. Apply data from 1960 and 2000. 

c. Apply regression and all data given. 

Predict the expected CO, levels in Mauna Loa in 2020. 


a. Use the function found in 7a. 
b. Use the function found in 7b. 
c. Use the function found in 7c. 


545 


MODELING OUR WORLD (continued) 


9. Predict the expected CO, levels in Mauna Loa in 2100. 
a. Use the function found in 7a. 
b. Use the function found in 7b. 
c. Use the function found in 7c. 


10. Do your models support the claim of “global warming”? Explain. Do these exponential 
models give similar predictions to the linear models found in Chapter 3 or the 
polynomial models found in Chapter 4? 


11. Comparing the models developed in Chapters 3, 4, and 5, do you believe that 
global temperatures are best modeled with a linear, polynomial, or logarithmic 
function? 


12. Comparing the models developed in Chapters 3, 4, and 5, do you believe that CO, 
emissions are best modeled by linear, polynomial, or exponential functions? 
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P CHAPTER 5 REVIEW 


SECTION 


CoNncEPT 


Key IDEAS/FORMULAS 


Exponential functions and 
their graphs 


Evaluating exponential functions 


f= b>0,b#1 


Graphs of exponential functions 


y-intercept (0, 1) Horizontal asymptote: y = 0; 
the points (1, b) and (—1, 1/b) 


The natural base e 


fae 


Applications of exponential 
functions 


Doubling time: P = P,2” 
nt 
Compound interest: A = (1 + ") 
n 


Compounded continuously: A = Pe” 


Logarithmic functions and 
their graphs 


y = log, x x>0 
b>0,b#41 


Evaluating logarithms 


y = log, x and x = b” 


Common and 
natural logarithms 


y =logx Common (base 10) 
y=Inx Natural (base e) 


Graphs of logarithmic functions 


x-intercept (1, 0) Vertical asymptote: x = 0; 
the points (b, 1) and (1/b, —1) Domain: (0, 00) 


Applications of logarithms 


Properties of logarithms 


Properties of logarithmic functions 


Decibel scale: 


I 
D = 10 log (+) Ty = 1 X 10°? Win? 
T 


Richter scale: 


MAIAAY YALdVHO 


hwbhy = 
= 

jo} 

go 

> 

= 

| 

a 


. H%* = x x>0 
Product property: 5. log, MN = log, M + log, N 
M 
Quotient property: 6. toes( ¥) = log, M — log, N 


Power property: 7. log, M’ = p log, M 


Change-of-base formula 


Exponential and logarithmic 
equations 


Solving exponential 
equations 


Simple exponential equations 

1. Rewrite both sides of the equation in terms 
of the same base. 

2. Use the one-to-one property to equate 
the exponents. 

3. Solve for the variable. 
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SECTION ConcePT Key IDEAS/FORMULAS 
Complicated exponential equations 
1. Isolate the exponential expression. 
2. Take the same logarithm of both sides. 
3. Simplify using the inverse properties. 
4. Solve for the variable. 


Solving logarithmic Simple logarithmic equations 
equations 1. Combine logarithms on each side of the 
equation using properties. 
2. Use the one-to-one property to equate 
the exponents. 
3. Solve for the variable. 
4. Eliminate any extraneous solutions. 
Complicated logarithmic equations 
1. Combine and isolate the logarithmic expressions. 
2. Rewrite the equation in exponential form. 
3. Solve for the variable. 
4. Eliminate any extraneous solutions. 


5.5 Exponential and logarithmic 
f models 
5 Exponential growth models f(x) =ce" kk >0 
Ww 
ing Exponential decay models f(x) = ce™ k>0 
e Gaussian (normal) distribution f@® = ce ek 
= models 
ou 
a isti h model oa 
I Logistic growth models fa = ltck 
O 
Logarithmic models f(x) =a+clogx 
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CHAPTER 5 REVIEW EXERCISES 


5.1 Exponential Functions and 
Their Graphs 


Approximate each number using a calculator and round your 


answer to two decimal places. 
io" Qa 3.493" 


Approximate each number using a calculator and round your 
answer to two decimal places. 


4.1.2! 


5. & 6. e” re ial a al 
Evaluate each exponential function for the given values. 
9. f(x) = 24° f(-2.2) 
10. f(x) = -2**4 f(.3) 
1—6x 
1. f(x) = (3) f(3) 
5x 
12. f(x) = (3) F(5) 
Match the graph with the function. 
13. y=2*? 14, y= -2?" 
15, y=2+9"" 16. y= -2=3""* 
a. b. 
AY AY 
> 10 
=10 i0 
x 
- “10 10” 
c d. 
AY BY : 
20 a 
10 
> 2 
-10 —- 


State the y-intercept and the horizontal asymptote and graph 
the exponential function. 


17. y= -6~* 
19 y=1+107 


18. y=4-3" 
20. y=4"-4 


State the y-intercept and horizontal asymptote, and graph the 
exponential function. 


21. y=e* 
23. y = 3.2e*/ 


22. y=e*! 
24. y=2-e'* 
Applications 


25. Compound Interest. If $4500 is deposited into an account 
paying 4.5% compounding semiannually, how much will you 
have in the account in 7 years? 


26. Compound Interest. How much money should be put in a 
savings account now that earns 4.0% a year compounded 
quarterly if you want $25,000 in 8 years? 


27. Compound Interest. If $13,450 is put in a money market 
account that pays 3.6% a year compounded continuously, 
how much will be in the account in 15 years? 


28. Compound Interest. How much money should be invested 
today in a money market account that pays 2.5% a year 
compounded continuously if you desire $15,000 in 10 years? 


5.2 Logarithmic Functions and 
Their Graphs 


Write each logarithmic equation in its equivalent 
exponential form. 


29. log, 64 = 3 30. log, 2 = 4 


31. log(i) = —2 32. logis 4 = 4 


Write each exponential equation in its equivalent 
logarithmic form. 


33. 6 = 216 

4 _ (2) 
35. i659 = (G3) 
Evaluate the logarithms exactly. 
37. log; 1 
39. log), 1296 


34. 107+ = 0.0001 
36. 512 = 8 


38. log, 256 
40. log 107 


Approximate the common and natural logarithms utilizing a 
calculator. Round to two decimal places. 


41. log 32 42. In 32 

43. In 0.125 44. log 0.125 

State the domain of the logarithmic function in interval notation. 
45. f(x) = log3;(x + 2) 46. f(x) = log,(2 — x) 

47. f(x) = log(x? + 3) 48. f(x) = log(3 — 2°) 


Match the graph with the function. 
49. y=log,x 50. y = —log; (—x) 
51. y = log, (x + 1) —3 52. y = —log, (1 — x) + 3 
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a. b. Evaluate the logarithms using the change-of-base formula. 
ale ‘ial 71. logs 3 72. logs 5 
x 
“0 b> 73. log, 1.4 74. logy; 2.5 
5.4 Exponential and 
Logarithmic Equations 
Solve the exponential equations exactly for x. 
. 75, 4° = 55 76. 3° = 81 
-10 10 als a 
Wes 78. eV* = 48 
a d. 79. (3)""? = 81 80. 100° = 10 
AY AY , Solve the exponential equation. Round your answer to three 
10 “0 io? decimal places. 
81. e*3-3=10 82. 27°'4+3=17 
83. e+ 6e°+5=0 84. 4e°' = 64 
85. (2°-2*\(2°+ 2) =0 86. 5(2") = 25 
Solve the logarithmic equations exactly. 
1) x 87. log(3x) = 2 
ra 10 10” sie 
Oo ie 88. log,(x + 2) =4 
- Graph the logarithmic function with transformation techniques. 89. log, x + log, 2x = 8 
. 53. f(x) = log, (x — 4) + 2 54. f(x) = log, (x + 4) — 3 90. logs x + logs(2x — 1) = log, 3 
S 55. f(x) = —log, (x) — 6 56. f(x) = —2 log, (—x) + 4 Solve the logarithmic equations. Round your answers to three 
f decimal places. 
WwW 
iN 


57. Chemistry. Calculate the pH value of milk, assuming it has a a Hy 
’ ; ; 92. In(3x — 4) =7 
concentration of hydrogen ions given by H* = 3.16 X 107’. 


. ra 93. log,(2 — x) — log;(x + 3) = log; x 
58. Chemistry. Calculate the pH value of Coca-Cola, assuming it 


has a concentration of hydrogen ions given by HT =2.0X 10%, 94. 4log(@x + 1)— 2log@+ 1)=1 


59. Sound. Calculate the decibels associated with a teacher speaking 


5.5 Exponential and 
to a medium-sized class if the sound intensity is 1 < 107’ W/m’. is 


Logarithmic Models 


60. Sound. Calculate the decibels associated with an alarm clock 


if the sound intensity is 1 * 10-* W/m’. 95. Compound Interest. If Tania needs $30,000 a year from now 

for a down payment on a new house, how much should she put 

5.3 Properties of Logarithms in a 1-year CD earning 5% a year compounding continuously 

Use the properties of logarithms to simplify each expression. so that she will have exactly $30,000 a year from now? 

61. log); 2.5 62. log, V16 96. Stock Prices. Jeremy is tracking the stock value of Best Buy 
(BBY on the NYSE). In 2003, he purchased 100 shares at 

63, 250" 64, °° $28 a share. The stock did not pay dividends because the 

Write each expression as a sum or difference of logarithms. company reinvested all earnings. In 2005, Jeremy cashed out 
and sold the stock for $4000. What was the annual rate of 

65. log, x“y’ 66. log, x°y ° return on BBY? 

67. log; (5) 68. log x* Vx + 5 97. Compound Interest. Money is invested in a savings 

r account earning 4.2% interest compounded quarterly. How 
ql? od'/3 3 many years will pass until the money doubles? 
69. log | aan | 70. log, ] 


98. Compound Interest. If $9000 is invested in an investment 
earning 8% interest compounded continuously, how many 
years will pass until there is $22,500? 


99. Population. Nevada has the fastest growing population 
according to the U.S. Census Bureau. In 2004, the population 
of Nevada was 2.62 million and increasing at an annual rate of 
3.5%. What is the expected population in 2014? (Let t = 0 be 
2004.) Apply the formula N = Ne”, where N is the population. 


100. Population. The Hispanic population in the United States is 
the fastest growing of any ethnic group. In 1996, there were 
an estimated 28.3 million Hispanics in the United States, 
and in 2000 there were an estimated 32.5 million. What is 
the expected population of Hispanics in the United States in 
2014? (Let t = 0 be 1996.) Apply the formula N = Noe”, 


where N is the population. 


101. Bacteria Growth. Bacteria are growing exponentially. Initially, 
there were 1000 bacteria; after 3 hours there were 2500. How 
many bacteria should be expected in 6 hours? Apply the 


formula N = Ne”, where N is the number of bacteria. 


102. Population. In 2003, the population of Phoenix, Arizona, 
was 1,388,215. In 2004, the population was 1,418,041. What 
is the expected population in 2014? (Let t = 0 be 2003.) 


Apply the formula N = Noe”, where N is the population. 


103. Radioactive Decay. Strontium-90 has a half-life of 28 years. 
How long will it take for 20 grams of this to decay to 
5 grams? Apply the formula N = Noe”, where N is the 


number of grams. 


Radioactive Decay. Plutonium-239 has a half-life of 25,000 
years. How long will it take for 100 grams to decay to 

20 grams? Apply the formula N = Noe~”, where N is the 
number of grams. 


Wild Life Population. The Boston Globe reports that the fish 
population of the Essex River in Massachusetts is declining. 
In 2003, it was estimated there were 5600 fish in the river, and 
in 2004, there were only 2420 fish. How many should there 
have been in 2010 assuming the same trend? Apply the 
formula N = Noe”, where N is the number of fish. 

Car Depreciation. A new Acura TSX costs $28,200. In 2 
years the value will be $24,500. What is the expected value 
in 6 years? Apply the formula N = Noe", where N is the 
value of the car. 


104. 


105. 


106. 


107. Carrying Capacity. The carrying capacity of a species of 
beach mice in St. Croix is given by M = 1000(1 — e-°*) 
where M is the number of mice and f is time in years (t = 0 
corresponds to 1998). How many mice were there in 2010 


according to this model? 


Population. The city of Brandon, Florida, had 50,000 
residents in 1970, and since the crosstown expressway was 
built, its population has increased 2.3% per year. If the 
growth continues at the same rate, how many residents will 
Brandon have in 2030? 


108. 


Technology 


Section 5.1 


109. Use a graphing utility to graph the function 


V2\" 
fx = (: + —— ] . Determine the horizontal asymptote as 
x 


x increases. 


110. 


Review Exercises 551 


Use a graphing utility to graph the functions y = e-**? 


and y = 3* + | in the same viewing screen. Estimate the 
coordinates of the point of intersection. Round your answers 
to three decimal places. 


Section 5.2 


111. 


112. 


Use a graphing utility to graph the functions 

y = log, 4(3x — 1) and y = logys(x — 1) + 3.5 in the same 
viewing screen. Estimate the coordinates of the point of 
intersection. Round your answers to three decimal places. 


Use a graphing utility to graph the functions 

y = log, (x — 1) + 2 and y = 3.5" * in the same 

viewing screen. Estimate the coordinates of the point(s) of 
intersection. Round your answers to three decimal places. 


Section 5.3 


113. 


114. 


Section 5.4 
115. 


116. 


3 
Use a graphing utility to graph f(x) = toee( =") and 
ye - 


g(x) = 3 log, x — log.(x + 1) — log.(x — 1) in the same 
viewing screen. Determine the domain where the two 
functions give the same graph. 


1 
and g(x) = In(3 — x) +In(3+x)-In@+1)-In@- 1) 
in the same viewing screen. Determine the domain where 
the two functions give the same graph. 


9 o>, Be 
Use a graphing utility to graph f(x) = In ( 2 a ) 


x —x 


Use a graphing utility to graph y = ES State the 
e+e” 


a 
m 
S 
m 
= 
m 
x 
m 
0 
2) 
7) 
m 
7) 


domain. Determine if there are any symmetries and asymptotes. 


1 
Use a graphing utility to graph y = ———... State the 
e—e° 


domain. Determine if there are any symmetries and asymptotes. 


Section 5.5 


117. 


118. 


A drug with initial dosage of 4 milligrams has a half-life of 
18 hours. Let (0, 4) and (18, 2) be two points. 


a. Determine the equation of the dosage. 


b. Use STAT | CALC || ExpReg | to model the equation of the 


dosage. 


c. Are the equations in (a) and (b) the same? 


In Exercise 105, let t = 0 be 2003 and (0, 5600) and 
(1, 2420) be the two points. 


a. Use | STAT || CALC 
the fish population. 


ExpReg | to model the equation for 


b. Using the equation found in (a), how many fish should 
have been expected in 2010? 


c. Does the answer in (b) agree with the answer in 
Exercise 105? 


PRACTICE TEST 


CHAPTER 5 PRACTICE TEST 


1. Simplify log 10". 


2. Use a calculator to evaluate log; 326 (round to two decimal 


places). 


3. Find the exact value of log,,3 81. 


Sx 


4. Rewrite the expression In | in a form with no 


x(x + 1) 
logarithms of products, quotients, or powers. 


In Exercises 5-20, solve for x, exactly if possible. If an 
approximation is required, round your answer to three 
decimal places. 


5. f= 42 
6. e*— 5e°+ 6=0 

7. 27e°*! = 300 

8. 

9. 3 In(x — 4) = 6 

10. log(6x + 5) — log 3 = log 2 — log x 
11. Indnx)=1 
12. log,(3x — 1) 


logo(x — 1) = log,(x + 1) 
13. log, x + log.(x — 5) = 2 


14. In(x + 2) — In@ — 3) =2 


15. Inx + In(x+ 3)=1 


2x + 
16. toe as *) =3 


x= 
12 
17. =6 
1 + 2e* 


18. Inx + In(« — 3) =2 


19. State the domain of the function f(x) = oa 5 as i } 
2 


20. State the range of x values for which the following is true: 


10° 4" 9 = 4x — a. 


In Exercises 21-24, find all intercepts and asymptotes, 
and graph. 

21. f) =37 +1 22. fix) = (3) - 3 
23. f(x) = In@x — 3) +1 24. f(x) = log(1 — x) + 2 


25. Interest. If $5000 is invested at a rate of 6% a year, 
compounded quarterly, what is the amount in the account 
after 8 years? 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


Interest. If $10,000 is invested at a rate of 5%, compounded 
continuously, what is the amount in the account after 10 years? 


Sound. A lawn mower’s sound intensity is approximately 
1 X 10-3 W/m. Assuming your threshold of hearing is 

1 X 10°? W/m’, calculate the decibels associated with the 
lawn mower. 


Population. The population in Seattle, Washington, has 
been increasing at a rate of 5% a year. If the population 
continues to grow at that rate, and in 2004 there are 800,000 
residents, how many residents will there be in 2014? 

Hint: N = Noe". 


Earthquake. An earthquake is considered moderate if it is 
between 5 and 6 on the Richter scale. What is the energy 
range in joules for a moderate earthquake? 


Radioactive Decay. The mass m(t) remaining after t hours 
from a 50-gram sample of a radioactive substance is given by 
the equation m(t) = 50e~°°°”*", After how long will only 30 
grams of the substance remain? Round your answer to the 
nearest hour. 


Bacteria Growth. The number of bacteria in a culture is 
increasing exponentially. Initially, there were 200 in the culture. 
After 2 hours there are 500. How many should be expected in 8 
hours? Round your answer to the nearest hundred. 


Carbon Decay. Carbon-14 has a half-life of 5730 years. 
How long will it take for 100 grams to decay to 40 grams? 


Spread of a Virus. The number of people infected by a virus 
2000 
many days will 1000 people be infected? 


is given by N = where f is time in days. In how 


Oil Consumption. The world consumption of oil was 
76 million barrels per day in 2002. In 2004, the consumption 
was 83 million barrels per day. How many barrels should be 
expected to be consumed in 2014? 

‘ es ome 
Use a graphing utility to graph y = i State the 
domain. Determine if there are any symmetries and 
asymptotes. 


Use a graphing utility to help solve the equation 
43-* = 2x — 1. Round your answer to two decimal places. 


CHAPTERS 1-5 CUMULATIVE TEST 


1/3,2/5 
1. Simplify 28/5 and express in terms of positive exponents. 
aes 
2 
+ 3 
Se gi, ee 
2. Simplify _—_7 
3 — 
x= 2 
3. Solve using the quadratic formula: 5x7 — 4x = 3. 
4. Solve and check: V2x + 13 = 2+ Vx + 3. 
ee op oe 
5. Solve and express the solution in interval notation: =-3 


10. 


11. 
12. 


13. 


. Solve for x: |x? — 4] = 9. 


. Write an equation of the line that is perpendicular to the line 


4x + 3y = 6 and that passes through the point (7, 6). 


. Using the function f(x) = 4x — 2°, evaluate the difference 


quotient h#0. 


fa + h) — f@) 
h ; 


. Given the piecewise-defined function 


5 —2<x=0 
fm =$2- Vx O0<x<4 
R= 3 x24 
find 
a. f(4) b. f(0) ce. fC) d. f(-4) 


e. State the domain and range in interval notation. 


f. Determine the intervals where the function is increasing, 
decreasing, or constant. 


Sketch the graph of the function y = V1 — x and identify 
all transformations. 


Determine whether the function f(x) = Vx — 4 is one-to-one. 


Write an equation that describes the variation: R is inversely 
proportional to the square of d and R = 3.8 when d = 0.02. 


Find the vertex of the parabola associated with the quadratic 
function f(x) = —4x° + 8x — 5. 


14 


15. 


16. 


17. 


18. 


25. 


26. 


27. 


Find a polynomial of minimum degree (there are many) that 
has the zeros x = —5 (multiplicity 2) and x = 9 (multiplicity 4). 


Use synthetic division to find the quotient Q(x) and 
remainder r(x) of (3x° — 4x° — x* + 7x — 20) + (x + 4). 


Given the zero x = 2 + i of the polynomial 
P(x) = x4 — 7x8 + 13x° + x — 20, determine all the other zeros 
and write the polynomial as the product of linear factors. 


+7 
Find the vertical and slant asymptotes of f(x) = == 4 


3x 
Graph the rational function f(x) = ads ae Give all 
asymptotes. * 


. Without employing a calculator, give the exact value 


of a 


. If $5400 is invested at 2.75% compounded monthly, how 


much is in the account after 4 years? 


. Give the exact value of log, 243. 


. Write the expression 5 In(x + 5) — 2 In(x + 1) — In@x) asa 


single logarithm. 


. Solve the logarithmic equation exactly: 1074"? = 121. 


. Give an exact solution to the exponential equation 


= 625, 
If $8500 is invested at 4% compounded continuously, how 


many years will pass until there is $12,000? 


Use a graphing utility to help solve the equation 


e> **= 2"! Round your answer to two decimal places. 


Strontium-90 with an initial amount of 6 grams has a half-life 
of 28 years. 


a. Use [STAT ][CALC 
amount remaining. 


ExpReg | to model the equation of the 


b. How many grams will remain after 32 years? Round your 
answer to two decimal places. 
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LSAL AAILVIAWNSD 


Trigonometric 
Functions 


AY 


Awejy/apyeuing, Au3ey| © 


(cos 6, sin 0) 


Veo 


le the ancient Greeks, trigonometry was the study of right triangles. Trigonometric functions (Sine, cosine, 
tangent, cotangent, secant, and cosecant) can be defined as right triangle ratios (ratios of sides of a right 
triangle). Thousands of years later, we still find 
ne 9/24/2007 Day 9/25/2007 A 
applications of right triangle trigonometry today in 
sports, surveying, navigation, and engineering. 

In the eighteenth century, the unit circle approach 
was formulated. It relies on the correspondence 


between the values of the cosine and sine functions 


Feet above MLLW 


and the x- and y-coordinates along the unit circle 


(circle with center at the origin and radius 1). 


Meters above the Mean Lower Low Water (MLLW) 


> 
Fee ee ee ee eRe ee es The sine and cosine functions are used to represent 
ao cet fo a aan a se aw ea 2 & 
ssgsesssesegsses ‘odi its. ti led 
ee SG periodic phenomena. Orbits, tide levels, the biological 
Tidal height predictions for Pawleys Island Pier, South Carolina clock in animals and plants, and radio signals are all 


Plot produced by the Physics Department, Coastal Carolina University een oe 
http://kingfish.coastal.edu/physics/ peri odic (re pet It ive) a 


We will ee ight aes fene ache Gece ate as We will eeeaite ait measure, hich allows us < pantlare. 
trigonometric functions of real numbers. We will graph the trigonometric functions, and we will solve applications involving 
trigonometric functions. 


6.1 
Angles, 


Degrees, 
and 
Triangles 


e Angles and 
Degree 
Measure 

e Triangles 

e Special Right 
Triangles 

e Similar 
Triangles 


6.2 


Definition 1 
of Trigono- 
metric 
Functions: 
Right 
Triangle 
Ratios 


e Trigonometric 
Functions: 
Right Triangle 
Ratios 

e Reciprocal 
Identities 

e Cofunctions 

e Evaluating 
Trigonometric 
Functions 
Exactly for 
Special Angle 
Measures: 
30°, 45°, 
and 60° 

e Using 
Calculators 
to Evaluate 
(Approxi- 
mate) 
Trigonometric 
Functions 


6.3 
Applica- 
tions of 
Right 
Triangle 
Trigono- 
metry: 
Solving 
Right 
Triangles 


e Accuracy and 
Significant 
Digits 

e Solving a 
Right Triangle 
Given the 
Measure of 
an Acute 
Angle anda 
Side Length 

e Solving a 
Right Triangle 
Given the 
Length of 
Two Sides 


6.4 
Definition 2 
of Trigono- 

metric 
Functions: 

Cartesian 
Plane 


e Angles in 
Standard 
Position 

© Coterminal 
Angles 

e Trigonometric 
Functions: 
The Cartesian 
Plane 


LEARNING OBJECTIVES 


Understand degree measure. 


Relate degree and radian measures. 
Draw the unit circle and label the sine and cosine values for special angles (in both degrees and radians). 
Graph sine and cosine functions (amplitude, period, and translations). 


6.5 


Trigono- 
metric 
Functions 
of 
Nonacute 
Angles 


e Algebraic 
Signs of 
Trigonometric 
Functions 

e Ranges 
of the 
Trigonometric 
Functions 

e Reference 
Angles and 
Reference 
Right 
Triangles 

e Evaluating 
Trigonometric 
Functions for 
Nonacute 
Angles 


Graph tangent, cotangent, secant, and cosecant functions. 


6.6 


Radian 
Measure 
and 
Applications 


e The Radian 
Measure of 
an Angle 

° Converting 
Between 
Degrees and 
Radians 

e Arc Length 

e Area of a 
Circular 
Sector 

e Linear Speed 

e Angular 
Speed 

e Relationship 
Between 
Linear and 
Angular 
Speeds 


6.7 
Definition 3 
of Trigono- 

metric 
Functions: 
Unit Circle 
Approach 


e Trigonometric 
Functions 
and the Unit 
Circle 
(Circular 
Functions) 

e Properties of 
Circular 
Functions 


Define the six trigonometric functions as ratios of lengths of the sides of right triangles. 
Solve right triangles. 


6.8 


Graphs 
of Sine 
and Cosine 
Functions 


¢ The Graphs 
of Sinusoidal 
Functions 

e Graphing a 
Shifted 
Sinusoidal 
Function: 
y = Asin(6x 
+Q+D 
and y= 
Acos(Bx + 
QO+D 

e Harmonic 
Motion 

e Graphing 
Sums of 
Functions: 
Addition of 
Ordinates 


6.9 
Graphs 
of Other 
Trigono- 
metric 
Functions 


e Graphing the 
Tangent, 
Cotangent, 
Secant, and 
Cosecant 
Functions 

e Translations 
of Circular 
Functions 


Define the six trigonometric functions as ratios of x- and y-coordinates and distances in the Cartesian plane. 
Evaluate trigonometric functions for nonacute angles. 


SECTION ANGLES, DEGREES, AND 
6.1 TRIANGLES 


Angles and Degree Measure 

The study of trigonometry relies heavily on the concept of angles. Before we define angles, 

let us review some basic terminology. A line is the straight path connecting two points (A and 

B) and extending beyond the points in both directions. The portion of the line between the two 

points (including the points) is called a line segment. A ray is the portion of the line that 

starts at one point (A) and extends to infinity (beyond B). A is called the endpoint of the ray. 
A B 


——$_$_e¢—______@—__* Line AB 
A B 
-—— Segment AB 
A B 
oo Ray AB 


In geometry, an angle is formed when two rays share the same endpoint. The common 
endpoint is called the vertex. 


Angle 
Vertex 


In trigonometry, we say that an angle is formed when a ray is rotated around its endpoint. 
The ray in its original position is called the initial ray or the initial side of an angle. In the 
Cartesian plane, we usually assume the initial side of an angle is the positive x-axis. The ray 
after it is rotated is called the terminal ray or the terminal side of an angle. Rotation in a 
counterclockwise direction corresponds to a positive angle, whereas rotation in a clock- 
wise direction corresponds to a negative angle. 


Study Tip 


Positive angle: counterclockwise 
Negative angle: clockwise 


Initial Side 


Terminal 


Negative Angle 
Side 


Terminal 
Positive Angle 


Initial Side 


Lengths, or distances, can be measured in different units: feet, miles, and meters are 


three common units. In order to compare angles of different sizes, we need a standard 
unit of measure. One way to measure the size of an angle is with degree measure. 
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We will discuss degrees now and in Section 6.6 we will discuss another angle measure 
called radians. 


DEFINITION Degree Measure of Angles 


An angle formed by one complete counterclockwise rotation has measure 
360 degrees, denoted 360°. 


One complete revolution = 360° 


Worps MatH 
360° 
360° represents 1 complete rotation. =1 
360° 
180° I 
180° ts a5 rotation. ee 
represents a 5 rotation 360° 2 
90° 1 
90° ts a; rotation. =— 
represents a j rotation 360° 4 


The Greek letter @ (theta) is the most common name for an angle. Other common names Study Tip 
of angles are a (alpha), B (beta), and y (gamma). 


Greek letters are often used to denote 


angles in trigonometry. 
WorpDs MatH “ 


An angle measuring exactly 90° is 


Right Angle: 
called a right angle. 


quarter rotation 
A right angle is often represented by 6 = 90° 
the adjacent sides of a rectangle, indicating 


that the two rays are perpendicular. 


0 


An angle measuring exactly 180° is 0 = 180 


Straight Angle: 
called a straight angle. d \ half rotation 


An angle measuring greater than 0°, but 
less than 90°, is called an acute angle. 


Acute Angle 
g 0°<0<90° 


An angle measuring greater than 90°, but 


less than 180°, is called an obtuse angle. q: Dale Angs 


90° < 6 < 180° 
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If the sum of the measures of two 
positive angles is 90°, the angles 


are called complementary. B aia ore 
We say that a is the complement Ss nbs a 90° 


of B (and vice versa). 


If the sum of the measures of two 
positive angles is 180°, the angles 
are called supplementary. We say 
that @ is the supplement of 6 
(and vice versa). 


Supplementary 
Angles 
a+ B= 180° 


EXAMPLE 1 Finding Measures of Complementary and 
Supplementary Angles 


Find the measure of each angle. 

a. Find the complement of 50°. 

b. Find the supplement of 110°. 

c. Represent the complement of a in terms of a. 


d. Find two supplementary angles such that the first angle is twice as large as the second angle. 


Solution: 

a. The sum of complementary angles is 90°. 8 + 50° = 90° 
Solve for 0. d= 

b. The sum of supplementary angles is 180°. 6+ 110° = 180° 


Solve for @. 6= 


c. Let B be the complement of a. 


The sum of complementary angles is 90°. a+ B = 90° 
Solve for B. B= 
d. The sum of supplementary angles is 180°. a+ B = 180° 
Let B = 2a. a + 2a = 180° 
Solve for a. 3a = 180° 
a = 60° 
Substitute a = 60° into B = 2a. B = 120° 


The angles have measures and 120°). 


= Answer: The angles have measures 
45° and 135°. = YOUR TURN Find two supplementary angles such that the first angle is three times 
as large as the second angle. 


It is important not to confuse an angle with its measure. In Example 1(d), angle a is a 
rotation and the measure of that rotation is 60°. 
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Triangles 


Trigonometry originated as the study of triangles, with emphasis on calculations involving 
the lengths of sides and the measures of angles. What do you already know about triangles? 
You know that triangles are three-sided, closed plane figures. An important property of 
triangles is that the sum of the measures of the three angles of any triangle is 180°. 


ANGLE SUM OF A TRIANGLE 


The sum of the measures of the angles of any triangle is 180°. 


EXAMPLE 2 Finding an Angle ofa Triangle 


If two angles of a triangle have measures 32° and 68°, 


Qa 
what is the measure of the third angle? 
32° 68° 
Solution: 
The sum of the measures of all three angles is 180°. 32° + 68° + a = 180° 
Solve for a. a = 80° 


= YOUR TURN [If two angles of a triangle have measures 16° and 96°, what is the 
measure of the third angle? 


Some triangles that may be familiar to you from geometry are equilateral, isosceles, and 
right. An equilateral triangle has three equal sides and three equal angles (60°-60°-60°). 
An isosceles triangle has two equal sides (legs) and two equal angles opposite those 
legs. The most important triangle that we will discuss in this course is the right triangle. 
A right triangle is a triangle in which one of the angles is a right angle (90°). Since one 
angle is 90°, the other two angles must be complementary (sum to 90°), so that the sum 
of all three angles is 180°. The longest side of a right triangle, called the hypotenuse, is 
opposite the right angle. The other two sides are called the legs of the right triangle. 


Leg 


Right Triangle 


Leg 


The Pythagorean theorem relates the sides of a right triangle. It says that the sum of the 
squares of the lengths of the two legs is equal to the square of the length of the hypotenuse. 
It is important to note that length (a synonym of distance) is always positive. 


= Answer: 68° 


Study Tip 


In this book when we say “equal 
angles,” this implies “equal angle 
measures.” Similarly, when we say 
an angle is x°, this implies that the 
angle’s measure is x°. 
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PYTHAGOREAN THEOREM 


In any right triangle, the square of the length of the longest side (hypotenuse) is equal 
to the sum of the squares of the lengths of the other two sides (legs). 


CLP=e «a 


It is important to note that the Pythagorean theorem applies on/y to right triangles. 


EXAMPLE 3 Using the Pythagorean Theorem to Find 
the Side of a Right Triangle 


Suppose you have a 10-foot ladder and want to reach a height of 8 feet to clean out the 
gutters on your house. How far from the base of the house should the base of the ladder be? 


Solution: 


Label the unknown side x. 


10 8 
x 
Apply the Pythagorean theorem. r+ 8 = 10° 
Simplify. x + 64 = 100 
Solve for x. x = 36 
x = +6 
Length must be positive. x= 


The ladder should be [6 feet |from the base of the house along the ground. 


= Answer: 15 feet 
= YOUR TURN A steep ramp is being built for skateboarders. The height, horizontal 
ground distance, and ramp length form a right triangle. If the height is 
9 feet and the horizontal ground distance is 12 feet, what is the length 
of the ramp? 
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When solving a right triangle exactly, simplification of radicals is often necessary. For 
example, if a side length of a triangle resulted in V 17, the radical cannot be simplified 
any further. However, if a side length of a triangle resulted in 20, the radical would be 
simplified: 


V20 = V4-5 = V4-V5 = V22-V5 = 2V5 


EXAMPLE 4_ Using the Pythagorean Theorem with Radicals 


Use the Pythagorean theorem to solve for the unknown side length in the given 
right triangle. Express your answer exactly in terms of simplified radicals. 


Solution: 
Apply the Pythagorean theorem. P+rP=77 : 
Simplify known squares. 9+ x = 49 
Solve for x. x = 40 3 
x= +V40 
The side length x is a distance that is positive. x= V40 


Simplify the radical. x= V4-10 = V4: V10 =|2V/10 
2 


= YOUR TURN Use the Pythagorean theorem to solve for the = Answer: 4/3 


unknown side length in the given right triangle. 
Express your answer exactly in terms of 
simplified radicals. 8 


Special Right Triangles 

Right triangles whose sides are in the ratios of 3-4-5, 5-12-13, and 8-15-17 are examples of 
right triangles that are special because their side lengths are equal to whole numbers that 
satisfy the Pythagorean theorem. A Pythagorean triple consists of three positive integers 
that satisfy the Pythagorean theorem: 3* + 4° = 5*, 5? + 12? = 13°, and 8° + 15? = 17°. 
There are two other special right triangles that warrant attention: the 30°-60°-90° triangle 
and the 45°-45°-90° triangle. Although in trigonometry we focus more on the angles than 
on the side lengths, we are interested in special relationships between the lengths of the 
sides of these right triangles. We will start with the 45°-45°-90° triangle. 


Worps MatH 


A 45°-45°-90° triangle is an isosceles 


(two legs are equal) right triangle. 45° 
x 
| 45° 
x 
Apply the Pythagorean theorem. x° + x? = hypotenuse” 
Simplify the right side of the equation. 2x? = hypotenuse” 


Solve for the hypotenuse. hypotenuse = +V 2x? = +V2 |x| 
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x and the hypotenuse are lengths and 


must be positive. hypotenuse = V2x 
The hypotenuse of a 45°-45°-90° triangle 
is V2 times the length of either leg. 45° 
(2x 
x 
|| 45° 
x 
Study Tips If we let x = 1, then the triangle will have legs with length equal to | and the 
“To solve a triangle” means to find hypotenuse will have length 2. Notice that these lengths satisfy the Pythagorean 
all of the angle measures and side theorem: 17 + 1? = (V72)° or 2 = 2. Later when we discuss the unit circle approach, 


lengths. \/2 \/2 


we will let the hypotenuse have length |. The legs will then have lengths os and “3° 


a EXAMPLE 5 Solving a 45°-45°-90° Triangle 


A house has a roof with a 45° pitch (the angle the roof makes 
with the house). If the house is 60 feet wide, what are the 
lengths of the sides of the roof that form the attic? Round to 
the nearest foot. 


Solution: 


Draw the 45°-45°-90° triangle. Let x represent the length of 
the unknown legs. 


= Recall that the hypotenuse of a 45°-45°-90° &, 
Technology Tip triangle is V2 times the length of either leg. 
To calculate x = a press 
2 45° 45° 
60 |=] |V( 2] ) || ENTER |. 2x 
Bee O25 Let the hypotenuse equal 60 feet. 60 = V2x 
43, 47640687 60 
Solve for x. x = —= © 42.42641 
V2 
Round to the nearest foot. x =| 42 ft 


= Answer: 60/2 ~ 85 feet 
= YOUR TURN A house has a roof with a 45° pitch. If the sides of the roof are 60 feet, 


how wide is the house? Round to the nearest foot. 
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Let us now determine the relationship of the sides of a 30°-60°-90° triangle. We start 
with an equilateral triangle (equal sides and equal angles, 60°). 


Worps MatH 


Draw an equilateral triangle with sides 2x. 


Draw a line segment from one vertex that is 
perpendicular to the opposite side; this line 
segment represents the height of the triangle, 
h, and bisects the base. There are now two 
identical 30°-60°-90° triangles. 


Notice that in each triangle the hypotenuse 
is twice the shortest leg, which is opposite 
the 30° angle. 30° 


| 60° 


To find the length h, use the Pythagorean theorem. hh? + x? = (2x)? 


W+xe=4¢ 

Solve for h. he = 3x7 
h=+V3x = +V3 |x| 

h and x are lengths and must be positive. h= V3x 
The hypotenuse of a 30°-60°-90° is two 
times the length of the leg opposite the 
30° angle. 30° 
The leg opposite the 60° angle is V3 times : 
the length of the leg opposite the 30° angle. \3x : 


| 60° 


If we let x = 1, then the triangle will have legs with lengths 1 and V3 and hypotenuse of 
length 2. These satisfy the Pythagorean theorem: 17 + (V3) = or4:=4, 
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EXAMPLE 6 _ Solving a 30°-60°-90° Triangle 


Before a hurricane, it is wise to stake down trees for additional 
support during the storm. If the branches allow for the rope to 
be tied 15 feet up the tree and a desired angle between the 
rope and the ground is 60°, how much total rope is needed? 
How far from the base of the tree should each of the two 
stakes be hammered? 


Solution: 
Recall the relationship between the aie 
sides of a 30°-60°-90° triangle. 
In this case, the leg opposite the 3x = 15 ft 2x 
60° angle is 15 feet. 
| 60° 
x 
Solve for x. V3x = 15 
15 87 
x= 8. 
Ze 
15 
Find the length of the hypotenuse. hypotenuse = 2x = (4) = 17 


The ropes should be staked 
approximately feet from the 


base of the tree, and approximately 


2(17) = 34 total feet of rope will be 


needed. 
cereale pp errr eee permet dere 
staked approximately 12 feet from = YOUR TURN Rework Example 6 with a height (where the ropes are tied) of 20 feet. 
the base of the tree. Approximately How far from the base of the tree should each of the ropes be staked, 
46 total feet of rope will be needed. and how much total rope will be needed? 


Similar Triangles 

The word similar in mathematics means identical in shape, although not necessarily the 
same size. It is important to note that two triangles can have the exact same shape (same 
angles) but have different sizes. 
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DEFINITION Similar Triangles 


Similar triangles are triangles with equal corresponding angle measures (equal angles). 


The word congruent means equal in all corresponding parts; therefore, congruent 
triangles have all corresponding angles equal and all corresponding sides equal. Two 
triangles are congruent if they have exactly the same shape and size. In other words, if 
one triangle can be picked up and situated on top of another triangle so that the two 
triangles coincide, they are said to be congruent. 


DEFINITION Congruent Triangles 


Congruent triangles are triangles with equal corresponding angle measures (equal 
angles) and corresponding equal sides. 


It is important to note that all congruent triangles are also similar triangles, but not all 
similar triangles are congruent. 

Trigonometry (as you will see in Section 6.2) relies on the properties of similar 
triangles. Since similar triangles have the same shape (equal corresponding angles), the 
sides opposite the corresponding angles must be proportional. 

Given any 30°-60°-90° triangle (see top figure in the margin), if we let x = 1 
correspond to a triangle A and x = 5 correspond to a triangle B, then we would have the 
following two triangles. 

Notice that the sides opposite the corresponding angles are proportional. This means 
that we will find that all three ratios of each side of triangle B to its corresponding side of 
triangle A are equal. 


Sid ite 30°: TriangleB 5 _ 
ie acl TriangleA 1 
Triangle B 5V3 
Sid ite 60°: = =5 
sieht ctl Triangle A V3 
Triangle B 10 
Sides opposite 90°: : = =5 


Triangle A ~ <8 


This proportionality property holds for all similar triangles. 


Study Tip 


Although an angle and its measure 
are fundamentally different, out of 
convenience when “equal angles” is 
stated, this implies “equal angle 
measures.” 


Study Tip 


Similar triangles: exact same shape 
Congruent triangles: exact same 
shape and size 


30° 
\3x 2x 
] 60° 
Pi 
30° 
30° 
2 10 
3 
3 4 53 , 
| | 60° 
1 
i 60° 
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= Answer: a = 5,b = 8 


CONDITIONS FOR SIMILAR TRIANGLES 


One of the following must be verified in order 

for two triangles to be similar: 

= Corresponding angles must have the same 
measure. 

= Corresponding sides must be proportional 
(ratios must be equal). 


rn, € 
a by @€ 


Let us now use the definition of similar triangles to determine lengths of sides of similar 
triangles. 


EXAMPLE 7 Finding Lengths of Sides in Similar Triangles 


Given that the two triangles are similar, find the length of each of the unknown sides (b and c). 
b 8 
an a 
é 6 
Solution: 
Solve for b. 


The corresponding sides are proportional. 


Multiply by 5. 


Solve for b. 


Solve for c. 
8 
The corresponding sides are proportional. 7 = : 
Multiply by 6. c = 4(6) 


Solve for c. 
8 20 24 
Check that the ratios are equal: a 5 e 4 


= YOUR TURN Given that the two triangles are similar, find the length of each of the 
unknown sides (a and b). 


b 9 
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Applications Involving Similar Triangles 


As you have seen, the common ratios associated with similar triangles are very useful: you 
can measure the sides of the smaller triangle and then calculate the measures of the sides of 
the larger triangle by measuring just one side. For example, you can quickly estimate the 
heights of flagpoles, trees, and any other tall objects by measuring their shadows along 
the ground because similar triangles are formed. Surveyors rely on the properties of 
similar triangles to determine distances that are difficult to measure. 


EXAMPLE 8s Calculating the Height of a Tree 


Billy wants to rent a lift to trim his tall trees. However, he must decide which lift he needs: 
one that will lift him 25 feet or a more expensive lift that will lift him 50 feet. His wife, 
Jeanine, hammered a stake into the ground and by measuring found its shadow to be 

13 feet long and the tree’s shadow to be 19 feet. If the stake was standing 3 feet above the 
ground, how tall is the tree? Which lift should Billy rent? (Assume the tree and stake both 
are perpendicular to the ground.) 


(NOT TO SCALE) 
x ft 


1.75 ft 


< 19ft ——> 


Solution: 


Rays of sunlight are straight and parallel to each other. 
Therefore, the rays make the same angle with the tree (NOT TO SCALE) 
that they do with the stake. 


Draw and label the two similar triangles. 


3 
19 1.75 
The ratios of corresponding sides of similar x 19 
triangles are equal. 3 1.75 
Solve fi a 
olve for x. X= 776 


Simplify. x © 32.57 


The tree is approximately 33 feet tall. Billy should rent the more expensive lift to be safe. 


dels ee sess Ceces tc nS ecelec areas cscececesn tne cezecusn ght eeshaseyectescacssei c oees as aaa eceecentpaen oeeeensiga eeenians a feecesaesseneelveastes Fee re a 
= YOUR TURN Billy’s neighbor decides to do the same thing. He borrows Jeanine’s 

stake and measures the shadows. If the shadow of his tree is 15 feet 

and the shadow of the stake (3 feet above the ground) is 1.2 feet, how 

tall is Billy’s neighbor’s tree? Round to the nearest foot. 
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@]™ $SECTION 
» SUMMARY 


In this section you have practiced working with angles and 
triangles. One unit of measurement for angles is the degree. An 
angle measuring exactly 90° is called a right angle. The sum of the 
three angles of any triangle is always 180°. Triangles that contain 
a right angle are called right triangles. With the Pythagorean 
theorem you can solve for one side of a right triangle given the a 
other two sides. The right triangles 30°-60°-90° and 45°-45°-90° 3x 
are special because of the simple numerical relations of their 
side lengths. 

Similar triangles (the same shape) have corresponding angles oO 60° 
with equal measure and the important thing to note is the consistency 2 
of their proportions. 


SECTION 
6.1 EXERCISES 


"SKILLS 


In Exercises 1-10, specify the measure of the angle in degrees for the given rotations, using the correct algebraic sign (+ or —). 


1 5 rotation counterclockwise 2. t rotation counterclockwise 
3 7 rotation clockwise 4, z rotation clockwise 
5; . rotation counterclockwise 6. i rotation counterclockwise 
7 ¢ rotation clockwise 8. 3 rotation clockwise 
9. e rotation clockwise 10. ee rotation counterclockwise 


In Exercises 11-16, find (a) the complement and (5) the supplement of the given angles. 


11. 18° 12. 39° 13. 42° 14. 57° 15. 39° 16. 75° 


In Exercises 17-20, find the measure of each angle. 


17. 18. 


(3x)° (15x)° 


(6x)° 
(4x)° 


19. Supplementary angles with measures 8x degrees and 4x degrees 


20. Complementary angles with measures 3x + 15 degrees and 10x + 10 degrees 
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In Exercises 21-26, refer to the triangle in the drawing. 

21. If a = 117° and B = 33°, find y. 

22. If a = 110° and B = 45°, find y. \y 
23. If y = B and a = 48, find all three angles. 

24. If y = B and a = 38, find all three angles. 


25. If y = +B and B = 6a, find all three angles. \\ IN 
26. If y = 2B and B = 3a, find all three angles. oa ee ead 


In Exercises 27-34, refer to the right triangle in the drawing. Express lengths exactly. 


27. If a = 4 and b = 3, find c. 28. If a = 3 and b = 3, find c. 

29. If a = 6 and c = 10, find b. 30. If b = 7 and c = 12, find a. A 
31. If a = 8 and b = 5, find c. 32. If a = 6 and b = 5, find c. ' 

33. If a = 24 and b = 7, find c. 34. If c = 20 and a = 10, find b. 


In Exercises 35-38, refer to the 45°-45°-90° triangle. 

35. If the two legs have length 10 inches, how long is the hypotenuse? 
36. If the two legs have length 8 meters, how long is the hypotenuse? 

37. If the hypotenuse has length 2‘\V2 centimeters, how long are the legs? 
38. If the hypotenuse has length 10 feet, how long are the legs? 


In Exercises 39-44, refer to the 30°-60°-90° triangle. 


39. If the shortest leg has length 5 meters, what are the lengths of the other leg and the hypotenuse? 


40. If the shortest leg has length 9 feet, what are the lengths of the other leg and the hypotenuse? ike 

41. If the longer leg has length 12 yards, what are the lengths of the other leg and the hypotenuse? 3x 2x 
42. If the longer leg has length n units, what are the lengths of the other leg and the hypotenuse? 

43. If the hypotenuse has length 10 inches, what are the lengths of the two legs? ] 60° 


44. If the hypotenuse has length 8 centimeters, what are the lengths of the two legs? 


In Exercises 45-52, calculate the specified lengths given that the two triangles are similar. 


45. a=4,c=6,d=2,f=? 
46. a=12,b=9,e=3,d=? 


47. d=5,e=2.5,b=7.5,a=? 


48. e 1.4, f = 2.6,c = 3.9,b=? a c 
49. d=2.5m,f=1.1m,a=26.25km,c =? d f 


50. e = 10cm, f = 14cm, c = 35m,b =? 
51. Ifa c = in. and d = fin. f = ? b 


52. If b =e 


ll 


4.2cmand f= 1.lcm,c =? 
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53. Clock. What is the measure (in degrees) of the angle the 
minute hand traces in 20 minutes? 


54. Clock. What is the measure (in degrees) of the angle the 
minute hand traces in 25 minutes? 


55. London Eye. The London Eye (similar to a bicycle wheel) 
makes | rotation in approximately 30 minutes. What is the 
measure of the angle (in degrees) that a cart (spoke) will 
rotate in 12 minutes? 


56. London Eye. The London Eye (similar to a bicycle wheel) 
makes | rotation in approximately 30 minutes. What is the 
measure of the angle (in degrees) that a cart (spoke) will 


rotate in 5 minutes? 


57. Revolving Restaurant. If a revolving restaurant overlooking 
a waterfall can rotate 270° in 45 minutes, how long does it 


take for the restaurant to make a complete revolution? 


58. Revolving Restaurant. If a revolving restaurant overlooking 


a waterfall can rotate 72° in 9 minutes, how long does it 
take for the restaurant to make a complete revolution? 


59. Field Trial. In a Labrador Retriever field trial, dogs are 


judged by the straight line they take to a fallen bird. They 
are required to go through the water, not along the shore. 


If the judge wants to calculate how far a dog will travel 
along a straight path, she walks the two legs of a right 


triangle as shown in the drawing and uses the Pythagorean 
theorem. How far would this dog travel (run and swim) if 


it traveled along the hypotenuse? 


“Duy ‘sasew| Aya9A1e1q1}0}0Y4d/pualij uose/ 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


Field Trial. How far would the dog in Exercise 59 run 
and swim if it traveled along the hypotenuse? The judge 
walks 25 feet along the shore and then 100 feet out to 
the bird. 


Christmas Lights. A couple want to put up Christmas 
lights along the roofline of their house. If the front of the 
house is 100 feet wide and the roof has a 45° pitch, how 
many linear feet of Christmas lights should the couple 
buy? Round to the nearest foot. 


Christmas Lights. Repeat Exercise 61 if the house is 
60 feet wide. Round to the nearest foot. 


Tree Stake. A tree needs to be staked down prior to a 
storm. If the ropes can be tied on the tree trunk 17 feet 
above the ground and the staked rope should make a 
60° angle with the ground, how far from the base of the 
tree should each of the ropes be staked? 


Tree Stake. What is the total amount of rope (feet) 
that extends to the two stakes supporting the tree in 
Exercise 63? Round to the nearest foot. 


Tree Stake. A tree needs to be staked down prior to a 
storm. If the ropes can be tied on the tree trunk 10 feet 
above the ground and the staked rope should make a 30° 
angle with the ground, how far from the base of the tree 
should the ropes be staked? Round to the nearest foot. 


Tree Stake. What is the total amount of rope (feet) 
that extends to the four stakes supporting the tree in 
Exercise 65? Round to the nearest foot. 


67. Party Tent. Steve and Peggy want to rent a 40 ft x 20 ft 
tent for their backyard to host a barbecue. The base of 
the tent is supported 7 feet above the ground by poles 
and then roped stakes are used for support. The ropes 
make a 60° angle with the ground. How large a footprint 
in their yard would they need for this tent (and staked 
ropes)? In other words, what are the dimensions of the 
rectangle formed by the stakes on the ground? Round to 
the nearest foot. 


68. Party Tent. Ashley’s parents are throwing a graduation 
party and are renting a 40 ft < 80 ft tent for their 
backyard. The base of the tent is supported 7 feet above 
the ground by poles and then roped stakes are used for 
support. The ropes make a 45° angle with the ground. 
How large a footprint (see Exercise 67) in their yard will 
they need for this tent (and staked ropes)? Round to the 
nearest foot. 


0}04d)90}S! 


69. Height of a Tree. The shadow of a tree measures 143 feet. 
At the same time of day, the shadow of a 4-foot pole 
measures 1.5 feet. How tall is the tree? 


70. Height of a Flagpole. The shadow of a flagpole measures 
15 feet. At the same time of day, the shadow of a 2-foot 
stake measures } foot. How tall is the flagpole? 


71. Height of a Lighthouse. The Cape Hatteras Lighthouse on 
the Outer Banks of North Carolina is the tallest lighthouse 
in North America. If a 5-foot woman casts a 1.2-foot 
shadow and the lighthouse casts a 54-foot shadow, 
approximately how tall is the Cape Hatteras Lighthouse? 


72. Height of a Man. If a 6-foot man casts a 1-foot shadow, 
how long a shadow will his 4-foot son cast? 


For Exercises 73-76, refer to the following: 


An archery target consists of a bullseye (at the very center) and 
concentric circles which form annular rings. The concentric 
circles have radii 4 inches, 8 inches, and 12 inches, respectively, 
and a remaining rectangular region that measures 8 inches 
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vertically and horizontally with respect to the bullseye beyond 
the outermost circle. 


Assume an archer releases the bow 50 feet from the target and 
that the bullseye is a point. Once an archer releases the arrow 
(assuming it actually hits the target) the score is assigned as 
follows: 


a 50 points: Hits the bullseye (yellow) 

= 30 points: Lies in the red ring (misses the bullseye but lies 
within 4 inches of the bullseye) 

= 20 points: Lies in the blue ring (between 4 and 8 inches of 
the bullseye) 

a 10 points: Lies in the black ring (between 8 and 12 inches of 
the bullseye) 

= 5 points: Hits the brown target outside all of the rings 


73. Archery. Assume that at the moment prior to releasing the 
bow, the arrowhead is directly in line with the bullseye. If 
the force with which the archer releases the bow is such 
that the arrow falls 3 inches vertically for every 20 feet the 
arrow travels horizontally, what is her score for this shot? 


74, Archery. In Exercise 73, if instead the force with which she 
releases the bow is such that the arrow rises 3 inches 
vertically for every 10 feet the arrow travels horizontally, 
what is her score for this shot? 


75. Archery. In Exercise 73, assuming that the arrowhead is 
located at the origin of a coordinate system when released, 
what is the distance between its original position and the 
point at which it hits the target? Express your answer to five 
significant digits. 


76. Archery. In Exercise 73, assuming that the arrowhead is 
located at the origin of a coordinate system when released, 
what is the distance between its original position and the 
point at which it hits the target? Express your answer to five 
significant digits. 
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For Exercises 77-80, refer to the following: 


A collimator is a device used in radiation treatment that narrows 
beams or waves, causing the waves to be more aligned in a 
specific direction. The use of a collimator facilitates the 
focusing of radiation to treat an affected region of tissue 
beneath the skin. In the figure, d, is the distance from the 
radiation source to the skin, d, is the distance from the outer 
layer of skin to the targeted tissue, 2f, is the field size on the 
skin (diameter of the circular treated skin) and 2f, is the 
targeted field size at depth d, (the diameter of the targeted 

tissue at the specified depth beneath the skin surface). 


Radiation source 


"CATCH THE MISTAKE 


In Exercises 81 and 82, explain the mistake that is made. 


81. In a 30°-60°-90° triangle, find the length of the side opposite 
the 60° angle if the side opposite the 30° angle is 10 inches. 


Solution: 


The length opposite the 60° angle is 


twice the length opposite the 30° angle. 2(10) = 20 
The side opposite the 60° angle has length 20 inches. 


This is incorrect. What mistake was made? 


=CONCEPTUAL 


77. Health/Medicine. Radiation treatment is applied to a 
field size of 8 centimeters at a depth 2.5 centimeters below 
the skin surface. If the treatment head is positioned 
80 centimeters from the skin, find the targeted field size 
to the nearest millimeter. 


78. Health/Medicine. Radiation treatment is applied to a 
field size of 4 centimeters lying at a depth of 3.5 
centimeters below the skin surface. If the field size on the 
skin is required to be 3.8 centimeters, find the distance 
from the skin that the radiation source must be located to 
the nearest millimeter. 


79. Health/Medicine. Radiation treatment is applied to a 
field size on the skin of 3.75 centimeters to reach an 
affected region of tissue with field size of 4 centimeters at 
some depth below the skin. If the treatment head is 
positioned 60 centimeters from the skin surface, find the 
desired depth below the skin to the target area to the 
nearest millimeter. 


80. Health/Medicine. Radiation treatment is applied to a 
field size on the skin of 4.15 centimeters to reach an 
affected area lying 4.5 centimeters below the skin 
surface. If the treatment head is positioned 60 centimeters 
from the skin surface, find the field size of the targeted 
area to the nearest millimeter. 


82. In a 45°-45°-90° triangle, find the length of the hypotenuse 
if each leg has length 5 cm. 


Solution: 
Use the Pythagorean theorem. 5? + 5? = hypotenuse” 
Simplify. 50 = hypotenuse” 


hypotenuse = +5V/2 
The hypotenuse has length +52 cm. 


This is incorrect. What mistake was made? 


Solve for the hypotenuse. 


In Exercises 83-88, determine whether each statement is true or false. 


83. The Pythagorean theorem can be applied to any equilateral 
triangle. 


84. The Pythagorean theorem can be applied to all isosceles 
triangles. 


85. The two angles opposite the legs of a right triangle are 
complementary. 


86. In a 30°-60°-90° triangle, the length of the side opposite 
the 60° angle is twice the length of the side opposite the 
30° angle. 


87. If a triangle contains an obtuse angle, the Pythagorean 
theorem cannot apply. 


88. The Pythagorean theorem applies only if a triangle has 
exactly two acute angles. 
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CHALLENGE 


89. What is the measure (in degrees) of the smaller angle 97. Consider the following diagram and determine y. 
the hour and minute hands make when the time is 
12:20? 

90. What is the measure (in degrees) of the smaller angle the 8y2 


hour and minute hands make when the time is 9:10? 


In Exercises 91-94, use the following figure: y ¥ 
98. Consider the following diagram and find y. 
A 
A 
2 
B » Cc Uy D »¥ E 
B D Cc 2 2 2 


99. Using the diagram in Exercise 98, find BE. 
91. If AB = 3, AD = 5, and AC = VS58, find DC. 


92. If AB = 4, AD = 5, and AC = V41, find DC. 
93. If AC = 30, AB = 24, and DC = 11, find AD. 
94. If AB = 60,AD = 61, and DC = 36, find AC. 


100. Using the diagram in Exercise 98, find AD. 
101. Find x. 


95. Given a square with side length x, draw the two diagonals. 
The results are four special triangles. Describe these 
triangles. What are the angle measures? 


96. Solve for x in the following triangle. 102. Find x and y. 


3x-2 2x+2 
x 
=TECHNOLOGY 
103. If the shortest leg of a 30°-60°-90° triangle has length 104. If the longer leg of a 30°-60°-90° triangle has length 
16.68 feet, what are the lengths of the other leg and the 134.75 cm, what are the lengths of the other leg and the 


hypotenuse? Round answers to two decimal places. hypotenuse? Round answers to two decimal places. 


SECTION DEFINITION 1 OF TRIGONOMETRIC 
6.2 FUNCTIONS: RIGHT TRIANGLE RATIOS 


Trigonometric Functions: 
Right Triangle Ratios 


The word trigonometry stems from the Greek words trigonon, which means triangle, and 
metrein, which means to measure. Trigonometry began as a branch of geometry and was 
utilized extensively by early Greek mathematicians to determine unknown distances. The 
major trigonometric functions, including sine, cosine, and tangent, were first defined as 
ratios of sides in a right triangle. This is the way we will define them in this section. Since 
the two angles, besides the right angle, in a right triangle have to be acute, a second kind of 
definition was needed to extend the domain of trigonometric functions to nonacute angles 
in the Cartesian plane (Section 6.4). Starting in the eighteenth century, broader definitions 
of the trigonometric functions came into use, under which the functions are associated with 
points along the unit circle (Section 6.7). 

In Section 6.1, we learned the fact that triangles with equal corresponding angles also 
have proportional sides and are called similar triangles. The concept of similar triangles, 
one of the basic insights in trigonometry, allows us to determine the length of a side of one 
triangle if we know the length of certain sides of a similar triangle. 


¢ 
: ( 
a 
b b' 


Since the two right triangles above have equal angles, they are similar triangles and the 
following ratios hold true: 


Separate the common ratio into three equations: 


a b b c a c 


a’ Db’ b’ ie’ a ec 
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WorpDs MAaTH 
b 
Start with the first ratio. Sa 
a’ b’ 
Cross multiply. ab’ = a'b 
ab’ a’b 
Divide both sides by bb’. = 
ivide both sides by a 
Simplif a a’ 
implify. ee 
ply. b a 


, 


Zah : b aa 
Similarly, it can be shown that — = F and — = 7 
c c coh 


, 


Notice that even though the sizes of the triangles are different, since the corresponding 
angles are equal, the ratio of the lengths of the two legs of the large triangle is equal to the 


ratio of the lengths of the legs of the small triangle, or =e Similarly, the ratios of 


b bt 
the lengths of a leg and the hypotenuse of the large triangle and the corresponding leg and 
b’ aia 
hypotenuse of the small triangle are also equal; that is, - = — and—-— = —. 
co ¢ ¢ 


For any right triangle, there are six possible ratios of sides that can be calculated for 
each acute angle 0: 


Z\ a 


a 


These ratios are referred to as trigonometric ratios or trigonometric functions, since 
they depend on @, and each is given a name: 


FUNCTION NAME ABBREVIATION Worps MATH 
Sine sin The sine of 0 sin 0 
Cosine cos The cosine of 6 cos 6 
Tangent tan The tangent of 6 tan 0 
Cosecant csc The cosecant of 6 csc 0 
Secant sec The secant of 0 sec 0 
Cotangent cot The cotangent of 6 coté 


Sine, cosine, tangent, cotangent, secant, and cosecant are names given to specific ratios of 
lengths of sides of right triangles. 


DEFINITION (1) Trigonometric Functions 


Let 6 be an acute angle in a right triangle, then 
b b 

sin@ = — coso = = tan@ = — c 
G c a 


@ € 
@== j= tas = 
csc b sec s co A 
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The following terminology will be used throughout this text: 


u Side c is the hypotenuse. 
= Side b is the side (leg) opposite angle 6. 
= Side a is the side (leg) adjacent to angle 6. 


sind 


. : : b a 
Also notice that since sin@ = — and cos@ = —, then tan 0 
Cc (6 cos@ 


ang /o1o 


Using this terminology, we have an alternative definition that is easier to remember. 


Study Tip DEFINITION (1) Trigonometric Functions (Alternate Form) 
You need to learn only the three main ' oppo Bite avi qf avaeynit opposite 
trigonometric ratios: sin@, cos@, and sind = —————_ cos@ = ————_ mo = —— 
tan@. The other three can always be hypotenuse hypotenuse adjacent 
calculated as reciprocals of these dithei : ic: 
main three for an acute angle 0. oo Se eee 
Sn 1 hypotenuse 
CSCO) en = : 
sin@ opposite c 
Study Tip ; # Hypotenuse b 
; : : ypotenuse Opposite 
SOHCAHTOA sec@ = ; = if : 
opposite cos adjacen 

SOH: sing = ————_ 7 a 

hypotenuse 1 adjacent ai 

adjacent cotd = = = Adjacent 

CAH: cos@ = ———— tan@ opposite 

hypotenuse 

opposite 
TOA: tané = 

adjacent 

Reciprocal Identities 

Study Tip The three main trigonometric functions should be learned in terms of the ratios. 
Trigonometric functions are ; di : 
functions of a specified angle. sin@ = opposite cos@ = adjacent ane = opposite 
Always specify the angle. “Sin” hypotenuse hypotenuse adjacent 


alone means nothing. Sin 6 specifies 
the angle dependency. The same is 
true for the other five trigonometric 
functions. 


The remaining three trigonometric functions can be derived from sin, cos, and tan@ 


1 
using the reciprocal identities. Recall that the reciprocal of x is — for x # 0. 
xX 


RECIPROCAL IDENTITIES 


1 
6 = —— = 
a sind ci cosé tané 
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EXAMPLE 1_ Finding Trigonometric Function Values of an Acute 
Angle 6 in a Right Triangle 


For the given triangle, calculate 
sin@, tan@, and csc @. 
4 


Solution: 


STEP 1 Solve for the hypotenuse. 


4 
3 
Apply the Pythagorean theorem. VP+ePaxr 
16+9=x 
= 25 
XS 
Lengths of sides can be only positive. x=5 
Step 2 Label the sides of the triangle. 
= with numbers representing 
lengths. 
= as hypotenuse, or as opposite 4 5 
or adjacent with respect to 0. Opposite Fypsrentce 
a xs 
3 
Adjacent 
STEP 3 Set up the trigonometric functions as ratios. 
oe . . opposite 4 
Sine is opposite over hypotenuse. sin@ = = 
hypotenuse 5 
: : . opposite 4 
Tangent is opposite over adjacent. tané = ———_ = 15 
adjacent 3 
: : : 1 1 5 
Cosecant is the reciprocal of sine. csc# = — = = 
sind 4/5 4 
. = Answer: cos 0 = 3 secO = 3, 
™ YOUR TURN For the triangle in Example 1, calculate the values of cos @, sec, and cote = 3 . 


and coté. 
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1V 
= Answer: sind = iS 
65 
csc 9 = eS and 
7 
cotd = = 


EXAMPLE 2 Finding Trigonometric Function Values of an Acute 
Angle @ in a Right Triangle 


For the given triangle, calculate &, 
cos @, tan@, and secé. 


/\ 


6. 
Solution: ae 
STEP 1 Solve for the unknown leg. 
Apply the Pythagorean theorem. r+P= (V65)" 
x + 49 = 65 
x = 16 
x= +4 
Lengths of sides can be only positive. x=4 


Step 2 Label the sides of the triangle. 
= with numbers representing 
lengths. Adjacent 
= as hypotenuse, or as 4 
opposite or adjacent with 
respect to 6. 


Opposite 
7 


V65 
Hypotenuse 
STEP 3 Set up the trigonometric functions 
as ratios. 
faite ial ‘ ; adjacent 4 
osine is adjacent over otenuse. cos@ = = 
q P hypotenuse V65 
. ; . opposite 7 
Tangent is opposite over adjacent. tnd = ——_ = ]— 
adjacent 4 
1 1 V65 
Secant is the reciprocal of cosine. sec 9 = 


cos@ = 4/V65 Z 4 


Expressions that contain a radical in the denominator like can be rationalized by 


multiplying both the numerator and the denominator by the radical, V65. 
4 ( ve) — 4V65 
V65 V65 65 


1 


: : : . 4V 65 ; 
In this example, the cosine function can now be written as coo = VS | In this text, 


denominators with rational expressions will be rationalized. 


= YOUR TURN For the triangle in Example 2, calculate sin@, csc 0, and cot é. 
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Cofunctions 


Notice the co in cosine, cosecant, and cotangent functions. These cofunctions are based on 
the relationship of complementary angles. Let us look at a right triangle with labeled sides 


and angles. 

; oppositeof B b 

ae = hypotenuse 7 
0 c 

ov sinB = cosa 

adjacenttoa b 

cosa = = 
hypotenuse c 


Recall that the sum of the measures of angles in a triangle is 180°. In a right triangle, one 
angle is 90°, so the two acute angles are complementary angles (the measures sum to 90°). 
Therefore in the triangle above, 6 and a are complementary angles. In other words, the 
sine of an angle is the same as the cosine of the complement of that angle. This is true for 


all trigonometric cofunction pairs. 


COFUNCTION THEOREM 


A trigonometric function of an angle is always equal to the cofunction of the 
complement of the angle. Ifa + B = 90°, then 


sinB = cosa 
sec B = csca 
tanB = cota 


COFUNCTION IDENTITIES 


sin@ = cos(90° — 6) cos@ = sin(90° — 6) 
tan? = cot(90° — @) cot@ = tan(90° — @) 
sec@ = csc(90° — @) csc@ = sec(90° — 6) 


EXAMPLE 3. Writing Trigonometric Function Values in Terms 
of Their Cofunctions 


Write each function value in terms of its cofunction. 

a. sin30° b. tan x c. csc 40° 

Solution (a): 

Cosine is the cofunction of sine. sin@ = cos(90° — @) 


Substitute 9 = 30°. sin30° = cos(90° — 30°) 


Simplify. sin30° = cos60° 
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Solution (b): 


Cotangent is the cofunction of tangent. tan @ = cot(90° — @) 


Substitute 6 = x. tanx = cot(90° — x) 


Solution (c): 
Secant is the cofunction of cosecant. csc 8 = sec(90° — @) 


Substitute 9 = 40°. csc 40° = sec(90° — 40°) 


Simplify. csc 40° = sec 50° 


= Answer: a. sin 45° 


5 = YOUR TURN Write each function value in terms of its cofunction. 
b. sec(90° — y) 


a. cos 45° b. csc y 


Evaluating Trigonometric Functions 
Exactly for Special Angle Measures: 
30°, 45°, and 60° 


Thus far we have defined the trigonometric functions as ratios of sides of right triangles. 
We have demonstrated how to calculate the value of a trigonometric function for a general 
angle, but we have not yet discussed trigonometric function values for specific angle 
measures. We now turn our attention to evaluating trigonometric functions for known 
angles. We will distinguish between evaluating a trigonometric function exactly and 
approximating the value of a trigonometric function with a calculator. Throughout this 
text, instructions will specify which is desired. 

There are three special acute angles that are very important in trigonometry: 
30°, 45°, and 60°. In Section 6.1, we discussed two important triangles: 30°-60°-90° 
and 45°-45°-90°. Recall the relationships between the sides of these two right 
triangles. 


We can combine these relationships with the trigonometric ratios developed in this 
section to evaluate the trigonometric functions for the special angle measures of 
30°, 45°, and 60°. 


6.2 Definition 1 of Trigonometric Functions: Right Triangle Ratios 581 


aa EXAMPLE 4_ Evaluating the Trigonometric Functions Exactly for 30° 


Evaluate the six trigonometric functions for an angle that measures 30°. 


Solution: 


Label the sides of the 30°-60°-90° triangle with 
respect to the 30° angle. 


Use the right triangle ratio definitions of sine, 
cosine, and tangent. 


; opposite x 1 
sin30° = = - 
hypotenuse 2x 2 
adjacent V3x 
cos30° = = = 
hypotenuse 2% 2 
econ opposite x 1 1 V3 V3 
an 30° = — = = = : = 
adjacent V3 V3 V3 V3 3 


Use the reciprocal identities to obtain the values of the cosecant, secant, and cotangent functions. 


30° : : 2 
csc = =—= 
sin30° 
2 
1 1 2 2 V3 _ 2Vv3 
sec 30° = = = = : = 
cos30° V3. V3 V3 V3 3 
2 
1 1 3 + NG 
cot 30° = = = = . = V3 
tan30°4\/3 V3 V3 VB 
3 
The six trigonometric functions evaluated for an angle measuring 30° are 
1 3 3 
cos30° = “3 tan30° = = 
2 
csc 30° = 2 sec 30° = ae cot30° = V3 


= YOUR TURN Evaluate the six trigonometric functions for an angle that 
measures 60°. 


In comparing our answers in Example 4 and Your Turn, we see that the following 


cofunction relationships are true: 
sin30° = cos 60° tan 30° = cot 60° 


tan 60° = cot30° 


sec 30° = csc 60° 
sin60° = cos30° sec60° = csc30° 


which is expected, since 30° and 60° are complementary angles. 


Study Tip 


3, e 
cos 30° = —~——~is exact, whereas if 


we evaluate with a calculator, we get 
an approximation: cos 30° ~ 0.8660. 
This decimal approximation from a 
calculator is a way to “check” your 
“exact” answer. 


= Answer: 


sin 60° = v3 cos 60° = Z 

2 2 
tan60° = V3 csc 60° = _ 
sec 60° = cot 60° = — 
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EXAMPLE 5_ Evaluating the Trigonometric Functions Exactly for 45° 
Evaluate the six trigonometric functions for an angle that measures 45°. 


Solution: 


Label the sides of the 45°-45°-90° right triangle 


with respect to one of the 45° angles. Hypotenuse 


x 
Opposite 


x 
Adjacent 
Use the right triangle ratio definitions of sine, cosine, and tangent. 
sate opposite x 1 1 V2 «V2 
sin = = = = . = 
hypotenuse V2x V2 V2 «v2 2 
adjacent x 1 1 V2 «V2 
cos 45° = = = = : = 
hypotenuse VW2x V2 V2 V2 2 
opposite 
tan45° = Fy 


adjacent Xx 


Use the reciprocal identities to obtain the values of the cosecant, secant, and 
cotangent functions. 


a er ee ae ee 


esc 45° = — = = : V2 
sin45° V2 V2 V2. 
2 
1 1 2 2 v2 
sec 45° = = = = : = v2 
cos45° V2 V2 V2 V2. 
2 
1 1 
cot 45° = =—=1] 
tan45°— I 
Stu dy Tip ae The six trigonometric functions evaluated for an angle measuring 45° are 


we evaluate with a calculator, we get 
an approximation: sin 45° ~ 0.7071. csc 45° = 
This decimal approximation is a way 


V2 V2 
sin 45° = a exact, whereas if sin 45° = > cos 45° = a 
V2 V2 


sec 45° = cot 45° = 1 


pei enti gee no We see that the following cofunction relationships are true: 


sin 45° = cos 45° sec 45° = csc 45° tan 45° = cot 45° 


which is expected, since 45° and 45° are complementary angles. 


The trigonometric function values for the three special angle measures (30°, 45°, and 60°) 
are summarized in the following table. 
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Trigonometric Values for Special Angles 


6 sind cos@ tané coté sec6 cscé 
1 3 3 2V3 
30° rae v3 v3 V3 2V3 2 
2 2 3 3 
2 2 
45° ee wa 1 1 V2 V2 
2 2 
3 1 3 2V3 
60° v3 = V3 v3 2 2V3 
2 2 3 3 


It is important to learn the special values in red for sine and cosine. All other values in the 
table can be found through reciprocals or quotients of these two functions. Remember 
that the tangent function is the ratio of the sine function to the cosine function. 


opposite 
ing = opposite __ adjacent sin@ hypotenuse opposite 
ied hypotenuse 7 hypotenuse ~ cosO adjacent - adjacent 
hypotenuse 
1 3 

Note in the above table that sin30° = 3 and cos 30° = “3 so 

sin 30° 1/2 1 V3 
tan30° = = = = ; 

cos30° 73/2, V3 3 


Using Calculators to Evaluate (Approximate) 
Trigonometric Functions 


We now turn our attention to using calculators to evaluate trigonometric functions, which 
often results in an approximation. Scientific and graphing calculators have buttons for sine 
(sin), cosine (cos), and tangent (tan) functions. Let us start with what we already know and 
confirm it with our calculators. 


EXAMPLE 6 _ Evaluating Trigonometric Functions with a Calculator 


Use a calculator to find the values of 


a. sin 75° b. tan 67° c. sec 52° d. cos30° 


Round your answers to four decimal places. 


Solution: 

a. 0.965925826 = 0.9659 b. 2.355852366 =~ 2.3559 
1 1 

c. cos 52° 0615661475 1.6247 d. 0.866025403 = 0.8660 

Note: We know cos 30° = “ = 0.8660. 


= YOUR TURN Use acalculator to find the values of 
b. tan 81° d. sin 45° 


Round your answers to four decimal places. 


a. cos 22° c. csc 37° 


When calculating secant, cosecant, and cotangent function values with a calculator, it is 
important not to round the number until after using the reciprocal function key 1/x or x! 
in order to be as accurate as possible. 


Study Tip 


If you memorize the values for sine 
and cosine for the angles given in the 
table, then the other trigonometric 
function values in the table can be 
found using the quotient and 
reciprocal identities. 


Study Tip 

SOHCAHTOA: 

¢ Sine is Opposite over Hypotenuse. 
* Cosine is Adjacent over Hypotenuse. 


* Tangent is Opposite over Adjacent. 


EB 
Technology Tip 


cost Sey 
1.62476 


Study Tip 


In calculating secant, cosecant, and 
cotangent function values with a 
calculator, it is important not to 
round the number until after using 
the reciprocal function key 1/x. 


= Answer: a. 0.9272 b. 6.3138 
ce. 1.6616 d. 0.7071 
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aS SECTION 
' SUMMARY 


In this section we defined trigonometric functions as ratios of angles (30°, 45°, and 60°), and calculators can be used to 
sides of right triangles. This approach is called right triangle approximate trigonometric function values of any angle. 

trigonometry. This is the first of three definitions of trigonometric 
functions (others will follow in Sections 6.4 and 6.7). We now can 
find trigonometric functions of an acute angle by taking ratios of 
the three sides of a right triangle: “adjacent,” “opposite,” 
and “hypotenuse.” It is important to remember that “adjacent” and 
“opposite” are defined with respect to one of the acute angles we 45° 
are considering. We learned that trigonometric functions of an 
angle are equal to the cofunctions of the complement to the angle. 
Trigonometric functions can be evaluated exactly for special 


6 sind tané 


cos@ 
v3 v3 
D 
Ve 


30 3 


60° 


v[sfelsfer- 
w i) 


SECTION 
6.2 EXERCISES 


=SKILLS 


In Exercises 1-6, refer to the triangle in the drawing to find the indicated trigonometric 
function values. 


1. sind 2. cosé 3. csc 0 10 


4. sec 5. tand 6. coté 8 


6 
In Exercises 7-12, refer to the triangle in the drawing to find the indicated trigonometric 
function values. Rationalize any denominators containing radicals that you encounter 
in the answers. 
7. cosé 8. sind 9. secd 
2 
10. cscd 11. tand 12. coté 


For Exercises 13-18, refer to the triangle in the drawing to find the indicated trigonometric function 
values. Rationalize any denominators containing radicals that you encounter in the answers. 


13. sind 14. cosé 15. sec@ 

16. cscO 17. coté 18. tand 7 

In Exercises 19-24, use the cofunction identities to fill in the blanks. /\ [| 
3 

19. sin60° = cos 20. sin45° = cos 21. cosx = sin 

22. cotA = tan 23. csc 30° = sec 24. sec B = csc 


In Exercises 25-32, write the trigonometric function values in terms of its cofunction. 
25. sin(x + y) 26. sin(60° — x) 27. cos(20° + A) 
28. cos(A + B) 29. cot(45° — x) 30. sec(30° — @) 
31. csc(60° — 6) 32. tan(40° + 0) 
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In Exercises 33-38, match the trigonometric function values. 


1 V3 V2 
ae b. —— G— 
2 2 y) 
33. sin30° 34. sin60° 35. cos30° 36. cos60° 37. sin45° 38. cos 45° 


sind 
In Exercises 39-41, use the results in Exercises 33-38 and the trigonometric quotient identity tan0d = 0 to calculate the 
cos 


following values. 


39. tan30° 40. tan45° 41. tan60° 


1 1 
In Exercises 42-50, use the results in Exercises 33-41 and the reciprocal identities csc 9 = ano sec@ = eer and 


1 in 8 0s 0 
cot? = to calculate the following values. 
tan@ 
42. csc30° 43. sec 30° 44. cot30° 45. csc60° 46. sec 60° 
47. cot 60° 48. csc 45° 49. sec 45° 50. cot 45° 


In Exercises 51-64, use a calculator to evaluate the trigonometric functions for the indicated values. Round your answers to four 
decimal places. 


51. sin37° 52. sin17.8° 53. cos82° 54. cos 21.9° 55. tan 54° 
56. tan43.2° 57. sec8° 58. sec 75° 59. csc89° 60. csc 51° 
61. cot 55° 62. cot29° 63. tan(?5") 64. cot (403)" 


"APPLICATIONS 


For Exercises 65 and 66, refer to the following: For Exercises 67 and 68, refer to the following: 
When traveling through air, a spherical drop of blood with The monthly profits of PizzaRia are a function of sales, that is, 
diameter d maintains its spherical shape until hitting a flat surface. p(s). A financial analysis has determined that the sales s in 
The direction of travel of the drop of blood dictates the thousands of dollars of PizzaRia are also related to monthly 
directionality of the blood splatter on the surface. For this reason, profits p in thousands of dollars by the relationship 
the diameter of the blood drop is equal to the width of the blood 
splatter on the surface. The angle at which a spherical drop of tan@ = 4 for O=Ss=55 and 0=Sp=45 

s 


blood is deposited on a surface, called angle of impact, is related 


to the width w and the length / of the splatter by sin@ = 7 A Profits (p) 


Side view 


SS. WA 
BS 
oo” LON 
/ 
splatter 


65. Forensic Science. If a drop of blood found at a crime scene 
has a width of 6 millimeters and length of 12 millimeters, 
find the angle @ that represents the directionality. 


Sales (s) 


66. Forensic Science. If a drop of blood found at a crime scene 
has a width of 2 millimeters and length of 2 millimeters, 
find the angle @ that represents the directionality. 
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Based on sales and profits, it can be determined that the domain 
for angle 6 is 
0° = @ = 40° 


The ratio tan@ represents the slope of the hypotenuse of the right 
triangle formed by sales s and profit p (see figure above). The 
angle @ can be interpreted as a measure of the relative size of s 
to p. The larger the angle 6 is, the greater profit is relative to 
sales, and conversely, the smaller the angle 6 is, the smaller 
profit is relative to sales. 


67. Business. If PizzaRia’s monthly sales are $25,000 and 


monthly profits are $10,000, find 
a. tand b. cot é 


68. Business. If PizzaRia’s monthly sales are s and monthly 
profits are p: 


a. Determine the hypotenuse in terms of s and p. 


b. Determine a formula for cos@ in terms of s and p. 


For Exercises 69 and 70, refer to the following: 


A man lives in a house that borders a pasture. He decides to go to the 
grocery store to get some milk. He is trying to decide whether to 
drive along the roads in his car or take his all-terrain vehicle (ATV) 
across the pasture. His car is faster than the ATV, but the distance the 
ATV would travel is less than the distance he would travel in his car. 


69. Shortcut. If sin6 = 3 and cos@ = 3 and he drove his car 
along the streets, it would be 14 miles round trip. How far 
would he have to go on his ATV round trip? 


70. Shortcut. If tan@ = 1 and he drove his car along the streets, it 
would be 200 yards round trip. How far would he have to go 
on his ATV round trip? Round your answer to the nearest yard. 


For Exercises 71-74, refer to the following: 


Have you ever noticed that if you put a stick in the water, it looks 
bent? We know the stick didn’t bend. Instead, the light rays bend, 
which made the image appear to bend. Light rays propagating from 
one medium (like air) to another medium (like water) experience 
refraction, or “bending,” with respect to the surface. Light bends 
according to Snell’s law, which states 


n;sin(0;) = n,sin(6,) 


where 

a n; is the refractive index of the medium the light is leaving. 

u 6; is the incident angle between the light ray and the normal 
(perpendicular) to the interface between mediums. 

a n, is the refractive index of the medium the light is entering. 

u 6, is the refractive angle between the light ray and the 
normal (perpendicular) to the interface between mediums. 


Surface 


Calculate the index of refraction n, of the indicated refractive 
medium given the following assumptions. 
Round answers to three decimals. 


a The incident medium is air. 
a Air has an index of refraction of n; = 1.00. 
a The incidence angle is 6; = 30°. 


71. Optics. Diamond, 6, = 12° 
72. Optics. Emerald, 0. = 18.5° 
73. Optics. Water, 6, = 22° 
74. Optics. Plastic, 6, = 20° 


For Exercises 75-78, refer back to Exercises 73-76 in 
Section 6.1 for an explanation of the setting. 


75. Archery. A beginning archer stands 50 feet from the target. If 
@ represents the angle of depression of the bow (where the 
horizontal is the line segment connecting the original position 
of the arrowhead, just before release, and the bullseye on the 
target), and it is known that cos 6 = 0.9992, what would her 
score be on this shot? 


76. Archery. A beginning archer stands 50 feet from the target. 
If 6 represents the angle at which the arrow strikes the target, 
and it is known that sin B = 0.9995, what would her score be 
on this shot? 
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77. Archery. A beginning archer stands 50 feet from the target. 
If 8 represents the angle at which the arrow strikes the target, 


and it is known that tan B = 0, what would her score be on 
this shot? 


78. Archery. A beginning archer stands 50 feet from the target. 
If 8 represents the angle at which the arrow strikes the target, 


and it is known that cot B = 1, what would her score be on 
this shot? 


For Exercises 79 and 80, refer to the following: 


X-ray crystallography is a method of determining the 
arrangement of atoms within a crystal. This method has 
revealed the structure and functioning of many biological 
molecules including vitamins, drugs, proteins, and nucleic 
acids (including DNA). The structure of a crystal can be 
determined experimentally using Bragg’s law: 


nv = 2d sin@ 


=CATCH THE MISTAKE 


For Exercises 81-84, explain the mistake that is made. 


For the triangle in the drawing, calculate the indicated 
trigonometric function values. 


81. Calculate siny. 


Solution: 

Formulate sine in terms of : opposite 

trigonometric ratios. ome hypotenuse 

The opposite side is 4, and the ; 4 

h : siny = = 
ypotenuse is 5. 5 

This is incorrect. What mistake was made? 

82. Calculate tanx. 

Solution: 

Formulate tangent in terms of ‘ adjacent 
i : . i=. 

trigonometric ratios. opposite 

The adjacent side is 3, and the 

opposite side is 4. ae = 4 


This is incorrect. What mistake was made? 


where A is the wavelength of x-ray (measured in angstroms), 

d is the distance between atomic planes (measured in angstroms), 
0 is the angle of reflection (in degrees), and n is the order of Bragg 
reflection (a positive integer). 


79. 


80. 


83. 


84. 


Physics/Life Sciences. A diffractometer was used to make 
a diffraction pattern for a protein crystal from which it 
was determined experimentally that x-rays of wavelength 
1.54 angstroms produced an angle of reflection of 45° 
corresponding to a Bragg reflection of order 1. Find the 
distance between atomic planes for the protein crystal to 
the nearest hundredth of an angstrom. 


Physics/Life Sciences. A diffractometer was used to make 
a diffraction pattern for a salt crystal from which it was 
determined experimentally that x-rays of wavelength 

1.67 angstroms produced an angle of reflection of 

71.3° corresponding to a Bragg reflection of order 4. Find 
the distance between atomic planes for the salt crystal 

to the nearest hundredth of an angstrom. 


Calculate sec x. 


Solution: 
Formulate sine in terms ; opposite 
' f : siny = ———_ 
of trigonometric ratios. ~~ hypotenuse 
The opposite side is 4, and the ; _4 
hypotenuse is 5. cata 
Write secant as the reciprocal 1 
of sine. Peete ae 
15 
Simplify. secx = — = — 
pity, A 4 
5 
This is incorrect. What mistake was made? 
Calculate csc y. 
Solution: 
Formulate cosine in terms adjacent 
of trigonometric ratios. oy = hypotenuse 
The adjacent side is 4, and the 4 
hypotenuse is 5. ies a 
Write cosecant as the reciprocal 
of cosine. ey cosy 
1 5 
Simplify. cscy = — =— 
ee yA 4 
5 


This is incorrect. What mistake was made? 
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"CONCEPTUAL 


In Exercises 85-92, use the special triangles (30°-60°-90° and 
45°-45°-90°) shown below to help you answer the questions: 


30° 


| 60° 


CHALLENGE 


In Exercises 93-96, use trignometric ratios and the 
assumption that a is much larger than b. 


Thus far, in this text we have discussed trigonometric values 
only for acute angles, or for 0° < @ < 90°. How do we 
determine these values when @ is approximately 0° or 90°? We 
will formally consider these cases in Section 6.5, but for now, 
draw and label a right triangle that has one angle very close to 
0°, so that the opposite side is very small compared to the 
adjacent side. Then the hypotenuse and the adjacent side will 
be very close to the same length. 


0 
Rs 
a 
93. Approximate sin 0° without using a calculator. 
94. Approximate cos 0° without using a calculator. 
95. Approximate cos 90° without using a calculator. 


96. Approximate sin 90° without using a calculator. 


=TECHNOLOGY 
105. Calculate sec 70° the following two ways: 


a. Find cos 70° to three decimal places and then divide 1 by 
that number. Write that number to five decimal places. 


b. In a calculator, enter 70, cos, 1/x, and round the result to 
five decimal places. 


106. Calculate csc 40° the following two ways: 


a. Find sin 40°, write that down (round to three decimal 
places), and then divide 1 by that number. Write this last 
result to five decimal places. 


b. In a calculator, enter 40, sin, 1/x, and round the result to 
five decimal places. 


In Exercises 85 and 86, determine whether each statement is 
true or false. 


85. sin45° = cos45° 

86. sin60° = cos30° 

87. Calculate sin30° and cos30°. 

88. Calculate sin60° and cos 60°. 

89. Calculate tan30° and tan60°. 

90. Calculate sin 45°, cos 45°, and tan 45°. 
91. Calculate sec 45° and csc 45°. 

92. Calculate tan 60° and cot 30°. 


In Exercises 97-104, use the following diagram. Make 
certain to rationalize the denominators of all answers 
involving radicals that you encounter. 

A 


2x 


97. Calculate BD. 

98. Determine y. 

99. Determine the exact numerical value for sin B. 
100. Calculate sec(90° — B). 

101. Calculate tan? 8 + 1. 

102. True or False: cos?B — sin?B = 1. 

103. Calculate sin’6 + cos”. 

104. Calculate csc(90° — @) + sec(90° — B). 


107. Calculate cot 54.9° the following two ways: 


a. Find tan54.9° to three decimal places and then divide 1 
by that number. Write that number to five decimal places. 


b. In a calculator, enter 54.9, tan, 1/x, and round the result to 
five decimal places. 


108. Calculate sec 18.6° the following two ways: 


a. Find cos 18.6° to three decimal places and then divide 1 
by that number. Write that number to five decimal places. 


b. In a calculator, enter 18.6, cos, 1/x, and round the result to 
five decimal places. 


APPLICATIONS OF RIGHT TRIANGLE 
SECTION TRIGONOMETRY: SOLVING RIGHT 
6.3 TRIANGLES 


To solve a triangle means to find the measure of the three angles and three sides of the 
triangle. In this section, we will discuss only right triangles (therefore, we know one angle has 
a measure of 90°). We will know some information (the measures of two sides or the 
measures of a side and an acute angle) and we will determine the measures of the unknown 
sides and angles. However, before we start solving right triangles and determining 
measures, we must first discuss accuracy and significant digits. 


Accuracy and Significant Digits 


If we are upgrading our flooring and quickly measure a room as 10 ft X 12 ft and want to 
calculate the diagonal length of the room, we use the Pythagorean theorem. 


WorpDs MATH 

Use the Pythagorean theorem. 10° + 127 = @ 

Simplify. d* = 244 

Use the square root property. d= +V244 

The length of the diagonal 

must be positive. d= V244 TEN 


Approximate the radical with 
a calculator. d = 15.62049935 

Would you say that the 10ft x 12ft room has a diagonal of 15.62049935 feet? 
No, because the known room measurements were given only with an accuracy of | foot, 
and the diagonal above is calculated to eight decimal places. Your results are no more 
accurate than the least accurate number in your calculation. In this example, we round 
to the nearest foot, and hence we say that the diagonal of the 10 ft * 12 ft room is about 
16 feet. 

Significant digits are used to determine the precision of a measurement. 


DEFINITION Significant Digits 


The number of significant digits in a number is found by counting all of 
the digits from left to right starting with the first nonzero digit. 


Study Tip 


The least accurate number in your 
calculation determines the accuracy 
of your result. 
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NUMBER SIGNIFICANT DiGits 


0.04 
0.276 
0.2076 
1.23 
17 
17.00 
17.000 
6.25 
8000 


— 


WwW nm FPN WwW!) BR Ww 


The reason for the question mark next to 8000 is that we don’t know. If 8000 is a result from 
rounding to the nearest thousand, then it has one significant digit. If 8000 is the result of 
rounding to the nearest ten, then it has three significant digits, and if there are exactly 
8000 people surveyed, then 8000 is an exact value and it has four significant digits. In this 
text we will assume that integers have the greatest number of significant digits. Therefore, 
8000 has four significant digits and can be expressed in scientific notation: 8.000 X 10°. 

In solving right triangles, we first determine which of the given measurements has 
the /east number of significant digits and round our answers to the same number of 
significant digits. 


EXAMPLE 1 _ Identifying the Least Number of Significant Digits 


Determine the number of significant digits corresponding 
to the given information in the following triangle: 
measure of an acute angle and a side length. In solving 
this right triangle, what number of significant digits 
should be used to express the remaining measure and 
side lengths? 


b= 27.3 ft 


Solution: 


Determine the significant digits corresponding to B = 45°. Two significant digits 


Determine the significant digits corresponding to b = 27.3ft. | Three significant digits 


In solving this triangle, the remaining side lengths of a and c and the measure of a should be 


expressed to | two significant digits. 


Solving a Right Triangle Given the Measure 
of an Acute Angle and a Side Length 


When solving a right triangle, we already know that one angle has measure 90°. Let us now 
consider the case when the measure of an acute angle and a side length are given. Since the 
measure of one of the acute angles is given, the remaining acute angle can be found using 
the fact that the sum of three angles in a triangle is 180°. Right triangle trigonometry is then 
used to find a second side length, and then the Pythagorean theorem is used to find the 
remaining (third) side length. 
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EXAMPLE 2_ Solving a Right Triangle Given an Angle and a Side 


Solve the right triangle—find a, b, and a. 


E 
Lecdosik Uchrtehed tLe a 


Solution: 


Step 1 Determine accuracy. 
Since the given quantities, 15 ft and 56°, are both expressed 
to two significant digits, we will round all calculated values to 
two significant digits. 


Step 2 Solve for a. 
Two acute angles in a right triangle are complementary. a+ 56° = 90° 


Solve for a. 


STEP 3 Solve for a. 


Cosine of an angle is equal to the adjacent side over the cos56° = & 
hypotenuse. 15 

Solve for a. a = 15cos56° 
Evaluate the right side of the expression using a calculator. a © 8.38789 


Round a to two significant digits. 


STEP 4 Solve for b. 
Notice that there are two ways to solve for b: trigonometric functions or the 
Pythagorean theorem. Although it is tempting to use the Pythagorean theorem, 
it is better to use the given information with trigonometric functions than to use 
a value that has already been rounded, which could make results less accurate. 


Sine of an angle is equal to the opposite side over : b 
sin56° = — 
the hypotenuse. 15 
Solve for b. b = 15sin56° 
Evaluate the right side of the expression using a calculator. b © 12.43556 
Round b to two significant digits. bw 12 ft 
STEP 5 Check. 
Angles and sides are rounded to two significant digits. 
34° 
15 ft 12 ft 
56° H 
8.4 ft 


Check the trigonometric values of the specific angles by calculating the 
trigonometric ratios. 


Ils 
| 


sin34° = — cos 34° tan34° = — 


0.5592 ~ 0.56 0.8290 ~ 0.80 0.6745 ~ 0.70 


. : = Answer: 6 = 53°, a = 26in., 
= YOUR TURN Solve the right triangle; b= 90in, 


find a, b, and 0. 
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= Answer: 51° 


Solving a Right Triangle Given the 
Length of Two Sides 


When solving a right triangle, we already know that one angle has measure 90°. Let us now 
consider the case when the lengths of two sides are given. In this case the third side can be 
found using the Pythagorean theorem. If we can determine the measure of one of the acute 
angles, then we can find the measure of the third acute angle using the fact that the sum of 
the three angle measures in a triangle is 180°. How do we find the measure of one of the 
acute angles? Since we know the measure of the side lengths, we can use right triangle 
ratios to determine the trigonometric function (sine, cosine, or tangent) values and then ask 
ourselves: What angle corresponds to that value? 

Sometimes, we may know the answer exactly. For example, if we determine that 
siné = 5 then we know that the acute angle 0 is 30° because sin 30° = 5. Other times we 
may not know the corresponding angle, such as sin@ = 0.9511. Calculators have three 
keys (sin’', cos _', and tan~') that help us determine the unknown angle. For example, a 
calculator can be used to assist us in finding what angle 6 corresponds to sin@ = 0.9511. 


sin’ '(0.9511) = 72.00806419° 


At first glance these three keys might appear to yield the reciprocal; however, the 
—1 superscript corresponds to an inverse function. We will learn more about inverse 
trigonometric functions in Chapter 7, but for now we will use these three calculator keys to 
help us solve right triangles. 


EXAMPLE 3. Usinga Calculator to Determine an Acute 
Angle Measure 


Use a calculator to find 6. Round answers to the nearest degree. 
a. cos @ = 0.8734 b. tan @ = 2.752 
Solution (a): 


Use a calculator to evaluate the inverse 
cosine function. cos” !(0.8734) = 29.14382196° 


Round to the nearest degree. 


Solution (b): 


Use a calculator to evaluate the inverse 
tangent function. tan” (2.752) = 70.03026784° 


Round to the nearest degree. 


= YOUR TURN Use acalculator to find 0, given sin@ = 0.7739. Round answer to the 
nearest degree. 
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EXAMPLE 4 _ Solving a Right Triangle Given Two Sides 


Solve the right triangle—find a, a, and B. 


Solution: 


STEP 1 


STEP 2 


STEP 3 


STEP 4 


STEP 5 


= YOUR TURN Solve the right triangle; 


Determine accuracy. 


The given sides have four significant digits; 
therefore, round all calculated values to four 


significant digits. 


Solve for a. 


Cosine of an angle is equal to the adjacent 


side over hypotenuse. 


Evaluate the right side using a calculator. 


Write the angle a in terms of the 
inverse cosine function. 


Use a calculator to evaluate the inverse 


cosine function. 


Round a to the nearest hundredth of a degree. 


Solve for B. 


The two acute angles in a right triangle 


are complementary. 
Substitute a ~ 58.09°. 


Solve for B. 


37.21 cm 


19.67cm 


cosa = ——— 
37.21cm 


19.67 cm 


cosa © 0.528621338 


any 


cos '(0.528621338) 


a © 58.08764854° 


a+ B= 90° 


58.09° + B © 90° 


The answer is already rounded to the nearest hundredth of a degree. 


Solve for a. 


Use the Pythagorean theorem. 


Substitute the given values for b and c. 


Solve for a. 
Round a to four significant digits. 


Check. 


e+pe=ace 


a + 19.677 = 37.217 


Check the trigonometric values of the specific 
angles by calculating the trigonometric ratio. 


nates 2 2! in58.09° = 
sin i. = 37.21 sin F 
0.5286 = 0.5286 0.8490 


find a, a, and B. 


? 


31.59 


37.21 
0.8490 


a © 31.5859969 


a © 31.59 cm 


23.5 miles 


17.2 miles 


il 
Technology Tip 


19.67 
To find cos'( 35"), first press 


19.67 || + 


37.21 


| ENTER |. 


Next, press | 2nd} | Cos | for 


and for the answer, | ANS 


ENTER |. 


cos !||ANS|} ) 


Using a scientific calculator, press 


19.67 |[=][37.21 | 


— 
m 
Z 
4 
a 
7 


= Answer: a = 16.0 miles, 
a = 43.0°, B = 47.0° 


Study Tip 


To find a length in a right triangle, 
use the sine, cosine, and tangent 
functions. To find an angle in a right 
triangle, given the proper ratio, use 
the inverse sine, inverse cosine, and 
inverse tangent functions. 
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Applications 


In many applications of solving right triangles, you are given a side and an acute angle and 
are asked to find one of the other sides. Two common examples involve an observer (or 
point of reference) located on the horizontal and an object that is either above or below the 
horizontal. If the object is above the horizontal, then the angle made is called the angle of 
elevation, and if the object is below the horizontal, then the angle made is called the angle 
of depression. 

For example, if a race car driver is looking straight ahead (in a horizontal line of sight), 
then looking up is elevation and looking down is depression. 


"Sle 
OF e Te Van . - 
LOn 


Horizontal 


sasew| Aya 


/s9Suyys/uosjauey UYyo{ 


If the angle is a physical one (like a skateboard ramp), then the appropriate name is 
angle of inclination. 


Angle of Inclination 


EXAMPLE 5 Angle of Depression (NASCAR) 


In this picture, car 19 is behind the leader car 2. If the angle of depression is 18° from the 
car 19’s driver’s eyes to the bottom of the 3 ft high back end of car 2 (side opposite the 
angle of depression), how far apart are their bumpers? Assume that the horizontal distance 
from the car 19’s driver’s eyes to the front of his car is 5 feet. 


saSew| $1q109/|WS U0>|/ay 9 1aeM@ 


| 
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Solution: x 

Draw an appropriate right triangle and label the 3 a 

known quantities. le 
3 Technology Tip 

Identify the tangent ratio. tan 18° = CY tesssssetrvtresnessvetenes Siesseteasssterteed 
x 

Solve for x x= : 

tan 18° Betancign 
fois 9, 255858612 

Evaluate the right side. x © 9,233 

Round to the nearest foot. x = Oft 

Subtract 5 ft (eyes to end of car). 9-5= 


Their bumpers are 4 ft apart. 


Suppose NASA wants to talk with the International Space Station (ISS), which 
is traveling at a speed of 17,700 mph, 400km (250 miles) above the surface of the 
Earth. If the antennas at the ground station in Houston have a pointing error of even 
1/100 of a degree, that is, 0.01°, the ground station will miss the chance to talk with the 
astronauts. 


e 
EXAMPLE 6 Pointing Error Technology Tip 


Assume that the ISS (which is 108 meters long and 73 meters wide) is in a 400-km To calculate 400 tan 0.01°, press 


low earth orbit. If the communications antennas have a 0.01° pointing error, how 4hAtanca, aid 
many meters off will the communications link be? 868121788 
Solution, sesusascaacssdesastdstecdis saehbariaseaiss 


Draw a right triangle that depicts this scenario. 


0.01° 
400 km 


(NOT TO SCALE) 


x 
Identify the t t ratio. tan0.01° = —— 
entify the tangent ratio an 400 
Solve for x. x = (400 km)tan 0.01° 
Evaluate the expression on the right. x © 0.06981317 km 


400 km is accurate to three significant digits, so we express the answer to three 
significant digits. 


The pointing error causes the signal to be off by | 69.8 meters |. Since the ISS 
is only 108 meters long, it is expected that the signal will be missed by the 
astronaut crew. 
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In navigation, the word bearing means the direction a vessel is pointed. Heading is the 
direction the vessel is actually traveling. Heading and bearing are only synonyms when 
there is no wind on land. Direction is often given as a bearing, which is the measure of an 
acute angle with respect to the north-south vertical line. “The plane has a bearing N 20° E” 
means that the plane is pointed 20° to the east of due north. 


N 
sf 
20° / 
W / E 
> 
S 


lead EXAMPLE 7 Bearing (Navigation) 


A jet takes off bearing N28°E and flies 5 miles and then makes a left (90°) turn and 
flies 12 miles farther. If the control tower operator wants to locate the plane, what bearing 
should she use? 


Solution: 


Draw a picture that represents this scenario. 


12 
Identify the tangent ratio. tané = a 
: : yf 12 
Use the inverse tangent function to solve for 6. 0 = tan 5 = 67.4° 
Subtract 28° from @ to find the bearing, PB. B © 67.4° — 28° = 39.4° 


Round to the nearest degree. BY N39°W 
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> SECTION 


SUMMARY 
In this section we used right triangle trigonometry to solve right right triangle (find all unknown side and angle measurements). 
triangles. When either a side length and an acute angle measure The least accurate number used in your calculations determines 
are given or two side lengths are given, it is possible to solve the the appropriate number of significant digits for your results. 


SECTION 
6.3 EXERCISES 


"SKILLS 


In Exercises 1-4, determine the number of significant digits corresponding to each of the given angle measures and side lengths. 


1. a = 37.5° 2. B = 49.76° 3. a = 0.37 km 4. b=0.2 mi 


In Exercises 5-10, use a calculator to find the measure of angle 8. Round answer to the nearest degree. 
5. sin @ = 0.7264 6. sin @ = 0.1798 7. cos 0 = 0.5674 
8. cos 6 = 0.8866 9. tan 0 = 8.235 10. tan 0 = 3.563 


In Exercises 11-30, refer to the right triangle diagram and the given information to find the indicated measure. Write your 
answers for angle measures in decimal degrees. 


11. B = 35°, c = 17in,; find a. 12. B = 35°, c = 17in:; find b. 

13. a = 55°, c = 22 ft; find a. 14. a = 55°, c = 22 ft; find b. 

15. a = 20.5°, b = 14.7 miles; find a. 16. B = 69.3°, a = 0.752 miles; find b. 

17. B = 25°, a = 11 km; find c. 18. B = 75°, b = 26km; find c. : b 
19. a = 48.25°, a = 15.37 cm; find c. 20. a = 29.80°, b = 16.79 cm; find c. 

21. a = 29mm, c = 38 mm; find a. 22. a = 89 mm, c = 99 mm; find B. [| 
23. b = 2.3m, c = 4.9m; find a. 24. b = 7.8m, c = 13m: find B. 

25. a = 21.283°, b = 210.8 yards; find a. 26. B = 27.35°, a = 117.0 yards; find b. 

27. B = 15.33°, a = 10.2km; find c. 28. B = 65.5°, b = 18.6 km; find c. 

29. a = 40.4694°, a = 12,522 km; find c. 30. a = 28.5472°, b = 17,986 km; find c. 


In Exercises 31-46, refer to the right triangle diagram and the given information to solve the right triangle. Write your 
answers for angle measures in decimal degrees. 


31. a = 32° and c = 12 ft 32. a = 65° and c = 37 ft 

33. B = 72° and c = 9.7mm 34. B = 45° and c = 7.8mm 

35. a = 54.2° and a = 111 miles 36. B = 47.2° and a = 9.75 miles 

37. a = 28.383° and b = 1734 ft 38. a@ = 72.983° and a = 2175 ft ¢ b 
39. a = 42.5 ft and b = 28.7 ft 40. a = 19.8 ft and c = 48.7 ft 

41. a = 35,236km and c = 42,766 km 42. b = 0.1245 mm and c = 0.8763 mm H 
43. B = 25.4° and b = 11.6 in. 44. B = 39.21° andb = 6.3m ¢ 


45. B = 16.10° and a = 4.00 cm 46. a = 50.1° and b = 4cm 
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"APPLICATIONS 


47. Golf. If the flagpole that a golfer aims at on a green 
measures 5 feet from the ground to the top of the flag and 
a golfer measures a 1° angle from top to bottom, how far 
(in horizontal distance) is the golfer from the flag? Round 
to the nearest foot. 


48. Golf. If the flagpole that a golfer aims at on a green measures 
5 feet from the ground to the top of the flag and a golfer 
measures a 3° angle from top to bottom, how far (in 
horizontal distance) is the golfer from the flag? Round to 
the nearest foot. 


Exercises 49 and 50 illustrate a mid-air refueling scenario 
that military aircraft often enact. Assume the elevation angle 
that the hose makes with the plane being fueled is 0 = 36°. 


49. Mid-Air Refueling. If the hose is 150 feet long, what 
should be the altitude difference a between the two planes? 
Round to the nearest foot. 


50. Mid-Air Refueling. If the smallest acceptable altitude 
difference a between the two planes is 100 feet, how long 
should the hose be? Round to the nearest foot. 


Exercises 51-54 are based on the idea of a glide slope (the 
angle the flight path makes with the ground). 


Precision Approach Path Indicator (PAPI) lights are used as a 
visual approach slope aid for pilots landing aircraft. A typical 
glide path for commercial jet airliners is 3°. The space shuttle 
has an outer glide approach of 18°—20°. PAPI lights are typically 
configured as a row of four lights. All four lights are on, but in 
different combinations of red or white. If all four lights are 
white, then the angle of descent is too high; if all four lights 
are red, then the angle of descent is too low; and if there are 
two white and two red, then the approach is perfect. 


PAPI y 
ae ae 
Runway Ground Altitude 


51. Glide Path of a Commercial Jet Airliner. If a commercial 
jetliner is 5000 feet (about 1 mile) ground distance from 
the runway, what should the altitude of the plane be to 
achieve two red and two white PAPI lights? (Assume this 
corresponds to a 3° glide path.) 


52. Glide Path of a Commercial Jet Airliner. If a commercial 
jetliner is at an altitude of 450 feet when it is 5200 feet 
from the runway (approximately 1 mile ground distance), 
what is the glide slope angle? Will the pilot see white 
lights, red lights, or both? 


53. Glide Path of the Space Shuttle Orbiter. If the pilot of the 
space shuttle Orbiter is at an altitude of 3000 feet when she 
is 15,500 ft (approximately 3 miles) from the shuttle landing 
facility (ground distance), what is her glide slope angle 
(round to the nearest degree)? Is she too high or too low? 


54. Glide Path of the Space Shuttle Orbiter. If the same pilot 
in Exercise 53 raises the nose of the gliding shuttle so that 
she drops only 500 feet by the time she is 7800 feet from 
the shuttle landing strip (ground distance), what is her glide 
angle then (round to the nearest degree)? Is she within the 
specs to land the shuttle? 


In Exercises 55 and 56, refer to the illustration below which 
shows a search and rescue helicopter with a 30° field of view 
with a searchlight. 


55. Search and Rescue. If the search and rescue helicopter is 
flying at an altitude of 150 feet above sea level, what is the 
diameter of the circle illuminated on the surface of the water? 


56. Search and Rescue. If the search and rescue helicopter is 
flying at an altitude of 500 feet above sea level, what is the 
diameter of the circle illuminated on the surface of the water? 


For Exercises 57-60, refer to the following: 


Geostationary orbits are useful because they cause a satellite to 
appear stationary with respect to a fixed point on the rotating 
Earth. As a result, an antenna (dish TV) can point in a fixed 
direction and maintain a link with the satellite. The satellite 
orbits in the direction of the Earth’s rotation, at an altitude of 
approximately 35,000 km. 


57. 


58. 


59. 


60. 


61. 
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Dish TV. If your dish TV antenna has a 
pointing error of 0.000278°, how long 
would the satellite have to be in order to 
maintain a link? Round your answer to the 
nearest meter. 


Dish TV. If your dish TV antenna has a 
pointing error of 0.000139°, how long 
would the satellite have to be in order to 
maintain a link? Round your answer to the 
nearest meter. 


Dish TV. If the satellite in a geostationary 
orbit (at 35,000 km) was only 10 meters 
long, about how accurate would the 
pointing of the dish have to be? Give the 
answer in degrees to two significant digits. 


Dish TV. If the satellite in a geostationary 
orbit (at 35,000 km) was only 30 meters 
long, about how accurate would the 
pointing of the dish have to be? Give the 
answer in degrees to two significant digits. 


Angle of Elevation (Traffic). A person 

driving in a sedan is driving too close to the back of an 18 
wheeler on an interstate highway. He decides to back off until 
he can see the entire truck (to the top). If the height of the 
trailer is 15 feet and the sedan driver’s angle of elevation (to 
the top of the trailer from the horizontal line with the bottom 
of the trailer) is roughly 30°, how far is he sitting from the 
end of the trailer? 


For Exercises 65 and 66, refer to the following: 


62. Angle of Depression (Opera). The balcony seats at the 
opera house have an angle of depression of 55° to center 
stage. If the horizontal (ground) distance to the center of the 
stage is 50 feet, how far are the patrons in the balcony from 
the singer at center stage? 


“dul ‘sasewy Ajja5/aU0}S/PyoM 0}04 


. Angle of Inclination (Skiing). The angle of inclination 


of a mountain with triple black diamond ski trails is 65°. 
If a skier at the top of the mountain is at an elevation of 
4000 feet, how long is the ski run from the top to the 
base of the mountain? 


. Bearing (Navigation). If a plane takes off bearing N 33° W 


and flies 6 miles and then makes a right (90°) turn and 
flies 10 miles further, what bearing will the traffic controller 
use to locate the plane? 


With the advent of new technology, tennis racquets can now be constructed to permit a player to serve at speeds in excess of 
120 mph (as demonstrated by Andy Roddick and Pete Sampras, to name just two). One of the most effective serves in tennis is 
a power serve that is hit at top speed directly at the top left corner of the right service court (or top right corner of the left 


21 ft ——>»<—-._ 18 ft ——>»<——- 21 ft —_——> <—_- 21 ft —_——»> x | 8 ft 


Left Service Court 


BOritmeee ial 
Doubles Singles 


| | 


Side Screen 


Right Service Court 


ms 13 ft 6 in. 


Fore Court 
Back Court 
Back Screen 


13 ft 6 in. 


Right Service Court |} Left Service Court | 


78 ft ———_—___________»> 
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service court). When attempting this serve, a player will toss 


the ball rather high into the air, bring the racquet back, and then 


make contact with the ball at the precise moment when the 
position of the ball in the air coincides with the top of the 


netted part of the racquet when the player’s arm is fully 
stretched over his or her head. 


65. 


66. 


Tennis. Assume that the player is serving into the 

right service court and stands just 2 inches to the right of 
the center line behind the base line. If, at the moment the 
racquet strikes the ball, the ball is 9 feet from the ground 
and the serve actually hits the top left corner of the right 
service court, determine the angle at which the ball meets 
the ground in the right service court. Round to the 
nearest degree. 


Tennis. Assume that the player is serving into the right 
service court and stands just 2 inches to the right of the 
center line behind the base line. If the ball hits the top left 
corner of the right service court at an angle of 8°, at what 
height above the ground must the ball be struck? 


For Exercises 67 and 68, refer to the following: 


The structure of molecules is critical to the study of 
materials science and organic chemistry, and has countless 
applications to a variety of interesting phenomena. 
Trigonometry plays a critical role in determining the 
bonding angles of molecules. For instance, the structure 
of the (FeCl,Bry)~° ion (dibromatetetrachlorideferrate III) 
is shown in the figure below. 


67. 


68. 


Chemistry. Determine the angle 0 (i.e., the angle between 
the axis containing the apical bromide atom (Br) and the 
segment connecting Br to Cl). 


Chemistry. Now, suppose one of the chlorides (Cl) is 
removed. The resulting structure is triagonal in nature, 
resulting in the following structure. Does the angle 0 
change? If so, what is its new value? 


For Exercises 69-74, refer back to Exercises 75-78 in 
Section 6.1 for an explanation of the setting. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


Archery. If the arrow hits the target 13 inches directly 
below the bullseye, and it has traveled 92 feet from its 
original position at release to the point of impact with the 
target, how far was the archer from the target? Express 
your answer in four significant digits. 


Archery. In Exercise 69, what was the tangent of the angle 
of depression from the line of sight connecting the arrowhead 
to the bullseye? Express your answer in four significant digits. 


Archery. Assuming that the angle of depression from the line 
of sight connecting the arrowhead to the bullseye is 0.7°, how 
far should the archer stand from the target to ensure she hits 
the target directly below the bullseye where the red and blue 
rings meet? Express your answer in two significant digits. 


Archery. In Exercise 71, how far has the arrow traveled? 
Express your answer in four significant digits. 


Archery. If the archer stands 90 feet from the target and 
the angle at which the arrow hits the target is 88.4°, what 
is her score? 


Archery. In Exercise 73, what is the angle of depression of 
the arrowhead? 


Construction. Two neighborhood kids are planning to 
build a treehouse in tree 1, and connect it to tree 2 which 
is 40 yards away. The base of the treehouse will be 20 feet 
above the ground, and a platform will be nailed into tree 2, 
3 feet above the ground. The plan is to connect the base of 
the treehouse on tree | to an anchor 2 feet above the 
platform on tree 2. 


40 yd 


How much zipline (in feet) will they need? Round your 
answer to the nearest foot. 


76. 


77. 


78. 
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Construction. In Exercise 75, what is the angle of 
depression # that the zipline makes with tree 1? Express 
your answer in two significant digits. (Hint: Find an 
expression for tan B, and use your calculator to compute 
tan”! of this expression.) 


Construction. A pool that measures 5 feet above the 
ground is to be placed between the trees directly in the 
path of the zipline in Exercise 75. Assuming that a rider of 
the zipline dangles at most 3 feet below the wire anywhere 
in route, what is the closest the edge of the pool can be 
placed to tree 2 so that the pool will not impede a rider’s 
trip down the zipline? 


Construction. If the treehouse is to be built so that its 
base is now 22 feet above the base of tree 1, where 
should the anchor on tree 2 (to which the zipline is 
connected) be placed in order to ensure the same angle 
of depression found in Exercise 76? 


For Exercises 79 and 80, refer to the following: 


A canal constructed by a water-users association can be 
approximated by an isosceles triangle (see the figure below). 
When the canal was originally constructed, the depth of the 
canal was 5.0 feet and the angle defining the shape of the canal 
was 60°. 


=CATCH THE MISTAKE 


79. 


80. 


Environmental Science. If the width of the water surface 
today is 4.0 feet, find the depth of the water running 
through the canal. 


Environmental Science. One year later a survey is 
performed to measure the effects of erosion on the canal. 
It is determined that when the water depth is 4.0 feet, the 
width of the water surface is 5.0 feet. Find the angle 6 
defining the shape of the canal to the nearest degree. Has 
erosion affected the shape of the canal? Explain. 


For Exercises 81 and 82, refer to the following: 


After breaking a femur, a patient is placed in traction. The end 
of a femur of length / is lifted to an elevation forming an angle 
@ with the horizontal (angle of elevation). 


81. 


82. 


Length 


Elevation 


Health/Medicine. A femur 18 inches long is placed into 
traction, forming an angle of 15° with the horizontal. 
Find the height of elevation at the end of the femur. 


Health/Medicine. A femur 18 inches long is placed in 
traction with an elevation of 6.2 inches. What is the angle 
of elevation of the femur? 


In Exercises 83 and 84, refer to the right triangle diagram below and explain the mistake that is made: 


84. If 8B = 56° and c = 15 ft, find b and then find a. 


b 
| 
a 
83. If b = 800 ft and a = 10 ft, find B. 

Solution: 

Represent tangent as the opposite eae = b 
side over the adjacent side. a 
Substitute b = 800 ft : _ 800 
and a = 10ft. a 10 


Use a calculator to evaluate B. B = tan80° © 5.67° 


This is incorrect. What mistake was made? 


Solution: 
. . . b 
Write sine as the opposite ange = 
side over the hypotenuse. 15 
Solve for b. b = 15sin56° 
Use a calculator to approximate b. b © 12.4356 
Round the answer to two 
significant digits. b= 12ft 


Use the Pythagorean theorem 


to find a. at+P=c 
Substitute b = 12ft 

and c = 15ft. @ + 12? = 15? 
Solve for a. a=9 
Round the answer to two 

significant digits. a= 90ft 


Compare this with the results from Example 2. Why did 
we get a different value for a here? 
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=CONCEPTUAL 
In Exercises 85-89, determine whether each statement is true or false. 


85. If you are given the measures of two sides of a right 88. If you are given the hypotenuse of a right triangle and 
triangle, you can solve the right triangle. the angle opposite the hypotenuse, you can solve the 


86. If you are given the measures of one side and one acute right triangle. 


angle of a right triangle, you can solve the right triangle. 89. If both sin@ and cos@ are known for a given angle @ ina 


87. If you are given the two acute angles of a right triangle, right triangle, you can solve the triangle. 


you can solve the right triangle. 


=CHALLENGE 


90. Use the information in the illustration below to determine is given in the following diagram. Determine y, the depth 
the height of the mountain. at which the treasure lies. 


Ship 


91. Two friends who are engineers at Kennedy Space Center 
(KSC) watch the shuttle launch. Carolyn is at the 


Vehicle Assembly Building (VAB) 3 miles from the 

launch pad and Jackie is across the Banana River, which 

is 8 miles from the launch pad. They call each other at 

liftoff, and after 10 seconds they each estimate the 

elevation with respect to the ground. Carolyn thinks 

the elevation is approximately 40°, and Jackie thinks the 

elevation is approximately 15°. Approximately how high 

is the shuttle after 10 seconds? (Average their estimates ] = | 


y 
and round to the nearest mile.) 3x 


For Exercises 93 and 94, consider the following diagram: 


Carolyn 93. Determine x. 


94. Determine y. 


Jackie 


95. Consider the following diagram and compute tan(90° — A). 
_ 
ae — ise 
<5 miles 


7 
2 
3 miles ——» 
Image Bank/Getty Images, Inc. 


Photonica/Getty Images 96 


. Consider the following diagram and compute sec A « csc B. 


92. A crew sets out in search of a buried treasure. A diver has Express your answer in terms of x. 
a device that informs him where on the ocean floor the 
treasure is buried, but it has difficulty determining the exact 
depth that it lies below the surface. The known information 
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=TECHNOLOGY 


97. Use a calculator to find sin7'(sin 40°). 103. Compute tan” '(tan 35°). What would you expect tan” '(tan @) 
98. Use a calculator to find cos '(cos17°). to be for an acute angle? 
99. Use a calculator to find cos(cos !0.8). 104. Compute tan(tan~'2), What would you expect tan(tan™'x) 


to be f al ber? 
100. Use a calculator to find sin(sin™! 0.3). EPeO a ean g e gre 


ee 
101. Based on the result from Exercise 97, what would BO8> Ue ecaloulateree nd sna eo) 


sin '(sin@) be for an acute angle 6? 106. Use a calculator to find tan(tan™! 5.321). 


102. Based on the result from Exercise 98, what would 
cos ‘(cos@) be for an acute angle 0? 


SECTION | DEFINITION 2 OF TRIGONOMETRIC 
6.4 FUNCTIONS: CARTESIAN PLANE 


Angles in Standard Position 

In Section 6.1 we introduced angles. A common unit of measure for angles is degrees. We 

discussed triangles and the fact that the sum of the measures of the three interior angles is 

always 180°. We also discussed the Pythagorean theorem, which relates the lengths of the 

three sides of a right triangle. Based on what we learned in Section 6.1, the following two 

angles, which correspond to a right angle or quarter rotation, both have a measurement of 90°. 
A oA 


0= ra NY = 90° 
“ = Study Tip 


We need a frame of reference. In this section we use the Cartesian plane as our frame of For a review of the rectangular 

reference by superimposing angles onto the Cartesian coordinate system, or rectangular pecans oo system, 
a . see section 2.1. 

coordinate system (Section 2.1). 
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Study Tip 
The initial side of an angle is a ray 
(initial ray) and the terminal side of 


an angle is also a ray (terminal ray). 


Let us now bridge two concepts with which you are already familiar. First, recall that 
an angle is generated when a ray (the angle’s initial side) is rotated around an endpoint 
(which becomes the angle’s vertex). The ray, in its new position after it is rotated, is called 
the terminal side of the angle. Also recall the Cartesian (rectangular) coordinate system 
with the x-axis, y-axis, and origin. Using the positive x-axis combined with the origin as a 
frame of reference, we can graph angles in the Cartesian plane. If the initial side of 
the angle is aligned along the positive x-axis and the vertex of the angle is positioned at the 
origin, then the angle is said to be in standard position. 


DEFINITION Standard Position AY 
An angle is said to be in standard position 
if its initial side is along the positive x-axis 
and its vertex is at the origin. 


Terminal Side 


Vertex Initial Side 
(0, 0) 


We say that an angle lies in the quadrant in which its terminal side lies. For example, an acute 
angle (0° < @ < 90°) lies in quadrant I, whereas an obtuse angle (90° < @ < 180°) lies 
in quadrant II. 


AY AY 
OBTUSE ANGLE 
Quadrant II 


ACUTE ANGLE 
Quadrant I 
Xx 


Similarly, angles with measure 180° < @ < 270° lie in quadrant III and angles with 
measure 270° < @ < 360° lie in quadrant IV. Angles in standard position with terminal 
sides along the x-axis or y-axis (90°, 180°, 270°, 360°, etc.) are called quadrantal angles. 
An abbreviated way to represent an angle 6 that lies in quadrant I is 6 € QI. Similarly, if an 
angle lies in quadrant II, we say 6 € QII, and so forth. 


90° 
AY 


90° < 6 < 180° 0°<6< 90° 


QU Ql 


x 
180° ———_—______—_____——_> 00° or 360° 


180° < 6 < 270° | 270° < 4 < 360° 


QUI QIv 


270° 
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Recall that rotation in a counterclockwise direction corresponds to a positive angle, 
whereas rotation in a clockwise direction corresponds to a negative angle. 


EXAMPLE 1_ Sketching Angles in Standard Position 


Sketch the following angles in standard position, and state the quadrant in (or axis on) 
which the terminal side lies. y 


a. —90° b. 210° 
Solution (a): 


The initial side lies on the positive x-axis. 


ta 


A negative angle indicates clockwise rotation. on 
90° is a right angle. 


The terminal side lies on the negative y-axis. 


Solution (b): 
The initial side lies on the positive x-axis. 


A positive angle indicates counterclockwise 
rotation. 


ta 


210° 
180° represents a straight angle, and 


an additional 30° yields a 210° angle. 


The terminal side lies in quadrant III. 


= YOUR TURN Sketch the following angles in standard position, and state the quadrant 
in which the terminal side lies. 


a. —300° b. 135° 


Common Angles in Standard Position 


The common angles for which we determined the exact trigonometric function values in 
Section 6.2 are 30°, 45°, and 60°. Recall the relationships between the sides of 30°-60°-90° 
and 45°-45°-90° triangles. 


-300° 


Terminal side lies in quadrant I. 


b. AY 


135° 


Terminal side lies in quadrant II. 


606 
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Let us assume the hypotenuse is equal to 1. Then we have the following triangles: 


30° 


Nl- 


We can position these triangles on the Cartesian plane with one leg along the positive x-axis 
so that we have three angles (30°, 45°, and 60°) in standard position. Remember that we 
are always assuming that the hypotenuse is equal to 1. Notice that the x- and y-coordinates 
of the points shown correspond to the side lengths. 


AY AY AY 
, (4 _) 
4,1) eae} ies 
ae ANT 3 Pie 
Pd | 1 5 iP eal B 
L 77 60° | a pe 7 Ls 
I> 7 I 2 
Pia 2 4 { / 
730° x 7 45° é 60° x 
3 2 1 
2 a 2 
30° angle 45° angle 60° angle 


If we graph the three angles (30°, 45°, and 60°) on the same Cartesian coordinate system, 
we get the following in the first quadrant: 


Using symmetry (Section 2.2) and the angles and coordinates in quadrant | (QI), we get the 
following angles and coordinates in QIU, QUI, and QIV. Notice that all of these coordinate 
pairs satisfy the equation of the unit circle (radius equal to 1 and centered at the origin): 
ety=1. 
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225° *-..270°| (0, -1)" 315° 


In Section 6.2 we defined trigonometric functions as ratios of side lengths of right triangles. 
This definition holds only for acute (0° < 6 < 90°) angles, since the two angles in a right 
triangle other than the right angle must be acute. We now define trigonometric functions as 
ratios of x- and y-coordinates and distances in the Cartesian plane, which is consistent with 
right triangle trigonometry for acute angles. However, this second approach enables us to 
formulate trigonometric functions for quadrantal angles (whose terminal side lies along an 
axis) and nonacute angles. 


Coterminal Angles 


DEFINITION Coterminal Angles 


Two angles in standard position with the same terminal side are called coterminal 
angles. 


For example, —40° and 320° are coterminal; their terminal rays are identical even though 
they are formed by rotation in opposite directions. The angles 60° and 420° are also 
coterminal; angles larger than 360° or less than —360° are generated by continuing the 
rotation beyond a full rotation. Thus, all coterminal angles have the same initial side 
(positive x-axis) and the same terminal side, just different rotations. 


y 


Study Tip 


In Section 6.7 we will define the 
values of the sine and cosine 
functions as the y- and x-coordinates, 
respectively, along the unit circle. 
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= Answer: a. yes __—b. no 


Study Tip 
The measures of coterminal angles 


must differ by an integer multiple 
of 360°. 


= Answer: a. 180° b. 290° 


EXAMPLE 2 Recognizing Coterminal Angles 
Determine whether the following pairs of angles are coterminal. 
a. a = 120°, B = —180° b. a = 20°, B = 740° 
Solution (a): 

The terminal side of a is in QI. 

The terminal side of B is along the negative x-axis. Bi 
a and B are not coterminal angles. 

Solution (b): 


Since 360° represents one rotation, 720° represents two rotations. 

Therefore, after 720° of rotation, the angle is again along the posi- \ a 
tive x-axis. An additional 20° of rotation achieves a 740° angle. 

Since a = 20° and B = 740° have the same terminal side, they B 

are coterminal angles. | 


= YOUR TURN Determine whether the following pairs of angles are coterminal. 


a. a = 240°, B = —120° b. a= 20°, B = —380° 


To find measures of the smallest positive coterminal angles, if the given angle is 
positive and greater than 360°, subtract 360° repeatedly until the result is a positive angle 
less than or equal to 360°. If the given angle is nonpositive, add 360° repeatedly until the 
result is a positive angle less than or equal to 360°. 


| EXAMPLE 3 _ Finding Measures of Coterminal Angles 


Determine the angle of the smallest possible positive measure that is coterminal with each 
of the following angles. 


a. 830° b. —520° 

Solution (a): 

470° 
110° 


Since 830° is positive, subtract 360°. 830° — 360° 


Subtract 360° again. 470° — 360° 
The angle with measure is the angle with the smallest positive measure 


that is coterminal with the angle with measure 830°. 


Solution (b): 


Since —520° is negative, add 360°. 520° + 360° = —160° 
Add 360° again. —160° + 360° = 200° 


The angle with measure is the angle with the smallest positive measure 
that is coterminal with the angle with measure —520°. 


= YOUR TURN Determine the angle of the smallest possible positive measure that is 
coterminal with each of the following angles. 


a. 900° b. —430° 
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Trigonometric Functions: AY 
The Cartesian Plane 


To define the trigonometric functions in the Cartesian plane, let us start with an acute angle 
6 in standard position. Choose any point (x, y) on the terminal side of the angle as long as 
it is not the vertex (the origin). 

A right triangle can be drawn so that the right angle is made when a perpendicular 
segment connects the point (x, y) to the x-axis. Notice that the side opposite @ has length y 
and the other leg of the right triangle has length x. 


AY 


WorRDS Mato 

The distance r from the origin (0, 0) r= Vix — 0% + (y - OY 
to the point (x, y) can be found 

using the distance formula: r= Vet y? 

Since r is a distance, it is always positive. r> 0 


Using our first definition of trigonometric functions in terms of right triangle ratios 


opposite 


(Section 6.2), we say that sin@ = From this picture we see that sine can also 


hypotenuse 


be defined by the relation sin@ = - Similar reasoning holds for all six trigonometric functions 
r 


and leads us to the second definition of the trigonometric functions, in terms of ratios of 
coordinates and distances in the Cartesian plane. 


DEFINITION (2) Trigonometric Functions 


Let (x, y) be a point other than the origin on the terminal side of an angle @ in 
standard position. Let r be the distance from the point (x, y) to the origin. Then 
the six trigonometric functions are defined as 


sin? = cos? = tan? = (x # 0) 


cscO = (y # 0) sec@ = (x # 0) cot@ = 


Sie = |< 


Ss St St cS 
roe Poi SE ( 


Oo) 


where r = Vx’ + y’, or x° + y’ = r’. The distance r is positive: r > 0. 
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Study Tip 


There is no need to memorize 
definitions for secant, cosecant, and 
cotangent functions, since their 
values can be derived from the 
reciprocals of the sine, cosine, and 
tangent function values. 


= Answer: 
2 71V58 3V58 
sin@ cos@ = 
58 58 
7 V58 
tané = 3 csc@ = as 
V58 3 
sec@ = 37 coté = 7 


EXAMPLE 4 (Calculating Trigonometric Function Values 
for Acute Angles 


The terminal side of an angle 6 in standard position 
passes through the point (2,5). Calculate the values 
of the six trigonometric functions for angle 0. 


Solution: 


STEP 1 Draw the angle and label the point (2, 5). 


Step 2 Calculate the distance r. r=V24+52 = V29 
Step 3 Formulate the trigonometric functions in terms of x, y, and r. 


Letx = 2,y =5,r= V29. 


: y =) x 2 5 
sine = = cos8 = — = >= tand =— => 
r 29 r 29 2 
V29 29 2 
csc@ = — = sec@ = — = —— cot@ =—-=—= 
y 5) x 2 5) 
Step 4 Rationalize any denominators containing a radical. 
ane 2) : V29 — 5V29 eS 2 ; V29 — 2V29 
V29 =V29 29 V29° =«V29 29 


STEP 5 Write the values of the six trigonometric functions for 6. 


ong =< 2¥22 9 = 2¥29 epee 
sing = 29 cosgG = 29 ang = 2 
V29 V29 2 
5 sec@ = ae cotéd = 5 


Note: In Example 4, we could have used the values of the sine, cosine, and tangent 
functions along with the reciprocal identities to calculate the cosecant, secant, and 
cotangent function values. 


csc@ = 


= YOUR TURN The terminal side of an angle 6 in standard position passes through the 
point (3, 7). Calculate the values of the six trigonometric functions for 
angle 0. 


We can now use this second definition of trigonometric functions to find values for 
nonacute angles (angles with measure greater than or equal to 90°) as well as negative 
angles. 


aa 
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EXAMPLE 5 (Calculating Trigonometric Function Values 
for Nonacute Angles 


The terminal side of an angle 6 in standard position passes through the point (—4, —7). 
Calculate the values of the six trigonometric functions for angle 0. 


Solution: 


Step 1 Draw the angle and label the point (—4, —7). 


Step 2 Calculate the distance r. r= V(-4? + C7P = V65 
Step 3 Formulate the trigonometric functions in terms of x, y, and r. 


Let x = —4,y = —7, andr = V65. 


aug y —7 9 x —4 end -7 7 
sin@ = —- = — cos@ = — = —= ang = — = — =— 
r  V65 65 “4 4 
Vv -4 4 
apnea ue a A ee nee 
y =] x —4 y —-7 7 


Step 4 Rationalize the radical denominators in the sine and cosine functions. 


sin@ = Det . ve = es 
r V65 V65 65 
sue = ae V65 465 
r V65 V65 65 


Step 5 Write the values of the six trigonometric functions for 0. 


sind = — cos@ = — 


= YOUR TURN The terminal side of an angle @ in standard position passes through the 
point (—3, —5). Calculate the values of the six trigonometric functions 
for angle 6. 


= Answer: 
ind 5V34 ene 3V34 
sin@ = = 
34 34 

5 V 34 

tand = — csc@ = ks 
3 | 

6 =-—— to = — 
sec 3 co 
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AY If we say that the terminal side of an angle lies on a line that passes through the 
origin, we must specify which part of the line represents the terminal ray in order to 
determine the angle. For example, in the diagram to the left, if we specify x > 0, then we 
know that the terminal side lies in quadrant I. Alternatively, if we specify x < 0, then 

, we know that the terminal side lies in quadrant II. 

Once we know which part of the line represents the terminal side of the angle, it does 
not matter which point on the line we use to formulate the trigonometric function values, 
because corresponding sides of similar triangles are proportional. 


x<0 
EXAMPLE 6 Calculating Trigonometric Function Values 
for Nonacute Angles 
Calculate the values for the six trigonometric functions of angle 0, given in standard 
position, if the terminal side of 6 lies on the line y = 3x, x = 0. 
Solution: 
Step 1 Draw the line and label a point on 
the terminal side. 
STEP 2 Calculate the distance r. 
Step 3 Formulate the trigonometric functions in terms of x, y, and r. 
Letx = —-l,y =—3, andr = V10. 
: y =3 =] y =3 
sind = — = —— cos§ = — = —= tand = —-=— =3 
r 10 10 x =i 
Vi 1 a | 1 
ee ee Moe cot@ = ~ === 
y =3 x —1 y 3 3 
Step 4 Rationalize the radical denominators in the sine and cosine functions. 
co 73) Vv10_ ——3v10 ee 71 vid ——-V/10 
r V10 V10 10 r V10 V10 10 
STEP 5 Write the values of the six trigonometric functions for 6. 
3V10 V10 
sin@ = — 0 cos@ = —T10- 
= Answer: 
V10 it 
sing = 2 cos@ = “ cscO = —s sec? = —V10 coté = 3 


tan@d = 2 csc@ = ——— 


1 = YOUR TURN Calculate the values for the six trigonometric functions of angle 0, 
seco =—V5__ cot? = 2 given in standard position, if the terminal side of 0 is defined by 
y= 2x,x = 0. 
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Thus far in Chapter 6 we have avoided evaluating expressions such as sin90° because 
90° is not an acute angle. However, with our second definition of trigonometric functions in 
the Cartesian plane, we now are able to evaluate the trigonometric functions for quadrantal 
angles (angles in standard position whose terminal sides coincide with an axis) such as 
90°, 180°, 270°, and 360°. Notice that 90° and 270° lie along the y-axis and therefore have 
an x-coordinate value equal to 0. Similarly, 180° and 360° lie along the x-axis and have a 
y-coordinate value equal to 0. Some of the trigonometric functions are defined with 
x- or y-coordinates in the denominator, and since dividing by 0 is undefined in mathematics, 
not all trigonometric functions are defined for some quadrantal angles. 


EXAMPLE 7 Calculating Trigonometric Function Values 
for Quadrantal Angles 


Calculate the values for the six trigonometric functions when 8 = 90°. 
Solution: 


Step 1 Draw the angle and label a point on the 
terminal side. 


Note: A convenient point on the 
terminal side is (0, 1). 


Step 2 Calculate the distance r. r= VOoyr+(y = V1i=1 


Step 3 Formulate the trigonometric functions in terms of x, y, and r. 


Letx = 0,y = l,andr = 1. 


x 
cos@ = — = 
- 


ele ele 


Co|F F/O 


r x 
sec9 = — = cot@é = — = 
x y 


= Answer: 
= YOUR TURN Calculate the values for the six trigonometric functions when 9 = 270°. sind = —1 cosé = 0 
tan@ is undefined csc# = —1 


sec@ is undefined cot@ = 0 
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EXAMPLE 8 (Calculating Trigonometric Function Values 


for Quadrantal Angles 
sine 1Se2 Calculate the values for the six trigonometric functions when 8 = 180°. 
KI "I 
cost 18m% Solution: 4? 
tant 1Sh% . Step 1 Draw the angle and label a point on the 
terminal side. 
Use the reciprocal identities to enter Note: A convenient point on the : 
sec 180° as (cos180)~!. 6 = 180 


terminal side is (—1, 0). 
Coost 1343 5-1 1 ¥ \ x 


A TI calculator displays the values 
of csc 180° and cot 180° as 


Step 2 Calculate the distance r. r= V(-)b?+ OP = VI=1 
Step 3 Formulate the trigonometric functions in terms of x, y, and r. 


Let x = —l,y = 0, andr = 1. 


mete” cosd = = = — ieee 
rol r 1 x —-l 
fr 1 r 1 x =| 
csc@ = — = — sec@ = — = — cot@ = — = — 
y O x =1 0 


Step 4 Write the values of the six trigonometric functions for 6. 


: “Aneereke csc@ is undefined secO = —1 coté@ is undefined 


sind=0 cos@=1 
tand = 0 CSCO is Undefined «| ieeeereserseteeetstessetseesteseeestseesenseseseessenseecenssasnessseeseacrsceessscsessnacassscesseccnscasesenscecsesnenscesasesecaacaseaesnaseneeenaneetees 
secO@ = 1 cot@ is undefined 


bret << = 6 


So sind cosé tané cote secé cscé 
Note: In Examples 7 and 8, we oe | oOo J OQ Undefined 1 undefined 
could have used the definitions of 
sine, cosine, and tangent along 90° 1 0 undefined 0 undefined 1 
with the reciprocal identities to iwoelCtd;té‘i‘i kw#*~<C:*«<‘~sd;‘ ‘C‘(CC.OCQUWUOOOOUOUndefined)6=—)606U—1) ouundefined 
calculate cosecant, secant, and 
cotangent. The following table 270° =4 0 undefined 0 undefined 1 
summarizes the trigonometric 300 ~=|hCOOttrtCt«~sdCti‘<it=i‘i‘i defined = ™*é«<idS*C<Citi‘ié‘itét:*s(nde fine 
function values for the quadrantal 


angles 0°, 90°, 180°, 270°, 
and 360°. 


To confirm these values, evaluate each of these functions with a calculator for the specified 
angles. Make sure the calculator is set in degree (not radian) mode. 
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a SECTION 
; , SUMMARY 


An angle in the Cartesian plane is in standard position if its 
initial side lies along the positive x-axis and its vertex is located 
at the origin. Angles in standard position have terminal sides 
that lie either in one of the four quadrants or along one of the 
two axes. The special triangles, 30°-60°-90° and 45°-45°-90°, 
with hypotenuses having measure 1, were used to develop the 
coordinates in quadrant I for the special angles, 30°, 45°, and 60°. 
We then used symmetry to locate similar pairs of coordinates in 
the other quadrants. All right triangles with one vertex (not the 


the other nonright angle vertex located along the unit circle 
(a? + y’ = 1). Coterminal angles are angles in standard position 
that have the same initial side and the same terminal side. 
Trigonometric functions are defined in the Cartesian plane as 
ratios of coordinates and distances. Right triangle trigonometric 
definitions learned in Section 6.2 are consistent with these 
definitions. We now have the ability to evaluate trigonometric 
functions for nonacute angles. Trigonometric functions are not 
always defined for quadrantal angles. 


right angle) located at the origin and hypotenuse equal to 1 have 


SECTION 
6.4 EXERCISES 


=" SKILLS 


In Exercises 1-22, state in which quadrant or on which axes the angles with given measure in standard position would lie. 


1. 89° 2. 91° 3. 145° 4, 175° 5. 310° 6. 355° 

7. 270° 8. 180° 9. —540° 10. —450° 11. 210.5° 12. 270.5° 
13. 12.34° 14. 100.001° 153.5957 16. 620° 17. 525° 18. 1085° 
19. —905° 20. —640° 21. 1400.0001° 22. —3600° 


In Exercises 23-36, sketch each of the following angles with given measure in standard position. 


23. 135° 24, 225° 25. —405° 26. —450° 27, —225° 28. —330° 
29. 330° 30. —150° 31. 510° 32. —720° 33. 840° 34. —380° 
35. —540° 36. 540° 


In Exercises 37-42, match the angles (a—f) with the coterminal angles (37-42). 
a. 30° b. —95° 
38. —690° 39. 60° 


c. 185° d. —560° 


40. 265° 


e. 780° f. 75° 


S16 535" 41. —645° 42. 160° 


In Exercises 43-52, determine the angle of the smallest possible positive measure that is coterminal with each of the given angles. 
43. 412° 
49. 510° 


44, 379° 
50. 1395° 


45. —92° 
51. 1400.0001° 


46. —187° 
52. 612.34° 


47. —390° 48. 945° 


In Exercises 53-72, the terminal side of an angle 6 in standard position passes through the indicated point. Calculate the 
values of the six trigonometric functions for angle 0. 


53. (1, 2) 54, (2, 3) 55. (3, 6) 56. (8, 4) 
57. (5,2) 58. (5,3) 59. (—2,4) 60. (—1, 3) 
(-V2, V3) 64. ( 
65. (—V5,-V3) 66. (-V6,-V5) 67. (-12, -4) 68. (-32,-4) 
69. (8, —4) 70. (2.1, 4.2) 71. (—3,4) 72, 
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In Exercises 73-80, calculate the values for the six trigonometric functions of the angle 6 given in standard position, if the 


terminal side of @ lies on each of the indicated lines. 


73. y= 2x, x20 74. y = 3x, x20 


771. y = —4x,x=0 78. y = —}x,x=0 


75. y=5x, x20 


79, 2x + 3y=0,x<0 


76. y =5x,x <0 


80. 2x + 3y = 0, x 20 


In Exercises 81-94, calculate (if possible) the values for the six trigonometric functions of the angle 0 given in 


standard position. 


81. 6 = 450° 82. 9 = 540° 83. 9 = 630° 
87. 9 = —90° 88. 9 = —360° 89. 9 = —450° 
93. @ = 1200° 94. 9 = 1140° 


" APPLICATIONS 


95. Clock. What is the measure of the angle swept out by 
the second hand if it starts on the 3 and continues for 
3 minutes and 20 seconds? 


96. Clock. What is the measure of the angle swept out by the 
hour hand if it starts at 3 P.M. on Wednesday and continues 
until 5 p.m. on Thursday? 


For Exercises 97 and 98, refer to the following: 


The two-player game of Zim-Zam in which the players swat at 
a tennis ball tethered to a 4-foot-long string connected atop a 
6-foot pole was popular in the mid-80s. One player would be 
assigned the clockwise direction and the other the counterclockwise 
direction. A player’s goal was to use a sequence of hits to have 
the ball travel a full 7 revolutions around in the assigned 
direction. This was complicated by the fact that the person’s 
opponent was attempting to do the same thing in the opposite 
direction. For each complete revolution the ball made in a 
given direction, the corresponding player’s scoring device 
would increase by 1; this also had the effect of decreasing the 
opponent’s score by 1. The game was finished once a player 
reached a score of 7 points. 


97. Sports. Suppose the scoring device for the player assigned 
the clockwise direction goes from 0 to 2 to | to 4 to 3 to 7. 
How many total degrees in the clockwise direction did the 
ball travel? 


98. Sports. If during a game of Zim-Zam the ball traveled 990° 
counterclockwise in one maneuver, how many points did 
the player assigned the counterclockwise direction earn? 


99. Track. Don and Ron both started running around a 
circular track, starting at the same point, but Don ran 
counterclockwise and Ron ran clockwise. The paths they 
ran swept through angles of 900° and —900°, respectively. 
Did they end up in the same spot when they finished? 


100. Track. Dan and Stan both started running around a 
circular track, starting at the same point. The paths they 
ran swept through angles of 3640° and 1890°, 
respectively. Did they end up in the same spot when 


they finished? 


84. 6 = 720° 85. 6 = —270° 86. 6 = —180° 


90. 8 = —540° 91. 0 = —630° 92. 6 = —720° 


For Exercises 101 and 102, refer to the following: 


A common school locker combination lock is shown. The lock 
has a dial with forty calibration marks numbered 0 to 39. A 
combination consists of three of these numbers (e.g., 5-35-20). 
To open the lock, the following steps are taken: 


0}04d}90}S! 


= turn the dial clockwise two full turns, 
= stop at the first number of the combination, 
= turn the dial counterclockwise one full turn, 


= continue turning counterclockwise until the second number 
is reached, 


= turn the dial clockwise again until the third number is 
reached, 


= pull the shank and the lock will open. 


101. Combination Lock. Given that the initial position of the 
dial is at zero (shown in the illustration), how many 
degrees is the dial rotated in total (sum of clockwise and 
counterclockwise rotations) in opening the lock if the 


combination is 35-5-20? 


102. Combination Lock. Given that the initial position of the 
dial is at zero (shown in the illustration), how many 
degrees is the dial rotated in total (sum of clockwise and 
counterclockwise rotations) in opening the lock if the 


combination is 20-15-5? 
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103. Geometry. A right triangle is drawn in QI with one leg on 
the x-axis and its hypotenuse on the terminal side of angle 
@ drawn in standard position. If sin@ = + what is tan? 


104. Geometry. A right triangle is drawn in QI with one leg on 
the x-axis and its hypotenuse on the terminal side of 
angle 6 drawn in standard position. If tané = S what is 


cos@? 


For Exercises 105 and 106, refer to the following figure: 


105. Forestry. Let 0 be the angle of elevation from 
a point on the ground to the top of a tree. If 
cos@ = a and the distance from the point on 
the ground to the base of the tree is 22 feet, 
how high is the tree? 


106. Forestry. Let 6 be the angle of elevation froma =; 
point on the ground to the top of a tree. If Ie | 
sin? = at and the tree is 20 feet high, how far 


from the base of the tree is the point on the ground? 


For Exercises 107 and 108, refer to the following: 


The monthly revenues 
(measured in thousands of 
dollars) of PizzaRia are a 
function of monthly costs 
(measured in thousands of 
dollars), that is, R(c). 
Recall that the angle 0 

can be interpreted as a 
measure of the sizes of cost 
c and revenue R relative to 
each other, that is, 

revenue 


A Revenue (R) 


Cost (c) 


tan@ = The 


costs 
larger the angle @ is, the greater revenue is relative to cost, 
and conversely; the smaller the angle @ is, the smaller revenue 
is relative to cost. 


"CATCH THE MISTAKE 


In Exercises 111 and 112, explain the mistake that is made. 


111. The terminal side of an angle 6 in standard position 
passes through the point (1, 2). Calculate sind. 


Solution: 
Label the coordinates. x=ly=2 
Calculate r. r=P4+V=5 
Use the definition of sine. sin@ = - 
Z 
; . ») 
Substitute y = 2,r = 5. sin@ = 5 


This is incorrect. What mistake was made? 


107. Business. An analysis of a month’s revenue and costs 
indicates sind = i. Determine whether the company 
experiences a loss or profit for that month. 


108. Business. An analysis of a month’s revenue and costs 
indicates cos@ = 2. Determine whether the company 


experiences a loss or profit for that month. 
For Exercises 109 and 110, refer to the following: 


A bunion is a progressive medical disorder of the foot in which 
the big toe gradually begins to lean toward the second toe. The 
condition can lead to a misalignment of the metatarsal and 
phalanges of the big toe when compared to the metatarsal and 
phalanges of the second toe (see the figure below). The angle 0 
formed between the metatarsal of the big toe and the metatarsal 
of the second toe is called the first intermetatarsal angle and is 
normally less than 9°. In the presence of a bunion, the 
intermetatarsal angle exceeds 9°, which may be caused by the 
length of the first metatarsal bone. Exercises 109 and 110 both 
correspond to the presence of a bunion. 


Proximal Distal 


end end 


Phalanges 


Metatarsals 


(Source: http://emedicine.medscape.com/article/1235796-media.) 


4.8 
109. Health/Medicine. If cos? = ae find the distance 
cm 


between the distal ends of the two metatarsals. Round to 
the nearest millimeter. 


110. Health/Medicine. If secO = oe find the distance 


Icom 
between the distal ends of the two metatarsals. Round to 
the nearest millimeter. 


112. Evaluate sec810° exactly. 


Solution: 


810° — 360° = 450° 
450° — 360° = 90° 


Find a coterminal angle that 
lies between 0° and 360°. 


810° has the same terminal 
side as 90°. 


Evaluate cosine for 90°. cos90° = 0 


1 
— cos90° 0 ze 


This is incorrect. What mistake was made? 


Evaluate secant for 90°. 
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" CONCEPTUAL 


In Exercises 113-120, determine whether each statement is true or false. 


113. sin30° + sin60° = sin90° 118. csc(@ + 90°n) = sec(90° — 6 — 90°n), where n is an 


integer. 
114. tan0° + tan90° = tan90° 


. ; 119. If tand = 1, then 6 = 45° + 360°n, for some integer n. 
115. cos? = cos(@ + 360°n), where n is an integer. 


. . . : 120. If cot? = —V3, then @ = 150° + 180°n, for some 
116. sin@ = sin(@ + 360°n), where n is an integer. 


integer n. 
117. cos(90° — 6) = sin(@ — 720°n), where n is an integer. 
"=" CHALLENGE 
121. If the terminal side of angle @ passes through the point 125. Find y if (—3, y) is on the terminal side of angle 6 and 
(—3a, 4a), find cos@. V17 
secO = ———. 
122. If the terminal side of angle 6 passes through the point 3 
(—3a, 4a), find sind. 126. Find the equation of the line with positive slope that 


passes through the point (a, 0) and makes an acute angle 
6 with the x-axis. The equation of the line will be in 
terms of x, a, and a trigonometric function of 6. 


123. If the line y = mx makes an angle 6 with the x-axis, which 
trigonometric function value for 0 is equal to m? 


ie El pes 20s On he toemnal side oe angle gene 127. Find the equation of the line with negative slope that 


éscov= = V29 passes through the point (a, 0) and makes an acute angle 
20 6 with the x-axis. The equation of the line will be in 


terms of x, a, and a trigonometric function of 6. 


" TECHNOLOGY 


In Exercises 128-137, use a calculator to evaluate the following expressions. If you get an error, explain why. 
128. sin 270° 129. cos270° 130. tan270° 131. cot270° 

132. sin(—270°) 133. cos(—270°) 134. csc(—270°) 135. sec(—270°) 

136. sec270° 137. csc270° 


SECTION TRIGONOMETRIC FUNCTIONS 
6.5 OF NONACUTE ANGLES 


In Section 6.4, we defined trigonometric functions in the Cartesian plane as ratios of x, y, 
and r. We calculated the trigonometric function values given a point on the terminal side 
of an angle in standard position. We also discussed the special case of a quadrantal angle. 
In this section, we now evaluate trigonometric functions exactly for common angles. 
Additionally, we will approximate trigonometric functions for nonacute angles using an 
acute reference angle and knowledge of algebraic signs of trigonometric functions in 
particular quadrants. 


Algebraic Signs of Trigonometric Functions 
In Section 6.4, we defined trigonometric functions as ratios of x, y, and r. Since r is the 
distance from the origin to the point (x, y) and distance is never negative, r is always 
taken as the positive solution to 7 = x7 + y*,sor = Vx + y*. 
The x-coordinate is positive in quadrants I and IV and negative in quadrants IT and III. 
The y-coordinate is positive in quadrants I and II and negative in quadrants III and IV. 
Recall the definition of the six trigonometric functions in the Cartesian plane: 


sin@ = Z cos@ = a tan@d = . (x # 0) 
r r x 


ese = (y 0) seco = 7 (x ¥ 0) cotd = (y # 0) 


Therefore, the algebraic sign, + or —, of each trigonometric function will depend on which 
quadrant contains the terminal side of angle 6. Let us look at the three main trigonometric 
functions: sine, cosine, and tangent. In quadrant I, all three functions are positive since 
x, y, and r are all positive. However, in quadrant II, only sine is positive since y and r are 
both positive. In quadrant III, only tangent is positive, and in quadrant IV, only cosine is 
positive. The phrase “All Students Take Calculus” helps us remember which of the three 
main trigonometric functions are positive in each quadrant. 


PHRASE QUADRANT PosITIVE TRIGONOMETRIC FUNCTION 
All I All three: sine, cosine, and tangent 
Students I Sine 

Take Il Tangent 

Calculus IV Cosine 


QU AY Qi 
x<0 x>0 
y>0 y>0 
r>0 r>0 
x 
> 
x<0 x>0 
y<O0 y<O0 
r>0 r>0 
QUI QIV 
Study Tip 


All Students Take Calculus is a 
phrase that helps us remember which 
of the three (sine, cosine, tangent) 
functions are positive in quadrants I, 


IL, IM, and IV. 
AY 
S) A 
x 
T C 
Positivity Chart 
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The following table indicates the algebraic sign of all six trigonometric functions 
according to the quadrant in which the terminal side of an angle @ lies. Notice that the 
reciprocal functions have the same sign. 


TERMINAL SIDE oF 0 


IN QUADRANT sin? cos 0 tan@ cot sec 0 csc 0 
I a + + + + + 
Il + - = - = + 
i - - + + - - 
Iv - + - - + - 


EXAMPLE 1_ Evaluating a Trigonometric Function When the 
Quadrant of the Terminal Side Is Known 


If cos? = -2 and the terminal side of 6 lies in quadrant III, find siné. 


e 
Technology Tip Solution: 


To draw the terminal side of the Step 1 Draw some angle 6 in QIl. 


angle 6 in quadrant III through the 


point (—3, —4), press |GRAPH Step 2 Identify known quantities from the information given. 
2nd: || DRAW Iv 2:Line( 

Xx 3 —3 x AY 
ENTER |. Recall that cos@ = — cos@ = —-> = — = 

r 5 5 r L 
Now use arrows to move the cursor andr>0 L_ 


to the origin and press | ENTER ]}. 


Identify x and r. x= -3 andr=5 


STEP 3 Since x and r are known, find y. 


Substitute x = —3 and r = 5 

: 2 2 
Use < to move the cursor to the left into x + yo = ‘< 
to about x = —3 and press eee 
ENTER |. Use V to move the cursor Solve for y. 2 y = 
down to about y = —4 and press y = 16 
ENTER]. y=i4 


STEP 4 Select the sign of y based on quadrant information. 


Since the terminal side of @ lies in 


quadrant II, y < 0. y=-4 
—4 
Step 5 Find sin@. sin@ = pe 
r 5 

HE 7S.0BSH3 W="4.064E16 
sino = —— 
v7 3 — be 
= Answer: cos@ = esr = YOUR TURN If sin@ =~—¥ and the terminal side of 6 lies in quadrant III, 


find cos@. 
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We can also make a table showing the values of the trigonometric functions when the AY 
terminal side of 6 lies along each of the axes (i.e., when 6 is any of the quadrantal angles). 
We calculated this table for specific angles in Section 6.4, and we will develop it again here 


using the algebraic signs of the trigonometric functions in the different quadrants. (, yo dl 
When the terminal side lies along the x-axis, then y = 0. When y = 0, notice that oe 


r=Vrt+rye= V2 = |x|. When the terminal side lies along the positive x-axis, r=|-bl|=b 
x > 0; and when the terminal side lies along the negative x-axis, x < 0. Therefore, when 


the terminal side of the angle lies on the positive x-axis, then y = 0,x > 0, andr = x; and 90, -6) 
when the terminal side lies along the negative x-axis, then y = 0, x < 0, and r = |x|. 
A similar argument can be made for the y-axis that results in r = |y|. 
Mekgiiets Sire or? sin 0 cos 0 tan 0 cot 0 sec 0 csc 0 
IES ALONG THE 
Positive x-axis (0° or 360°) 0) 1 0 undefined 1 undefined 
Positive y-axis (90°) 1 0 undefined 0 undefined 1 
Negative x-axis (180°) 0 —1 0 undefined =1 undefined 
Negative y-axis (270°) =1 0 undefined 0 undefined = 
EXAMPLE 2 Working with Values of the Trigonometric Functions "7 
for Quadrantal Angles Technology Tip 


Use a TI/scientific calculator 


to check the value of the expression. 
a. cos540° + sin270° b. cot90° + tan(—90°) a. cos540° + sin270° 


Evaluate the following expressions if possible. 


Solution (a): 


: 


The terminal side of an angle with measure 
540° lies along the negative x-axis. 540° — 360° = 180° 


Evaluate cosine of an angle whose terminal b. cot 90° + tan(—90°) 

side lies along the negative x-axis. cos540° = —1 Chancdeaa tant - 
Evaluate sine of an angle whose terminal 76) 

side lies along the negative y-axis. sin270° = —1 


Sum the cosine and sine terms. cos540° + sin270° = —1 + (-1) 


cos540° + sin 270° = 


Check: Evaluate this expression with a calculator. 
Solution (b): 


Evaluate cotangent of an angle whose terminal 
side lies along the positive y-axis. cot 90° = 0 


The terminal side of an angle with measure 
—90° lies along the negative y-axis. tan(—90°) = tan270° 


The tangent function is undefined for an angle 


whose terminal side lies along the negative y-axis. tan(—90°) is 


Even though cot 90° is defined, since tan(—90°) is undefined, the sum of the two 
expressions is also undefined. 


= Answer: a. 0 _ b. undefined 
= YOUR TURN Evaluate the following expressions if possible. : : 


a. csc90° + sec 180° b. csc(—630°) + sec(—630°) 
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Ranges of the Trigonometric Functions 


Thus far, we have discussed what the algebraic sign of a trigonometric function value is in 
a particular quadrant, but we haven’t discussed how to find actual values of the trigonometric 
functions for nonacute angles. We will need to define reference angles and reference right 
triangles. However, before we proceed, let’s get a feel for the ranges (set of values of the 
functions) we will expect. 
Let us start with an angle @ in quadrant I and the sine function defined as the ratio 
sin? = a 
i 


AY 


. y 
sing = — 
; 


If we keep the value of r constant, then as the measure of @ increases toward 90°, y 
increases. Notice that the value of y approaches the value of r until they are equal when 
0 = 90°, and y can never be larger than r. 


AY AY AY 


Ve 


A similar analysis can be conducted in quadrant IV as 6 approaches —90° from 0° (note 
that y is negative in quadrant IV). A result that is valid in all four quadrants is |y| = r. 


Worps MatH 


Write the absolute value inequality as a 


double inequality. —=~pSySr 
Divide both sides by r. -j2> 21 
r 
F y : 
Let sind = -. —-1ssinéd = 1 
r 


Similarly, by allowing 6 to approach 0° and 180°, we can show that |x| < r, which leads 
to the range of the cosine function: —1 = cos@ = 1. Sine and cosine values range between 
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—1 and 1 and since secant and cosecant are reciprocals of the cosine and sine functions, 
respectively, their ranges are stated as 


secO = —1 or secO = 1 cscO# = —1 orcsc# = 1 


: x : : 

Since tan? = Z and cot@ = — and since x < y,x = y,andx > y are all possible, the 
x y 

values of the tangent and cotangent functions can be any real numbers (positive, negative, 


or zero). The following box summarizes the ranges of the trigonometric functions. 


RANGES OF THE TRIGONOMETRIC 
FUNCTIONS 


For any angle 6 for which the trigonometric functions are defined, the six 
trigonometric functions have the following ranges: 


—1 orcsc 
= || GF See 


“j= = sm) = m CSC 
el ==8COS 0 eal m sec 
= tan@ and coté can equal any real number. 


6=1 
dG=1 


—_— 
= 


aa EXAMPLE 3_ Determining Whether a Value Is Within the Range 
of a Trigonometric Function 


Determine whether each statement is possible or not. 


3 
a. cos@ = 1.001 b. cot@ = 0 c. sec? = - 


Solution (a): Not possible, because 1.001 > 1. 


Solution (b): Possible, because cot 90° = 0. 


V3 
Solution (c): Not possible, because a. = 0.866 < 1. 
= Answer: a. not possible 
= YOUR TURN Determine whether each statement is possible or not. b. possible 
c. possible 


a. sind = —1.1 b. tan@ = 2 c. cscd = V3 


Reference Angles and 
Reference Right Triangles 


Now that we know the trigonometric function ranges and their algebraic signs in each 
of the four quadrants, we can evaluate the trigonometric functions of nonacute angles. 
Before we do that, however, we first must discuss reference angles and reference right 
triangles. 

Every nonquadrantal angle in standard position has a corresponding reference angle and 
reference right triangle. We have already calculated the trigonometric function values for 
quadrantal angles. 
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Study Tip DEFINITION Reference Angle 
The reference angle is the acute For angle 0, 0° < @ < 360°, in standard position whose terminal side lies in one 
angle thal ene Saas of the four quadrants, there exists a reference angle a that is the acute angle with 


with the x-axis, not the y-axis. ia fl r ; 
positive measure formed by the terminal side of 6 and the x-axis. 


AY QI Qi AY 


QUI QIv 


The reference angle is the positive, acute angle that the terminal side makes with the x-axis. 


DEFINITION Reference Right Triangle 


To form a reference right triangle for angle 6, where 0° < @ < 360°, drop a 
perpendicular line from the terminal side of the angle to the x-axis. The right 
triangle now has reference angle a as one of its angles. 


AY 


O=a a=180°-0 


a=6-180° ; a = 360°- 6 
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EXAMPLE 4_ Finding Reference Angles 
Find the reference angle for each angle given. 

a. 210° b. 135° c. 422° 

Solution (a): AY 
The terminal side of 6 lies in quadrant III. 


The reference angle is made by the terminal 
side and the x-axis. 210°, 


210° — 180° = ae 


Solution (b): AY 
The terminal side of 6 lies in quadrant II. 


The reference angle is made by the terminal 
side and the negative x-axis. 45° 


180° = 135° = 


135° 


Solution (c): 
The terminal side of 6 lies in quadrant I. 


The reference angle is made by the terminal 
side and the positive x-axis. 


422° — 360° = 


= YOUR TURN Find the reference angle for each angle given. 
a. 160° b. 285° c. 600° 


In Section 6.2, we first defined the trigonometric functions of an acute angle as ratios of 
opposite 
lengths of sides of a right triangle. For example, sin@ = a The lengths of the 
hypotenuse 


sides of triangles are always positive. > 
In Section 6.4, we defined the sine function of any angle as sin@ = —. For a nonacute 


angle 0, sin? = = and for the acute reference angle a, sina = mt The only difference 
‘a r 


between these two expressions is the algebraic sign (+/—), since r is always positive and 
y is positive or negative depending on the quadrant. 


= Answer: 
a. 20° b. 75° c. 60° 


Study Tip 


To find the trigonometric function 
values of nonacute angles, first find 
the trigonometric values of the 
reference angle and then use the 
quadrant information to determine 
the algebraic sign. 
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Study Tip 


The value of a trigonometric function 
of an angle is the same as the 
trigonometric value of its reference 
angle, except there may be an 
algebraic sign (+ or —) difference 
between the two values. 


Therefore, to calculate the trigonometric function values for a nonacute angle, simply 
find the trigonometric values for the reference angle and determine the correct algebraic 
sign according to the quadrant in which the terminal side lies. 


Evaluating Trigonometric Functions 
for Nonacute Angles 


Let’s look at a specific example before we generalize a procedure for evaluating 
trigonometric function values for nonacute angles. 

Suppose we have the angles in standard position with measure 60°, 120°, 240°, 
and 300°. Notice that the reference angle for all of these angles is 60°. 


120° AY 60° 


60° \Y 60° 7 
60°/)\60° 


240° 300° 


If we draw reference triangles and let the shortest leg have length 1, we find that the 
other leg has length \/3 and the hypotenuse has length 2. 

Notice that the legs of the triangles have lengths (always positive) | and \/3; however, 
the coordinates are (+ ie +V3). Therefore, when we calculate the trigonometric functions 
for any of the angles 60°, 120°, 240°, and 300°, we can simply calculate the trigonometric 
functions for the reference angle, 60°, and determine the algebraic sign (+ or —) for the 
particular trigonometric function and quadrant. 


120° AY 60° 


240° 


300° 


To find the value of cos 120°, we first recognize that the terminal side of an angle with 
120° measure lies in quadrant II. We also know that cosine is negative in quadrant II. We 
then calculate the cosine of the reference angle, 60°. 


adjacent 1 
cos60° = d = 


hypotenuse 2 


Since we know cos 120° is negative because it lies in quadrant II, we know that 
120° ! 
cos = -— 
2 


Similarly, we know that cos 240° = —} and cos300° = > 
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For any angle whose terminal side lies along one of the axes, we consult the table in this 
section for the values of the trigonometric functions for quadrantal angles. If the terminal 
side lies in one of the four quadrants, then the angle is said to be nonquadrantal and the 
following procedure can be used. 


PROCEDURE FOR EVALUATING FUNCTION VALUES 
FOR ANY NONQUADRANTAL ANGLE @ 


Step 1: = If 0° < 6 < 360°, proceed to Step 2. 
= If 8 < 0°, add 360° as many times as needed to get a coterminal angle 
with measure between 0° and 360°. 
= If @ > 360°, subtract 360° as many times as needed to get a coterminal 
angle with measure between 0° and 360°. 
Step 2: Find the quadrant in which the terminal side of the angle in Step | lies. 
Step 3: Find the reference angle a of the coterminal angle found in Step 1. 
Step 4: Find the trigonometric function values for the reference angle a. 
Step 5: Determine the correct algebraic signs (+ or —) for the trigonometric 
function values based on the quadrant identified in Step 2. 
Step 6: Combine the trigonometric values found in Step 4 with the algebraic signs 
in Step 5 to give the trigonometric function values of 0. 


It is important to note that the same attention must be given to the difference between 
evaluating trigonometric functions exactly and approximating with a calculator for 
non-acute angles as was done with acute angles. We follow the above procedure for all 
angles except when we get to Step 4. In Step 4, we evaluate exactly if possible (30°, 45°, 
60°) otherwise, we use a calculator to approximate. 


EXAMPLE 5_ Evaluating the Cosine Function of a Special 


Angle Exactly le 
AY 
Find the exact value of cos210°. Technology Tip 
Solution: Use a calculator to check the answer. 
The terminal side of 6 = 210° lies in quadrant III. 
x 
210° 

Find the reference angle for 6 = 210°. 210° — 180° = 30° 

; V3 
Find the value of the cosine of the reference angle. cos30° = 7. 
Determine the algebraic sign for the cosine in quadrant II]. Negative (—) 
Combine the algebraic sign of the cosine in quadrant III V3 
with the value of the cosine of the reference angle. cos210° = 5 


= Answer: -4 


= YOUR TURN Find the exact value of sin 330°. 


628 CHAPTER 6 Trigonometric Functions 


EXAMPLE 6 _ Evaluating the Tangent Function of a Special 


= 
Technology Tip le Angle Exactly 


Use a calculator to check the answer. Find the exact value of tan495°. 


tant4953 Solution: 
1 Subtract 360° to get a coterminal angle 
between 0° and 360°. 495° — 360° = 135° 


The terminal side of the angle lies in quadrant II. + 


135° 


Find the reference angle for 135°. 180° — 135° = 45° 
Find the value of the tangent of the reference angle. tan45° = 1 
Determine the algebraic sign for the tangent in quadrant II. Negative (—) 


Combine the algebraic sign of the tangent in quadrant II 
with the value of the tangent of the reference angle. tan495° = 


arias saat - = YOUR TURN Find the exact value of tan 660°. 


aa EXAMPLE 7_ Evaluating the Cosecant Function of a Special 
Angle Exactly 


Find the exact value of csc(—210°). 


Solution: 


I 
_ Add 360° to get a coterminal angle 
Technolo Ti e 
sane sahnnasihiaessanns = Seite terrae between 0° and 360°. —210° + 360° = 150° 


Use a calculator to check the answer. : . 4 
The terminal side of the angle lies in quadrant II. AY 


€sine -21G9 9-1 


150° 


Find the reference angle for 150°. 180° — 150° = 30° 


Find the value of the cosecant of the 


reference angle. csc 30° = — = 
sin 30° 


Niele 
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Determine the algebraic sign for the cosecant in 

quadrant II. Positive (+) 
Combine the algebraic sign of the cosecant in 

quadrant II with the value of the cosecant of the 

reference angle. csc(—210°) =|2| 


2V3 


= YOUR TURN Find the exact value of sec(—330°). = Answer: 


EXAMPLE 8 _ Finding Exact Angle Measures Given 
Trigonometric Function Values 


3 
Find all values of 6 where 0° = 0 S 360°, when sin@ = mes 
Solution: 
Determine in what quadrants sine is negative. QUI and QIV 
Since the absolute value of sin@ is 
3 3 
3° the reference angle is 60°. sin60° = “3 
Determine the angles between 180° and 360° 
in QUI and QIV with reference angle 60°. 
Quadrant III: 180° + 60° = 240° 
Quadrant IV: 360° — 60° = 300° 


The two angles are and / 300° |. 


= Answer: 150° and 210° 
= YOUR TURN Find all values of 6 where 0° = 6 = 360°, when 


V3 


cos@ = ———. 
2 


We can evaluate trigonometric functions exactly for quadrantal angles and any 
angle whose reference angle is a special angle (30°, 45°, or 60°). For all other angles, we 
can approximate the trigonometric function value with a calculator. 

In the following examples approximations will be rounded to four decimal places. 


EXAMPLE 9 Usinga Calculator to Evaluate Trigonometric 
Values of Angles 


E 
Technology Tip & 


Use a calculator to evaluate the following: 


a. tan466° b. csc(—313°) 


Solution (a): tan466° ~ | —3.4874 
: : Bhan ; 1 = 
Solution (b): sin(—313°) ~ 0.7314; sin(-3139) = | 1.3673 


= Answer: a. —2.1301 
= YOUR TURN Use acalculator to evaluate the following: b. 0.9657 


a. sec(—118°) b. cot 226° 
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Ea] arr . . 
le laud EXAMPLE 10 _ Finding Approximate Angle Measures Given 
Technology Tip & — Trigonometric Function Values 


When sind = —0.6293, use the Find the measure of @ (rounded to the nearest degree) if sin@ = —0.6293 and the terminal 


=I 
sin_| key and the absolute value to side of 6 (in standard position) lies in quadrant III where 0° = @ = 360°. 


find the reference angle. 


Solution: 
The sine of the reference angle is 0.6293. sina = 0.6293 
Find the reference angle. a = sin 1(0.6293) = 38.998° 


Round the reference angle to the 


nearest degree. a = 39° 
Find 0, which lies in quadrant III. 180° + 39° = 219° 
Check with a calculator. sin219° = —0.6293 


sy eg almanac aaa ea 
oe = YOUR TURN Find the measure of 6, the smallest positive angle (rounded to the 
nearest degree), if cos@ = —0.5299 and the terminal side of 6 (in 


standard position) lies in quadrant II. 


OM SECTION 


» SUMMARY 
In this section we identified the algebraic signs of the trigono- the trigonometric functions for quadrantal angles using the 
metric functions in each quadrant. The trigonometric functions terminal side approach. When reference angles are 30°, 45°, or 
can be evaluated for nonquadrantal angles using reference angles 60°, nonacute angles can be evaluated exactly; otherwise, we use 
and knowledge of algebraic signs in each quadrant. We evaluated a calculator to approximate trigonometric values for any angle. 
SECTION 
6.5 EXERCISES 
"SKILLS 


In Exercises 1-10, indicate the quadrant in which the terminal side of @ must lie in order for the information to be true. 


1. cos@ is positive and sin@ is negative. 2. cos@ is negative and siné is positive. 
3. tan@ is negative and sin@ is positive. 4. tan is positive and cos@ is negative. 
5. sec@ and cscé are both positive. 6. sec@ and cscé are both negative. 
7. cot and cos@ are both positive. 8. cot and sin@ are both negative. 
9. tané@ is positive and secé is negative. 10. coté is negative and csc@ is positive. 
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In Exercises 11-24, find the indicated trigonometric function values. 


3 

11. If cos@ = 3 and the terminal side of @ lies in quadrant III, find sind. 
5 . . ee 

12. If tanéd = 2 and the terminal side of 6 lies in quadrant II, find cos@. 


60 
13. If sind = 61° and the terminal side of @ lies in quadrant II, find tané. 


40 
14. If cosé = av and the terminal side of @ lies in quadrant IV, find tané. 


84 
15. If tand = By and the terminal side of 6 lies in quadrant III, find sin. 


ay 
16. If sin@ = ~ 55° and the terminal side of @ lies in quadrant IV, find cos@. 
17. If secO = —2, and the terminal side of 6 lies in quadrant III, find tan@. 


18. If cot@ = 1, and the terminal side of 6 lies in quadrant I, find siné. 


19. If sin@ = , and the terminal side of @ lies in quadrant IJ, find tan@. 


1 
20. If tan@ = > and the terminal side of @ lies in quadrant II, find cos@. 


2 
21. If csc@ = —~ and the terminal side of 6 lies in quadrant IJ, find cot 0. 


V3 


13 
22. If secO = aes and the terminal side of 6 lies in quadrant II, find csc. 
23. If cot? = —V3 and the terminal side of lies in quadrant IV, find secé. 


13 
24. If cot@ = 4 and the terminal side of @ lies in quadrant II, find cscé. 


In Exercises 25-36, evaluate each expression, if possible: 


25. cos(—270°) + sin450° 26. sin(—270°) + cos450° 
27. sin630° + tan(—540°) 28. cos(—720°) + tan720° 
29. cos540° — sec(—540°) 30. sin(—450°) + csc270° 
31. csc(—630°) — cot 630° 32. sec(—540°) + tan540° 
33. tan720° + sec720° 34. cot 450° — cos(—450°) 
35. csc(3600°) + sec(—3600°) 36. cot(600°) + tan(—600°) 


In Exercises 37-46, determine whether each statement is possible or not. 


37. sind = —0.999 38. cos@ = 1.0001 39. cos@ = 2v6 40. sind = ~~ 
4 
41. tand = 4V5 42. cotd = == 43. sec = — 44, cscO = a 


45. coté = 500 46. secO = 0.9996 
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In Exercises 47-58, evaluate the following expressions exactly. 


47. cos240° 48. cos 120° 49. sin300° 50. sin315° 
51. tan210° 52. sec135° 53. tan(—315°) 54. sec(—330°) 
55. csc330° 56. csc(—240°) 57. cot(—315°) 58. cot(150°) 


In Exercises 59-66, find all possible values of 0, where 0° = 6 = 360°. 
1 1 
59. cos@ = “ 60. sind = “ 61. sind = “3 62. cos@ = 


63. cosé = 0 64. sind = 0 65. sind = —1 66. cos? = —-1 


In Exercises 67-76, evaluate the trigonometric expression with a calculator. Round your result to four decimal places. 


67. sin237° 68. cos317° 69. tan(—265°) 70. tan622° 
71. sec421° 72. sec(—222°) 73. csc(—111°) 74. csc211° 
75. cot 159° 76. cot(—82°) 


In Exercises 77-90, find the smallest positive measure of 0 (rounded to the nearest degree) if the indicated information is true. 
77. sin@ = 0.9397 and the terminal side of 6 lies in quadrant II. 
78. cos@ = 0.7071 and the terminal side of @ lies in quadrant IV. 
79. cos@ = —0.7986 and the terminal side of @ lies in quadrant II. 
80. sin@ = —0.1746 and the terminal side of @ lies in quadrant III. 
81. tané = —0.7813 and the terminal side of 6 lies in quadrant IV. 
82. cos@ = —0.3420 and the terminal side of @ lies in quadrant III. 
83. tané = —0.8391 and the terminal side of 6 lies in quadrant II. 
84. tan@ = 11.4301 and the terminal side of 6 lies in quadrant III. 
85. sin@ = —0.3420 and the terminal side of @ lies in quadrant IV. 
86. sin@ = —0.4226 and the terminal side of @ lies in quadrant III. 
87. sec@ = 1.0001 and the terminal side of @ lies in quadrant I. 
88. sec@ = —3.1421 and the terminal side of 6 lies in quadrant II. 
89. csc@ = —2.3604 and the terminal side of @ lies in quadrant IV. 
90. csc@ = —1.0001 and the terminal side of @ lies in quadrant III. 


"APPLICATIONS 
In Exercises 91-94, refer to the following: 


When light passes from one substance to another, such as from 
air to water, its path bends. This is called refraction and is what 
is seen in eyeglass lenses, camera lenses, and gems. The rule 
governing the change in the path is called Snell’s law, named water surface 
after a Dutch astronomer: n,sin@, = n,sin@,, where the n, and 
n, are the indices of refraction of the different substances and 
the 6, and 6, are the respective angles that light makes with a 44 
line perpendicular to the surface at the boundary between 
substances. The figure shows the path of light rays going from 
air to water. Assume that the index of refraction in air is 1. 
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91. If light rays hit the water’s surface at an angle of 30° from 
the perpendicular and are refracted to an angle of 22° 
from the perpendicular, then what is the refraction index 
for water? 


92. If light rays hit a glass surface at an angle of 30° from the 
perpendicular and are refracted to an angle of 18° from 
the perpendicular, then what is the refraction index for that 
glass? 


93. If the refraction index for a diamond is 2.4, then to what 
angle is light refracted if it enters the diamond at an angle 
of 30°? 


94. If the refraction index for a rhinestone is 1.9, then to what 
angle is light refracted if it enters the rhinestone at an 
angle of 30°? 


For Exercises 95 and 96, refer to the following: 


An orthotic knee brace can be used to treat knee injuries by 
locking the knee at an angle 0 chosen to facilitate healing. The 
angle 6 is measured from the metal bar on the side of the brace 
on the thigh to the metal bar on the side of the brace on the 
calf (see the figure). To make working with the brace more 
convenient, rotate the image such that the thigh aligns with the 
positive x-axis (see the figure on the right below). 


AY 


=CATCH THE MISTAKE 


In Exercises 99 and 100, explain the mistake that is made. 


99. Evaluate the expression sec 120° exactly. 


Solution: a 
120° lies in quadrant II. : 
The reference angle is 30°. pe 
120° 
x 
Find the cosine of the V3 
reference angle. cos30° = a 


95. Health/Medicine. If 6 = 165°, find the measure of 
the reference angle. What is the physical meaning of the 
reference angle? 


96. Health/Medicine. If 6 = 160°, find the measure of the 
reference angle. What would an angle greater than 180° 
represent? 


For Exercises 97 and 98, refer to the following: 


Water covers two-thirds of the Earth’s surface and every living 
thing is dependent on it. For example, the human body is made 
up of over 70% water. The water molecule is composed of one 
oxygen atom and two hydrogen atoms and exhibits a bent shape 
with the oxygen molecule at the center. The angle 0 between the 
O-H bonds is 104.5°. 


H_ 9=104.5° H 


(Source: http://www.wiley.com/college/boyer/0470003790/ 
reviews/pH/ph_water.htm.) 


97. Chemistry. Sketch the water molecule in the xy-coordinate 
system in a convenient manner for illustrating angles. Find 
the reference angle. Illustrate both the angle @ and the 
reference angle on the sketch. 


98. Chemistry. Find cos(104.5°) using the reference angle 
found in Exercise 97. 


Cosine is negative in 3 
quadrant II. cos 120° = as 
pee is the reciprocal me ) W3 
of cosine. sec = = 
V3 3 


This is incorrect. What mistake was made? 


100. Find the measure of the smallest positive angle 6 (rounded 
to the nearest degree) if cos@ = —0.2388 and the terminal 
side of 6 (in standard position) lies in quadrant III. 


Solution: 


Evaluate with a 


calculator. @ = cos !(—0.2388) 


103.8157° 


Approximate to the 


nearest degree. 0 = 104° 


This is incorrect. What mistake was made? 
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=CONCEPTUAL 


In Exercises 101-106, determine whether each statement is true or false. 


101. It is possible for all six trigonometric functions of the 
same angle to have positive values. 

102. It is possible for all six trigonometric functions of the 
same angle to have negative values. 

103. The trigonometric function value for any angle with 


negative measure must be negative. 


CHALLENGE 


107. If tané = a where a and b are positive, and if @ lies in 


quadrant III, find sin. 


108. If tand = = where a and b are positive, and if @ lies 


in quadrant II, find cosé. 


"TECHNOLOGY 


111. Use a calculator to evaluate sin 80° and sin 100°. Now use 
the calculator to evaluate sin” '(0.9848). When sine is 
positive, in which of the quadrants, I or II, does the 


calculator assume the terminal side of the angle lies? 


112. Use a calculator to evaluate sin 260° and sin 280°. Now 
use the calculator to evaluate sin-!(—0.9848). When sine 
is negative, in which of the quadrants, III or IV, does the 


calculator assume the terminal side of the angle lies? 


113. Use a calculator to evaluate cos75° and cos(—75°). Now 
use the calculator to evaluate cos 1(0.2588). When cosine 
is positive, in which of the quadrants, I or IV, does the 


calculator assume the terminal side of the angle lies? 


104. 


105. 
106. 


109. 


110. 


114. 


115. 


116. 


The trigonometric function value for any angle with 
positive measure must be positive. 


sec’@ — 1 can be negative for some value of 6. 


(sec@)(csc@) is negative only when the terminal side of 0 
lies in quadrant II or IV. 


a 
If csc@ = -_ where a and b are positive, and if @ lies in 


quadrant IV, find coté. 


If sec? = as where a and 5 are positive, and if 0 lies in 


quadrant III, find tané. 


Use a calculator to evaluate cos 105° and cos255°. Now 
use the calculator to evaluate cos '(—0.2588). When cosine 
is negative, in which of the quadrants, II or III, does the 
calculator assume the terminal side of the angle lies? 


Use a calculator to evaluate tan65° and tan245°. Now use 
the calculator to evaluate tan” '(2.1445). When tangent is 
positive, in which of the quadrants, I or III, does the 
calculator assume the terminal side of the angle lies? 


Use a calculator to evaluate tan 136° and tan316°. Now use 
the calculator to evaluate tan“!(—0.9657). When tangent is 
negative, in which of the quadrants, II or IV, does the 
calculator assume the terminal side of the angle lies? 


SECTION 
6.6 RADIAN MEASURE AND APPLICATIONS 


The Radian Measure of an Angle 
In geometry and most everyday applications, angles are measured in degrees. However, 
radian measure is another way to measure angles. Using radian measure allows us to write 
trigonometric functions as functions not only of angles but also of real numbers in general. 
Recall that in Section 6.1 we defined one full rotation as an angle having measure 360°. 
Now we think of the angle in the context of a circle. A central angle is an angle that has its 
vertex at the center of a circle. 
When the intercepted arc’s length is equal to the radius, the measure of the central angle 
is | radian. From geometry we know that the ratio of the measures of two angles is equal 
to the ratio of the lengths of the arcs subtended by those angles (along the same circle). 


If 02 = 1 radian, then the length of the subtended arc is equal to the radius, sy = r. This 


s ae : 
leads to 6; = —| which is the general definition of radian measure. 
ie 


DEFINITION Radian Measure 


If a central angle 6 in a circle with radius r intercepts 
an arc on the circle of length s, then the measure of 0, 


in radians, is given by vy CAUTION 


To correctly calculate radians from 

the formula 9 = s/r, the radius and 
arc length must be expressed in the 

same units. 


@(in radians) = zl 
7 


Note: The formula is valid only if s (arc length) and r 
(radius) are expressed in the same units. 
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= Answer: 0.06 rad 


vY CAUTION 


Units for arc length and radius must 


s 
be the same to use 6 = -. 
r 


= Answer: 0.3 rad 


Note that both s and r are measured in units of length. When both are given in the same units, 
the units cancel, giving the number of radians as a dimensionless (unitless) real number. One 
full rotation corresponds to an arc length equal to the circumference 27r of the circle with 
radius r. We see then that one full rotation is equal to 277 radians. 


27r 
ea rotation ~ r = 20 


EXAMPLE 1_ Finding the Radian Measure of an Angle 


What is the measure (in radians) of a central angle 6 that intercepts an arc of length 4 feet on 
a circle with radius 10 feet? 


Solution: 


Write the formula relating radian measure G= — 
to arc length and radius. 


4 ft 
Let s = 4 ft and r = 10 ft. 6 = —— = |04rad | 


= YOUR TURN What is the measure (in radians) of a central angle @ that intercepts 
an arc of length 3 inches on a circle with radius 50 inches? 


EXAMPLE 2 Finding the Radian Measure of an Angle 


What is the measure (in radians) of a central angle @ that intercepts an arc of length 
6 centimeters on a circle with radius 2 meters? 


CoMMON MISTAKE 


A common mistake is to forget to first put the radius and arc length in the same units. 


€ CORRECT Eq INCORRECT 


Write the formula relating radian 
measure to arc length and radius. 


6 (in radians) = is 
. 


Substitute s = 6cm andr = 2m Substitute s = 6cm and r = 2m into 
into the radian expression. the radian expression. 

_ 6cm _ 6cm 

Son 2m 
Convert the radius (2) meters to Simplify. 0 = 3 rad 


centimeters: 2m = 200 cm. 

ERROR: Did not convert numerator 
and denominator to the 
same units. 


— 6cm 
200 cm 


The units, cm, cancel and the 
result is a unitless real number. 


0 = 0.03 rad 


= YOUR TURN What is the measure (in radians) of a central angle 0 that intercepts 
an arc of length 12 mm on a circle with radius 4 cm? 


6.6 Radian Measure and Applications 


In the above example the units, cm, canceled, therefore correctly giving radians as 
a unitless real number. Because radians are unitless, the word radians (or rad) is often 
omitted. If an angle measure is given simply as a real number, then radians are implied. 


Worps MatH 
The measure of @ is 4 degrees. g=4° 
The measure of @ is 4 radians. g6=4 


Converting Between Degrees and Radians 
In order to convert between degrees and radians, we must first look for a relationship 
between them. We start by considering one full rotation around the circle. An angle 
corresponding to one full rotation is said to have measure 360°. Radians are defined as the 
ratio of the arc length that the angle intercepts on the circle to the radius of the circle. 
One full rotation corresponds to an arc length equal to the circumference of the circle. 


Worps MatH 


Write the angle measure (in degrees) that 
corresponds to one full rotation. 6 = 360° 


Write the angle measure (in radians) that 
corresponds to one full rotation. 


Arc length is the circumference of the circle. s = 2ar 
: : . ; Ss 2ar : 
Substitute s = 27r into 6 (inradians) = -. 0 = —— = 2 radians 
r r 
Equate the measures corresponding to one 
full rotation. 360° = 277 radians 
Divide by 2. 180° = w radians 
Divide by 180° fa et 
ivide by or 7. = Te0° 2 ae 


This leads us to formulas that convert between degrees and radians. Let 6, represent an angle 
measure given in degrees and 0,. represent the corresponding angle measure given in radians. 


CONVERTING DEGREES TO RADIANS 


To convert degrees to radians, multiply the degree measure by =e 


Rie 
Na eee 
wisi 


CONVERTING RADIANS TO DEGREES 


fe} 


To convert radians to degrees, multiply the radian measure by 


180° 
64 = a zr ) 
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= Answer: a or approximately 1.047 


277 rad/rev 


Before we begin converting between degrees and radians, let’s first get a feel for 
radians. How many degrees is | radian? Use the technique outlined in the box above. 


WorpDs MatH 
: ; 180° 180° 
Multiply 1 radian by =, i( = ) 
Approximate 7 by 3.14 1 il 
7 14. 
sf 3.14 


Use a calculator to evaluate and 
round to the nearest degree. = 57° 


A radian is much larger than a degree (almost 57 times larger). Let’s compare 


two angles, one measuring 30 radians and the other measuring 30°. Note that 
30 rad ‘ 


* 4.77 revolutions, whereas 30° = 75 revolution. 


AY 


30° x 


30 radians 


EXAMPLE 3 Converting Degrees to Radians 


Convert 45° to radians. 


Solution: 
Multiply 45° by — (45°) (— 7 
ulti . = 
Pry ©Y 780° 180°) 180° 
her Mes, 
Simplify. = q tadians 


7. F , : 
Note: z is the exact value. A calculator can be used to approximate this expression. 


Scientific and graphing calculators have a 7 button (on most scientific calculators it 
requires using a shift or second command). The decimal approximation rounded to 
three decimal places is 0.785. 


7 
Exact value: 

4 
Approximate value: 0.785 


= YOUR TURN Convert 60° to radians. 


EXAMPLE 4 Converting Degrees to Radians 


Convert 472° to radians. 


Solution: 

‘ ° as ° 7 
Multiply 472° by 180° 472 (=) 
Simplify (factor out the common 4). = “aT 
Approximate with a calculator. & 8.238 


= YOUR TURN Convert 460° to radians. 


EXAMPLE 5 Converting Radians to Degrees 
Qa 
Convert 3 to degrees. 


Solution: 


2 180° 2 180° 
Multiply = by —e = = 


Simplify. = 


37 
# YOUR TURN Convert = to degrees. 


Since 7 = 180° we know the following special angles 


T T 7 TT 


—~=90 —=60 —=45° == 30° 


2 3 4 6 


and we can now draw the unit circle with the special angles in both degrees and radians. 


We now look at applications of radian measure that involve calculating arc lengths, 
areas of circular sectors, and angular and linear speeds. All of these applications are 


related to the definition of radian measure. 


6.6 Radian Measure and Applications 


2 
= Answer: on or 8.029 


= Answer: 270° 
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Arc Length 

From geometry we know that the length of an arc of a circle is proportional to its central 
angle. In this section we have learned that for the special case when the arc is equal to the 
circumference of the circle, the angle measure in radians corresponding to one full rotation is 
277. Let us now assume that we are given the central angle and we want to find the arc length. 


WorpDs MatH 
Write the definition of radian measure. 6= = 
r 
Multiply both sides of the equation by r. r°-@= Ea r 
i 
Simplify. rd=s 


The formula s = 76 is only true when @ is in radians. To develop a formula when @ is 
7 


180°" 


in degrees, we multiply 0 by 


DEFINITION Arc Length 
Study Tip Tf a central angle 6 in a circle with radius r intercepts an arc on the circle of 
nee he jelarlonshiip ; ; length s, then the are length s is given by 
s=r0 s=r0, 0, is in radians 
tarsal, F or 


s= rod es) 0, is in degrees 


EXAMPLE 6 _ Finding Arc Length When the Angle Has 
Radian Measure 


In a circle with radius 10 centimeters, an arc is intercepted by a central angle with 


lt _. 
measure v7 Find the arc length. 


Solution: 


Write the formula for arc length when 


the angle has radian measure. s=r06, 
. Vt Vt 
Substitute r = 10cm and 0, = re s = (10cm) =z 
35 
Simplify. s= em 


= Answer: 57 in. : : ; : 338 
= YOUR TURN Inacircle with radius 15 inches, an arc is intercepted by a central angle 


with measure —. Find the arc length. 
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EXAMPLE 7 _ Finding Arc Length When the Angle Has 
Degree Measure 


The International Space Station (ISS) is in 
an approximately circular orbit 400 km above 
the surface of the Earth. If the ground 
station tracks the space station when it is 
within a 45° central angle of this circular 
orbit above the tracking antenna, how many 
kilometers does the ISS cover while it is 
being tracked by the ground station? 
Assume that the radius of the Earth is 6400 
kilometers. Round to the nearest kilometer. 


Solution: 

Write the formula for arc length when the e= ros) 

angle has degree measure. 180° 

Substitute r = 6400 + 400 = 6800 km s = (6800 kmyas9( = ) 
and 0, = 45°. 180° 
Evaluate with a calculator. s © 5340.708 km 


Round to the nearest kilometer. s © |5341 km 


The ISS travels approximately 5341 km during the ground station tracking. 


= YOUR TURN Ifthe ground station in Example 7 could track the ISS within a 60° 
central angle, how far would the ISS travel during the tracking? 


Area of a Circular Sector 

A restaurant lists a piece of French Silk Pie as having 400 calories. How does the chef arrive 
at that number? She calculates the calories of all the ingredients that went into making 
the entire pie and then divides by the number of slices the pie yields. For example, if an 
entire pie has 3200 calories and it is sliced into 8 equal pieces, then each piece has 400 
calories. Although this example involves volume, the idea is the same with areas of sectors 
of circles. Circular sectors can be thought of as a “piece of a pie.” 

Recall that arc lengths of a circle are proportional to the central angle (in radians) and 
the radius. Similarly, a circular sector is a portion of the entire circle. Let A represent the 
area of the sector of the circle and 6, represent the central angle (in radians) that forms 
the sector. Then let us consider the entire circle whose area is 77° and the angle that 
represents one full rotation has measure 27 (radians). 


E 
Technology Tip 


Use the TI to evaluate the expression 
for s. 


s = (6800 myas°(Z-) 


Press | 2nd || A | for a. Type 
6800] [x ] [45] [x ][2na][ 0] [=] 


180 | |ENTER |. 


BSR ees Ser 1 Se 
SdH, PP SLL 
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Worps MatTH 
Write the ratio of the area of the sector to A 
the area of the entire circle. ar? 
Write the ratio of the central angle 0. to 6, 
the measure of one full rotation. 27 
The ratios must be equal (proportionality A _ 6, 
Study Tip of sector to circle). ar? On 
To use the relationship 
> a ae 
ie Multiply both sides of the equation by ar°. Us a ‘ar 
A=-nxré0 Tr QT 
2 
the angle @ must be in radians. . . 1 2 
Simplify. A= 3° 6,. 
DEFINITION Area of a Circular Sector 


The area of a sector of a circle with radius r and central angle 6 is given by 


A= 57 6, is in radians 


or 


ear aul 6, is in d 
Ud Fer 1 is in degrees 


EXAMPLE 8 _ Finding the Area of a Sector When the Angle Has 
Radian Measure 


Find the area of the sector associated with a single slice of pizza if the entire pizza has 
a 14-inch diameter and the pizza is cut into eight equal pieces. 


Solution: 
a : 14 ; 
The radius is half the diameter. r= — = 7m. 
Find the angle of each slice if a pizza is cut into ee 27 7 
eight pieces. rg 4 
: ; ; : 1, 

Write the formula for circular sector area in radians. A= 3° 0, 

. . 7. . 1 _. of 7 
Substitute r = 7 inches and 6, = ri into the area equation. A= a in.) 4 

49 

Simplify. A= =e 
Approximate the area with a calculator (round to the 
nearest square inch). A® 19in2 


= Answer: 87in.? © 25in : ; Se eons : 
= YOUR TURN Find the area of a slice of pizza if the entire pizza has a 16-inch 
diameter. Assume the pizza is cut into eight equal pieces. 
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aa EXAMPLE 9 Finding the Area of a Sector When the Angle Has 
Degree Measure 


Sprinkler heads come in all different sizes depending on the angle of rotation desired. If a 
sprinkler head rotates 90° and has enough pressure to keep a constant 25-foot spray, what 
is the area of the sector of the lawn that gets watered? Round to the nearest square foot. 


Solution: 
Write the formula for circular sector 1 a 
in d A=-<r'6 
area in degrees af r( me) 


Substitute r = 25ft and 0, = 90° into 
the area equation. 


1 Peel OT 
A= 3 ft)"(90 (zs) 


625 
Simplify. A= (4) fe ~ 490.87 £2 


Round to the nearest square foot. A | 491? 


. = Answer: 4507 ft? ~ 1414 fC 
=& YOUR TURN [fa sprinkler head rotates 180° and has enough pressure to keep a seeeees sevenevenenssevenseseoaseseoaes 
constant 30-foot spray, what is the area of the sector of the lawn it 


can water? Round to the nearest square foot. 


Linear Speed 
It is important to note that although velocity and speed are often used as synonyms, speed is 
how fast you are traveling, whereas velocity is the speed you are traveling and the direction 
you are traveling. In physics the difference between speed and velocity is that velocity has 
direction and is written as a vector (Chapter 8), and speed is the magnitude of the velocity 
vector which results in a real number. In this chapter, we will only deal with speed. 

Recall the relationship between distance, rate (assumed to be constant), and time: 
d = rt. Rate is speed, and in words this formula can be rewritten as 
; , distance 
distance = speed: time or speed = —_—— 

time 

It is important to note that we assume speed is constant. If we think of a car driving around 
a circular track, the distance it travels is the arc length s; and if we let v represent speed and ¢ 
represent time, we have the formula for speed around a circle (linear speed): 


DEFINITION Linear Speed 


If a point P moves along the circumference of a circle at a constant speed, then 
the linear speed v is given by 


_ 8 
gor 


where s is the arc length and f is the time. 
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= Answer: 105 mph 


EXAMPLE 10 _ Linear Speed 


A car travels at a constant speed around a circular track with circumference equal to 
2 miles. If the car records a time of 15 minutes for 9 laps, what is the linear speed of the 
car in miles per hour? 


Solution: 
Calculate the distance traveled 2 miles 
around the circular track. s=(9 taps 1 ) = 18 miles 
ap 
Substitute t = 15 minutes and 
ee Ss 18 miles 
s = 18 miles into v = — = — 
t 15 min 
Convert the linear speed from 18 miles \ / 60-min 
miles per minute to miles per hour. v= 
J5snin 1 hour 


Simplify. v = |72 miles per hour 


= YOUR TURN Acar travels at a constant speed around a circular track with 
circumference equal to 3 miles. If the car records a time of 12 minutes 
for 7 laps, what is the linear speed of the car in miles per hour? 


Angular Speed 


To calculate linear speed, we find how fast a position along the circumference of a circle is 
changing. To calculate angular speed, we find how fast the central angle is changing. 


DEFINITION Angular Speed 


If a point P moves along the circumference of a circle at a constant speed, then 

the central angle @ that is formed with the terminal side passing through point P 
also changes over some time f¢ at a constant speed. The angular speed w (omega) 
is given by 


o= where @ is given in radians 


i 


EXAMPLE 11 Angular Speed 


A lighthouse in the middle of a channel rotates its light in a 
circular motion with constant speed. If the beacon of light 
completes 1 rotation every 10 seconds, what is the angular 
speed of the beacon in radians per minute? 


Solution: 


Calculate the angle measure in radians 
associated with 1 rotation. 6 = 27 


Substitute 6 = 27 and t = 10 seconds 
0 a= 


into #@ = -. 
t 


Convert the angular speed from radians 


27a (rad) 
10 sec 
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27 (rad) 60sec 


per second to radians per minute. 


10sec 


1 min 


Simplify. w = | 127 rad/min 


= Answer: w = 37 rad/min 


= YOUR TURN If the lighthouse in Example 11 is adjusted so that the beacon rotates 
1 time every 40 seconds, what is the angular speed of the beacon in 


radians per minute? 


Relationship Between Linear 
and Angular Speeds 


Angular speed and linear speed are related through the radius. 


WorpDs 
Write the definition of radian measure. 
Write the definition of arc length (@ in radians). 


Divide both sides by tf. 
Rewrite the right side of the equation. 


Recall the definitions of linear and angular speeds. 
Ss 0 


6. 
into- =r 
t t 


. Ss 
Substitute v = ; and w = 


RELATING LINEAR AND ANGULAR SPEEDS 


If a point P moves at a constant speed along the 
circumference of a circle with radius r, then the 
linear speed v and the angular speed w are 
related by 

v 

WW 1G?) or (== 

- 
Note: This relationship is true only when @ is 
given in radians. 


MatTH 
Ss 
g=- 
7 
s=ré 
sro 
t t 
s 6 
ae 
t t 
KY 0 
v =-— and w = — 
t t 
v=ro 


Study Tip 


This relationship between linear and 
angular speed assumes the angle is 
given in radians. 


Notice that tires of two different radii with the same angular speed have different linear 


speeds. The larger tire has the faster linear speed. 
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Study Tip 


We could have solved Example 12 
the following way: 


75 mph x 
25.7 28.2 
_ (28.2 
x= (Fes 
= 82.296 mph 


laa EXAMPLE 12 Relating Linear and Angular Speeds 


A Ford F-150 truck comes standard with tires that have a 
diameter of 25.7 inches (17" rims). If the owner decides to 
upgrade to tires with a diameter of 28.2 inches (19" rims) 
without having the onboard computer updated, how fast will 
the truck actually be traveling when the speedometer reads 
75 miles per hour? 


Solution: 


The computer onboard the F-150 “thinks” the tires are 25.7 

inches in diameter and knows the angular speed. Use the programmed tire diameter and 
speedometer reading to calculate the angular speed. Then use that angular speed and the 
upgraded tire diameter to get the actual speed (linear speed). 


Step 1 Calculate the angular speed of the tires. 


Write the formula for the angular speed. o= Ls 
: 
Substitute v = 75 miles per hour and 
25.7 75 mi/hi 
r= as = 12.85 inches into the formula. o= cma 
2 12.85 in. 
. ; 75(63,360) in. /hr 
1 mile = 5280 feet = 63,360 inches. w= : 
12.85 in. 
ee rad 
Simplify. w ~ 369,805 te 


Step 2 Calculate the actual linear speed of the truck. 


Write the linear speed formula. v=Tro 
. 28.2 : 
Substitute r = a = 14.1 inches 


d 
and w © 369,805 radians per hour. v= (14.1 in, 369,805 3) 
r 
: . in. 
Simplify. ve Saas 


5,214,2515~ 
1 mile = 5280 feet = 63,360 inches. ve 


< 
2 
00 
N 
ie) 
\o 
n 

i 


Although the speedometer indicates a speed of 75 miles per hour, the actual speed is 


approximately 82 miles per hour |. 


= YOUR TURN Suppose the owner of the Ford F-150 truck in Example 12 decides to 
downsize the tires from their original 25.7-inch diameter to a 24.4-inch 
diameter. If the speedometer indicates a speed of 65 miles per hour, 
what is the actual speed of the truck? 
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77 SECTION 
— SUMMARY 


In this section a second measure of angles, radians, was introduced. A central angle of a circle has radian measure equal to the ratio 


of the arc length to the radius of the circle. Radians and degrees are related by the relation 7 = 180°. To convert from radians to 
fo} 


0 : : 
. Similarly, to convert from degrees to radians, multiply the degree measure by 


7 
degrees, multiply the radian measure by 180° 


Applications of radian measure are arc length, area of a circular sector, and angular speed. 


APPLICATION 6, IS IN RADIANS 6, IS IN DEGREES 
Arc length 0 es 
= 7 = Oe 
c leng s r s \ 189° 
Area of a circular sect Neaes hea ie 
fi a CILC rs ir beet See eyecare 
ea O ular secto al 9° 8A Fe69 
6, 
Angular speed ae 


S : 
Linear speed (speed along the circumference of a circle) v is given by v = . and is related to angular speed (speed of angle 


rotation) w by 


Vv 
v=ro or o=— 
- 
SECTION 
6.6 EXERCISES 


" SKILLS 


In Exercises 1-12, find the measure (in radians) of a central angle 6 that intercepts an arc of length s on a circle with radius r. 


1. r= 10cm, s = 2cm 2. r= 20cm, s =2cm 3. r = 22in., s = 4in. 4. r = 6in., s = lin. 
5. r= 100cm,s=20mm 6r=1m,s=2cm 7. r=fin, s = yin. 8. r=feom,s =Acm 
9, r=2.5cm,s=5mm 10.r=16cm,s=02mm = 11. r = 2V3 ft,s = V3 in. 12. r=4V5m,5 = 400V5 cm 
In Exercises 13-28, convert from degrees to radians. Leave the answers in terms of 77. 
13. 30° 14. 60° 15. 45° 16. 90° 17. 315° 18. 270° 
19, 75° 20. 100° 21. 170° 22. 340° 23. 780° 24. 540° 
25. —210° 26. —320° 27. —3600° 28. 1800° 
In Exercises 29-42, convert from radians to degrees. 
7 7 3a V0 3a lla Sa V0 
29. = or 1. — 25 .— 4, —_— 5..—— 36. — 
6 a0 4 i 4 . 6 a8 8 9 : 12 3 
197 13a V0 87 
7. = 9, 40. — 41. —— 42. —— 
37. 9a 38. —67 3 0 0. 36 15 9 
In Exercises 43-50, convert from radian measure to degrees. Round your answers to the nearest hundredth of a degree. 
43. 4 44, 3 45. 0.85 46. 3.27 


47. —2.7989 48. —5.9841 49. 2V3 50. 5V7 
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In Exercises 51-56, convert from degrees to radians. Round your answers to three significant digits. 


51. 47° 52. 65° 53. 112° 54. 172° 55. 56.5° 56. 298.7° 


In Exercises 57-66, find the exact length of the arc made by the indicated central angle and radius of each circle. 


57. 0=3,r= 4mm 58. 6 =4,r = Sem 59, =r 8h 60. 6 = <r = byd 
61. 6 =4,7r = Sin. 62. 6 =3,r = 20m 63. 6 = 22°, r = 18 um 64. 6 = 14°, r = 15m 
65. 6 = 8°, r = 1500km 66. 6 = 3°, r = 1800km 


In Exercises 67-76, find the area of the circular sector given the indicated radius and central angle. Round your answers to 
three significant digits. 


67. = r=7Th 68. 6 =~ r= 3in. hao” pao i: 6s ea al 
6 5 8 6 

M1. 0 =3,r = 2yd 72. 6= V3,r=4m 73. 0 = 56°, r= 4.2cm 74, 0 = 27, r= 2.5mm 

75, 6=12°,r=15ft 16. 0 = 14°, r = 3.0ft 


In Exercises 77-80, find the linear speed of a point that moves with constant speed in a circular motion if the point travels 
along the circle of arc length s in time ¢. 


77. s = 2m, t = 5sec 78. s = 12ft, t = 3min 
= 68,000km, t = 250hr 80. s = 7524mi, t = 12days 


~] 
- 
a 

| 


ll 


In Exercises 81-84, find the distance traveled (arc length) of a point that moves with constant speed v along a circle in time ¢. 


81. v = 2.8m/sec, t = 3.5sec 82. v = 6.2km/hr, t = 4.5hr 
83. v = 4.5mi/hr, tf = 20min 84. v = 5.6ft/sec, t = 2min 


In Exercises 85-88, find the angular speed (radians/second) associated with rotating a central angle 6 in time ¢. 


1 
85. 0 = 257, t = 10sec 86. d= 7, = Pas 
87. 6 = 200°, t = S5sec 88. 6 = 60°, t = 0.2sec 


In Exercises 89-92, find the linear speed of a point traveling at a constant speed along the circumference of a circle with 
radius r and angular speed w. 


27rad d 
89. w = = On, i: 9 ete 
3sec 4sec 
d 5arrad 
91.» =~, r=5mm 92. w = r = Ut 
20 sec 16sec 


In Exercises 93-96, find the distances a point travels along a circle over a time ¢, given the angular speed and radius r of 
the circle. Round your answers to three significant digits. 


arad rad 
93. r= 5cm, w = , t = 10sec 94. r= 2mm, w = 67—, t = l1l1sec 
6sec sec 
qrad qrad 


95. r = 5.2in., ow = 


t = 10min 96. r = 3.2ft, o = ——, t = 3min 
4sec 


=" APPLICATIONS 


97. 


98. 


99. 


100. 


101. 


Low Earth Orbit Satellites. A low earth orbit (LEO) 
satellite is in an approximately circular orbit 300 km above 
the surface of the Earth. If the ground station tracks the 
satellite when it is within a 45° central angle above the 
tracking antenna (directly overhead), how many kilometers 
does the satellite cover during the tracking? Assume the 
radius of the Earth is 6400 km. Round to the nearest 
kilometers. 


Low Earth Orbit Satellites. A low earth orbit (LEO) 
satellite is in an approximately circular orbit 250 km above 
the surface of the Earth. If the ground station tracks the 
satellite when it is within a 30° central angle above the 
tracking antenna (directly overhead), how many kilometers 
does the satellite cover during the tracking? Assume the 
radius of the Earth is 6400 km. Round to the nearest 
kilometers. 


Big Ben. The famous clock tower in London has a 
minute hand that is 14 feet long. How far does the tip of 
the minute hand of Big Ben travel in 25 minutes? Round 
to two decimal places. 


“du] ‘sasewy Aya5 


/UOISIA }eUSIG/SwWepy 12}8d 


Big Ben. The famous clock tower in London has a minute 
hand that is 14 feet long. How far does the tip of the minute 
hand of Big Ben travel in 35 minutes? Round to two 
decimal places. 


London Eye. The London Eye has 32 capsules and a 
diameter of 400 feet. What is the distance you will have 
traveled once you reach the highest point for the first time? 


ITT] ‘saSeull AyeagAsesqyojoyd/pualij uosel 


102. 


103. 


104. 


105. 


106. 


107. 


108. 
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London Eye. (See Exercise 101.) Assuming every 
capsule is loaded and unloaded, what is the distance you 
will have traveled from the time you first get in the 
capsule to the point when the eye stops for the 6th time 
(not including the stop made for you)? 


Gears. In the diagram below the smaller gear has a radius 
of 5 cm and the larger gear has a radius of 12.1 cm. If the 
smaller gear rotates 120°, how many degrees has the larger 
gear rotated? Round your answer to the nearest degree. 


Gears. In the diagram above the smaller gear has a radius 
of 3 inches and the larger gear has a radius of 15 inches. 
If the smaller gear rotates 420°, how many degrees has 
the larger gear rotated? Round your answer to the nearest 
degree. 


Bicycle Low Gear. If a bicycle has 26-inch-diameter 
wheels (the front chain drive has a radius of 2.2 inches 
and the back drive has a radius of 3 inches), how far does 
the bicycle travel every one rotation of the cranks 
(pedals)? Round to the nearest inch. 


Bicycle High Gear. If a bicycle has 26-inch-diameter 
wheels (the front chain drive has a radius of 4 inches and 
the back drive has a radius of | inch), how far does the 
bicycle travel every one rotation of the cranks (pedals)? 
Round to the nearest inch. 


“Duy ‘saSewy Ayay/an|q 2s1po}oud 


Odometer. A Ford SUV comes standard with 17” rims 
(which corresponds to a tire with 25.7” diameter). Suppose 
you decide to later upgrade these tires for 19” rims 
(corresponds to a tire with 28.2” diameter). If you do not 
get your onboard computer reset for the new tires, the 
odometer will not be accurate. After your tires have actually 
driven 1000 miles, how many miles will the odometer 
report the SUV has been driven? Round to the nearest mile. 


Odometer. For the same SUV in Exercise 107, after you 
have driven 50,000 miles, how many miles will the 
odometer report the SUV has been driven if the computer 
is not reset to account for the new oversized tires? Round 
to the nearest mile. 
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109. Sprinkler Coverage. A sprinkler has a 20-foot spray and 


it covers an angle of 45°. What is the area that the 
sprinkler waters? Round to the nearest square foot. 


110. Sprinkler Coverage. A sprinkler has a 22-foot spray and 


it covers an angle of 60°. What is the area that the 
sprinkler waters? Round to the nearest square foot. 


111. Windshield Wiper. A windshield wiper that is 12 inches 


long (blade and arm) rotates 70°. If the blade is 
8 inches long, what is the area cleared by the wiper? 
Round your answer to the nearest square inch. 


112. Windshield Wiper. A windshield wiper that is 11 inches 


long (blade and arm) rotates 65°. If the blade is 
7 inches long, what is the area cleared by the wiper? 
Round your answer to the nearest square inch. 


For Exercises 113 and 114, refer to the following: 


Sniffers outside a chemical munitions disposal site monitor the 
atmosphere surrounding the site to detect any toxic gases. In the 
event that there is an accidental release of toxic fumes, the data 
provided by the sniffers make it possible to determine both the 
distance d that the fumes reach as well as the angle of spread 0 


that sweep out a circular sector. 


113. Environment. If the maximum angle of spread is 105° and 


the maximum distance at which the toxic fumes were 
detected was 9 miles from the site, find the area of the 
circular sector affected by the accidental release. 


114. Environment. To protect the public from the fumes, 


officials must secure the perimeter of this area. Find the 


perimeter of the circular sector in Exercise 113. 


For Exercises 115 and 116, refer to the following: 


The structure of human DNA is a linear double helix formed 
of nucleotide base pairs (two nucleotides) that are stacked with 
spacing of 3.4 angstroms (3.4 X 10°'?m), and each base pair is 


rotated 36° with respect to an adjacent pair and has 10 base 
pairs per helical turn. The DNA of a virus or a bacterium, 


however, is a circular double helix (see the figure below) with 


the structure varying among species. 


(Source: http://www.biophysics.org/Portals/1/ 
PDFs/Education/Vologodskii.pdf.) 


115. 


116. 


117. 


118. 


119. 


120. 


121. 


122. 


123. 


Biology. If the circular DNA of a virus has 10 twists (or 
turns) per circle and an inner diameter of 4.5 nanometers, 
find the arc length between consecutive twists of the DNA. 


Biology. If the circular DNA of a virus has 40 twists (or 
turns) per circle and an inner diameter of 2.0 nanometers, 
find the arc length between consecutive twists of the DNA. 


Tires. A car owner decides to upgrade from tires with 

a diameter of 24.3 inches to tires with a diameter of 
26.1 inches. If she doesn’t update the onboard computer, 
how fast will she actually be traveling when the 
speedometer reads 65 mph? Round to the nearest mph. 


Tires. A car owner decides to upgrade from tires with 

a diameter of 24.8 inches to tires with a diameter of 
27.0 inches. If she doesn’t update the onboard computer, 
how fast will she actually be traveling when the 
speedometer reads 70 mph? Round to the nearest mph. 


Planets. The Earth rotates every 24 hours (actually 

23 hours, 56 minutes, and 4 seconds) and has a diameter 
of 7926 miles. If you’re standing on the equator, how fast 
are you traveling (how fast is the Earth spinning) in linear 
speed? Compute this using 24 hours and then with 23 
hours, 56 minutes, 4 seconds. 


Planets. The planet Jupiter rotates every 9.9 hours and has 
a diameter of 88,846 miles. If you’re standing on its 
equator, how fast are you traveling (linear speed)? 


Carousel. A boy wants to jump onto a moving carousel 
that is spinning at the rate of 5 revolutions per minute. If 
the carousel is 60 feet in diameter, how fast must the boy 
run, in feet per second, to match the speed of the carousel 
and jump on? Round to the nearest foot per second. 


Carousel. A boy wants to jump onto a playground carousel 
that is spinning at the rate of 30 revolutions per minute. If 
the carousel is 6 feet in diameter, how fast must the boy 
run, in feet per second, to match the speed of the carousel 
and jump on? Round to the nearest foot per second. 


Music. Some people still have their phonograph collections 
and play the records on turntables. A phonograph record is 
a vinyl disc that rotates on the turntable. If a 12-inch- 
diameter record rotates at 334 revolutions per minute, what 
is the angular speed in radians per minute? 


Aweyy/piwielqgow 1e!N 


124. 


125. 


126. 


127. 


128. 


Music. Some people still have their phonograph collections 
and play the records on turntables. A phonograph record 
is a vinyl disc that rotates on the turntable. If a 12-inch- 
diameter record rotates at 334 revolutions per minute, 
what is the linear speed of a point on the outer edge? 


Bicycle. How fast is a bicyclist traveling in miles per hour 
if his tires are 27 inches in diameter and his angular speed 
is 5a radians per second? 


Bicycle. How fast is a bicyclist traveling in miles per hour 
if his tires are 22 inches in diameter and his angular speed 
is 5a radians per second? 


Electric Motor. If a 2-inch-diameter pulley that is being 
driven by an electric motor and running at 

1600 revolutions per minute is connected by a belt to a 
5-inch-diameter pulley to drive a saw, what is the speed of 
the saw in revolutions per minute? 


Electric Motor. If a 2.5-inch-diameter pulley that is being 
driven by an electric motor and running at 1800 revolutions 
per minute is connected by a belt to a 4-inch-diameter 
pulley to drive a saw, what is the speed of the saw in 
revolutions per minute? 


For Exercises 129 and 130, refer to the following: 


NASA explores artificial gravity as a way to counter the 
physiologic effects of extended weightlessness for future space 
exploration. NASA’s centrifuge has a 58-foot-diameter arm. 


129. 


130. 


VSWN Asayinoz 


NASA. If two humans are on opposite (red and blue) ends 
of the centrifuge and their linear speed is 200 miles per 
hour, how fast is the arm rotating? 


NASA. If two humans are on opposite (red and blue) ends 
of the centrifuge and they rotate one full rotation every 
second, what is their linear speed in feet per second? 


For Exercises 131 and 132, refer to the following: 


To achieve similar weightlessness as NASA’s centrifuge, ride 
the Gravitron at a carnival or fair. The Gravitron has a 
diameter of 14 meters and in the first 20 seconds it achieves 
zero gravity and the floor drops. 


131. 


132. 


133. 


134. 


135. 


136. 
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Gravitron. If the Gravitron rotates 24 times per minute, find 
the linear speed of the people riding it in meters per second. 


Gravitron. If the Gravitron rotates 30 times per minute, 
find the linear speed of the people riding it in kilometers 
per hour. 


Biology. A hamster runs around a wheel at a constant rate 
such that the wheel goes through 1 revolution every 3 
seconds. Find the angular speed in radians per minute. 


Cooking. A chef can turn the hand crank of a pasta 
maker at a rate of 107 radians every 3 seconds. At this 
rate, a new batch of spaghetti can be made every 15 
seconds. If 40 batches were made, how many revolutions 
of the hand crank were made? 


The Price Is Right. On the TV show The Price Is Right, 
the 8-foot-diameter wheel is divided into 20 sectors 
(corresponding to increments of 5 cents). The three most 
important amounts on the wheel are the three abutting 
sectors with amounts $0.15, $1.00, and $0.05; the other 
amounts are randomly dispersed among the remaining 
sectors. The beginning of a spin always starts at $1.00. A 
zealous contestant spins the wheel so that it makes four 
complete revolutions, landing on $1.00. What is the length 
of the arc created by this spin? 


The Price Is Right. If a contestant on The Price Is Right 
lands on the $1.00 space on his first spin, he is granted a 
second spin. If this spin lands on either the $0.05 or $0.15 
space, he wins $5,000; if it lands on the $1.00 space 
again, he wins $10,000. This time, he tries to control the 
spin so that the wheel makes exactly one complete 
revolution, again landing on $1.00. If the arc length of the 
spin is Sr ft, does the contestant win any money? 
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" CATCH THE MISTAKE 


In Exercises 137 and 138, explain the mistake that is made. 
137. If the radius of a set of tires on a car is 15 inches and the 


=» CONCEPTUAL 


tires rotate 180° per second, how fast is the car traveling 
(linear speed) in miles per hour? 


Solution: 


Write the formula for 


linear speed. v=Tro 
180° 
Let r = 15 inches and v= (15 in( ) 
w = 180° per second ae 
tis a in. 
Simplify. v = 2700 — 
sec 
Let 1 mile = 5280 feet = 2700 + 3600 
63,360 inches and v= ce Pp 
1 hour = 3600 seconds. 
Simplify. v ~ 153.4 mph 


This is incorrect. The correct answer is approximately 
2.7 mph. What mistake was made? 


138. If a bicycle has tires with radius 10 inches and the tires 


rotate 90° per 5 second, how fast is the bicycle traveling 
(linear speed) in miles per hour? 


Solution: 
Write the formula for 
linear speed. v=Trw 
180° 

Let r = 10 inches and v= c19ing( ) 
@ = 180° per second. ae 

1800 in. 
Simplify. v= a 

sec 

Let 1 mile = 5280 feet = 1800 - 3600 
63,360 inches and v= 63.360 
1 hour = 3600 seconds. 2 
Simplify. v ~ 102.3 mph 


This is incorrect. The correct answer is approximately 
1.8 mph. What mistake was made? 


In Exercises 139-142, determine whether each statement is true or false. 


139. 


140. 


» CHALLENGE 


If the radius of a circle doubles, then the arc length 
(associated with a fixed central angle) doubles. 


If the radius of a circle doubles, then the area of the 
sector (associated with a fixed central angle) doubles. 


For Exercises 143 and 144, refer to the figure: 


The large gear has a radius of 6 cm, the medium gear has a 
radius of 3 cm, and the small gear has a radius of 1 cm. 


143. 


144. 


If the small gear rotates 1 revolution per second, what is 
the linear speed of a point traveling along the 
circumference of the large gear? 


If the small gear rotates 1.5 revolutions per second, what 
is the linear speed of a point traveling along the 
circumference of the large gear? 


. If the angular speed doubles, then the number of 


revolutions doubles. 


. If the central angle of a sector doubles, then the area 


corresponding to the sector is double the area of the 
original sector. 


145. A sector has a radius r and central angle 6. If the radius 


is tripled, but the central angle is reduced by a factor of 3, 
how does the area of the resulting sector compare to the 
original one? 


. Doing “ladders” as an exercise is familiar to anyone who 


has participated on an athletic team. A version of this on a 
circular track of diameter 400 ft is as follows: 


1. Start at point A and run clockwise 180° to point B. 

2. Then run from point B counterclockwise 90° to point C. 

3. Then run from point C clockwise 45° to point D. 

4. Then run from point D counterclockwise 10° to point E. 
Then stop. 


How far has the athlete traveled in one such round of 
ladders? 


6.7 Definition 3 of Trigonometric Functions: Unit Circle Approach 653 


147. Find the area of the shaded region below: 


148. Find the perimeter of the shaded region in Exercise 143. 


= TECHNOLOGY 


In Exercises 149 and 150, find the measure (in degrees, minutes, and nearest seconds) of a central angle 9 that intercepts an 
arc on a circle with radius r and indicated arc length s. With the TI calculator commands |ANGLE| and |DMS|, change to 
degrees, minutes, and seconds. 


149. r = 78.6cm, s = 94.4cm 
150. r = 14.2in., s = 23.8in. 


SECTION | DEFINITION 3 OF TRIGONOMETRIC 
6.7 FUNCTIONS: UNIT CIRCLE APPROACH 


Recall that the first definition of trigonometric functions we developed was in terms of 
ratios of sides of right triangles (Section 6.2). Then in Section 6.4 we superimposed right 
triangles on the Cartesian plane, which led to a second definition of trigonometric functions 
(for any angle) in terms of ratios of x- and y-coordinates of a point and the distance from 
the origin to that point. In this section we inscribe the right triangles into the unit circle 
in the Cartesian plane, which will yield a third definition of trigonometric functions. It is 
important to note that all three definitions are consistent with one another. 
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Study Tip 
(cos 0, sin @) represents a point 
(x, y) on the unit circle. 


Trigonometric Functions and the 
Unit Circle (Circular Functions) 


Recall that the equation for the unit circle centered at the origin is given by x* + y? = 1. 
We will use the term circular function later in this section, but it is important to note that a 
circle is not a function (it does not pass the vertical line test). 

If we form a central angle @ in the unit circle such that the terminal side lies in quadrant I, 
we can use the previous two definitions of the sine and cosine functions when r = | 
(i.e., in the unit circle). 


TRIGONOMETRIC RIGHT TRIANGLE CARTESIAN 
FUNCTION TRIGONOMETRY PLANE 
opposite sy yy 
sind ————— =-=y X=-=y 
hypotenuse 1 r ol 
adjacent x xX Xx 

cosé ==, Se fey 
hypotenuse =| rf 


Notice that the point (x, y) on the unit circle can be written as (cos@, sin@). If we recall 
the unit circle coordinate values for special angles (Section 6.4), we can now summarize the 
exact values for sine and cosine in the following illustration. 


(x, y) = (cos, sin @), where @ is the central angle whose terminal side intersects the unit 
circle at (x, y). 


AY 1 3 ay (1 
@, 1) aS) OO NaS 
aD 2) “goat ee (2 =) eo 90°7% . 
(-Y 2) P30 ees B14 = 7% be i) 
a, “Se a, 120°] 60° wze\2’ 2 
135° 45° : = “Z 150° 30° 6 
-1, 0)! she 2 =1, 0): , 
( ) oo, cd ( i or og . 
“a 180° 0 360° 2:40) cm 180° 0 360° 27:4, Q) 
0 0 i Tn 710° 330° La 2 
ae a F e i) ec = 240°) 300” (2 ) 
oot le Bag Cage old 
2S 2702 2 2 ©..2707 2 3 
Le. 3 1 3B ves Joke 
(0, -1) agian ee ee 


The following observations are consistent with properties of trigonometric functions 
we’ ve studied already: 


= sin@ > 0 in quadrant I and quadrant I 
= cos@ > 0 in quadrant I and quadrant IV 
= The unit circle equation x* + y* = 1 leads to the Pythagorean identity 


cos*@ + sin’?@ = 1 


Circular Functions 


Using the unit circle relationship, (x, y) = (cos@, sin@), where @ is the central angle whose 
terminal side intersects the unit circle at the point (x, y), we can now define the remaining 
trigonometric functions using this unit circle approach and the quotient and reciprocal 
identities. Because the trigonometric functions are defined in terms of the unit circle the 
trigonometric functions are often called circular functions. 
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DEFINITION (3) Trigonometric Functions 


Unit Circle Approach 


Let (x, y) be any point on the unit circle. If 6 is a real number that represents the 
distance from the point (1, 0) along the circumference to the point (x, y), then 


sind = y cos = x fan = — x #0 
x 
1 1 ae 
cscO=— y#O0 secO=— x#0 cotdé=—- y#O0 
» x by 


EXAMPLE 1_ Finding Exact Trigonometric (Circular) Function Values 


Find the exact values for 


al) by coe 5% wan( 3 
a. sin 4 » COS 6 c. tan 2 


Solution (a): 
V2 V2 


7 
The angle ms corresponds to the coordinates ee -~) on the unit circle. 


The value of the sine function is the y-coordinate. 


Solution (b): 


5 V3 
The angle a corresponds to the coordinate (S >) on the unit circle. 


The value of the cosine function is the x-coordinate. cos( =} =-— 
Solution (c): 

3 
The angle - corresponds to the coordinate (0, —1) on the unit circle. 


The value of the cosine function is the x-coordinate. 


The value of the sine function is the y-coordinate. sin 


Tangent is the ratio of sine to cosine. tan 


3a . (30 
Let cos( =) = 0 and sin( 7) =—l. tan 


tan( =") is undefined. 


= VOUR TURN Find the exact values for 


ala) be cos) tan 2% 
a. sin 6 » COS 4 c. tan 3 


led 
Technology Tip 


Use TI/scientific calculator to check 


fhevainee torn = 
ie values for sin| —— }, COS| — ], 
4 6 


T 
and tan 3 i} Be sure to set the 


TI in radian mode. 


* 
i] 


Sint rr 4) 


3 
Since tan is undefined, TI will 


display an error message. 


Lani sme i 
| 


= Answer: a; b. v2 c. -V3 


2 
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EXAMPLE 2_ Solving Equations Involving Circular Functions 


1 


Use the unit circle to find all values of 0, 0 = 6 = 27, for which sin@ = —>. 
Solution: (- 1 3B ) ( 1 3 ) 
: : F 2° 2 AY 2° 2 
The value of sine is the y-coordinate. 5) 2) 0,1) 2 2) 
aes NS GY HE. Nee 
Since the value of sine is negative, aN 2 ° "in 2 age ev? 2 
6 must lie in QUI or QIV. N38 1) go FP 120°} oor a (YB 1 
2° 2) sn 138 eh?) 2 
There are two values for 6 that (-1, 0): 6 150° "0 2 
are greater than or equal to zero or 180" 0 360° 27"(4. 0) 
: 210° 330° I17 : 
and less than or equal to ar that (8 4 335° 315° cs (8 -1) 
correspond to sin@ = —>. 2) a 240 0 sa ee 22 
\2 a) “e3 2707/2 Be” (2 ) 
= ca Ua [. eg. 9(0, -1) eo 
= 4) G8 
2° 2 2” 2 
2a 47 : . 1 
= Answer: 0 = 3° = YOUR TURN Find all values of 0,0 = @ = 27, for which cos@ = —>. 


Properties of Circular Functions 


Worps 

For a point (x, y) that lies on the unit 
circle, x° + y = 1. 

Since (x, y) = (cos@, sin@), the 
following holds. 


State the domain and range of the 
cosine and sine functions. 


0 
and csc@ = —— 


Since cot@ = nant 
sin@ 


sin 
the values for 6 that make sin@ = 0 must 
be eliminated from the domain of the 
cotangent and cosecant functions. 


. sind 
Since tan@ = and sec@ = 


oh 

os@ 
the values for 0 that make cos@ = O must 
be eliminated from the domain of the 
tangent and secant functions. 


-lsxsland-lsyel 


—-1lscosé =1 and -lsSsin@d=1 


Domain: (—, 0) Range: [—1, 1] 


Domain: 6 4 nz, n an integer 


(2n + 1) 


Domain: 6 # , nan integer 


The following box summarizes the domains and ranges of the circular functions. 
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DOMAINS AND RANGES OF THE CIRCULAR FUNCTIONS 


For any real number @ and integer n: 


FUNCTION DOMAIN RANGE 
sin (=e0, 20) [=1, 1] 
cos 0 (—, 00) ves 
(2n + l)a 
tan 0 all real numbers such that 0 # a (—o, 0) 
coté all real numbers such that 9 4 nz (ce, co) 
(2n + 1)ar 
sec 0 all real numbers such that 0 # -—o-< (Sea, =I] U) [1 28) 
csc 0 all real numbers such that 9 # nar (See, =11|U) [il e3) 


Recall from algebra that even and odd functions have both an algebraic and a graphical 
interpretation. Even functions are functions for which f(—x) = f(x) and their graphs are 
symmetric about the y-axis. Odd functions are functions for which f(—x) = —f(x) and 
their graphs are symmetric about the origin. 


AY 
1 . 
(x, y) = (cos 6, sin 0) 


“” (x, -y) = (cos(—9), sin(—0)) = (cos 6, —sin 0) 


ii 


The cosine function is an even function. cos@ = cos(—6) ie 
The sine function is an odd function. sin(—0) = —sin@ Technology Tip 


Use a TI/scientific calculator to check 


EXAMPLE 3. Using Properties of Trigonometric (Circular) Functions the value of cos(- 7h 
Evaluate cos(- 2) 
6 

Solution: 

: a . Sa 5a 
The cosine function is an even function. cos ars = COS ra 

5 3 

Use the unit circle to evaluate cosine. cos( >) = “ 


1 


= Answer: —> 


5 
= YOUR TURN Evaluate sin(-°) 
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Study Tip It is important to note that although circular functions can be evaluated exactly for some 
Su jaie Gilet lnieadirdediien sane special angles, a calculator can be used to approximate circular functions for any angle. It 
before evaluating circular functions is important to set the calculator to radian mode first, since 0 is a real number. 


in radians. Alternatively, convert the 


radian measure to degrees before 
evaluating the trigonometric aa EXAMPLE 4_ Evaluating Trigonometric (Circular) Functions 
function value. with a Calculator 


7 
Use a calculator to evaluate sin( 77). Round the answer to four decimal places. 


Sl 
Technology Tip le €9 CORRECT Eq INCORRECT 
‘ise the "Tscientific caloilator te = Evaluate with a calculator. Evaluate with a calculator. 
7 
evaluate sin Press |2nd] |A 0.965925826 0.031979376 ERROR 


(Calculator in 


for 7. Round to four decimal places. degree mode) 


Sintrmlza 7 
9659258263 sin( 77) . 


Many calculators automatically reset to degree mode after every calculation, so make sure 
to always check what mode the calculator indicates. 
Answer: —0.7265 Oa 
stated ; ; = YOUR TURN Use acalculator to evaluate tan( Round the answer to four 


decimal places. 


EXAMPLE 5_ Evenand Odd Circular Functions 
Show that the secant function is an even function. 
Solution: 


Show that sec(—0) = sec(@). 


1 
Secant is the reciprocal of cosine. sec(—@) = 
cos(—@) 
ae : 1 
Cosine is an even function, cos(—0@) = cos(@). sec(—@) = 
cos(@) 
Secant is the reciprocal of cosine, secO = : sec(—@) = ——— = secé 
cos@ cos(0) 
Since sec(-0) = sec), the secant function san even funtion 
ba Si SECTION 
. : SUMMARY 
In this section we have defined trigonometric functions as where (x, y) = (cos@, sin@), and where @ is the central angle 
circular functions. Any point (x, y) that lies on the unit circle whose terminal side intersects the unit circle at the point (x, y). 
satisfies the equation x° + y? = 1. The Pythagorean identity The cosine function is an even function, cos(—@) = cos@; and the 


cos’@ + sin?@ = 1 can also be represented on the unit circle sine function is an odd function, sin(-@) = —sin@. 


SECTION 
6.7 EXERCISES 
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= SKILLS 
In Exercises 1-14, find the exact values of the indicated trigonometric functions ‘8 iv 
using the unit circle. (-4 3 33) (4. 3 
2 2 (0, 1) JE JB 
| 23) oh. 8 
1. sin( =) 2. cos( =) 3 cos( 7) 2° 2 we OF; 7 ‘ aa) 
: ‘ (8 2) gsm ote (8, 2) 
7 3 3 2° 2) 5a 135 gee 2 
4. sin( — 5. sin{ — cos( — 1.09); © 150 an er 
6 (-1, 0) 00 : 
2 o> 
v7 180° 0 360° 2m:(1 0) 
Tq 210 330° La! 
7. tan Tt 8. cot us . sec225° N34 ie 225 31° 6g (VB 1 
, 4 . 4 2 pe Age 240° ats Sa i 2° 2 
10. csc300° 11. tan240° . cot330° i) 9 270] 2 Fa (2 a) 
é 2° 2 (0, -1) 2 2 
27 ° 1 =) € NE} ) 
13. csc 6 14, cot 120 ie a | 


In Exercises 15-34, use the unit circle and the fact that sine is an odd function and cosine is an even function to find the exact 
values of the indicated functions. 


15. 


19. 


23. 
27. 


31. 


27 
in| — — 16. 
sin( 3 ) 


37 
= 20. 
oo() 
sin(—225°) 24, 
cos(—45°) 28. 
csc(— 150°) 32. 


sin(— 180°) 
cos(— 135°) 


sec(—315°) 


25. sin(—270°) 26. sin(—60°) 

29. cos(—90°) 30. cos(—210°) 
lla 

a5, aE 34. cot(—330°) 


In Exercises 35-54, use the unit circle to find all of the exact values of 6 that make the equation true in the indicated interval. 


35. 


37. 


39. 
41. 
43. 
45. 
47. 
49. 
51. 


53. 


3 
OSS ae Sam 


sin@ = 52 gegege 


sind =0,0=60=47 
cosé= -1050547 
tand= -1,0= 0527 

secd = —-V2,0= 0527 
csc@ is undefined, 0 = 0 S 27 
tan@ is undefined, 0 = 0 S 27 
cesc8 = —-2,0 50527 


2 
sect = 3 <= 2 


36. 


38. 


40. 
42. 
44. 
46. 
48. 
50. 
52. 


54. 


3 
cos? = a 
dion eae 
snd = -1,0S0=<47 


cos8 = 0,0 50547 
cotdé=1,05 0527 
esc = V2,0 560527 
sec @ is undefined, 0 = 0 S 27 
cot@ is undefined, 0 = 60 S 27 


cot@ = -V3,0<0<20 


uno = 3.0 <0 = 20 
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" APPLICATIONS 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


Atmospheric Temperature. The average daily temperature 

in Peoria, Illinois, can be predicted by the formula 

27(x — 31) 
365 

day in the year (January 1 = 1, February 1 = 32, etc.) and 

T is in degrees Fahrenheit. What is the expected 

temperature on February 15? 


T =50 — 28 cos } where x is the number of the 


Atmospheric Temperature. The average daily temperature 
in Peoria, Illinois, can be predicted by the formula 
27(x — 31) 
365 
day in the year (January 1 = 1, February 1 = 32, etc.) 
and T is in degrees Fahrenheit. What is the expected 
temperature on August 15? (Assume it is not a leap 
year.) 


T =50— 28 cos| } where x is the number of the 


Body Temperature. The human body temperature normally 
fluctuates during the day. If a person’s body temperature 
can be predicted by the formula T = 99.1 — 0.5 sin(x ot ah 
where x is the number of hours since midnight and T is in 
degrees Fahrenheit, then what is the person’s temperature at 
6:00 A.M.? 


Body Temperature. The human body temperature normally 
fluctuates during the day. If a person’s body temperature can 
be predicted by the formula T = 99.1 — 0.5 sin + :), 
where x is the number of hours since midnight and T is in 
degrees Fahrenheit, then what is the person’s temperature 
at 9:00 P.M.? 


Tides. The height of the water in a harbor changes with the 
tides. If the height of the water at a particular hour during 
the day can be determined by the formula 


h(x) =5+4.8 sn| : (x4 | where x is the number of hours 


since midnight and h is the height of the tide in feet, then 
what is the height of the tide at 3:00P.M.? 


Tides. The height of the water in a harbor changes with 
the tides. If the height of the water at a particular hour 
during the day can be determined by the formula 


h(x) =5+ 4.8 sin (x4 a), where x is the number of hours 


since midnight and h is the height of the tide in feet, then 
what is the height of the tide at 5:00a.M.? 


Yo-Yo Dieting. A woman has been yo-yo dieting for years. 
Her weight changes throughout the year as she gains and 
loses weight. Her weight in a particular month can be 


determined by the formula w(x) = 145+ 10 cos( 7), 


62. 


63. 


64. 


Aweyy/s0o1g 111d 


where x is the month and w is in pounds. If x = 1 
corresponds to January, how much does she weigh in June? 


Yo-Yo Dieting. How much does the woman in Exercise 61 
weigh in December? 


Seasonal Sales. The average number of guests visiting the 
Magic Kingdom at Walt Disney World per day is given by 


n(x) = 30,000 + 20,000 sin| Zc + Df where n is the 


number of guests and x is the month. If January 
corresponds to x = 1, how many people on average are 
visiting the Magic Kingdom per day in February? 


Seasonal Sales. How many guests are visiting the Magic 
Kingdom in Exercise 63 in December? 
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For Exercises 65 and 66, refer to the following: 


During the course of treatment of an illness, the concentration of 
a drug in the bloodstream in micrograms per microliter fluctuates 
during the dosing period of 8 hours according to the model 


: T T 
C(t) = 15.4 — 4.7 sin( 71 + a O=rs8 


Note: This model does not apply to the first dose of the 
medication. 


65. Health/Medicine. Find the concentration of the drug in the 
bloodstream at the beginning of a dosing period. 


66. Health/Medicine. Find the concentration of the drug in the 
bloodstream 6 hours after taking a dose of the drug. 


" CATCH THE MISTAKE 


In Exercises 69 and 70, explain the mistake that is made. 
ae Sa 
69. Use the unit circle to evaluate tan 6 exactly. 
Solution: 


Tangent is the ratio 
of sine to cosine. 


sin{ — 
(=) 6 
tan( — }| = ———— 
6 


Use the unit 


circle to 
identify sine T\ V3 5 i 
. sin{ —— ] = — —— and cos == 
and cosine. 6 2 6 2 
Substitute V3 
values for Sm 7 ie 
sine and an 6 a 
cosine. = 
2, 
: : 5a 
Simplify. tan cs = -vV3 


This is incorrect. What mistake was made? 


In Exercises 67 and 68, refer to the following: 


By analyzing available empirical data, it has been determined 
that the body temperature of a particular species fluctuates 
during a 24-hour day according to the model 


T(t) = 36.3 — 14 cos| Ft s 2) O<1=24 


where TJ represents temperature in degrees Celsius and 
t represents time in hours measured from 12:00 A.M. 
(midnight). 


67. Biology. Find the approximate body temperature at 
midnight. Round your answer to the nearest degree. 


68. Biology. Find the approximate body temperature at 
2:45 p.M. Round your answer to the nearest degree. 


11 
70. Use the unit circle to evaluate sec (4) exactly. 


Solution: 


Secant is the reciprocal 
of cosine. 


Use the unit circle 
to evaluate cosine. cos 


(12) 
( 


Substitute the value 
for cosine. 


ene lla 
Simplify. sec| —— } = —2 


This is incorrect. What mistake was made? 
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=» CONCEPTUAL 


In Exercises 71-78, determine whether each statement is true or false. 


71. sin(2n7 + 6) = sin@, n an integer. 
72. cos(2n7 + @) = cosé@, n an integer. 


(2n + 1)q 


73. sin0d = 1 when @ = 5 


, n an integer. 


74. cos@ = 1 when 6 = nz, n an integer. 


s CHALLENGE 


79. Find all the values of 6, 0 = 6 S 27, for which the 
equation sin@ = cos @ is true. 


80. Find all the values of 6 (@ is any real number) for which 


the equation sin@ = cos @ is true. 


81. Show that ese( F +O 2nm ) = secé, n an integer. 


82. Show that see( => 2nm ) = cscé, n an integer. 


= TECHNOLOGY 


87. Use a calculator to approximate sin(423°). What do you 
expect sin(—423°) to be? Verify your answer with a 
calculator. 


88. Use a calculator to approximate cos(227°). What do you 
expect cos(—227°) to be? Verify your answer with a 
calculator. 


89. Use a calculator to approximate tan(81°). What do you 
expect tan(—81°) to be? Verify your answer with a 
calculator. 


90. Use a calculator to approximate csc(211°). What do you 
expect csc(—211°) to be? Verify your answer with a 
calculator. 


For Exercises 91-94, refer to the following: 


A graphing calculator can be used to graph the unit circle with 
parametric equations (these will be covered in more detail in 


75. tan(@ + 2n7r) = tan, n an integer. 


(2n + 1) 
2 
77. Is cosecant an even or an odd function? Justify your answer. 


76. tané = Oif and only if 0 = , an integer. 


78. Is tangent an even or an odd function? Justify your answer. 


83. Simplify ese( 2a = = = 0) : se( 0 = *) -sin(—6). 


84. Simplify tan@+cot(27 — @). 


85. Does there exist an angle 0 = @ < 27 such that 
tané = coté? 


86. Does there exist an angle 0 = 6 < 27 such that 
secO = csc(— 0)? 


Section 8.7). For now, set the calculator in parametric and 
radian modes and let 


X, = cos T 

Y, = sin T 
Set the window so that 0 = T = 27, step = 7 —2=Xs=2, 
and —2 = Y= 2. To approximate the sine or cosine of a 
T value, use the | TRACE] key, type in the T value, and read 


the corresponding coordinates from the screen. 


91. Approximate co(), take 5 steps of = each, and read 


the x-coordinate. 


92. Approximate sin(7), take 5 steps of 2 each, and read the 


y-coordinate. 


2 
93. Approximate sin( =) to four decimal places. 


5 
94. Approximate cos( =) to four decimal places. 


SECTION GRAPHS OF SINE AND COSINE 
6.8 FUNCTIONS 


The Graphs of Sinusoidal Functions 
The following are examples of things that repeat in a predictable way (are roughly 
periodic): 


= heartbeat 

= tide levels 

= time of sunrise 

m average outdoor temperature for the time of year 


The trigonometric functions are strictly periodic. In the unit circle, the value of any of the 
trigonometric functions is the same for any coterminal angle (same initial and terminal 
sides no matter how many full rotations the angle makes). For example, if we add (or 
subtract) multiples of 277 to the angle 6, the values for sine and cosine are unchanged. 


sin(@ + 2n7r) = sind or cos(@ + 2n7r) = cosé (n is any integer) 


DEFINITION Periodic Function 
A function fis called a periodic function if there is a positive number p such that 
f(x + p) = f@) for all x in the domain of f 


If p is the smallest such number for which this equation holds, then p is called the 
fundamental period. 


You will see in this section and the next that sine, cosine, secant, and cosecant functions 
have fundamental period 277, but that tangent and cotangent functions have fundamental 
period 77. 


The Graph of f(x) = sinx 


Let us start by point-plotting the sine function. We select values for the sine function 
corresponding to some of the “special angles” we covered in the previous sections of this 
chapter. 
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Study Tip F x f(x) = sin x (x, y) 
Note that either notation, y = sinx ; 
or f(x) = sinx, can be used. 0 sin0 = 0 (0, 0) 
7 (=) V2 (= *) 
== sin = 3 
4 2 4 2 
7 7 
= sini —] = 1 — 1 
(5) (F) 
3a (7) _ v2 ( ¥) 
4 ag 2 42 9 
T sina = 0 (7, 0) 
Sa (=) V2 (= 4) 
— sin| a So 
4 2 4 2 
els sin *) =-—|1 (=. -1) 
2, 2 
0 . (7) V2 (= <2) 
—= sin == a 
4 4 2 4 2, 
27 sin27 = 0 (277, 0) 


By plotting the above coordinates (x, y), we can obtain the graph of one period, or cycle, 


V2 
of the graph of y = sinx. Note that a = 0.7. 


Study Ti, ey *? Fey 

way Te ee) Pes 
Looking at the graph of f(x) = sinx, ~~ 30 2 
we are reminded that sinx > 0 when > 2 ) 


0 <x < wand sinx < 0 when 


277, 0), 
T<x <2. aie 


om 
In -%2) 
4° 2 


We can extend the graph horizontally in both directions (left and right) since the domain of 
the sine function is the set of all real numbers. 

AY 
1 


In this section, we are no longer showing angles on the unit circle but are now showing 
angles as real numbers in radians on the x-axis of the Cartesian graph. Therefore, we no 
longer illustrate a “terminal side” to an angle—the physical arcs and angles no longer exist; 
only their measures exist, as values of the x-coordinate. 


If we graph the function f(x) = sinx, the x-intercepts correspond to values of x at which 


the sine function is equal to zero. 


x f(x) = sin x Gx y) 

sind = 0 (0, 0) 
7 sina = 0 (ar, 0) 
20 sin(277) = 0 (27, 0) 
307 sin(377) = 0 (37, 0) 
4a sin(47r) = 0 (47r, 0) 
ni sin(n7r) = 0 (n7r, 0) 


Notice that the point (0, 0) is both a y-intercept and an x-intercept but all x-intercepts have 
the form (n7r, 0). The maximum value of the sine function is 1, and the minimum value of 


7 
the sine function is — 1; these values occur at odd multiples of 2 
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E 
Technology Tip 


Set a TI/scientific calculator to 
radian mode by typing } MODE |. 


torn 


all Hor-iz G-T 


n is an integer. 


Set the window at Xmin at —27, 
Xmax at 47, Xscl at eh Ymin at 
—1, Ymax at 1, and Yscl at 1. 


Setting Xscl at : will mark the 


x f(x) = sin x (x, y) labels on the x-axis in terms of 
T w\ _ a 1 multiples of - 

2 2 2 

af — - WINDOW 

pads cal ee oF asi 

4) ae) 

ay ca ee as 

2 2 2° 

fig fT es La 

2 2 2° 

nes Use | Y= | to enter the function 
(2n + 1) (2n + 1) (Qn + l)r sin(X) 


ofa ( 


2 2 2 ; 


1) n is an integer. 
he? Fioke Floks 


The following box summarizes the sine function: 


SINE FUNCTION f(x) = sinx 


=m Domain: (—o, 0%) or —o < x < o 

| IRamees |[—il, i) or = S jy = Il 

= The sine function is an odd function: 
e symmetric about the origin 


WyBseintha 


ites 


e sin(—x) = —sinx 

The sine function is a periodic function 
with fundamental period 277. 

Nihee intercepts 0-7-2 eee en ale 
of the form nz, where n is an integer. 


(ia ar 


l)a 
to x-values of the form 


377 


7 
such as +—, oe 


2 


ae 


The maximum (1) and minimum (—1) values of the sine function correspond 
a 
ae 
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Study Tip The Graph of f(x) = cosx 


Note that either notation, y = cos.x 


anf) aden, canis used: Let us start by point-plotting the cosine function. 


x 


f(x) = cos x (x, y) 


cosO = 1 (0, 1) 


io) 


| 
Q 
° 
n 
, es 
ala 
Sa” 
I 
“IS 
a 
ala 
| 
i) 
aed 


37 (=) _ V2 (= 2) 
cos 


4 4 7 a: 3 
T cos7 = —1 (7, —1) 
5a Sar V2 Sr V2 
— cos| a ; 

4 4 2 4° 2 


10 (¥) V2 (= 2 
— cos 5 = a 


Qa cos(27r) = 1 (27, 1) 


By plotting the above coordinates (x, y), we can obtain the graph of one period, or cycle, of 


V2 
the graph of y = cos x. Note that a = 0.7. 
Study Tip 
Looking at the graph of f(x) = cos.x, 
we are reminded that cosx > 0 
when 0 < 7 < & and 32 <x<27 
and cosx < 0 when 5 <x < az 


We can extend the graph horizontally in both directions (left and right) since the domain of 
the cosine function is all real numbers. 


If we graph the function f(x) = cos.x, the x-intercepts correspond to values of x at which 
the cosine function is equal to zero. 


The point (0, 1) is the y-intercept, and there are several x-intercepts of the form 


(2n + 1) , a a 
= 0 ). The maximum value of the cosine function is | and the minimum value 
of the cosine function is —1; these values occur at integer multiples of 7; n77. 
x f(x) = cos x (x, y) 
cos0 = | (0, 1) 
7 cos7 = —1 (a7, —1) 
27 cos27 = | (277, 1) 
3a cos37 = —1 (37, —1) 
4a cos4a7 = 1 (477, 1) 
ni cosn7 = +1 (nz, +1) 
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x f(x) = cos x (x, y) 

7 7 T 

_ cos| — ] = 0 —,0 

2 2 2 

3 co 7) i e 0) 

2 2 2 

Sa co °7) af (=. 0) 

2, 2 2 

10 (= é ) 

— cos| — ] = —=0 

2 2 

(2n + I) (2n + 1)a (2n + 1)a 

——- —— cos| ————— ] = 0 —————— 
2 2 2 


.0) n is an integer. 


n is an integer. 


The following box summarizes the cosine function: 


COSINE FUNCTION f(x) = cosx 


Domain: (—o0, 00) or —co < x < 
Rernges =I, ill] or = Sy = il 


The cosine function is an even function: 


e symmetric about the y-axis 
@ cos(—x) = cos x 


The cosine function is a periodic function 


with fundamental period 27. 


; T 
Tine seinieeE Is, se, se—, SE, gc 


2 2 2 


odd integer multiples of = that have the form 


The maximum (1) and minimum (—1) values of the cosine function correspond 
to x-values of the form nzr, such as 0, +77, £277,.... 


wate 


(2n + 1)ar 


, where n is an integer. 


E 
Technology Tip_ 


Set the window at Xmin at 


—27, Xmax at 477, Xscl at = 
Ymin at —1, Ymax at 1, and 
Yscl at 1. Setting Xscl at z will 


mark the labels on the x-axis in 


7 
terms of multiples of 2 


Floki Flot Flake 
wy Boos C2 
~Wlps 
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The Amplitude and Period of Sinusoidal Graphs 


In mathematics, the word sinusoidal means “resembling the sine function.” Let us start by 
graphing f(x) = sinx and f(x) = cosx on the same graph. Notice that they have similar 
characteristics (domain, range, period, and shape). 


AY 
1 


vu 


In fact, if we were to shift the cosine graph to the right a units, the two graphs would 


be identical. For that reason, we refer to any graphs of the form y = cosx or y = sinx as 
sinusoidal functions. 

We now turn our attention to graphs of the form y = Asin(Bx) and y = Acos(Bx), 
which are graphs like y = sinx and y = cosx that have been stretched or compressed 
vertically and horizontally. 


EXAMPLE 1 Vertical Stretching and Compressing 


Plot the functions y = 2sinx and y = ssin x on the same graph with y = sinx on the 


interval —47 =x S47. 
Solution: 


Step 1 Make a table with the coordinate values of the graphs: 


Py = ca ae 
x 2 T 2 T 
sinx 1 ae 
2sinx 2 =2 
5 sinx 0 5 0 -5 0 


Step 2 Label the points on the graph and 
connect with a smooth curve over 
one period, 0 = x = 27. 
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Step 3 Extend the graph in both directions 
(repeat every 277). 


: 1 . = Answer: 
= YOUR TURN Pilot the functions y = 3cosx and y = 3cosx on the same graph with 


y = cosx on the interval —27 = x S 27. AY y= 3cosx 


Notice in Example | and the corresponding Your Turn that: 


m y = 2sinx has the shape and period of y = sinx but is stretched vertically. 


ay= 5sin.x has the shape and period of y = sinx but is compressed vertically. 
= y = 3cosx has the shape and period of y = cos x but is stretched vertically. 
ay= FCOSx has the shape and period of y = cosx but is compressed vertically. 


In general, functions of the form y = Asinx and y = Acos.x are stretched vertically when 
|A| > 1 and compressed vertically when |A|< 1. 

The amplitude of a periodic function is half the difference between the maximum value 
of the function and the minimum value of the function. For the functions y = sinx and 
y = cosx, the maximum value is | and the minimum value is —1. Therefore, the 
amplitude of each of these two functions is |A| = sll (-1)| = 1. 


AMPLITUDE OF SINUSOIDAL FUNCTIONS 


For sinusoidal functions of the form y = Asin(Bx) and y = Acos(Bx), the 
amplitude is |A|. When |A|< 1, the graph is compressed vertically, and when 
|A| > 1, the graph is stretched vertically. 


EXAMPLE 2 Finding the Amplitude of Sinusoidal Functions 
State the amplitude of 
a. f(x) = —4cosx 


b. g(x) = ssinx 
Solution (a): The amplitude is the magnitude of —4. A=(|-4|= 


Solution (b): The amplitude is the magnitude of :. A= 2 == 
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E 
Technology Tip 


Set the window at Xmin at 

—27, Xmax at 27, Xscl at a 
Ymin at —1, Ymax at 1, and Yscl 
at 1. Setting Xscl at : will mark 
the labels on the x-axis in terms of 


7 
multiples of > 


FIGhL Fioke Flats 


= Answer: 


y=sinx AY y=sin (2x) 
1 


Vu 


=3 


y=sin(4x) 


EXAMPLE 3 Horizontal Stretching and Compressing 


Plot the functions y = cos(2x) and y = cos(4x) on the same graph with y = cosx on the 
interval —27 = x = 27. 


Solution: 


Step 1 Make a table with the coordinate values of the graphs. It is necessary only to select 
the points that correspond to x-intercepts, (y = 0), and maximum and minimum 
points, (y = +1). Usually, the period is divided into four subintervals (which you 
will see in Examples 5 to 7). 


oO a | @ | 3a Sa | 30 | 7a 
* 4 2 4 7 4 2 4 il 
cosx 1 0 —1 0 1 
cos(2x) i 0 -1 0 1 0 -1 0 1 
cos(4x) | 1 0 = 


Step 2 Label the points on the graph and connect with a smooth curve. 


y=cosx 


y =cos (2x) 


y = cos (5x) 


-l 


Step 3 Extend the graph to cover the entire interval: 
lr =x = 27. 


y=cosx 


y = cos (2x) 5 | 


21 2a 
y = cos (5x) 


= YOUR TURN Plot the functions y = sin(2x) and y = sin(5x) on the same graph 
with y = sinx on the interval —27 = x = 277. 
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Notice in Example 3 and the corresponding Your Turn that: 
= y = cos(2x) has the shape and amplitude of y = cosx but is compressed horizontally. 
ay= cos(3x) has the shape and amplitude of y = cosx but is stretched horizontally. 


sin(2x) has the shape and amplitude of y = sinx but is compressed horizontally. 


my 
ay= sin(5x) has the shape and amplitude of y = sinx but is stretched horizontally. 


In general, functions of the form y = sin(Bx) and y = cos(Bx), with B > 0, are 
compressed horizontally when B > 1 and stretched horizontally when 0 < B < 1. We 
will discuss negative arguments (B < 0) later in this section in the context of reflections. 

The period of the functions y = sinx and y = cosx is 27. To find the period of a 
function of the form y = Asin(Bx) or y = Acos(Bx) set Bx equal to 27 and solve for x. 


Bx = 2% 
Qa 
x= — 
B 


PERIOD OF SINUSOIDAL FUNCTIONS 

For sinusoidal functions of the form y = Asin(Bx) and y = Acos(Bx), with B > 0, 
20 

the period is rs When 0 < B < 1, the graph is stretched horizontally, and when 


B > 1, the graph is compressed horizontally since the period is less than 277. 


EXAMPLE 4 _ Finding the Period of a Sinusoidal Function 
State the period of 


a. y = cos(4x) 


ll 


sin(4x) 


Solution (a): 


b. y 


Compare cos(4x) with cos(Bx) to identify B. B=4 
: i 21 27 oT 
Calculate the period of cos(4x), using p = —. p=— => 
B 4 w) 
The period of cos(4x) is p= 5 
Solution (b): 
1 1 
Compare sin( 5x) with sin(Bx) to identify B. B= 3 
: {1 : 21 2a 
Calculate the period of sin| 3 x}, using p = rh p= — 677 
3 


(1), = 
The period of sin) is [p = 6z]. 


; = Answer: 
= YOUR TURN State the period of a7 
1 ap=— bp=47 
a. y = sin(3x) by = cos(5x) 3 
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Study Tip 


Divide the period by 4 to get the key 
values along the x-axis for graphing. 


E 

Technology Tip 

Use a TI calculator to check 

the graph of y = 3 sin 2x. 

WACO 
AMLA= — 


————— 
Fioki Floke Floks 


WY ESsint2nd 


wie 


Now that you know the basic graphs of y = sinx and y = cos x, you can sketch one 


3 
cycle (period) of these graphs with the following x-values: 0, a Tr, i 277. For a period of 


277, we used steps of = Therefore, for functions of the form y = Asin(Bx) or y = Acos(Bx), 


when we start at the origin and as long as we include these five basic values (corresponding 
to four equal intervals) during one period, we are able to sketch the graphs. 


STRATEGY FOR SKETCHING GRAPHS 
OF SINUSOIDAL FUNCTIONS 


To graph y = Asin(Bx) or y = Acos(Bx) with B > 0: 


Step 1: 


Step 2: 
Step 3: 


Step 4: 


Step 5: 
Step 6: 


» 
Find the amplitude |A| and period = 


Divide the period into four subintervals of equal lengths. 

Make a table and evaluate the function for x-values from Step 2 starting at 
x=0. 

Draw the xy-plane (label the y-axis from —|A| to|Al) and plot the points 
found in Step 3. 

Connect the points with a sinusoidal curve (with amplitude Al). 

Extend the graph over one or two additional periods in both directions (left 
and right). 


EXAMPLE 5_ Graphing Sinusoidal Functions of the Form 


y = Asin(Bx) 
Use the strategy for graphing a sinusoidal function to graph y = 3sin(2x). 
Solution: 
Step 1 Find the amplitude and period for |A| = |3| = 3 
27 = 2a 
A = 3 and B = 2. p=—=—=T7 
B 2 


Step 2 Divide the period 7 into four equal steps. Zz 


Step 3 Make a table starting at x = 0 to the period x = 


. 7 
a in steps of x 


x y = 3sin2x Ox< y) 
3[sin 0] = 3[0] = 0 (0, 0) 


0 
= 3) sin( ~ }| = 3[1] = 3 = 
4 sin| 5 = 3{1] = 


7 
% 3[sinzr] = 3[0] = 0 


3} sin = 3[-1] = -3 
4 2 


7 3[sin(27r)] = 3[0] = 0 
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Step 4 Draw the xy-plane and label the points in Ay = 
the table. 3 [ * ‘ee 3) 
aL 
if ' 
oo (4:9) mo » 
+ 1 + ! 
b a a 3a 7 
4b 4 2 4 
aT 
-3L e ‘pe 


Step 5 Connect the points with a sinusoidal curve. 


Step 6 Repeat over several periods (to the left 
and right). 


= Answer: 


= YOUR TURN Use the strategy for graphing sinusoidal functions to graph 


y = 2sin(3x). 
= 
EXAMPLE 6 _ Graphing Sinusoidal Functions of the Form . 
y= Acos( Bx) Technology Tip 


Use a TI calculator to check the 

graph of y = —2 cos(4x). 

Solistioni Set the window at Xmin at 
—12a, Xmax at 1277, Xscl at 


Use the strategy for graphing a sinusoidal function to graph y = —2 cos(;x). 


30 . 
Step 1 Find the amplitude and period |A| = |-2| = “g? Yminat —2; Ymax at : and 
O17 
1 27 Qt Yscl at 1. Setting Xsc1 at — 
for A = —2 and B = 3. 2 


will mark the labels on the x-axis 


Step 2 Divide the period 67 into = 


3 
in terms of multiples of a 
four equal steps. 
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5 ake lak 3 
to ee oeie: SH Step 3 Make a table starting at x = 0 and completing one period of 677 in steps of i 
we 

x y = —2cos(4x) (x y) 

0 2[cosO] = —2[1] = -2 (0, —2) 

e) 3 

7 ao =) = ~2[0] = 0 a 0) 

3a —2[cos 7] = —2[-1] = 2 (377, 2) 

9 3 9 

i“ 2 cos =) | = —2[0] = 0 (=. ) 

67 —2[cos(27)] = —2[1] = -2 (677, —2) 

Step 4 Draw the xy-plane and AY (Gn, 2) 
label the points in the table. 2+ e 


—2¢@ (0, —2) e (67, -2) 


Step 5 Connect the points with a 
sinusoidal curve. 


Step 6 Repeat over several periods 
(to the left and right). 


= Answer: 


= YOUR TURN Use the strategy for graphing a sinusoidal function to graph 


y= —3cos( 4x). 


Notice in Example 6 and the corresponding Your Turn that when A is negative, the result 
is a reflection of the original function (sine or cosine) about the x-axis. 
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EXAMPLE 7_ Finding an Equation for a Sinusoidal Graph 


Find an equation for the graph. 


Solution: 
This graph represents a cosine function. y = Acos(Bx) 
The amplitude is 4 (half the maximum spread). |A| = 4 
The period — is equal to 4 Pos 
€ period — is equal to 47. B 7 
1 
Solve for B. B= 3 
: Ll; 1 
Substitute A = 4 and B = 5 into y = Acos(Bx). y = 4cos at 


; . = Answer: y = 6sin(2x) 
= YOUR TURN Find an equation for the graph. iaised ives aie ele es iaeidcoinas eM daasss 


Graphing a Shifted Sinusoidal 
Function: y = Asin(Bx + C) + Dand 
y = Acos(Bx + C) + D 


Recall from Section 3.3 that we graph functions using horizontal and vertical translations 
(shifts) in the following way (c > 0): 


To graph f(x + c), shift f(x) to the left c units. 
To graph f(x — c), shift f(x) to the right c units. 
To graph f(x) + c, shift f(x) up c units. 

To graph f(x) — c, shift f(x) down c units. 
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To graph functions of the form y = Asin(Bx + C) + D and y = Acos(Bx + C) + D, 
utilize the strategy below. 


STRATEGY FOR GRAPHING y = Asin(Bx + C)+D 
AND y = Acos(Bx + C)+D 


A strategy for graphing y = Asin(Bx + C) + D is outlined below. The same 
strategy can be used to graph y = Acos(Bx + C) + D. 


Step 1: Find the amplitude |A|. 
2 6 
Step 2: Find the period ai and phase shift ——. 


G G2 
Step 3: Graph y = Asin(Bx + C) over one period (tom Le to en a5 =| 


Step 4: Extend the graph over several periods. 
Step 5: Shift the graph of y = Asin(Bx + C) vertically D units. 
Study Tip Note: If we rewrite the function in standard form, we get 


Rewriting in standard form G 
C y= Asin] a(x + €) ap /D) 


y= Asin) a(x + £)| 
which makes it easier to identify the phase shift. 


makes identifying the phase shift If B < 0, we can use properties of even and odd functions 
easier. 


sin(—x) = —sinx cos(—x) = cosx 


to rewrite the function with B > 0. 


Study Tip 


An alternative method for finding the 
period and phase shift is to first write 
the function in standard form. 


EXAMPLE s_ Graphing Functions of the Form y = Acos(Bx + C) 


Graph y = Scos(4x + 7r) over one period. 


ae seos]4(. z *)| Solution: 
=a Step 1 Find the amplitude. |A|= |5|=5 
Period = = = = = : Step 2 Calculate the period and phase shift. 


The interval for one period 


T 
Ph hift = —- units to the left. F 
oe Neale tal is from 0 to 277. 4x+ 7 =0 to 4x+ a7 = 27 


Solve for x. x= 
‘ P C 
Identify the phase shift. 3 = 
2 2 
Identify the period Ze ae 
B B 


Step 3. Graph. 


= Answer: 
Draw a cosine function starting 


Ti he TT 
atx = —— with period — 
4 2 


ve 


and amplitude 5. 


[Lb dee, 


a 


= YOUR TURN Graph y = 3cos(2x — 7) over one period. 


aa EXAMPLE 9_ Graphing Sinusoidal Functions 


Graph y = —3 + 2cos(2x — 7). 
Solution: 
Step 1 Find the amplitude. 


Step 2 Find the phase shift and period. 


Solve for x. 


Identify phase shift and period. 


Step 3 Graph y = 2cos(2x — 7) starting 


7 ; 
atx = 9 over one period, 7. 
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Ee 
Technology Tip 


Use a TI calculator to check the 
graph of y = —3 + 2cos(2x — 7). 


|A| = |2| = 2 Set the window at Xmin at —7/2, 


Xmax at 37/2, Xscl at 7/4, Ymin 
at —5, Ymax at 1, and Yscl at 1. 


Set 2x — 7 equal to 0 and 27. 2X=m7=0 to 2-7 = 27 pee er ea oe ‘ 
labels on the x-axis in terms of multi- 
oT oa ples of 7/4. 
x= 2 to x= = + 7 
Floki Floté Flok= 
CG. - ae “S4+2c080 2K- 
2=2 m3 
B 2, 
27 
= 7 
B 
AY 
3k 
2 bo 
1 }_ 
| x 
| | | | | | > 
| 7 7 30 27 
atb 2 2 
7h le 
-3 


Step 4 Extend the graph of y = 2cos(2x — 77) 
over several periods. 


Step 5 Shift the graph of y = 2cos(2x — 7) 
down 3 units to arrive at the graph of 
y = —3 + 2cos(2x — 7). 


# YOUR TURN Graphy = 2 — 3sin(2x + 7). 


= Answer: 


678 CHAPTER 6 Trigonometric Functions 


time 


> 


Harmonic Motion 
One of the most important applications of sinusoidal functions is in describing harmonic 
motion, which we define as the symmetric periodic movement of an object or quantity 
about a center (equilibrium) position or value. The oscillation of a pendulum is a form of 
harmonic motion. Other examples are the recoil of a spring balance scale when a weight is 
placed on the tray and the variation of current or voltage within an AC circuit. 

There are three types of harmonic motion: simple harmonic motion, damped harmonic 
motion, and resonance. 


Simple Harmonic Motion 


Simple harmonic motion is the kind of unvarying periodic motion that would occur in 
an ideal situation in which no resistive forces, such as friction, cause the amplitude of 
oscillation to decrease over time: the amplitude stays in exactly the same range in each 
period as time—the variable on the horizontal axis—increases. It will also occur if 
energy is being supplied at the correct rate to overcome resistive forces. Simple harmonic 
motion occurs, for example, in an AC electric circuit when a power source is consistently 
supplying energy. When you are swinging on a swing and “pumping” energy into the 
swing to keep it in motion at a constant period and amplitude, you are sustaining simple 
harmonic motion. 


Damped Harmonic Motion 


In damped harmonic motion, the amplitude of the periodic motion decreases as time 
increases. If you are on a moving swing and stop “pumping” new energy into the swing, the 
swing will continue moving with a constant period, but the amplitude—the height to which 
the swing will rise—will diminish with each cycle as the swing is slowed down by friction 
with the air or between its own moving parts. 


SOM asew) ay, /weydoy 


“Duy ‘sasew| AyWa9g/aaiyriy uoyNH 


6.8 Graphs of Sine and Cosine Functions 679 


Resonance 


Resonance occurs when the amplitude of periodic motion increases as time increases. 
It is caused when the energy applied to an oscillating object or system is more than what 
is needed to oppose friction or other forces and sustain simple harmonic motion. Instead, 
the applied energy increases the amplitude of harmonic motion with each cycle. With ie 
resonance, eventually, the amplitude becomes unbounded and the result is disastrous. > 
Bridges have collapsed because of resonance. On the previous page are pictures of the 
Tacoma Narrows Bridge (near Seattle, Washington) that collapsed due to high winds resulting 
in resonance. Military soldiers know that when they march across a bridge, they must break 
cadence to prevent resonance. 


Examples of Harmonic Motion 


If we hang a weight from a spring, then while the resulting “system” is at rest we say it is in 
the equilibrium position. 


If we then pull down on the weight and release it, the elasticity in the spring pulls the 
weight up and causes it to start oscillating up and down. 


If we neglect friction and air resistance, we can imagine that the combination of the weight 
and the spring will oscillate indefinitely; the height of the weight with respect to the 
equilibrium position can be modeled by a simple sinusoidal function. This is an example of 
simple harmonic motion. 


SIMPLE HARMONIC MOTION 


The position of a point oscillating around an equilibrium position at time ¢ is 
modeled by the sinusoidal function 


y = Asin(ot) or y = Acos(wt) 


, where w > 0. 


2 
Here |A|is the amplitude and the period is es 
(60) 


Note: The symbol w (Greek lowercase Omega) represents the angular frequency. 
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EXAMPLE 10_ Simple Harmonic Motion 


Let the height of the seat of a swing be equal to zero when the swing is at rest. Assume 
that a child starts swinging until she reaches the highest she can swing and keeps her 
effort constant. The height h(f) of the seat is given by 


A(t) = ssin( 7 


where f is time in seconds and h is the height in feet. Note that positive h indicates 
height reached swinging forward and negative h indicates height reached swinging 
backward. Assume that f = 0 is when the child passes through the equilibrium position 
swinging forward. 

a. Graph the height function A(/) for 0 = ¢ = 4. 

b. What is the maximum height above the resting level reached by the seat of the swing? 


c. What is the period of the swinging child? 


Solution (a): 


Make a table with integer values of f. Osrs4 
t (seconds) y = h(t) = asin( 5+) (feet) (t y) 
0 8sin0 = 0 (0, 0) 
i T 
1 ssin( >) = 8 (1, 8) 
2 
2 8sin7 = 0 (2, 0) 
3 
3 ssin( =) = -8 (3, -8) 
2 
4 8sin(27r) = 0 (4, 0) 
‘iad 1,8 
4 (1, 8) 
6 
4 
2 (4,0) ; 
L b > 


G, -8) 
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Labeling the time and height on the 
original diagram, we see that the maximum 
height is 8 feet and the period is 4 seconds. 


Solutions (b) and (c): A(t) = ssin( 3 ) = 8: sn( r) 
A 


The maximum height above the 
equilibrium is the amplitude. 


. 4. 20 
The period is —. 
wo 


Damped harmonic motion can be modeled by a sinusoidal function whose amplitude 
decreases as time increases. If we again hang a weight from a spring so that it is suspended 
at rest and then pull down on the weight and release, the weight will oscillate about the 
equilibrium point. This time we will not neglect friction and air resistance: the weight will 
oscillate closer and closer to the equilibrium point over time until the weight eventually 
comes to rest at the equilibrium point. This is an example of damped harmonic motion. 

The product of any decreasing function and the original periodic function will 
describe damped oscillatory motion. Here are two examples of functions that describe 
damped harmonic motion: 


1 
y= . sin(wf) y = e ‘cos(at) 


where e ‘ is a decreasing exponential function (exponential decay). 


EXAMPLE 11 Damped Harmonic Motion 


Assume that the child in Example 10 decides to stop pumping and allows the swing to 
continue until she eventually comes to rest. Assume that 


A(t) = *eos( ) 


where f is time in seconds and h is the height in feet above the resting position. Note 
that positive h indicates height reached swinging forward and negative h indicates height 
reached swinging backward, assuming that t = 1 is when the child passes through the 
equilibrium position swinging backward and stops “pumping.” 


a. Graph the height function h(f) for 1 = t = 8. 
b. What is the height above the resting level at 4 seconds? At 8 seconds? After 
1 minute? 
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Solution (a): 


= 
le Make a table with integer values of f. 1s=rs8 
Technology Tip 
8 
To set up a table for y = *cos( 21), t (seconds) y = A(t) = = cos (Zs) (feet) (& y) 
enter Y; = * cox( 7) and select 8 T 
x 2 1 7098 > =0 (1,0) 
TBLSET |. 
8 
Flot FIGkE Flake : i OST = A (2, ~4) 
“44 BSA Moos CA 
3 D cae a 0 (3, 0) 
3 2 ; 
TABLE SETUP 8 _ 
Thlstart=1 4 4 cos(27r) = 2 (4, 2) 
aTbl=1 
Indernt: : : 8 Sa 
Derend: : : 5 Fcox( =) = 0 (5, 0) 
8 4 4 
Press | 2nd|| TABLE ]. 6 6 (08(377) = 7 («. =) 
7 2 UY = 0 7,0 
“ia oe ee (7,0) 
8 
8 g staat) =1 (8, 1) 
WiES-scos (1242 42 


Now graph the function in the [0, 10] 
by [—6, 6] viewing rectangle. 


WEBCO Ten 


Solution (b): 


The height is 2 feet when ¢ is 4 seconds. 


8 
The height is 1 foot when t¢ is 8 seconds. soe = 1 


The height is 0.13 feet when ¢ is 


8 
1 minute (60 seconds). moo = 0.1333 
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Resonance can be represented by the product of any increasing function and the original 
sinusoidal function. Here are two examples of functions that result in resonance as time 
increases: 


y = tcos(af) y = e'sin(wt) 


Graphing Sums of Functions: 
Addition of Ordinates 


Since you have the ability to graph sinusoidal functions, let us now consider graphing sums 
of functions such as 


yrHx- sin") y = sinx + cosx y = 3sinx + cos(2x) 


The method for graphing these sums is called the addition of ordinates, because we add 
the corresponding y-values (ordinates). The following table illustrates the ordinates 
(y-values) of the two sinusoidal functions sinx and cosx; adding the corresponding 
ordinates leads to the y-values of y = sinx + cosx. 


x sinx cosx y=sinx+cosx 
0 0 1 1 
ze 2 
7 v2 v2 xia 
4 2 2 
AY 

= 1 0 1 2h 
2 

30 v2 _v2 ‘ 

4 2 2 

7 0 —1 -1 
5m ae wa 3 

4 2 2 > y =sinx + cosx 
3a ay 
= -1 -1 

5 0 
hi 2 = 0 

4 2 2 

QT 0 1 1 


Using a graphing utility, we can graph Y, = sinX, Y, = cosX, and Y; = Y, + ¥>. 


EXAMPLE 12. Graphing Sums of Functions 
. (TX ; 

Graph y = x — sin(™) on the interval 0 = x = 4. 

Solution: 


of TX 
Let y) = x and y, = -sin( 


Ee 
Technology Tip 


To display the graphs of sinx, cosx, 
and sinx + cosx in the same 


on edt : 
0, a by [—2, 2] viewing window, 
enter Y; = sinx, Y, = cosx, and 
Y; = sinx + cosx. 


To graph Y; using a thicker line, use 
the | 4 | key to go to the left of Y;, 
ENTER |, and select the 


thicker line. 


press 


WIHDOW 

“AMT A= 

AMax=7. ABSSS S44... 
a2¢ l=n-4i 
Ymin=-2 

YVmax=2 

Yecl=1 


aAres=1 


Flotd Flokz Flot 

VY Bsinice 

hte Boos Cit 

pe Rea a coe ee 


TS=sintn Costa 


H=.PBSS9H1e Y=L.414e136 


E 
Technology Tip 


To display the graphs of x, 


_ 1X _ IX, 
sin 5) , and x — sin 7) in the 


same [0, 4] by [—1, 5] viewing 
_ TX 
—sin—, 


window, enter Y; = x, Y, = 5 


. 1X 
and Y,;= x — ee 
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To graph Y; using a thicker line, use 
the | 4 | key to go to the left of Y3, 
press | ENTER |, and select the 


thicker line. 


WIKOO 
AML AEE 
smaxsd 


“min=—1 


We sir Ti ee 
SSE -SInt mae So 


eg 
Technology Tip 


To display the graphs of 3 sinx, 
cos(2x), and 3sinx + cos(2x) in the 
same [0, 277] by [—5, 5] viewing 
window, enter Y; = 3sinx, 
Y, = cos(2x), and 
Y; = 3sinx + cos(2x). 
WIHOOW 
aMin=e 
AMax=6, 2518535... 
420 l=n/150 
Ymin=—o 
Vaax=o 


Yecol=1 
aAres=1 


Flotd Fletz Flot? 
“WY ESSiata 
~Weioost 2a 


SSB SS int astioosl 
acl 


State the amplitude and period of the graph of y. 


Make a table of x- and y-values ee ae 
of yy, Y2, and y = y, + yo. x) ae ye = ~sin( >) y x+[-sin(S*)| 
0 0 0 0 
1 1 =I 0 
2 2 0 2 
3 3 1 4 
i ee a 


Graph y; = x,y, = -sin( ™*), 


MX 
andy =x — sin( ™*). 


(4, 4) 


EXAMPLE 13. Graphing Sums of Sine and Cosine Functions 


Graph y = 3sinx + cos(2x) on the interval O = x S 2m. 


Solution: 


Let y; = 3sinx, and state the amplitude 


and period of its graph. |A| = 3,p = 27 
Let y, = cos(2x), and state the amplitude 
and period of its graph. |All = dps ar 
Make a table of x- and x | y, =3sinx | y.=cos(2x) | y=3sinx + cos(2x) 
y-values of y;, y2, and 
YM +t Yr is 0 1 ! 
7 3vV/2. ; 3V2 
4 2 2 
7 
= 3 =] 2 
2 
30 3V2 0 3V2 
4 2 2 
7 0 1 1 
Sa _3v2 ‘: _3v2 
4 2 2 
37 
—_ =o S| —4 
2 
Tn _3v2 j _3v2 
4 2 2 
20 0 1 1 


6.8 Graphs of Sine and Cosine Functions 685 


Graph y, = 3sinx, y, = cos(2x), and AY 
y = 3sinx + cos(2x). 


w 
T 


eS Nw 


Ee 
EXAMPLE 14_ Graphing Sums of Cosine Functions Technology Tip 


x i r * 
Graph y = cos() — cosx on the intervalO = x = 47. Si a le a cos ay" 


Solution: —cosx, and cos( *) — cosx in the 
same [0, 47r] by [—2, 2] viewing 


Lety,; = cos(5) and state the amplitude ms 


window, enter Y, = cos| = ], 


2 
and period of its graph. |Al = 1p = 47 Y, = —cosx, and 
Let y, = —cos x and state the amplitude y= cos(3) = osx: 
and period of its graph. |A| = |-1| = lp = 297 = 
Make a table of x- and WIHOOh 
yevalues of 19 x |y, = cos(3)| ye=-cosx | y=cos(%) + [-cosx SraeaT >. S66376.. 
andy = y, + yo. Woo lend 
0 1 =1 0 ; 
am) V2 ; v2 
2 2 2 
7 0 1 1 
Fioki Floke Floks 
3a} _ V2 é wWiBoos (42) 
2 2 Web “costes 
8s Bicos Che cos 
Qa -1 -1 a) 
Sam} _ V2 0 
2 2 
30 0 1 
tr) “2 0 
2 2 
4a 1 —1 
Graph y,; = en(3), Y2 = —cosx, ni 


andy = cas( 5) — cosx. 


(277, -2) 
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a SECTION 


The sine function is an odd function, and its graph is symmetric 
about the origin. The cosine function is an even function, and its 
graph is symmetric about the y-axis. Graphs of the form 
y = Asin(Bx) and y = Acos(Bx) have amplitude |A| and 


SUMMARY 


Oa 
period RB: 

To graph sinusoidal functions, point-plotting can be used. A 
more efficient way is to first determine the amplitude and 
period. Divide the period into four equal parts and choose the 
values of the division points starting at 0 for x. Make a table of 
those four points and graph them (this is the graph of one 
period) by labeling the four coordinates and drawing a smooth 
sinusoidal curve. Extend the graph to the left and right. 


SECTION 
6.8 EXERCISES 

=" SKILLS 
In Exercises 1-10, match the function with its graph (a-j). 

1. y = —sinx 2. y = sinx 3. y = cosx 
6. y = 2cosx 7 y= sin(4x) 8 y= cos(}x) 
a. b. 

AY AY 

2E 2b 


To find an equation of a sinusoidal function given its graph, 
start by first finding the amplitude (half the distance between 
the maximum and minimum values) so you can find A. Then 
determine the period so you can find B. Graphs of the form 
y = Asin(Bx + C) + D and y = Acos(Bx + C) + D can be 
graphed using graph-shifting techniques. 

Harmonic motion is one of the primary applications of 
sinusoidal functions. To graph combinations of trigonometric 
functions, add the corresponding y-values of the individual 
functions. 


4. y = —cosx 5. y = 2sinx 


9 y= ~2cos(4x) 10. y= ~2sin( 4 x) 


vu 
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= 
= 
S 
ll 
| 
fo) 
° 
D 
~ 
1S) 
I 
— 
— 
iS) 
“<= 
| 


2: 2 
= a) 13. y = —sin(5x) 14. y = —cos(7x) 15. y= 5eos( 3x) 


— 
nN 
< 

ll 
Jw 
Dn 
a 
5 
oO oS 
wile 
ao 
ww 
— 
~I 
“< 
| 


= —3cos(7x) 18. y = —2sin(7x) 19, y= ssin( 7) 20. y = 4cos( 7] 


In Exercises 21-32, graph the given function over one period. 


21. y = 8cosx 22. y = Tsinx 23. y = sin(4x) 24. y = cos(3x) 
1 1 
25. y = —3 cos( 5) 26. y= —-2 sin( $2) 27. y = —3sin(7x) 28. y = —2 cos(7x) 
: (7 _ (7 
29. y = 5cos(27x) 30. y = 4sin(277x) 31. y= -3sin( Tr) 32. y= ~4sin( 7 ) 


In Exercises 33-40, graph the given function over the interval [—2p, 2p], where p is the period of the function. 


1 1 
4eos( 5) 34. y -ssin( 5) 35. y 


37. y= 3cos( =>) 38. y = 4 sin( 2) 39. y = sin(47rx) 40. y = cos(67x) 


33. y 


—sin (6x) 36. y = —cos (4x) 


In Exercises 41-48, find the equation for each graph. 


41. 42. 43. 44. 
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45. 46. 47. 


In Exercises 49-60, state the amplitude, period, and phase shift (including direction) of the given function. 


49. y = 2sin(7x — 1) 50. y = 4cos(x + 7) 51. y = —Scos(3x + 2) 
52. y = —7Tsin(4x — 3) 53. y = 6sin[—7(x + 2)] 54. y= 3sinl —Z = ») 
? 1 1 7 
55. y = 3sin(2x + 7) 56. y = —4cos(2x — 7) 57. y Fi cos{j x *) 
1, /f1 T ; 
58. y = pin + r) 59, y = 2eos{ Fx = ») 60. y = —5sin(—7(x + 1)) 


In Exercises 61-66, sketch the graph of the function over the indicated interval. 


1 3 3a 37 1 2. 3a 3a 
61. y a7 5 cosl2x + qT], ie 62. y ra sin[2x — 7], a) 

1 1. }1 7 Ta OT 1 1 1 _ 7 Or Tr 
63. y 5 sin =|} 7,9 64. y a7 yon a =| ed 
65. y = —3 + 4sin[ a(x — 2)], [0,4] 66. y = 4 — 3cos[a(x + 1], [-1,3] 


In Exercises 67-94, add the ordinates of the individual functions to graph each summed function on the indicated interval. 


67. y = 2x — cos(7x),O =x = 4 68. y = 3x — 2cos(7x),0 Sx = 4 

1 1 x 
69. y = 3% + 2cos(2x),0 =x S$ 27 70. y= 4° + 3eas(),0 sx=4r 

3 
1. y=x- coo Fx)osxs6 72. y= —-2x4 2sin( Zr), 2=x=2 
73 SF ee [7(x — 1)],2 Sx = 6 74 p+ asin| Zee + 2] 2=x=10 
.y 4% 5 cosla(x 22 4= a; ger aon Ge P <i 
75. y = sinx — cosx,0 = x = 27 76. y = cosx — sinx,0 =x = 27 
77. y = 3cosx + sinx,0 Sx S$ 27 78. y = 3sinx — cosx,0 Sx S$ 27 
1 
79. y = 4cosx — sin(2x),0 =x S$ 27 80. y = 5 sinx + 2cos(4x), -7 Sx S77 
: . | 7 3a 

81. y = 2sin[v( — 1)] — 2cos[7(@x + 1], -1 SxS 2 82. y= sin (x 4 2) + 3 cor 3 (x pf = 75.5 
83. y= cos(3) + cos(2x),0 S x S$ 47 84. y = sin(2x) + sin(3x), -7 SxS 7 

_{ x : suf: TE . {50 
85. y = sin( *) + sin(2x),0 = x = 47 86. y = sin( 2 x) 3sin( Fi r). Osxs4 


87. 


we 


(7 2 . (5a 1 
sin( x) t = sin 6 r),0sx53 88. y = 8cosx seo x), 27 sxs20 


89. y = 1 7 1 7 (fae 
. y 48 6* 7 28| 3 * J =x 


91. y= 2sin( *) — cos(2x),0 <x =< 47 


1 
93. y = 2sin(a7(x — 1)) + ssi 2a» + )} —2<=x=2 


" APPLICATIONS 
For Exercises 95 and 96, refer to the following: 


An analysis of demand d for widgets manufactured by 
WidgetsRUs (measured in thousands of units per week) 
indicates that demand can be modeled by the graph below, 
where f is time in months since January 2010 (note that 
t = O corresponds to January 2010). 

Ad 


10 
8 


6 


95. Business. Find the amplitude of the graph. 
96. Business. Find the period of the graph. 


For Exercises 97 and 98, refer to the following: 


Researchers have been monitoring oxygen levels (milligrams 
per liter) in the water of a lake and have found that the oxygen 
levels fluctuate with an eight-week period. The following tables 
illustrate data from eight weeks. 


97. Environment. Find the amplitude of the oxygen level 
fluctuations. 


Week: t O (initial 1/2/3;)41)5/6!]7+148 


measurement) 
Oxygen 7 7.7| 8 |7.7) 7 16.3] 6 |6.3} 7 
levels: 
mg/L 


98. Environment. Find the amplitude of the oxygen level 
fluctuations. 


Week: ¢ 0 (initial 1/2;)}3/}4/5]6]7+148 
measurement) 


Oxygen 7 8.4) 9/84] 7 |5.6] 5 |5.6] 7 
levels: 
mg/L 
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3 1 
90. y = 2cos| —x cos| —x ],-27 SxS 27 
2 2 


92. y= 2eos( >) + sin(2x),0 Sx = 47 


1 7 7 
94. y cos| x +4 2cos)x-—)|),—-rTsixsq7 
: 2 3 6 


For Exercises 99-102, refer to the following: 


A weight hanging on a spring will oscillate up and down about 
its equilibrium position after it is pulled down and released. 


This is an example of simple harmonic motion. This motion 
would continue forever if there were not any friction or air 
resistance. Simple harmonic motion can be described with the 


[k 
function y = Acos(: ) where |A| is the amplitude, t is the 


time in seconds, m is the mass of the weight, and k is a constant 
particular to the spring. 


99. Simple Harmonic Motion. If the height of the spring is 
measured in centimeters and the mass in grams, then what 


tVk 
are the amplitude and mass if y = seo)» 


100. Simple Harmonic Motion. If a spring is measured in 
centimeters and the mass in grams, then what are the 
amplitude and mass if y = 3cos(3tVk)? 


101. Frequency of Oscillations. The frequency of the 


1 
oscillations in cycles per second is determined by f = —, 


where p is the period. What is the frequency for the 
oscillation modeled by y = 3cos( 1) 

102. Frequency of Oscillations. The frequency of the oscillations 
f is given by f = ; where p is the period. What is the 


frequency of oscillation modeled by y = 3.5cos(3t)? 
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103. Sound Waves. A pure tone created by a vibrating tuning 
fork shows up as a sine wave on an oscilloscope’s screen. 
A tuning fork vibrating at 256 hertz (Hz) gives the tone 
middle C and can have the equation y = 0.005 sin27(256f), 
where the amplitude is in centimeters (cm) and the time f 
in seconds. What are the amplitude and frequency of the 


wave where the frequency is r in cycles per second? 
104. Sound Waves. A pure tone created by a vibrating tuning 
fork shows up as a sine wave on an oscilloscope’s screen. 
A tuning fork vibrating at 288 Hz gives the tone D and 
can have the equation y = 0.005sin27r(288r), where the 
amplitude is in centimeters (cm) and the time f in seconds. 
What are the amplitude and frequency of the wave where 


the frequency is p in cycles per second? 


105. Sound Waves. If a sound wave is represented by 

y = 0.008 sin(750 7t)cm, what are its amplitude and 
frequency? See Exercise 103. 

106. Sound Waves. If a sound wave is represented by 

y = 0.006cos(100077t) cm, what are its amplitude and 


frequency? See Exercise 103. 
For Exercises 107-110, refer to the following: 


When an airplane flies faster than the speed of sound, the sound 
waves that are formed take on a cone shape, and where the 
cone hits the ground, a sonic boom is heard. If @ is the angle of 
_ 330m/sec _ 1 
2 Vv M 
V is the speed of the plane and M is the Mach number. 


the vertex of the cone, then sin , where 


=" CATCH THE MISTAKE 
In Exercises 113 and 114, explain the mistake that is made. 
113. Graph the function y = —2cosx. 

Solution: 

Find the amplitude. |A| = |-2] = 2 


The graph of y = —2cosx is similar to the graph of 
y = cosx with amplitude 2. 


107. Sonic Booms. What is the speed of the plane if the plane 


is flying at Mach 2? 
108. Sonic Booms. What is the Mach number if the plane is 
flying at 990 m/sec? 
109. Sonic Booms. What is the speed of the plane if the cone 
angle is 60°? 
110. Sonic Booms. What is the speed of the plane if the cone 
angle is 30°? 


For Exercises 111 and 112, refer to the following: 


With the advent of summer come fireflies. They are intriguing 
because they emit a flashing luminescence that beckons their 
mate to them. It is known that the speed and intensity of the 
flashing are related to the temperature—the higher the 
temperature, the quicker and more intense the flashing becomes. 
If you ever watch a single firefly, you will see that the intensity 
of the flashing is periodic with time. The intensity of light 
emitted is measured in candelas per square meter (of firefly). 
To give an idea of this unit of measure, the intensity of a 
picture on a typical TV screen is about 450 candelas. The 
measurement for the intensity of the light emitted by a typical 
firefly at its brightest moment is about 50 candelas. Assume that 
a typical cycle of this flashing is 4 seconds and that the 
intensity is essentially zero candelas at the beginning and 
ending of a cycle. 


111. Bioluminescence in Fireflies. Find an equation that 
describes this flashing. What is the intensity of the flashing 
at 4 minutes? 


112. Bioluminescence in Fireflies. Graph the equation from 
Exercise 111 for a period of 30 seconds. 


This is incorrect. What mistake was made? 


114. 


=» CONCEPTUAL 
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Graph the function y = —sin(2x). 
Solution: 


Make a table with values. 
Graph the function by 


x = -sin(2x) (x, y) plotting these points and a 
oe 7 connecting them with a 

» = yt 0.0) sinusoidal curve. 

a y = —sin(r) = 0 (0, 0) 

7 y = —sin(277) = 0 (0, 0) a ; 

5 This is incorrect. What mistake was made? 

- y = —sin@z) = 0 (0, 0) 

Qa y = —sin(477) = 0 (0, 0) 


In Exercises 115-118, determine whether each statement is 
true or false. (A and B are positive real numbers.) In Exercises 119-122, A and B are positive real numbers. 


115. 


116. 


117. 


118. 


CHALLENGE 


123. 


124. 
125. 
126. 


The graph of y = —Acos(Bx) is the graph of 119. Find the y-intercept of the function y = Acos Bx. 


= Bx reflected about the x-axis. F . : ‘ 
ine devout tepiranp seers nere nee 120. Find the y-intercept of the function y = A sin Bx. 
The graph of y = Asin(—Bx) is the graph of . . ; ae 
y = Asin(Bx) reflected about the x-axis. 121. Find the x-intercepts of the function y = Asin Bx. 


The graph of y = —Acos(—Bx) is the graph of 122. Find the x-intercepts of the function y = Acos Bx. 


y = Acos(Bx). 
The graph of y = —Asin(—Bx) is the graph of 
y = Asin(Bx). 


; . A 
Find the y-intercept of y = -Asin( Bs + 4) 127. What is the range of y = 2Asin(Bx + C) — ca 
Find the y-intercept of y = Acos(Bx — 7) + C. 128. Can the y-coordinate of a point on the graph of 
. . B : 
Find the x-intercept(s) of y = Asin(Bx) + A. y = Asin(Bx) + 3Acos( 5) exceed 4A? Explain. 
Find an expression involving C and A that describes the (Assume that A > 0.) 


values of C for which the graph of y = Acos(Bx) + C 
does not cross the x-axis. (Assume that A > 0.) 
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"TECHNOLOGY 


129. Use a graphing calculator to graph Y, = Ssinx and 
Y, = sin(5x). Is the following statement true based on 
what you see? y = sin(cx) has the same graph as 
y = csinx. 


130. Use a graphing calculator to graph Y, = 3cosx and 
Y, = cos(3x). Is the following statement true based on 
what you see? y = cos(cx) has the same graph as 
y = ccosx, 


131. Use a graphing calculator to graph Y, = sinx and 
Y, = cos( a = | What do you notice? 


132. Use a graphing calculator to graph Y, = cosx and 
Y, = sin( 2 ob a) What do you notice? 


133. Use a graphing calculator to graph Y, = cosx and 
Y, = cos(x + c), where 


7 ‘ : F 
ac= 3° and explain the relationship between 


Y, and Yj. 


bc== =~ and explain the relationship between 


Y, and Y;. 


134. Use a graphing calculator to graph Y,; = sinx and 
Y, = sin(x + c), where 


ac= Zz and explain the relationship between Y, and Yj. 


boc= ee and explain the relationship between 


Y, and Y). 


For Exercises 135 and 136, refer to the following: 


Damped oscillatory motion, or damped oscillation, occurs when 
things in oscillatory motion experience friction or resistance. 
The friction causes the amplitude to decrease as a function of 
time. Mathematically, we can use a negative exponential 
function to damp the oscillations in the form of 


f(t) = e‘sint 
135. Damped Oscillation. Graph the functions Y, = e“, 
Y, = sint, and Y, = e ‘sint in the same viewing window 
(let t range from 0 to 277). What happens as ¢ increases? 
136. Damped Oscillation. Graph Y, = e“‘sint, Y, = e “sint, 
and Y; = e “sint in the same viewing window. What 
happens to Y = e“sint as k increases? 


137. Use a graphing calculator to graph Y, = sinx and 
Y, = sinx + c, where 
a. c = 1, and explain the relationship between Y, and Y,. 
b. c = —1, and explain the relationship between Y, and Yj. 
138. Use a graphing calculator to graph Y, = cosx and 
Y, = cosx + c, where 
ac = 5, and explain the relationship between Y, and Y,. 
boc= -5, and explain the relationship between Y, and Yj. 
139. What is the amplitude of the function y = 3cosx + 4sinx? 
Use a graphing calculator to graph Y; = 3cos.x, Y; = 4sinx, 
and Y; = 3cosx + 4sinx in the same viewing window. 
140. What is the amplitude of the function y= V3cosx — sinx? 
Use a graphing calculator to graph ¥, = V3cos.x, Y> = sinx, 
and Y; = V3cosx — sinx in the same viewing window. 


SECTION GRAPHS OF OTHER 
6.9 TRIGONOMETRIC FUNCTIONS 


Graphing the Tangent, Cotangent, 
Secant, and Cosecant Functions 


Section 6.8 focused on graphing sinusoidal functions (sine and cosine). We now turn our 

attention to graphing the other circular functions: tangent, cotangent, secant, and cosecant. 

We know the graphs of the sine and cosine functions, and we can get the graphs of the other 

circular functions from the sinusoidal functions. Recall the reciprocal and quotient identities: 
sinx cosx 1 1 


colx ="; secx = —__ CSCxX = 
COSX sinx COSX sinx 


tanx = 


Recall that in graphing rational functions, a vertical asymptote corresponds to a denominator 
equal to zero (as long as the numerator and denominator have no common factors). As you 
will see in this section, tangent and secant functions have graphs with vertical asymptotes 
at the x-values where the cosine function is equal to zero, and cotangent and cosecant 
functions have graphs with vertical asymptotes at the x-values where the sine function is 
equal to zero. 

One important difference between the sinusoidal functions, y = sin x and y = cos x, and 
the other four trigonometric functions (y = tanx, y = secx, y = cscx, and y = cot.) is 
that the sinusoidal functions have defined amplitudes, whereas the other four trigonometric 
functions do not (since they are unbounded vertically). 


The Tangent Function 


Since the tangent function is a quotient that relies on sine and cosine, let us start with a 
table of values for the quadrantal angles. 


sinx 
x sinx cosx tanx = (x, y) OR ASYMPTOTE 
cosx 
0 0 1 0 (0, 0) 
: 1 0 undefined vertical asymptote: x = 
T 0 —l 0 (1, 0) 
30 : 3a 
> =] 0 undefined vertical asymptote: x = C3 
Qn 0 1 0 (277, 0) 
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AY 


#4 
o 

eA 
'S) 
SY 
& 


-N 
i) 


Notice that the x-intercepts correspond to integer multiples of a and vertical asymptotes 


correspond to odd integer multiples of - 


We know that the graph of the tangent function is undefined at the odd integer multiples 
7 


of —, so its graph cannot cross the vertical asymptotes. The question is, what happens 


between the asymptotes? We know the x-intercepts, so let us now make a table for special 


values of x. 


: ay sinx (an 

x sinx cosx y = tanx = eoex x, Y) 

7 1 V3 1 V3 7 

= = — = — © 0.577 —, 0.577 

6 2 2 3 3 ve a ) 
= v2 v2 Es 

4 2 2 4’ 

7 3 1 T 

— —— = & 1.732 —, 1.732 

3 2 2 v3 ; (3 ) 
Qn 3 1 Qa 

a a —= —V3 & -1.732 =“, -1.732 
- 5 _ V3 3 ( : 3 ) 
30 v2 _v2 4 3m, 

4 2 2 4’ 
ou J a Eee a gay 57 _ 9.577 
6 2 2 -\V3 3 6 


What happens to tanx as x approaches mL We know tanx is undefined at x = a but we 


must consider x-values both larger and smaller than ae 1.571. 


approaching 
from the left 


wla 


approaching 


from the right 


x 15. | 55 1.57 1.571 1.58 1.59 1.65 
tan x | 14.1 | 48.1 | 1255.8 | undefined | —108.6 =52.1 —12.6 
—_—_———’ —_—_—_—_—__ 


tanx gets larger 


tanx gets more negative 


The arrows on the graph on the right indicate increasing without bound (in the positive and 
negative directions). 
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GRAPH OF y = tanx 


1. The x-intercepts occur at integer multiples of 7. (n7r, 0) 
2. Vertical asymptotes occur at odd integer 
Itipl ae = (2n + 1) 
Eaulapl el: = 5 
3. The domain is the set of all real numbers except 
, : 7 (Qn + 1)ar 
odd integer multiples of oS 3 
4. The range is the set of all real numbers. (—00, 00) 


5. y = tanx has period 7. 

6. y = tanx is an odd function (symmetric 
about the origin). 

7. The graph has no defined amplitude, since the 
function is unbounded. 


Note: n is an integer. 


The Cotangent Function 


The cotangent function is similar to the tangent function in that it is a quotient involving the 
sine and cosine functions. The difference is that cotangent has cosine in the numerator and sine 
OSX 


c 
in the denominator: cotx = . The graph of y = tanx has x-intercepts corresponding to 


inx 
integer multiples of 7 and vertical asymptotes corresponding to odd integer multiples of S The 


graph of the cotangent function is the reverse in that it has x-intercepts corresponding to 
7 
odd integer multiples of > and vertical asymptotes corresponding to integer multiples of 77. 


This is because the x-intercepts occur when the numerator, cos.x, is equal to 0 and the 
vertical asymptotes occur when the denominator, sinx, is equal to 0. 


GRAPH OF y = cotx 
1. The x-intercepts occur at odd integer 
2 a 
multiples of a 


(2n + 1)ar 
) 


2. Vertical asymptotes occur at integer multiples 
of 7. 


x= nT 
3. The domain is the set of all real numbers except 
integer multiples of 77. x -nT 
4. The range is the set of all real numbers. (—00, 00) 
5. y = cotx has period 7. 
6. y = cotx is an odd function (symmetric about 
the origin). Coil —7) = =CEoiiz 


=i] 


Technology Tip 


SHELanCk A 


loki Flotz Flos ) 
au | 


(WINDOW ) 


“mi n= 
VMax=o 
Wecl=1 
APes=1 


Study Tip 


The graphs of y = tanx and 
y = cotx both have period 7, and 
neither of them has defined amplitude. 


s 


To graph y = cotx, use the reciprocal 
property to enter (tan(x)) |. 


Technology Tip 


Pletd Flekz Flot ) 
VY Bttanth 3-1 


Giee 
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AY 
(0,)1) (277, 1) 
1¢ e 
20 | -7 7 27 
! 1 ! \ 
-37 = -7 7 3a 
2 p 2 Ps 
Il | t 
e lyr e 
(-7, -1) (7, -1) 


7. The graph has no defined amplitude, since the 
function is unbounded. 


vu 


Note: nis an integer. 


The Secant Function 


Since y = cos.x has period 277, the secant function, which is the reciprocal of the cosine function, 


secx = , also has period 277. We now illustrate values of the secant function with 
a table. ia 

x cos x y = secx = — (x, y) OR ASYMPTOTE 

0 1 1 (0, 1) 

7 0 undefined vertical asymptote: x = > 

7 —1 1 (a, —1) 

= 0 undefined vertical asymptote: x = = 

2a 1 1 (27, 1) 


Again, we ask the same question: what happens as x approaches the vertical asymptotes? 
The secant function grows without bound in either the positive or negative direction. 

If we graph y = cosx (the “guide” function) and y = sec.x on the same graph, we notice 
the following: 


u The x-intercepts of y = cosx correspond to the vertical asymptotes of y = secx. 

= The range of cosine is [—1, 1] and the range of secant is (—o, —1] U [1, 0). 

u When cosine is positive, secant is positive, and when one is negative, the other is 
negative. 


The cosine function is used as the guide 
function to graph the secant function. 


y =secx 
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GRAPH OF y = secx 


1 
1. There are no x-intercepts. —. £0 
cosx 
2. Vertical asymptotes occur at odd integer Technology Tip 
7 (2n + 1)ar To graph y = sec x, enter as (cos(x))!. 
multiples of —. [o—————— ? . 
») 2 Plokd Floke Flake 
3. The domain is the set of all real numbers except WiBtcosc ad acl 
7 (Qn + l)r esl y 
odd integer multiples of 5 xs —— a 


4. The range is (—o, —1] U[1, «). 
5. y = secx has period 277. 
6. y = secx is an even function (symmetric 
about the y-axis). sae(=2) 
7. The graph has no defined amplitude, since the 
function is unbounded. 


Vu 


27 | -7 


Note: n is an integer. 


The Cosecant Function 
Since y = sinx has period 277, the cosecant function, which is the reciprocal of the sine 


: 1 . . . 
function, cscx = ——.,, also has period 277. We now illustrate values of cosecant with 
Ss 


inx 
a table. 
. = =, 4 
x sin x y = cscx = Sin x (x, y) OR ASYMPTOTE 
0 0 undefined vertical asymptote: x = 0 
7 7 
= 1 i} = 
(=) 
7 0 undefined vertical asymptote: x = 7 
30 3a 
— =i —1 i = 
(F-) 
27 0 undefined vertical asymptote: x = 2a 


Again, we ask the same question: what happens as x approaches the vertical asymptotes? 
The cosecant function grows without bound in either the positive or negative direction. 
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If we graph y = sinx (the “guide” function) and y = cscx on the same graph, we 
notice the following: 


a The x-intercepts of y = sinx correspond to the vertical asymptotes of 
y = csex. 
u The range of sine is [—1, 1] and the range of cosecant is (—o0, —1] U [1, ~). 
au When sine is positive, cosecant is positive, and when one is negative, the 
other is negative. 


y 
The sine function is used as the guide 1 5 
function to graph the cosecant function. : 
2 7 
=. 
y=sinx ar | S Wx 
oh 7 
L ait: 
(F--) 
| 
y =cscx 


GRAPH OF y = cSCX 


Technology Tip le 


To graph y = cscx, use (sinx)!. 


Ploki Ploke Plot 
ae Btsintagal 
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Graphing More General Tangent, Cotangent, Secant, 
and Cosecant Functions 


FUNCTION y= sinx y = cosx y = tanx = cotx y = secx 
Graph 
of One 
Period a ‘ 
. (2n + 1)ar (2n + 1)a 
Domain (00, «) (—oo, o0) x# —3.. x FNT x# —— x #NT 
Range [-1, 1] [—1, 1] (—e0, 00) (—o0, 0) (-—«, -1JU[I,%)  (-%, -1] U[1, ») 
Amplitude 1 1 none none none none 
Period 27 27 7 7 QT 27 
: (2n + 1) (2n + 1)a 
x-intercepts (n7r, 0) or ee 0 (n7r, 0) eS 0) none none 
Veneta (Qn + lm (Qn + lm 
Asymptotes none none x= a a x = nt x= = ee xX = nit 


Note: n is an integer. 


We use these basic functions as the starting point for graphing general tangent, 
cotangent, secant, and cosecant functions. 


GRAPHING TANGENT AND COTANGENT FUNCTIONS 

Graphs of y = Atan(Bx) and y = Acot(Bx) can be obtained using the following steps 
(assume B > (QO): 

Step 1: Calculate the period: = 


Step 2: Find two neighboring vertical asymptotes. 
For y = Atan(Bx): Bx = = and Bx = = 


For y = Acot(Bx): Bx=0 and Bx=q. 
Step 3: Find the x-intercept between the two asymptotes. 
For y = Atan(Bx): Bx = 0. 


For y = Acot(Bx): Bx = —. 


Step 4: Draw the vertical asymptotes and label the x-intercept. 
Step 5: Divide the interval between the asymptotes into four equal parts. Set up a 
table with coordinates corresponding to the points in the interval. 
Step 6: Connect the points with a smooth curve. Use arrows to indicate the behavior 
toward the asymptotes. 
elIfA>0O 
=m y = Atan(Bx) increases from left to right. 
= y = Acot(Bx) decreases from left to right. 
se IfA<0O 


= y = Atan(Bx) decreases from left to right. 
= y = Acot(Bx) increases from left to right. 
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7 lay EXAMPLE 1_ Graphing y = Atan(Bx) 


Technolo Ti 
; eects Graph y = —3 tan(2x) on the interval =F Sx > 


Graph y = —3tan2x on the 


: T 7 
interval “= s = 5 Solution: A = —3, B = 2 
Plokd Fioke Floks . 7 7 
= ey Step 1 Calculate th cd. = 
WE -SLan 2H sala ae. 
YES 
Step 2 Find two vertical asymptotes. Bx = — = and Bx = = 
“ 7 
Substitute B = 2 and solve for x. x = —-— and x = a 
Step 3 Find the x-intercept between Bx =0 
the asymptotes. x=0 
STEP 4 Draw the vertical asymptotes AY 
S- 7 
x = —~ and x = ™ and label the 4b x4 
4 4 3. 
x-intercept (0, 0). 2E 
1F@,0) x 
= | = | ‘i | | - > 
2 aed 2 
4 “aI. 4 
<9 IL 
xeon! “AP 
ee | 5b 


Step 5 Divide the period . into four equal parts, in steps of a Set up a table with 


coordinates corresponding to values of y = —3tan(2x). 

x y = -3tan(2x) (x, y) 

7 ' 7 
== undefined vertical asymptote, x = =a 
_= F @ 3) 

8 8° 

0 0 (0, 0) 


T . 7 
7 undefined vertical asymptote, x = si 
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Step 6 Graph the points from the table and 
connect with a smooth curve. Repeat 
to the right and left until you reach = Answer: 

the interval endpoints. Notice that the 


distance between the vertical asymptotes 


is the period length 4. 


Vu 


# YOUR TURN Graphy = Stan($x) on the interval -7 = x = 7. 


EXAMPLE 2 Graphing y= A cot(Bx) 


Graph y = 4cot(3x) on the interval —27 = x S 27. 


Nie 


lution: A = 4, B = 
Solutio To graph y = 4cot(5x) on the 


interval —27 = x S 27, enter 


= 1,\-1 
Step 1 Calculate the period. = = 27 y = A(tan(zx)) 
Piokd Fist Plots 
Step 2 Find two vertical asymptotes. Bx =0 and Bxr=a au B4ctantlesaas 
Substitute B = 5 and solve for x. x=0 and x=27 uc! | 
Step 3 Find the x-intercept between the Bx = = 
asymptotes. 
x=T7 
Step 4 Draw the vertical asymptotes AY 
x = 0 and x = 2a and label 5L 
F x=0 
the x-intercept (77, 0). 4r 
3L 
ab 
IE (7, 0) x 
! ! | | ! ! 
20 -T ie é 2hr i 
2b 
ail 
ae 4 x=2q 
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Step 5 Divide the period 27 into four equal parts, in steps of oe Set up a table with 


coordinates corresponding to values of y = 4cot(5x). 


y = 4cot(3x) Ox y) 


x 


undefined vertical asymptote, x = 0 


2 ) 


0 (77, 0) 


3ar 
«| 4 


undefined vertical asymptote, x = 27 


APA} so 


e|3 


i) 
3 


Step 6 Graph the points from the table and 
connect with a smooth curve. Repeat to the 
right and left until you reach the interval 
endpoints. 


= Answer: = YOUR TURN Graph y = 2cot(2x) on the interval -7 = x = 7. 


a+ 
Vu 


GRAPHING SECANT AND COSECANT FUNCTIONS 


laid EXAMPLE 3 Graphing y = Asec(Bx) 
Graph y = 2sec(7x) on the interval —2 = x = 2. 
Solution: 


Step 1 Graph the corresponding guide 
function with a dashed curve. 


For y = 2sec(arx), use 
y = 2cos(7x) as a guide. 


Step 2 Draw the asymptotes, which correspond 
to the x-intercepts of the guide function. 


Step 3 Use the U shape between the asymptotes. 
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=) 
Technology Tip 
To graph y = 2sec(7x) on the 
interval —2 < x S 2, enter 


y y = (2cos(ax)) |. 
q loti Flakk Flote 
4 ee = 
\ f 
| x | 
2 174 
WY 2 


= Answer: 


If the guide function is positive, the U opens 
upward, and if the guide function is negative, 
the U opens downward. 
i \ | a Ll ! i 
~) = _ 
=™ YOUR TURN Graph y = —sec(27x) on the interval -1 = x = 1. 


EXAMPLE 4 Graphing y = Acsc(Bx) 
Graph y = —3csc(27rx) on the interval —-1 = x = 1. 
Solution: 


Step 1 Graph the corresponding guide function 
with a dashed curve. 


For y = —3csce(27x), use 
y = —3sin(27x) as a guide. 


\ } 3 \ } 
vy, 3b 
-4 
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r Step 2 Draw the asymptotes, which AY 
le correspond to the x-intercepts : 
Technology Tip of the guide function. 3 [ 
To graph y = —3csc(27x) on the i. eu \ 
interval —1 S x < 1, enter / a if x 
y = —3(sin(2ax)) }. ~—— l ! ! ‘ a 
J gs ah 
Plakd Flake Plots Vib ahd 
SWYE-SCSinc2mk9 3 re ae lc 
: - -4b 1 
P=2. <8 i oe 
Step 3 Use the U shape between the AY 
asymptotes. If the guide function is r 
positive, the U opens upward, and , | 
if the guide function is negative, | / : 


the U opens downward. 


| 
aie 
Ae 
=) 
wn 
a 
LS T 
~~ 
a= 
-o=. 
Ve 


\ -1 

\ / ik 
-4b 
a5 [5 


= Answer: 1 ‘ 
= YOUR TURN Graph y = 5csc(7x) on the interval —1 = x = 1. 


Translations of Circular Functions 

Vertical translations and horizontal translations (phase shifts) of the tangent, cotangent, 
secant, and cosecant functions are graphed the same way as vertical and horizontal 
translations of sinusoidal graphs are drawn. For tangent and cotangent functions, we 
follow the same procedure as we did with sinusoidal functions. For secant and cotangent 
functions, we graph the guide function first and then translate up or down depending on 
the sign of the vertical shift. 


EXAMPLE 5 Graphing y = Atan(Bx + C)+D 


Graph y = 1 tan( ) on —7 = x = 7. State the domain and range on the interval. 


There are two ways to approach graphing this function. Both will be illustrated. 


Solution (1): 
Plot y = tan x, and then do the following: 
a Shift the curve to the right — units. y= tan( - *) 
= Reflect the curve about the x-axis oe 
(because of the negative sign). y= ~tan( = *) 
: F ‘ 7 
a Shift the entire graph up one unit. y=1- tan( x = 5) 
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x 
| i > 
Solution (2): Graph y = -tan( x = a) and then shift the entire graph up one unit, 
because D = 1. 
: 7 
Step 1 Calculate the period. a 
: F 7 7 T 7 
Step 2 Find two vertical asymptotes. x = and x 
2 2 2 2 
Solve for x. x=0 and x = 7 
: . 7 
Step 3 Find the x-intercept between a > =0 
the asymptotes. i 
x= > 
2 
Step 4 Draw the vertical asymptotes AY 
x = Oandx = a and label the 5p 
T ali 
x-intercept G 0). 3+ 
2 Dh pe 
IP (3: 0) Xx 
—tp}iiiti gi tis 
tT aa 
Za Ss 
ao |. 
afl. 
-4L 
5b 


Ee 
Step 5 Divide the period 7 into four equal parts, in steps of a. Set up a table with Technology Tip ~ 


To obtain the graph of 
7 
coordinates corresponding to values of y = ~tan( = 5) between the two y=1- tan( x = 4 onthe 
asymptotes. 2 
interval —7 <x S 7, enter 
T =1-t — us 
x y= ~tan( x - 5) Gx y) y= an{ x — > ). 
x =0 undefined vertical asymptote, x = 0 Plotd Flake Ploks 
W4Bi-tanta-m-22 
7 Oo 
a 1 — 
4 + 
. 0 7 0 ) intercept) 
ae re x-interce 
2 2 
37 37 
= = yd 
4 4 
x= 7 undefined vertical asymptote, x = 7 
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Step 6 Graph the points from the table and 
connect with a smooth curve. Repeat 
to the right and left until reaching the 
interval endpoints. 


Step 7 Shift the entire graph up one unit to 
arrive at the graph of 


7 
=1-t = I 
y an( *) 


SteP 8 State the domain and range on the interval. Domain: (—7r, 0) U (0, zr) 
Range: (—, 0) 
# YOUR TURN Graphy = —1 4 cot + ) on —7 = x = @. State the domain 


and range on the interval. 


EXAMPLE 6 _ Graphing y = Acsc(Bx + C) + D 


Graph y = 1 — ecsc(2x — 77)on—a@ = x = 7. State the domain and range on the interval. 


Solution: 
Graph y = —csc(2x — 7r), and shift the entire graph up one unit to arrive at the graph 
of y = 1 — csc(2x — 7). 
Step 1 Draw the guide function, AY 
y = —sin(2x — 77). 5.5 
4b 
3L 
2b 
~ Im x 
a KM 
2b 
3b 
4 
5b 
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Step 2 Draw the vertical asymptotes of AY 
y = —csc(2x — 77) that correspond 5+ ga 
to the x-intercepts of : i 4 
y = —sin(2x — 77). aL 
rE 
“i ™ “4 L zs ra 
“E =; | I~ 
4 22 
=| OL 
5b 
Step 3 Use the U shape between the AY 
asymptotes. If the guide function is 5 | 
positive, the U opens upward, and if : 
the guide function is negative, the U 2 
opens downward. 1 
x 
| 3 | $+ > 
2 
Step 4 Shift the entire graph up one unit AY 
to arrive at the graph of 5 l 
4 
y = 1 — esc(2x — 7). 3 = Answer: 
2L | Domain: 
rE | 
— ~ 4 [teas tae) Gl] 
y Range: (—20, —3] U [—1, 0) 
AY 
| ae 
4 bas: 
| 3 L_- 
ys _ 
1 x 
Lt | | Lig 
STEP 5 State the domain and . 7 T 7 “95 | 05 
; Domain: | —7, —— } U —|U(—a7 ab 
range on the interval. 2 2 2 
Range: (—0, 0] U [2, 00) ok 


# YOUR TURN Graphy = —2 + sec(mx 
and range on the interval. 


7) on 


SECTION 


The tangent and cotangent functions have period 77, whereas 
the secant and cosecant functions have period 27. To graph the 
tangent and cotangent functions, first identify the vertical 
asymptotes and x-intercepts, and then find values of the function 
within a period (i.e., between the asymptotes). To find graphs 
of secant and cosecant functions, first graph their guide 


SUMMARY 


1 = x S 1. State the domain 


functions (cosine and sine, respectively), and then label vertical 
asymptotes that correspond to x-intercepts of the guide function. 
The graphs of the secant and cosecant functions resemble the 
letter U opening up or down. The secant and cosecant functions 
are positive when their guide function is positive and negative 
when their guide function is negative. 
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SECTION 
6.9 EXERCISES 


"SKILLS 


In Exercises 1-8, match the graphs to the functions (a—h). 


—tanx 


cot(7 x) 


ve 


2. y = —csex 


6. y = —cot(7x) 


b. 


sec(2x) 


3secx 


4. y = csc(2x) 
8. y = 3cscx 
d. 


ve 


ala 
ria 


Vou 


jab 


S|Zr 


In Exercises 9-28, graph the functions over the indicated intervals. 


a9 y= 


11. 


13. 


15. 


17. 


21. 


y= 


y= 


tan(5x), 27 Sx S27 


—cot(27x), -lsx=l 


2tan3x), -wSxsa7 


Pee oe es 
400 5 }) 27 SxS Ar 


10. y= cot(4x), Wn SxS2Q0 


12. y = -tan(2Q7x), -ls=x=1 


14. y = 2tan(3x), —-37rexe 


3a 


1 
16. y = ~51an($), 47 Sx S40 


18. y=tn(x+2),—n saa 


20. y 


5 tan(x 4 


22. y= 
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1 
23. y= cot( x+— J, TsxsT7 24. y = 3cot(x-—),-7 <x<7 
: 2 3 6 
25. y = tan(2x — m7), -207 Sx S27 26. y = cot(2x — 7), -27 Sx S27 
27. y=cot( ++), -asxaar 28. y =tan(~-2),-wsxac 
2 4 “ 3. 3 
In Exercises 29-46, graph the functions over the indicated intervals. 
29. y= sec(5x), 27 Sx S20 30. y = esc(5x), —2n SxS 27 
31. y = -csc(2Qmx), -l Sxl 32. y = —sec(27x), -lSx=1 
1 1 
33. y= pee( Fx), -4sxs4 34. y = soe( Z>)) =6=x*= 6 
x x 
35. y = ~3ese{ *) -67 =x=0 36. y = ~4see( 5) 47 Sx = 47 
37. y = 2 sec(3x),0O SxS 27 38. y = 2esc(4x), 375 x=307 
7 ; 7 : 
39. y= -3 ese(« = 4) over at least one period 40. y = syed x oa ;) over at least one period 
41. y= $sec(x — qr), over at least one period 42. y = —4csc(x + 7), over at least one period 
43. y = 2sec(2x — 7),-27 Sx S 27 44. y = 2csc(2x + mw), -209 Sx S27 
2 
45. y= — zsec(3x + 77) 46. y= Fes (ta a Tixia7 
In Exercises 47-56, graph the functions over at least one period. 
47, y=3 - 2see( = =) 48. y= -3 + dese( x ae =) 
1 1 7 3 1 7 
49. y + —tan| x 50. y cot| x 4 
: 2° 2 2 4 4 2 
51. y = —2 + 3csc(2x — 7) 52. y = —1 + 4sec(2x + 77) 
1 1 
53. y= —-1 see 5 4 54, y = —2 ese{ 3 7) 
55 = -2-3cot( 2x - = SPS ST 56. y = tS ax+— 22x22 
7 y id 4 > = = - y 4 T 5) T 4 , = = 
In Exercises 57-66, state the domain and range of the functions. 
57 t ( *) 58 ( *) 
. y = tanl 7x — — by SeCotl Gee 
- 2 : 
59. y = 2sec(5x) 60. y = —4sec(3x) 
61. y=2- ese(5x — 1) 62.y=1- 2sec(5x + a) 
1 
63. y = — 3tan 7y-a7)t1 64. y = —cot|2ax + eee 3 
: 4 a 3 


il 7 1 1 7 
65. y 24 ssee( ms + *) 66. y 5 yese(3 *) 
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"APPLICATIONS 


For Exercises 67 and 68, refer to the following: 


When a chalet on the top of a mountain is viewed by a mountain 
climber from point A on the plain below, the measure of the angle 
of elevation is a degrees. When the mountain climber moves closer 
to the mountain, point B, the measure of the angle of elevation is 
B degrees. If the distance between points A and B is d, then the 

d 


cota — cotB’ 


height of the mountain can be found with h = 


67. Height of a Mountain. What is the height of the mountain if 
a = 20°, B = 25°, and d = 2 miles? Round to the nearest 
mile. 


68. Height of a Mountain. What is the height of the mountain if 
a = 15°, B = 35°, andd = 3 miles? 


"CATCH THE MISTAKE 


In Exercises 71 and 72, explain the mistake that is made. 


71. Graph y = 3csc(2x). 


Solution: 
Graph the guide AY 
function, y = sin(2x). 5st 
4b 
3L 
aL 
rE 
“N a. ox 
£ —s 
AL e ae 
2 2 
2b 
= ae 
-4L 
S55 


For Exercises 69 and 70, refer to the following: 
The area of a regular polygon that is inscribed by a circle can be 
180° 
determined by A = nr’ tan——,, where n is the number of sides of 
n 


the polygon, and r is the radius of the inscribed circle. 


69. Area of a Regular Polygon. Find the area of a regular hexa- 
gon if the radius of the inscribed circle is 4 inches. 


io ie 
lf NY 
A 4 in. 
/I \ \\ 
| * }? 
. / 
NS a/ 


Ne ee 


70. Area of a Regular Polygon. Find the area of a regular 
octagon if the radius of the inscribed circle is 2 feet. 


Z aN 

ff he 

4 N 
( 1 aS 
i/ \| 
2 ft \ 
—— | } 
N : 

‘A Via 


Draw vertical 
asymptotes at x-values 
that correspond to 
x-intercepts of the 
guide function. 


mie 
vu 


Draw the cosecant function. 


This is incorrect. What mistake was made? 


72. Graph y = tan(4x). 


Solution: 
: TT 
Step 1: Calculate the period. = 
B 4 
Step 2: Find two vertical 
asymptotes. 4x = Oand 4x = 7 
Solve for x. x = Oandx = a 
Step 3: Find the x-intercept between ae T 
the asymptotes. 2 
7 
x= 
8 


Step 4: Draw the vertical asymptotes x = 0 and x = 7 


and label the x-intercept e 0). 
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6.9 Graphs of Other Trigonometric Functions 711 


Step 5: Graph. 


<9 


This is incorrect. What mistake was made? 


In Exercises 73 and 74, determine whether each statement is true or false. 


73. see( a _ =) = cscx 
2 
74. ese( _ *) = secx 


75. For what values of n do y = tanx and y 
have the same graph? 


ll 


tan(x — n7r) 


76. For what values of n do y = cscx and y = csc(x — n7r) 
have the same graph? 


77. Solve the equation tan(2x — 7) = 0 for x in the interval 
[-7, 77] by graphing. 


78. Solve the equation csc(2x + a) = 0 for x in the interval 
[-7, 77] by graphing. 


"TECHNOLOGY 


83. What is the amplitude of the function y = cosx + sinx? 
Use a graphing calculator to graph Y, = cosx, Y, = sinx, 
and Y; = cosx + sinx in the same viewing window. 


84. Graph Y, = cosx + sinx and Y, = secx + cscx in the 
same viewing window. Based on what you see, is 
Y, = cosx + sinx the guide function for 
Y, = secx + cscx? 


85. What is the period of the function y = tanx + cotx? Use a 
graphing calculator to graph Y, = tanx + cotx and 
Y; = 2csc(2x) in the same viewing window. 


79. Find the x-intercepts of y = Atan(Bx + C). 


80. For what x-values does the graph of y = —A see( Sx) lie 


above the x-axis? (Assume A > 0.) 


81. How many solutions are there to the equation tanx = x? 
Explain. 


82. For what values of A do the graphs of y = Asin(Bx + C) 


T . 
and y = ~2ese( 7 _ n) never intersect? 


86. What is the period of the function y = tan( 2 + on Use a 
graphing calculator to graph Y, = tan 20 + a) 


T Ww, 
Y, = tan( 2 = ) and Y; = tan( 24 ot =) in the same 
viewing window. Describe the relationships of Y, and Y, 


and Y, and Y3. 


CHAPTER 6G INQUIRY-BASED LEARNING PROJECT 


Dr. Parkinson has acquired two 30-foot sections of fence from her neighbor Mr. Wilson. 
She has decided to build a triangular corral for her animals. She plans to use a 
barn wall as the third side. (The barn wall is 100 feet long—see the diagram below.) 
As her contractor, you are expected to maximize the corral area. You have decided 
to approach this from a trigonometric viewpoint. Hence, you want to find the angle @ 
that maximizes the area. To do this, follow the steps below. (As a side note: This 
problem is an example of optimization and you will revisit this type of problem in 
precalculus and/or calculus courses. The outline below is designed to give you an 
understanding of how to set up and solve this type of problem. Realize that this 
triangle is an isosceles triangle—two equal side lengths—and that its perpendicular 
bisector can be used to find the height of the triangle.) 


Barn wall: 100 feet 


1. Write out the general formula for the area of a triangle. 


2. To get an understanding of what happens to the area of the triangle as the 
angle @ changes, you will calculate the following dimensions using right triangle 
trigonometry. Do these calculations on a sheet of scratch paper. Since none of 
the triangles formed below are actually right triangles, you will need to construct 
a right triangle (using a perpendicular bisector) along with using the sine and 
cosine relationships to help you identify the base and height. (Use two decimals.) 


You don’t need to do every example in the chart by hand. However, do as many as 
you need to see what patterns emerge for calculating each base, height, and area. 
When you see the pattern, you will hopefully then be able to write a function for 
each piece of information. You can then use the table in your graphing calculator to 
list all the answers. However, you are encouraged to do at least two by hand 
before jumping to the function writing. Also be sure to check that the results you 
get on your table agree with the numbers you get by hand. 


3. Write the base 6(6) of the triangle as a function of 6. (Show how you arrived 
at this answer.) Describe what happens to the base values as the @ values increase. 


4. Write the height h(6) of the triangle as a function of 6. (Show how you arrived at this 
answer.) Describe what happens to the height values as the @ values increase. 


5. Write the area A(@) as a function of @ using your results from 3 and 4. Describe 
what happens to your area values as @ increases. 


6. Specify the domain for the area within the context of this problem. (Vocabulary 
reminder: The domain for this problem is the set of values of @ that makes sense 
from a physical standpoint; that is, you wouldn't build a corral using 6 = —20°.) 


7. Use a graphing utility to graph your area function on its domain. 
8. Estimate the maximum area and the @ that this corresponds to. 


9. What can you conclude about the shape of the triangle that yields the maximum 
712 area in this exal ple ? 
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MODELING OUR WORLD 


Some would argue that temperatures are oscillatory in nature: that we are not experiencing 
global warming at all, but instead a natural cycle in Earth’s temperature. In the Modeling 
Our World features in Chapters 3-5, you modeled mean temperatures with linear, 
polynomial, and logarithmic models—all of which modeled increasing temperatures. 
Looking at the data another way we can demonstrate—over a short period of time—how 
it might appear to be oscillatory, which we can model with a sinusoidal curve. Be warned, 
however, that even the stock market, which increases gradually over time, looks 
sinusoidal over a short period. 

The following table summarizes average yearly temperature in degree Fahrenheit (°F) 
and carbon dioxide emissions in parts per million (ppm) for the Mauna Loa Observatory 
in Hawaii. 


YEAR 1960 | 1665 1970 | 1975 | 1980 | 1985 |1990 1995 | 2000 | 2005 


TEMPERATURE 44.45 | 43.29 | 43.61 | 48.35) 46.66 | 45.71 |45.53 | 47.53 | 45.86 |46.23 


CoO, Emissions |316.9 | 320.0 | 325.7 | 331.1 | 338.7 | 345.9 354.2 | 360.6 | 369.4 | 379.7 


(PPM) 


1. Find a sinusoidal function of the form f(t) = k + Asin(Bt) that models the temperature 
in Mauna Loa. Assume that the peak amplitude occurs in 1980 and again in 2010 (at 
46.66°). Let t = 0 correspond to 1960. 

2. Do your models support the claim of global warming? Explain. 

3. You have modeled these same data with different types of models—oscillatory and 
nonoscillatory. Over the short 30-year period from 1980 to 2010 you have a sinusoidal 
model that can fit the data, but does it prove anything in the long term? 


4. Would a resonance-type sinusoidal function of the form f(t) = k + A(t) sin(Bt) perhaps 
be a better fit for 1960 to 2005? Develop a function of this form that models the data. 
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> CHAPTER 6 REVIEW 


SECTION ConcePT 


6.1 Angles, degrees, 
and triangles 


Angles and degree measure 


Triangles 


CHAPTER REVIEW 


Special right triangles 


Similar triangles 


714 


Key IDEAS/FORMULAS 


One complete rotation = 360° 


via 


Acute Angle 
0°<9<90° 


Le 


Complementary Angles 
a+ B=90° 


\ AN 


a+B+y=180° 
45° 
x 2x 
| 45° 
x 
45° — 45° — 90° 


6 = 90° 


Right Angle: quarter rotation 


No 


Obtuse Angle 
90° < 6 < 180° 


OS _. 


Supplementary Angles 
a+ B= 180° 


Right Triangle 
a 


c 

b 

Pythagorean Theorem 
a2 +b? =? 


30° 
Bx * 
i | 60° 
a 


30° — 60° — 90° 


a \ 
c 


SECTION 


6.2 


CONCEPT 


Definition 1 of trigonometric 
functions: 
Right triangle ratios 


Trigonometric functions: 
Right triangle ratios 


Reciprocal identities 


Cofunctions 


Evaluating trigonometric 
functions exactly for special 
angle measures: 30°, 45°, 
and 60° 


Using calculators to 
evaluate (approximate) 
trigonometric functions 


Key IDEAS/FORMULAS 


Definition | defines trigonometric functions of acute angles as ratios of sides in a 
right triangle. 


: opposite 
SOH sing = ———— 
hypotenuse 
adjacent 
CAH cos? =——— 
hypotenuse 
opposite 
TOA tané = —— 
adjacent 
Hypotenuse 
c b 
Opposite 
Z\ [| 
a 
Adjacent 
tO : 0 : 0 : 
cot@ = —— cscO = —— secO = 
t sin0 cosé 
If a + B = 90°, then @) 
sina = cos B . 
seca = csc B U 
tana = cotB a 
a 
a 
0 sind cosé m 
1 V3 = 
= 2 2 ay 
= 
2 2 
45° ae a 
2 2 
V3 1 
60° = = 
2 2 


The other trigonometric functions can be found for these values using 

sin0 
tané = 
cosé 


and reciprocal identities. 


Make sure the calculator is in degree mode. The sin, cos, and tan buttons can be 
combined with the reciprocal button, 1/x, to get csc, sec, and cot. 


Applications of right 
triangle trigonometry: 
Solving right triangles 


Solving a right triangle given 
the measure of an acute angle 
and a side length. 


Solving a right triangle given 
the lengths of two sides. 


¢ The third angle measure can be found exactly using a + B + y = 180°. 
¢ Right triangle trigonometry is used to find the length of the second side. 


¢ The length of the third side can be found using the Pythagorean theorem. 
¢ The measure of one of the acute angles can be found using right 
triangle trigonometry. 


CHAPTER REVIEW 


SECTION CONCEPT Key IDEAS/FORMULAS 


6.4 Definition 2 of trigonometric 
functions: Cartesian plane 


Angles in standard position An angle is said to be in standard position if its initial side is along the 
positive x-axis and its vertex is at the origin. 


Coterminal angles Two angles in standard position with the same terminal side. 
: F : F y x y 
Trigonometric functions: sind = — cos@ = — tané = — 
: ig r x 

The Cartesian plane 

r r x 
cscO = — sec = — cot@ = — 
y x y 


where 7° + y =r. 


The distance r is positive: r > 0. 


0 o° 90° 180° 270° 
sind 0 1 0 = 
cosé il 0 = 1 0 
tand 0 Undefined 0 Undefined 
cot@ | Undefined 0 Undefined 0 
secO 1 Undefined -1 Undefined 
csc@ | Undefined 1 Undefined = 


Trigonometric function values for quadrantal angles. 
6.5 Trigonometric functions 
of nonacute angles 


Algebraic signs of 0 al all alll alv 
trigonometric functions ; 
sind + + = = 
cosé + 
tané t - 
Ranges of the trigonometric —-l=sin0é=1 and —-1l=cosdé=1 


functions 


SECTION CONCEPT Key IDEAS/FORMULAS 


Reference angles and The reference angle @ for angle 6 (between 0° and 360°) is given by 
reference right triangles ge Qk a=0 

aw QI: a = 180° -— 6 

a QI: a = 8 — 180° 

gw QIV: a = 360° — 6 


Evaluating trigonometric 
functions for nonacute angles 


6.6 Radian measure 
and applications 


s 
The radian measure of an angle O(in radians) = — 
r 


s (arc length) and r (radius) must have the same units. 


i@) 
Converting between Degrees to radians: 0, = 0, - i 
‘| ; 180° > 
egrees and radians 7 
180° ou 
Radians to degrees: 0, = a ( ) m 
7 a 
— : a 
Arc length s=r6, 0, is in radians. m 
< 
s=r0 Gs) 0, is in degrees m 
~ Ta\ 180° a S 
1, ve : 
Area of a circular sector A= rid 0, 0, is in radians. 
Aa Po | oan 
= 510 180° 1 is in degrees. 
Linear speed Linear speed v is given by 
Ss 
yet 
t 


where s is the arc length and f is time. 


Angular speed Angular speed w is given by 
0 
o=— 
t 


where @ is given in radians. 
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SECTION CONCEPT Key IDEAS/FORMULAS 


Relationship between Related through the radius of the circle: 
linear and angular v 

v=ro or w= 
speeds r 


It is important to note that these formulas hold true only when angular speed is 
given in radians per unit of time. 
6.7 Definition 3 of 
trigonometric functions: 
Unit circle approach 


Trigonometric functions AY 
and the unit circle (0, 1) 
(circular functions) eS ~(cos 0, sin 0) 


° 
vat 180° 0 360° 277: ) 


Properties of circular Cosine is an even function. 
functions cos(—@) = cos@ 
Sine is an odd function. 
sin(—0) = —sin@ 


SECTION CoNcCEPT Key IDEAS/FORMULAS 


6.8 Graphs of sine and 
cosine functions 


The graph of 
F(x) = sinx 
Odd function: f(—x) = —f(x) 
The graph of f(x) = cosx AY 
Even function: f(—x) = f(x) 
@) 
The amplitude and y = AsinBx or y = Acos(Bx), B > 0 > 
period of sinusoidal ‘ _ fas eat a 
eraphs Amplitude = |A| Period = B m 
a |A| > 1 stretch vertically. a B > 1 compress horizontally. a 
a |A| < 1 compress vertically. a B < 1 stretch horizontally. a 
< 
. . : Cc . 27 ; m 
Graphing a shifted mg y = Asin(Bx + C) = Asin| Bl x + — }| has period — and a phase shift m 
ae an B B = 
sinusoidal function: @ 
y = Asin(Bx + C) + D of - unit to the left (+) or the right (—). 
and C P 
y = Acos(Bx + C) + D mg y = Acos(Bx + C) = Acos| ze 4) has period and a phase 
Cc 
shift of 2 unit to the left (+) or the right (—). 
a To graph y = Asin(Bx + C) + D or y = Acos(Bx + C) + D, start 
with the graph of y = Asin(Bx + C) or y = Acos(Bx + C) and shift up or 
down D units. 
Harmonic motion a Simple 
ma Damped 


m Resonance 


Graphing sums of functions: 
Addition of ordinates 
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SECTION CoNncEPT Key IDEAS/FORMULAS 


6.9 Graphs of other 
trigonometric functions 


The tangent function 
x-intercepts: x = na n is an integer 
(2n + 1) 

——— 7 


Asymptotes: x = 5 


Period: 7 
Amplitude: none 


The cotangent function 
x-intercepts: x = na n is an integer 
(2n + I) 

—_—T 


Asymptotes: x = 5 


Period: 7 
Amplitude: none 


The secant function 

x-intercepts: none n is an integer 
(2n + 1) 

Asymptotes: x = —————7 

x 2 

Qa Period: 2a 


Amplitude: none 


The cosecant function 
x-intercepts: none n is an integer 
Asymptotes: x = ni 

Period: 2a 


Amplitude: none 
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Graphing tangent, 
cotangent, secant, and 
cosecant functions 


Translations of 
circular functions 


Key IDEAS/FORMULAS 


y = Atan(Bx + C) or y = Acot(Bx + C) 
To find asymptotes, set Bx + C equal to: 


7 s and a for tangent. 


a 0 and z for cotangent. 
To find x-intercepts, set Bx + C equal to: 


a O for tangent. 


7 
rT] es for cotangent. 


y = Asec(Bx + C) or y = Acsc(Bx + C) 
To graph y = Asec(Bx + C), use y = Acos(Bx + C) as the guide. 


To graph y = Acsc(Bx + C), use y = Asin(Bx + C) as the guide. 


Intercepts on the guide function correspond to vertical asymptotes of secant or 
cosecant functions. 


(2) 
xr 
> 
U 
+ 
m 
a 
a 
m 
< 
m 
= 
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REVIEW EXERCISES 


CHAPTER 6 REVIEW EXERCISES 


6.1 Angles, Degrees, and Triangles 


Find (a) the complement and (b) the supplement of the 
given angles. 


1. 28° 2. 17° 
4. 78° 5. 89.01° 


33.35? 
6. 0.013° 
Refer to the accompanying triangle for the following exercises. 


7. Ifa = 120° and B = 35°, find y. S 


8. Ifa 


105° and B = 25°, find y. 


9. If y = Banda = 78, find the 
measure of all three angles. 


\ A AN 


10. If y = B anda = 68, find the a+B+y= 180° 


measure of all three angles. 


Refer to the accompanying right triangle for the following 
exercises. 


11. Ifa = 4andc = 12, findb. 
12. Ifb = 9andc = 15, finda. a a 
13. Ifa = 7 and b = 4, find c. 

b 


14. Ifa 10 and b = 8, find c. 


Refer to the accompanying 45°-45°-90° triangle for the 
following exercises. 


15. If the two legs have length 12 yards, 45° 

how long is the hypotenuse? a 2x 
16. If the hypotenuse has length V8 feet, 

how long are the legs? | 45° 


Refer to the accompanying 30°-60°-90° triangle for the 
following exercises. 


17. If the shortest leg has length 3 feet, 
what are the lengths of the other leg 30° 


and the hypotenuse? Bx 2x 
18. If the hypotenuse has length 12 km, 
what are the lengths of the two legs? 7 60° 


Calculate the specified lengths given that the two triangles 
are similar. 


19. A = 10,C = 8, 


D=5,F=? 
20. A = 15, B = 12, 4 é 
E=4,D=? 
D F 
21. D= 45m, 
F = 82m, 
A = 8lkm,C =? 5 e 
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22. E = 8cm, F = 14cm, C = 84m, B = ? 
23. B= 2V3in., C = V3in., F = 5V3in., E =? 
24. C=42ft, F =0.2ft,D =2ft,A =? 


Applications 


25. Clock. What is the measure (in degrees) of the angle that the 
minute hand sweeps in exactly 25 minutes? 


26. Clock. What is the measure (in degrees) of the angle that the 
second hand sweeps in exactly 15 seconds? 


27. Height of a Tree. The shadow of a tree measures 9.6 meters. 
At the same time of day the shadow of a 4-meter basketball 
backboard measures 1.2 meters. How tall is the tree? 


28. Height of a Man. If an NBA center casts a 1-foot 9-inch 
shadow and his 4-foot son casts a 1-foot shadow, how tall is 
the NBA center? 


6.2 Definition 1 of Trigonometric 
Functions: Right Triangle Ratios 


Use the following triangle to find the indicated trigonometric 
functions. Rationalize any denominators that you encounter 
in the answers. 


29. cosé 
30. sind 
31. secd 
32. cscd 
33. tand / \ H 
34. coté 


Use the cofunction identities to fill in the blanks. 
35.  sin30° 


COS. 


36. cosA = sin 


37. tan45° = cot 
38. csc 60° = sec 
39. sec30° = csc 
40. cot 60° = tan 


Label each trigonometric function value with the 
corresponding value (a-c). 


ee 

a. 5 7) a 
41. sin30° 42. cos 30° 43. cos60° 
44. sin60° 45. sin 45° 46. cos 45° 


Use a calculator to approximate the following trigonometric 
function values. Round the answers to four decimal places. 


47. sin 42° 48. cos 57° 49. cos17.3° 50. tan25.2° 
51. cot33° 52. sec 16.8° 53. csc40.25° 54. cot 19.76° 


6.3 Applications of Right Triangle 
Trigonometry: Solving Right Triangles 


The following exercises illustrate a mid-air refueling 

scenario that U.S. military aircraft often use. Assume the 
elevation angle that the hose makes with the plane being 
fueled is 0 = 30°. 


55. Mid-Air Refueling. If the hose 
is 150 feet long, what should 
the altitude difference a 
be between the two planes? 


56. Mid-Air Refueling. If the smallest acceptable altitude 
difference a between the two planes is 100 feet, how long 
should the hose be? 


6.4 Definition 2 of Trigonometric 
Functions: Cartesian Plane 


In the following exercises, the terminal side of an angle @ in 
standard position passes through the indicated point. 
Calculate the values of the six trigonometric functions for 
angle 0. 


57. (6, -8) 58. (-24,-7) 59. (-6,2) 60. (—40,9) 
61. (V3, 1) 62. (-9,-9) 63. (5, -4) 64. (-2,3) 
65. (—1.2,—2.4) 66. (0.8, —2.4) 


6.5 Trigonometric Functions of 
Nonacute Angles 


Evaluate the following expressions exactly. 
67. sin 330° 68. cos(—300°) 69. tan 150° 
70. cot315° 71. sec(—150°) 72. csc 210° 


Evaluate the trigonometric expressions with a calculator. 
Round to four decimal places. 


73. sin(—14°) 74. cos275° 75. tan 46° 76. cot 500° 
77. secl11° 78. csc215° 79. cot(—57°) 80. csc(—59°) 


6.6 Radian Measure and Applications 


Convert from degrees to radians. Leave your answers in 
terms of 7. 


81. 135° 82. 240° 83. 330° 84. 180° 
85. 216° 86. 108° 87. 1620° 88. 900° 


Review Exercises 723 


Convert from radians to degrees. 


39. — 9 oi, 2 92, 27 
3 6 4 3 
Sir 177 317 

93, = es 95. 107 DG, ee 
9 10 2 


97. A ladybug is clinging to the outer edge of a child’s spinning 
disk. The disk is 4 inches in diameter and is spinning at 60 
revolutions per minute. How fast is the ladybug traveling? 


98. How fast is a motorcyclist traveling in miles per hour if his 
tires are 30 inches in diameter and the angular speed of the 
tire is 1077 radians per second? 


6.7 Definition 3 of Trigonometric 
Functions: Unit Circle Approach 


Find each trigonometric function value in exact form. 


oo aa 2 er iGisi 2 
6 6 6 

102. see( U) 103. cot 7) 104. ese( =) 
6 4 4 


_ (30 3a 
105. sn( =) 106. co( =) 107. cos7 


108. tan315° 109. cos 60° 110. sin330° 


6.8 Graphs of Sine and Cosine 
Functions 


Refer to the graph of the sinusoidal function to answer 
the questions. AY 


a 
m 
= 
m 
= 
m 
x 
m 
a 
Q 
on 
m 
on 


111. Determine the period 
of the function. 


112. Determine the 
amplitude of the 
function. 


113. Write an equation for 
the sinusoidal function. 


Refer to the graph of the sinusoidal function to answer the 


questions. ay 


114. Determine the period 
of the function. 


115. Determine the 
amplitude of the 
function. 


116. Write an equation for 
the sinusoidal function. 
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Determine the amplitude and period of each function. 137. y = 3sec(2x) 
1 y= 
117. y = —2cos(27x) 118. y = 3sin5x ISR = or Be 
1 1 2 
139. y = 5 + ri sem =) 


1 7 
119. y= ig max 120. y = — | c0sGx 


1 
Graph each function from —27r to 277. wa aaa tt) 


124. y= Bai > 122. y = 38x Graph each function on the interval [—27, 277]. 
I 1 ‘g 141. y= a6 = ?) 
123. y = cos 2x 124. y = 4 O88 


: 142. y = 1 + cot(2x) 


State the amplitude, period, phase shift, and vertical shift of 


each function. 143. y = 2 + sec(x — 77) 
. 7 
125. y=24 asin( 2 *) 144. y = exe(x te *) 
a er ud 145 ee pee 
~y= t a csce| 2x —— 
y 5 sin| x A y 2 > 
1 3 
127. y= -2 - s0s3(x + 7) 146. y= -1 5 see( ms =) 
T . 
128. y = —1 + 2cos2\x — 3 Technology Exercises 
Section 6.1 
a ee tte = 
am sa as Assume a 30°-60°-90° triangle. Round your answers to two 


decimal places. 


3. 1 ft. 
130. y 4 6 sn( 6 ao 3 ) 147. If the shorter leg has length 41.32 feet, what are the lengths 
of the other leg and hypotenuse? 


Graph each function from —7 to 7. 


131. y = 3x — cos2x 


Y) 
Ww 
u 
O 
x 
Ww 
x 
Ww 
= 
w 
> 
ff 
x 


148. If the longer leg has length 87.65 cm, what are the lengths of 
the other leg and the hypotenuse? 


1 1 
132. y = —~ cos4x + > cos2 
32. y poneae or COsee Section 6.2 


_ i . 149. Calculate csc 78.4° in the following two ways: 
133. y = 2sin—x — 3sin3x 
3 a. Find sin78.4° to three decimal places and then divide 1 


134, y = 5cosx + 3sin 5 by that number. Write that number to five decimal places. 


b. Ina calculator: 78.4, sin, 1/x, round to five decimal places. 


150. Calculate cot34.8° in the following two ways: 
6.9 Graphs of Other Trigonometric 


a. Find tan34.8° to three decimal places and then divide 1 
Functions 


by that number. Write that number to five decimal places. 


Slate ihe domatnand sange-pl cach muncuion: b. In a calculator: 34.8, tan, 1/x, round to five decimal 


7 places. 
135. y = 4tan| x + — 
2 151. Use a calculator to find tan(tan”!2.612). 


136. y = cot2( = =) 152. Use a calculator to find cos(cos ' 0.125). 


Use a calculator to evaluate the following expressions. If you 
get an error, explain why. 


153. sec 180° 
154. csc 180° 


Section 6.5 


155. Use a calculator to evaluate csc 218° and csc 322°. Now use 
the calculator to evaluate csc” !(— 1.6243). When cosecant is 
negative, in which of the quadrants, III or IV, does the calcu- 
lator assume the terminal side of the angle lies? 


156. Use a calculator to evaluate sec 28° and sec 332°. Now use 
the calculator to evaluate sec” !(1.1326). When secant is 
positive, in which of the quadrants, I or IV, does the 
calculator assume the terminal side of the angle lies? 


Section 6.6 


Find the measure (in degrees, minutes, and nearest seconds) of 
a central angle 6 that intercepts an arc on a circle with radius 
r with indicated arc length s. Use the TI calculator comands 

ANGLE | and | DMS | to change to degrees, minutes, and 
seconds. 


157. r = 11.2 ft,s = 19.7 ft 


158. r = 56.9cm, s = 139.2 cm 


Section 6.7 
In Exercises 159 and 160, refer to the following: 


A graphing calculator can be used to graph the unit circle with 
parametric equations (these will be covered in more detail in 
Section 8.7). For now, set the calculator in parametric and radian 
modes and let 


X, = cos T 
Y, = sin T 


Review Exercises 


Set the window so that 0 = T = 27, step ae. —2 =X =2, 
and —2 = Y = 2. To approximate the sine or cosine of a T value, 


use the | TRACE |key, enter the T value, and read the 
corresponding coordinates from the screen. 


13 
159. Use the above steps to approximate co( 2) to four 
decimal places. 


5 
160. Use the above steps to approximate sin( =) to four 
decimal places. 


Section 6.8 
161. Use a graphing calculator to graph Y,; = cosx and 
Y, = cos(x + c), where 
ac= = and explain the relationship between Y, and Y,. 
be = a and explain the relationship between Y, and Y). 
162. Use a graphing calculator to graph Y, = sin x and 
Y, = sinx + c, where 
a. ¢ = 5, and explain the relationship between Y, and Y. 


bo c=—- Ss and explain the relationship between Y, and Y,. 


Section 6.9 


163. What is the amplitude of the function y = 4cosx — 3sinx? 
Use a graphing calculator to graph Y, = 4cosx, Y, = 3 sinx, 
and Y; = 4cosx — 3sinx in the same viewing window. 


164. What is the amplitude of the function y = V3sinx + cos x? 
Use a graphing calculator to graph Y; = V3 sin x, Y, = cos x, 
and Y, = V3 sinx + cosx in the same viewing window. 
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PRACTICE TEST 


CHAPTER 6 PRACTICE TEST 


1. A 5-foot girl is standing in the Grand Canyon, and she wants 
to estimate the depth of the canyon. The sun casts her shadow 
6 inches along the ground. To measure the shadow cast by 
the top of the canyon, she walks the length of the shadow. 
She takes 200 steps and estimates that each step is roughly 
3 feet. Approximately how tall is the Grand Canyon? 


2. Fill in the values in the table. 


6 sin 0 cos 0 tan 6 cot 0 sec 6 csc 0 


60° 


3. What is the difference between cos 0 = 5 and cos 0 ~ 0.66? 


4. Fill in the table with exact values for the quadrantal angles 
and the algebraic signs for the quadrants. 


o° | QI | 90°; Qil |} 180°] QIIl | 270° | QIV | 360° 


sin@ 


cos @ 


5. If cot@ < 0 and sec@ > 0, in which quadrant does the 
terminal side of 0 lie? 


6. Evaluate sin 210° exactly. 
1377 
7. Convert “ae to degree measure. 
8. Convert 260° to radian measure. Leave the answer in terms 


of 7. 


9. What is the area of the sector swept by the second hand of 
a clock in 25 seconds? Assume the radius of the sector is 
3 inches. 


10. What is the measure in radians of the smaller angle between 
the hour and minute hands at 10:10? 


11. State the amplitude and period of y = —5sin(3x). 
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17. 


18. 


19. 


20. 


21. 
22. 


23. 


24. 


25. 


26. 


27. 


. Graph y = —2cos(3x) over —47 = x S 47. 


. Graph y = tan( = =) over two periods. 


The vertical asymptotes of y = 2csc(3x — 7) correspond to 
the of y = 2sin3x — 7). 


State the x-intercepts of y = tan(2x) for all x. 


. State the phase shift and vertical shift for 


(Ge-7) 
= Ss COU ka 
z 3 


State the range of y = ~3see( 2s + ) =, 


-Z)+3 
ae: 


Graph y = ~2ese( 2 te *) over two periods. 


State the domain of y = tan 2 


5 
Find the x-intercept(s) of y = a — 3see( 6x — =) 


True or False: The equation 2sin@ = 2.0001 has no solution. 


On what x-intervals does the graph of y = cos(2x) lie below 
the x-axis? 

Write the equation of a sine function that has amplitude 4, 
vertical shift 5 down, phase shift 3 to the left, and period 7. 


Write the equation of a cotangent function that has period 77, 
vertical shift 0.01 up, and no phase shift. 


Graph y = cos3x — 5sin 3x for0O=x=7. 


If the longer leg of a 30°-60°-90° triangle has length 13.95 
inches, what are the lengths of the other leg and the 
hypotenuse? Round your answer to two decimal places. 


Calculate sec(41.9°) in the following two ways: 


a. Find cos(41.9°) to three decimal places and then divide 1 
by that number. Write that number to five decimal places. 


b. In a calculator: 41.9, cos, 1/x, round to five decimal places. 


CHAPTERS 1-6 CUMULATIVE TEST 


10. 


11. 


12. 


13. 


14. 


. Simplify 


5 
. Solve for x and give any excluded values: no 


6x? — llx +5 
30x — 25 


. Perform the operation and write in standard form a + bi: 


(5 — 7i) — (11 — 9i). 
5 _ 55 
xt1 +x 


. Solve for the radius r: A = mr’. 


. Solve and express the solution in interval notation: 


2r° 
t—1 


= 31. 


. Calculate the distance and midpoint between the segment 


joining the points (—3, 2) and (4, —3). 


. Write an equation of a line in slope—intercept form that 


passes through the two points (5.6, 6.2) and (3.2, 5.0). 


. Use interval notation to express the domain of the function 


f(x) = Vix — 25. 


5 
. Find the average rate of change for f(x) = from x = 2 to 


x=4, 


1 
Sketch the graph of the function y = 5 + 1, and identify 


a 
: : 1 
all transformations of the function f(x) = a 
5 
Evaluate g(f(—1) for fla) = Wa = 7Tand g(x) = 5 — 


Sx +2 
= 3," 


Find the inverse of the function f(x) = 


Find the quadratic function that has the vertex (0, 7) and goes 
through the point (2, —1). 


Find all of the real zeros and state the multiplicity of the 
function f(x) = 4,5 + ax: 


15 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


List the possible rational zeros, and test to determine all 
rational zeros for P(x) = 2x* + 7x° — 18x7 — 13x + 10. 


4x34 


13x° 4 


Factor the polynomial P(x) = 4x+ 
as a product of linear factors. 


Graph the exponential function f(x) = 5-* — 1, and state the 
y-intercept, the domain, the range, and the horizontal asymptote. 


How much money should be put in a savings account now 
that earns 5.2% a year compounded daily if you want to have 
$50,000 in 16 years? 


Graph the function f(x) = In(x + 1) — 3 using transforma- 
tion techniques. 


Evaluate log,7 8.9 using the change-of-base formula. Round 
the answer to three decimal places. 


Solve the equation 5(10*) = 37 for x. Round the answer to 
three decimal places. 


Height of a tree. The shadow of a tree measures 155 feet. At 
the same time of day the shadow of a 6-foot pole measures 
2.3 feet. How tall is the tree? 


The angle 6 in standard position has its terminal side defined 
by the line 3x + 2y = 0,x = 0. Calculate the values for the 
six trigonometric functions of 6. 


Find the area of a circular sector with radius 3.4 m and 
central angle 8 = 35°. Round the answer to three significant 
digits. 

State the amplitude, period, and phase shift of the function 

y = —4sin(2x + 7). 
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4 


Analytic 
Trigonometry 


Wi you dial a phone number on your iPhone®, how does the 
smart phone know which key you have pressed? Dual Tone 
Multi-Frequency (DTMF), also known as touch-tone dialing, was developed 
by Bell Labs in the 1960s. The Touch-Tone® system also introduced a 
standardized keypad layout. After testing 18 different layouts, Bell Labs 
eventually chose the one familiar to us today, with 1 in the upper-left and 


Awejy/]e!219WWOD Japulg uose{ @ 


o at the bottom between the star and the pound keys. 
The keypad is laid out in a 4 X 3 matrix, with each row representing a 
low frequency and each column representing a high frequency. 


FREQUENCY 1209 Hz 1336 Hz 1477 Hz 
697 Hz 1 2 S) 
770 Hz 4 5 6 
852 Hz it 8 ©) 
941 Hz A (0) # 


When you press the number 8, the phone sends a sinusoidal tone that combines a low-frequency tone 
of 852 hertz and a high-frequency tone of 1336 hertz. The result can be found using sum-to-product 


trigonometric identities. 


LS IN THIS CHAPTER 


ANALYTIC TRIGONOMETRY 


7.2 
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Trigono- 

metric 
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7.1 
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Trigono- 
metric 
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7.3 


Sum and 
Difference 
Identities 


e Sum and 
Difference 
Identities for 
the Cosine 
Function 

e Sum and 
Difference 
Identities for 
the Sine 
Function 

e Sum and 
Difference 
Identities for 
the Tangent 
Function 


e Trigonometric 
Identities 


e Reciprocal 
Identities 

© Quotient 
Identities 

e Pythagorean 
Identities 


LEARNING OBJECTIVES 


= Review basic identities. 

= Verify a trigonometric identity. 

= Apply the sum and difference identities. 
= Apply the double-angle identities. 

= Apply half-angle identities. 


1.4 


Double- 


Angle 


Identities 


¢ Applying 
Double- 
Angle 
Identities 


7.5 
Half-Angle 
Identities 


7.6 


Sum and 
Sum-to- 
Product 
Identities 


e Applying e Product-to- 
Half-Angle Sum 
Identities Identities 

e Sum-to- 
Product 
Identities 


= Apply the product-to-sum and sum-to-product identities. 


= Graph inverse trigonometric functions. 
= Solve trigonometric equations. 


Product-to- 


14 


Inverse 
Trigono- 
metric 
Functions 


e Inverse 
Sine Function 

e Inverse 
Cosine 
Function 

e Inverse 
Tangent 
Function 

e Remaining 
Inverse 
Trigonometric 
Functions 

e Finding Exact 
Values for 
Expressions 
Involving 
Inverse 
Trigonometric 
Functions 


7.8 


Trigono- 
metric 
Equations 


e Solving 
Trigonometric 
Equations by 
Inspection 

e Solving 
Trigonometric 
Equations 
Using 
Algebraic 
Techniques 

¢ Solving 
Trigonometric 
Equations 
Which 
Require the 
Use of 
Inverse 
Functions 

e Using 
Trigonometric 
Identities to 
Solve 
Trigonometric 
Equations 
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SECTION BASIC TRIGONOMETRIC 
7.1 IDENTITIES 


Reciprocal Identities 


In this section, we revisit the reciprocal and quotient identities and develop the Pythagorean 
identities. These identities will allow us to simplify trigonometric expressions. In mathematics, 
an identity is an equation that is true for all values of the variable for which the equation is 
defined. For example, x7 = x+x is an identity because the statement is true no matter what 


values are selected for x. Similarly, Sx = 5 is an identity, but it is important to note that 
x 


this identity holds for all x except 0 (x # 0), since the expression on the left is not defined 
when x = 0. In our discussions on identities, it is important to note that the identities hold for 
all values of the argument, typically chosen to be 6, for which the expressions are defined. 
Recall that the reciprocal of a nonzero number x is ‘. For example, the reciprocal of 5 is 
5 and the reciprocal of q is Be. There is no reciprocal of 0. In mathematics, the expression 
5 is undefined. Calculators have a reciprocal key typically labeled 1/x or x '. This can be 


used to find the reciprocal of any number (except 0). 
In Section 6.4, the trigonometric functions were defined by the following, remembering 


that r > 0: 
sin@ = 2 cosé = = tanéd = z (x # 0) 
r r x 
r r x 
cscO =— (y #0) secO=— (* #0) cotd=—- (vy #0) 
y x y 
Derivation of the Reciprocal Identities 
Worps MatTH 
Write the definition of the cosecant function. csc = = (y 0) 
y. 
1 
The reciprocal identity holds for y # 0. csc@ = "= + (y #0,r > 0) 
YY 
r 
i a . . r 1 1 
Substitute the definition of the sine function, csc@ = — = ; 
y y y sind 
sin@ = my r 
Write the condition y # O in terms of siné. sind # 0 
1 
State the reciprocal identity. cscO = Sap (sin@ # 0) 
sin 


An equivalent reciprocal identity can be written as sinO = ee There is no need to 
csc 
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are ; Es 
note the restriction that csc@ # 0, since csc@ = — is always greater than or equal to 1. 
BY 


The following box summarizes the reciprocal identities that are true for all values of 0 
that do not correspond to the trigonometric function in the denominator having a zero 


value. 


RECIPROCAL IDENTITIES 


RECIPROCAL IDENTITIES 


EQUIVALENT FORMS 


DoMAIN RESTRICTIONS 


1 1 
csc? = —— sind = 0#n7 n= integer 
sind csc0 
il 1 ni . 
sec = cos? = —— 0 # — n= Odd integer 
cosé sec0 2 
to = —— tan@ = — pee a 
co mT an ae a n = integer 


Reciprocals always have the same algebraic sign. Therefore, if sine is positive, then 
cosecant is positive. If cosine is negative, then secant is negative. In this section we 
assume that the domain restrictions apply even though not explicitly stated when using the 


reciprocal identities. 


EXAMPLE 1 


a. If cos? = 


3 
b. If sin@ = = find cscé. 


c. If tan@ = c, find coté. 


Solution (a): 


1 
—-—, find secé. 
> fin sec 


Using Reciprocal Identities 


ar : : : 1 
The secant function is the reciprocal of the cosine function. sec? = 9 
cos 
: ae : 1 
Substitute cos @ = — into the secant expression. sec? = a 
2 
Simpy 


Study Tip 
sind = 0 when@ = nv 
m= 152,.3,.2.0 
nt 
cos? = 0 when 0 = ae 
n= 13,5303 5 
sin® 
tan@ = = 0 when @ = nv 
cos@ 
n=1,2,3 
SO nr 
coté eos 0 when 0 
ind 
n= 1,3,5 
Study Tip 


Reciprocals always have the same 
algebraic sign (+ or —). 
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Solution (b): 


1 
The cosecant function is the reciprocal of the sine function. cscO = aad 
sin 
Substitute sind ar to th t i 0 ’ 
ubstitute sin? = —— into the cosecant expression. csc = — = 
2 : v3 
2 
Simplif 0 a 
implify. cscO = —= 
oo V3 
2 ) 
Rationalize the radical in the denominator. cscO = Per . 4 
2V3 
cscO = —— 
3 
Solution (c): 
1 
The cotangent function is the reciprocal of the tangent function. cot@ = ne 
an 
: : . 1 
Substitute tan@ = c into the cotangent expression. cot@ = — 
c 
er 1 
State any restrictions on c. cod =— c#0 
c 
= Answer: a. secO = —1 
l = YOUR TURN a. If cos@ = —1, find secé. 
pee x eet b. If sin@ = x, find cscd. 
Quotient Identities 
Let us now use the trigonometric definitions to derive the quotient identities. 
WorRDS MatTH 
Write the definition of the tangent function. tan? = = (x # 0) 
x 
1 y 
. . . r a 
Multiply the two sides of the equation by T tand = — (x #0,r > 0) 
x 
r r 
Y 
i : y. x r sind 
Substitute sin@ = — and cos@ = -. tané = — = 
r r x cosé 
r 
Write x # 0 in terms of 0. cosé # 0 
fg . sind 
State the quotient identity. tand = 9 (cos@ # 0) 
cos 


— : : : : cos : 
A similar quotient identity can be written as cot@ = sind’ where sin@ # 0. 
sin 
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The following box summarizes the quotient identities that are true for all values of 6 that 
do not correspond to a zero value in the denominator. 


QUOTIENT IDENTITIES 


QUOTIENT IDENTITIES DOoMAIN RESTRICTIONS 
sin? nt . 
tané = cos8#O or @#-— n= odd integer 
cosé Dp 
cos@ . : 
cot? = — sn@ 70 or OFnmT n = integer 
sin@ 


In this section we assume that the domain restrictions apply even though they are not 
explicitly stated when using the quotient identities. 


EXAMPLE 2_ Using the Quotient Identities 


If sind = 2 and cos@ = a find tan@ and coté. 
Solution: 

s ae nee : ‘if 0 
Write the quotient identity involving the ant = sin aid coe ee 
tangent and cotangent functions. cosé sind 

= * 
: : 3 4 5 5 
Substitute sin@ = = and cos@ = —5. tané = and cot@ = —-— 


5 5 
a 3 4 


1 
Note: We could have found tan and then used the reciprocal identity, cot@ = ani? to 
an 
find the cotangent function value. 
HE YOUR TURN Ifsin@ = t and cos @ = 3, find tan@ and cot 0. 
Pythagorean Identities 
Before we develop the Pythagorean identities, we first need to look at notation. 
SHORTHAND 
OPERATION NOTATION WorpDs EXAMPLE 
3 Vas 
(sind) sin’ “Sine squared of theta” sin = ae so sir’ = S = ri 


Nile 
ae. 
w 

ll 

| 
oof 


1 
(cos0)° cos*6 “Cosine cubed of theta” cos@ = > so cos = (- 


E 
Technology Tip 


3 


Cao et de 


Cg CSeo9 
Ss 
Ans FF reac. 
“4/3 


= Answer: tand = ¢ and cot? = 3 
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Let us now derive our first Pythagorean identity. Recall that in the Cartesian plane, the 


relationship between the coordinates x and y and the distance r from the origin to the point 


(x, y) is given by x2 + y? = r2. 


Worps MatH 
Write the distance relationship in the Cartesian plane. rtye=r 
2 + y? r 
Divide the equation by r’. [er 
r r 
2 2 
x 
Simplify. T +51 
r r 
a ahi ae y\? 
Use the power rule of exponents, > =| — }. —} +{|-)}) =1 
b? b r r 
Substitute the sine and cosine definitions, sin? = = 
: 
x 
and cos@ = -,, into the left side of the equation. (cos)? + (sind)? = 1 


_ 
Use shorthand notation. cos*6 + sin’?@ = 1 


Note: cos’@ + sin?@ = 1 and sin*@ + cos? = 1 are equivalent identities. 
Two important things to note at this time are: 


= The value of 6 must remain the same in all expressions for this identity to hold. 
= The sum of the squares of the sine and cosine functions of the same angle is always 1. 


Let’s illustrate the Pythagorean identity with both a special angle and a calculation: 


0 sind cos@ sin?0 + cos?6 = 1 

7 1 v3 (5) +(CY -5+2-1 

6 2 2 2 2 4 4 

27° 0.4540 0.8910 (0.4540)? + (0.8910)? = 0.999997 = 1 


We can derive the second Pythagorean identity from the first. 


Worps MatH 


II 
an 


Write the first Pythagorean identity. sin’@ + cos’0 


sin’6 cos*@ ol 


Divide both sides by cos79. 7 3 5 
cos'@ cos? cos’é 


(sind)? — (cos 6)" 1 
Use longhand notation. + = 
(cos@)’_ (cos@)?>__— (cos)? 
sind Y cosé Y iy 
Use the property of exponents. + = 
cosé cosé cosé 


Use the quotient and reciprocal identities 


sind 1 . 
tan@ = and sec 9 = to write 

cos@ cos 0 
the expressions in terms of the tangent and 
secant functions. (tand)? + 1 = (secd) 


Use shorthand notation. tan?@ + 1 = sec76 
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In this derivation, if we had divided by sin’@ instead of cos”6, we would have arrived 
at the third Pythagorean identity, 1 + cot’@ = csc?6. 


PYTHAGOREAN IDENTITIES Study Tip _ 


The second and third identities 
hold only for values of @ for which 
the functions are defined. 


sin?@ + cos*@ = 1 tan?@ + 1 = sec?6 1 + cot?@ = csc70 


EXAMPLE 3_ Using the Identities to Find Trigonometric 
Function Values 


Find cos@ and tané if sin@ = 3 and the terminal side of @ lies in quadrant II. 


Solution: 
Write the first Pythagorean identity. sin’@ + cos*6 = 1 
4 2: 
Substitute sin@ = 3 into the equation. ) + cos?@ = 1 
rare 16 , 
Eliminate the parentheses. 357 cos'@ = 1 
9 
Subtract 48 from both sides of the equation. cos’@ = 5 
9 
Apply the square root property. cos@é = + 25 
oer 3 
Simplify. cos = +5 
‘ wood ae 3 
The cosine function is negative in quadrant II. cos@ = 5 
: ae : ' sin0 
Write the quotient identity for the tangent function. tan@ = @ 
os 
2 
: : 4 3 P) 
Substitute sin? = 5 and cos@ = —5. tané = 3 
5 
Gente 4 
Simplify. tan@ = = 


4 = Answer: sind =-3 and 
= YOUR TURN Find siné and tané if cos@ =—; and the terminal side of 6 lies in 


=3 
quadrant III. mes 
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= Answer: cos’@ 


aa EXAMPLE 4 _ Using the Identities to Find Trigonometric Function Values 


Find sin@ and cos@ if tan@ = 3 and the terminal side of @ lies in quadrant III. 


Solution: 
Write the second Pythagorean identity. tan’?@ + 1 = sec?0 
‘ 3. . a 2 
Substitute tan@ = 7 into the equation. re 1 = sec*é 
fod 9 2 
Eliminate the parentheses. 1? 1 = sec“0 
: 25 
Simplify. sec’ 9 = — 
puly. 16 
25, 5) 
Apply the square root property. secO = + 16 = = 
‘ : ; : 1 1 5 
Substitute the reciprocal identity, sec? = : = 
cosé cosé 4 
4 
Solve for cos 0. cosé = +5 
; Bs os 4 
The cosine function is negative in quadrant III. cos@ = “5 
Write the first Pythagorean identity. sin?@ + cos?6 = 1 
4 2 
Substitute cos = 3. sin?@ + (-3) =1 
Simplif sin’@ = = 
pity. 25 
: 9 3 
Apply the square root property. sind = + 95 = 5 


3 
The sine function is negative in quadrant III. 


EXAMPLE 5_ Using Identities to Simplify Expressions 
Multiply (1 — cos@) (1 + cos@) and simplify. 


Solution: 


Multiply using the FOIL method. (1 — cos@)(1 + cos@) = 1 — cos@ + cos@ — cos” 


Combine like terms. = 1 — cos@ + cos@ — cos’@ 


ll 
e 
| 

io) 
° 
a 
wv 
DS 


Rewrite the Pythagorean identity, 
sin°@ + cos*@ = 1 as sin?@ = 1 — cos76. 


(1 —cos)(1 + cos@) = sin?@ 


= YOUR TURN Multiply (1 — sin@) (1 + sin@) and simplify. 


SECTION 
SUMMARY 


Reciprocal Identities 
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Pythagorean Identities 


sin’@ + cos*@ = 1 tan?@ + 1 = sec?0 


1 + cot?@ = csc?6 


These basic trigonometric identities (reciprocal, quotient, and 
Pythagorean) are used to calculate trigonometric function values 
given other trigonometric function values and information 


regarding the quadrant where the terminal side of the angle lies. 


Exc) = —— se? = —— Gil) = ——— 
sin@ sO tané 
Quotient Identities 
ie sind oe cosé 
cos@ sind 
SECTION 
7.1 EXERCISES 


=" SKILLS 


In Exercises 1-12, use a reciprocal identity to find the function value indicated. Rationalize the denominator, 


if necessary. 


1. If cosé = - find secé. 2. If sin@ = 
3. If sind = —0.6, find cscé. 4. If cos@é = 
5. If tané = —5, find coté. 6. If tand = 
7. If csc = ae find siné. 8. If sec? = 
9. If cot@ = a find tan@. 10. If cot@ = 
11. If secO = —4, find cosé. 12. If csc@ = 


= 2. find cscé. 
7 


0.8, find secé. 

0.5, find coté. 

Vi11 

——,, find cos@. 
2 

3.5, find tané. 

—V5 find sin@. 


In Exercises 13-20, use a quotient identity to find the function value indicated. Rationalize the denominator, if necessary. 


13. If sin@ = 5 and cos@ = ae find tan@. 14, If sind = 

15. If sin@é = —0.6 and cos@ = —0.8, find coté. 16. If sind = 
11 

17. If sin@ = a and cos@ = -*, find tan@. 18. If sind = — 


In Exercises 21-26, find the indicated expression. 


21. If sind = = find sin’@. 22. If cos@ = 0.1, find cos*6. 
24. If tan@ = —5, find tan*d. 25. If cotd = — V5, find cot3. 


If sin@ = a and cos@ = b, find cot@ and state any restrictions on a or b. 


If sin@ = a and cos@ = J, find tan@ and state any restrictions on a or b. 


1 
=e and cos? = _ find coté. 


= —0.6 and cos? = —0.8, find tané. 


1 5 
and cos@ = ee find coté. 


23. If csc@ = —2, find csc*. 


7 
26. If sec@ = a) find sec*d. 


738 CHAPTER 7 Analytic Trigonometry 

In Exercises 27-46, use a Pythagorean identity to find the function value indicated. Rationalize the denominator, if necessary. 
1 

27. If sind = "5 and the terminal side of @ lies in quadrant III, find cosé. 


3 
28. If sind = a and the terminal side of 6 lies in quadrant III, find cosé. 


29. If cosé 


AlN Wl 


and the terminal side of @ lies in quadrant IV, find sin. 


30. If cos@ = = and the terminal side of @ lies in quadrant IV, find siné. 


31. If tan@ = 4 and the terminal side of @ lies in quadrant III, find sec. 
32. If tané = —5 and the terminal side of @ lies in quadrant II, find sec. 
33. If cot@ = 2 and the terminal side of 6 lies in quadrant III, find csc@. 


34. If cot@ = —3 and the terminal side of @ lies in quadrant II, find cscé. 
8 
35. If sin? = 15 and the terminal side of @ lies in quadrant II, find tan@. 
: 7 ; : Bai 
36. If sind = “15 and the terminal side of @ lies in quadrant III, find tané. 
7 : : hati 
37. If cosé = 45 and the terminal side of @ lies in quadrant III, find csc. 


8 
38. If cosé = 75 and the terminal side of 6 lies in quadrant II, find csc. 


39. If secO = and the terminal side of @ lies in quadrant IV, find sin@. 

40. If secO = — and the terminal side of @ lies in quadrant II, find siné. 
: 3 F é bet 

41. If sind = —. and the terminal side of @ lies in quadrant IV, find sec. 


42. If cos@ = 0.15 and the terminal side of @ lies in quadrant IV, find cscé. 
43. If tan@ = V5 and the terminal side of @ lies in quadrant I, find sec 6. 

44. If cot@ = —5 and the terminal side of 6 lies in quadrant IV, find cscé. 
45. If csc? = —4V2 and the terminal side of 6 lies in quadrant III, find cos@. 
46. If csc? = VII and the terminal side of 6 lies in quadrant I, find cos@. 


In Exercises 47-56, use identities to find the function values indicated. Rationalize the denominator, if necessary. 
47. Find sin@ and cosé@ if tané = —4 and the terminal side of @ lies in quadrant II. 

48. Find sin@ and cosé@ if tané = —} and the terminal side of 6 lies in quadrant II. 

49. Find sin@ and cos@ if tan@ = 2 and the terminal side of 0 lies in quadrant III. 

50. Find sin@ and cos@ if tané = 5 and the terminal side of 0 lies in quadrant III. 

51. Find sin@ and cosé@ if tané = 0.6 and the terminal side of 6 lies in quadrant III. 

52. Find sin@ and cosé@ if tané = 0.8 and the terminal side of 6 lies in quadrant III. 

53. Find sin@ and cosé@ if cot@ = —3 and the terminal side of @ lies in quadrant IV. 

54. Find sin@ and cos@ if cot@ = 0.1 and the terminal side of @ lies in quadrant III. 

55. Find sin@ and cos@ if cot@ = i and the terminal side of @ lies in quadrant I. 


56. Find sin@ and cos@ if cot@ = —2.2 and the terminal side of 6 lies in quadrant II. 
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In Exercises 57-70, perform the indicated operations and simplify your answers, if possible. Leave all answers in terms of 


sin@ and cos 0. 


57. sec@coté 58. cscétand 59. tan’@ — sec’6 
62. sec@ — cosé 63. Bee? 64. cd 
tand coté 
7 s coté + tan@ 
67. (1 + tané) 68. (1 + coté)- 69. ————_ 
secAcsc0 


" APPLICATIONS 


For Exercises 71 and 72, refer to the following: 


The bifolium is a curve that can be drawn using either an 
algebraic equation or an equation involving trigonometric 
functions. Even though the trigonometric equation uses polar 
coordinates, it’s much easier to solve the trigonometric equation 
for function values than the algebraic equation. The graph of 

r = 8sin@cos”6 is shown below. You’ll see more on polar 
coordinates and graphs of polar equations in Chapter 8. The 
following graph is in polar coordinates. 


AY 


71. Bifolium. The equation for the bifolium shown on the left is 
r = 8sin@cos’6. Use a Pythagorean identity to rewrite the 
equation using only the function sin@. Then find r if 
0 = 30°, 60°, and 90°. 


"CATCH THE MISTAKE 


In Exercises 75 and 76, explain the mistake that is made. 


75. If sind = —4 and the terminal side of @ lies in quadrant III, 
find cos@. 


Solution: 


Write the first Pythagorean identity. sin’@ + cos’0= 1 


Substitute sind = —4 ( sy 29 = 1 
° + cos’@ = 


into the identity. 


60. cot?@ — csc?A 61. cscé — sind 


65. (sin@ + cos@)* 66. (sind — cos) 


sin@cos@ 
* tan@ + coté 


72. Bifolium. The equation for the bifolium shown on the left is 
r = 8sin@cos6. Use a Pythagorean identity to rewrite the 
equation using only the function sin@. Then find r if 
@ = —30°, —60°, and —90°. 


For Exercises 73 and 74, refer to the following: 


The monthly revenues (measured in thousands of dollars) of 
PizzaRia are a function of cost (measured in thousands of 
dollars), that is, R(c). Recall the angle 6 can be interpreted as a 
measure of the sizes of c (cost) and R (revenue) relative to each 
other. The larger the angle 6 is, the greater revenue is relative to 
cost, and conversely, the smaller the angle 6 is, the smaller 
revenue is relative to cost. The ratio of revenue to costs can be 


R 
approximated by the tangent function, tand ~ —. 
c 


73. Business. An analysis of the revenue and the costs of one 
month determined that cos@ = 3 and sin? = 4, Find tan@ 
and interpret its meaning. 


74. Business. An analysis of the revenue and the costs of one 


month determined that cos@ = 2 and sin@ = “ Find 


tan@ and interpret its meaning. 


1 
Eliminate parentheses. 9 + cos’ = 1 
1 : 2 8 
Subtract 5 from both sides. cos’) = 9 
: 8 
Take the square root of both sides. cos@ = 9 
2V2 
Simplify. cosé = _ 


This is incorrect. What mistake was made? 
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76. Find sin@ and cosé@ if tan@ = —} and the terminal side of 

@ lies in quadrant II. 
Solution: 

: : . . sin@ 
Write the quotient identity. tané = 

cos@ 

Substitute tan@d = -} into they sin0 
the identity. 4 cosd 


" CONCEPTUAL 


In Exercises 77 and 78, determine whether each statement is 
true or false. 


77. It is possible for sin@ > 0 and cscé < 0. 
78. It is possible for cos? < 0 and secé > 0. 


79. Find the measure of an angle 6, 0° < 6 = 180°, which 
satisfies the equation sin@ = cscé. 


' CHALLENGE 


83. Let x = 8sin@ in the expression V/64 — x° and simplify. 
84. Let x = 6cos@ in the expression 36 — x? and simplify. 
85. Let x = Stan@ in the expression VV 25 + x7 and simplify. 


1 —csc*6 


cos?@ —1 tan?@ — sec?@’ 


2 
” 
86. Simplify —— 


" TECHNOLOGY 


ind 
89. Verify the quotient tané = a numerically for 9 = 22°. 
cos 
Use a calculator to find 


sin22° 


b. cos22° c. 
cos 22° 


a. sin22° d. tan22° 


Are the results in (c) and (d) the same? 


in 160° 
90. Is tan10° = sate ? Use a calculator to find 
cos 16° 
. sin 160° 
a. sinl60° __—b. _cos16° Cc. d. tan 10° 
cos 16° 


Are the results in (c) and (d) the same? 


In quadrant II, sine is positive i 
and cosine is negative. —4 


Identify the sine and 


cosine values. sind = | and cos@ = —4 


This is incorrect. What mistake was made? 


80. Find the measure of an angle 6, 0° < 6 = 180°, which 
satisfies the equation cos@ = secé. 


81. Write cot@ only in terms of sind. 


82. Write csc@ only in terms of cos. 


In Exercises 87 and 88, determine whether each statement is 
true or false. 


87. sec’6 = 1, forall 0. 
88. 1 — csc? > 0, for all 0. 


91. Does sin35° = V1 — cos?35°? Use a calculator to find: 


a. sin35° 
b. 1 — cos35° 


c. V1 — cos?35° 
Which results are the same? 
92. Does sec68° = V1 + tan?68°? Use a calculator to find: 


a. sec68° 
b. 1 + tan68° 


c. V1 + tan?68° 


Which results are the same? 


SECTION VERIFYING TRIGONOMETRIC 
7.2 IDENTITIES 


Trigonometric Identities 


Basic Identities 


In Section 7.1, we discussed the basic (fundamental) trigonometric identities: reciprocal, 
quotient, and Pythagorean. In mathematics, an identity is an equation that is true for all 
values of the variable for which the expressions in the equation are defined. If an equation 
is true for only some values of the variable, it is a conditional equation. If an equation is 
true for no values of the variable, it is a contradiction. 

The following are identities (true for all x for which the expressions are defined): 


IDENTITY TRUE FOR THESE VALUES OF X 
e+ 3x42 = (x t+ 2)(x +1) All real numbers 
7 nt . : 
tanx = All real numbers except x = —, where n is an odd integer 
cosx 2 
a) 2 
sin’x + cos*x = | All real numbers 2 
Study Tip 
The following are conditional equations (true only for particular values of x): Just because an equation is true for 
some values of x does not mean it is 
EQuaATION TRUE FOR ONLY THESE VALUES OF X an identity. 
Pree aap a SC | re 
tanx = 0 x = nq, where n is an integer 
: nt : ‘ 
sin?x — cos’x = | x= 3° where n is an odd integer 


The following are contradictions (not true for any values of x): 


EQUuaATION TRUE FOR THESE VALUES OF X 
x+5=x+7 none 
sin’x + cos?x = 5 none 


The following boxes summarize the identities that were discussed in Section 7.1: 


RECIPROCAL IDENTITIES 


RECIPROCAL IDENTITIES EQUuIVALENT Forms DOMAIN RESTRICTIONS 
1 . 1 : 
CSch = = Sie = = i 7 in —inteser 
sinx CSCx 
1 1 nt ; 
soon = —— COS: = —— x #— n= odd integer 
cosx secx y) 
1 1 nr : 
ChE. = = (Gs = 2 72 —— id = ililegar 
tanx cotx 2 
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Ee 
Technology Tip 


Graphs of y, = sin(—x) and 
y) = —sinx. 


Flak Floki Plot? 
sWH=sine “Ag 
SYeB-sintae 


~ J 
eee SE ee Eee 


QUOTIENT IDENTITIES 


QUOTIENT IDENTITIES DOMAIN RESTRICTIONS 
sinx nw . 
tanx = cosx #0 x #-— n = odd integer 
cos x 2) 
cosx ; : 
COU ae sine 7 0 x Anim nm = integer 
sinx 


PYTHAGOREAN IDENTITIES 


PYTHAGOREAN IDENTITIES DoMAIN RESTRICTIONS 


: 2 
sin?x + cos?x = 1 


nT : 
tan?x + 1 = sec’x cosx #0 or x # a n = odd integer 


1 + cot?x = csc?x sinx #0 or x #n7_ n = integer 


In previous chapters, we discussed even and odd functions that have these respective 
properties: 


TYPE OF FUNCTION ALGEBRAIC IDENTITY GRAPH 
Even F(-x) = f@) Symmetry about the y-axis 
Odd F-x4) = =f@) Symmetry about the origin 


We already learned in Chapter 6 that the sine function is an odd function and the cosine 
function is an even function. Combining this knowledge with the reciprocal and quotient 
identities, we arrive at the even-odd identities, which we can add to our list of basic identities. 


EVEN-ODD IDENTITIES 


sin(—x) = —sinx 

Odd csc(—x) = —cscx Bee ems = CcOSsx 
tan(—x) = —tanx sec(—x) = secx 
cot(—x) = —cotx 


Simplifying Trigonometric Expressions 
Using Identities 


In Section 7.1, we used the basic trigonometric identities to find values for trigonometric 
functions, and we simplified trigonometric expressions using the identities. We now will use 
the basic identities and algebraic manipulation to simplify more complicated trigonometric 
expressions. In simplifying trigonometric expressions, one approach is to first convert all 
expressions into sines and cosines and then simplify. 
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)} EXAMPLE 1_ Simplifying Trigonometric Expressions 


Simplify tanxsinx + cosx. 


Solution: 
Write the tangent function in terms of the sine tanx + sinx + cosx 
: . sinx mx \»; 
and cosine functions: tanx = : = sinx + cosx 
cosx cosx 
aa 
Sets sin"x 
Simplify. = —— + cosx 
cosx 
+2 2 
Write as a fraction with a single quotient by finding a _ Sim x vr COs x 
common denominator, cos x. cosx 
Use the Pythagorean identity: = 1 
sin?x + cos*x = 1. cosx 
1 
Use the reciprocal identity secx = : =| secx 
P y ae 


m Answer: cscx 
2 YOUR TURN Simplify cotxcosx + sinx. 


In Example 1, tanx and secx are not defined for odd integer multiples of a In the 


Your Turn, cotx and cscx are not defined for integer multiples of 77. Both the original 
expression and the simplified form are governed by the same restrictions. There are times 
when the original expression is subject to more domain restrictions than the simplified 
form and thus special attention must be given to domain restrictions. 


vr-1 


For example, the algebraic expression is under the domain restriction x # —1 


because that value for x makes the value of the denominator equal to zero. If we forget 
to state the domain restrictions, we might simplify the algebraic expression as 
rP-1 (- Death 

xt] @t+D © 


x — 1 and assume this is true for all values of x. The 


eee 


x+1 
2 


correct simplification is =x — | for x # —1. In fact, if we were to graph both 


Ss . x 
the original expression y = 
x 


that the graph of the original expression would have a “hole” or discontinuity at x = 1. In 
this chapter, it is assumed that the domain of the simplified expression is the same as the 
domain of the original expression. 


and the line y = x — 1, they would coincide, except 
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Technology Tip __ 
Graphs of 


= Answer: tan?x 


EXAMPLE 2_ Simplifying Trigonometric Expressions 
1 


Simplify —,— + —.-. 

csc’x  sec"x 
Solution: 
Rewrite the expression in 1 1 1 \2 (x2 
terms of quotients squared. ee, = = ( ) + ( ) 

csc’x — sec"x cscx secx 
Use the reciprocal identities: sinx cos x 
; 1 a ; 
sinx = and cosx = : = sin’x + cos’x 
secx 


Use the Pythagorean identity: 
sin’x + cos’x = 1. = 


= YOUR TURN Simplify —, 
cos"x 


Verifying Identities 


We will now use the trigonometric identities to verify, or establish, other trigonometric 
identities. For example, verify that 


(sinx — cosx)? — 1 = —2sinxcosx 


The good news is that we will know we are done when we get there, since we know the 
desired identity. But how do we get there? How do we verify that the identity is true? 
Remember that it must be true for all x, not just some x. Therefore, it is not enough to 
simply select values for x and show it is true for those specific values. 


Worps MatH 


Start with one side of the equation 
(the more complicated side). (sinx — cosx)? — 1 


Remember that 
(a- by =a —2abt+Ph 


. 2 9 : 
and expand (sinx — cosx)’. sin?x — 2sinxcosx + cos’x — 1 


Group the sin?x and cosx terms 
and use the Pythagorean identity. 


—2sinxcosx + (sin’x + cos*x) — 1 
te 
1 


Simplify. —2sinxcos x 


When we arrive at the right side of the equation, then we have succeeded in verifying the 
identity. In verifying trigonometric identities, there is no one procedure that works for all 
identities. You must manipulate one side of the equation until it looks like the other side. 
Here are two suggestions that are generally helpful: 


1. Convert all trigonometric expressions to sines and cosines. 
2. Write all sums or differences of fractions (quotients) as a single fraction (quotient). 


The following suggestions help guide the way to verifying trigonometric identities. 
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GUIDELINES FOR VERIFYING 
TRIGONOMETRIC IDENTITIES 
= Start with the more complicated side of the equation. 


= Combine all sums and differences of fractions (quotients) into a single 
fraction (quotient). 


u Use basic trigonometric identities. 


= Use algebraic techniques to manipulate one side of the equation until the 
other side of the equation is achieved. 


= Sometimes it is helpful to convert all trigonometric functions into sines and 
cosines. 


It is important to note that trigonometric identities must be valid for all values of the 
independent variable (usually x or 6) for which the expressions in the equation are defined 
(domain of the equation). 


EXAMPLE 3 _ Verifying Trigonometric Identities 


Verify the identity (1 + sinx)[l + sinC@x)] = cos?x. 


Solution: 

Start with the more complicated side (left side). (1 + sinx)[l + sin@x)] = 
The sine function is odd: sin(-x) = —sinx. = (1 + sinx)(1 — sinx) le 
Eliminate the parentheses. =1- sin’x Technology Tip . 
Apply the Pythagorean identity, sin’?x + cos’x = 1. = cos’x Graphs of y, = nen ele 


tanx + cotx 
29 yi 
and y, = sin-x — cos*x. 


Piokd Fleki Fleks 


EXAMPLE 4 Verifying Trigonometric Identities 


. ‘ . tanx — cotx 5 ; 
Verify the identity ——————— = sin“x — cos*x. 
tanx + cotx 


Solution: 
Start with the more complicated side of the tanx — cotx 
equation. tanx + cotx 


sinx cosx 


cosx sinx 


Use the quotient identities to write the tangent 
and cotangent functions in terms of the sine and = 
cosine functions. 


sinx cosx 
+ 


cosx  sinx 


sinx cosx 


sinxcosx cosx  sinx (Snes 


Multiply by ————. = 


SsInxCOSX sinx COSX sinxcosx 


cosx  sinx 
ie 2 
ea ds sin"x — cos"x 
Simplify. Ae aE 
sin’x + cos’x 
Use the Pythagorean identity: 


: 2 +2 
sin?x + cos*x = 1. = sin"'x — cos?x 
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EXAMPLE 5_ Determining Whether a Trigonometric Equation 
Is an Identity 


Determine whether (1 — cos*x)(1 + cot?x) = 0 is an identity, a conditional equation, or a 
contradiction. 


Solution: 


Use the quotient identity to write the cotangent function in terms of the sine and 
cosine functions. 


- 3 be oe 7 cos?x 
(1 — cos*x)(1 + cot'x) = (1 — cos*x)} 1 + —> 
sin’ x 


Combine the expression in the second 


ie ; : 5 sin?x + cos?x 
parentheses so that it is a single quotient. = (1 — cos*x) | ——__,——_ 
sin’ x 
1 
_——— 
sin’x + cos?x 
Use the Pythagorean identity. = (1 — cos*x) (Se 
—o—" sin-x 
sin? x 


dae sinx 
Eliminate the parentheses. a 
sin“x 

Simplify. = 1 


Since | # 0, this is not an identity. Therefore, it is either a conditional equation 
(true for some real values of x) or a contradition (true for no real values of x). 
Note that for (1 — cos?x)(1 + cot?x) = 0 then either (1 — cos*x) = Oor(1 + cot?x) = 0 


Since 1 + cot?x > 0, then 1— cos*x = 0. 
cos’x = 1 when x = nm. Since cotx is not defined for x = nz, we say that this equation is a 


contradiction. 


"7 leat EXAMPLE 6 Verifying Trigonometric Identities 


Technology Tip__ ait ne 
sin(—x) cos(—x) tan(—x) 
cos(—x) tan(—x) Solution: 


dy, = 1. . . . sin(—x) 
ree Start with the left side of the equation. 


Graphs of y, = 


cos(—x) tan(—x) 


. ik —sinx 
Use the even-odd identities. = —— 
—cosxtanx 
. : sinx 
Simplify. = —— 
cosx tanx 
Use the quotient identity to write the tangent function = sinx 
in terms of the sine and cosine functions. sinx 
cosx 
cosx 
ss : : . sinx 
Divide out the cosine term in the denominator. =— 
sinx 


| 
EI 


Simplify. 
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EXAMPLE 7 _ Verifying a More Complicated Identity 


. cot?x sinx + | 
Verify that = : : 
1 — escx sinx 


Solution: 


Start with the left side of the equation. 
Use the Pythagorean identity, cot?x = cse?x — 1. 


Distribute the negative throughout the numerator. 
Factor the numerator (difference of two squares). 


Divide out the 1 — cscx in both the numerator 
and denominator. 


Use the reciprocal identity. 


Combine the two expressions into a single fraction. 


ye SECTION 
SUMMARY 


We combined the basic trigonometric identities—reciprocal, 
quotient, Pythagorean, and even-odd—with algebraic techniques 
to simplify trigonometric expressions and verify more complex 


trigonometric identities. Two steps that we often use in both 
simplifying trigonometric expressions and verifying trigonometric 


SECTION 
7.2 EXERCISES 


=" SKILLS 


cot?x 
1 — escx 
(csc*x — 1) 
1 — cscx 
1 — csc*x 
1 — ecscx 


(1 — esex)(1 + escx) 


1 — cscx 
= 1+ cscx 
1 
=1+—— 
sinx 
sinx + 1 
sinx 


identities are: (1) writing all of the trigonometric functions in 
terms of the sine and cosine functions, and (2) combining sums 
or differences of quotients into a single quotient. When verifying 
trigonometric identities, we work with the more complicated 
side (keeping the other side in mind as our goal). 


In Exercises 1-24, simplify each of the trigonometric expressions. 


1. sinxcscx 2. tanxcotx 
5. csc(—x)sinx 6. cot(—x)tan(x) 
9. (sin*x)(cot?x + 1) 10. (cos?x)(tan?x + 1) 
1B. cscx 14. secx 
cotx tanx 
v. L= eee 18 1- 2 
1 + cos“x 1+ sin°x 
ee 2, i 
1 — cosx 1+ sinx 


3. sec(—x) cotx 4. tan(—x)cos(—x) 
7. sec(x) cos(—x) + tan?x 8. sec(—x) tan(—x) cos(—x) 
11. (sinx — cosx)(sinx + cosx) 12. (sinx + cosx) 
1 — cot(—x) 
15. ——___—- 16. (x) — tan?(— 
i+ cote) 6. sec*(x) — tan“(—x) 
19, 1 - at 20. 1 — alae 
1 — cotx 1 — tan*x 
tanx — cotx 2 tanx — cotx 2 
23. —————— + 2cos*x 24. —————— + cos*x 


tanx + cotx tanx + cotx 
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In Exercises 25-50, verify each of the trigonometric identities. 


25. (sinx + cosx)* + (sinx — cosx)* = 2 


27. (csex +1)(esex — 1) = cot?x 


29. tanx + cotx = cscxsecx 


2 


— 
31. ee secx + cosx 
cosx 
33. [cos(—x) — 1][1+cosx] = —sin*x 
sec(—x) cot 
sg Es 
csc(—x) 
1 1 
37s Es —=1 
csc*x  secx 
1 1 
39. : + — = 2sec?x 
1—sinx 1+ sinx 
9 
41. _ 3 1 + cosx 
1 — cosx 


1 


secx — tanx 


43. secx + tanx = 


+2 
cscx — tanx cosx — sinx 


45. =— 5 
secx + cotx sinx + cos°x 
cos*x + 1 + sinx 1 + sinx 

47. 5 = ; 

cos*x + 3 2 + sinx 
cscx 

49. secx(tanx + cotx) = 


2 
COs" x 


In Exercises 51-64, determine whether each equation is an 


51. cos’x(tanx — secx)(tanx + secx) = 1 


cscx cotx 


26. 
28. 
30. 


32. 


34. 


36. 


38. 


40. 


42. 


44. 


46. 


48. 


50. 


al 


sinx)(1 + sinx) = cos’x 


(secx + 1)(secx — 1) = tan?x 


cscx — sinx = cotxcosx 


2 — cos*x . 
> = cscx + sinx 
sinx 
tan(—x) cot(x) = —-1 
cot?x 
cesc(—x) — 1 = 
esc(—x) + 1 


1 


1 


= sec?x csc7x 


3 
cot'x tan?x 


1 1 ‘i 
t = 2csc-x 
l—cosx 1+cosx 
cos?x . 
—— = 1+ sinx 
1 — sinx 
1 
cscx + cotx = 


secx + tanx 


cscx — cotx 


= tanx 
cescx + | 
. 3 : 
sinx + 1 — cos*x sinx 
cos?x 1 — sinx 
tanx(cscx — sinx) = cosx 


identity, a conditional equation, or a contradiction. 


52. cos*x(tanx — secx)(tanx + secx) = sin’x — | 


53. ——— = cot*x 54. sinxcosx = 0 55. sinx + cosx = V2 56. sin’x + cos*x = 1 
secx tanx 

57. tan?x — sec*x = 1 58. sec?x — tan’x = 1 59. sinx = V1 — cos?x 60. cscx = V1 + cot?x 

61. Vsin’x + cos’x = 1 62. Vsin?x + cos*x = sinx + cosx 

63. (sinx — cosx)? = sin?x — cos?x 64. [sin(—x) — 1][sin(—x) + 1] = cos?x 

" APPLICATIONS 

For Exercises 65 and 66, refer to the following: 65. Start with the expression Va? — x° and let x = asin0, 

: F : 7 7 

In calculus, when integrating expressions such as Va? — x’, assuming = <@é< > and simplify the original 

Vai +x, and Vx? — a’, trigonometric functions are used as : : ; ‘ 

fe 7 . ae : expression so that it contains no radicals. 

dummy” functions to eliminate the radical. Once the 

integration is performed, the trigonometric function is 66. Start with the expression Va? + x° and let x = atané, 


“unsubstituted.” The trigonometric substitutions shown (and 
corresponding trigonometric identities) are used to simplify 
these types of expressions. 
When simplifying, it is important to remember that 
|x| = { X ifx > 0 
—x ifx<0 


assuming a <é0< . and simplify the original 


expression so that it contains no radicals. 
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EXPRESSION SUBSTITUTION TRIGONOMETRIC IDENTITY 
2 2 : T T 3) 2 
ax x = asing -~S¢0s-— 1 — sin“@ = cos“é 
2 2 

2 2 7 7 2 2 
atx x = atand Se 1 + tan“@ = sec”@ 

7 2 = = Ble < 37 29 4 = 2 
x a x = asec Dee MEE a, sec” 0 1 = tan0 


"CATCH THE MISTAKE 


In Exercises 67-70, explain the mistake that is made. 


: : ; cOSx sinx : 
67. Verify the identity + = sinx + cosx. 
l1—tanx 1-—cotx 
Solution: 
Start with the left side cosx , __sinx 
of the equation. 1—tanx 1 — cotx 
Write the tangent and oy Oe Sit 
cotangent functions in sinx cosx 
terms of sines and cosines. cosx sinx 
Cancel the common cosine 1 1 
in the first term and sine = - + 
: 1—sinx 1 -—cosx 
in the second term. 
This is incorrect. What mistake was made? 
3 
: ; . COs”x secx . 
68. Verify the identity ————— = 1 + sinx. 
1 — sinx 
Solution: 
; : 3 : 
Start with the equation on cos’ x SeCx 
the left. 1 — sinx 
cos*x ——* 
. . : sinx 
Rewrite secant in terms of sine. = 
1—sinx 
an atte cos°x 
Simplify. = = 
1 — sin-x 
3 
: . cos’x 
Use the Pythagorean identity. = 5 
cos"x 
Simplify. = cosx 


This is incorrect. What mistakes were 


" CONCEPTUAL 


made? 


69. Determine whether the equation is a conditional equation or an 


70. 


., . tanx 
identity: —— = 1 
cotx 


Solution: 
: ‘ tanx 
Start with the left side. — 
cotx 
2 sinx 
Rewrite the tangent and 
: : cosx 
cotangent functions in = 
terms of sines and cosines. cosx 
sinx 
9 
eas sin-x 
Simplify. = —— = tan’x 
cos*x 
7 T 
Let x = —. Note: tan| — } = 1. = 1 
4 4 


' tanx ; ans F ; 
Since —— = 1, this equation is an identity. 
cotx 
This is incorrect. What mistake was made? 


Determine whether the equation is a conditional equation or an 
identity: |sinx| — cosx = 1. 


Solution: 
Start with the left side of 
the equation. | sin | — cosx 
_ ont . 

Let x = > where n is an (“2)| (=) 

F sin{ —— }| — cos| — 
odd integer. 2 2 
Simplify. |+1|-O=1 


Since |sinx| — cosx = 0 = 1, this is an identity. 


This is incorrect. What mistake was made? 


In Exercises 71 and 72, determine whether each statement is true or false. 


71. If an equation is true for some values (but not all values), then it is still an identity. 


72. If an equation has an infinite number of solutions, then it is an identity. 
73. In which quadrants is the equation cos@ = V1 — sin’@ true? 
74. In which quadrants is the equation —cos@ = V1 — sin’@ true? 


75. In which quadrants is the equation cscé 


= —V 1 + cot’é true? 


76. In which quadrants is the equation sec@ = V1 + tan’6 true? 
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CHALLENGE 
77. Simplify (asinx + bcosx)? + (bsinx — acosx)’. 80. Do you think that cos(5 A) = $cosA? Why? 
1 + cot? i = 2 2 
78. Simplify a — en 81. Do you think tan(2A) = 2 tan A? Why? 
cotx 


82. Do you think cot(A”) = (cot A)?? Why? 
79. Do you think that sin(A + B) = sinA + sinB? Why? 


" TECHNOLOGY 


In the next section you will learn the sum and difference identities. In Exercises 83-90, we illustrate these identities with 
graphing calculators. 


83. Determine the correct sign (+ or —) for 
cos(A + B) = cosAcosB + sinAsinB by graphing 


— 


Y,; = cos(A + B), Y> = cosAcosB + sinAsinB, and 


89. Determine the correct sign (+ or —) for tan( + 4 = 


T 
tanx + tan| — 


Y; = cosAcosB — sinAsinB in the same viewing rectangle = ae 
for several values of A and B. ae, by graphing Y, = tn( + 6 , 
. ; 1+t t on 
84. Determine the correct sign (+ or —) for ca is an( ) 
cos(A — B) = cosAcosB & sinA sinB by graphing 2 / 
Y, = cos(A — B), Y, = cosAcosB + sinAsinB, and tanx — tan| — tanx + tan é 
Y;, = cosAcosB — sinAsinB in the same viewing rectangle Y, = , and Y; = 
oy 7 
for several values of A and B. 1 + tanx tan( 7 ) 1 — tanx tan( 7) 


85. Determine the correct sign (+ or —) for 
sin(A + B) = sinAcosB + cosAsinB by graphing 
Y,; = sin(A + B), Y, = sinAcosB + cosAsinB, and 
Y; = sinAcosB — cosAsinB in the same viewing 


in the same viewing rectangle. Does Y, = Y, or Y3? 


90. Determine the correct sign (+ or —) for tan( - =) = 


rectangle for several values of A and B. (=) 
tanx + tan 3 
86. Determine the correct sign (+ or =) for ? by graphing Y, = tan( x 4 |) 
sin(A — B) = sinAcosB + cosAsinB by graphing (=) 2 
. = : 1 + tanx tan| — 
Y, = sin(A — B), Y, = sinAcosB + cosAsinB, and = 3 
Y, = sinAcosB — cosAsinB in the same viewing = 7 4: 7 
rectangle for several values of A and B. ne — an 3 A sen 3 
Y= , and Y; = 
. . . 1 + cos(2A) T T 
87. Determine the correct sign (+ or —) for cos“A = —— 1 + tanx tan 3 1 — tanx tan 3 
; 5 1 + cos(2A) in the same viewing rectangle. Does Y, = Y, or Y3? 
by graphing Y, = cos“A, Y, = ——— 3 and 
1 = cos(2A) | _ 
Y, = —————— in the same viewing rectangle for 


2. 
several values of A. 


88. Determine the correct sign (+ or —) for 


9 1 + cos(2A) . a 
sin“A = ——s by graphing Y, = sin“A, 
1 + cos(2A) 1 — cos(2A) . 
Y= a and Y; = aa in the same 


viewing rectangle for several values of A. 


SECTION SUM AND DIFFERENCE 
7.3 IDENTITIES 


In this section, we will consider trigonometric functions with arguments that are sums 
and differences. In general, f(A + B) # f(A) + f(B). First, it is important to note that 
function notation is not distributive: 


cos(A + B) # cosA + cosB 
This principle is easy to prove. Let A = 7 and B = 0; then 


cos(A + B) = cos(z7 + 0) = cos7 = —1 
cosA + cosB = cos7 + cosO0 = -1+1=0 


Since —1 # 0, we know that cos(A + B) # cosA + cosB. In this section, we will 
derive some new and important identities (sum and difference identities for the cosine, 
sine, and tangent functions) and revisit cofunction identities. We begin with the familiar 
distance formula, from which we can derive the sum and difference identities for the cosine 
function. From there we can derive the sum and difference formulas for the sine and 
tangent functions. 


- 
= 
Distance Sum and Difference Cofunction Sum and Difference Sum and Difference 
Formula Identities for Cosine Identities Identities for Sine Identities for Tangent 
= 


_——_-—-— -—— 


Before we start deriving and working with trigonometric sum and difference 
identities, let us first discuss why these are important. Sum and difference (and later 
product-to-sum and sum-to-product) identities are important because they allow calculation 
in functional (analytic) form and often lead to evaluating expressions exactly (as opposed 
to approximating them with calculators). The identities developed in this chapter are 
useful in such applications as musical sound, where they allow the determination of the 
“beat” frequency. In calculus, these identities will simplify the integration and differentiation 
processes. 
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Sum and Difference Identities 
for the Cosine Function 


Derivation of the Sum and Difference Identities 
for the Cosine Function 


Recall from Section 6.7 that the unit circle approach gave the relationship between the 
coordinates along the unit circle and the sine and cosine functions. Specifically, 
the x-coordinate corresponded to the value of the cosine function and the y-coordinate 
corresponded to the value of the sine function. 


AY 
(0, 1) 
-—— © ~ ~(cos 6, sin 6) 

# rely 


se ae 


“TO,-1) 


Let us now draw the unit circle with two angles a and #, realizing that the two terminal 
sides of these angles form a third angle, a — B. 


If we label the points P; = (cosa,sina) and P; = (cosB,sinf), we can then draw a 
segment connecting points P; and P3. 


| ee Py 


1, 
P, = (cos a, sin o/ NGEX = (cos B, sin B) 
-1,0 
( i <2 D B \ : 


? 
\ (1 9) 


\ / 
< 7 
Wee ae 


oe 
(0, -1) 


If we rotate the angle clockwise so the central angle a — ® is in standard position, 
then the two points where the initial and terminal sides intersect the unit circle are 
P, = (1,0) and P; = (cos(a — B), sin(a — B)), respectively. 
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AY 


P3 = (cos(a@ - B), sin(a@ — B))| (0, 1) 


(1,0) 
\ Py =)(1, 0) 
\ / 
va ot 
~ To.-0 Study Tip 
The distance from point P, = (x,, y,) 
to P, = (%, y2) is given by the 


Wwe 


The distance from P, to P, is equal to the length of the segment. Similarly, the distance disence fanaila 
from P; to P, is equal to the length of the segment. Since the lengths of the segments are ae prod = 
equal, we say that the distances are equal: d(P;, P,) = d(P3, P,). oe 


WorpDs MatH 


Set the distances 


(segment lengths) 

equal. dP, P) ad d(P3, Ps) 

Apply the distance 

formula: Vi — 4) + G2 — yi)? = VGa — 3)? + Os — ys? 


Substitute P; = (x1, y,) = (cosa, sina) and P, = (x2, y.) = (cos B, sin B) into the left side of the equation and 
P; = (x3, y3) = (cos(a — B),sin(a — B)) and Py = (x4, y4) = (1, 0) into the right side of the equation. 


V [cos B — cosa]? + [sinB — sina]? = Viol cos(@ BY + [0 — sin(a — BP 
Square both sides 


of the equation. [cosB — cosa]? + [sinB — sina]? = [1 — cos(a — B)/? + [0 — sin(a — B)P 

Eliminate the cos’a — 2cosa cosB + cos’B + sin’a — 2sina sinB + sin’B 

brackets. = 1 — 2cos(a — B) + cos’(a — B) + sin’(a — B) 

Regroup terms on cos’a + sin’a — 2cosa cosB — 2sina sinB + cos?B + sin?B 

each side and use the 1 1 

Pythagorean identity. = 1 — 2cos(a — B) + cos*(a — B) + sin?(a — B) 
1 

Simplify. 2 — 2cosacosB — 2sina sinB = 2 — 2 cos(a — B) 

Subtract 2 from 

both sides. —2cosacosB — 2sina sinB = —2cos(a — B) 

Divide by —2. cosa cosB + sina sinB = cos(a — B) 


Write the difference identity 


for the cosine function. cos(a — B) = cosa cosB + sina sinB 


We can now derive the sum identity for the cosine function from the difference identity 
for the cosine function and the properties of even and odd functions. 


Worps MatH 
Replace 6 with —# in the difference identity. cos[a — (—B)] = cosa cos(—B) + sina sin(—B) 


Simplify the left side and use properties of 
even and odd functions on the right side. cos(a + B) = cosa (cosB) + sina(—sinB) 


Write the sum identity for the cosine function. cos(a + B) = cosa cosB — sina sinB 
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SUM AND DIFFERENCE IDENTITIES FOR THE COSINE FUNCTION 


Sum cos(A + B) = cosAcosB — sinAsinB 
Difference cos(A — B) = cosAcosB + sinAsinB 


EXAMPLE 1_ Finding Exact Values for the Cosine Function 


Evaluate each of the following cosine expressions exactly. 


a. cos 15° doa 
« COS » COS| —_ 
12 


Solution (a): 
Write 15° as a difference of 


known “special” angles. cos 15° = cos(45° — 30°) 
= Write the difference identity 
for the cosine function. cos(A — B) = cosA cosB + sinA sinB 
Technology Tip Substitute A = 45° 
a. Use a calculator to check the and B = 30°. cos 15° = cos 45°cos30° + sin45°sin30° 
values of cos15° and Eval h . 
V+ Vb va uate t e expressions V2V3 V21 
————.. Be sure the calculator on the right exactly. cos 15° = 
4 2 2 2 2 
is set in degree mode. 
V6 + V2 
Simplify. cos 15° = rer Tee 
Solution (b): 
7 
Write — as a sum of known 
12 is 4n | 3a 
. cos = cos 
“special” angles. 12 12 12 
Simplif. Vt TT 
implify. cos = cos + 
aie 12 3° 4 
Write the sum identity 
for the cosine function. cos(A + B) = cosAcosB — sinAsinB 
. _7 _ 7 T7\ _ T 7  {w\ . (a 
ib: Useeaealeulatorto: Substitute A = 3 and B = os cos D cos 3 cos " sin 3 sin i 
check the values for 
= Ir a4 V2 —- vo Evaluate the expressions I. lv2 V3V2 
12 4 on the right exactly. cos = 
12 2 2 2 2 
ae I V2 — V6 
Simplify. cos = 
12 4 


= Answer: a. MGT Ve = YOUR TURN Use the sum or difference identities for the cosine function to evaluate 
each cosine expression exactly. 


b. —————_ 
4 a. cos75° b. cos( 37) 
12 
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Example | illustrates an important characteristic of the sum and difference identities: 
that we can now find the exact trigonometric function value of angles that are multiples of 


. T Z 2 . 
15°| or, equivalently, D , since each of these can be written as a sum or difference of angles 


for which we know the trigonometric function values exactly. 


EXAMPLE 2 Writing a Sum or Difference as a Single a 
Cosine Expression "7 


Use the sum or the difference identity for the cosine function to write each of the following Technology Tip 


expressions as a single cosine expression. 


a. sin(5x) sin(2x) + cos(5x) cos(2x) b. cosx cos(3x) — sinx sin(3x) 


Beintaaes 
cos 0 oa 


* 


Solution (a): + 
Because of the positive sign, this will be a cosine of a difference. 


Reverse the expression and write 


the formula. cosAcosB + sinAsinB = cos(A — B) 
Identify A and B. A = 5x and B = 2x 

Substitute A = 5x and B = 2x 

into the difference identity. cos(5x)cos(2x) + sin(5x)sin(2x) = cos(5x — 2x) 
Simplify. cos(5x)cos(2x) + sin(5x)sin(2x) = 


Notice that if we had selected A = 2x and B = 5x instead, the result would have been 
cos(— 3x), but since the cosine function is an even function, this would have simplified 
to cos(3x). 


Solution (b): 
Because of the negative sign, this will be a cosine of a sum. 


Reverse the expression and write 


the formula. cosAcosB — sinAsinB = cos(A + B) 
Identify A and B. A = xand B= 3x 

Substitute A = x and B = 3x 

into the sum identity. cos x cos(3x) — sinxsin(3x) = cos(x + 3x) 


Simplify. cos x cos(3x) — sinx sin(3x) = 


: . : . ; = Answer: cos(3x) 
= YOUR TURN Write cos(4x)cos(7x) + sin(4x) sin(7x) as a single cosine 


expression. 
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Cofunction Identities 


In Section 6.2, we discussed cofunction relationships for acute angles. Recall that a 
trigonometric function value of an angle is equal to the corresponding cofunction value of 
its complementary angle. Now we use the sum and difference identities for the cosine 
function to develop the cofunction identities for any angle, 0. 


Worps MatH 


Write the difference identity 


for the cosine function. cos(A — B) = cosAcosB + sinA sinB 
T T T wf WY 2 
Let A = —andB = 8. cos — 6) =cos cos@ + sin| — }sin@ 
2 2 2 2 
Evaluate the known values for the a 
sine and cosine functions. co( a a) = 0:cosé + 1-siné 
. , 7 ‘ 
Simplify. cos( = a) = sind 


Similarly, to determine the other 
corresponding cofunction identity, 
write the difference identity for the 


cosine function. cos(A — B) = cosAcosB + sinAsinB 
LetA =~ andB=——9 = -(2-6)| = cof = Jcos( = - 6} + sin{ = )sin( = — 6 
e 5 an 5 ; cos 5 5 cos 5 cos 5 sin| 5 sin 5 
Evaluate the known values for the - - 
sine and cosine functions. cos(@) = 0: co( # = a) +1. sin( Z = 0) 
‘ ; : T 
Simplify. cos@ = sin( 3 = a) 


COFUNCTION IDENTITIES FOR THE 
SINE AND COSINE FUNCTIONS 


col 5 = a) = sind sin( $ ~ a) = cosé 


Sum and Difference Identities 
for the Sine Function 


We can now use the cofunction identities together with the sum and difference identities 
for the cosine function to develop the sum and difference identities for the sine function. 
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Worps MATH 
Start with the cofunction identity. sin@ = cos a = a) 
Let@=A+B. sin(A + B) = cos |F- (A + a) 
Regroup the terms in the a 
cosine expression. sin(A + B) = cos ( 5 A) B 
Use the difference identity for the cosine function. sin(A + B) = cos {= A) cose + sn( 7 ad A)sinB 
? ; one : T .{ 7 . 
Use the cofunction identities. sin(A + B) = cos( 5 _ A Joos + sin( 3 _ A) sinB 
e—~—__ -—’/ 
sinA cosA 


Simplify. sin(A + B) = sinAcosB + cosAsinB 


Now we can derive the difference identity for the sine function using the sum identity for 
the sine function and the properties of even and odd functions. 


Worps MatH 
Replace B with —B in the sum identity. sin(A + (—B)) = sinAcos(—B) + cosAsin(—B) 


Simplify using even and odd identities. sin(A — B) = sinAcosB — cosAsinB 


SUM AND DIFFERENCE IDENTITIES 
FOR THE SINE FUNCTION 


Sum sin(A + B) = sinAcosB + cosAsinB 
Difference sin(A — B) = sinAcosB — cosAsinB 


lena EXAMPLE 3_ Finding Exact Values for the Sine Function 


Use the sum or the difference identity for the sine function to evaluate each sine expression 
exactly. 


ain7s hi ein 22 
. Sin 5: Sit, —— 
12 


Solution (a): 


Write 75° as a sum of known 
“special” angles. sin75° = sin(45° + 30°) 


Write the sum identity 
for the sine function. sin(A + B) = sinAcosB + cosAsinB 


Substitute A = 45° and 


B= 30°. sin75° = sin45°cos30° + cos45°sin30° 
Evaluate the expressions on V2\ (V3 V2\ /1 
the right exactly. sin75° = + 
2 2 2 2 
6+ V2 
Simplify. sin75° = vei 


4 


758 CHAPTER 7 Analytic Trigonometry 


Technology Tip 


Use a calculator to check the 
_ (50 V2+ V6 
values of sin I and a 


Be sure the calculator is in radian 


mode. 


V6 - v2 
4 


p, M64 V2 


4 


= Answer: a. 


a 


Technology Tip 


Graphs of y; = 
3sinx cos(3x) + 3cosxsin(3x) 
and y, = 3sin(4x). 


Solution (b): 


. 37 
Write DD as a sum of known 


“special” angles. 


_ (2a ; 307 
= sin + 
12 12 


. (Sa _(T 7 
sin = sin + 
12 6 4 
Write the sum identity 


for the sine function. sin(A + B) = sinAcosB + cosAsinB 


Substitute A = sb and B = a sin( 7) = sin( 7 )cos( =} t cos(7)sin( 7) 
6 4 12 6 4 6 4 
sin = { 
12 2 2 2 2 


: (=) V2+ V6 
sin = 


Simplify. 


Evaluate the expressions on 
the right exactly. 


Simplify. 


a) 
Note: i can also be represented as 75°. 


= YOUR TURN Use the sum or the difference identity for the sine function to 
evaluate each sine expression exactly. 


miss sn(7) 
a. sin . SiN 12 


We see in Example 3 that the sum and difference identities allow us to calculate exact 


7 
values for trigonometric functions of angles that are multiples of 15° (« equivalently, =\, 
as we saw with the cosine function. 


EXAMPLE 4 Writing a Sum or Difference as a Single Sine Expression 
Graph y = 3sinxcos(3x) + 3cosxsin(3x). 

Solution: 

Use the sum identity for the sine function to write the expression as a single sine expression. 
Factor out the common 3. 


y = 3[sinx cos(3x) + cosx sin(3x)] 


Write the sum identity 
for the sine function. 


Identify A and B. 


sinAcosB + cosAsinB = sin(A + B) 
A = xand B = 3x 


Substitute A = x and B = 3x 


into the sum identity. sinx cos(3x) + cos x sin(3x) = sin(x + 3x) = sin(4x) 


Simplify. y = 3[sinxcos(3x) + cosx sin(3x)] 
OT 


sin 4x 


Graph y = 3sin(4x). AY 
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Sum and Difference Identities 
for the Tangent Function 


We now develop the sum and difference identities for the tangent function. 


WorpDs MatH 
. eae : sinx 
Start with the quotient identity. tanx = 
cosx 
sin(A + B) 
Letx =A+B. tan(A + B) = ———— 
cos(A + B) 


Use the sum identities for the sine cinlenet + secd cae 


and cosine functions. tan(A + B) = : : 
cosAcosB — sinAsinB 
Multiply the numerator and sinA cosB + cosA sinB sinAtosB cosAsinB 
. cosAcosB cosAtosB ctosAcosB 
denominator by ————__. tan(A + B) = . ; = : : 
cos AcosB cosAcosB — sinAsinB cos A tos8 sinA sinB 
cosAcosB cosActos®  cosAcosB 
sinA sinB 
+ 
ee cosA cosB 
Simplify. tan(A + B) = - - 
1 sinA sinB 
cosA cosB 
Write the expressions inside the tanA + tanB 
parentheses in terms of the tangent tan(A + B) = T= fand tend 
function. 
. tanA + tan(—B) 
Replace B with —B. tan[A + (—B)] = tan(A — B) 
1 — tanA tan(—B) 
Since the tangent function is an tanA — tanB 
odd function, tan(—B) = —tan B. tan(A — B) = 


1 + tanAtanB 


SUM AND DIFFERENCE IDENTITIES 
FOR THE TANGENT FUNCTION 


s ene B) tanA + tanB 

m n = 

ss 1 — tanAtanB 
tanA — tanB 

Difference tan(A — B) = se a 


1 + tanA tanB 
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= aa EXAMPLE 5 _ Finding Exact Values for the Tangent Function 


Technology Tip im 


If sina = -4 and a is in QIII, then 
a=q7+sin! (4) (more explanation 
can be found in Section 7.7). If 

cos B = -{ and B is in QII, then 
BH=9- cos (4). Now use the 


graphing calculator to find tan(a + B) 
by entering 


Lantmtsinmi¢ t-33+ 
nm-cos 1-495 


“1. 485476269 


In Step 4, use the graphing calculator 
to evaluate both expressions 


“2 _ vis 


V2 — 4v15 
4+ V30 


tf¢za-4— 
1-J¢23-4 


by entering 


Find the exact value of tan(a + )if sina = 4 and cos B = —4and 
of @ lies in quadrant III and the terminal side of 6 lies in quadrant II. 


the terminal side 


Solution: 
‘i i i tana + tan 
STEP 1 Write the sum identity for the ae pre B 
tangent function. 1 — tana tanB 
Step 2 Find tana. AY 
The terminal side of a lies in quadrant III. 
F y 1 
sina = —=-> 
r 3 ¥ a 7 
1 . 
(x, -D 
Solve for x. (x? + y? = ’.) r+ P= 3? 
x=+V8 
Take the negative sign 
since we are in quadrant III. x= -2V2 
wade : y =1 1 V2 v2 
ind tana. ana =— = = : = 
x <-2V2 22 v2 4 
Step 3 Find tanB. AY 
The terminal side of 8 lies in quadrant II. 1,3) 
x iy 
cosB = ——~ =— y 
2 |\ 2 x 
> 
1 
Solve for y. (° + y? =r.) (-1p +y=4 
yea =zV 15 
Take the positive sign since 
we are in quadrant II. y=vi5 
; 15 
Find tan B. tan Bp = — = — = =-vi5 
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2 V2 
Step 4 Substitute tana = we and a7 V15 
tanB = —V 15 into the sum tania +B) V2 
identity for the tangent function. Ve (~~) > ¥ 15) 
v2 
Multiply the numerator and the 4 (F Ny 15} 
denominator by 4. tan(a + B) 
4 
Core 
4 
_ V2 — 4v15 
4+ V30 


V2 -— 4V15 
The expression tan(a 4 = can be simplified further if we rationalize 
. ( B) 4+ V30 " 


the denominator. 


It is important to note in Example 5 that right triangles have been superimposed in 
the Cartesian plane. The coordinate pair (x, y) can have positive or negative values, but the 
radius r is always positive. When right triangles are superimposed, with one vertex at the 
point (x, y) and another vertex at the origin, it is important to understand that triangles have 
positive side lengths. 


a SECTION 
SUMMARY 


In this section we derived the sum and difference identities for the | COSs(A + B) = cosAcosB — sinAsinB 
cosine function using the distance formula. We then used these sin(A + B) = sinAcosB + cosAsinB 
identities to derive the cofunction identities. The cofunction identities 
and sum and difference identities for the cosine function were used tan(A + B) = 

to derive the sum and difference identities for the sine function. We = Vane 
combined the sine and cosine sum and difference identities to 0S(A — B) = cosAcosB + sinAsinB 
determine the tangent sum and difference identities. The sum and _ sin(A — B) = sinAcosB — cosAsinB 
difference identities enabled us to evaluate a trigonometric expression 

exactly for any integer multiple of 15° (i.e., 7/12). tan(A — B) = 


tanA + tanB 


tanA — tanB 
1 + tanAtanB 


SECTION 
7.3 EXERCISES 


=" SKILLS 


In Exercises 1-16, find the exact value for each trigonometric expression. 
1 
1. sin a 2. cos pill 3. cos es 4. sin == 5. tan ans 6. tan ends 
12 12 12 12 12 12 
F 7 Sa 
7. sinl05° 8. cos 195° 9. tan(—105°) 10. tan 165° 11. co(Z) 12. cot(- =) 


11 1 
13. see(-1) 14, see(-¥2 ) 15. csc(—255°) 16. csc(—15°) 
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In Exercises 17-28, write each expression as a single trigonometric function. 


17. sin(2x) sin(3x) + cos(2x) cos(3x) 18. sinx sin(2x) — cosx cos(2x) 
19. sinxcos(2x) — cos x sin(2x) 20. sin(2x)cos(3x) + cos(2x) sin(3x) 
21. cos(a — x)sinx + sin(a — x)cosx 22. si um cos a. cos a sin um 
3 2 3 2: 

23. (sinA — sinB)* + (cosA — cosB)’ — 2 24. (sinA + sinB)? + (cosA + cosB) — 2 
25. 2 — (sinA + cosB)* — (cosA + sinB)* 26. 2 — (sinA — cosB)’ — (cosA + sinBY 
37, tan 49° — tan23° 28. tan 49° + tan23° 

1 + tan49° tan23° 1 — tan 49° tan23° 


In Exercises 29-34, find the exact value of the indicated expression using the given information and identities. 


29. Find the exact value of cos(a + B) if cosa = -4 and cos B = -} and the terminal side of a lies in quadrant III and the terminal 
side of B lies in quadrant II. 


30. Find the exact value of cos(a — B) if cosa = ; and cos B = -} and the terminal side of @ lies in quadrant IV and the terminal side 
of B lies in quadrant II. 


31. Find the exact value of sin(a — B) if sina = -3 and sinB = i and the terminal side of q@ lies in quadrant III and the terminal side 
of B lies in quadrant I. 


32. Find the exact value of sin(a + B) if sna = -i and sinB = t and the terminal side of a lies in quadrant III and the terminal side 
of 6 lies in quadrant II. 


33. Find the exact value of tan(a + B) if sina = -i and cos B = -{ and the terminal side of a lies in quadrant III and the terminal 


side of B lies in quadrant II. 
34. Find the exact value of tan(a — £) if sina = -3 and cos B = -{ and the terminal side of q@ lies in quadrant III and the terminal 


side of B lies in quadrant II. 


In Exercises 35-52, determine whether each equation is a conditional equation or an identity. 


35. sin(A + B) + sin(A — B) = 2sinAcosB 36. cos(A + B) + cos(A — B) = 2cosAcosB 
37. sin| x ae ee 38. sin| x eee eee 

2: 2 2 2 

2 

39. Yin + COSX) = sin t ) 40. V3cosx + sinx = 2eos(. + =) 

1 — cos(2x 1 + cos(2x 
41. sin’x = esc 42. cos*x = plead 

2 2 

43. sin(2x) = 2 sinx cosx 44. cos(2x) = cos’x — sin?x 
45. sin(A + B) = sinA + sinB 46. cos(A + B) = cosA + cosB 
47. tan(7 + B) = tanB 48. tan(A — 7) = tanA 


49. cot(37 + x) = 50. csc(2x) = 2 secx cscx 


tanx 


1 + tanx 7 7 1 — tanx 
51. = tan| x 52. cot| x + — |} = ———— 
1 — tanx 4 4 1+ tanx 
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In Exercises 53-62, graph each of the functions by first rewriting it as a sine, cosine, or tangent of a difference or sum. 


53.y = cox( 7) sinx + cosssin( ©) 54. y 
: 3 3 3 
55. y = sinxsin( ~ ) + ale 56 
-y = sinxsin| A COS.x COS a .y 
57. y =—sinxcos(3x) — cosx sin(3x) 58. y 
1 + tanx 
59. y = ———_ 60. y 
. 1 — tanx . 
1+ V3tanx 
61. y = —_ 62. 
4 V3 — tanx - 


= APPLICATIONS 

For Exercises 63 and 64, refer to the following: 

flx + h) — f@) 
h 


the rate of change of the function f and will be used frequently in 
calculus. 


The difference quotient, , is used to approximate 


63. Difference Quotient. Show that the difference quotient for 


re! sinh : 1 — cosh 
f(a) = sinx is coss( i ) sina i ) 


64. Difference Quotient. Show that the difference quotient for 


; : sinh 1 — cosh 
(x) = cosx is —sinx h cosx! ; : 
h 


For Exercises 65 and 66, use 
the following: 


A nonvertical line makes an 
angle with the x-axis. In the 
figure, we see that the line L, 
makes an acute angle 0, with 
the x-axis. Similarly, the line 
L, makes an acute angle 0, 
with the x-axis. 


tan@, = slope of L; = m, 
tan@, = slope of L, = my 
65. Angle Between Two Lines. Show that 
tan( — 6) = —2>—" 
an(@, — = ———_ 
3 ; 1 + mm 


66. Relating Tangent and Slope. Show that 
tan(0, — 0) =~" 
sia 2) = 1+ mm, 


7 7 ‘ 7 

cos{| — |sinx — cCoOsxsin{| — 
3 3 

. - AT. 41. 
sinxsin| — — COSXCOS| — 
4 4 


sinxsin(3x) + cosxcos(3x) 


V3 -— tanx 
1+ V3tanx 


1 — tanx 


ll 


1 + tanx 


For Exercises 67 and 68, refer to the following: 


An electric field E of a wave with constant amplitude A, propagat- 
ing a distance z, is given by 


E = Acos(kz — ct) 
where k is the propagation wave number, which is related to the 
2 
wavelength A by k = = and where c = 3.0 X 10° m/s is the 


speed of light in a vacuum, and f is time in seconds. 


67. Electromagnetic Wave Propagation. Use the cosine 
difference identity to express the electric field in terms of 
both sine and cosine functions. When the quotient of the 
propagation distance z and the wavelength A are equal to an 
integer, what do you notice? 


68. Electromagnetic Wave Propagation. Use the cosine 
difference identity to express the electric field in terms of both 


sine and cosine functions. When t = 0, what do you notice? 


69. Biology. By analyzing available empirical data, it has 
been determined that the body temperature of a species 


fluctuates according to the model 


T(t) = 38 2Se03| Z( | 0<1<24 


where T represents temperature in degrees Celsius and ¢ 
represents time (in hours) measured from 12:00 P.M. (noon). 
Use an identity to express T(t) in terms of the sine function. 


70. Health/Medicine. During the course of treatment of an 
illness, the concentration of a drug (in micrograms per 
milliliter) in the bloodstream fluctuates during the dosing 


period of 8 hours according to the model 


C@) = 15.4 - 4.7sin{ 21+ 2 
= 2 ./Sin T 
4° 2 


Use an identity to express the concentration C(f) in terms 
of the cosine function. 


). O=r=8 


Note: This model does not apply to the first dose of 
the medication as there will be no medication in the 
bloodstream. 
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" CATCH THE MISTAKE 


In Exercises 71 and 72, explain the mistake that is made. 


5a Solution: 
71. Find the exact value of tan DD} 
The tangent function is an I7 
Solution: even function. tan( 7") 
. oT T . Wt 7 
Write —— as a sum. tan{ — + — Write —— as a sum. tan| 7 + — 
12 4 6 6 6 
: . a 
Distribute. tan( — ) + tan{ = Use the tae eene Som deal, tana + ta( 7 ) 
4 6 tanA + tanB 6 
tan(A + B) = i erry —EE 
Evaluate the tangent Abs 1 — tana tan( 7 
function for — and —. 1+ v3 : 
4 6 3 Evaluate the tangent functions 1 
tat act d on the right al V3 
This is incorrect. What mistake was made? : 3 
1 =O 
7 
72. Find the exact value of tan(—7 Simplify. “ 


This is incorrect. What mistake was made? 


=" CONCEPTUAL 


In Exercises 73-76, determine whether each statement is true or false. 


73. cos(15°) = cos(45°) — cos(30°) 75. tan( + |) = 1+ tanx 


Let 
74. sin 7) = sin i + sin “a 76. cot S x)= = 
2 3 6 4 1 — tanx 


CHALLENGE 
77. Verify that sin(A + B + C) = sinAcosBcosC + cosA sinBcosC + cosAcosBsinC — sinAsinBsinC. 


78. Verify that cos(A + B + C) = cosAcosBcosC — sinA sinBcosC — sinAcosBsinC — cosAsinBsinC. 


79. Although in general the statement sin(A — B) = sinA — sinB is not true, it is true for some values. 
Determine some values of A and B which make this statement true. 


80. Although in general the statement sin(A + B) = sinA + sinB is not true, it is true for some values. 
Determine some values of A and B which make this statement true. 
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" TECHNOLOGY 
81. In Exercise 63, you showed that the difference quotient for 83. Show that the difference quotient for f (x) = sin(2x) is 


i es h sin(2h 1 — cos(2h 
f(x) = sinx is cosx at sinx —"}. cos(20 sin] ’). 
h h h h 
ink Lene in(2h 1 — cos(2h 
Plot Y; = cos.( ) sin x( a ) for Plot Y; = cos20| 1 - sino] —? | for 
-h=1 b. h=0.1 .h=0.01 
° : aoh=1 b. h=0.1 c. h = 0.01 


What function does the difference quotient for f(x) = sinx 


resemble when h approaches zero? What function does the difference quotient for 


f(x) = sin(2x) resemble when h approaches zero? 


82. Show that the difference quotient for f(x) = cos x is Bes: nO et thier Mterene quOMene Fr Fly) — costea ts 


in(2h) 1 — cos(2h) 
h 1= h ; sin( jE, 
sin ) cos zt - ) sin(2) A cos(2x) ; ' 

: _ . sin(2h) 1 — cos(2h) 
Pit aes (3*) pace (- on ey Plot Y, = —sin(2x) | ; cos20| | for 
a a ch = 0.01 ald al hei 


What function does the difference quotient for 


What function does the difference quotient for f(x) = cosx 
F(x) = cos(2x) resemble when h approaches zero? 


resemble when h approaches zero? 


SECTION 
7.4 DOUBLE-ANGLE IDENTITIES 


Applying Double-Angle Identities 

Throughout this text, much attention has been given to distinguishing between evaluating 
trigonometric functions exactly (for special angles) and approximating values of trigonometric 
functions with a calculator. In previous chapters we could only evaluate trigonometric functions 


exactly for reference angles of 30°, 45°, and 60° or a ze and = note that as of the previous 


: : : T : 
section, we now can include multiples of —— among these “special” angles. Now, we can use 
double-angle identities to also evaluate the trigonometric function values for other angles that 
are even integer multiples of the special angles or to verify other trigonometric identities. One 
important distinction now is that we will be able to find exact values of many functions using 
the double-angle identities without needing to know the actual value of the angle. 
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Derivation of Double-Angle Identities 


To derive the double-angle identities, we let A = B in the sum identities. 


WorpDs 

Write the identity for the sine of a sum. 
Let B =A. 

Simplify. 

Write the identity for the cosine of a sum. 
Let B =A. 

Simplify. 


MatH 

sin(A + B) = sinAcosB + cosAsinB 
sin(A + A) = sinAcosA + cosAsinA 
cos(A + B) = cosAcosB — sinAsinB 
cos(A + A) = cosAcosA — sinAsinA 


cos(2A) = cos*A — sin’A 


We can write the double-angle identity for the cosine function two other ways if we use the 


Pythagorean identity: 


1. Write the identity for the cosine 
function of a double angle. 


Use the Pythagorean identity for the 
cosine function. 


Simplify. 


2. Write the identity for the cosine 
function of a double angle. 


Use the Pythagorean identity for the 
sine function. 


Simplify. 


cos(2A) = cos’A — sin’A 

cos(2A) = cos’A — sin’A 
1—sin?A 

cos(2A) = 1 — 2sin’A 


cos(2A) = cos’A — sin’A 


cos(2A) = cos?A — sin’A 


1—cos?A 


cos(2A) = 2cos*A — 1 


The tangent function can always be written as a quotient, tan(2A) = 


sin(2A) 
cos(2A)’ ' 


sin(2A) and cos(2A) are known. Here we write the double-angle identity for the tangent 


function in terms of only the tangent function. 


: F : tanA + tanB 
Write the tangent of a sum identity. tan(A + B) = 
1 — tanA tanB 
tanA + tanA 
Let B = A. tan(A + A) = 
1 — tanA tanA 
Simplif noye— 
implify. an = — 
aoe 1 — tan’A 
DOUBLE-“ANGLE IDENTITIES 
SINE COosINE TANGENT 
: : 2 aE 2tanA 
sin(2A) = 2sinAcosA cos(2A) = cos“A — sin“A (nA) = —— 
1 — tan“A 


cos(2A) = 1 — 2sin’A 


cos(2A) = 2cos*A — 1 


7.4 Double-Angle Identities 767 


Applying Double-Angle Identities 


EXAMPLE 1_ Finding Exact Values of Trigonometric Functions 
Using Double-Angle Identities 


If cosx = z, find sin(2x) given sinx < 0. 
Solution: 
Find sinx. 
Use the Pythagorean identity. sin’ x + cos’x = 1 
: 2 a) 2\" 
Substitute cosx = 3. sin-x + 3 = 1 
. act : . 4 
Solve for sinx, which is negative. sinx = —,/1 —- 9 
Simplif i 2 2 
implify. sinx = —,/~ = ——— 
plily 9 3 
Find sin 2x. 
Use the double-angle formula for the sine function. sin(2x) = 2 sinxcosx 
5 2 5\/2 
Substitute sinx = oa) and cosx = =. sin(2x) = 2 _NS5 = 
3 3 3 3 
4AV5 
Simplify. sin(2x) = ——— 


9 


= YOUR TURN Ifcosx = 4, find sin(2x) given sinx < 0. 


EXAMPLE 2 Finding Exact Values Using Double-Angle Identities 
If sinx = -3 and cos x < 0, find sin(2x), cos(2x), and tan(2x). 


Solution: 


Solve for cos x. 


Use the Pythagorean identity. sin’x + cos?x = 1 
2 
Substitute sinx = — ( ) + cos*x = 1 
Simplif cos*x = = 
Pee 25 
ee ; 9 3 
Solve for cosx, which is negative. cosx = — 35 = 5 
Find sin(2x). 
Use the double-angle identity for the sine function. — sin(2x) = 2sinxcosx 
. . 4 3 . 4 3 
Substitute sinx = —z and cosx = —%. sin(2x) = "5 a 


Simplify. sin(2x) = — 


AY 


Ee 
Technology Tip 


If cosx = 2 and sinx < 0, then x 


is in QIV and one value for x is 
62 cos (3) (more 
explanation can be found in 
Section 7.7). Now use the graphing 
calculator to find sin(2x), entering 
sin(2[ 2a = cos'(3)]), and compare 


4V/5 


that value to or 


202m -cos- ae 
-, F9S6e799 
4 


q 
7. 99S8o799 


= Answer: sin(2x) = 


as 
ee 
No 


AY 


(3,-4) 


E 
Technology Tip 


If sinx = -t and cosx < 0, then x 
is in QI and a value for x is 
x=a7+ sin !(2) (more explanation 
can be found in Section 7.7). Now 
use the graphing calculator to find 
sin(2x), cos(2x), and tan(2x). 
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eon eaane Saas 
. 36 
24/25 


1 
a3 


Ans FF rac. 


cost 2enmtsini4-o 
ano 
-, 28 
“fef2a 


Ans FF rac. 


Lant2emtsinm id 4s 
73. 426571429 
“2467 


Ans * Frac 


= Answer: sin(2x) = —5s, 
cos(2x) = -s, tan(2x) = > 


Find cos(2x). 


Use the double-angle identity for the cosine function. cos(2x) = cos*x — sin?x 


3 2 4 2 
: ee oo ok _ _3 = 
Substitute sinx = —5 and cosx = —%. cos (2x) = ( 3) -( ) 
Simplif (2x) i 
implify. cos (2x) = —= 
pully. 5 
Find tan(2x). 
docs . sin@ 
Use the quotient identity. tané = 
cosé 
sin (2x) 
Let 0 = 2x. tan(2x) = 
cos (2x) 
- 
: ‘ 24 7 25 
Substitute sin(2x) = 55 and cos(2x) = —3.. tan(2x) = as 
25 
es 24 
Simplify. tan(2x) = FF 


Note: We could also have found tan (2x) first by finding tanx = — and then using the 
COs x 


2tanA 
1 — tan?A’ 


value for tan x in the double-angle identity, tan(2A) = 


ZH YOUR TURN Ifcosx = 3 and sin x < 0, find sin(2x), cos(2x), and tan(2x). 


EXAMPLE 3 _ Verifying Trigonometric Identities Using 
Double-Angle Identities 


Verify the identity (sinx — cosx’ = 1 — sin(2x). 


Solution: 


2 3 
= sin-x — 2sinxcosx + cos?x 


Start with the left side of the equation. 
Expand by squaring. 


; ; 2 : 
Group the sin’x and cos”x terms. = sin’x + cos’x — 2sinxcosx 


rey 2: : 
= sin-x + cos*x — 2sinxcosx 
FS 
1 


= | — 2sinxcosx 


Apply the Pythagorean identity. 


Apply the sine double-angle identity. 
sin(2x) 


Simplify. = 1 — sin(2x) 


es 
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EXAMPLE 4 _ Verifying Multiple-Angle Identities, Using 


Double-Angle Identities 
Verify the identity cos(3x) = (1 — 4sin’x) cosx. 
Solution: 


Write the cosine of a 


sum identity. cos(A + B) = cosAcosB — sinAsinB 
Let A = 2x and B = x. cos(2x + x) = cos(2x) cosx — sin(2x) sinx 
Apply the double-angle cos(3x) = cos(2x) cosx — sin(2x) sinx 
identities. ee am 

1—2sin"x 2sinxcosx 
Simplify. cos(3x) = cosx — 2sin?xcosx — 2sin’xcosx 


cos(3x) = cosx — 4sin’xcosx 


Factor out the common cosine term. | cos(3x) = (1 — 4sin?x)cos x 


im 
EXAMPLE 5_ Simplifying Trigonometric Expressions Using Technology Tip 
Double-Angle Identities pabstaa uieenysroptseaneideesst sestiattets 
cotx — tanx 
Graphs of y = —————— an 
An cotx — tanx cotx + tanx 
“  cotx + tanx y = cos(2x). 
Solution: 
Simplif cotx — tanx 
impli = 
pay Y cotx + tanx 
cosx  sinx 
Write the cotangent and tangent functions in rs 
; : : sinx cosx 
terms of the sine and cosine functions. y= : 
cosx  sinx 
sinx cosx 
Multiply the numerator and the ili emit : 
. . sinx cosx |/sinxcosx 
denominator by sinxcosx. y= , ( - ) 
cosx " sinx sinxcosx 
sinx cosx 
. . cos*x — sin?x 
Simplify. i oa eae 


2 c 
cos’x + sin°x 


cos(2x) 


Use the double-angle and 


: _. cos*x — sin2x 
Pythagorean identities. = oe 
cos"x 4 


1 
y = cos(2x) 


Graph y = cos(2x). 


+2 
+ sin’x 
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lS SECTION 
SUMMARY 
In this section we derived the double-angle identities from the sin(2A) = 2sinAcosA 
sum identities. We then used the double-angle identities to find ; a 
exact values of trigonometric functions, to verify other trigono- cos(2A) = cos'A — sin‘A 
metric identities, and to simplify trigonometric expressions. = 1 — 2sin?A 
There is no need to memorize the second and third forms of the = een = 1 
cosine double-angle identity since they can be derived from the 
first using the Pythagorean identity. 2tanA 
(eni(@4) = ——— 
1 — tan°A 
SECTION 
7.4 EXERCISES 
" SKILLS 
In Exercises 1-12, use the double-angle identities to answer the following questions. 
1 1 
1. If sinx = —= = and cosx < 0, find sin(2x). 2. If sinx = —= and cosx < 0, find cos(2x). 
V5 i) V5 = 
5 . 5 ' 
3. If cosx = B and sinx < 0, find tan(2x). 4. If cosx = ar and sinx < 0, find tan(2x). 
12 3 12 c) 
5. If tanx = 5 and 7w<x< < find sin(2x). 6. If tanx = 5 and 7 <x< oe find cos(2x). 
7. If secx = V5 and sinx > 0, find tan(2x). 8. If secx = V3 and sinx < 0, find tan(2x). 
9. If cscx = —2V5 and cosx < 0, find sin(2x). 10. If cscx = —V13 and cosx > 0, find sin(2x). 
12 . 12 
11. If cosx = “44, and cscx < Q, find cot(2x). 12. If sinx = B and cotx < 0, find csc(2x). 


In Exercises 13-24, simplify each expression. Evaluate the resulting expression exactly, if possible. 


21an( =) 
2tan 15° 8 (a 7 . 
We ee 14,.:3-—_—_—__ |, = 15. sin| — Jcos 16. sin 15° cos 15° 
1 — tan*15° (|) 8 8 
1 — tan"| — 
8 
x 
2tan( 2tan( +) 

17. cos?(2x) — sin? (2x) 18. cos*(x + 2) — sin°(x + 2) 19 20. 


x 
P 
7 5 7 
21. 1 = 2sine( 77) 22, 2sine(—57 ) -—1 23. 2eos'(—7) -— 1 24. 1 - 2e0s( -7) 
12 8 12 8 
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In Exercises 25-40, verify each identity. 


25. csc(2A) = 5escAsec A 26. cot(2A) = 5(cotA — tan A) 
27. (sinx — cosx)(cosx + sinx) = —cos(2x) 28. (sinx + cosx)? = 1 + sin(2x) 
1 + cos(2x 1 — cos(2x 
29. cos’x = ee 30. sin?x = eae 
2 2 
31. cos*x — sintx = cos(2x) 32. cos*x + sinty = 1 — 5 sin? (2x) 
33. 8sin?xcos?x = 1 — cos(4x) 34. [cos(2x) — sin(2x)][sin(2x) + cos(2x)] = cos(4x) 
35. -} sec?x = —2sin*x csc?(2x) 36. 4csc(4x) = a 
cos(2x) 
: . 7 tanx(3 — tan?x) 
37. sin(3x) = sinx(4cos*x — 1) 38. tan(3x) = —_——_,,_ 
(1 — 3tan*x) 
39. 5 sin(4x) = 2sinxcosx — 4sin°xcosx 40. cos(4x) = [cos(2x) — sin(2x)][(cos(2x) + sin(2x)] 
In Exercises 41-50, graph the functions. 
sin(2x) 2tanx cotx + tanx 1 
4. y = ———_— 42. y = ——— 43. y = —— 44, y=>5t t 
. 1 — cos(2x) y 2 = sec2x y Sata = dane y = ztanxcotxsecxcscx 
: . tanxcot x sec(2x) 
45. y = sin(2x) cos(2x) 46. y = 3sin(3x)cos(—3x) 47. y = 1 — ——— 48. y=3-2 
SeCXCSCX csc(2x) 
sin(2x) sin(2x) 
49. y= — 3cos(2x) 50. y=2+ — 3cos(2x) 
cos.x 
» APPLICATIONS 
51. Business/Economics. Annual cash flow of a stock fund For Exercises 53 and 54, refer to the following: 


(measured as a percentage of total assets) has fluctuated in 
cycles. The highs were roughly +12% of total assets and 
lows were roughly —8% of total assets. This cash flow can 
be modeled by the function 


An ore-crusher wheel consists of a heavy disk spinning on its 
axle. The normal (crushing) force F, in pounds, between the wheel 
and the inclined track is determined by 


C(t) = 12 — 20sin’t 


. 1 4c A. 
F = Wsiné + rad Ro BOR 20) or sin 20 3 
Use a double-angle identity to express C(f) in terms of the 
cosine function. where W is the weight of the wheel, @ is the angle of the axis, 
C and A are moments of inertia, R is the radius of the wheel, 
1 is the distance from the wheel to the pin where the axle is 
attached, and w is the speed in rpm that the wheel is spinning. 


The optimum crushing force occurs when the angle 0 is between 
45° and 90°. 


52. Business. Computer sales are generally subject to seasonal 
fluctuations. An analysis of the sales of a computer 
manufacturer during 2008-2010 is approximated by the 
function 


s(t) = 0.098cos*t + 0.387 1L=t= 12 


where f represents time in quarters (t = | represents the 
end of the first quarter of 2008), and s(t) represents 
computer sales (quarterly revenue) in millions of dollars. 
Use a double-angle identity to express s(t) in terms of the 
cosine function. 
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53. Ore-Crusher Wheel. Find F if the angle is 60°, W is 54. Ore-Crusher Wheel. Find F if the angle is 75°, W is 
: € A ’ c A 
500 Ib, y& is 200 rpm, R = 750, and F = 3.75. 500 Ib, y& is 200 rpm, R = 750, and 7 = 3.75. 
55. With the information given in the diagram below, compute y. 56. With the information given in the diagram below, compute x. 
<— 3 ft ——>l< 1 ft>| <— 3 in. —>}<—-_ 4 in. ——_| 
[| a 


" CATCH THE MISTAKE 


In Exercises 57 and 58, explain the mistake that is made. 


57. If cosx = ‘ find sin(2x) given sinx < 0. 58. If sinx = is find tan(2x) given cosx < 0. 
Solution: Solution: 
: sin(2x 
Write the double-angle Use the quotient identity. tan(2x) = a 
identity for the sine function. sin(2x) = 2sinxcosx COS x 
: : Use the double-angle formula : 
Solve for sinx using the : : 2 sin xcos x 
: ‘ : for the sine function. tan(2x) = —————— 
Pythagorean identity. 1\? cosx 
sin’x + (3) =1 Cancel the common 
cosine factors. tan(2x) = 2sinx 
2V2 2 
sinx = es Substitute sinx = ;. tan(2x) = 3 
Substitute cosx = f This is incorrect. What mistake was made? 
2V2 2V2\(1 
and sinx = ——. sin(2x) = (2 )(2) 
3 3 3 
4V2 
Simplify. sin(2x) = 9 
This is incorrect. What mistake was made? 
=" CONCEPTUAL 
For Exercises 59-67, determine whether each statement is true or false. 
59. sin(2A) + sin(2A) = sin(4A) 64. sin(2x)> 0 if and only if the terminal side of x lies is quadrant I. 


60. cos(4A) — cos(2A) = cos(2A) 65. cos?(3x) — sin’ (3x) = cos(6x) 
1. Ift > 0, then tan(2x) > 0. : 

: pe RE ee 66. 1 — 2 sn'() = —cosx 

62. If sinx > 0, then sin(2x) > 0. 2 

63. If 0 < cosx < sinx < 1, then cos(2x) < 0. 67. y = sin(2x) is an even function. 
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" CHALLENGE 


2 


; : ees + : 
68. Express tan(4x) in terms of functions of tan x. 70. Is the identity 2csc(2x) = ; = * tue forx = mu Explain. 
anx 
69. Express tan(—4x) in terms of functions of tan x. 2tanx 


T 
71. Is the identity tan(2x) = ———— true for x = —? Explain. 
1 — tan°x 4 


" TECHNOLOGY 


One cannot prove that an equation is an identity using technology, but rather one uses it as a first step to see whether or 
not the equation seems to be an identity. 


(2x)? (2x) 
72. With a graphing calculator, plot Y, = (2x) 75. With a graphing calculator, determine whether 


3! 5! - 
and Y, = sin(2x) for x range [—1, 1]. Is Y, a good 7 smal = 
approximation to Y,? ; 5 7x by plotting each side of the 
r 2sinxcosx(cos’ x — sin” x) 
: . (2x) | (x) equation and seeing whether the graphs coincide. 
73. With a graphing calculator, plot Y, = 1 a a 


76. With a graphing calculator, plot Y, = cos(2x), Y, = 2cosx, 
and Y; = 2cos*x — 1 in the same viewing rectangle 
[-277, 27] by [-2, 2]. Which graphs are the same? 


and Y, = cos(2x) for x range [—1, 1]. Is Y, a good 
approximation to Y,? 


74, With a graphing calculator, determine whether 

tan(4x) — tan(3x) csc(2x) ; ; 77. With a graphing calculator, plot Y, = sin(2x), Y, = 2sinx, 
~ 1 — sec(2x) by plotting each side and Y,; = 2sinxcosx in the same viewing rectangle 
[-277, 27] by [-2, 2]. Which graphs are the same? 


tan x 
of the equation and seeing whether the graphs coincide. 


SECTION 
7.5 HALF-ANGLE IDENTITIES 


Applying Half-Angle Identities 

We now use the double-angle identities from Section 7.4 to develop the half-angle identities. 
Like the double-angle identities, the half-angle identities will allow us to find certain exact 
values of trigonometric functions and to verify other trigonometric identities. The half-angle 
identities come directly from the double-angle identities. We start by rewriting the second and 
third forms of the cosine double-angle identity to obtain identities for the square of the sine 
and cosine functions, sin? and cos”, otherwise known as the power reduction formulas. 
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Worps MatH 
Power reduction formula for the sine function 


Write the second form of the 


cosine double-angle identity. cos(2A) = 1 — 2sin’A 

Isolate the 2sin?A term on 

one side of the equation. 2sin’A = 1 — cos(2A) 
_ . = 1 — cos(2A) 

Divide both sides by 2. sin'A = — ae — 


Power reduction formula for the cosine function 


Write the third form of the 


cosine double-angle identity. cos(2A) = 2cos*A — 1 

Isolate the 2cos*A term on 

one side of the equation. 2cos’A = 1 + cos’A 
_ . . 1 + cos(2A) 

Divide both sides by 2. cos°*A = —— 


Power reduction formula for the tangent function 


; : 1 — cos(2A) 
Taking the quotient of these P or 5 1 — cos(2A) 
leads us to another identity. tan“A = = = 
cos*A 1 + cos(2A) 1 + cos(2A) 
2 


These three identities for the squared functions—really, alternative forms of the double- 
angle identities—are used in calculus as power reduction formulas (identities that allow 
us to reduce the power of the trigonometric function from 2 to 1): 


Li 2A 1+ 2A 1- 2A 
7 cos(2A) o@A cos(2A) ei 2 cos(2A) 


sin?A = 
2 2, 1 + cos(2A) 


Derivation of the Half-Angle Identities 


We can now use these forms of the double-angle identities to derive the half-angle identities. 


WorpDs MatH 


Sine half-angle identity 


For the sine half-angle identity, start with 
the double-angle formula involving both 


the sine and ROSIE FUHCHONS a sy 1 — cos(2x) 
cos(2x) = 1 — 2sin°x, and solve for sin“x. sin’x = —— 

1- 2. 
Solve for sinx. sinx = + ——2 


A 
Let x = —. 
2 


Simplify. 


Cosine half-angle identity 


For the cosine half-angle identity, start 
with the double-angle formula involving 


only the cosine function, 


cos(2x) = 2cos*x — 1, and solve for cos*x. 


Solve for cosx. 


A 
Let x = -. 

2 
Simplify. 


Tangent half-angle identity 


For the tangent half-angle identity, 
start with the quotient identity. 


Substitute half-angle identities for the 
sine and cosine functions. 


Simplify. 


A 3 
Note: We can also find tan( 5) by starting with the identity tan“-x = 


A A 
for tanx, and letting x = —. The tangent function also has two other similar forms for fan, 


(see Exercises 69 and 70). 


HALF-ANGLE IDENTITIES 


1 2 ss 
(4) + cos 2 
cos =+ 
2 2 


1 + cos(2x) 


2 
/ 1 + cos(2x) 
cosx = + 5 


1 — cosA 
+ 
>) 2 
2 1+ cosA 
2: 


1 — cos(2x) 
1 + cos(2x)’ 


solving 


SINE CosINE 


TANGENT 


mA iP TcosAt A 
sin| 5) 5 cos 5 4 


1+ cosA 
7 2} 


A 1 — cosA 
tan = =z 
2 1 + cosA 


A sinA 
an =) = 
2 1+ cosA 
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Study Tip 

The sign + or — is determined by 
A 

what quadrant contains a and what 


the sign of the particular 
trigonometric function is in that 
quadrant. 
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Applying the Half-Angle Identities 


It is important to note that these identities hold for any real number A or any angle with 
either degree measure or radian measure A as long as both sides of the equation are defined. 
The sign (+ or —) is determined by the sign of the trigonometric function in the quadrant 


: _ A 
which contains > 


Led eer ‘ ius 
"7 lela EXAMPLE 1_ Finding Exact Values Using Half-Angle Identities 
Technology Tip Use a half-angle identity to find cos 15°. 


Use a TI calculator to check the values 


Solution: 
P /2+ V3 
or eosty and 4 Write cos 15° in terms of a 608 15° = cos 30 
Be sure the calculator is in degree half-angle. 2. 


mode. 


Write the half-angle identity for co( 4) =+ ie One 
the cosine function. 2 

30° 1+ e 
Substitute A = 30°. cos( 5 ) =+ See 


Simplify. 
cos15° = + 
15° is in quadrant I, where the 15° 2+ V3 V2+V3 
cos 15° = = 
cosine function is positive. 4 2 
= Answer: sin(22.5°) = = = YOUR TURN Use ahalf-angle identity to find sin(22.5°). 


Look back at Example | in Section 7.3 and compare the result we found when evaluating 


V6 + V2 


cos 15° using the cosine of a difference formula, or with the result in Example 1 


V2+ V3 


above, = = A calculator evaluates both expressions as 0.965925826. 


EXAMPLE 2 Finding Exact Values Using Half-Angle Identities 


11 
Use a half-angle identity to find tan 7) 


Solution: 
lla 
: lla), lla ae 
Write tan{ —— ] in terms of a half-angle. tan| —— } = tan 6 
12 12 7 


Write the half-angle identity for the tangent re ee ae 1 — cosA 
function.* 
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lla (2) za 
——— 1 — cos| —— : 
lla 6 6 


bstitute A = ——. t = 7 
pe 6 mA. ; (2) Technology Tip 
6 Use a TI calculator to check 
1 V3 the values of tan( 77) and 
Simplify. tan Ia = 2 v3 — 2. Be sure the calculator is in 
12 1 radian mode. 
2 


lla 
tan{ —— ] = =—2 
an( rT ) V3 


Ua. . re ‘ : 
cs is in quadrant II, where the tangent function is negative. Notice that if we 


11 11 
approximate tan( 7) with a calculator, we find that tan( ) = —0.2679 and 
V8 = 2 02679. 


*This form of the tangent half-angle identity was selected because of mathematical 
simplicity. If we had selected either of the other forms, we would have obtained an 
expression that had a square root of a square root or a radical in the denominator 
(requiring rationalization). 


2= V2 
= YOUR TURN Use ahalf-angle identity to find tan(7), = Answer: wa 2-1 
EXAMPLE 3 Finding Exact Values Using Half-Angle Identities _ 
3 3 ; i e 
If cosx = 5 and <x < 2m, find sin(), cos(5), and tan( 5). Technology Tip &_ 
3 30 
Solution: If cosx = gend <x < 27, 
Determine in which quadrant : lies. then x is in QIV, ace ter QII, and 
3 3 x=27- cos 1(2) (more explanation 
Since Eas <x < 27, we divide by 2. eels < * <q can be found in Section 7.7). Now 
2 4 2 use the graphing calculator to find 
# x x 
Me de : : Z _ ‘ sin —, cos —, and tan —. 
Al lies in quadrant II; therefore, the sine function is positive and both the cosine 2 2 2 
and tangent functions are negative. : Sr—cos 1 SS 


24472135955 
24472135955 


Write the half-angle identity for the sine function. 


Substitute cosx = 2. 
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oos¢ C2n-cos- iW So 
Da-2h 
-, 894427191 
Io 


~. 894427191 


Lane (2m-cos- Wd 35 
Va-2h 


Ans * Frac 


al 


“1/2 


: (5) 2V5 
= Answer: sin 3 = —_, 


(5)--SemG) 
cos = , tan =-—2 
2 5 2 


E 
Technology Tip 


Graphs of y,; = cos'(5) and 


tanx + sinx 


2tanx 


Simplify. 


: xX, ey 
Since 5 lies in quadrant II, choose the positive 


value for the sine function. 


Write the half-angle identity for the cosine function. 


Substitute cosx = 2, 
Simplify. 


, x. : 
Since > lies in quadrant II, choose the negative 


value for the cosine function. 


Use the quotient identity for tangent. 


; LAK V5 x 2V5 
Substitute si a = “gz md cos 3 =—-—_. 


Simplify. 


3 3 
= YOUR TURN If cosx = = anda<x< af find sin 


(5) /1 + cosx 
cos ae 
2 2 
pee 
x 5 
cos| — ) = +,/ —— 
(G)-4V 
x iz 2V5 
cos 
2 5 5 
(5) 2V5 
cos{| — } = ———— 
2 5 


ws 
ec 


o 
2 
5 
oa’ 
N/ ss 
Na 
ll 
Q n 
g 5 
n 
ZN 
Nols 
NY 


lS 


ae 
wis 
“Ss” 
oO 
o) 
nm 
a 
ws 
“Ns” 
poe) 
=} 
Q 
= 
poe} 
j=) 
ae 
NS 


EXAMPLE 4_ Using Half-Angle Identities to Verify Other Identities 


: . . Py ge3 tanx + sinx 
Verify the identity cos*| — } = ————_—__. 
2 2tanx 


Solution: 


Write the cosine half-angle identity. 


Square both sides of the equation. 


Multiply the numerator and denominator 
on the right side by tanx. 


Simplify. 


/1 + cosx 
- 2, 


1 + cosx 
2 


)-(E=)&) 


tanx + cosxtanx 


2tanx 
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tanx + sinx 


Note that cosxtanx = sinx. 
2tanx 


An alternative solution is to start with the right-hand side. 


Solution (alternative): 


y : : tanx + sinx 
Start with the right-hand side. Se 
2tanx 


tanx sinx 


Write this expression as the sum of two expressions. = 
2tanx 2tanx 


; : 1 1 sinx 
Simplify. ere 
; sinx 1 1 sinx 
Write tanx = zs =—}+—— 
cosx 2 2 sinx 
cosx 
; : 1 
Simplify. = zl + cosx) 


= cos'() 
2 


EXAMPLE 5_ Using Half-Angle Identities to Verify Other 
Trigonometric Identities 


Verify the identity tanx = csc(2x) — cot(2x). 


Solution: 
A 1 — cosA 
Write the third half-angle formula for the tangent function. tan( 5) = : - 
sin 
Write the right side as a difference of two expressions ‘ A 1 cosA 
having the same denominator. ae = 


Substitute the reciprocal and quotient identities, 
respectively, on the right. 


LetA = 2x. tanx = csc(2x) — cot(2x) 


Notice in Example 5, we started with the third half-angle identity for the tangent function. 
In Example 6, we will start with the second half-angle identity for the tangent function. In 
general, you select the form that appears to lead to the desired expression. 


= 
EXAMPLE 6 Using Half-Angle Identities to Simplify Technology Tip 7 
Trigonometric Expressions ase Rah ial 
Gachwat sin(27rx) 
sin(27x weber ea, 
Graph y = Ss by first simplifying the trigonometric expression to a more sid sie= fates ic a 
recognizable form. Floti Flote lots 
WSHsint2nkae cit 
Solution: emt) 


Lanta 


Simplify the trigonometric expression using a half-angle identity for the tangent function. 
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Write the second half-angle identity for tan( 5) = sinA 
the tangent function. 1 + cosA 
sin(27rx) 
LetA = 27x. tan(7x) = ——————_ 
1 + cos(27rx) 


Graph y = tan(7rx). 


ve 


= Answer: 


sin(27x) 
=t 2s ee 
a - 1 + cos(27x) 


1 — cos(ax) 


# YOUR TURN Graph y = entre 
Tr. 


@f} SECTION 
» 


SUMMARY 
Tn this section we used the double-angle identities to derive the half- | We determine the sign, + or —, by first deciding which quadrant 
angle identities. We then used the half-angle identities to find certain 
exact values of trigonometric functions, verify other trigonometric 
identities, and simplify trigonometric expressions. function in that quadrant. 
Recall that there are three forms of the tangent half-angle identity. 


sin( 5) c | 1 — cosA co(5) = {1+ cosA There is no need to memorize the other forms of the tangent 
y) a 2 2 a 2 half-angle identity, since they can be derived by first using the 
; a ‘eee Pythagorean identity and algebraic manipulation. 
n| =+ 
‘ 2 1+ cosA 


SECTION 
7.5 EXERCISES 


" SKILLS 


A 
contains 5 and then finding the sign of the indicated trigonometric 


In Exercises 1-16, use the half-angle identities to find the exact values of the trigonometric expressions. 


11 
1. sinl5° 2. cos22.5° 3. cos a 4. sin wa 
12 8 
5. cos75° 6. sin75° 7. tan67.5° 8. tan202.5° 


On Or 137 V0 
9. sec| —-—— 10. csc| — 11. cot 12. cot| — 
8 8 8 8 


13. see(°) 14. ese(- ) 15. cot(—135°) 16. cot105° 
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In Exercises 17-32, use the half-angle identities to find the desired function values. 


B 4 5 : 
17. If cosx = — and sinx < 0, find sin = s 18. If cosx = —— and sinx < 0, find cos = : 
13 2 13 2 
12 3a ff ® 12 37r x 
19. If tanx = — and 7 < x < —., find sin| = }. 20. If tanx = — and 7 < x < —., find cos| = ]}. 
5 2 2 5 2, 2 
21. If secx = V5 and sinx > 0, find tan( *). 22. If secx = V3 and sinx < 0, find tan(*). 
23. If cscx = 3 and cosx < 0, find sin(), 24. If cscex = —3 and cosx > 0, find cos( 5). 
1 x 1 x 
25. If cosx = =a and cscx < 0, find cot(3). 26. If cosx = 4 and cotx < 0, find cse( 5) 
24 7 x 24 7 [x 
27. If cotx = —— and — < x < 7, find cos| = }. 28. If cotx = —— and — < x < 7, find sin| — J. 
5 2, 2 5 2 2 
29. If sinx = —0.3 and secx > O, find tan( 3). 30. If sinx = —0.3 and secx < 0, find cot($) 
31. If secx = 2.5 and tanx > 0, find cot(). 32. If secx = —3 and cotx < 0, find tan(* 


In Exercises 33-38, simplify each expression using half-angle identities. Do not evaluate. 


35 sin 150° 
2 * 1+ cos 150° 
1 — cos 150° 38 1 — cos15° 
sin 150° “V1 + cos15° 


In Exercises 39-50, verify the identities. 


39. sin? = + cos? ae 1 40. cos” Be Vs sin? *\ = cosx 41. sin(—x) = —2sin ua cos : 
2, 2 BD 2 2, 2 


2 of Xx 1- S 4 
42. 2cos~ *\ = 1 + cos = 43. tan“ | 44, tan“ *\ = (cscx — cotx)? 
4 2 2 1 + cosx 2 
A A A A af A 2(1 + cosA) 
45. tan{| — } + cot| = } = 2cscA 46. cot| — ] — tan| — ] = 2cotA 47. csc” = ai 
2 2 2 2 2 sin-A 
A 2(1 — cosA) A A 
48. sec 5) =A ZA 49, ese( 5) = +|cscA|V2 + 2cosA 50. see( ) = +|cscA|V2 — 2cosA 
sin 
In Exercises 51-58, graph the functions. . 
1- um( 5) 
51. y= 4cos* 2 52. y = —6sin? a 53. y = ——————_ 
2 . 2 i >{ x 
1 + tan * 


if ® x\/7 shoe 1 Py es 
54. y= 1 sin + COS 55. y = 4sin“| — } — 1 56. y = ——cos*| — ] + 2 
2 2 2 6 2 
- + 
iged ease Beige Oe ge 
1 + cos(2x) 2 3 
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=" APPLICATIONS 
For Exercises 59 and 60, refer to the following: 


Monthly profits can be expressed as a function of sales, that is, 
p(s). A financial analysis of a company has determined that the 
sales s in thousands of dollars are also related to monthly 
profits p in thousands of dollars by the relationship: 
tang = 2 for 0=s = 50,0 = p< 40 
s 


Based on sales and profits, it can be determined that the domain 
for angle 0 isO = 6 = 38°. 


A Profits (p) 


Sales (s) 


59. Business. If monthly profits are $3000 and monthly sales 
are $4000, find un( 2). 


60. Business. If monthly profits are p and monthly sales are 


0 
s (where p <5), find tan( 5), 


"CATCH THE MISTAKE 
In Exercises 63 and 64, explain the mistake that is made. 


3a 


1 
63. If cosx = —-, find sin . given 7 <x < —. 
3 2 2 


[x 1 — cosx 
sin = +4,/ 
2 2 


' fx 
Substitute cosx = i. sin( 3) =+ 


Solution: 


Write the half-angle identity 
for the sine function. 


Simplify. 


4 

3 

The sine function is negative. sin( 3) = dees 
2 V3 


This is incorrect. What mistake was made? 


61. Area of an Isosceles Triangle. Consider the triangle below, 
where the vertex angle measures 6, the equal sides measure 
a, the height is 4, and half the base is b. (In an isosceles 
triangle, the perpendicular dropped from the vertex angle 
divides the triangle into two congruent triangles.) The two 
triangles formed are right triangles. 


0 0 h 
In the right triangles, sin( 5 = — and cos( 5) = —. Multiply 
a 


0 
each side of each equation by a to get b = asin( 5). 


0 
h= acos(5), The area of the entire isosceles triangle is 


A= 5(2b)h = bh. Substitute the values for b and h into the 


2 
: : a). 
area formula. Show that the area is equivalent to (5) sind. 


62. Area of an Isosceles Triangle. Use the results from 
Exercise 61 to find the area of an isosceles triangle whose 
equal sides measure 7 inches and whose base angles each 
measure 75°. 


1 
64. If cosx = —, find tan” a : 
3 2 
Solution: 


Use the quotient identity. 


Use the half-angle identity 
for the sine function. 


j 1 1 
Simplify. ta'( 5) = ( 5 ~) 
2 2\cos*x — cos*x 
san? x 1 1 1 
ae 2\cos’x  cosx 
: 4 fx\_ 1f 1 1 
Substitute cosx = 3. tan*| —}) = =| — - — 
) 7 i a 
9 3 


This is incorrect. What mistake was made? 
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=" CONCEPTUAL 


In Exercises 65-68, determine whether each statement is true or false. 


65. sin( 5) + sin( 5) = sinA 66. eox(5) + co(5) = cosA 
2 2 2 2 


67. If tanx > 0, then tan( 5) > 0. 68. If sinx > 0, then sin( 5) > 0. 
A jr A inA A /1— A 1—cosA 
69. Given tan =+ : cosa verify tan{ =} = a 70. Given tan| =+ : COs verify tan{ — } = oe 
2, 1+cosA 2 1+cosA 2 1+cosA 2 sinA 
Substitute A = 7 into the identity and explain your results. Substitute A = 7 into the identity and explain your results. 
CHALLENGE 


A 
71. Prove that cot(4) =4 


A A A A 
72. Prove that cot sec csc tan = 2cscA. 
2 2 2; 2; 


73. Find the values of x in the interval [0, 277] for which 74. Find the values of x in the interval [0, 277] for which 
tan( 5) > 0. cot(5) = 0. 
2 2 


" TECHNOLOGY 


One cannot prove that an equation is an identity using technology, but rather one uses it as a first step to see whether or 
not the equation seems to be an identity. 


75. With a graphing calculator, plot Y; = ( + 76. Using a graphing calculator, plot Y; = 1 + 


2 3! 5! 2! 4! 
x x 
and Y, = sin( 5) for x range [—1, 1]. Is Y; a good and Y, = cox(5) for x range [—1, 1]. Is Y; a good 
approximation to Y,? approximation to Y,? 
77. With a graphing calculator, determine whether 78. With a graphing calculator, determine whether 
of x of X\ _ Fs ae 3 % of X\ _ 3 . ee 
csc 3 + sec 3) = 4csc*x is an identity by plotting tan 3 + cot 3) —2cot xsecx is an identity by 
each side of the equation and seeing whether the graphs plotting each side of the equation and seeing whether the 
coincide. graphs coincide. 
: ; x : : fk 1. 
79. With a graphing calculator, plot Y; = cos a) 80. With a graphing calculator, plot Y, = sin a) Y, = > sinx, 


1 1 + cosx , — _ |i + cosx, a 
y= 7 008%: and Y, = = at the same viewing and Y; = —, in the same viewing rectangle 


rectangle [—7, 7] by [—1, 1]. Which graphs are the same? [0, 27r] by [~1, 1]. Which graphs are the same? 


SECTION PRODUCT-TO-SUM AND 
7.6 SUM-TO-PRODUCT IDENTITIES 


In calculus, often it is helpful to write products of trigonometric functions as sums of other 
trigonometric functions, and vice versa. In this section, we discuss the product-to-sum 
identities, which convert products of trigonometric functions to sums of trigonometric 
functions, and sum-to-product identities, which convert sums of trigonometric functions to 
products of trigonometric functions. 


Product-to-Sum Identities 


The product-to-sum identities are derived from the sum and difference identities. 


WorpDsS 

Write the identity for the cosine of a sum. 
Write the identity for the cosine of a difference. 
Add the two identities. 


Divide both sides by 2. 
Subtract the sum identity from the 
difference identity. 


Divide both sides by 2. 


Write the identity for the sine of a sum. 
Write the identity for the sine of a difference. 
Add the two identities. 


Divide both sides by 2. 


784 


MatH 
cosAcosB — sinAsinB = cos(A + B) 
cosAcosB + sinAsinB = cos(A — B) 


2cosAcosB = cos(A + B) + cos(A — B) 
1 
cosAcosB = 5 lcos(A + B) + cos(A — B)] 


cosAcosB + sinAsinB = cos(A — B) 
—cosAcosB + sinAsinB = —cos(A + B) 
2sinAsinB = cos(A — B) — cos(A + B) 


1 
sinAsinB = 5 lcos(A — B) — cos(A + B)] 


sinAcosB + cosAsinB = sin(A + B) 
sinAcosB — cosAsinB = sin(A — B) 
2sinAcosB = sin(A + B) + sin(A — B) 


1 
sinAcosB = 5 Lsin(A + B) + sin(A — B)| 
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PRODUCT-TO-SUM IDENTITIES 
1. cosAcosB = 5[cos(A + B) + cos(A — B)| 
2. sinAsinB = $[cos(A — B) — cos(A + B)| 


3. sinAcosB = 5[sin(A + B) + sin(A — B)] 


EXAMPLE 1 _ Illustrating a Product-to-Sum Identity for Specific Values 
Show that product-to-sum identity (3) is true when A = 30° and B = 90°. 


Solution: 


1 
Write product-to-sum identity (3). sinAcosB = 5 [sin(A + B) + sin(A — B)] 


1 
Let A = 30° and B = 90°. sin30° cos90° = 5 [sin(30° + 90°) + sin(30° — 90°)] 
gs ‘ 1 ss . 
Simplify. sin30°cos90° = 2 [sin 120° + sin(—60°)] 
Evaluate the L 0= 1fV3 V3 
trigonometric functions. ) 2| 2 2 
Simplify. 0=0 


EXAMPLE 2. Convert a Product to a Sum 


Convert the product cos(4x) cos(3x) to a sum. 


Solution: 
Write product-to-sum 1 
identity (1). cosAcosB = 5 [cos(A + B) + cos(A — B)| 
1 
Let A = 4x and B = 3x. cos(4x) cos(3x) = 7 [eos(4x + 3x) + cos(4x — 3x)| 
: . 1 
Simplify. cos(4x) cos(3x) = 3 leos(7x) + cos(x)] 


= YOUR TURN Convert the product cos(2x) cos(5x) to a sum. 


EB 
Techn olog. "4 Tip 


Graphs of y,; = cos(4x)cos(3x) and 
y= 5[cos(7x) + cos(x)]. 


= Answer: 5[cos(7x) + cos(3x)] 
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= Answer: 3[cosx — cos(3x)] 


EXAMPLE 3 Converting Products to Sums 


Express sin(2x) sin(3x) in terms of cosines. 


Solution: 
1 
Write product-to-sum identity (2). sinAsinB = 7 [cos(A B) — cos(A + B)] 
1 
Let A = 2x and B = 3x. sin(2x) sin(3x) = 7 [eos(2x 3x) — cos(2x + 3x) 
re . ' 1 
Simplify. sin(2x) sin(3x) = 5 Lcos(—x) — cos(5x)| 


Th ine function i 1 
sheen to aeciit sin(2x)sin(3x) = =[cosx — cos(5x)| 
an even function. 2D, 


= YOUR TURN Express sin(x) sin(2x) in terms of cosines. 


Sum-to-Product Identities 


The sum-to-product identities can be obtained from the product-to-sum identities. 


WorpDS MatH 

Write the identity for the 
i 1 

Bp roduct of the sine and =[sin(@x + y) + sin@x — y)] = sinxcosy 

cosine functions. 2 

Letx+y=Aandx-y=B; 


A+B A-B 
then x = 5 and y = ; 


2 
Substitute these values into Gad + sinB] = sin( “ ay * )cos(# — *) 
the identity. 2 2 2 
: : : _({ArB A-B 
Multiply by 2. sinA + sinB = 2sin 5 cos 5 


The other three sum-to-product identities can be found similarly. All are summarized in the 
box below. 
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SUM-TO-PRODUCT IDENTITIES 


; : {A+B A-B 
4, sinA + sinB = 2sin 5 cos 


y) 
: : (A= B AN ap 18} 
5. sinA — sinB = 2sin| 5 cos 


2 
A+B A = 1B 
6. cosA + cosB = 2cos cos 
2 2 
fAs BN . (A= B 
7. cosA — cosB = —2sin 5 sin 5 


EXAMPLE 4 Illustrating a Sum-to-Product Identity for Specific Values 


Show that sum-to-product identity (7) is true when A = 30° and B = 90°. 


Solution: 

; A+B A-B 
Write the sum-to-product Bde = eos = 2sin( ) snl ) 
identity (7). 2 2 
Let A = 30° and cos 30° — cos 90° = 2sin( _ sin _ ~) 
B= 90°. 2 2 
Simplify. cos 30° — cos90° = —2sin60° sin(—30°) 

The sine function is 
an odd function. cos 30° — cos90° = 2sin60° sin 30° 
Evaluate the trigonometric V3 _0=2 V3\(1 
functions. 2 2 2 
Mae 
Simplify. 2 2 
lad EXAMPLE 5 Convert a Sum to a Product 
Convert —9[sin(2x) — sin(10x)], a trigonometric expression containing a sum, 
to a product. 
Solution: 
The expression inside 
the brackets is in the nA sine = 2sin( 4 = * )cos(# aa *) 
form of identity (5). 2 2 
= 2x — 10 2x + 10. 
Let A = 2x and sin(2x) — sin(10x) = 2sin( e “eos ss *) 
B= 10x. 2 2 
Simplify. sin(2x) — sin(10x) = 2sin(—4x) cos(6x) 
The sine function is an 
odd function. sin(2x) — sin(lOx) = —2:sin(4x)cos(6x) 


Multiply both 


sides by —9. —9[sin(2x) — sin(10x)] = 18 sin(4x)cos(6x) 
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= EXAMPLE 6_ Simplifying a Trigonometric Expression Using 


_ Sum-to-Product Identities 
Technology Tip 
sie agent dL AM e (see a . fees rt es ecg 
Graphs of Simplify the expression sin cos + sin cos ; 
y; = —9[sin(2x) — sin(10x)] and 2 2 2 2 
y, = 18sin(4x) cos(6x). 


Solution: 
Floki Flake Floks : a xtry x — x — x+ 
i ae c = ar ¢ Se aoe Use identities (4) sn( - )eos( *) sin( *) cos( *) 
ey and (5). 2 2 2 2 
4 —_—_—_—_—_—_——___’” 
Bs inde jcos 5[sinx + siny] 3[sinx — siny] 


ae ce L, 
sin T sin T sinx sin 
og a 


Simplify. = 


Applications 


In music, a tone is a fixed pitch (frequency) that is given a name. If two notes are 
sounded simultaneously, then they interfere and produce another tone, often called a 
“beat.” The beat frequency is the difference of the two frequencies. The more rapid the 
beat, the further apart the two frequencies of the tones are. When musicians tune their 
instruments, they use a tuning fork to sound a tone and then tune the instrument until the 
beat is eliminated; then the tuning fork and instrument are in tune with each other. 
Mathematically, a tone is represented as Acos(27/t), where A is the amplitude (loud- 
ness), f is the frequency in Hz, and ¢ is time in seconds. The following table summarizes 
common tones and frequencies. 


EXAMPLE 7 Music 
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Express the musical tone that is heard when a C and G are simultaneously struck 


(assume they have the same loudness). 


Find the beat frequency, f; — f;. Assume uniform loudness, A = 1. 


Solution: 


Write the mathematical 


description of the C tone. cos(27f,t), f, = 262 Hz 
Write the mathematical 

description of the G tone. cos(27frt), fo = 392 Hz 
Add the two notes. cos(524at) + cos(78477) 
Use sum-to-product identities. cos(5247t) + cos(78477t) 


y = cos(524art) , y y = cos(784 a1) 


(ee + a) (ee = = 
= 2cos cos 


2 2 


y =2 cos(654at) cos(1307t) 


Simplify. = 2cos(65471t) cos(— 130771) 


= 2co0s(2 +327: 


a + t)cos(130 772) 


Identify the beat frequency. io — fi = 392 


262 = 130Hz 


Therefore, the tone of average frequency, 327 Hz, has a beat of 130 Hz (beats/sec). 


Notice that an average frequency results, cos(2*327-7- 1), and that frequency is 


modulated by a beat frequency, 130 Hz. average 


frequency 


yy SECTION 
: SUMMARY 


In this section, we used the sum and difference 


identities | We then used the product-to-sum identities to derive the sum-to- 


(Section 7.3) to derive the product-to-sum identities. The product- product identities. The sum-to-product identities allow us to 


to-sum identities allowed us to express products as sums. 


1 
cosAcosB = 5 [eos(A + B) + cos(A — B)| 


1 
sinAsinB = 7 [eostA B) — cos(A + B)| 


1 
sinAcosB = 5 Lsin(A + B) + sin(A — B)| 


express sums as products. 


‘ j __ fA ar 133 Ate D: 
sinA + sinB = 2sin| cos 
2 2 
’ ; _ [A= B A+B 
sinA — sinB = 2sin cos 
2 2 
A+B A-B 
cosA + cosB = 2cos cos 
2 ® 
— fae da, PA = 1B 
cosA — cosB = —2sin| 5 sin| 5 
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SECTION 
7.6 EXERCISES 


=" SKILLS 


In Exercises 1-14, write each product as a sum or difference of sines and/or cosines. 


1. 


5. 


9. 


sin(2.x) cos(x) 


4cos(—x) cos(2x) 6. 


(=) (=) 
cos| — } cos{ — 
3 3 


2. cos(10x) sin(5 x) 


—8cos(3.x) cos(5.x) 


10. sin(- t,x) cos(- Fx) 
4 2 


3. 


11. 


sss) 1 sn “2a 2.) 


5 sin(4x) sin(6x) 


sin{ —] sin| — 
2 2 


—3cos(0.4x) cos(1.5x) 


In Exercises 15-28, write each expression as a product of sines and/or cosines. 


15. 


1 


23. 


2 


= 


m 


cos(5x) + cos(3x) 16. 


“-4) 


sin(0.4.x) + sin(0.6x) 


cos(-Zr) + cos( Zr) 28. 


24. 


cos(2x) — cos(4x) 


(i=) 


cos(0.3x) — cos(0.5x) 


17. 


iS 


25. 


In Exercises 29-34, simplify the trigonometric expressions. 


cos(3x) — cosx 


sin(3x) + sinx 
sin(4x) + sin(2x) 
* cos(4x) + cos(2x) 


* cos(4x) — 


In Exercises 35-42, verify the identities. 


35. 


37. 


39. 


41. 


sinA + sinB 


(4 +B 
tan! 


cosA + cosB 2 


) 


sin(4x) + 


cos(5x) + 


sin(5x) — 


cosA — cosB A-B 
: ; tan 
sinA + sinB 2 
sinA + sinB A+B A-B 
, : tan cot 
sinA — sinB 2 2 
cos(A + B) + cos(A — B) 
; ; cotA 
sin(A + B) + sin(A — B) 


) 


sin(2x) 
cos(2x) 


cos(2x) 
sin(2x) 


1. 


sin(3x) — sinx 


ce 
cos 3° cos 3° 


sin(V5x) a sin(3V5x) 


12. 


18. 


22. 


—3sin(2.x) sin(4.x) 


; (=) ; () 
sin — ) sinf — 
2 2 


2 sin(2.1x) sin(3.4x) 


sin(10x) + sin(5.x) 


me ee {7 
sinj =x ] + sin| —x 
(5+) + (5) 


i cos( -—3V7x) _ cos(2V7x) 


cosx — cos(3x) 


sin(3x) — sinx 


sin(7x) — sin(2x) 


* cos(7x) — cos(2x) 


sinA — sinB 


B 
cosA + cosB 2 
cosA — cosB A+B 
: : tan 
sinA — sinB Z 
cosA — cosB A+B A-B 
tan tan 
cosA + cosB 2 2 
cos(A — B) — cos(A + B) 
tanB 


sin(A + B) + sin(A — B) 


=" APPLICATIONS 


43. 


44. 


7.6 Product-to-Sum and Sum-to-Product Identities 791 


Business. An analysis of the monthly costs and monthly 
revenues of a toy store indicates that monthly costs fluctuate 
(increase and decrease) according to the function 


For Exercises 49 and 50, refer to the following: 


Touch-tone keypads have the following simultaneous low and 
high frequencies: 


(0 
Ci) = sin( Z t+ n) FREQUENCY 1209Hz 1336Hz 1477 Hz 
and monthly revenues fluctuate (increase and decrease) 697 Hz ! 2 3 
according to the function 770 Hz 4 5 6 
(7 Sa 852 Hz 7 8 9 
R(t) = sint —t + — 
6 3 941 Hz * 0 # 


Find the function that describes how the monthly profits 
fluctuate: P(t) = R(t) — C(t). Using identities in this section, 
express P(t) in terms of a cosine function. 


The signal given when a key is pressed is sin(27f,t) + sin(27f,f), 
where f;, is the low frequency and f, is the high frequency. 


49. Touch-Tone Dialing. What is the mathematical function that 


Business. An analysis of the monthly costs and monthly 
revenues of an electronics manufacturer indicates that 
monthly costs fluctuate (increase and decrease) according 
to the function 


7 7 
C(t) = cos{ Fr + *) 
3 3 
and monthly revenues fluctuate (increase and decrease) 


according to the function 


(5) 
R(t) = cos| =t 
3 


Find the function that describes how the monthly profits 
fluctuate: P(t) = R(t) — C(t). Using identities in this section, 
express P(t) in terms of a sine function. 


45. Music. Write a mathematical description of a tone that 
results from simultaneously playing a G and a B. What is 


the beat frequency? What is the average frequency? 


46. Music. Write a mathematical description of a tone that 
results from simultaneously playing an F and an A. What is 


the beat frequency? What is the average frequency? 


47. Optics. Two optical signals with uniform (A = 1) intensities 
and wavelengths of 1.55 wm and 0.63 zm are “beat” 


together. What is the resulting sum if their individual 
27tc 


2rtc ) . ( ) 
— } and sin , 
1.55 um 0.63 um 


where c = 3.0 X 10°m/s? (Note: lum = 10 °m.) 


signals are given by sin( 


48. Optics. The two optical signals in Exercise 47 are 
beat together. What are the average frequency and 


the beat frequency? 


50. 


51. 


52. 


models the sound of dialing 4? 


Touch-Tone Dialing. What is the mathematical function that 
models the sound of dialing 3? 


Area of a Triangle. A formula for finding the area of a 
triangle when given the measures of the angles and one side 
a’ sinBsinC 
2sinA 
If the measures of angles B and C are 52.5° and 7.5°, 
respectively, and if a = 10 feet, use the appropriate 
product-to-sum identity to change the formula so that you 
can solve for the area of the triangle exactly. 


ee, 


A 


is Area = , where a is the side opposite angle A. 


Area of a Triangle. If the measures of angles B and C in 
Exercise 51 are 75° and 45°, respectively, and if a = 12 
inches, use the appropriate product-to-sum identity 

to change the formula so that you can solve for the area 
of the triangle exactly. 


792 CHAPTER 7 Analytic Trigonometry 


"CATCH THE MISTAKE 


In Exercises 53 and 54, explain the mistake that is made. 


53. Simplify the expression (cosA — cosB)* + (sinA — sinB)’. 
Solution: 

Expand by squaring. 

cos’A — 2cosA cosB + cos*B + sin?A — 2sinA sinB + sin’B 
Group terms. 
cos"A + sin’A — 2cosAcosB — 2sinA sinB + cos’B + sin’B 
Simplify using the Pythagorean identity. 
cos’A + sin?A — 2cosAcosB — 2sinAsinB + cos’B + sin’B 


a eae 
1 1 


Factor the common 2. 2(1 — cosAcosB— sinA sinB) 
2(1 — cosAB— sinAB) 


This is incorrect. What mistakes were made? 


Simplify. 


=" CONCEPTUAL 


54. Simplify the expression (sinA — sinB)(cosA + cosB). 


Solution: 

Multiply the expressions using the distributive property. 
sinAcosA + sinAcosB — sinBcosA — sinBcosB 

Cancel the second and third terms. 


sinAcosA — sinBcosB 
Use the product-to-sum identity. 


sinA cosA _ sinBcosB 
fiaualepsbeazatet om COsS, 


5[sin(A + A) + sin(A — A)] s{sin(B + B) + sin(B — B)| 


1 1 
Simplify. = 3 sin(24) - 3 sin(2B) 


This is incorrect. What mistake was made? 


In Exercises 55-58, determine whether each statement is true or false. 


55. 
57. 


cosAcosB = cosAB 56. sinAsinB = sinAB 


The product of two cosine functions is a sum of two other 
cosine functions. 


58. The product of two sine functions is a difference of two 


cosine functions. 


59. 


60. 


Write sinA sinBsinC as a sum or difference of sines and 
cosines. 


Write cosAcosBcosC as a sum or difference of sines and 
cosines. 


' CHALLENGE 
61. Prove the addition formula 64. Graph y = 4sin(2x — 1)cos(2 — x). 
cos(A + B) = cosAcosB — sinAsinB ar Sar 
using the identities of this section. 65. Graph y = cos( 3 x) cox( 6 ») 
62. Prove the difference formula Gee 2x) sin(3 
sin(A — B) = sinAcosB — sinBcosA - Graph y = x — cos(2x)sin(3x). 
using the identities of this section. 
63. Graph y = | — 3sin(7x) sin(- a4) 
" TECHNOLOGY 
67. Suggest an identity 4sinxcosxcos(2x) = by graphing 69. With a graphing calculator, plot Y; = sin(4x) sin(2x), 


Y, = 4sinxcosxcos(2x) and determining the function based 
on the graph. 


68. Suggest an identity 1 + tanxtan(2x) = by graphing 
Y, = 1 + tanxtan(2x) and determining the function based on 
the graph. 


70. 


Y, = sin(6x), and Y; = 5[cos(2x) — cos(6x)] in the same 
viewing rectangle [0, 277] by [—1, 1]. Which graphs are 
the same? 


With a graphing calculator, plot Y; = cos(4x) cos(2x), 
Y, = cos(6x), and Y3 = 5[cos(6x) + cos(2x)] in the same 


viewing rectangle [0, 27r] by [—1, 1]. Which graphs are 
the same? 


SECTION 
7.f INVERSE TRIGONOMETRIC FUNCTIONS 


In Section 3.5, we discussed one-to-one functions and inverse functions. Here we present a 
summary of that section. A function is one-to-one if it passes the horizontal line test: no 
two x-values map to the same y-value. 


Notice that the sine function does not pass the horizontal line test. However, if we 
: : T T ‘ : : 
restrict the domain to — > Sxs 3° then the restricted function is one-to-one. 
Recall that if y = f(x), then x = f'(y). 


The following are the properties of inverse functions: 


1. If fis a one-to-one function, then the inverse function f' exists. 

2. The domain of f-' = the range of f. 
The range of f ' = the domain of f. 

3. f '(f(@) = x for all x in the domain of f. 
ff '() = x for all x in the domain of f'. 

4. The graph of f! is the reflection of the graph of f about the line y = x. If the 
point (a, b) lies on the graph of a function, then the point (J, a) lies on the graph 
of its inverse. 
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Study Tip 


The inverse sine function gives an 
angle on the right half of the unit 
circle (QI and QIV). 


(0, -1) 


"7 


Technology Tip 


To graph y = sin 'x, use 
[—1, 1] as the domain and 


TT 
|-2, | as the range. 
2° 2. 


Floki Plott Flot? 
Wy Hsinl ao 


Study Tip 


Trigonometric functions take angle 
measures and return real numbers. 
Inverse trigonometric functions 
take real numbers and return angle 
measures. 


Inverse Sine Function 


7 1 
Let us start with the sine function with the restricted domain [-% =| 


y = sinx Domain: [-2,2| Range: [—1, 1] 
x Bs y=sinx , (5-1) 
a =| 
2 
an _v2 
4 2 ad 
0 0 
7 v2 
4 2 
7 
= 1 


By the properties of inverse functions, the inverse sine function will have a domain of 
7 1 

[—1, 1] and a range of 2, =| To find the inverse sine function, we interchange the 

x- and y-values of y = sinx. 


y =sin"'x —_ Domain: [-1, 1] Range: [-22| 


¥ y y=sin-!x id iz 
met (ug) 
Pn | as y =arcsin x ies 4) 
2 aa 
eae z 
2 4 ~ 
0 0 
v2 7 
2 4 
7 
1 = 
2 


Notice that the inverse sine function, like the sine function, is an odd function (symmetric 
about the origin). 

If the sine of an angle is known, what is the measure of that angle? The inverse sine 
function determines that angle measure. Another notation for the inverse sine function is 
arcsinx. 


INVERSE SINE FUNCTION 
y = sin 'xory = arcsinx means x = siny 
; ee is 
“y is the inverse sine of x” “y is the angle measure 
whose sine equals x” 
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It is important to note that the —1 superscript indicates an inverse function. Therefore, 
the inverse sine function should not be interpreted as a reciprocal: 


sin !x # —— 
sinx 


EXAMPLE 1_ Finding Exact Values of an Inverse Sine Function 


Find the exact value of each of the following expressions: 


1 
a. sin-(~?) b. arsin(—> 
2 2 


Solution (a): 


v3 V3 
Let 6 = sin” '{ —— }. sin 9 = when Sega 
2 2 2 2 
V3 
Which value of 0, in the range ay =O ep corresponds to a sine value of a 
7 7 
a The range 5 =é@s z corresponds to quadrants I and IV. 
a The sine function is positive in quadrant I. 
3 
mu We look for a value of @ in quadrant I that has a sine value of 5" d= a 
if V3 Ww. . : T 7 4 V3 T 
sin{ — } = —— and — is in the interval |-—, — |. sin | —]=—>= 
3 2 3 2 2 2 3 
Calculator Confirmation: Since . = 60°, if our calculator is set in degree mode, we 
3 
should find that sin'(~?) is equal to 60°. 
Solution (b): 
Let 6 = arcsin(-4) sin0 ; when oe Os a 
- 2 a 
: ¥ 7 7 ; 1 
Which value of 6, in the range =a =¢=s > corresponds to a sine value of “3° 
7 7 
a The range “> =é@s a corresponds to quadrants I and IV. 
a The sine function is negative in quadrant IV. 
mu We look for a value of @ in quadrant IV that has a sine value of —5. 0= = 
: 7 1 Tv. . 7 7 . 1 7 
sin = and is in the interval |——, — |. arcsin) —— ] = —— 
6 2 6 2° 2 2 6 
Calculator Confirmation: Since a —30°, if our calculator is set in degree mode, we 


should find that sin’ (3) is equal to —30°. 


= YOUR TURN Find the exact value of each of the following expressions: 


(2) a i! 
a. sin 2 . arcsL 2 


Study Tip 


sin x # —— 
sinx 


Study Tip 


In Example 1, note that the graphs 
help identify the desired angles. 


a 4 y 


ala 


T 
= Answer: a. ae b. 
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In Example 1, it is important to note that in part (a), both 60° and 120° correspond to 
V3 
the sine function equal to —, which is why the domain restrictions are necessary for inverse 
functions except for quadrantal angles. There are always two angles (values) from 0 to 360° 
7 30 


or 0 to 277 excep for o0°( 5 ) and z70°( 5 ) | that correspond to the sine function equal 


to a particular value. 


le It is important to note that the inverse sine function has a domain [—1, 1]. For example, 
Technology Tip & sin '3 does not exist because 3 is not in the domain of the inverse sine function. Notice 


Use a TI calculator to find that calculator evaluation of sin '3 says error. Calculators can be used to evaluate inverse 
sin '3 and sin’'0.3. Be sure to setthe sine functions when an exact evaluation is not feasible, just as they are for the basic 
calculator in radian mode. trigonometric functions. For example, sin“'0.3 * 17.46°, or 0.305 radians. 
sins We now state the properties relating the sine function and the inverse sine function 
| which follow directly from properties of inverse functions. 


SINE-INVERSE SINE IDENTITIES 


sin ‘(sinx) = x for —--=x= 


N 


IA 
% 
A 


sin(sin !x) = x for =jl 


12 2 
must be careful not to overlook the domain restriction for which these identities hold, as 
illustrated in the next example. 


For example, sini us ) = - since a is in the interval 22] However, you 


a EXAMPLE 2_ Using Inverse Identities to Evaluate Expressions 
Involving Inverse Sine Functions 


Find the exact value of each of the following trigonometric expressions: 


wafin(Z)] a a) 


Solution (a): 


Write the appropriate identity. sin(sin 'x) = x for -l Sx <1 


2 
Let x = a which is in the interval [—1, 1]. 


Since the domain restriction is met, 
the identity can be used. 


Solution (b): 


CoMMON MISTAKE 


2.7 Inverse Trigonometric Functions 797 


Ignoring the domain restrictions on inverse identities. 


€3 CORRECT 

Write the appropriate identity. 

sin \(sinx) = x for are xs o 
2 2) 


307 ne : 
Let x = ae which is not in the 


: 7 17 
interval |-2. 2 

De?) 
Since the domain restriction is not 
met, the identity cannot be used. 
Instead, we look for a value in the 
domain that corresponds to the 


same value of sine. 


: 2 SUE ee 
Substitute ae = oT into the 


expression. 
sin |sin{ —— }| = sin "| sin| — 
4 4 


we can use the identity. 


wo 2-3) 


= YOUR TURN Find the exact value of each of the following trigonometric expressions: 


1 

wal ino l 
a. == 
sin sin ( 5 


INCORRECT 
sin) (sinx) = x ERROR 


3) 
Let x = a 
4 


(Forgot the domain restriction.) 


Sin | sial| —= }}|| = == 
4 4 


INCORRECT 


Sa 
b. sin” |{ sin — 
sin (sin =) 


EB 
Technology Tip 


a. Check the answer of 


|. ff Vv2 ; 
sn sin (2) witha 


calculator. 


b. Check the answer of 
zcdf 2 87 Vos : 
sin sin with a calculator in 


radian mode. 


1 
= Answer: a. < b. 


a\a 
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Fi 
Technology Tip 
To graph y = cos ‘x, use [—1, 1] as 
the domain and [0, 77] as the range. 


Floti Floke Flot 
Hy Bcos Wi wo 


Study Tip 
The inverse cosine function gives 
an angle on the top half of the unit 
circle (QI and QIN). 
AY 
(0, 1) 


Study Tip_ 
1 
COSX 


cos lx # 


Inverse Cosine Function 


The cosine function is not a one-to-one function, so we must restrict the domain in order to 
develop the inverse cosine function. 


y = cosx Domain: [0, 7] Range: [—1, 1] 
AY 
. # 1H ls 
a. 
Wu (4-5) 
7 v2 i 
4 3 F ‘ 
| | > 
T T 
2 7 : = 
3m | V2 ak 4 
4 2 (7, -1) 
T =i 


By the properties of inverses, the inverse cosine function will have a domain of [—1, 1] and 
a range of [0, 7]. To find the inverse cosine function, we interchange the x- and y-values of 
y = cosx. 


y = cos !x Domain: [—1, 1] Range: [0, 7] 
e y AY ; 
| y=cos-!x 
=1 7 CL 7) 7 i. or 
y = arccos Xx 
_N2 3a V2 30 
2 4 ( 2° 4 
7 V2 m 
0 3 (4) 
v2 Bll i : 
2 4 1.0 —0.5 0.5 (4,0) 
1 0 


Notice that the inverse cosine function, unlike the cosine function, is not symmetric about the 
y-axis, or the origin. Although the inverse sine and inverse cosine functions have the same 
domain, they behave differently. The inverse sine function increases on its domain (from left 
to right), whereas the inverse cosine function decreases on its domain (from left to right). 

If the cosine of an angle is known, what is the measure of that angle? The inverse 
cosine function determines that angle measure. Another notation for the inverse cosine 
function is arccos x. 


INVERSE COSINE FUNCTION 


yi — COs" x08 y — arccosx means x = cosy 
ee , ee 


“y is the inverse cosine of x” “y is the angle measure 


whose cosine equals x” 


whee Ils vs land @ = yy = wy 
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EXAMPLE 3 Finding Exact Values of an Inverse Cosine Function 


Find the exact value of each of the following expressions: 


2 
a. cos( ) b. arccosO 


Solution (a): 
2 
Let 0 = cos( \*). 


2 
Which value of 6, in the range 0 = 6 = 7, corresponds to a cosine value of =a 


2 
ote wien lS t= a 


= The range 0 = 0 = mw corresponds to quadrants I and II. 
= The cosine function is negative in quadrant II. 5) 30 
= We look for a value of @ in quadrant II that has a cosine value of 5 = 


4 
3 2 3 2 é) 
cos 7) = v2 and us is in the interval [0, 7r]. cos! ae ==27 
4 2 4 2 4 
; i OT ; 
Calculator Confirmation: Since a 135°, if our calculator is set in degree mode, we 


v2 
should find that cos ( ¥) is equal to 135°. 


Solution (b): 
Let 6 = arccos 0. cosé =O whenO0=05 7 


Which value of 0, in the range 0 = 6 = 7, 7 
corresponds to a cosine value of 0? 2 


0 7 
arccos0 = — 
2 


; T : : 
Calculator Confirmation: Since 5° 90°, if our calculator is set in degree mode, we 


T 7. , 
cox( 7) = 0 and = is in the interval [0, 7]. 


should find that cos~'0 is equal to 90°. 


= YOUR TURN Find the exact value of each of the following expressions: 


2 
a. cos(~) b. arccos | 


We now state the properties relating the cosine function and the inverse cosine function 
which follow directly from the properties of inverses. 


COSINE-INVERSE COSINE IDENTITIES 


IA 
ra 
IA 
3 


cos (cosx) =x for 0 


IA 
* 
IA 


cos(cos 'x) =x for -1 


E 
Technology Tip 
a. Check the answer of 
2 
cos ~*) with a calculator. 


cos -[oraees 


135 


b. Check the answer of arccos 0. 


cos WAS 
| 


= Answer: a. ; b. 0 
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As was the case with inverse identities for the sine function, you must be careful not to 
overlook the domain restrictions governing when each of these identities hold. 


e 

Technology Tip EXAMPLE 4_ Using Inverse Identities to Evaluate Expressions 
a. Check the answer of Involving Inverse Cosine Functions 

cos|cos”'( 5) with a calculator. Find the exact value of each of the following trigonometric expressions: 


’ ee 5, % 1 7 
costcos | a a. cos e0s"(-) | b. cos"|eo( 7) 
: a 2 4 


Solution (a): 


b. Check the answer of 
cos (eos In _ Be sure to set Write the appropriate identity. cos(cos 'x) = x for-1 <x <1 
the calculator to radian mode. Let x = —}, which is in the interval [—1, 1]. 
cos Woost Fmd a Since the domain restriction is met, cos e0s"(-) | = ua 
; the identity can be used. 2 
m4 
o Solution (b): 
Write the appropriate identity. cos ‘(cosx) = x forO<x<a7 


7 
Let x = eo which is not in the interval [0, 77]. 


Since the domain restriction is not met, the AY 
identity cannot be used. 


Instead, we find another angle in the 
interval that has the same cosine value. 


‘ V0 7 
Substitute cos| —— } = cos| — 
4 4 


into the expression. 


‘ (are F 
Since a is in the interval [0, 7], 


7 
we can use the identity. 4 


= YOUR TURN Find the exact value of each of the following trigonometric expressions: 


wafer] fol) 


1 
= Answer: a. 2 


> 
ala 
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Inverse Tangent Function Study Tip 
eect Sec olin Patt ad eects oe ca Sonica agave acid ease ae i esnartee Speen eae 


The tangent function is not a one-to-one function (it fails the horizontal line test). Let us an angle on the right half of the unit 


start with the tangent function with a restricted domain: circle (QI and QIV). 
. TW AY 
y = tanx Domain: (- >? =) Range: (—%, 09) 
x y AY 
7 
—— —0 
2 
7 
“4 =e : 
0 0 (0, -1) 
ul 1 
4 
7 
— (oe) 
2 


zz 
By the properties of inverse functions, the inverse tangent function will have a domain of le 
Technology Tip 


TT : . : 
(—oo, 00) and a range of (-5. a) To find the inverse tangent function, interchange x and y Te eeaphesy= tency use 


values. 
(— ©, %) as the domain and 
= ‘ T 7 Th 
y = tan ly Domain: (—%, ©) Range: Ge =) ( ? = as the range. 
ay Floki Floket Floks 
7 z a | AY Bhan 2 
% 7 2 
2 
is % 
ee z 
0 0 a 
4 
1 = y = arctan x 
4 i 
2 
ey wis 
2 


Notice that the inverse tangent function, like the tangent function, is an odd function (it is 


symmetric about the origin). 
The inverse tangent function allows us to answer the question: if the tangent of an angle 


is known, what is the measure of that angle? Another notation for the inverse tangent function 


is arctan. 


INVERSE TANGENT FUNCTION 


2S tan ‘x ory = arctanx means Di C10 Y 
Lone Annee 
“y is the inverse tangent of x” “y is the angle measure whose 


tangent equals x” 


ise 2 eevee 
Wet ae val 
ee an) 
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be EXAMPLE 5 Finding Exact Values of an Inverse Tangent Function 


Find the exact value of each of the following expressions: 


Technology Tip 


a. Use a calculator to check the a. tan '( V3 ) b. arctanO 
answer for tan”!(V3 ). 


Solution (a): 


Let 6 = tan !( V3). tan@ = V3 when = <0< . 
: : 7 7 
Radian mode: Which value of 0, in the range 5 <40< > 
7 
Larrle Pes corresponds to a tangent value of V3? = a 
= 1.647197351 
Te" 5 T T TW T 
i = tan{ — } = V3 and — is in the interval {——, — }. tan !(V3) = — 
1.647197551 an( 7) an 5 is in the interva ( 5 *) an ( ) 3 
b. Use a calculator to check the 
answer for arctan0. Calculator Confirmation: Since = = 60°, if our calculator is set in degree mode, 
tana) we should find that tan !(V3) is equal to 60°. 
a Solution (b): 
Let 6 = arctan0. tan? = 0 when a <d< = 


Which value of 6, in the range = <0< = 


corresponds to a tangent value of 0? 06=0 

oy : 7 7 
tanO = 0, and 0 is in the interval e 5) 
Calculator Confirmation: tan~'0 is equal to 0. 


We now state the properties relating the tangent function and the inverse tangent function 
which follow directly from the properties of inverses. 


TANGENT-INVERSE TANGENT IDENTITIES 


5 T 7 
tan ‘(tanx) = x for == € 7S = 
D D 

tan(tan'x) = x for —-0<x<0o 


E 
Technology Tip 

a. Use a calculator to check the 
answer for tan (tan !17). 


EXAMPLE 6_ Using Inverse Identities to Evaluate Expressions 
Involving Inverse Tangent Functions 


= 5, 


Larnititarm 1 ras 


Find the exact value of each of the following trigonometric expressions: 


| 
-1 -1 2a 
b. Use a calculator to check the a. tan(tan '17) b. tan’ tan 37 


answer for tan”! tan 


3 ) Solution (a): 
Write the appropriate identity. tan(tan'x) = x for -—0o <x <0 
Let x = 17, which is in the interval (—o, 00). 


Since the domain restriction is met, 


the identity can be used. tan(tan’'17) = 17 
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Solution (b): 


Write the appropriate identity. tan '(tanx) = x for . <x< : 
20 mee . : 7 WT 
Let x = 3° which is not in the interval > @ ' 


Since the domain restriction is not met, the identity cannot be used. 


Instead, we find another angle 


in the interval that has the me 27 eee ae 
same tangent value. 3 3 


. 21 7 
Substitute tao =) = tn(-7) 
an | ta = tan || ta 


into the expression. 


: Tw. : 
Since = is in the interval 


V0 a 
= YOUR TURN Find the exact value of tn tan =) | Ane 6 


Remaining Inverse Trigonometric 
Functions 


The remaining three inverse trigonometric functions are defined similarly to the previous 
ones. 


= Inverse cotangent function: cot ‘x or arccotx 


= Inverse secant function: sec !x or arcsec x 


= Inverse cosecant function: esc !x or arccscx 


A table summarizing all six of the inverse trigonometric functions is given below: 


INVERSE Function | y = sin ‘x | y = cos ‘x yet e | y= coe v= seen y = csc 1x 


Domain =i, | tl, (Fea, 20) (Gece 20) (Fea, =I) [[1l.,63) (Gecon ||) [ , 00) 


e_[ (G8) [0 [lose [F540 


RANGE 


GRAPH 
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EXAMPLE 7 _ Finding the Exact Value of Inverse 
Trigonometric Functions 


Find the exact value of the following expressions: 
a. cot '(V3) b. csc !( V2) ce. sec !(—V2) 
Solution (a): 


Let 0 = cot !(V3). cot? = V3 when0<0<7 


Which value of 0, in the range 0 < 6 < a, = T 
corresponds to a cotangent value of V3? 6 
= TN ee Tes : a -1 maul 
"7 cof =) V3 and 6 is in the interval ( 7° =), cot (V3) 6 
Technology Tip 
ss peide sek chaeeceuaveneeee = seheeerees Saliton hy 
pare (Va)= tn '(J5): Let 6 = ese !(V2). cscO = V2 
ese (V2) = sin'() and Which value of @, in the range 
7 7 
sec(—/2) cos ( aL |-Z.0)u(o.5] corresponds a P 
to a cosecant value of V2? 4 
Lari iefosa3 . 7 
Tee 22S FE Tre ese( 7) = V2 and rT is in the 
52359987756 : = = 
. _7 T 4 _ 7 
interval 5 .0) U (0. 1 | csc (V2) 4 
Sir! : 
PESTS 1634 noeein ss 
m4 res se ieee Let 0 = sec !(—V/2). secO = -V2 
Which value of 6, in the range 
mos lt -Le.o2 94 6g. U 1a , corresponds 
3, 35615449 2)~\2 9 — 3% 
31-4 to a secant value of — V2? 4 
2. oo61 9449 
sec = = —V2 and a” is in the 
; w\ yf = -(_49) = 3% 
interval lo, = ul, al sec ( 4/2) rn 


How do we approximate the inverse secant, inverse cosecant, and inverse cotangent 
functions with a calculator? Scientific calculators have keys (sin |, cos |, and tan‘) for 
three of the inverse trigonometric functions but not for the other three. Recall that we 
find the cosecant, secant, and cotangent function values by taking sine, cosine, or tangent, and 
finding the reciprocal. 


1 1 1 
cscx = —— secx = cotx = 
sin x COS x tan x 


However, the reciprocal approach cannot be used for inverse functions. The three inverse 
trigonometric functions csc ‘x, sec ‘x, and cot 'x cannot be found by finding the reciprocal 
of sin’'x, cos”! : 


x, or tan “x. 


— sec !x # —— — 
sin “x cos x tan “x 


esc lx # 


2.7 Inverse Trigonometric Functions 805 


1 1 


Instead, we seek the equivalent sin !x, cos !x, or tan 'x values by algebraic means, always 
remembering to look within the correct domain and range. 


Start with the inverse secant 


function. y = sec 'x for x= =1 or x21 
Write the equivalent secant a = 
expression. secy =X for Osy< > or > <ysq7 
Apply the reciprocal 
1 1 
identity: secy = : =x 
i - cosy cosy 
Simplify using algebraic ee = i 
techniques. “ Pe 
Write the result in terms 1 
of the inverse cosine function. y= cos(*) 
x 
Therefore, we have the 1 
relationship: sec 'x = cos(*) for x=s-l o x21 
x 
The other relationships will be found in the exercises and are summarized below: 
INVERSE SECANT, INVERSE COSECANT, Study Tip 
AND INVERSE COTANGENT IDENTITIES 
1 sec lx # a 
sec ‘x = cos"(*) for «= -lorx21 cos “x 
Ey) 
1 csc lx # eS 
= a sin x 
esc 'x = sin (3) fon x=-lorx21 
m cot 'x # 
1 tan-!x 
in(*) for v0 
BY 


, ee = 
EXAMPLE 8_ Using Inverse Identities le 
a. Find the exact value of sec™!2. Technology Ue 


b. Use a calculator to find the value of cot '7. Use the inverse trigonometry 
function identities to find 


Solution (a): 


a. sec '2 = cos (5) 
Let 0 = sec !2 sec = 2 on |0 = U i 
. ; : 9 am b. cot !7 = tan !(4) 
1 
Substitute the reciprocal identity. Or 2 Sees lees 
1 1.847197551 
Solve for cos. cosO = — sy es 
2 1. 847197551 


The restricted interval lo, ) U & a | corresponds to quadrants I and II. 


tance 1-73 


7 
The cosine function is positive in quadrant I. 6=— 1415978546 
: : 3 Ans#1 S81 


(2) i : ) rs &, 1381e235¢4 
cos| — a sec 2 = cos | = = 


806 CHAPTER 7 Analytic Trigonometry 


Solution (b): 


Since we do not know an exact value that would correspond to the cotangent function 
equal to 7, we proceed using identities and a calculator. 


1 
Select the correct identity, given that x = 7 > 0. cot x = tan(*) 
x 

-1 «(1 

Let x = 7. cot 7 = tan 7 


Evaluate the right side with a calculator. cot '7 * 8.13° 


Finding Exact Values for 
Expressions Involving Inverse 
Trigonometric Functions 


We will now find exact values of trigonometric expressions that involve inverse trigonometric 
functions. 


EXAMPLE 9 _ Finding Exact Values of Trigonometric Expressions 
Involving Inverse Trigonometric Functions 


Find the exact value of cos| sin”'(3) |. 


Solution: 
2 
Step 1 Let é = sin '(2). sind = =when—~ <9 <— 
3 2 2 
7 7 
The range >. =O a corresponds to quadrants I and IV. 
The sine function is positive in quadrant I. 
Step 2 Draw angle @ in quadrant I. 1 
(a, 2) 
3 
2 
x 
a 
Label the sides known ae 2 _ Opposite 
from the sine value. 3 hypotenuse 
Step 3 Find the unknown side length a. a+? = 3? 
Solve for a. a= +V5 


Since @ is in quadrant I, a is positive. a=V5 
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Step 4 Find cos| sin”'(5) ]. 


: . 1/2 
Substitute 9 = sin (2). 
Find cos 6. 


adjacent _ V5 
hypotenuse 3 


cos} sin { — } | = —— 
3 3 


cos@ = 


. : il 2vV2 
= YOUR TURN Find the exact value of sin| cos” (3). = Answer: 3 


lel EXAMPLE 10 _ Finding Exact Values of Trigonometric Expressions 
Involving Inverse Trigonometric Functions 


Find the exact value of tan{cos"!(— b)}- 
Solution: 


7 
Step 1 Leté@ = cos '(—35). cos@ = ery when0 S057 


The range 0 = 6 = mw corresponds to quadrants I and II. 


The cosine function is negative in quadrant II. 


Step 2 Draw angle @ in quadrant II. (-7,b) AY 


Label the sides known from the ceed 7 = adjacent 

cosine value. 12 hypotenuse 
Step 3 Find the length of the unknown side b. b? + (-7P = 12? 

Solve for b. b= +V95 

Since @ is in quadrant II, b is positive. b= V95 
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Step 4 Find tan cos'(—75)]. 
; ee a: if IN 

Substitute 0 = cos (-75). tan| cos “p = tand 

Find tané. 


opposite 95 
adjacent =7 


tan@ = 


3V 10 


= Answer: — ——— ; a 
20 = YOUR TURN Find the exact value of tan| sin (-3)] ‘ 


EXAMPLE 11_ Using Identities to Find Exact Values of 
Trigonometric Expressions Involving 
Inverse Trigonometric Functions 


Find the exact value of cos[sin”'(3) + tan!1]. 


Solution: 


Recall the cosine sum identity: cos(A + B) = cosAcosB — sinAsinB 


LetA = sin~1(3) and B = tan~!1. 


eosin 2) + tan" = cosjsin~'(2) feostan"1 - sn|sin~'( >) stan") 


From the figure, 


we see that 


From the figure, 


B = tan"'(1)> tanB = 1 
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we see that V2 


Substitute these values into if 7 r V2 3 
the cosine sum identity: cos] sin 5 + tan 1l| = 
Simplify. =|—_— 


: : _ = 7 
= YOUR TURN Find the exact value of sin[cos (3) + tan7!1]. = Answer: 


EXAMPLE 12 _ Writing Trigonometric Expressions Involving 
Inverse Trigonometric Functions in Terms of 
a Single Variable 


Write the expression cos(tan 'w) as an equivalent expression in terms of only the 
variable u. 


1 


u 
Solution: Let 6 = tan ‘u; therefore, tan@d = u = r 


Realize that u can be positive or negative. Since the range 


of the inverse tangent function is a 5) sketch the angle 


@ in both quadrants I and IV and draw the corresponding two 
right triangles. Recalling that the tangent ratio is opposite 
over adjacent, we label those corresponding sides with u 

and 1, respectively. Then solving for the hypotenuse using 
the Pythagorean theorem gives Vu? + 1. 


Substitute 6 = tan”'w into 
cos(tan”'u). cos(tan 'w) = cos 


Use the right triangle ratio for cosine: 


adjacent over hypotenuse. = 


w+ 


w+ 


Rationalize the denominator. cos(tan 'v) = 


4/42 
'1#) as an equivalent expression in terms uv + 1 


= YOUR TURN Write the expression sin(tan~ = Answer: 
* 2 
uti 


of only the variable u. 
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+S SECTION 
. : SUMMARY 


If a trigonometric function value of an angle is known, what is the trigonometric functions can be found when the function values are 
measure of that angle? Inverse trigonometric functions determine those of the special angles. Inverse trigonometric functions also 
the angle measure. To define the inverse trigonometric relations as provide a means for evaluating one trigonometric function when 
functions, we first restrict the trigonometric functions to domains we are given the value of another. It is important to note that the 
in which they are one-to-one functions. Exact values for inverse —1 as a superscript indicates an inverse function, not a reciprocal. 


Vy = Got ae y= sae "a y= ese 1x 


(—c0, 00) | (00, -1]JU[1, 0) | (oo, -1]U [1, 9) 


Ge 


INVERSE FUNCTION 


DOMAIN 


RANGE 


GRAPH 


SECTION 
7.f EXERCISES 


=" SKILLS 


In Exercises 1-16, find the exact value of each expression. Give the answer in radians. 


V2 V2 vf WB {1 
1. arccos| —— 2. arccos| -—— 3. arcsin{ -—— 4. arcsin| = 
2 2 2 2; 
3 2 
5. cot \(-1) 6. (3) 7s aresee( 3) 8. arccsc(—1) 
9. csc !2 10. sec '(—2) 11. arctan(— V3 ) 12. arccot( V3) 
13. sin 0 14, tan!1 15. sec '(-1) 16. cot !0 


In Exercises 17-32, find the exact value of each expression. Give the answer in degrees. 


1 3 2 
17. cos(3) 18. cos <3) 19, sin'(~?) 20. sin !0 
2 2 2 
21. cot '(-“?} 22. tan '(—V3) 23. arcan( 2) 24. arccotl 
2V3 
25. arccsc(—2) 26. ese *) 27, aresec(—V2) 28. areesc(— V2) 


29. sin 1(-1) 30. arctan(—1) 31. arccot0 32. arcsec(—1) 
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In Exercises 33-42, use a calculator to evaluate each expression. Give the answer in degrees and round it to two decimal places. 


33. cos '(0.5432) 34. sin '(0.7821) 35. tan '(1.895) 36. tan '(3.2678) 
37. sec '(1.4973) 38. sec '(2.7864) 39. csc '(—3.7893) 40. csc '(—6.1324) 
41. cot '(—4.2319) 42. cot (—0.8977) 


In Exercises 43-52, use a calculator to evaluate each expression. Give the answer in radians and round it to two decimal places. 


43. sin '(—0.5878) 44. sin !(0.8660) 45. cos 1(0.1423) 46. tan '(—0.9279) 
47. tan (1.3242) 48. cot 1(2.4142) 49. cot '(—0.5774) 50. sec '(—1.0422) 
51. csc 1(3.2361) 52. csc !(—2.9238) 


In Exercises 53-76, evaluate each expression exactly, if possible. If not possible, state why. 


53. sn” sin( =) 54. sin! sn( 2) 55. sin[sin '(1.03)] 56. sin{sin '(1.1)] 


7 enw: 4 
57: sin sin 7) 58. sin! sin( 7) | 59, cos" eos( “*) 60. cos"|eos(-* ) 
6 L 6 3 3 
-1 | Sar -1 a af 1 
61. cot cot (v3) 62. cot ‘| cot 63. sec '| sec’ 3 64. sec} sec 4 
65 es ese Z 
. 2 


69. tan! | tan 


[ 17 
73. cot" cot(*) 74. tan '[tan(877)] 75. ese" ese( #2) | 76. sec! seo( 2] 


In Exercises 77-96, evaluate each expression exactly. 


2 12 l 7 
Ths cos si) 78. sin|eos"($) 79, sin|tan-'( 80. cos ar'()) 
7 
81. tan sin(2 82. tan| cos 2) 83. se sin (2) 84. sec cos'(~7)] 
5 5 5 L 4 
85. ese|eos"'(+) 86. ese sin-( +) 87. cr sin 88. cot seo) 
89. coytan-(>) = sin'( 2) 90. coytar (2) + sin(2)) 
91. sifeos-( ) + ar()| 92. sineos-(2) = ar(>)| 
93. sifzeos"( 2) 94, cospsin-(?) | 95. 96. tan] 2c0s" (3) 
5 2) 13 


For each of the following expressions, write an equivalent expression in terms of only the variable w. 


67. cot(cot !0) 68. cot ! cot(-7) 


71. sec(sec !0) 72. csc '[csc(z)] 


7) 

co 

ry 
= 

N 

a. 

=) 

a 
, 
= 
ale 
Sy 
a | 


97. cos(sin 'w) 98. sin(cos !w) 99. tan(cos 'w) 100. tan(sin ') 
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"= APPLICATIONS 


For Exercises 101 and 102, refer to the following: 


Annual sales of a product are generally subject to seasonal 
fluctuations and are approximated by the function 


s(t) = 4300( 21) +562 O08t=11 


where ¢ represents time in months (t = 0 represents January) 
and s(t) represents monthly sales of the product in thousands 
of dollars. 


101. Business. Find the month(s) in which monthly sales are 
$56,200. 


102. Business. Find the month(s) in which monthly sales are 
$51,900. 


For Exercises 103 and 104, refer to the following: 


Allergy sufferers’ symptoms fluctuate with pollen levels. Pollen 
levels are often reported to the public on a scale of 0-12, which is 
meant to reflect the levels of pollen in the air. For example, a 
pollen level between 4.9 and 7.2 indicates that pollen levels will 
likely cause symptoms for many individuals allergic to the pre- 
dominant pollen of the season (Source: http://www.pollen.com). 
The pollen levels at a single location were measured and averaged 
for each month. Over a period of 6 months, the levels fluctuated 
according to the model 


p(t) = 5.5 + 1ssin( Zr) 0<1<6 


where f is measured in months and p(f) is the pollen level. 


103. Biology/Health. In which month(s) was the monthly 
average pollen level 7.0? 


104. Biology/Health. In which month(s) was the monthly 
average pollen level 6.25? 


105. Alternating Current. Alternating electrical current in 
amperes (A) is modeled by the equation i = /sin(277ft), 
where i is the current, / is the maximum current, f is time 
in seconds, and f is the frequency in hertz (Hz is the 
number of cycles per second). If the frequency is 5 Hz 
and maximum current is 115 A, what time t corresponds 
to a current of 85 A? Find the smallest positive value of t. 


106. Alternating Current. If the frequency is 100 Hz and 
maximum current is 240 A, what time f corresponds to a 
current of 100 A? Find the smallest positive value of ¢. 


107. Hours of Daylight. The number of hours of daylight 
in San Diego, California, can be modeled with 
H(t) = 12 + 2.4sin(0.017t — 1.377), where t is the day of 
the year (January 1, ¢ = 1, etc.). For what value of ¢ is the 
number of hours of daylight equal to 14.4? If May 31 is 
the 151st day of the year, what month and day correspond 
to that value of f? 


108. Hours of Daylight. Repeat Exercise 107. For what value of t 
is the number of hours of daylight equal to 9.6? What month 
and day correspond to the value of t? (You may have to 
count backwards.) 


109. Money. A young couple get married and immediately start 
saving money. They renovate a house and are left with 
less and less saved money. They have children after 10 
years and are in debt until their children are in college. 
They then save until retirement. A formula that represents 
the percentage of their annual income that they either save 
(positive) or are in debt (negative) is given by 
P(t) = 12.5cos(0.157t) + 2.5, where t = 0 corresponds to 
the year they were married. How many years into their 
marriage do they first accrue debt? 

A 
15 


10 


-10 


Percentage of Annual Income Saved 


10 20 30 40 50 
Time (in years) 


110. Money. For the couple in Exercise 109, how many years 
into their marriage are they back to saving 15% of their 
annual income? 


111. Viewing Angle of Painting. A museum patron whose 
eye level is 5 feet above the floor is studying a painting 
that is 8 feet in height and mounted on the wall 4 feet 
above the floor. If the patron is x feet from the wall, 
use tan(a + B) to express tan(@), where @ is the angle 
that the patron’s eye sweeps from the top to the bottom 
of the painting. 


112. Viewing Angle of Painting. Using the equation for tan(@) in 
Exercise 111, solve for 6 using the inverse tangent. Then 
find the measure of the angles 0 for x = 10 and x = 20 
(to the nearest degree). 


113. 


114. 


117. 


118. 


Earthquake Movement. The horizontal movement of a 
point that is k kilometers away from an earthquake’s fault 
line can be estimated with 


where M is the movement of the point in meters, f is the 
total horizontal displacement occurring along the fault line, 
k is the distance of the point from the fault line, and d is 
the depth in kilometers of the focal point of the earthquake. 
If an earthquake produces a displacement f of 2 meters and 
the depth of the focal point is 4 kilometers, then what is the 
movement M of a point that is 2 kilometers from the fault 
line? of a point 10 kilometers from the fault line? 


Earthquake Movement. Repeat Exercise 113. If an 


115. 
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Laser Communication. A laser communication system 
depends on a narrow beam, and a direct line of sight is 
necessary for communication links. If a transmitter/ 
receiver for a laser system is placed between two buildings 
(see the figure) and the other end of the system is located 
on a low-earth-orbit satellite, then the link is operational 
only when the satellite and the ground system have a line 
of sight (when the buildings are not in the way). Find the 
angle @ that corresponds to the system being operational 
(i.e., find the maximum value of 6 that permits the system 
to be operational). Express @ in terms of inverse tangent 
functions and the distance from the shorter building. 


201 eusia siqio 


; 116. Laser Communication. Repeat Exercise 115, assuming 
earthquake produces @ displacement f of 3 meters and the that the ground system is on top of a 20-foot tower. 
depth of the focal point is 2.5 kilometers, then what is the 
movement M of a point that is 5 kilometers from the fault 
line? of a point 10 kilometers from the fault line? 

"=CATCH THE MISTAKE 
In Exercises 117-120, explain the mistake that is made. 
3 
Evaluate the expression exactly: sn sin(*) | 119. Evaluate the expression exactly: cot '(2.5). 
Solution: Solution: 
: fo, ahcsipes = eee 1 
De MS ny Sa IA) — OMe Use the reciprocal identity. cot 1(2.5) = See 
37 tan (2.5) 
Since —— is in the interval 1 
-1 = -1 = 
lO) ah tie identity sin io(2) _ 3a Evaluate tan (2.5) = 1.19. cot (2.5) 119 
can be used. 5 5 : ; er, 
oo, : Simplify. cot (2.5) = 0.8403 
This is incorrect. What mistake was made? 
This is incorrect. What mistake was made? 

Evaluate the expression exactly: cos" os -Z)| 1 

5 120. Evaluate the expression exactly: cso). 
Solution: 4 

F : 4 7 7 Solution: 

Use the identity cos “(cosx) = x on == 5" 


Since me is in the interval 
7 7 ae 

-5, — } the identity 
2 2 


can be used. 


This is incorrect. What mistake was made? 


Use the reciprocal identity. 


Evaluate sin (4) = 14.478 csc! eee 
‘ a 4) 14.478 


1 
“= ) = 0.0691 
csc (3) 0.069 


This is incorrect. What mistake was made? 


Simplify. 
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=" CONCEPTUAL 


In Exercises 121-124, determine whether each statement is true or false. 


121. 
122. 


The inverse secant function is an even function. : = ; 
125. Explain why sec (5) does not exist. 


The inverse cosecant function is an odd function. i 
126. Explain why ese '(5) does not exist. 


123. csc '(csc@) = 6, for all 6 in the domain of cosecant. 
124. sin !(2x)+cse'(2x) = 1, for all x for which both functions 
are defined. 
CHALLENGE 
1 
127. Find the expression that corresponds to sn|eos'(*) | 132. Let f(x) = 1 - tan( + a) 
128. Determine the x-values for which a. State an accepted domain of f(x) so that f(x) is a one-to- 
one function. 
in || 2sin ae cos an = 3x 
Sa 2 2. : b. Find f '(x) and state its domain. 
129. Evaluate exactly: sin(2sin! 1). 133. Let f(x) = 24 joot(2 =). 
4 6 
; 7 
130. Let f(x) = 2 asin( x 2 ) a. State an accepted domain of f(x) so that f(x) is a one-to- 


131. 


" TECHNOLOGY 
135. 


136. 


137. 


138. 


. . one function. 
a. State an accepted domain of f(x) so that f(x) is a one- 


to-one function. b. Find f~'(x) and state its domain. 


b. Find f-!(x) and state its domain. oa 
134. Let f(x) = —csc a = 1}; 


7 
Let fa) = 3 + cos(x — =) a. State an accepted domain of f(x) so that f(x) is a one-to- 


. . one function. 
a. State an accepted domain of f(x) so that f(x) is a one- 


to-one function. b. Find f '(x) and state its domain. 


b. Find f~'(x) and state its domain. 


Use a graphing calculator to plot Y; = sin(sin'x) and 139. Given tanx = a“ anda <x< oT 
Y, = x for the domain —1 = x = 1. If you then increase 
the domain to —3 = x = 3, you get a different result. a. Find sin(2x) using the double-angle identity. 
Explain the result. b. Use the inverse of tangent to find x in QIII and use a 
Use a graphing calculator to plot Y; = cos(cos'x) and calculator to find sin(2x). Round to five decimal places. 
Y, = x for the domain —1 = x = 1. If you then increase c. Are the results in (a) and (b) the same? 
the domain to —3 = x = 3, you get a different result. 
Explain the result. 140. Given sinx = —- and oa <x < 2m: 
V 10 2 
Use a graphing calculator to plot Y; = csc '(cscx) and 


Y, = x. Determine the domain for which the following oe PIN an ay using shelouble-anels Weuny, 


statement is true: csc 1(cscx) = x. Give the domain in b. Use the inverse of sine to find x in QIV and find tan(2x). 


terms of 77. c. Are the results in (a) and (b) the same? 


Use a graphing calculator to plot Y; = sec '(secx) and 
Y, = x. Determine the domain for which the following 
statement is true: sec !(secx) = x. Give the domain in 
terms of 77. 


SECTION 
7.8 TRIGONOMETRIC EQUATIONS 


Recall that in solving algebraic equations, the goal is to find the value for the variable 
which makes the equation true. For example, the linear equation 2x — 5 = 7 has only 
one value, x = 6, which makes the statement true. A quadratic equation, however, can 
have two solutions. The equation x” = 9 has two values, x = +3, which make the 
statement true. With trigonometric equations, the goal is the same: find the value (or values) 
that makes (or make) the equation true. 


Solving Trigonometric Equations 
by Inspection 


To solve the equation 


sinx + cosx = 1 Osx<27 
we can draw the unit circle and ask the question: “Which points on the unit circle have 
x- and y-coordinates that sum to 1?” 


Inspecting the figure to the left we see that 


ot 8 ) (4 .) 7 
22 27-2 x=0O and x = rs correspond to x- and 
0,1 ‘ ba 
cs uz) conte 7 2 =) y-coordinates along the unit circle that sum 
2d 2 ieee * ‘ = 
> Te. ' + = 
WB 1) Res Sel ee M (8 4) to 1. The solution to sinx thas 1 on 
7a? ; 0 45 wT. \5? 7 p : 
2° 2 2 Pen sie ye the x interval [0, 277] is Bae This 
C10, wo, nee = 
"7 180° 0 360° mA. 0) method of solving a trigonometric equation 
Vi 1 ) ee gee a (8 1 is called inspection. 
2 ee acre ol300° 7z © |—.-5 
2’ 2 ie 4 240 = tg 2° 2 
(- 2 a “e3 270°} 2 30” (2 | 
2° 2 (0, -1) 2 2 
1 2B if .) 
27 9 272, 
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EXAMPLE 1_ Solving a Trigonometric Equation by Inspection 


Solve each of the following equations over [0, 277): 


a. sinx = 5 b. cos(2x) = 5 
Solution (a): 1B 8 
on tat "220 y \2? 2 
Ask the question, “sine of what angles 0.1 A? 
is 47” (2,2) OM. (2.2) 
° ee ge ee, 2 
T 5 _N3 Bs “z * 120°) 60 ot ‘e 3 1 
x = —orx = — 2’ 2) 250° 135° 4° ot 2°93 
6 6 456° 30° 6 
1,0); He & 
e o> 
tar 180° 0 360! 2m] 0) 
Te 210° 330° LI | 
2’ 2 “gt 4x 240 se st de 2° 2 
Be Bc eo} 27092 Je (2 a 
2° 2 (0, -1) 2° 2 
a 
2 2 2F 2 
Solution (b): 1 vB 13 
F : “22 yo Wee 2, 
Ask the question, “cosine of what angles ? 
a (22) ot’ (as 
= za) ae Meee, Vora 
: e 3 7@ 
In this case, the angle is equal to 2x. Bo 3 3 29°) oo Fy (3B 1 
2° 2) 5a" 135° ihe 2 
7 Sar 6 150° mn 
2x = — or 2x = — (-1, 0) oo, * 
3 3 7 180° 0 360° 27:4 ()) 
qq 210° 330° Lig!” 
r Sm fe = ee ee A) 
Solve for x: irre aera: 2° 2 Tr 4, OP 300" 50 he 2° 2 
Lee) ee a 
fa en 2 2 
ag 
2? 2 a 2 
T 7 ; . . : 
Note: x = and x = are in the interval [0, 277) and also satisfy the equation 
(2x) 
cos(2x) = =. 
2 
a Sa T1 lla 
x and 


= YOUR TURN Solve each of the following equations over [0, 277): 


a. CcOSx = 5 b. sin(2x) = 5 
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EXAMPLE 2 Solving a Trigonometric Equation by Inspection fa 
; ; V2 AY 
Solve the equation sinx = cc (2 2 (2 #) Technology Tip 
2° 2 rg a i Use the fact that a solution to the 
30 
f 4 fax \ equation sinx = + is the same as 
=] = ! i > a point of intersection of y = sinx 
x 7 and y = = over one period, 
PA 
eee ee [0, 27) or [0, 360°). 
-1 
Solution: 
SteP 1 Solve over one period, [0, 277). Decrees | x = 45° or x = 135° 
Ask the question, “sine of ae. = 3a Intersection 
a Vi PaaS he gg. ee Sr H=.7HESHi8 ¥=.70740G78 
what angles is ora 
The sine function is positive in quadrants I and II. Study Tip 


Find all solutions unless the domain 


Step 2 Solve over all real numbers. 
is restricted. 
Since the sine function has a period of 360° or 277, adding integer multiples ones 
of 360° or 27 will give the other infinitely many solutions. 


= Answer: 


Decrees | x = 45° + 360°n or x = 135° + 360°n 
DEGREES x = 60° + 360°n or 


x = 300° + 360°n 


7 37 
RADIANS x=—+ 2n7 or x= a + 2n7, 


7 
where n is any integer x= 3 + 2nm or 


RADIANS Sar 
x= + 2n7r, 
= YOUR TURN Solve the equation cosx = 5, whens pany anise 
Notice that the equations in Example 2 and the Your Turn have an infinite number of 
solutions. Unless the domain is restricted, you must find all solutions. 
EXAMPLE 3_ Solving a Trigonometric Equation by Inspection ea 


Solve the equation tan(2x) = -V3. 
Technology Tip 


Solution: 
STEP 1 Solve over one period, [0, 77). DEGREES 2x = 120° Plotd Floke  Ploks 
oe a tang 2x) 
Ask the question, “tangent of what angles is ame dy = 20 WZ Toss 
—3?" Note that the angle in this case is 2x. 3 


The tangent function is negative in quadrants II and IV. Since [0, 77) includes 
quadrants I and II, we find only the angle in quadrant II. (The solution 
corresponding to quadrant IV will be found when we extend the solution over 
all real numbers.) 
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STEP 2 Solve over all x. Gendens 2x = 120° + 180°n 
To find the point of intersection, use Since the tangent function has a an 
[2nd TRACE | for | CALC }, move period of 180°, or 7, adding integer | RADIANS ae 3 am 
the down arrow to | 5: Intersect |, type mei s-Gr DO Oro williewe Wits 1 1s ainy meget 


all of the other solutions. 


for the first curve, } ENTER 


for the second curve, |0.8| for guess, 


nt 
and | ENTER |. RabDIANS x= oF >” 


where n is any integer 


Solve for x by dividing by 2. DEGREES x = 60° + 90°n 


Note: 

= There are infinitely many 
solutions. If we graph AY 
y = tan(2x) and y = —V3, 
we see that there are infinitely 
many points of intersection. 


y = tan(2x) 


For the second answer, you need a 
number close to the answer for the 


guess. Type | 2.5] for guess, and 


ENTER |. 


= Had we restricted the domain 
to 0 = x < 27, the solutions 


(in radians) would be the values _ 7 is nT 
given to the right in the table. | es 2 
T 
0 x= 
3 
1 Sa 
x= 
6 
Notice that only n = 0,1,2,3 yield 2 ¢= 4a 
x-values in the domain 3 
Osx < 27. lla 
3 ae 
6 


Notice that in Step 2 of Example 2, 2n7 was added to get all of the solutions, whereas 
in Step 2 of Example 3, we added nzr to the argument of the tangent function. The reason 
that we added 2n7 in Example 2 and nz in Example 3 is because the sine function has 
period 277, whereas the tangent function has period 7. 


7.8 Trigonometric Equations 


Solving Trigonometric Equations Using 
Algebraic Techniques 


We now will use algebraic techniques to solve trigonometric equations. Let us first start 
with linear and quadratic equations. For linear equations, we solve for the variable by 
isolating it. For quadratic equations, we often employ factoring or the quadratic formula. 
If we can let x represent the trigonometric function and the resulting equation is either 
linear or quadratic, then we use techniques learned in solving algebraic equations. 


TYPE EQUATION SUBSTITUTION ALGEBRAIC EQUATION 
Linear trigonometric equation 4sind — 2 = —4 x = sind 4x —-2= -4 
Quadratic trigonometric equation 2cos’@ + cos@ — 1 = 0 x = cosé 2x? +x-1=0 


It is not necessary to make the substitution, though it is convenient. Frequently, one can see 
how to factor a quadratic trigonometric equation without first converting it to an algebraic 
equation. In Example 4, we will not use the substitution. However, in Example 5, we will 
illustrate the use of a substitution. 


EXAMPLE 4_ Solving a Linear Trigonometric Equation 
Solve 4 sind — 2 = —40n0 = @ < 27. 


Solution: 
Step 1 Solve for sind. 4sind — 2 = —4 
Add 2. 4sin@ = —2 
Divide by 4. sing = -5 
Step 2 Find the values of @ on 0 = @ < 27 which satisfy the equation sin@ = 5. 


The sine function is negative in quadrants III and IV: 


ah og 5 an sin é 7 6 or 6 


5 
ZYOUR TURN Solve 2cos@ + 1 = 20n0 S @ < 27. = Answer: 6 = For - 


EB 
Technology Tip 


laa EXAMPLE 5_ Solving a Quadratic Trigonometric Equation Saaicl Seas Eseries 


819 


Solve 2cos*@ + cos@ — 1 = 0on0 S 6 < 2z. “HM Betcostns aE, 
oscna-l 
Solution: 
Step 1 Solve for cos@. 2cos? 9 + cos@d — 1 = 0 
Let x = cosé. w+tx-1=0 
Factor the quadratic equation. (2x — 1x + 1)=0 


Set each factor equal to 0. 2x -1=0orx+1=0 
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Study Tip 
If Example 5 asked for the solution 


to the trigonometric equation over all 
real numbers, then the solutions 


T 
would be 6 = 2 + 2n7, 


Sa 
— + 2na, 7 + 2n7. 


3 


a3 
= 


= Answer: 0 = oe 


Floki Foti Floks 
“Waban ts) 2-ta 


now 


1 
Solve each equation for x. x= 3 or x=-l 
: 1 
Substitute back to 0: x = cos@. cosé = > or cos@ = —1 
Step 2 Find the values of 9 on 0 = 6 < 27r that satisfy the equation cos@ = 5. 
The cosine function is positive in quadrants I and IV. 
7 il Sa 1 7 Sa 
cos| — } = — and cos| — } = —. =| or |e = 
3 2 3 2 3 3 
Step 3 Find the values of 8 on 0 = @ < 27r that satisfy the equation cos@ = —1. 
; 3 7 Sa 
The solutions to 2cos-@ + cos? — | = 0Oon0 = @ < 27 are @ = ae = 3 ,ord = 7. 


= YOUR TURN Solve 2sin’6 — sind — 1 = 0on0 = @ < 2z. 


Solving Trigonometric Equations Which 
Require the Use of Inverse Functions 


Thus far, we have been able to solve the trigonometric equations exactly. Now we turn our 
attention to situations that require using a calculator and inverse functions to approximate 
a solution to a trigonometric equation. 


EXAMPLE 6 _ Solving a Trigonometric Equation Which Requires the 
Use of Inverse Functions 


Solve tan?@ — tan@d = 60n0° = 6 < 180°. 
Solution: 


Step 1 Solve for tané. 


Subtract 6. tan’?@ — tand — 6 = 0 
Factor the quadratic trigonometric 

expression on the left. (tan@ — 3) (tan@é + 2) = 0 
Set the factors equal to 0. tand — 3 = Oortand+2=0 
Solve for tan 0. tané = 3 ortané = —2 


Step 2 Solve tand = 3 on 0° = 6 < 180°. 
The tangent function is positive on 0° = 6 < 180° only in quadrant I. 


Write the equivalent inverse notation totan@ = 3. 6 = tan’'3 


Use a calculator to evaluate (approximate) 0. 0 = 71.6° 
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STEP 3 Solve tand = —20n0° = @ < 180°. 
The tangent function is negative on 0° = 6 < 180° only in quadrant II. 
A calculator gives values of the inverse tangent in quadrants I and IV. 


We will call the reference angle in quadrant IV “a. 


Write the equivalent inverse notation 


to tana = —2. a = tan '(—2) 
Use a calculator to evaluate (approximate) a. a = —63.4° 
To find the value of 6 in quadrant II, add 180°. 6 =a + 180° 


= 116.6° 
The solutions to tan?9 — tan? = 60n0° = 6 < 180° are 0 = 71.6° or 6 = 116.6°. 


) = Answer: 6 ~ 63.4° or 108.4° 
= YOUR TURN Solve tan’é + tan? = 60n0° = @ < 180°. 


Recall that in solving algebraic quadratic equations, one method (when factoring is not 
obvious or possible) is to use the Quadratic Formula. 


—b+ VP’ — 4ac 
a 


2a 


ax’ + bx + c = 0 has solutions x = #0 


e 
EXAMPLE 7 _ Solving a Quadratic Trigonometric Equation Which Technology Tip 
Requires the Use of the Quadratic Formula and 
Inverse Functions 


Solve 2cos?9 + 5cos@ — 6 = 0on0° <= @ < 360°. 


Solution: 
Step 1 Solve forcos@. 2cos’?@ + 5cosd — 6 = 0 
Let x = cos@. 2x7 + 5x -6=0 
‘ \/3? — A(2(—-6) 3 
Use the Quadratic Formula, oo Se NS 4(2)(-6) Tere ea 
a=2,b=5,c = —6. 2(2) 
—5 + V73 
Simplify. x = —— 
4 
Use a calculator to approximate 
the solution. x =~ —3.3860 or x ~ 0.8860 
Substitute back to 6: x = cos@. cos@ © —3.3860 or cosé & 0.8860 


EFM 
HSBEesr yee Y=0 


STEP 2 Solve cos@ = —3.3860 on 0° S 0 < 360°. 


Recall that the range of the cosine function is [—1, 1]; therefore, the cosine function 
can never equal a number outside that range (—3.3860 < —1). 


There is with this equation. 
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STEP 3. Solve cos@ = 0.8860 on 0° S 0 < 360°. 


The cosine function is positive in quadrants I and IV. Since a calculator gives 
inverse cosine values only in quadrants I and II, we will have to use a reference 
angle to get the quadrant IV solution. 


Write the equivalent inverse 
notation for cos@ = 0.8860. 6 = cos 10.8860 


Use a calculator to evaluate 


(approximate) the solution. 0 = 27.6° 


To find the second solution 
(in quadrant IV), subtract the 
reference angle from 360°. 0 = 360° — 27.6° 


6 = 332.4° 
The solutions to 2cos”@ + 5cos@ — 6 = 0 0n 0° <= 6 < 360° are 6 © 27.6° or 0 © 332.4°. 


nA : 6 © 242.4° or 297.6° 
naan ne = YOUR TURN Solve 2sin’6 — S5sin@ — 6 = 0on0° = 6 < 360°. 


Using Trigonometric Identities to Solve 
Trigonometric Equations 


We now consider trigonometric equations that involve more than one trigonometric 
function. Trigonometric identities are an important part of solving these types of equations. 
The trigonometric equation in Example 8 was solved by inspection in the beginning of this 
section. We solve it again now using trigonometric identities. 


EB 
Technology Tip ™ _ EXAMPLE 8_ Using Trigonometric Identities to Solve 
Find the points of intersection of Trigonometric Equations 
y, = sinx + cosx andy, = 1. : 
Solve sinx + cosx = lon0 = x < 27. 
Floti Flote Floats Solution: 
WYESintsstoos ta : 


ll 


Square both sides. sin?x + 2sinxcosx + cos*x = 1 


WY2Bl 


Label the Pythagorean identity. sin?x + cos*x + 2sinxcosx = 1 


SS 


1 


Subtract 1 from both sides. 2sinxcosx = 0 

Use the Zero Product Property. sinx = 0 or cosx = 0 
——— i —— => 3 

Solve for x on 0 S x < 27. x = Oorx = worx 5 ore i 


Because we squared the equation, we have to check for extraneous solutions. 


Check x = 0. sn0+ cosO0=O0+1=1 V 


Check x = 7. sina + cos7 =O-1=-—1 Vo 


ll 
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Check x = 


ft 
5 
Check x = om 
2 


3 3 
si 7) + od |= 1 ew lv 
2 2 
T 
Th luti to si + = 1 Os=x<2 =0 =—|, 
e solutions to sinx + cosx on x mare | x = 0| or| = 5] 


T 
= YOUR TURN Solve sinx — cosx = lonO0 =x < 27. PPR ae mia 


leu EXAMPLE 9_ Using Trigonometric Identities to Solve 
Trigonometric Equations 


Solve sin(2x) = sinxon0 = x < 27. 


CoMMON MISTAKE 


Dividing by a trigonometric function (which could be equal to zero). 


€3 CORRECT iq INCORRECT 
Use the double-angle formula vy CAUTION © 7 
for sine. Do not divide equations by 
sin(2x) = sinx Isinxcosx = sinx trigonometric functions, as they 
—— can sometimes equal zero. 
2sinxcosx vsdechcavssasicasadasssaaads vse 
Subtract sinx. Divide by sinx. ERROR 
2sinxcosx — sinx = 0 2cosx = 1 


Factor the common sinx. 
(sinx)(2cosx — 1) = 0 
Set each factor equal to 0. 


sinx = 0 or 2cosx — 1 = 0 Solve for cosx. 

: 0 1 

sinx = 0 or cosx = = cosx = = 
2 2 


Solve sinx = 0 for x 
on0 = x < 27. 


Or Missing solutions from sinx = 0. 


Solve cosx = 5 for x 


on0 = x < 27. 


7 5a 
x= —| or| x= —— 
3 3 


; é ; 7 Sa 
The solutions to sin(2x) = sinx are x = 0, —, 7, and —. 


3 
ZH YOUR TURN Solve sin(2x) = cosxon0 = x < 27. epnewer 
e020 78 
vag & 
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EXAMPLE 10 _ Using Trigonometric Identities to Solve 
Trigonometric Equations 


Solve sinx + cscx = —2. 
Solution: 
Use the reciprocal identity. sinx + cscx = —2 
ees 
1 
. 1 
Add 2. sinx + 2+ —=0 
sinx 
Multiply by sinx. (Note sinx # 0.) sin’x + 2sinx + 1 =0 
Factor as a perfect square. (sinx + 17 = 0 
Solve for sinx. sinx = —1 
F : . 37 
Solve for x on one period of the sine function, [0, 277). x= a 
: : : : 37 
Add integer multiples of 27 to obtain all solutions. x= cs + 2nt 


| || EXAMPLE 11_ Using Trigonometric Identities and Inverse 
aa Functions to Solve Trigonometric Equations 
- "7 Solve 3cos*@ + sin@ = 3 on 0° <= @ < 360°. 
Technology Tip 


Solution: 
Floti Flake : : 2 : 

wy Beco Use the Pythagorean identity. 3cos*@ + sin@ = 3 

intAs 1 — sin’@ 

ES 
Subtract 3. 3(1 — sin’@) + sind — 3 = 0 
Eliminate the parentheses. 3 — 3sin°@ + sind — 3 = 0 
Simplify. —3sin’@ + sind = 0 
Factor the common sin@. sin@(1 — 3sin@) = 0 
Set each factor equal to 0. sind = 0 or 1 — 3sin@ = 0 
Solve for sin6. sin@ = 0 or sin? = 3 


Solve sin9 = 0 for x on 0° = 6 < 360°. 6 = 0° \or 6 = 180° 
Solve sin@ = + for x on 0° = 6 < 360°. 


The sine function is positive in quadrants I and I. 


A calculator gives inverse values only in quadrant I. 


. : : : : af ul 
Write the equivalent inverse notation for siné = i. 0 = sin (3) 
Use a calculator to approximate the quadrant I solution. 0 = 19.5° 


To find the quadrant II solution, subtract the reference 


Intersection 
halon Yae angle from 180°. 6 = 180° — 19.5° 
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Applications 


EXAMPLE 12 Applications Involving Trigonometric Equations 
Light bends (refracts) according to Snell’s law, which states 

n,sin(6;) = n,sin(6,) 
where 


n; is the refractive index of the medium the 
light is leaving. 

0; is the incident angle between the light 
ray and the normal (perpendicular) to the 
interface between mediums. 

n, is the refractive index of the medium the 
light is entering. 

6,. is the refractive angle between the light 
ray and the normal (perpendicular) to the 
interface between mediums. 


St 


‘oul ‘sobewy) Ayay/aiysuyo siuer 


- 


Assume that light is going from air into 
a diamond. Calculate the refractive angle 
0, if the incidence angle is 8; = 32° and 


the index of refraction values for air and Air 
diamond are n; = 1.00 and n, = 2.417, 
respectively. 
Diamond 
n, = 2.417 
Solution: 
Write Snell’s law. n;sin(0;) = n,sin(@,) 


Substitute 0; = 32°, n; = 1.00, andn, = 2.417. sin32° = 2.417sin6, 


Isolate sin@, and simplif ii eo Gp9 1888 
soOlate sin ie ani simpuHty. sin ir 2417 x VU. 


Solve for 0, using the inverse sine function. 6, © sin '(0.21925) © 12.665° 


Round to the nearest degree. 


Musical tones can be represented mathematically with sinusoidal functions. Recall that a AY 
tone of 48 Hz (cycles per second) can be represented by the function A sin[ 27r(48)r], where 5) 
A is the amplitude (loudness) and 48 Hz is the frequency. If we play two musical tones 
simultaneously, the combined tone can be found using the sum-to-product identity. For 1 
example, if a tone of 48 Hz is simultaneously played with a tone of 56 Hz, the result 
(assuming uniform amplitude, A = 1) is sin(967rt) + sin(1127t) = 2sin(1047rt) cos(871), —Fa a 


whose graph is given on the right. 

The sin(1047rt) term represents a sound of average frequency 52 Hz. The 2cos(87rf) rep- 
resents a time-varying amplitude and a “beat” frequency that corresponds to 8 beats per 
second. Notice that in the graph there are 4 beats in 5 second. 
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EXAMPLE 13 Tuning Fork 


A tuning fork is used to help musicians “tune” their 
instruments. They simultaneously listen to the 
vibrating fork and play a tone and adjust their 
instrument until the beat frequency is eliminated. 

If an E (659 Hz) tuning fork is used and the 
musician hears 4 beats per second, find the fre- 
quency of the tone from the instrument if the loudest 
beat is the third of each group. Assume that each 
tone has an amplitude of 1. 


ojoydyo0}51 79zge 


Solution: 


Express the tone E 


mathematically. sin{27r(659)4] 
Express the instrument’s tone 
mathematically. sin(27ft) 
Add the two to get the 
combined sound. sin[27(659)¢] + sin(277ft) 
; . . f + 659 f — 659 
Use the sum-to-product identity. 2sin| 2' 5 Tt |cos| 2! —— at 
. : f+ 659 
The beat frequency is 4 Hz. 2sin| 2 5 mt |cos[4art | 


Since the cosine function is an even 
function, so that cos(—x) = cosx, 


we equate the absolute value (ae = |4at| 

of the cosine arguments. 2 

Solve for f. f= 663 or f= 655 

The loudest sound, |A| = 2, is 

heard on the third beat of each 3 3 

four, tf = 3 sec. asl (F + 659)" Joos 4 3 =) 
Bocede : 3 

Simplify. sin| (f + 659) 47 =-1 


The inverse does not exist unless we restrict the domain of the sine function. Therefore, we 


inspect the two choices, |655 Hz} or 663 Hz), and both satisfy the equation. The instrument 


can be playing either frequency based on the information given. 


> 
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SUMMARY 


In this section we began by solving basic trigonometric equations inverse function in only one of the two relevant quadrants. The 
that contained only one trigonometric function. Some such equations other quadrant solutions must be found using reference angles. 
can be solved exactly by inspection, and others can be solved exactly Trigonometric identities are useful for solving equations that involve 
using algebraic techniques similar to those of linear and quadratic more than one trigonometric function. With trigonometric identities 
equations. Calculators and inverse functions are needed when exact __ we can transform such equations into equations involving only one 
values are not known. It is important to note that calculators give the _ trigonometric function, and then we can apply algebraic techniques. 


SECTION 
7.8 EXERCISES 


" SKILLS 


In Exercises 1-20, solve the given trigonometric equation exactly over the indicated interval. 


1. 


4. 


2 
Pose<am 


cos@ 
sec0 = -2,050< 47 


1 
sin(20) = “> 0s=6<27 


5 cos( 5) = —1, all real numbers 


sec? = —2, -27 = 0<0 


. tan(50) = 1, all real numbers 


. csc(30) = 1,-27 = O=0 


2 
2: sind = “2.0 <0 < 20 3. csc9 = -2,050< 47 
5. tan@ = 0, all real numbers 6. cot@ = 0, all real numbers 
0 1 
8. cos(20) = ae 0560<27 9, sin( 5) = > all real numbers 


11. tan(20) = V3, -207 = 0 < 20 12. tan(20) = — V3, all real numbers 


2 
14, csc@ = nes —TsO0<T7 15. cot(40) = -4 all real numbers 
17. sec(30) = —1,-27 = 0=0 18. sec(40) = V2,0=0=57 
2 
20. csc(60) = eae} 0Os<0s7 


In Exercises 21-40, solve the given trigonometric equation exactly on 0 = 6 < 27. 


21. 


25. 


29. 
33. 


37. 


41. 


44. 


2sin(20) = V3 22. 
2cos(26) + 1 =0 26. 
tan’?@ — 1 =0 30. 
csc’ + 3csc8 +2=0 34. 
sec’@ —1=0 38. 


sin(20) = —0.7843 


see( 7) = 1.4275 
2 


0 0 
2eor( 5) =-V2 23. 3tan(20) — V3 = 0 24, stan( 5) -4=0 


0 
4csc(20) + 8 = 0 27. veot($) —3=0 28. V3sec(20) + 2 = 0 
sin’?@ + 2sin@+1=0 31. 2cos*@ — cosd = 0 32. tan’@ — V3tané = 0 
cot’?@ = 1 35. sin’?@ + 2sind — 3 = 0 36. 2sec?@ + secd -1=0 
2 2 4 2 
csc O—-—1=0 39. ie 40. csc“(20) —- 4 =0 
In Exercises 41-60, solve the given trigonometric equation on 0° = 6 < 360° and express the answer in degrees to two decimal places. 
0 

42. cos(20) = 0.5136 43. tan($) = —0.2343 

45. 5cot?@-9=0 46. 5sec0 + 6=0 

48. 3cosd — V5 =0 49. 4cos*@ + 5cosd — 6 = 0 


47. 


4sind + V2 =0 
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50. 6sin’?@ — 13sin@ — 5 = 0 


53. 15sin?(20) + sin(20) — 2 = 0 


56. sin’?@ + 3sind — 3 =0 


59. csc?(30) —-2 =0 


51. 6tan’@ — tand — 12 = 0 


52. 6sec?@ — 7sec@ — 20 = 0 


54, 12c0s(5) 13cos{ 5 } +3=0 55. cos’@ — 6cos9 + 1=0 


57. 2tan?@ — tand —-7=0 


60. sec(5) —-2=0 
2 


58. 3cot?@ + 2cot@-4=0 


In Exercises 61-88, solve the trigonometric equations exactly on the indicated interval, 0 = x < 27. 


61. sinx = cosx 
3 
65. secx — tanx = oe 


69. 2sinx — cscx = 0 


73. V2sinx = tanx 


77. V3secx = 4sinx 


81. cos’x + 2sinx + 2 =0 


85. cos(2x) + cosx = 0 


62. 


66. 


70. 
74. 


86. 


sinx = —cosx 63. 
secx + tanx = 1 67. 
2sinx + cscx = 3 71. 
cos(2x) = sinx 75; 
. V3tanx = 2sinx 79. 
. 2cos’x = sinx + 1 83. 
2cotx = cscx 87. 


secx + cosx = —2 64. sinx + cscx = 2 
V3 
cscx + cotx = V3 68. cscx — cotx = = 
sin(2x) = 4cosx 72. sin(2x) = V3sinx 
tan(2x) = cotx 76. 3cot(2x) = cotx 
sin’?x — cos(2x) = -| 80. sin’?x — 2sinx = 0 
2sin’x + 3cosx = 0 84. 4cos*x — 4sinx = 5 


qsec(2x) = sin(2x) 


88. : ese *) = cos( *) 
4 2 2 


In Exercises 89-98, solve each trigonometric equation on 0° = 6 < 360°. Express solutions in degrees and round to two 


decimal places. 


89. cos(2x) + 5sinx =0 


93. cot?x — 3cscx — 3 = 0 


90. 


94. 


1 
97. ese(4) cos'(4) =0 98. 


" APPLICATIONS 
Exercises 99 and 100, refer to the following: 


Computer sales are generally subject to seasonal fluctuations. 
The sales of QualComp computers during 2008-2010 is 


approximated by the function 


s(t) = 0.120sin(0.790t — 2.380) + 0.387 


sec?x = tanx + 1 91. 


esc?x + cotx = 7 95. 


6cos’x + sinx = 5 92. sec?x = 2tanx + 4 


2sin’x + 2cosx-1=0 96. sec?x + tanx -2=0 


For Exercises 101 and 102, refer to the following: 


Allergy sufferers’ symptoms fluctuate with the concentration of 
pollen in the air. At one location the pollen concentration, 


measured in grains per cubic meter, of grasses fluctuates 


1l=r=12 


where ¢ represents time in quarters (t = 1 represents the end of 
the first quarter of 2008), and s(t) represents computer sales 


(quarterly revenue) in millions of dollars. 


99. Business. Find the quarter(s) in which the quarterly sales 


are $472,000. 


100. Business. Find the quarter(s) in which the quarterly sales 


are $507,000. 


102. 


103. 


throughout the day according to the function: 


V0 
6 


p(t) = 35 2ocos( Tr }, 0<r< 24 


where ¢ is measured in hours and t = 0 is 12:00 A.M. 


101. Biology/Health. Find the time(s) of day when the grass 


pollen level is 41 grains per cubic meter. Round to the 
nearest hour. 


Biology/Health. Find the time(s) of day when the grass 
pollen level is 17 grains per cubic meter. Round to the 
nearest hour. 


Sales. Monthly sales of soccer balls are approximated by 
S= s00sin( 7) + 2000, where x is the number of the 
month (January is x = 1, etc.). During which month do 
sales reach 2400? 


104. 


105. 


106. 


107. 


108. 


109. 


110. 


Sales. Monthly sales of soccer balls are approximated by 
S = 400 sin( 2) + 2000, where x is the number of the 


month (January is x = 1, etc.). During which two months 
do sales reach 1800? 


Home Improvement. A rain gutter is constructed from a 
single strip of sheet metal by bending as shown below, so 
that the base and sides are the same length. Express the 
area of the cross section of the rain gutter as a function of 
the angle @ (note that the expression will also involve x). 


Home Improvement. A rain gutter is constructed from 
a single strip of sheet metal by bending as shown above, 
so that the base and sides are the same length. When the 
area of the cross section of the rain gutter is expressed 
as a function of the angle 0, you can then use calculus to 
determine the value of 6 that produces the cross section 
with the greatest possible area. The angle is found by 
solving the equation cos*@ — sin?@ + cos@ = 0. Which 
angle gives the maximum area? 


Deer Population. The number of deer on an island is given 
by D = 200 + 100 sin( 7) where x is the number of years 
since 2000. Which is the first year after 2000 that the number 


of deer reaches 300? 

Deer Population. The number of deer on an island is given 
by D = 200 + 100 sin(Zx), where x is the number of years 
since 2000. Which is the first year after 2000 that the number 
of deer reaches 150? 


Optics. Assume that light is going from air into a diamond. 
Calculate the refractive angle 6, if the incidence angle is 

0; = 75° and the index of refraction values for air and 
diamond are n; = 1.00 and n, = 2.417, respectively. Round 
to the nearest degree. (See Example 12 for Snell’s law.) 


Optics. Assume that light is going from a diamond into 
air. Calculate the refractive angle 0, if the incidence angle 
is 9; = 15° and the index of refraction values for diamond 
and air are n; = 2.417 and n, = 1.00, respectively. Round 
to the nearest degree. (See Example 12 for Snell’s law.) 


111. 


112. 
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Air in Lungs. If a person breathes in and out every 
3 seconds, the volume of air in the lungs can be 


(7 7 
modeled by A = 2sin( 3 x) cos( 3 x) + 


liters of air and x is in seconds. How many seconds into 
the cycle is the volume of air equal to 4 liters? 


3, where A is in 


Air in Lungs. For the function given in Exercise 111, 
how many seconds into the cycle is the volume of air 
equal to 2 liters? 


For Exercises 113 and 114, refer to the following: 


The 


figure below shows the graph of y = 2cosx — cos(2x) 


between —27 and 277. The maximum and minimum values of the 
curve occur at the turning points and are found in the solutions of 
the equation —2sinx + 2sin(2x) = 0. 


113. 


114. 


115. 


Finding Turning Points. Solve for the coordinates of the 
turning points of the curve between 0 and 27. 


Finding Turning Points. Solve for the coordinates of the 
turning points of the curve between —2z and 0. 


Business. An analysis of a company’s costs and revenue 
shows that annual costs of producing their product as 
well as annual revenues from the sale of a product are 
generally subject to seasonal fluctuations and are 
approximated by the functions 


C() = 2.3 + 0.25sin( 71) 0<r<11 


R(t) = 2.3 + o.seos( 7) 0<t<1l 


where ¢ represents time in months (t = 0 represents 
January), C(t) represents the monthly costs of producing 
the product in millions of dollars, and R(t) represents 
monthly revenue from sales of the product in millions 
of dollars. Find the month(s) in which the company 
breaks even. Hint: A company breaks even when its 
profit is zero. 
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116. Business. An analysis of a company’s costs and revenue 
shows that the annual costs of producing its product as 
well as annual revenues from the sale of a product are 
generally subject to seasonal fluctuations and are 
approximated by the functions 


C(t) = 25.7 02sin( Zr) O0<t<ll 
TT 
R(t) = 25.7 9.6c0s( 7) Osrsill 


where f represents time in months (¢ = 0 represents 
January), C(t) represents the monthly costs of producing 
the product in millions of dollars, and R(t) represents 
monthly revenue from sales of the product in millions of 
dollars. Find the month(s) in which the company breaks 
even. Hint: A company breaks even when its profit is zero. 


"CATCH THE MISTAKE 


In Exercises 119-122, explain the mistake that is made. 
119. Solve V2 + sin@ = sind on 0 = 0 S 27. 


Solution: 

2 + sin@ = sin’6 

sin’@ — sind - 2 =0 
(sind — 2)(sind + 1) =0 
sind — 2 = 0 or 
sind+1=0 


sin@ = 2 or sind = —1 


Square both sides. 
Gather all terms to one side. 
Factor. 


Set each factor equal to zero. 


Solve for sing. 
Solve sin@ = 2 for 0. no solution 
_ 37 


2 
This is incorrect. What mistake was made? 


Solve sind = —1 for 0. 0 


120. Solve V3sin@ — 2 = —siné on 0 S$ 6 S 27. 


Solution: 

3sind — 2 = sin’6 
sin’?@ — 3sind+2=0 
(sind — 2)(sind — 1) = 0 
sind — 2 = 0 or 
sind—-1=0 


sin@ = 2 or sinOd = 1 


Square both sides. 
Gather all terms to one side. 
Factor. 


Set each factor equal to zero. 


Solve for sing. 


Solve sin@ = 2 for @. no solution 
Solve sin@ = 1 for 0. 


This is incorrect. What mistake was made? 


For Exercises 117 and 118, refer to the following: 


By analyzing available empirical data, it has been determined 
that the body temperature of a species fluctuates according to 
the model 


= 7 + 1, 1 ae, ees — md 
T(t) 37.10 140sin( 3 r)eos( 3 ) 0O=rts 24 


where T represents temperature in degrees Celsius and t 
represents time (in hours) measured from 12:00 A.M. (midnight). 


117. Biology/Health. Find the time(s) of day the body 
temperature is 37.28 degrees Celsius. Round to the 
nearest hour. 


118. Biology/Health. Find the time(s) of day the body 
temperature is 36.75 degrees Celsius. Round to the 
nearest hour. 


121. Solve 3sin(2x) = 2cosx on 0° = 6 = 180°. 


Solution: 


Use the double-angle 


identity for the sine 3sin2x = 2cosx 
gulen, 


function. 2sinxcosx 

Simplify. 6sinxcosx = 2cosx 
Divide by 2cos.x. 3sinx = 1 

Divide by 3. sinx = ; 


Write the equivalent 
inverse notation. x 


ll 
z. 
P 
Ja 
wile 
No 


Use a calculator to 
approximate the solution. x 


The QII solution is: x 


19.47°, QI solution 
180° — 19.47° © 160.53° 


v 


2 


This is incorrect. What mistake was made? 


122. Solve V1 + sinx = cosx on0 S x S 27. 


Solution: 


Square both sides. 1 + sinx = cos*x 


Use the Pythagorean identity. 1 + sinx = cos?x 
ech eie, 
1—sin?x 

Simplify. sin’x + sinx = 0 

Factor. sinx(sinx + 1) = 0 


Set each factor equal to zero. sinx = Oorsinx + 1=0 


Solve for sinx. sinx = 0 or sinx = —1 
3 
Solve for x. x = 0,7, os 27 


This is incorrect. What mistake was made? 
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In Exercises 123-126, determine whether each statement is true or false. 


123. Linear trigonometric equations always have one solution 125. If a trigonometric equation has all real numbers as its 
on [0, 277]. solution, then it is an identity. 
124. Quadratic trigonometric equations always have two 126. If a trigonometric equation has an infinite number of 
solutions on [0, 277]. solutions, then it is an identity. 
CHALLENGE 
127. Solve 16sin*@ — 8sin?@ = —1 over 0 = 6 S 27. i (5) 
— cos| — 
128. Solve |cos{@ + — ]) = —— over all real numbers. - Find all real numbers x such that ee 1=0. 
= e 1+ co( 5) 
129. Solve for the smallest positive x that makes this statement 
true: : af 1 
132. Find all real numbers @ such that sec"| —@} — 1 = 0. 
‘ _ 7 fc T V2 3 
sin{x + + sin{ x 
4 4 2 : 4f 7 
133. Find all real numbers 6 such that csc 4° —7)-4=0. 
130. Solve for the smallest positive x that makes this statement true: 
134. Find all real numbers x such that 


=" TECHNOLOGY 


cosxcos15° + sinxsin15° = 0.7 


Graphing calculators can be used to find approximate 
solutions to trigonometric equations. For the equation 
F(x) = g(x), let Y; = f(x) and Y, = g(x). The x-values that 
correspond to points of intersections represent solutions. 


135. 


136. 


137. 


138. 


139. 


140. 


With a graphing utility, solve the equation sin? = cos20 
on0S0=7. 


With a graphing utility, solve the equation csc@ = secé 
7 
0O=0=s-. 
on 5 
With a graphing utility, solve the equation sin@ = secé 


on0S60 7. 


With a graphing utility, solve the equation cos@ = csc0 
on0=6@=7. 


With a graphing utility, find all of the solutions to the 
equation sin@ = e° for 0 = 0. 


With a graphing utility, find all of the solutions to the 
equation cos@ = e® for @ = 0. 


2tan(3x) = V3 — V3tan7(3x). 


Find the smallest positive values of x that make the statement 
true. Give the answer in radians and round to two decimal 


places. 

141. sec(3x) + csc(2x) = 5 
142. cot(5x) + tan(2x) = —3 
143. e* — tanx = 0 

144. e* + 2sinx = 1 

145. Inx — sinx = 0 

146. Inx — cosx = 0 


CHAPTER 7 INQUIRY-BASED LEARNING PROJECT 
When it comes to identities, don’t always let your intuition be your guide. 


1. Suppose a fellow student claims that the equation sin(a + b) = sina + sinb is an 
identity. He’s wondering if you can help because he’s not sure how to verify his 
claim, but says, “It just seems intuitively so.” Can you help this student? 


a. First, let’s understand the student’s claim. What does it mean to say that 
sin(a + b) = sina + sinb “is an identity”? 

b. If you decided to try and verify the student’s claim, you'd start with one side of 
his equation and try to manipulate that side until it looks like the other side. But, 
that may turn out to be a lot of unnecessary work /f, in fact, the student’s claim 
is false. So, instead, try something else. 

Consider a right triangle with angles a and b. Calculate the values in the 
chart below, using various values of a and b. 


a b a+b sin(a + b) sina sinb sina + sinb 


c. What does your data tell you about the student’s claim? Explain. 


d. In this example, you discovered that function notation is not distributive. Now, 
show the student how to write the sum identity for the sine function; that is, 


sin(a + b) = 


(This identity is derived in this chapter.) 


2. Word has gotten out that you are really good at helping others understand 

trigonometric identities. Another of your fellow students asks whether 

sin(2a) = 2sina is an identity. 

a. How many values of a would you need to check to determine whether the 
student's equation is an identity? Explain. 

b. Show how to convince the student that his equation is not an identity. 

c. Try to discover the double-angle identity sin(2a) = : For the 
right triangle below, fill out the chart (exact values) and look for a pattern. 


a sin(2a) sina cosa 
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MODELING OUR WORLD 


Va 


In the Modeling Our World feature in Chapter 6, you AY 
modeled mean temperatures with sinusoidal models. 
Now we consider carbon emissions, which are green- 
house gases that have been shown to negatively affect 
the ozone layer. Over the last 50 years, we have 
increased our global carbon emissions at an alarming 
rate. Recall that the graph of the inverse tangent func- 
tion increases rapidly and then levels off at the horizontal 


Nly 


asymptote, y = a = 1.57. To achieve a similar plateau 


with carbon emissions, drastic environmental regulations will need to be enacted. 

The carbon emissions data over the last 50 years suggest an almost linear climb 
(similar to the inverse tangent graph from x = 0 to x = 1). If the world started reducing 
carbon emissions, they might possibly reach a plateau level. 

The following table summarizes average yearly temperature in degrees Fahrenheit (°F) 
and carbon dioxide emissions in parts per million (ppm) for Mauna Loa, Hawaii. 


YEAR 


TEMPERATURE 44.45 | 43.29 | 43.61 | 43.35 | 46.66 | 45.71 | 45.53 | 4753 | 45.86 | 46.23 


1960 | 1965 | 1970 | 1975 | 1980 | 1985 | 1990 | 1995 | 2000 | 2005 


CO, EMISSIONS BiGL) | S200 | Seei7 | Sila | Ski | SISO | Sez | SOS | See4) | Sve.7 


(PPM) 


1. Plot the carbon emissions data with time on the horizontal axis and CO, emissions 
(in ppm) on the vertical axis. Let t = 0 correspond to 1960. 


2. Find an inverse tangent function of the form f(t) = Atan '(Bt) + k that models the 
carbon emissions in Mauna Loa. 


a. Use the data from 1960, 1985, and 2005. 
b. Use the data from 1960, 1965, and 1995. 


3. According to your model, what are the expected carbon emissions in 2050? 


4. Describe the ways by which the world might be able to reach a plateau level of carbon 
emissions instead of the predicted increased rates. 
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CHAPTER REVIEW 


SECTION 


CONCEPT 


Key IDEAS/FORMULAS 


Basic trigonometric identities 


Reciprocal, quotient, and Pythagorean identities 


1 1 1 
Reciprocal identities esc? = —— sec = cotd = —— 
sind cosé tand 
ee sin@ cos0 
Quotient identities tan? = cotd = — 
cosé sin@ 


Pythagorean identities 


sin’?@ + cos’@ = 1 tan?@ + 1 = sec?6 1 + cot?@ = csc?6 


Verifying trigonometric 
identities 


Identities must hold for all values of x (not just some values of x) for which 
both sides of the equation are defined. 


Trigonometric identities 


Simplifying trigonometric expressions using identities. 
Use the reciprocal, quotient, or pythagorean identities to simplify 
trigonometric expressions. 


Verifying identities 
= Convert all trigonometric expressions to sines and cosines. 
a Write all sums or differences of fractions as a single fraction. 


Sum and difference identities 


f(A + B) # f(A) + fB) 


For trigonometric functions, we have the sum and difference identities. 


Sum and difference identities 
for the cosine function 


cos(A + B) = cosAcosB — sinAsinB 
cos(A — B) = cosAcosB + sinAsinB 


Sum and difference identities 
for the sine function 


sin(A + B) = sinAcosB + cosAsinB 
sin(A — B) = sinAcosB — cosAsinB 


Sum and difference identities 
for the tangent function 


tan(A _ tanA + tanB 
1 — tanAtanB 

tanA — tanB 
tan(A — B) = 


~ 1+ tanAtanB 


Double-angle identities 


Applying double-angle identities 


sin(2A) = 2sinAcosA 
cos(2A) = cos*A — sin’?A = 1 


2sin?A = 2cos’A — 1 


Half-angle identities 


Applying half-angle identities 


‘ A\ _ 1—cosA sind 
sis 2 ~“V1+cosA 1+cosdA sinA 
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Product-to-sum and 
sum-to-product identities 


Product-to-sum identities 


cosAcosB = 4[cos(A + B) + cos(A — B)| 
sinAsinB = 5[cos(A — B) — cos(A + B)| 
1 
2 


sinAcosB = z[sin(A + B) + sin(A — B)| 


Key IDEAS/FORMULAS 


: : _ {A+B A-B 
sinA + sinB = 2sin 5 cos 


A+B A-B 
cosA + cosB = 2cos 5 cos 


SECTION CONCEPT 
Sum-to-product identities 
7.7 Inverse trigonometric 


functions 


sin! x or arcsinx cos !x or arccos x 


tan’! x or arctanx cot !x or arccot.x 


sec !x or arcsec x csc !x Or arcCcsc x 


Inverse sine function 


Definition 


y = sin’'x means x = siny 


T T 
-lsxsland-~s ys — 
2 2 
Identities 
sin \(sinx) = x for =e xs = 
2 2 


sin(sin-!x) = x for -l=x=1 


Inverse cosine function 


Definition 

y = cos 'x means x = cosy 
-l=x=z=land0=y=qa 
Identities 

cos \(cosx) = x forO <x <7 


cos(cos !x) = x for -l =x = 1 


(-1, 7) 
a7E y=cos!x 


0 
a5 
> 
U 
=| 
m 
a 
a 
m 
< 
m 
= 


Inverse tangent function 


Definition 


y = tan’'x means x = tany 


<— <— d oe 2s 
='00: XxX oo and ——_ a 
2-3 


Identities 


7 


2 


T 
tan '(tanx) = x for °) <x< 


tan(tan!x) = x for -0 <x <0 


Remaining inverse 
trigonometric functions 


Inverse cotangent function Definition 
y = cot 'x means x = coty 
-o<x<oandO<y<7 


Identity 
tan “(| —],x >0 
x 


1 
w+ tn(4),2< 0 
x 


cot !x = 


y=cot x 
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CHAPTER REVIEW 


SECTION CONCEPT Key IDEAS/FORMULAS 


Inverse secant function Definition 


AY 
y = sec 'x means x = secy bis 
ah 
x = -lorx = 1 and ae | Y= sectx 
T OT a7 
Osy<7-or-<ysa aI 
2 2 2 
. T be 
Identity a . 
iT < = l =a 1 1 l 5} > 
sec 1x = cos((*) forx = -lorx=1 @,0) 
x v 
Inverse cosecant function Definition 
y = esc'x means x = escy Ay 
x <= -lorx = 1 and PEER (Ls) 
ar 2 
T<y<0or0<y=<~ ar ag 
pee, -_ ee 
2 _ 2 ee | : mee ae Ea a 
2-1 1 2 
Identity x a L 
: 1 =m -2L 
esc 'x = sin”'{ — (1. 2) 2 
x 
forx = —-lorx21 
Finding exact values for 
expressions involving inverse 
trigonometric functions 
7.8 Trigonometric Equations Goal: Find the value(s) of the variable that 
make the equation true. 
Solving trigonometric Solve: sin@ = 7 on0 = 058 27. 
equations by inspection 
A @=~org=— 
nswer: 6 = — or 0 = —. 
4 4 
V2 
Solve: sin@ = ca on all real numbers. 
7 
Sree L i 
Answer: 6 = 3 where n is an integer. 
7 
— + 2n7 
4 
Solving trigonometric Transform trigonometric equations into linear or quadratic algebraic equations 
equations using algebraic by making a substitution such as x = sin@. Then use algebraic methods 
techniques for solving linear and quadratic equations. 
Note: If an expression is squared, always check for extraneous solutions. 
Solving trigonometric Follow the same procedures outlined by inspection or algebraic methods. 
equations which require the Finding the solution requires the use of inverse functions and a calculator. 
use of inverse functions Be careful: calculators only give one solution (the one in the range of the 
inverse function). 
Using trigonometric a Use trigonometric identities to transform an equation with multiple 
identities to solve trigonometric functions into an equation with only one trigonometric 
trigonometric equations function. 


mg Then use the methods outlined above. 


CHAPTER 7 REVIEW EXERCISES 


7.1 Basic Trigonometric Identities 


Use trigonometric identities to find the indicated value(s). 


1. If sind = find csc é. 


2. If cotd = = find tan@. 


8 15 
3. If sin@ = i] and cos@ = TT find tan. 


12 5 
i ind = —— = ——, fi td. 
4. If sin@ B and cos@ B nd cot@ 


2V3 
5 isne= = find sin. 


6. If cos@ = —0.45, find cos76. 


7. Iftand = V3, find tan°@. 


11 
8. If sind = él and the terminal side of @ lies in QII, 


find tang. 


9. If cosd = oe and the terminal side of 0 lies in QIV, 
find coté. 


10. If tan6 = —1 and the terminal side of 6 lies in QIV, 
find sec 0. 


13 
11. Ifcsc@ = D and the terminal side of 6 lies in QII, find cot. 


24 
12. Find siné@ and cos@ if tan@d = as and the terminal side 
of @ lies in QI. 
13. Find sin@ and cos@ if cot? = s and the terminal side 
of 0 lies in QIIL. 


14. Find sin@ and cos@ if cot@ = V3 and the terminal side 
of @ lies in QIIL. 


Perform the operations and simplify. Write the answers in 
terms of sin@ and cos@. 


15. sec@cot?@ 16. sin@cotd 
tand 
n= 18. (cos@ + seco) 
sec 0 
. 269 
19. cot6&(secd + sind) 20. — 
csc0 


7.2 Verifying Trigonometric Identities 


Simplify the following trigonometric expressions. 
21. tanx(cotx + tanx) 
22. (secx + 1) (secx — 1) 


23, ad -—1 
tan-x — 1 


24. sec?x(cot?x — cos?x) 
25. cosx[cos(—x) — tan(—x)] — sinx 
tan?x + 1 
2sec?x 
csc(—x) + 8 
cscx — 2 


26. 


27. 


2 

cse-x — | 

28. ——_—_— 
cotx 


Verify the trigonometric identities. 


29. (tanx + cotx)? — 2 = tan?x + cot?x 


30. csc?x — cot?x = 1 


31 ee 1 
“ sin?x — tan?x 
32. 1 1 _ 2tanx 
csex +1  cscex — 1 cosx 
tan’?x — 1 tanx — 1 
33. = 


sec?x + 3tanxt+ 1 tanx +2 


34. cotx(secx — cosx) = sinx 


Determine whether each of the following equations is a 
conditional equation or an identity. 


35. 2tan’x +1 = eT as 
cos~x 

36. sinx — cosx = 0 

37. cot?x — 1 = tan’x 


38. cos?x(1 + cot?x) = cot?x 


1 2 
39. (cots = an) =0 
tanx 


1 
40. cscx + secx = — 
sinx + cosx 


7.3 Sum and Difference Identities 


Find the exact value for each trigonometric expression. 


41. cox( 77) 42. ea) 
12 12 
43. tan(—15°) 44. cot 105° 


Write each expression as a single trigonometric function. 


45. sin(4x)cos(3x) — cos(4x) sin(3x) 


46. sin(—x)sin(—2x) + cos(—x)cos(—2x) 


tan(5x) — tan(4x) 
"1 + tan(5x) tan(4x) 


of) rm) 
oJ) 


48. 
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Find the exact value of the indicated expression using the 
given information and identities. 


49. Find the exact value of tan(a — 8) if sina = —2, 


sinB = -3 the terminal side of a@ lies in quadrant IV, and 
the terminal side of 6 lies in quadrant III. 

50. Find the exact value of cos(a + 8) if cosa = —3, 
sinB = x, the terminal side of @ lies in quadrant II, and the 
terminal side of 6 also lies in quadrant II. 

51. Find the exact value of cos(a — B) if cosa = ae 
cos B = +, the terminal side of a lies in quadrant IV, and 
the terminal side of 6 lies in quadrant I. 

52. Find the exact value of sin(a — B) if sina = —3, 
cos B = —%, the terminal side of a lies in quadrant II, and 


the terminal side of 6 lies in quadrant II. 


Determine whether each of the following equations is a 
conditional equation or an identity. 


53. 2cosAcosB = cos(A + B) + cos(A — B) 


54. 2sinAsinB = cos(A — B) 


cos(A + B) 


Graph the following functions. 


T : T ‘ 
55. y = cos cosx — sin sinx 
. 2 2 
56. y = sin cosx + cos sinx 
3 3 
% 
21an( *) 
3 
| uan'(3) 
3 


tan(ax) — tanx 


ll 


57. y 


58. y = ——____—__ 
y 1 + tan(7x) tanx 


7.4 Double-Angle Identities 


Use double-angle identities to answer the following questions. 


=| 
59. If sinx = 5 and 7 <x < 7, find cos(2x). 


7 3 
60. If cosx = 5 and —* <x < 27, find sin(2x). 


11 3 

61. If cotx = “61 and a <x < 27, find tan(2x). 
12 

62. If tanx = 5 and <x < 7, find cos(2x). 


25 7 : 
63. If secx = 7A andOQ<x< 3 find sin(2x). 


5 
A and <x < 7, find tan(2x). 


64. If cscx = 


Simplify each of the following expressions. Evaluate exactly, 
if possible. 


65. cos?15° — sin? 15° 


7 
2tan| —— 
(-3) 


a 
68. 1 — 2sin*{ — 
sn'(=) 


Verify the following identities. 


69. sin’A — cos*A = (sinA cosA)| 1 + Ssin(2A)| 


70. 2sinAcos*A — 2sin*AcosA = cos(2A)sin(2A) 


sin(2A) 
71. taaA = ———_ 
1 + cos(2A) 
1 — cos(2A) 
72. taaA = ————— 
sin(2A) 


73. Launching a Missile. When launching a missile for a given 
range, the minimum velocity needed is related to the 
angle 6 of the launch, and the velocity is determined by 
_ 2cos(26) 
“14+ cos(26) 


74, Launching a Missile. When launching a missile for a given 
range, the minimum velocity needed is related to the 
angle 6 of the launch, and the velocity is determined by 


2cos(20) 7 
= —————.. Find the value of V when 6 = —. 
1 + cos(20) 6 


. Show that V is equivalent to 1 — tan*6. 


7.5 Half-Angle Identities 


Use half-angle identities to find the exact value of each of 
the following trigonometric expressions. 


75. sin(—22.5°) 


307 
Ths {| —— 
co(( =) 


79. sec(—165°) 


76. cos 67.5° 


710 
78. fae 
csc ( 8 ) 


80. tan(—75°) 


Use half-angle identities to find each of the following values. 


7 
81. If sinx = ——anda7 <x< = find sin ae . 
25 2 2 
4 7 x 
82. If cosx = ——and— < x < 7, find cos| = }. 
5 2 2 


4 
83. tm eee aa tan ig ; 
9 2 2 


17 
84. If secx = Dg <x < 27, find sin = . 
15 2 2 


Simplify each expression using half-angle identities. 
Do not evaluate. 


Verify each of the following identities. 


[A A\/ ‘ 
87. | sin 5 cos 5 =1+sinA 
88. sec? a tan? 2) 222 ee 
2 Pr 1+ cosA 
A A + A 
89. csc? cot? sonora 
2 2 1 — cosA 
A A 
90. tan? + 1 = sec? 
2 2 


Graph each of the following functions. 


7.6 Product-to-Sum and Sum-to-Product 
Identities 


Write each product as a sum or difference of sines 
and/or cosines. 


95. 6sin(5x)cos(2x) 96. 3sin(4x) sin(2x) 


Write each expression as a product of sines and/or cosines. 


sof De sf BX 
97. cos(5x) — cos(3x) 98. sin( 5") + sin( 5") 


4 2. 
99, sin( =) = sin( =) 100. cos(7x) + cosx 


Review Exercises 839 


Simplify each trigonometric expression. 


cos(8x) + cos(2x) 2 sin(5x) + sin(3x) 
* sin(8x) — sin(2x) * cos(5x) + cos(3x) 
Verify the identities. 


103. 


sinA + sinB A-B 
cot 
cosA — cosB 


104. sinA — sinB _ eet A+B 
cosA — cosB 


cosB — cosA 


_{A-B 
eo: 2sin( 5 ) 
1 — 

sai se( 2 ) sinA — sinB 
7.7 Inverse Trigonometric Functions a 
Find the exact value of each expression. Give the answer in aS 
radians. By 
= 
107. arctan 1 108. arccsc(—2) Wy 
109. cos 10 110. sin (-1) Ms 
2 (9) 
111. seo) 112. cot '(—V3 r 
V3 ( ) o 
m 
1) 


Find the exact value of each expression. Give the answer in 
degrees. 


113. csc (1) 114. arctan(—1) 
2 
115. areoo ~?) 116. cos) 
3 2 
117. sin'(-“2) 118. sec! 


Use a calculator to evaluate each expression. Give the answer 
in degrees and round to two decimal places. 


119. sin” '(—0.6088) 120. tan~!(1.1918) 
121. sec1(1.0824) 122. cot (—3.7321) 


Use a calculator to evaluate each expression. Give the 
answer in radians and round to two decimal places. 


123. cos \(—0.1736) 124. tan”!(0.1584) 
125. csc '(—10.0167) 126. sec (— 1.1223) 
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Evaluate each expression exactly, if possible. If not possible, 


state why. 
127. sn sin(— “| 128. co eos" -) 
4 2 
4 z= lla 
129. tan| tan (- V3)| 130. cot ‘| cot a. 
131. ese" ese{ 2) 132. se] see -73) 


Evaluate each expression exactly. 


[ 11 40\ | 
133. sin cos( 2) | 134. cos tar( 2) 
L 61 97 | 
135. tan cot (9) | 
L 7 
l 1 
137. in '{ — 
see) im ( :) | 


Applications 


136. 


138. 


139. Average Temperature. If the average temperature in 
degrees in Chicago, Illinois, can be modeled with the 
formula T(m) = 26sin(0.48m — 1.84) + 47, where m is 
the month of the year (January corresponds to m = 1, etc.), 
then during which month is the average temperature 73°F? 


140. Average Temperature. If the average temperature in 
degrees in Chicago, Illinois, can be modeled with the 
formula T(m) = 26sin(0.48m — 1.84) + 47, where m is the 
month of the year (January corresponds to m = 1, etc.), 
then during which month is the average temperature 21°F? 


7.8 Trigonometric Equations 


Solve the given trigonometric equation over the indicated 
interval. 


141. sin(20) = a 056527 
0 
142. sec 5 =2,-27 S05 27 
2 
143. sin( 5) = oM2 -27 S085 20 
2 2 
144, csc(20) = 2,0 = 05 27 


145. 0=0=67 


tan( 30) = -1 
an| — =—-—l, 
3 


146. cot(40) = -V3, -7 <0<7 


Solve each trigonometric equation exactly on 0 = 0 S 277. 


147. 4cos(20) +2 = 0 


148. V3tan( 5) —1=0 
149. 2tan(26) + 2 =0 

150. 2sin’?@ + sind — 1=0 
151. tan?6 + tanéd = 0 

152. sec’ — 3sec0 + 2 =0 


Solve the given trigonometric equations on 0° = 0 = 360° and 
express the answer in degrees to two decimal places. 


154. 6sind-5=0 
156. 12cos?@— 7cosé + 1=0 
158. 2cot?@+ Scotdé-4=0 


153. tan(20) = —0.3459 
155. 4cos*6 + 3cosé = 0 
157. csc?@— 3csc8-1=0 


Solve each trigonometric equation exactly on the interval 
0=052n. 


159. secx = 2sinx 160. 3tanx + cotx = 2V3 
161. V3tanx — secx = 1 162. 2sin(2x) = cotx 

163. V3tanx = 2sinx 164. 2sinx = 3cotx 

165. cos?x + sinx + 1 = 0 166. 2cos’x — V3cosx = 0 
167. cos(2x) + 4cosx + 3 = 0 168. sin(2x) + sinx = 0 
169. tan?(5xx) -1=0 170. cot?(3x) —-1=0 


Solve each trigonometric equation on 0° = 0 = 360° Give 
the answers in degrees and round to two decimal places. 


172. 8cos?x + 6sinx = 9 
174. cos(2x) = 3sinx — 1 
176. 12cos’x + 4sinx = I1 


171. csc?x + cotx = 1 
173. sin?x + 2 = 2cosx 
175. cosx — 1 = cos(2x) 


Technology Exercises 


Section 7.1 


177. Is cos73° = V1 — sin’73°? Use a calculator to find each 
of the following: 


a. cos 73° 
b. 1 — sin73° 


ce. V1 — sin’73° 
Which results are the same? 


Is csc28° = V1 + cot?28°? Use a calculator to find each 
of the following. 


a. cot28° 
b. 1 + cot28° 


c. V1 + cot?28° 


Which results are the same? 


178. 


Section 7.2 


179. Determine the correct sign (+/—) for 


( ‘) (3) (3) 
sin| 2x + — } = sin(2x)cos| — cos(2x) sin| — 
4 4 4 


by graphing Y,;= sn( 2x + ) 
. 7 (7 
Y, = sin2a)eos( =) + cos(2x) sin( 7), and 


~{H 


Y3 = sin(2x) cos( 7) cos(2x) sin( =) in the same viewing 
rectangle. Does Y; = Y, or Y3? 


180. Determine the correct sign (+/—) for 


(3) (5) 
cos| 2x — — | = cos(2x)cos| — 
3 3 


graphing Y, = cos( 2x - a) 


me ec 
sin(2x) sn( =) by 


~{H 


T . _ (7 
Y, = cos(2njcos() = sin@2x)sin(™ and 


Y3 = cos(2njcox( 7) + sin@a)sin( © ) in the same 


viewing rectangle. Does Y; = Y, or Y3? 


Section 7.3 


Recall that the difference quotient for a function f is given by 
f@ +h) + fx) 
eT 


181. Show that the difference quotient for f(x) = sin(3x) is 


sin(3h) . 1 — cos(3h) 
feos] - (sinea)| —? | 
sin(3h) . 1 — cos(3h) 
Plot Y,; = eos] h = sina] SO) for 
ah=1 
b. h = 0.1 
ce. h = 0.01 


What function does the difference quotient for 
F(x) = sin(3x) resemble when / approaches zero? 


182. Show that the difference quotient for f(x) = cos(3x) is 


. sin(3h) 1 — cos(3h) 
[ sine] A e0s(30)] "|. Ps 


. sin(3h) 1 — cos(3h) 
Y= sind] , f [eos] 2°” ] for 
aoh=1 
b. h = 0.1 
ec h = 0.01 


What function does the difference quotient for f(x) = cos(3x) 
resemble when h approaches zero? 


Review Exercises 841 


Section 7.4 
183. With a graphing calculator, plot Y; = tan(2x), Y, = 2tanx, 
2tanx re 
and Y; = i 7, in the same viewing rectangle 
— tan"x 


[-277, 27] by [—10, 10]. Which graphs are the same? 


184. With a graphing calculator, plot Y, = cos(2x), Y; = 2cosx, 
and Y,; = 1 — 2sin’x in the same viewing rectangle 
[—277, 277] by [—2, 2]. Which graphs are the same? 


Section 7.5 
1 
185. With a graphing calculator, plot Y, = cos(*). Y, = 79 008%, 


1+ cosx , eee 
and Y; = — 3 in the same viewing rectangle 


[a, 27] by [-1, 1]. Which graphs are the same? 


x 1 
186. With a graphing calculator, plot Y; = sin( 3), Y= 3 sinx, 


1 — cosx, seeds 
and Y; = — oe. in the same viewing rectangle 


[2ar, 47r] by [—1, 1]. Which graphs are the same? 


Section 7.6 


187. With a graphing calculator, plot Y; = sin(5x)cos(3x), 
Y, = sin(4x), and Y;= 5 [sin(8x) + sin(2x)] in the same viewing 
rectangle [0, 277] by [—1, 1]. Which graphs are the same? 


188. With a graphing calculator, plot Y, = sin(3x)cos(5x), 
Y, = cos(4x), and Y;= 5 [sin(&x) — sin(2x)] in the same viewing 
rectangle [0, 277] by [—1, 1]. Which graphs are the same? 
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Section 7.7 


1 
189. Given cosx = ——= and <x<q7: 


V5 


a. Find cos(2x) using the double-angle identity. 
b. Use the inverse of cosine to find x in QI and to find cos(2x). 
c. Are the results in (a) and (b) the same? 


190. Given cosx = ., and == <x< 27: 


a. Find cos(5x) using the half-angle identity. 

b. Use the inverse of cosine to find x in QIV and to find 
cos(3x). Round to five decimal places. 

c. Are the results in (a) and (b) the same? 


Section 7.8 


Find the smallest positive value of x that makes each 
statement true. Give the answer in radians and round to 
four decimal places. 


191. Inx + sinx = 0 
192. Inx + cosx = 0 


PRACTICE TEST 


CHAPTER 7 PRACTICE TEST 


1. For what values of x does the quotient identity 


sinx 
tanx = —— not hold? 
cosx 


2. Is the equation V sin?x + cos*x = sinx + cosx 


a conditional equation or an identity? 


3. Evaluate sin(—7 exactly. 
7 
4. Evaluate tan( 17) exactly. 
a iene ml ee, Be 
» Ifcosx = 5 and; x m, find sin\ > J. 


1 
6. Ifsinx = = anda7<x< a find cos(2x). 


7. Write cos(7x)cos(3x) — sin(3x)sin(7x) as a cosine or sine of 
a sum or difference. 


8. Write — as a single tangent function. 


tanx 
1 — tan?x 


9. Write . | 2 sola 2) as a single cosine function if a + b 
2 


is an angle in QU, tee <atb<q. 


+3) en 
cos 
2 2 


11. Write 10cos(3 — x) + 10cos(x + 3) as a product of two 
cosine functions. 


12. In the expression V9 — uv, let u = 3sinx. What is the 
resulting expression? 


10. Write 2sin( ) as a sum of two sine 


functions. 


Solve the trigonometric equations exactly, if possible. 
Otherwise, use a calculator to approximate solution(s). 


13. 2sind = —V3 onall real numbers. 
14. 2cos’@ + cos@ — 1 = 0on0 = 0 S$ 27 


1 
15. sin20 = 70086 over 0 = @ S 360° 


16. Vsinx + cosx = —lover0 = 6 S$ 27 


17. Determine whether (1 + cotx)* = csc?x is a conditional or 
an identity. 


18. Evaluate csc -=) exactly. 
5 3 
19. Ifsinx = —and a < x < au find eos(5). 


20. If cosx = —0.26 and + <x < 7, find sin(2x). 


842 


21. 


22. 
23. 


24. 


25. 


26. 


27. 


28. 


29. 


Express y = 


cotangent function. 
Calculate csc(csc'/2), 


Determine an interval on which f(x) = a + besc(ax + c) 
is one-to-one, and determine the inverse of f(x) on this interval. 
Assume that a, b, and c are all positive. 


Find the range of y = =f + arctan(2x — 3). 


1 
Solve cox( 70) =— > for all real numbers. 


_ 1 
Solve , / PS OCT , for all real numbers. 
1 + cos(27rx) V3 


3 
Solve “3 = co(3), for all real numbers. 
x 
a-(?) 
Show that the difference quotient for f(x) = cos(+x) is 


Jt 
2 
1 1 
fi sin( 5) 1 LS cos( 5h) 
—sin ae 2 — cos{ =x 2 


2 
h h 
T 1 
al sin( 5h) t= co 5) 
Plot Y, = —sin{ —x 2 — cos(2x) 
| eer oe h 
h 
for 
aoh=1 
b. h = 0.1 
ce. h = 0.01 


What function does the difference quotient for f(x) = cos($x) 
resemble when h approaches zero? 


Given tan x = and << = 


a. Find sin(3x) using the half-angle identity. 
b. Use the inverse of tangent to find x in QUI and to find 
sin(3x). Round to five decimal places. 


c. Are the results in (a) and (b) the same? 


CHAPTERS 1-7 CUMULATIVE TEST 


10. 


11. 


12. 


13. 


14. 


15. 


. Solve by completing the square: x° — 6x = 11. 


. Write an equation of a line that passes through the point 


(—2, 5) and is parallel to the y-axis. 


. Write the equation of a circle with center (—3, —1) and 


passing through the point (1, 2). 


. Determine whether the relation x” — y? = 25 is a function. 


. Determine whether the function g(x) = V2 — x’ is odd 


or even. 


. For the function y = 5(x — 4)’, identify all of the 


transformations of y = x°. 


. Find the composite function, f° g, and state the domain for 


f(x) = 8 — Land g(x) = ~. 


. Find the inverse of the function f(x) = We - 1. 


. Find the vertex of the parabola associated with the quadratic 


function f(x) = 4x7 + 3x - x. 


Find a polynomial of minimum degree (there are many) that has 
the zeros x = —V7 (multiplicity 2), x = 0 (multiplicity 3), 
x = V7 (multiplicity 2). 


Use long division to find the quotient Q(x) and the remainder 
r(x) of (5x9 — 4° + 3) + O? + 1). 


Given the zero x = 4i of the polynomial 

P(x) = x4 + 2x3 + x° + 32x — 240, determine all the other 
zeros and write the polynomial in terms of a product of linear 
factors. 


Find the vertical and horizontal asymptotes of the function 
0.7x° — 5x + 11 
f) =—{,___, 


r—x-6 
If $5,400 is invested at 2.25% compounded continuously, 
how much is in the account after 4 years? 


Use interval notation to express the domain of the function 
F(x) = logy (x + 3). 
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17. 


18. 


19. 


20. 


21. 
22. 


23. 


24. 


25. 


26. 


27. 


Use properties of logarithms to simplify the expression 
log, 1. 


Give an exact solution to the logarithmic equation 
log,(x + 2) + log;(6 — x) = log;(3x). 


If money is invested in a saving account earning 4% 
compounded continuously, how many years will it take for 
the money to triple? 


Use a calculator to evaluate cos 62°. Round the answer to 
four decimal places. 


Angle of Inclination (Skiing). The angle of inclination of a 
mountain with triple black diamond ski trails is 63°. If a skier 
at the top of the mountain is at an elevation of 4200 feet, how 
long is the ski run from the top to the base of the mountain? 


Convert — 105° to radians. Leave the answer in terms of 77. 


Find all of the exact values of 6, when tan? = 1| and 
0=¢08527. 


2 


Determine whether the equation cos*x — sin’x = lisa 


conditional equation or an identity. 


T 
2tan{ —— 
an(-7} 

7 

1 = tan?(-— 
an'(-Z) 


. ff 5 
Evaluate exactly the expression tan sin (3) } 


Simplify and evaluate exactly. 


13 


LSAL AAILVINNND 


With a graphing calculator, plot Y; = sinxcos(3x), 

Y, = cos(4x), and Y; = 5[sin(4x) — sin(2x)] in the same 
viewing rectangle [0, 277] by [—1, 1]. Which graphs are 
the same? 


Find the smallest positive value of x that makes the statement 
true. Give the answer in radians and round to four decimal 
places. 


Inx — sin(2x) = 0 
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in Trigonometry 


Norfolk, Virginia 


Bermuda 


v 
Santiago if 


de Cuba 
> = 


Miami (Florida), Bermuda, Puerto Rico Norfolk (Virginia), Bermuda, Cuba 


n recent decades, many people have come to believe that an imaginary area called the “Bermuda 

Triangle,” located off the southeastern Atlantic coast of the United States, has been the site of a high 
incidence of losses of ships, small boats, and aircraft over the centuries. The U.S. Board of Geographic 
Names does not recognize the “Bermuda Triangle” as an official name and does not maintain an official 
file on the area. 

Assume for the moment, without judging the merits of the hypothesis, that the “Bermuda Triangle” 
either has vertices in Miami (Florida), San Juan (Puerto Rico), and Bermuda or it has vertices in Norfolk 
(Virginia), Bermuda, and Santiago (Cuba). In this chapter you will develop a formula that determines the 
area of a triangle from its perimeter and side lengths. Which “Bermuda Triangle” has a larger area: 
Miami-Bermuda-Puerto-Rico or Norfolk—Bermuda—Cuba? You will calculate the answer in this chapter.* 


*Section 8.3, Exercises 33 and 34. 


d we discuss oblique (nonright) triangles. We use the Law of Sines and the Law of Cosines to 
solve oblique triangles. Then on the basis of the Law of Sines and the Law of Cosines and with our knowledge of 
trigonometric identities, we develop formulas for calculating the area of an oblique triangle. We define vectors and use the 
Law of Cosines and the Law of Sines to determine the resulting velocity and force vectors. We define dot products (the 
product of two vectors) and see how they are applicable to physical problems such as calculating work. We then use 
trigonometry to define polar coordinates, and we examine polar equations and their corresponding graphs. 


8.4 


Vectors 


8.1 
Oblique 
Triangles 
and the 


8.2 
The 
Law of 
Cosines 


8.3 
The Area 
ofa 
Triangle 


Law of 
Sines 


e Solving e Solving e The Area e Vectors: 
Oblique Oblique ofa Magnitude 
Triangles Triangles Triangle and 

(SAS Case) Direction 
e The Area e Vector 
ofa Operations 
Triangle e Horizontal 
(SSS Case) and Vertical 
Compo- 
nents of a 
Vector 
e Unit 
Vectors 
e Resultant 
Vectors 


LEARNING OBJECTIVES 


= Solve oblique triangles using the Law of Sines. 
= Solve oblique triangles using the Law of Cosines. 
= Find areas of oblique triangles. 


= Perform scalar multiplication and dot products. 
= Express complex numbers in polar form. 


ADDITIONAL TOPICS IN TRIGONOMETRY 


8.5 
The Dot 
Product 


8.6 
Polar 
(Trigono- 
metric) 
Form of 
Complex 
Numbers 


e Multiplying « Complex 
Two Numbers in 
Vectors: Rectangular 
The Dot Form 
Product e Complex 

e Angle Numbers in 
Between Polar Form 
Two 
Vectors 

e Work 


Find the direction and magnitude of a vector; add and subtract vectors. 


= Use DeMoivre’s theorem to find a complex number raised to a power. 


= Graph polar equations. 


8.7 
Products, 
Quotients, 
Powers, 
and 
Roots of 
Complex 
Numbers; 
DeMoivre’s 
Theorem 


e Products of 
Complex 
Numbers 

e Quotients 
of Complex 
Numbers 

e Powers of 
Complex 
Numbers 

e Roots of 
Complex 
Numbers 


8.8 
Polar 
Equations 
and 
Graphs 


e Polar 
Coordinates 

e Converting 
Between 
Polar and 
Rectangular 
Coordinates 

e Graphs of 
Polar 
Equations 
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SECTION OBLIQUE TRIANGLES 
8.1 AND THE LAW OF SINES 


Thus far we have discussed only right triangles. There are, however, two types of 
triangles, right and oblique. An oblique triangle is any triangle that does not have a 
right angle. An oblique triangle is either an acute triangle, having three acute (less than 
90°) angles, or an obtuse triangle, having one obtuse (between 90° and 180°) angle. 


TRIANGLES 
Oblique 
Triangles 
Right Acute Obtuse 
Triangles Triangles Triangles 


DAW 


It is customary to label oblique triangles the following way: 


at+B+y=180° 
= angle a (alpha) opposite side a. 
= angle B (beta) opposite side b. 

= angle y (gamma) opposite side c. 


Remember that the sum of the three angles of any triangle must equal 180°. Recall that 
Z in Section 6.3 we solved right triangles. In this chapter we solve oblique triangles, which 
means we find the lengths of all three sides and the measures of all three angles. 


Four Cases 


To solve an oblique triangle, we need to know the length of one side and one of the 
following three: 


= two angles 
= one angle and another side 
= the other two sides 


This requirement leads to the following four possible cases to consider: 
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REQUIRED INFORMATION TO SOLVE 
OBLIQUE TRIANGLES 


Case Wuat’s GIVEN ExAmpPLes/NAMES 


Case 1 | One side and two angles 


AAS: Angle-Angle-Side ASA: Angle-Side-Angle 
Case 2 | Two sides and the angle 
opposite one of them 
@ SSA: Side-Side-Angle 
b 
B 
Case 3 | Two sides and the angle 
between them a 
a SAS: Side-Angle-Side 
b 


Case 4 Three sides 


SSS: Side-Side-Side 


Notice that there is no AAA case, because two similar triangles can have the same angle Study Tip 
measures but different side lengths. That is why at least one side must be known. qT ‘ : 
- . : : : : ; 0 solve triangles, at least one side 
In this section, we will derive the Law of Sines, which will enable us to solve Case 1 and inust be known. 
Case 2 problems. In the next section, we will derive the Law of Cosines, which will enable 
us to solve Case 3 and Case 4 problems. 
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The Law of Sines 


Let us start with two oblique triangles, an acute triangle and an obtuse triangle. 


Acute Triangle btuse Triangle 


O 
RSA, 


The following discussion applies to both triangles. First, construct an altitude (perpendicular) 
h from the vertex at angle y to the side (or its extension) opposite y. 


Obtuse Triangle 
a 
b 


; h ; h 
sina = — and sinB = — 
b a 


WorpDs MatH 


Formulate sine ratios for an 
acute triangle. 


Formulate sine ratios for an sin(180° — a) = — and sinB = — 
obtuse triangle. b a 
For the obtuse triangle, apply sin(180° — a) = sin180°cosa@ — cos 180° sing 
the sine difference identity. = 0-cosa — (—1)sina 
= sina 


Therefore, in both triangles we 


h h 
: sina = — and sinB = — 
find the same equations. b a 


Solve for / in both equations. h = bsina and h = asinB 


Since h is equal to itself, 
equate the expressions for h. bsina = asinB 
bsina asin 


Divide both sides by ab. —_ = 
ab ab 


Divide out common sina sin 
factors. a b 
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In a similar manner, we can extend an altitude (perpendicular) from angle a, and we 


siny _ sinB 


Cc 


will find that . Equating these two expressions leads us to the third ratio 


sina  siny 


of the Law of Sines: 
c 


THE Law OF SINES 


For a triangle with sides a, b, and c and opposite angles a, B, andy, the following 
is true: 


sina 


sinB — siny 


a b G 


In other words, the ratio of the sine of an angle in a triangle to its opposite side 
is equal to the ratios of the sines of the other two angles to their opposite sides. 


Some things to note before we begin solving oblique triangles are: 


u The angles and sides share the same progression of magnitude: 
¢ The longest side of a triangle is opposite the largest angle. 
¢ The shortest side of a triangle is opposite the smallest angle. 

= Draw the triangle and label the angles and sides. 

u If two angles are known, start by determining the third angle. 

u Whenever possible, in successive steps always return to given values rather than 
refer to calculated (approximate) values. 


Keeping these pointers in mind will help you determine whether your answers are reasonable. 


Case 1: Two Angles and One Side (AAS or ASA) 


EXAMPLE 1_ Using the Law of Sines to Solve a Triangle (AAS) 


Solve the triangle. 


Solution: 


This is an AAS (angle-angle-side) case, because two angles and a side are given and 
the side is opposite one of the angles. 


Step 1 Find fp. 


The sum of the measures of 


the angles in a triangle is 180°. a+ Bt+y = 180° 


Let a = 110° and y = 33°. 110° + B + 33° = 180° 


Solve for B. 
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Study Tip 
The longest side is opposite the 


largest angle; the shortest side is 
opposite the smallest angle. 


Study Tip 


Always use given values rather than 
calculated (approximated) values for 
better accuracy. 


E 
Technology Tip 
Step 1: Set the calculator to degree 


mode by typing [ MopE |. 


Connec te 
Sequenti a 
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Step 2: Use the calculator to find Step 2 Find b. 
_ 7sin37° . 
~ inllo™ Use the Law of Sines with the So sin B 
known side, a. a b 
asin 
Isolate b. b=— A 
sina 
Step 3: Use the calculator to find Let a = 110°, B = 37°, and a = 7m. = ismaT” 
_ 7sin33° sin 110 
sin 110° Use a calculator to approximate b. b = 4.483067m 
Round 5 to two significant digits. 


Step 3 Find c. 


Use the Law of Sines with the known sina _ siny 

side, a. a Cc 
Study Tip asiny 
bee neal ees Ay ee eee ee Isolate c. c=— 
Notice in Step 3 that we used a sina 
which is given, as opposed to b which . e 
has been calculated (approximated). Let a = 110°, y = 33°, and a = 7m. _ 7sin33 


Cs, 
PTTTITITTI TTT sin 110° 


Use a calculator to approximate c. c = 4.057149m 


Round c to two significant digits. 


Step 4 Draw and label the triangle. 


a A 2 y = 32°,a © 42ft, ‘ ‘ 
7 penis * “ = YOUR TURN Solve the triangle (round sides to 
the nearest foot and angles to the 


nearest degree). 


b= 30 ft 


a=105° B=43° 


c= 23 ft 
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a EXAMPLE 2 Using the Law of Sines to Solve a Triangle (ASA) 


Solve the triangle. 


Solution: 


This is an ASA (angle-side-angle) case because two angles and a side are given and the 


side is not opposite one of the angles. 


Step 1 Find y. 


The sum of the measures of the 
angles in a triangle is 180°. 


Let a = 80° and B = 32°. 
Solve for y. 
Step 2 Find b. 


Write the Law of Sines to include the 
known side c. 


Isolate b. 


Let B = 32°, y = 68°, and 
c = 17 miles. 


Use a calculator to approximate b. 


Round b to two significant digits. 


Step 3 Find a. 


Write the Law of Sines again incorporating 
the known side c. 


Isolate a. 


Let a = 80°, y = 68°, and c = 17 miles. 


Use a calculator to approximate a. 


Round a to two significant digits. 


Step 4 Draw and label the triangle. 


=H YOUR TURN Solve the triangle. 


a+ B+t+y = 180° 
80° + 32° + y = 180° 


Ee 
sinB _ siny Technology Tip & 
be Step 2: Use the calculator to find 

csinB 7 woe 
b=— sin 68° 
siny 
_ 17s8in32° 
sin 68° 
aa oe ua Step 3: Use the calculator to find 
a =——_ 


sin68° © 


sina  siny 


a Cc 


csina 


siny 
17sin 80° 
Sa 
sin68° 


a = 18.056539 


= Answer: a = 35°, b & 21in., 
c © 18in. 


a=12 in. 
a=12in 


¢ c= 18in 
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Case 2 (Ambiguous Case): Two Sides 
and One Angle (SSA) 


If we are given two sides and an angle opposite one of the sides, then we call that Case 2, SSA 
(side-side-angle). This case is called the ambiguous case, because the given information by 
itself can represent one triangle, two triangles, or no triangle at all. If the angle given is 
acute, then the possibilities are zero, one, or two triangles. If the angle given is obtuse, then 
the possibilities are zero or one triangle. The possibilities come from the fact that sina = k, 
where 0 < k < 1, has two solutions for a: one in quadrant I (acute angle) and one in 
quadrant II (obtuse angle). 
In the figure on the left, note that 


= h = bsina by the definition of the sine ratio; since 0 < sina < 1, thenh < b. 
™ a may turn out to be smaller than, equal to, or larger than h. 


Given Angle (a) Is Acute 
CONDITION PICTURE NUMBER OF TRIANGLES 


No Triangle 


O<a<h 
sinB > 1 


a= 
sinB = 1 


h<a<b 
0<sinB < 1 


a=b 
0< sinB < 1 


*B is the angle opposite side b. 
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Given Angle (a) Is Obtuse 


CONDITION PICTURE NUMBER OF TRIANGLES 
No Triangle 
asxb 
: 0 
sinB = 1 
a>b 
1 


0<sinB <1 


vr EXAMPLE 3_ Solving the Ambiguous Case (SSA)—One Triangle 
Solve the triangle a = 23 ft, b = 11 ft, and a = 122°. 
Solution: 


This is the ambiguous case, because two sides and an angle opposite one of those 


sides are given. Since the given angle a is obtuse and a > b, we expect one triangle. 


Step 1 Find B. 


; sina sinB 
Use the Law of Sines. = 


a b 
: ; bsina 
Isolate sin B. sinB = 
a 

. (11 ft) sin 122° 

Let a = 23ft, b = 11 ft, and a = 122°. sin B = ——_— 
23 ft 

Use a calculator to evaluate sin B. sinB = 0.40558822 
Solve for B using the inverse sine function. B = sin '(0.40558822) 


Round to the nearest degree. 


Note: B, © 24° and there is a corresponding 8; ~ 156° but there is no corresponding 
second triangle because a + B, > 180°. 


Step 2 Find y. 


The measures of angles in a triangle 
sum to 180°. a+ B+y = 180° 


Substitute a = 122° and B © 24°. 122° + 24° + y = 180° 


Solve for y. 


Step 3 Find c. 


; sina siny 
Use the Law of Sines. = 


a c 
asin 
Isolate c. CH i 
sina 
. (23 ft) sin 34° 
Substitute a = 23ft, a = 122°, = 2 
sin 122° 


and y ~ 34°. 


Use a calculator to evaluate c. c & 15ft 


Study Tip 

Notice that if the angle given is 
obtuse, the side opposite that angle 
must be longer than the other given 
side (longest side opposite the 
largest angle). 


El 
Technology Tip 
Step 1: Use the calculator to 
find B. 


find c. 
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Step 4 Draw and label the triangle. 


= Answer: B = 32°, y = 15°, 
= 35mm 


=& YOUR TURN Solve the triangle a = 133°,a = 48mm, and c = 17mm. 


EXAMPLE 4_ Solving the Ambiguous Case (SSA)—Two 
Triangles 


Solve the triangle a = 8.1m, b = 8.3m, and a = 72°. 
Solution: 


This is the ambiguous case, because two sides and an angle opposite one of those 
sides are given. Since the given angle a is acute and a < b, we expect two 
triangles. 


Step 1 Find B. 


Write the Law of Sines for sina sin B 
the given information. a ~) 
: . bsina 

Isolate sin B. sinB = F 

Let a = 8.1m, b = 8.3m, and . = (8.3 m) sin72° 
sin B = —————_ 

a= 72°. 8.1m 

Use a calculator to evaluate sin B. sinB © 0.974539393 


Solve for 6 using the inverse sine 
function. Note that B can be acute 
or obtuse. Be sin 1(0.974539393) 


This is the quadrant I solution 


(B is acute). 


The quadrant II (8 is obtuse) solution is 
By = 180 — B,. B, © 103° 
Step 2 Find y. 


The measures of the angles in a 
triangle sum to 180°. a+ Bt+y = 180° 


Solve for Triangle 1. 
Substitute a = 72° and B, © 77°. 72° + 77° + V1 = 180° 


Solve for y. 


Solve for Triangle 2. 
Substitute a = 72° and B, ~ 103°. 72° + 103° + Y2 = 180° 


Solve for y2. 


2 


2 
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Step 3 Find c. 


; sina siny 
Use the Law of Sines. = 


a c 
Isolate c. c= weed 
sina 
Solve for Triangle 1. 
Substitute a = 8.1m, a = 72°, _, (8.1m)sin31° 
and ¥1 ~ 31°. ae sin72° 


Use a calculator to evaluate c,. 


Solve for Triangle 2. 
Substitute a = 8.1m, @ = 72°, i (8.1 m)sin5 
and y, ~ 5°. : sin72° 


Use a calculator to evaluate cy. 


Step 4 Draw and label the two triangles. 


EXAMPLE 5_ Solving the Ambiguous Case (SSA)—No Triangle 
Solve the triangle a = 107°,a = 6,andb = 8. 
Solution: 


This is the ambiguous case because two sides and an angle opposite one of those sides 
are given. Since the given angle a is obtuse and a < b, we know that there is no 
triangle. Notice that if we did not realize that there is no triangle and we had proceeded 
with the Law of Sines, the result would have been the sine function exceeding 1—which 

is not possible. 


; : sina sing 
Write the Law of Sines. = 


a b 
d : bsina 
Isolate sin B. sinB = 
a 
; 8sin 107° 
Let a = 107°,a = 6,andb = 8. = 
Use a calculator to evaluate sin B. sinB ~ 1.28 


Since the range of the sine function is [—1, 1], there is no angle B such that 


sin ~ 1.28. Therefore, there is with the given measurements. 
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Applications 


Solving oblique triangles is rich with applications in astronomy, surveying, aircraft design, 
piloting, and many other areas. 


EXAMPLE 6_ How far Over Is the 
Tower of Pisa Leaning? 


The Tower of Pisa was originally built 
56 meters tall. Because of poor soil in 
the foundation, it started to lean. At a 
distance 44 meters from the base of 

the tower, the angle of elevation 

is 55°. How much is the Tower of Pisa 
leaning away from the vertical position? 


Nathalie Michel/Photodisc/ 
Getty Images, Inc. 


Solution: 


B = 55°, c = 44 meters, and b = 56 meters 
is the given information, so this is an SSA 
problem. There is only one triangle because 


b>c. c 
b=56m 
c=44m 
Step 1 Find y. 
. sinB  siny 
Use the Law of Sines. = 
b é 
: ; csinB 
Isolate siny. siny = b 
Let B = 55°, c = 44 meters, nee 44 sin 55° 
and b = 56 meters. " 56 
Evaluate the right side using 
a calculator. siny © 0.643619463 
Solve for y using the inverse 
sine function. y © sin |(0.643619463) 
Round to two significant digits. y = 40° 
STEP 2 Find a. 
The measures of angles in a triangle 
sum to 180°. a+ B+ y= 180° 
Let B = 55° andy ~ 40°. a + 55° + 40° = 180° 
Solve for a. a & 85° 


The Tower of Pisa makes an angle of 85° with the ground. It is leaning at an angle of : 
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77 SECTION 
SUMMARY 


In this section, we solved oblique triangles. When given three The Law of Sines 
pieces of information about a triangle, we classify the triangle 


: : : sina sinB siny 
according to the data (sides and angles). Four cases arise: = = 


a b CG 
one side and two angles (AAS or ASA) can be used to solve the first two cases (AAS or ASA, and SSA). 
two sides and one angle opposite one of the sides (SSA) It is important to note that the SSA case is called the ambiguous 
two sides and one angle between sides (SAS) case because any one of three results is possible: no triangle, one 
three sides (SSS) triangle, or two triangles. 


SECTION 
8.1 EXERCISES 
"SKILLS 


In Exercises 1-6, classify each triangle problem as AAS, ASA, SAS, SSA, 
or SSS on the basis of the given information. 


a+B+y= 180° 


1. c,a, anda 2. c,a, and y 
3. a,b, andc 4. a,b, andy 
5. a, B, andc 6. B,y, anda 


In Exercises 7-16, solve the given triangles. 


7. a = 45°, B = 60°,a = 10m 8. B = 75°,y = 60°, b = 25in. 

9. a = 46°, y = 72°,b = 200cm 10. y = 100°, B = 40°,a = 16ft 

11. a = 16.3°,y = 47.6°,c = 21lyd 12. B = 104.2°, y = 33.6°,a = 26in. 
13. a = 30°, B = 30°,c = 12m 14. a = 45°, y = 75°,c = Yin. 

15. B = 26°, y = 57°,c = 100yd 16. a = 80°, y = 30°,b = 3ft 


In Exercises 17-34, two sides and an angle are given. Determine whether a triangle (or two) exist, and if so, solve the triangle(s). 


V7 2H 4b=5,0= 16° 18. b = 30,c = 20, B = 70° 
19. a = 12,c = 12, y = 40° 20. b = 111,a = 80, a = 25° 
21. a= 21,b = 14, B = 100° 22. a= 13,5 = 26, a = 120° 
23. a = 30°,b = 18,a =9 24. a = 45°,b = V2,a= 1 

3. w= 34.6 = he = 10 26. a= 71°, b = 52,0 = 52 
27. a = 21.3°,b = 6.18, a = 6.03 28. a = 47.3°, b = 7.3,a = 5.32 
29. a = 116°,b = 4V3,a = 5V2 30. a = 51°,b = 4V3,a = 4V5 
31. b = 500,c = 330, y = 40° $2, b= 16,4a= 9, p= 137" 


33. a = V2,b = V7, B = 106° 34. b = 15.3,c = 27.2, y = 11.6° 


858 CHAPTER 8 Additional Topics in Trigonometry 


"APPLICATIONS 


For Exercises 35 and 36, refer to the following: 


= fd: 


NASA Kennedy Space Center 


On the launch pad at Kennedy Space Center, there is an 
escape basket that can hold four astronauts. The basket slides 
down a wire that is attached 195 feet high, above the base of 
the launch pad. The angle of inclination measured from where 
the basket would touch the ground to the base of the launch 
pad is 1°, and the angle of inclination from that same point to 
where the wire is attached is 10°. 


35. NASA. How long is the wire a? 


36. NASA. How far from the launch pad does the basket touch 
the ground b? 


37. Hot-Air Balloon. A hot-air balloon is sighted at the same 
time by two friends who are | mile apart on the same side 
of the balloon. The angles of elevation from the two friends 
are 20.5° and 25.5°. How high is the balloon? 


38. Hot-Air Balloon. A hot-air balloon is sighted at the same 
time by two friends who are 2 miles apart on the same side 
of the balloon. The angles of elevation from the two friends 
are 10° and 15°. How high is the balloon? 


39. Rocket Tracking. A tracking station has two telescopes 
that are 1 mile apart. The telescopes can lock onto a rocket 
after it is launched and record the angles of elevation to the 
rocket. If the angles of elevation from telescopes A and B are 


30° and 80°, respectively, then how far is the rocket from 
telescope A? 


40. Rocket Tracking. Given the data in Exercise 39, how 
far is the rocket from telescope B? 


41. Distance Across River. An engineer wants to construct a 
bridge across a fast-moving river. Using a straight-line 
segment between two points that are 100 feet apart along 
his side of the river, he measures the angles formed when 
sighting the point on the other side where he wants to have 
the bridge end. If the angles formed at points A and B 
are 65° and 15°, respectively, how far is it from point A 
to the point on the other side of the river? Round to the 
nearest foot. 


42. Distance Across River. Given the data in Exercise 41, 
how far is it from point B to the point on the other side 
of the river? Round to the nearest foot. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


Lifeguard Posts. Two lifeguard chairs, labeled P and Q, 
are located 400 feet apart. A troubled swimmer is spotted 
by both lifeguards. If the lifeguard at P reports the 
swimmer at angle 35° (with respect to the line segment 
connecting P and Q) and the lifeguard at Q reports the 
swimmer at angle 41°, how far is the swimmer from P? 


Rock Climbing. A rock climbing enthusiast is creating a 
climbing route rated as 5.8 level (i.e., medium difficulty) 
on the wall at the local rock gym. Given the difficulty of 
the route, he wants to avoid placing any two holds on the 
same vertical or horizontal line on the wall. If he places 
holds at P, Q, and R such that /OPR = 40°, OR = 6 feet, 
and QP = 4.5 feet, how far is the hold at P from the 
hold at R? 


Tennis. Two friends playing tennis are both 70 inches tall. 
After a rather long rally, Player II lobs the ball into Player 
I’s court, enabling him to hit an overhead smash such that 
the angle between the racquet head (at the point of contact 
with the ball) and his body is 56°. The ball travels 20.3 
feet to the other side of the court where Player II, with 
lightning-quick reflexes, volleys the ball 3 inches off the 
ground at an angle a such that the ball travels directly 
toward Player I’s head. The ball travels 19.4 feet during 
this return. Find angle a. 


Tennis. Shocked by the move Player I made in 
Exercise 45, Player II is forced to quickly deflect the 
ball straight back directly over the middle of the net 
(which is 33 inches high) with great speed. Player I 
reaches behind himself and is able to contact the ball at 
the same height above the ground with which Player I 
initially hit it. If the angle between Player I’s racquet 
position at the end of the previous shot (i.e., a from 
Exercise 45) and its current position at the point of 
contact of this shot is 130°, and the angle with which 
it contacts the ball is 25°, how far has the ball traveled 
horizontally as a result of Player II’s hit? 


Archery. (Recall Exercise 73 in Section 6.1 for context.) 
An expert archer decides to shoot two arrows 
simultaneously in such a way that the two arrows hit 
directly above and below the bullseye where the blue 
and black rings meet (8 inches from the bullseye). If the 
angle each arrow makes with the target is 84°, how far 
did each arrow travel? 


Archery. An archer fires two arrows simultaneously toward 
the target. The topmost arrow hits the bullseye dead center. 
If this arrow traveled 74 feet, and the second arrow hit the 
target at an angle somewhere between 88.3° and 88.7°, 
what was the archer’s score? 


Bowling. The 6-8 split is common in bowling. To make 
this split, a bowler stands dead center and throws the ball 


hard and straight directly toward the right of the 6 pin. The 


distance from the ball at the point of release and the 8 pin 
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is 63.2 feet. See the diagram. How far does the ball travel 
if it hits the 6 pin correctly? 


8 pin 
© 


6 pin 


©) 


50. Bowling. A bowler is said to get a strike on the “Brooklyn 
side” of the head pin if he hits the head pin on the 
opposite side of the pocket. (For a right-handed bowler, 
the pocket is to the right of the head pin.) There is a small 
range of angle at which the ball must contact the head 
pin in order to convert all of the pins. If the measurements 
are as shown, how far does the ball travel (assuming it 
is thrown straight with no hook) before it contacts the 
head pin? 


For Exercises 51 and 52, refer to the following: 


To quantify the torque (rotational force) of the elbow joint of a 
human arm (see the figure below), it is necessary to identify 
angles A, B, and C as well as lengths a, b, and c. Measurements 
performed on an arm determine that the measure of angle C is 
95°, the measure of angle A is 82°, and the length of the muscle 
a is 23 centimeters. 


<p> \Muscle 


51. Health/Medicine. Find the length of the forearm from the 
elbow joint to the muscle attachment b. 


52. Health/Medicine. Find the length of the upper arm from 
the muscle attachment to the elbow joint c. 
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=CATCH THE MISTAKE 


In Exercises 53 and 54, explain the mistake that is made. 


53. Solve the triangle a = 120°,a = 7,andb = 9. 54. Solve the triangle a = 40°,a = 7,andb = 9. 
Solution: Solution: 
Use the Law of Sines to sina = sin B Use the Law of Sines to sina _ sin B 
find B. a b find B. a b 
Let a = 120°,a = 7, sin120° _ sinB Let a = 40°,a = 7, sin40° _ sing 
and b = 9. 7 9 and b = 9, 7 9 
Solve for sin B. sinB = 1.113 Solve for sin B. sinB = 0.826441212 
Solve for B. B = 42° Solve for B. B = 56° 
Sum the angle measures Find y. 40° + 56° + y = 180° 
to 180°. 120° + 42° + y = 180° y = 84° 
Solve for y. = 18° : : 
i , . Use the Law of Sines to sina _ siny 
Use the Law of Sines to sia _ siny find c. ac 
find c. a c : : 
; a pee Let a = 40°,a = 7, sin40° __ sin84° 
Let a = 120°,a = 7, sin 120 = sin 18 andy = 84°. a 
andy = 18°. 7 c 
Solve for c. c=11 
Solve for c. c= 2.5 des 56° ais ae Biaad a 
a = 120°, B = 42°, y = 18°,a = 7,b = 9,andc = 25. ‘s »B on i oe 


This is incorrect. The longest side is not opposite the This is incorrect. What mistake was made? 
longest angle. There is no triangle that makes the original 
measurements work. What mistake was made? 


»=CONCEPTUAL 


In Exercises 55-60, determine whether each statement is true or false. 
55. The Law of Sines applies only to right triangles. 58. An obtuse triangle is an oblique triangle. 


56. If you are given two sides and any angle, there is a unique 59, If you are given two sides that have the same length, then 
solution for the triangle. there can be at most one triangle. 


57. An acute triangle is an oblique triangle. a 
60. If a is obtuse and B = 3 then the situation is 


unambiguous. 
CHALLENGE 
61. Mollweide’s Identity. For any triangle, the following 62. The Law of Tangents. Use the Law of Sines and 
identity is true. It is often used to check the solution of a trigonometric identities to show that for any triangle, 
triangle since all six pieces of information (three sides and the following is true: 
three angles) are involved. Derive the identity using the ab tan[ 3(a = B)| 


Law of Sines. 
a+b tan| 3 (a ot B)| 


co fe ee Dia 
ere sin(3) ceos|3(@ B ) 64. Suppose that you have a triangle with side lengths a, b, and c, 
: . . and angles a, 8, and y, respectively, directly across from 
63. Use the Law of Sines to prove that all angles in an equilateral l 
triangle must have the same measure. them. If it is known thata = —~=b,c = 2, a is an acute 


V2 


angle, and B = 2a, solve the triangle. 
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=TECHNOLOGY 


For Exercises 65-70, let A, B, and C be the lengths of the three sides with X, Y, and Z as the corresponding angles. Write a 
program to solve the given triangle with a calculator. 


65. A = 10, ¥Y = 40°, and Z = 72° 

66. B = 42.8,X = 31.6°, and Y = 82.2° 

67. A = 22,B = 17,and X = 105° 

68. B = 16.5,C = 9.8, and Z = 79.2° 
A 69. A = 25.7,C = 12.2, and X = 65° 

70. A = 54.6,B = 12.9, and Y = 23° 


SECTION 
8.2 THE LAW OF COSINES 


Solving Oblique Triangles 


In Section 8.1, we learned that to solve oblique triangles means to find all three side lengths 
and angle measures. At least one side length must be known. We need two additional pieces 
of information to solve a triangle (combinations of side lengths and/or angles). We found 
that there are four cases: 

m Case 1: AAS or ASA (two angles and a side are given) 

= Case 2: SSA (two sides and an angle opposite one of the sides are given) 

= Case 3: SAS (two sides and the angle between them are given) 

= Case 4: SSS (three sides are given) 


We used the Law of Sines to solve Case 1 and Case 2 triangles. Now, we use the Law of 
Cosines to solve Case 3 and Case 4 triangles. 
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WorpDsS MatH 


Start with a triangle. 


b a 
(tg 
Drop a perpendicular line from y with 
height h. 
The result is two triangles within the b a 
larger triangle. 
| 
wv x c-Xx 

Write the Pythagorean theorem for both ‘ 
right triangles. 

Triangle 1: r+hV=P 

Triangle 2: (ce -xP +V=a 
Solve for h’. 

Triangle 1: v= = x 

Triangle 2: h? = a — (c — xy 
Since the segment of length h is shared, 
set h? = h’, for the two triangles. Be - x =a* - (ce — xy 
Multiply out the squared binomial on the right. b? — x? = a — (c? — 2cx + x’) 
Eliminate the parentheses. PHP Hae =e +2 Hx 
Add x to both sides. Bb =a — c + 2cx 
Isolate a’. a = b? + c* — 2cx 


. x 
Notice that cosa = ; Let x = becosa. a =b? +c’ — 2becosa 


Note: If we instead drop the perpendicular line with length h from the angle a or 
the angle 8, we can derive the other two parts of the Law of Cosines: 


THE Law OF COSINES 


For a triangle with sides a, b, and c and opposite angles a, B, and y, the following are 
true: 


a =b? + — 2becosa 


> 
rs) 
| 


=a’ +c? — 2accosB 


c= a’ + b* — 2abcosy 


8.2 The Law of Cosines 


It is important to note that the Law of Cosines can be used to find side lengths or angles. 
As long as three of the four variables in any of the equations are known, the fourth can be 
calculated. 
Notice that in the special case of a right triangle (say, y = 90°), 
C2 =a4+ bh — 2abcos90° 
0 
one of the components of the Law of Cosines reduces to the Pythagorean theorem: 


2 

CHa th 
— a — 
hyp leg leg 


The Pythagorean theorem can thus be regarded as a special case of the Law of Cosines. 


Case 3: Solving Oblique Triangles (SAS) 

We now solve SAS triangle problems where the angle between two sides is given. We start 
by using the Law of Cosines to solve for the side opposite the given angle. We then can 
apply either the Law of Sines or the Law of Cosines to find the second angle. 


Using the Law of Cosines to Solve a Triangle (SAS) 
Solve the triangle a = 13,c = 6.0, and B = 20°. 


EXAMPLE 1 


Solution: 


Two sides and the angle between 
them are given (SAS). 


Notice that the Law of Sines can’t be used, because it requires knowledge of at 
least one angle and the side opposite that angle. 


Step 1 Find b. 


Apply the Law of Cosines that involves B. -b* = a? + c* — 2accosB 


Let a = 13,c = 6.0,and B = 20°. b? = 13° + 6 — 2(13)(6)cos20° 
Evaluate the right side with a calculator. b? © 58.40795 
Solve for b. b = +7.6425 
Round to two significant digits; 
b can only be positive. b= 7.6 
Step 2 Find y. 
sin sin 
Use the Law of Sines. i B 
c b 
; : csinB 
Isolate siny. siny = b 
6sin20° 
Let b = 7.6,c = 6.0, and B = 20°. siny = oe 


Apply the inverse sine function. 


._-f 6sin 20° 
= sin | ———— 
” 7.6 


y © 15.66521° 


Evaluate the right side with a calculator. 


Round to the nearest degree. 


863 


Study Tip 
The Pythagorean theorem is a special 
case of the Law of Cosines. 


EB 
Technology Tip 

Step 1: Use the calculator to find the 
value of b. 
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Step 3 Find a. 
The angle measures must sum to 180°. a + 20° + 16° © 180° 


Solve for a. aw 144° 


= Answer: a = 2.9, y = 21°, 


B = 124° =® YOUR TURN Solve the triangle b = 4.2,c = 1.8, anda = 35°. 


Notice the steps we took in solving an SAS triangle: 


1. Find the side opposite the given angle using the Law of Cosines. 
2. Solve for the smaller angle using the Law of Sines. 
3. Solve for the larger angle using properties of triangles. 


You may be thinking, “Would it matter if we had solved for a before solving for y?” Yes, 
it does matter—in this problem you cannot solve for a by the Law of Sines before finding 
y. The Law of Sines can be used only on the smaller angle (opposite the shortest side). If 
we had tried to use the Law of Sines with the obtuse angle a, the inverse sine would have 
resulted in a = 36°. Since the sine function is positive in both quadrants I and II, we would 
not know whether that angle was a = 36° or its supplementary angle a = 144°. Notice 
that c < a; therefore, the angles opposite those sides must have the same relationship, 
Yy < a. We choose the smaller angle first. Alternatively, if we want to solve for the obtuse 
angle first, we can use the Law of Cosines to solve for a. If you use the Law of Cosines to 
find the second angle you can choose either angle. The Law of Cosines can be used for 
either acute or obtuse angles. 


Study Tip 
Although the Law of Sines is 


sometimes ambiguous, the 
Law of Cosines is never ambiguous. 


. EXAMPLE 2 Using the Law of Cosines in an Application (SAS) 
A In an AKC (American Kennel Club)-sanctioned field trial, a judge 
Technolo Ti 9 nd 
an ud sets up a mark (bird) to which the dog is required to swim (the 152 yd “7 
Bie caleubaten to rind ie yalipal es dogs are judged on how closely they adhere to the straight line to * y 
the bird, not the time it takes to retrieve the bird). The judge is (117° va 
f+ ee + 
ee ee “ee 16 trying to calculate how far a swim this mark is for the dogs, so she | re d 
TH, Sarr walks off the two legs across the land and measures the angle as 176 yd / 
IcAns A : : , y | Pond/ 
. shown in the figure. How far will the dog swim from the starting eed 
2PF. F469 7S line to the bird? A 


Solution: 


Label the triangle. 


Apply the Law of Cosines. C= a+b — 2abcosy 

Let a = 176 yd, b = 152yd, 

and y = 117°. c? = 176? + 152? — 2(176)(152)cos 117° 
Simplify. c? & 78370.3077 


Solve for c and round to the 


nearest yard. 
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Case 4: Solving Oblique Triangles (SSS) 


We now solve oblique triangles when all three side lengths are given (the SSS case). In this 
case, start by finding the largest angle (opposite the longest side) using the Law of Cosines. 
Then apply the Law of Sines to find either of the remaining two angles. Last, find the third 
angle using the sum of the angles in a triangle. 


Leu EXAMPLE 3_ Using the Law of Cosines to Solve a Triangle (SSS) 
Solve the triangle a = 8,b = 6, andc = 7. 
Solution: 
Step 1 Identify the largest angle, which is a. 


Write the component of the Law of 


Cosines that involves a. a= +c — 2becosa 

Let a = 8,b = 6, andc = 7. 8? = 6 + 7 — 2(6)(7)cosa 
a +72 — 8 

Simplify and isolate cosa. cosa = 360) = 0.25 

Write the inverse cosine function. a = cos !(0.25) 


Approximate with a calculator and 
~ 76° 
round to the nearest degree. 


e 
Technology Tip 
Step 2 Find either of the remaining angles to solve for B. Cee be ee i he 


Step 1: Use the calculator to find the 


sina  sinB value of a. 
Write the Law of Sines. = 
a b 
: : bsina 
Isolate sin B. sinB = 
a 
6sin76° 
Let a = 8,b = 6,anda ® 76°. sinB ~ = 
+7 e at | & 4 a 
6sin76° = 
Write the inverse sine function. BY sin-( | ) rol 
Approximate with a calculator. 


Step 3 Find the third angle, y. 


The sum of the angle measures 
is 180°. 76° + 47° + y = 180° 


Solve for y. 


= Answer: a © 38.2°, B ~ 60.0°, 
=® YOUR TURN Solve the triangle a = 5,b = 7, andc = 8. y © 81.8° 


In the next example, instead of immediately substituting in values for the Law of 
Cosines equation, we will solve for the angle in general, and then substitute in values. 
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EXAMPLE 4_ Using the Law of Cosines in an Application (SSS) 


Many people believe that an imaginary area called the “Bermuda Triangle” exists on the 
southeastern Atlantic coast of the United States. Assume that the Bermuda Triangle has 
vertices in Norfolk (Virginia), Bermuda, and Santiago (Cuba). Find the angles of the 
Bermuda Triangle given the following distances: 


LOCATION LOCATION DISTANCE (NAUTICAL MILES) 
Norfolk Bermuda 850 
Bermuda Santiago 810 
Norfolk Santiago 894 


Ignore the curvature of the Earth in your calculations. 


Solution: 
Draw and label the triangle. VIRGINIA 
c= 850 nm 
BERMUDA 
b= 894 nm 
Ll 
a=810nm 
Technology Tip 
Step 1: Use the calculator to find B. 
“We (818240502 — 7 
2470245 1 BSSe Step 1 Find B (the largest angle). 
511845415 Apply the Law of Cosines. bP =a +c? — 2accosB 
@+e-b 
Isolate cos B. cos 8B = ——————_ 
2ac 
Apply the inverse cosine B = cos? cig =f 
function to solve for B. 2ac 
810° + 850° — 894? 

Let a = 810,b = 894, and c = 850. B= cos" 

Instead of using the approximated 2(810)(850) 


value of B to calculate a, you can . : 
ANS Approximate with a calculator. 


use to retrieve the actual 
value of B. 


STEP 2 Find a. 
sina _ sinB 


Apply the Law of Sines. 


A ab 
5 ‘sal . . asin B 
< t = 
5 solate sina sina 5 
Apply the inverse sine pea asin B 
function to solve for a. b 
810sin65° 
Let a = 810,b = 894, and B = 65°. ae sin (Se) 
894 
Approximate with a calculator, 
and round to the nearest degree. 
Step 3 Find y. 
The angle measures must sum to 180°. 55° + 65° + y © 180° 


Solve for y. 


given, we either apply the Law of Sines 


sina 


sinB  siny 


a b iG 
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= SECTION 
‘ SUMMARY 


We can solve any triangle given three pieces of information, as long 
as one of the pieces is a side length. Depending on the information 


and the angle sum identity, or we apply a combination of the Law 
of Cosines, 


a = b’ + c — 2becosa 
Bb? = a +c — 2accosB 
2 =a + b — 2abcosy 


the Law of Sines, and the angle sum identity. The table below 
summarizes the strategies for solving oblique triangles: 


OBLIQUE TRIANGLE Wuat’s KNOWN PROCEDURE FOR SOLVING 
AAS or ASA Two angles and a side | Step 1: Find the remaining angle with a + B + y = 180°. 
Step 2: Find the remaining sides with the Law of Sines. 

SSA Two sides and an This is the ambiguous case, so there is either no triangle, one triangle, or two 
angle opposite one of | triangles. If the given angle is obtuse, then there is either one or no triangle. If 
the sides the given angle is acute, then there is no triangle, one triangle, or two triangles. 

Step 1: Apply the Law of Sines to find one of the angles. 

Step 2: Find the remaining angle with a + B + y = 180°. 

Step 3: Find the remaining side with the Law of Sines. 

If two triangles exist, then the angle found in Step 1 can be either acute or 
obtuse, and Step 2 and Step 3 must be performed for each triangle. 

SAS Two sides and an Step 1: Find the third side with the Law of Cosines. 
angle between the Step 2: Find the smaller angle with the Law of Sines. 
sides Step 3: Find the remaining angle with a + B + y = 180°. 

SSS Three sides Step 1: Find the largest angle with the Law of Cosines. 

Step 2: Find either remaining angle with the Law of Sines. 
Step 3: Find the last remaining angle with a + B + y = 180°. 


SECTION 
8.2 EXERCISES 


"SKILLS 


For each of the triangles in Exercises 1-8, the angle sum identity, a + B + y = 180°, will be used in solving the triangle. Label the 
problem as S if only the Law of Sines is needed to solve the triangle. Label the problem as C if the Law of Cosines is needed to solve 
the triangle. 


1. a, b, and c are given. 2. a,b,and y are given. 3. a, B, andc are given. 4. a, b, and a are given. 


5. a, B, and y are given. 6. a, B, and a are given. 7. b,c, and @ are given. 8. b, c, and B are given. 


In Exercises 9-42, solve each triangle. 


9. a = 4,c = 3, B = 100° 10. a = 6, b = 10, y = 80° 
ll. b =7,¢ =2,a = 16° 12. b =5,a=6, y = 170° 
13. b= 5,c = 5,a = 20° 14. a = 4.2, b = 7.3, y = 25° 
15. a= 9, c = 12, B = 23° 16. b = 6, c = 13, a = 16° 
17. a= 4,c = 8, B = 60° 18. b = 3,c = V18,a@ = 45° 
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19. 
21. 
23. 
25. 
27. 
29. 
31. 
33. 
35. 
37. 
39. 


41. 


"APPLICATIONS 


43. 


45. 


a=8,b=5,c=6 
a=4,b=4,c=5 
a=82,b=T7.1,c¢ 
a=4,b=5,c = 10 
a= 12,b=5,c = 13 


6.3 


a = 40°, B = 35°,a = 6 
a = 31°,b =5,a= 12 
ViLbHV8e= V3 


a 
b= 11,c = 2,8 = 10° 

B=5162..a=S c= 
a = 18.21, b = 21.30, c = 24.12 


5V2 | _ 3V2 


=71.213°,b = 
7 5 


Pa 


Aviation. A plane flew due north at 500 mph for 3 hours. 

A second plane, starting at the same point and at the same 
time, flew southeast at an angle 150° clockwise from due 
north at 435 mph for 3 hours. At the end of the 3 hours, how 
far apart were the two planes? Round to the nearest mile. 


“Pp 


e—— 


Aviation. A plane flew 30° NW at 350 mph for 2.5 hours. A 
second plane, starting at the same point and at the same time, 
flew 35° at an angle clockwise from due north at 550 mph for 
2.5 hours. At the end of 2.5 hours, how far apart were the two 
planes? Round to the nearest mile. 


44. 


46. 


38. 
40. 


42. 


20. a=6,b=9, c = 12 

22. a = 17, b = 20, c = 33 

24. a = 1492, b = 2001, c = 1776 
26. a = 13,b =2.7,c = 4.2 

28. a= 4,b=5,c = V4 

30. b = 11.2,a = 19.0, y = 13.3° 
32. a = 1l,c = 12,y = 60° 

34. B = 106°, y = 43°,a = 1 

36. a = 25°,a =6,c =9 


y = 61.03 a=%c=% 


_ 32, _29 ,_ 21 
a=7,b= %,c= Tf 


B = 38.21°,a = V3l1,¢ = V31 


Aviation. A plane flew due north at 400 mph for 4 hours. A 
second plane, starting at the same point and at the same time, 
flew southeast at an angle 120° clockwise from due north at 
300 mph for 4 hours. At the end of the 4 hours, how far apart 
were the two planes? Round to the nearest mile. 


I 
I 
I 
1600 mi 
I \ 
I 
I 
I 
| 


120° \ 
x \ 


nN 
\ \ 
~ 


Pe 
1200mi SY \ 


¥ 


Aviation. A plane flew 30° NW at 350 mph for 3 hours. 

A second plane starts at the same point and takes off at the 
same time. It is known that after 3 hours, the two planes are 
2100 miles apart. Find the original bearing of the second 
plane, to the nearest hundredth of a degree. 


47. Baseball. A baseball diamond is actually a square that is 
90 feet on each side. The pitcher’s mound is located 
60.5 feet from home plate. How far is it from third base 
to the pitcher’s mound? 


Second Base 


& 


4a 
90 ft 7 \. 90 ft 
y NS 


y N 
N 


Pitcher’s Mound 


aa 
Third mi = a @ nae >. Base 
? RY 
7 


XN 
\ 

4 
oft 109-5 09 & 
xy 7 

45° 
Home Plate 


48. Aircraft Wing. Given the acute angle (14.4°) and two 
sides (18 feet and 25 feet) of the stealth bomber, what is 
the unknown length? 


‘du ‘saSew| Ayag/auoys 


49. Sliding Board. A 40-foot slide leaning against the 
bottom of a building’s window makes a 55° angle with 
the building. The angle formed with the building with the 
line of sight from the top of the window to the point 
on the ground where the slide ends is 40°. How tall is 
the window? 


50. Airplane Slide. An airplane door is 6 feet high. If a slide 
attached to the bottom of the open door is at an angle of 
40° with the ground, and the angle formed by the line of 
sight from where the slide touches the ground to the top 
of the door is 45°, how long is the slide? 
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For Exercises 51 and 52, refer to the following: 


To quantify the torque (rotational force) 
of the elbow joint of a human arm (see 
the figure to the right), it is necessary 
to identify angles A, B, and C as well as 
lengths a, b, and c. Measurements 
performed on an arm determine that the 
measure of angle C is 105°, the length 
of the muscle a is 25.5 centimeters, and 
the length of the forearm from the 
elbow joint to the muscle attachment b 
is 1.76 centimeters. 


Muscle 


51. Health/Medicine. Find the length of the upper arm from 
the muscle attachment to the elbow joint c. 


52. Health/Medicine. Find the measure of angle B. 


For Exercises 53 and 54, refer to the following: 


The term “triangulation” is often used to pinpoint a location. 
A person’s cell phone always uses the closest tower. As the 
cell phone switches towers, authorities can locate the person’s 
location based on known distances from each of the towers. 
Similarly, firefighters can determine the location of a fire from 
known distances. 


53. Triangulation. Two lead firefighters (Beth and Tim) are 
300 yards apart and they estimate each of their distances 
to the fire as approximately 150 yards (Beth) and 200 yards 
(Tim). What angle with respect to their line of sight with 
each other should each lead their team in order to reach 
the fire? 


54. Triangulation. Two cell phone towers are 100 meters apart. 
When the cell phone switches from tower A to tower B, 
it is estimated that the phone is 60 meters from tower A 
and 50 meters from tower B. Authorities looking to locate 
the owner of the cell phone will head 50 meters from 
tower B at what angle (with respect to the line of sight 
between towers A and B)? 
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55. Law Enforcement. Two members of a SWAT team and the 


56. 


Ry 


58. 


thief they are to apprehend are positioned as follows: 


Cop 2 
Building 2 Building 1 
Kk 
50° 
Thief 
a 
120 ft 
90 ft 
Y 
Cop 1 
ne 


When the signal is given, Cop 2 shoots a zipline across to 
the window where the thief is spotted (at a 50° angle to 


Building 1) and Cop 1 shines a very bright light directly at 


the thief. Find the angle y at which Cop | holds the light 
to shine it directly at the thief. Round to the nearest 
hundredth degree. 


Law Enforcement. In reference to Exercise 55, what angle 


does the zipline make with respect to Building 2? 


Rock Climbing. (See Exercise 44 in Section 8.1 for the 
context.) In order to construct a more advanced route, 


holds are placed at P and R very close to each other, and a 


third hold is placed at Q at quite a distance away. Moving 
from either P or R will require a “dynamo” move! If the 
person setting the route wants PQ = 7 feet, PR = 1 foot, 
and /RPQ = 25°, find the angle between other holds on 
the route. 


Bowling. Consider the following diagram: 


From the diagram, we know that the ball is released at an 


angle of 35° to the line connecting the player to the 10 pin. 


Find the angle at which the ball hits the head pin, 
assuming the ball is thrown straight with no hook. Round 
to the nearest hundredth degree. 


59. 


60. 


61. 


62. 


Bowling. Next, a bowler must convert a 7-8 spare 

and must hit the 8 pin directly on its right side. If 

the distance between the bowler and 7 pin is 63 feet, the 
distance between the bowler and 8 pin is 62.8 feet, 

and the distance between the 7 and 8 pins is 7 inches, 
find the angle at which the ball is released (1.e., angle 
between the segment connecting the bowler to the 7 pin 
and the segment connecting the bowler to the 8 pin). 


Surveying. A glaciologist needs to determine the length 
across a certain crevice on Mendenhall glacier in order to 
circumvent it with her team. She has the following 
measurements: 


Find the approximate length across the crevice. 


Surveying. A glaciologist needs to determine the length 
across a certain crevice on Mendenhall glacier in order to 
circumvent it with his team. He has the following 
measurements: 


\" 7 
T (Team) 


Find the angle a. 


Home Décor. A table in the shape of a regular octagon is 
to be constructed to fit on a round oriental rug 16 feet in 
diameter. Each guest sitting around the perimeter of the 
table requires 2.5 feet of space. How many people, 
approximately, can be seated at this table? 


=CATCH THE MISTAKE 


In Exercises 63 and 64, explain the mistake that is made. 


63. Solve the triangle b = 3, c = 4, and a = 30°. 


"CONCEPTUAL 


Solution: 
Step 1: Find a. 
Apply the Law 


of Cosines. a 
Let b = 3, 
c = 4, and 
a = 30°. a 
Solve for a. a 


Step 2: Find y. 


Apply the Law 
of Sines. 


Solve for siny. 


Solve for y. 
Let a = 2.1, c = 4, 
and a = 30°. 

Step 3: Find B. 
a+ B+t+y = 180° 
Solve for B. 


2 
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64. Solve the triangle a = 6,b = 2,andc = 5. 
Solution: 
Step 1: Find B. 
Apply the Law 
b? + c? — 2bcecosa of Cosines. b =a +c — 2accosB 
ef+e-bh 
Solve for B. B =cos! 


3? + 47 — 2(3)(4)cos30° 


2.1 
sina _ siny 
a Cc 
: csina 
siny = 
a 


y © 72° 


30° + p + 72° 
B © 78° 


axX21,b=3,c=4, a = 30°, B © 78°, and y 


This is incorrect. The longest side is not opposite the 


largest angle. What mistake was made? 


ll 


180° 


de 


Let a = 6,b = 2, 


c=5. 


Step 2: Find a. 


Apply the Law 
of Sines. 


Solve for a. 


Let a = 6,b = 2, 


and B = 18°. 
Step 3: Find y. 


B® 18° 
sina _ sinB 
a b 


a = 68° 


a+ B+y = 180° 
68° + 18° + y = 180° 


y = 94° 


a=6,b=2,c =5,a © 68°, B = 18°, andy = 94° 
This is incorrect. The longest side is not opposite the 
largest angle. What mistake was made? 


In Exercises 65-70, determine whether each statement is true or false. 


65. 


66. 


67. 


Given three sides of a triangle, there is insufficient 


information to solve the triangle. 


Given three angles of a triangle, there is insufficient 
information to solve the triangle. 


The Pythagorean theorem is a special case of the Law of 


Cosines. 


68. The Law of Cosines is a special case of the Pythagorean 


theorem. 


69. If an obtuse triangle is isosceles, then knowing the obtuse 
angle and a side adjacent to it is sufficient to solve the 


triangle. 


70. All acute triangles can be solved using the Law of 


Cosines. 
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= CHALLENGE 


COs cos 24 B+ C7 
71. Show that a + : | La 2 
a b c 2abc 


Hint: Apply the Law of Cosines. 


x 
73. Consider the following diagram. Find co(3)) 


TIES) 


72. Show that a= ccosB+ bcosy. Hint: Apply the Law of 
Cosines. 


xX 
74. Using the diagram in Exercise 73, Find tan() 


"TECHNOLOGY 


For Exercises 75-80, let A, B, and C be the lengths of the three sides with X, Y, and Z as the corresponding angles. Write a 
program using a TI calculator to solve the given triangle. 


75. B = 45, C = 57, and X = 43° 
76. B = 24.5, C = 31.6, and X = 81.5° 
77. A 


29.8, B = 37.6, and C = 53.2 
78. A 


100, B = 170, and C = 250 
79. A= V12, B= V21, and Z = 62.8° 
80. A = 1235, B = 987, and C = 1456 


SECTION 
8.3 THE AREA OF A TRIANGLE 


In Sections 8.1 and 8.2, we applied the Law of Sines and the Law of Cosines to solve 
oblique triangles, which means to find all of the side lengths and angle measures. Now we 
use these laws to derive formulas for the area of a triangle (SAS and SSS). 

Our starting point for both cases is the standard formula for the area of a triangle: 


1 
A=- 
3 Oh 
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WorpDs MatH 


Start with a triangle with base 
b and height h. 


Construct a rectangle with base 
b and height / around the triangle. 


The area of the rectangle is 
base times height. Axectangle = Dh 
Triangles 1 and 2 have the same area. 
Triangles 3 and 4 have the same area. 


Therefore, the area of the triangle is 
half the area of the rectangle. 


a 
b 
: : . 1 
Area of the triangle with base b and height h. | Agiangie = oh 


The Area of a Triangle (SAS Case) 


We now can use the general formula for the area of a triangle and the Law of Sines to 
develop a formula for the area of a triangle when two sides and the angle between them 
are given. 


Worps MatH 


Start with a triangle, 
given b, c, and a. 


|_| 
< b > 

Write the sine ratio for angle a. sina = — 

(6 
Solve for h. h = csina 

1 
Write the formula for area of a triangle. Atriangle = aon 

; Le. 

For the SAS case, substitute h = csina. Asas case = ~bcsina 


2 
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La 
Technology Tip 
Use the calculator to find A. 


1neePd, Erste 
3 


32. 4°87 8954 


= Answer: 6.2m? 


Now we can calculate the area of this triangle with the given information (two sides and the 
angle between them: b, c, and a). Similarly, it can be shown that the other formulas for SAS 


triangles are 
os Bue 
Agas case = yabsiny and | Agas case = acsin B 


AREA OF A TRIANGLE (SAS) 


For any triangle where two sides and the angle between them are known, the area for 
that triangle is given by one of the following formulas (depending on which angle 
and sides are given): 


1 

Asgas case = 5 ue when b, c, and a are known 
rae 

Asas case = Ravsiny when a, b, and y are known 
i eee 

Asas case = aon B when a, c, and B are known 


In other words, the area of a triangle equals one-half the product of two of its sides 
and the sine of the angle between them. 


aa EXAMPLE 1 Finding the Area of a Triangle (SAS Case) 
Find the area of the triangle a = 7.0 ft, b = 9.3 ft, and y = 86°. 


Solution: 

Apply the area formula where a, b, hee 1 ae 

and y are given. 2 

Substitute a = 7.0 ft, b = 9.3 ft, and y = 86°. A= 570 ft) (9.3 ft) sin 86° 
Approximate with a calculator. A = 32.47071 ft® 

Round to two significant digits. A = 32f¢ 


= YOUR TURN Find the area of the triangle a = 3.2 m, c = 5.1 m, and B = 49°. 


The Area of a Triangle (SSS Case) 

We used the Law of Sines to develop a formula for the area of an SAS triangle. That 
formula, several trigonometric identities, and the Law of Cosines can be used to develop a 
formula for the area of an SSS triangle, called Heron’s formula. 


Worps 


Start with any of the formulas 
for SAS triangles. 


Square both sides. 
Isolate sin’ y. 


Apply the Pythagorean identity. 


Factor the difference of the 
two squares on the right. 


Solve the Law of Cosines, 
c =a’ + b° — 2abcosy, for cosy. 
2 


v+bp—-c 


Substitute cosy = ab 
a 


2 


, 4A 
Se = (1 — cosy) (1 + cosy). 
a 


Combine the expressions in brackets. 


Group the terms in the numerators. 


Write the numerators as the 
difference of two squares. 


Factor the numerators: 
r= y= = yay. 


Simplify. 


27,2 


: ab 
Multiply by a 


The semiperimeter s is half the 
perimeter of the triangle. 


Manipulate each of 
the four factors: 


Substitute in these values for 
the four factors. 


Simplify. 
Solve for A (area is 
always positive). 
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MatH 
A : bsi 
= —abdsin 
) y 
A? = fap ay 
4 
4A? a 
ow = sin’'y 
4A? ; P 
ap (LCOS y 
ab 
4A? 
re = (1 — cosy)(1 + cosy) 
ete == 
an 2ab 
4A? [ el ee 
=|1 1 + ———— 
ab L 2ab 2ab 
4A? eee ee 
ab L 2ab 2ab 
4A? _ | —(a° — 2ab + b*) *<|¢ + 2ab + b’) =<] 
ap | 2ab 2ab 
=| eee 
ab 2ab 2ab 
4A? l(c — [a — b])(c + [a - |e + b] — c)(la + b] + | 
ab L 2ab 2ab 
4A? ao 
ab 2ab 2ab 


4A? (c-—at+b\ct+a-byatb-cyiatbt+c) 


ab 


4a’b* 


AP = ele - at Ble +a bath Nat b+) 


2s=atbrte 


c-atb=at+bt+c — 2a = 2s — 2a = 2s — a) 
cta-b=atb+c — 2b = 2s — 2b = 2s — b) 
atb-c=a+t+b+c— 2¢=2s — 2¢= 2 — oc) 


at+tb+c=2s 


A sale — a)+2(s — b)+2(s — c)+2s 


16 
A’ = s(s — aX(s — b\(s — c) 
A = Vs(s — ays — bys — c) 
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AREA OF A TRIANGLE (SSS CASE—HERON’S FORMULA) 


For any triangle where the lengths of the three sides are known, the area for that 
triangle is given by the following formula: 


Asss case = Ws(s — a)(s — b)(s — c) 


where a, b, and c are the lengths of the sides of the triangle and s is half the perimeter 
of the triangle, called the semiperimeter. 


Technology Tip 


@ ar DD aP © 


y= 5) 


Ee aa EXAMPLE 2 Finding the Area of a Triangle (SSS Case) 


Find the area of the triangle a = 5, b = 6, andc = 9. 


Solution: 
: leas at+tbt+e 
Find the semiperimeter s. s= 5 
SHO + 9 
Substitute a = 5,b = 6, andc = 9. s= 5 
Simplify. s= 10 


Write the formula for the area of a 


triangle in the SSS case. 


A = Vs(s — a)(s — b)(s — ©) 


Substitute a = 5,b = 6,c = 9, 


and s = 10. 
Simplify the radicand. 


Evaluate the radical. 


= Answer: 2V 14 © 7.5 sq. units 


SECTION 


- 


SUMMARY 


In this section we derived formulas for calculating the areas of 
triangles (SAS and SSS cases). The Law of Sines leads to three 
area formulas for the SAS case depending on which angles and 
sides are given. 


1 
Asas = ae sina 


1 
Asas = Phd siny 


1 
Asas = 5 aesinB 


A = V10(10 — 5)(10 — 6)(10 — 9) 
A= VI0-S-41 


A = 10V2 © 14sq. units 


= YOUR TURN Find the area of the triangle a = 3, b = 5, andc = 6. 


The Law of Cosines was instrumental in developing a formula 
for the area of a triangle (SSS case) when all three sides are 
given. 


Asss = Vs(s — a)(s — b)(s — ©) 


Gi ar i) ar & 


h = 
where s 2 
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SECTION 
8.3 EXERCISES 


"SKILLS 


In Exercises 1-32, find the area of each triangle described. 


1. a = 8,c = 16,B = 60° 2. b= 6,c = 4V3,a = 30° 

3. a= 1,b = V2,a = 45° 4. b = 2V2,c = 4, B = 45° 

5. a= 6,b = 8,y = 80° 6. b = 9,c = 10,a = 100° 

7. a=4,c =7,B = 27° 8. a= 63,b = 48,y = 17° 

9. b = 100,c = 150,a = 36° 10. c = 0.3,a = 0.7, B = 145° 
I. a= V5,b = 5V5,y = 50° 12. b= Vil,c = Vil,a = 21° 
13. a = 15,b = 15,c = 15 14. a=1,b=1,c=1 

15. a=7,b = V51,c = 10 16. a=9,b = 40,c = 41 

17. a=6,b=10,c =9 18. a = 40, b = 50, c = 60 

19. a = 14.3, b = 15.7, c = 20.1 20. a = 146.5, b = 146.5, c = 100 


21. a = 14,000, b = 16,500, c = 18,700 22. a = V2,b = V3,c = V5 


23. a = 80, b = 75, c = 160 24. a= 19,b = 23,c =3 
V5 5V5 
25. a = 2V3,b = 5V3,y = 61.23° 26. a ge 5 . B = 16.36° 
1 
27. b= = c= >a = 73° 28. a = 17.61,c = 17.61, B = 20.03° 
29. a = 5.61,b = 6.6l1,c = 4.31 30. a = 7.28, b = 7.28, c = 7.28 
63 50 50 1 1 1 
1. b= 7, 25 = 7,b=7c= 7 
31. a 8 b 7 c 9 32. a 5 b 3 Cc 3 
"APPLICATIONS 
33. Bermuda Triangle. Calculate the area of the so called 34. Bermuda Triangle. Calculate the area of the Bermuda 
Bermuda Triangle, described in Example 4 of Section 8.2, Triangle, if, as other people define it, its vertices are 
if, as some people define it, its vertices are located in located in Miami, Bermuda, and San Juan. 
Norfolk, Bermuda, and Santiago. 
LOCATION LOCATION DISTANCE (NAUTICAL MILES) 
LOCATION LOCATION DISTANCE (NAUTICAL MILES) 
Miami Bermuda 898 
Norfolk Bermuda 850 
- Bermuda San Juan 831 
Bermuda Santiago 810 
: Miami San Juan 890 
Norfolk Santiago 894 


Ignore the curvature of the Earth in your calculations. 
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35. 


36. 


37. 


38. 


39. 


40. 


Triangular Tarp. A large triangular tarp is needed to cover 
a playground when it rains. If the sides of the tarp measure 
160 feet, 140 feet, and 175 feet, what is the area of the 
tarp (to the nearest square foot)? 


Flower Seed. A triangular garden measures 41 feet X 

16 feet X 28 feet. You are going to plant wildflower seed 
that costs $4 per bag. Each bag of flower seed covers an area 
of 20 square feet. How much will the seed cost? (Assume 
you have to buy a whole bag—you can’t split one.) 


Mural. Some students are painting a mural on the side of 
a building. They have enough paint for a 1000-square- 
foot-area triangle. If two sides of the triangle measure 

60 feet and 120 feet, what angle (to the nearest degree) 
should the two sides form in order to create a triangle 
that uses up all the paint? 


<a 


Mural. Some students are painting a mural on the side of a 
building. They have enough paint for a 500-square-foot- 
area triangle. If two sides of the triangle measure 40 feet 
and 60 feet, what angle (to the nearest degree) should the 
two sides form in order to create a triangle that uses up all 
the paint? 

Insect Infestation. Some very destructive beetles have 
made their way into a forest preserve. The rangers are 
trying to keep track of their spread and how well 
preventative measures are working. In a triangular area 
that is 22.5 miles on one side, 28.1 miles on another, and 
38.6 miles on the third, what is the total area the rangers 
are covering? 


Real Estate. A real estate agent needs to determine the 
area of a triangular lot. Two sides of the lot are 150 feet 
and 60 feet. The angle between the two measured sides is 
43°. What is the area of the lot? 


For Exercises 41 and 42, refer to the following: 


A company is considering purchasing a triangular piece of 
property (see the figure below) for the construction of a new 
facility. The purchase is going to be “sight unseen” and the 
company is using old surveys to approximate area and costs. 


41. 


A 


Cc 


Business. If the survey indicates that one side b is 
275 feet, a second side a is 310 feet, and the angle 
between the two sides is 79°, 


a. Find the area of the property. 


b. If the company wants to offer the seller $2.13 per square 
foot, what is the total cost of the property? 


42. 


43. 


44. 


45. 


46. 


47. 


Business. If the survey indicates that one side b is 475 feet, a 
second side c is 310 feet, and the angle between the two sides 
is 118°, 

a. Find the area of the property. 


b. If the company wants to offer the seller $1.97 per square 
foot, what is the total cost of the property? 


Parking Lot. A parking lot is to have the shape of a 
parallelogram that has adjacent sides measuring 200 feet 
and 260 feet. The angle between the two sides is 65°. 
What is the area of the parking lot? 

200 ft 


200 ft 


Parking Lot. A parking lot is to have the shape of a 
parallelogram that has adjacent sides measuring 250 feet 
and 300 feet. The angle between the two sides is 55°. 
What is the area of the parking lot? 


Regular Hexagon. A regular hexagon has sides measuring 
3 feet. What is its area? Recall that the measure of an 


angle of a regular n-gon is given by the formula 
180(n — 2) 
angle = —————_. 


3 ft 
Regular Decagon. A regular decagon has sides measuring 
5 inches. What is its area? 
Geometry. Three spokes Q,, Q>, and Q; of lengths 8, 6, 
and 11, respectively, emanate from a common point P 
with the following angles: 


Sin. 


Find the area of the triangles PQ,Q>, Q,Q,Q3, and PQ,Q3. 
Then, find the area of triangle PQ,Q3. Compare the sum of the 
areas of the smaller three triangles to the area of PQ,Q;. Are 
they equal? 
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48. Construction. A rectangular great room, 15 ft X 25 ft, hasan 49, Geometry. A quadrilateral ABCD has sides of lengths 


open beam ceiling. The two parts of the ceiling make angles AB = 2, BC = 3, CD = 4, and DA = 5. The angle 
50° and 33° with the horizontal, as shown. Find the area of between AB and BC is 135°. Find the area of ABCD. 
the ceiling. 


50. Geometry. A quadrilateral ABCD has sides of lengths 
AB = 5, BC = 6, CD 7, and DA = 8. The angle 
between AB and BC is 135°. Find the area of ABCD. 


"CATCH THE MISTAKE 


In Exercises 51 and 52, explain the mistake that is made. 


51. Calculate the area of the triangle a = 2,b = 6,andc = 7. 52. Calculate the area of the triangle a = 2,b = 6,andc = 5. 


Solution: Solution: 
Find the Find the 
semiperimeter. s=atb+c=2+64+7=15 semiperimeter. s= ay be 24675 _ 6.5 
2 2 
Write the formula 
for the area of the Write the formula 
triangle. A= Vs(s — als — bys — 0) for area of the 
triangle. A = s(s — aj(s — b\(s — c) 
Let a = 2,b = 6, 
c=T7,ands=15. A=V15(05—2)(15 — (15 — 7) Leta = 2,b = 6, 


c=5,ands=6.5. A = 6.5(4.5)(0.5)(1.5) 


> 
ll 


V 14,040 = 118 


This is incorrect. What mistake was made? 


Simplify. 
Simplify. A ® 22 


This is incorrect. What mistake was made? 


=CONCEPTUAL 


In Exercises 53-58, determine whether each statement is true or false. 


53. Heron’s formula can be used to find the area of right triangles. 56, If two rhombi (i.e., quadrilateral with four congruent sides) 


; have the same side length, then they have the same area. 
54. Heron’s formula can be used to find the area of isosceles & y 


triangles. 57. If two parallelograms have the same area, then the 


di id t be th : 
55. If two triangles have the same side lengths, then they have eo eg er f nee enone ene ot 


the same area. 58. The semiperimeter can be less than the length of the 
largest side. 
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=" CHALLENGE 


59. Show that the area for an SAA triangle is given by 62. Find the area of the shaded region. 


Nee 


a’ sin Bsiny 


i A 
2sina@ 


Assume that a, B, and a are given. 


60. Show that the area of an isosceles triangle with equal sides 
of length s is given by 


ly: 
Aisosceles = 7s sind 


2 
where @ is the angle between the two equal sides. 63. Prove that the area of a rhombus that has side length s with 
(clean! 
61. Find the area of the shaded region. an angle of 30° is 5s". 
B 64. Prove that the area of a parallelogram with side lengths s 
2 
A and 3s and an angle of 135° is s. 


"TECHNOLOGY 


For Exercises 65-70, let A, B, and C be the lengths of the three sides with X, Y, and Z as the corresponding angles. Write a 
program using a TI calculator to calculate the area of the given triangle. 


65. A = 35, B = 47, and Z = 68° 
66. A = 1241, B = 1472, and Z = 56° 
i. 7 67. A = 85, B = 92, and C = 123 
68. A = V167, B = V113, and C = V203 
A 69. A = 145, B = 172, and C = 110 
70. A = 21.8, B = 39.6, and C = 124.5° 


SECTION 
8.4 vECTORS 


Vectors: Magnitude and Direction 

What is the difference between velocity and speed? Speed has only magnitude, whereas 
velocity has both magnitude and direction. We use scalars, which are real numbers, to 
denote magnitudes such as speed and weight. We use vectors, which have magnitude and 
direction, to denote quantities such as velocity (speed in a certain direction) and force 
(weight in a certain direction). 

A vector quantity is geometrically denoted by a directed line segment, which is a line 
segment with an arrow representing direction. There are many ways to denote a vector. 
For example, the vector shown in the margin can be denoted as u, u,or AB, where A is 
the initial point and B is the terminal point. 

It is customary in books to use the bold letter to represent a vector and when hand- 
written (as in your class notes and homework) to use the arrow on top to denote a vector. 

In this section, we will limit our discussion to vectors in a plane (two-dimensional). It is 
important to note that geometric representation can be extended to three dimensions and 
algebraic representation can be extended to any higher dimension, as you will see in the 
exercises and in later sections. Study Tip 


The magnitude of a vector is the 


Geometric Interpretation of Vectors distance between the initial and 
terminal points of the vector. 


The magnitude of a vector can be denoted one of two ways: |ul or |lul]. We will use the 9 
former notation. 


MAGNITUDE: ul 


The magnitude of a vector u, denoted |u|, is the length of the directed line 
segment which is the distance between the initial and terminal points of the vector. 


Two vectors have the same direction if they are parallel and point in the same 
direction. Two vectors have opposite direction if they are parallel and point in 
opposite directions. 


EQUAL VECTORS: U =v 


Two vectors u and v are equal (u = v) if and only if they have the same 
magnitude (|u| = |v|) and have the same direction. 


881 
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Equal Same Magnitude but Same Different 
Vectors Opposite Direction Magnitude Magnitude 
u=vV u=—v lu| = |v| 


Vin Maw aN 


It is important to note that vectors do not have to coincide to be equal. 


VECTOR ADDITION: U+ Vv 


Two vectors, u and v, can be added together using 
either of the following approaches: 


¢ The tail-to-tip (or head-to-tail) method: Sketch the 
initial point of one vector at the terminal point of 
the other vector. The sum, u + y, is the resultant 
vector from the tail end of u to the tip end of v. 


[or] 


¢ The parallelogram method: Sketch the initial points of 
the vectors at the same point. The sum u + v is the 
diagonal of the parallelogram formed by uw and v. 


The difference, u — v, is the 


e Resultant vector from the tip of v to the tip u-v 
of u, when the tails of v and u coincide. 
[or] , pe ee 
y oe 
¢ The other diagonal formed by the 7 eee ee 
parallelogram method. B 
a 


Algebraic Interpretation of Vectors 


Since vectors that have the same direction and magnitude are equal, any vector can be 
translated to an equal vector with its initial point located at the origin in the Cartesian plane. 
Therefore, we will now consider vectors in a rectangular coordinate system. 

A vector with its initial point at the origin is called a position vector, or a vector in 
standard position. A position vector u with its terminal point at the point (a, b) is denoted: 


where the real numbers a and b are called the components of vector u. 
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Notice the subtle difference between coordinate notation and vector notation. The pointis Study Tip 
denoted with parentheses, (a, b), whereas the vector is denoted with angled brackets, (a, b). (a,b) Guia: coniall 
The notation (a, b) denotes a vector whose initial point is (0, 0) and terminal point is (a, b). ( ” b) denotes a point. , 

The vector with initial point (3, 4) and terminal point (8, 9) is equal to the vector (5,5), es 
which has initial point (0, 0) and terminal point (5, 5). 

Recall that the geometric definition of the magnitude of a vector is the length of the vector. 


MAGNITUDE: 


u| 


EXAMPLE 1_ Finding the Magnitude of a Vector 


Find the magnitude of the vector u = (3, —4). 


Solution: 

Write the formula for magnitude of a vector. jul = Va + BP 
Leta = 3 and b = —4, jul = V3? + (-4 
Simplify. lal =[V25 = 5 
Note: If we graph the vector u = (3, —4), AY 


we see that the distance from the origin to L 
the point (3, —4) is 5 units. a 


= Answer: 26 
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EXAMPLE 2 Finding the Direction Angle of a Vector 


Find the direction angle of the vector vy = (—1, 5). 


E 
Technology Tip 


Solution: 
Use the calculator to find 0. b 5 
Start with tan@ = — and let a = —1 andb=5. tand = — 
Lari -33 7 ~ 
- = 
78. 69886753 With a calculator, find tan” !(—5). tan '(—5) = —78.7° 
The calculator gives a quadrant IV angle. AY 
(-1, 5) 
The point (— 1, 5) lies in quadrant II. 
Iv| 
x 
> 
Add 180°. 6 = —78.7° + 180° = 101.3° 


= Answer: 306.9° 
= YOUR TURN Find the direction angle of the vector u = (3, —4). 


Recall that two vectors are equal if they have the same magnitude and direction. 
Algebraically, this corresponds to their corresponding components being equal. 


EQUAL VECTORS: U = v 
The vectors u = (a, b) and v = (c, d) are equal; that is, u = v, if and only if 
a=candb=d. 


Vector Operations 


Vector addition is done geometrically with the tail-to-tip rule. Algebraically, vector 
addition is performed component by component. 


VECTOR ADDITION: U + V 


If u = (a, b) and v = (c,d), thenu + v= (at+c,b+d). 


EXAMPLE 3 Adding Vectors 
Let u = (2, —7) and v = (—3,4). Findu + v. 


Solution: 

Let u = (2, —7) and v = (—3, 4) 

in the addition formula. u+ v= (2 + (-3),-7 + 4) 
Simplify. u+v= |(—1,-3) 


a ee 
= YOUR TURN Letu = (1, 2) and v = (—5, —4). Findu + v. 
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We now summarize vector operations. Addition and subtraction of vectors are performed 
algebraically component by component. Multiplication, however, is not as straightforward. 
To perform scalar multiplication of a vector (to multiply a vector by a real number), we 
multiply component by component. In Section 8.5 we will study a form of multiplication 
for two vectors that is defined as long as the vectors have the same number of components; 
it gives a result known as the dot product, and is useful in solving common problems in 
physics. 


SCALAR MULTIPLICATION: ku 


If k is a scalar (real number) and u = (a, b), then 


ku = k(a, b) = (ka, kb) 


Scalar multiplication corresponds to 


= Increasing the length of the vector: lk| > 1 
= Decreasing the length of the vector: lk| <1 
= Changing the direction of the vector: k < 0 


The following box is a summary of vector operations: 


VECTOR OPERATIONS 

If u = (a, b), v = (c,d), and k is a scalar, then 
Mi ae yy = (@ ae ©, 1b ae al) 
H=Vv=(@a@—eb=a) 


ku = k(a, b) = (ka, kb) 


The zero vector, 0 = (0,0), is a vector in any direction with a magnitude equal to zero. 
We now can state the algebraic properties (associative, commutative, and distributive) of 
vectors. 


DEFINITION Algebraic Properties of Vectors 


uUaV-Vo u 
(u+v)+w=u-de (v+ w) 
(kky)u = kj (ku) 

kta + v) = ku + kv 

(k, + kyu = kyu + kyu 

Ou = 0 lu=u —lu=-u 
u+ (-u) = 0 
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= Answer: u = (0.78, 2.9) 


Study Tip 


Multiplying a nonzero vector by 
the reciprocal of its magnitude 
results in a unit vector. 


Horizontal and Vertical Components of a Vector 


The horizontal component a and vertical component b of a vector u are related to the 
magnitude of the vector, |u|, through the sine and cosine of the direction angle. 


HORIZONTAL AND VERTICAL COMPONENTS OF A VECTOR 


The horizontal and vertical components of vector u, with magnitude |u| and 
direction angle 0, are given by 


| 


horizontal component: a = lulcosé 


vertical component: b = |ulsin@ 


The vector u can then be written as u = (a, b) = (lulcos@, Julsin@). 


EXAMPLE 4_ Finding the Horizontal and Vertical 
Components of a Vector 


Find the vector that has a magnitude of 6 and a direction angle of 15°. 
Solution: 


Write the horizontal and vertical 


components of a vector u. a = |ulcos@ and b = |ulsin@ 
Let |u| = 6 and 6 = 15°. a = 6cos15° and b = 6sin15° 
Evaluate the sine and cosine functions of 15°. a= 5.8andb = 1.6 

Letu = (a,b). u = | (5.8, 1.6) 


= YOUR TURN Find the vector that has a magnitude of 3 and direction angle of 75°. 


Unit Vectors 


A unit vector is any vector with magnitude equal to 1, or |u| = 1. It is often useful to be 
able to find a unit vector in the same direction of some vector v. A unit vector can 
be formed from any nonzero vector as follows: 


FINDING A UNIT VECTOR 


If v is a nonzero vector, then 


is a unit vector in the same direction as v. In other words, multiplying any 
nonzero vector by the reciprocal of its magnitude results in a unit vector. 
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It is important to notice that since the magnitude is always a scalar, then the reciprocal of 
the magnitude is always a scalar. A scalar times a vector is a vector. 


_) EXAMPLE 5 Finding a Unit Vector 
Find a unit vector in the same direction as v = (—3, —4). 
Solution: 


Find the magnitude of the vector 


v = (-3,-4). lv] = V(-3)? + (-4P 


Simplify. lv] =5 
Multiply v by the reciprocal of its 1 
magnitude. —v 

Iv| 

1 
Let |v| = 5 and v = (—3,—4). gin —4) 

ee 3. 4 

Simplify. (- a *) 


3 #4 
Check: The unit vector, - a *), should have a magnitude of 1. 


5 Ss 
3\?_ (4) 5, 
7 Ss 25 


5 12 
= YOUR TURN Find a unit vector in the same direction as v = (5, —12). = Answer: (2 -2) 


Two important unit vectors are the horizontal and vertical unit vectors i and j. The unit 
vector i has an initial point at the origin and terminal point at (1, 0). The unit vector j has 
an initial point at the origin and terminal point at (0, 1). We can use these unit vectors to 
represent vectors algebraically. For example, the vector (3, —4) = 3i — 4j. 


Resultant Vectors 

Vectors arise in many applications. Velocity vectors and force vectors are two that we will 
discuss. For example, suppose that you are at the beach and “think” that you are swimming 
straight out at a certain speed (magnitude and direction). This is your apparent velocity 
with respect to the water. After a few minutes you turn around to look at the shore, and you 
are farther out than you thought and appear to have drifted down the beach. This is because 
of the current of the water. When the current velocity and the apparent velocity are added 
together, the result is the actual or resultant velocity. In Chapter 6 (Example 7) the 
navigation terms bearing (the direction a vessel is pointed) and heading (the direction 
the vessel is actually traveling) were used. In the context of vectors, bearing and heading 
are synonymous with apparent velocity and resultant velocity, respectively. 
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EXAMPLE 6 Resultant Velocities 


A boat’s speedometer reads 25 mph (which is relative to the water) and sets a course due 
east (90° from due north). If the river is moving 10 mph due north, what is the resultant 
(actual) velocity of the boat? 


Solution: 


Draw a picture. 


Label the horizontal and vertical 


components of the resultant vector. (25, 10) 
Determine the magnitude of the 
resultant vector. V257 + 10? = 5V29 © 27 mph 
: nae 10 
Determine the direction angle. tand = 25 
-1 2 ° 
Solve for 0. 0 = tan 5 ~ 22 


The actual velocity of the boat has magnitude, 27 mph) and the boat is headed 


22° north of east or 68° east of north. 


In Example 6, the three vectors formed a right triangle. In Example 7, the three vectors 
form an oblique triangle. 


EXAMPLE 7 Resultant Velocities 


A speedboat traveling 30 mph has a compass heading of 100° east of north. The current 
velocity has a magnitude of 15 mph and its heading is 22° east of north. Find the resultant 
(actual) velocity of the boat. 


Solution: 


Draw a picture. 


Label the supplementary angles to 100°. 


Draw and label the oblique triangle. 


The magnitude of the actual (resultant) 
velocity is b. 


The heading of the actual (resultant) 
velocity is 100° — a. 


Use the Law of Sines and the Law of Cosines to solve for a and b. 


Find b: Apply the Law of Cosines. 


Let a = 15, c = 30, and 
B = 102°. 


Solve for b. 


Find a: Apply the Law of Sines. 
Isolate sin a. 


Leta = 15,b = 36, 
and B = 102°. 


Apply the inverse sine function 
to solve for a. 


Approximate @ with a 
calculator. 


bP =a +c — 2accosB 


b> = 15° + 307 — 2(15)(30)cos 102° 


sina _ sin B 


a b 


é a. 
sina = , ne 


ig 102° 
sina = 36 sin 
15 
a = sin! 32 sn(1029) 


a = 24° 


Actual heading: 100° — a = 100° — 24° =|76°| 


The actual velocity vector of the boat has magnitude |36 mph| and the boat is headed 


76° east of north). 
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Two vectors combine to yield a resultant vector. The opposite vector to the resultant 
vector is called the equilibrant. 


E 
Technology Tip 
Use a TI calculator to find EXAMPLE 8 _ Finding an Equilibrant 


IF;| = 145sin35°, A skier is being pulled up a slope by a handle lift. Let F, represent the vertical force due 

to gravity and F, represent the force of the skier pushing against the side of the mountain, 

at an angle of 35° to the horizontal. If the weight of the skier is 145 pounds, that is, 

|F,| = 145, find the magnitude of the equilibrant force F required to hold the skier in 

a ie place (that is, to keep the skier from sliding down the mountain). Assume that the side of 
the mountain is a frictionless surface. 


FE. 
2 F, 

F; B52 
Solution: 
The angle between vectors F, 
and F, is 35°. 
The magnitude of vector F; is the force 
required to hold the skier in place. 
Relate the magnitudes (side lengths) to F,| 
the given angle using the sine ratio. sin35° = ip] 

1 
Solve for |F3|. IF,| = |F,|sin35° 
Let |F,| = 145. |F;| = 145sin35° 
IF;| = 83.16858 


A force of approximately 83 pounds |is required to keep the skier from sliding down the hill. 


EXAMPLE 9 Resultant Forces 


A barge runs aground outside the channel. A single tugboat cannot generate enough force 
to pull the barge off the sandbar. A second tugboat comes to assist. The following diagram 
illustrates the force vectors, F, and F,, from the tugboats. What is the resultant force 
vector of the two tugboats? 


Solution: 


Using the tail-to-tip rule, we can add these two vectors and form a triangle: 


N 


Resultant force 
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i=l 
Technology Tip 


Use the calculator to find b. 


1 SRRRE +1 SARE — oe 
15688+15888c0s¢ 1 


18,000 Ib 15,000 Ib b Bi 
Zz ce x 1856434015 
a = 15,000 Ib CArs a 
c = 18,000 Ib 32502, 83888 
Find b: Apply the Law of Cosines. bP =a +c — 2accosB 
Use the calculator to find a. 

Leta = 15,000, c = 18,000, b? = 15,000? + 18,0007 

and B = 160°. — 2(15,000) (18,000) cos 160° éa5 

Solve for b. b = 32,503 Ib sin! 

A : sina sing 
Find a: Apply the Law of Sines. = b 
a 
. : a, 
Isolate sina. sina = b sin B 
Let a = 15,000, b = 32,503, - 15,000 ne 
sina = sin 160 
and B = 160°. 32,503 
« « * 3 0) 
Apply the inverse sine function a= eet etl «0 
to solve for a. 32,503 


Approximate a@ with a calculator. 


The resulting force is | 32,503 Ib | at an angle of 
9° from the tug pulling with a force of 18,000 pounds |. 


> SECTION 
. : SUMMARY 


In this section we discussed scalars (real numbers) and vectors. 
Scalars have only magnitude, whereas vectors have both 
magnitude and direction. 


Vector: u = (a, b) 
Magnitude: |u| = Va? + b? 
b 
Direction (0): tand = - 


We defined vectors both algebraically and geometrically and gave 
interpretations of magnitude and vector addition in both ways. 


Vector addition is performed algebraically component by 
component. 


(a,b) + (c,d) = (a+ c,b + d). 
The trigonometric functions are used to express the horizontal 
and vertical components of a vector. 


Horizontal component: a = |u|cosé 
Vertical component: b = |u| sind 


Velocity and force vectors illustrate examples of the Law of Sines 
and the Law of Cosines. 
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SECTION 
8.4 EXERCISES 


"SKILLS 
In Exercises 1-6, find the magnitude of the vector AB. 
1. A = (2,7) and B = (5,9) 2. A = (—2,3) and B = (3, —4) 
4. A = (—1, —1) and B = (2, —5) 5. A = (0,7) and B = (—24, 0) 


In Exercises 7-16, find the magnitude and direction angle of the given vector. 


7. w= (3,8) 8. u = (4,7) 9. u = (5,-1) 10. u = (-6, -2) 
11. u = (—4,1) 12. u = (—6,3) 13. u = (—8,0) 14. u = (0,7) 

15. u = (V3,3) 16. u = (—5, -5) 

In Exercises 17-24, perform the indicated vector operation, given u = (—4,3) and v = (2, —5). 

17, ut+v 18. u-—v 19. 3u 20. —2u 

21. 2u + 4v 22. S5(u + v) 23. 6(u — v) 24. 2u — 3v + 4u 


In Exercises 25-34, find the vector, given its magnitude and direction angle. 

25. |ul = 7,0 = 25° 26. |ul = 5,0 = 75° 27. |ul = 16,6 = 100° 28. 
29. |ul = 4,0 = 310° 30. jul = 8,0 = 225° 31. |ul = 9,6 = 335° 32. 
33. jul = 2,0 = 120° 34. |ul = 6,0 = 330° 


lu| = 8,4 = 200° 
lu| = 3,0 = 315° 


In Exercises 35-44, find a unit vector in the direction of the given vector. 


35. v = (—5,—12) 36. v = (3,4) 37. v = (60, 11) 38. v = (-7, 24) 
39. v = (24,-7) 40. v = (—10, 24) 41. vy = (-9,-12) 42. v = (40, —9) 
43. v = (V2,3V2) 44. v = (-4V3,-2V3) 

In Exercises 45-50, express the vector in terms of unit vectors i and j. 

45. (7,3) 46. (—2, 4) 47. (5, —3) 48. (—6, —2) 49. (—1,0) 50. (0,2) 


In Exercises 51-56, perform the indicated vector operation. 
51. (Si — 2j) + (—-3i + 2j) 52. (4i — 2j) + Gi — 5j) 
53. (—3i + 3j) — (Qi — 2j) 


55. (Si + 3j) + (2i — 39) 


54. (i — 3j) — (21+ j) 
56. (-2i + j) + Qi - 4p) 


"APPLICATIONS 


57. Bullet Speed. A bullet is fired from ground level at a 
speed of 2200 feet per second at an angle of 30° from the 
horizontal. Find the magnitude of the horizontal and 
vertical components of the velocity vector. 


58. Weightlifting. A 50-pound weight lies on an inclined 
bench that makes an angle of 40° with the horizontal. Find 


3. A = (4,1) and B = (—3, 0) 
6. A = (—2,1) and B = (4,9) 


59. 


the component of the weight directed perpendicular to the 
bench and also the component of the weight parallel to the 
inclined bench. 


Weight of a Boat. A force of 630 pounds is needed to pull 
a speedboat and its trailer up a ramp that has an incline of 
13°. What is the combined weight of the boat and its 
trailer? 


60. Weight of a Boat. A force of 500 pounds is needed to pull 


61. 


a speedboat and its trailer up a ramp that has an incline of 
16°. What is the weight of the boat and its trailer? 


Speed and Direction of a Ship. A ship’s captain sets a 
course due north at 10 mph. The water is moving at 6 mph 
due west. What is the actual velocity of the ship, and in 
what direction is it traveling? 


62. Speed and Direction of a Ship. A ship’s captain sets a 
course due west at 12 mph. The water is moving at 3 mph 
due north. What is the actual velocity of the ship, and in 


what direction is it traveling? 


63. Heading and Airspeed. A plane has a compass heading of 
60° east of due north and an airspeed of 300 mph. The wind 
is blowing at 40 mph with a heading of 30° west of due 


north. What are the plane’s actual heading and airspeed? 


69. 


64. Heading and Airspeed. A plane has a compass heading of 
30° east of due north and an airspeed of 400 mph. The wind 
is blowing at 30 mph with a heading of 60° west of due 


north. What are the plane’s actual heading and airspeed? 


65. Sliding Box. A box weighing 500 pounds is held in place 
on an inclined plane that has an angle of 30°. What force 


is required to hold it in place? 


66. Sliding Box. A box weighing 500 pounds is held in place 
on an inclined plane that has an angle of 10°. What force 


is required to hold it in place? 


67. Baseball. A baseball player throws a ball with an initial 
velocity of 80 feet per second at an angle of 40° with the 
horizontal. What are the vertical and horizontal components 


of the velocity? 


68. Baseball. A baseball pitcher throws a ball with an initial 
velocity of 100 feet per second at an angle of 5° with the 
horizontal. What are the vertical and horizontal components 


of the velocity? 
For Exercises 69 and 70, refer to the following: 


In a post pattern in football, the receiver in motion runs past the 
quarterback parallel to the line of scrimmage (A), runs 12 yards 
perpendicular to the line of scrimmage (B), and then cuts 
toward the goal post (C). 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


78. 
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Football. A receiver runs the post pattern. If the 
magnitudes of the vectors are |A| = 4 yards, |B] = 12 yards, 
and |C| = 20 yards, find the magnitude of the resultant 
vector A + B + C. 


Football. A receiver runs the post pattern. If the magnitudes 
of the vectors are |A| = 4 yards, |B] = 12 yards, and 
IC | = 20 yards, find the direction angle 6. 


Resultant Force. A force with a magnitude of 100 pounds 
and another with a magnitude of 400 pounds are acting on 
an object. The two forces have an angle of 60° between 
them. What is the direction of the resultant force with 
respect to the force of 400 pounds? 


Resultant Force. A force with a magnitude of 100 pounds 
and another with a magnitude of 400 pounds are acting on 
an object. The two forces have an angle of 60° between 
them. What is the magnitude of the resultant force? 


Resultant Force. A force of 1000 pounds is acting on an 
object at an angle of 45° from the horizontal. Another force 
of 500 pounds is acting at an angle of —40° from the 
horizontal. What is the magnitude of the resultant force? 


Resultant Force. A force of 1000 pounds is acting on an 
object at an angle of 45° from the horizontal. Another force 
of 500 pounds is acting at an angle of —40° from the 
horizontal. What is the angle of the resultant force? 


Resultant Force. Forces with magnitudes of 200 N and 
180 N act on a hook. The angle between these two forces 
is 45°. Find the direction and magnitude of the resultant of 
these forces. 


Resultant Force. Forces with magnitudes of 100 N and 
50 N act on a hook. The angle between these two forces is 
30°. Find the direction and magnitude of the resultant of 
these forces. 


Exercise Equipment. A tether ball weighing 5 pounds is 
pulled outward from a pole by a horizontal force 7 until 
the rope makes a 45° angle with the pole. Determine the 
resulting tension on the rope and magnitude of 7. 


Exercise Equipment. A tether ball weighing 8 pounds is 
pulled outward from a pole by a horizontal force 7 until 
the rope makes a 60° angle with the pole. Determine the 
resulting tension on the rope and magnitude of 7. 
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79. 


80. 


81. 


Recreation. A freshman wishes to sign up for four different 
clubs during orientation. Each club is positioned at a 
different table in the gym, and the clubs of interest to him 
are positioned at A, B, C, and D, as pictured below. He 
starts at the entrance way O and walks directly toward A, 
then to B, then to C, then to D, and then back to O. 


a. Find the resultant vector of all his movement. 


b. How far did he walk during this sign-up adventure? 


AY 


Recreation. A freshman wishes to sign up for three 
different clubs during orientation. Each club is positioned 
at a different table in the gym, and the clubs of interest to 
him are positioned at A, B, and C, as pictured below. He 
starts at the entrance way O at the far end of the gym, 
walks directly toward A, then to B, then to C, and then 
exits the gym through the exit P at the opposite end. 


a. Find the resultant vector of all his movement. 


b. How far did he walk during this sign-up adventure? 


Torque. Torque is the tendency for an arm to rotate about 
a pivot point. If a force F is applied at an angle @ to turn 
an arm of length L, as pictured below, then the magnitude 
of the torque = LIF |sin@. 


rm L 


Piva 


Force F 


Assume that a force of 45 N is applied to a bar 0.2 meters 
wide on a sewer shut-off valve at an angle 85°. What is the 
magnitude of the torque? 


82. Torque. You walk through a swinging mall door to enter a 
department store. You exert a force of 40 N applied 
perpendicular to the door. The door is 0.85 meters wide. 
Assuming that you pushed the door at its edge and the 
hinge is the pivot point, find the magnitude of the torque. 


83. Torque. You walk through a swinging mall door to enter 
a department store. You exert a force of 40 N applied at an 
angle 110° to the door. The door is 0.85 meters wide. 
Assuming that you pushed the door at its edge and the 
hinge is the pivot point, find the magnitude of the torque. 


84. Torque. Suppose that within the context of Exercises 82 
and 83, the magnitude of the torque turned out to be 0 Nm. 
When can this occur? 


85. Resultant Force. A person is walking two dogs fastened to 
separate leashes that meet in a connective hub, leading to a 
single leash that she is holding. Dog 1 applies a force 
60° NW with a magnitude of 8, and dog 2 applies a force 
of 45° clockwise of N with a magnitude of 6. Find the 
magnitude and direction of the force W that the walker 
applies to the leash in order to counterbalance the total 
force exerted by the dogs. 


86. Resultant Force. A person is walking three dogs fastened 
to separate leashes that meet in a connective hub, leading 
to a single leash that she is holding. Dog 1 applies a force 
60° NW with a magnitude of 8, dog 2 applies a force of 
45° clockwise of N with a magnitude of 6, and dog 3 
moves directly N with a magnitude of 12. Find the 
magnitude and direction of the force W that the walker 
applies to the leash in order to counterbalance the total 
force exerted by the dogs. 


For Exercises 87 and 88, refer to the following: 


Muscle A and muscle B are attached to a bone as indicated in the 
figure below. Muscle A exerts a force on the bone at angle a, 
while muscle B exerts a force on the bone at angle B. 


Muscle B 


Muscle A 


a 


ae 


87. Health/Medicine. Assume muscle A exerts a force of 
900 N on the bone at angle a= 8°, while muscle B exerts 
a force of 750 N on the bone at angle 8B = 33°. Find the 
resultant force and the angle of the force due to muscle A 
and muscle B on the bone. 


88. Health/Medicine. Assume muscle A exerts a force of 
1000 N on the bone at angle a= 9°, while muscle B exerts 
a force of 820 N on the bone at angle 8B = 38°. Find the 
resultant force and the angle of the force due to muscle A 
and muscle B on the bone. 


"CATCH THE MISTAKE 


In Exercises 89 and 90, explain the mistake that is made. 


89. Find the magnitude of the vector (—2,—8). 


Solution: 

Factor the —1. —(2, 8) 

Find the magnitude \(2,8)| = V2? + 8? 

of (2, 8). = V68 = 2V17 
Write the magnitude 

of (—2,—8). |(—2, -8)| = -2V17 


This is incorrect. What mistake was made? 


=CONCEPTUAL 
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90. Find the direction angle of the vector (—2, —8). 
Solution: 


Write the formula for the direction 


tané = — 
angle of (a, b). ee 
Let a = —2andb = —8. tand = — 
Apply the inverse tangent function. 6 = tan '4 
Evaluate with a calculator. 0 = 76° 


This is incorrect. What mistake was made? 


In Exercises 91-94, determine whether each statment is true or false. 


91. The magnitude of the vector i is the imaginary number i. 
92. The arrow components of equal vectors must coincide. 


93. The magnitude of a vector is always greater than or equal 
to the magnitude of its horizontal component. 


94. The magnitude of a vector is always greater than or equal 
to the magnitude of its vertical component. 


CHALLENGE 


99. Show that if w is a unit vector in the direction of Y, then 
pate 
= |ulu 


100. Show that if #7 = ai + bj. is a unit vector, then (a, b) 
lies on the unit circle. 


101. A vector w is a linear combination ¢ of D and qd if there 


exist constants c, and cy such that w= c, Pp oF C5 q- 
Show that (—6, 4) is a linear combination of (—8, 4) and 


(1,-1). 
=TECHNOLOGY 
For Exercises 105-110, refer to the following: 


Vectors can be represented as column matrices. For example, 
the vector u = (3, —4) can be represented as a 2 X 1 


column matrix ea With a TI-83 calculator, vectors can be 


MATRIX |}. 


entered as matrices in two ways, directly or via 


Directly: [IS] L-41] 


Matrix: 


95. Would a scalar or a vector represent the following? The car 
is driving 72 mph due east (90° with respect to north). 


96. Would a scalar or vector represent the following? The 


granite has a mass of 131 kg. 
97. Find the magnitude of the vector (— a, b) ifa > Oand b> 0. 


98. Find the direction angle of the vector (—a, b) if a > 0 
and b > 0. 


102. Show that (-3 54, 1) is a linear combination of (a, 3b) 


and (—a, —b), for any real constants a and b. 


Prove that “+ 3(2 v uw) =6v —2u, showing 
carefully how all relevant properties and definitions enter 
the proof. 


103. 


rl lal} 


u 


> 


104. Let wv = (2a,a),v = (—a, —2a). Compute 


Use a calculator to perform the vector operation given 
= (8,—-5) and v = (-7, 11). 

105. u + 3v 

106. —9(u — 2v) 


Use a calculator to find a unit vector in the direction of the 
given vector. 


107. u = (10, —24) 
108. u = (—9, —40) 


Use the graphing calculator |SUM| command to find the magnitude 
of the given vector. Also, find the direction angle to the nearest 
degree. 


109. (—33, 180) 
110. (—20, -30V5) 


SECTION 
8.5 THE DOT PRODUCT 


Study Tip 


The dot product of two vectors 
is a scalar. 


896 


Multiplying Two Vectors: The Dot Product 


With two-dimensional vectors there are two types of multiplication defined for vectors: 
scalar multiplication and the dot product. Scalar multiplication (which we already demon- 
strated in Section 8.4) is multiplication of a scalar by a vector; the result is a vector. Now 
we discuss the dot product of two vectors. In this case, there are two important things to 
note: (1) the dot product of two vectors is defined only if the vectors have the same number 
of components, and (2) if the dot product does exist, then the result is a scalar. 


DOT PRODUCT 
The dot product of two vectors u = (a, b) and v = (c, d) is given by 
u:v = ac + bd 


u-v is pronounced “u dot v.” 


EXAMPLE 1_ Finding the Dot Product of Two Vectors 
Find the dot product (—7, 3) + (2, 5). 
Solution: 


Sum the products of the first 
components and the products 
of the second components. 


| 
~ 
w 
nae 
a 
© 
n 
— 

ll 


(—7)2) + (3)5) 


14 +15 =1] 


Simplify. 


= YOUR TURN Find the dot product (6, 1) - (—2, 3). 
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The following box summarizes the properties of the dot product: 


PROPERTIES OF THE DOT PRODUCT 


u'v=v-u 
usu = jul? 
. 0-u=0 


. ktusv) = (ku):v = u: (kv) 
-(ut+v)-w=u-w+ v-w 
u:(v + w) =u:v+u-w 


| 


AWS WN 


These properties are verified in the exercises. 


Angle Between Two Vectors 
We can use these properties to develop an equation that relates the angle between two 
vectors and the dot product of the vectors. 


Worps MatH 


Let u and v be two vectors 

with the same initial point, 

and let 6 be the angle v 
between them. 


The vector u — v is 
opposite angle @. 
v =v 


A triangle is formed with 

side lengths equal to the 

magnitudes of the three Iv ju-vl 
vectors. 


Apply the Law of Cosines. u — vi’ = Jul? + Ivl? — 2Iullvicos@ 


Use properties of the dot product 
to rewrite the left side of equation. 


Property (2): lu — v\? = (a — v)-(u — v) 

Property (6): =u'(u — v) — v-(u— vy) 
Property (6): =uru—-—ur-v-—vutv-v 
Property (2): = lu? — u-v — v-u + vi? 


Property (1): = lu? — 2q-v) + |v? 
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WorpDs MatH 


Substitute this last expression 
for the left side of the original 


Law of Cosines equation. lul? — 2(u-v) + lvl? = Jul? + lvl? — 2I/ullvlcos@ 
Simplify. —2(u-v) = —2lullvlcosé 

ucv 
Isolate cos 6. cos§ = —— 

lullv| 


Notice that u and v have to be nonzero vectors, since we divided by them in the last step. 


ANGLE BETWEEN TWO VECTORS 


Study Tip ; 
sti angle cee ae ae If 6 is the angle between two nonzero vectors u and v, where 0° = 0 =180°, then 
ne fecal a u-v 

= COs lullvl 1s an angle cos@ = — 


lullv| 
between 0° and 180° (the range of 


the inverse cosine function). 


In the Cartesian plane, there are two angles between two vectors, 6 and 360° — 0. We 
assume that 6 is the “smaller” angle. 


a 

Technology Tip & _ EXAMPLE 2 Finding the Angle Between Two Vectors 
Dass Picalouater sonny; Find the angle between (2, —3) and (—4, 3). 
5V13— Solution: 


Let u = (2,—3) and v = (—4, 3). 


Step 1 Findu:v. u-v = (2, —3)-(—4, 3) 
= (2)(—4) + (—3)(3) = -17 
Step 2 Find |ul. jul = Va-eu = V2? + (-3) = VI3 
Step 3. Find |v]. ly] = Verev = VC4e + 2 = VO HS 
; u'v = 
Step 4 Find é. cos@ = iullv 5Via 
Approximate 6 with 6= es'(-) = 160.559965° 
a calculator. 5V13 
= 161° 
Step 5 Draw a picture to confirm AY 


the answer. 


(-4, 3) 


Draw the vectors (2, —3) 
and (—4, 3). 
161° appears to be correct. 


= Answer: 38° 


= YOUR TURN Find the angle between (1, 5) and (—2, 4). 
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When two vectors are parallel, the angle between them is 0° or 180°. 
u 0 = 180° 


9=0° o> ——— 
¥, v u 


When two vectors are perpendicular (orthogonal), the angle between them is 90°. 


@=90° 


Note: We did not include 270° because the angle @ between two vectors is taken to be the 
smaller angle. 


ucyv 
When two vectors u and v are perpendicular, 9 = 90°. cos(90°) = lullv 
ullv 
: urv 
Substitute cos(90°) = 0. 0= 
lul|v| 
Therefore, the dot product of u and v must be zero. u:'v=0 


ORTHOGONAL VECTORS 


Two vectors u and v are orthogonal (perpendicular) if and only if their dot product 
is Zero. 


i 

< 
I 

Se 


EXAMPLE 3_ Determining Whether Vectors Are Orthogonal 
Determine whether each pair of vectors is orthogonal. 

a. u = (2, —3) and v = (3, 2) b. u = (—7, —3) and v = (7, 3) 
Solution (a): 

Find the dot product u-v. u:v = (2)(3) + (—3)(2) 


Simplify. u:v=0 


Vectors u and v are orthogonal, since u-v = 0. 


Solution (b): 


(~7)(7) + (—3)(3) 
Simplify. urv = —58 


Vectors u and v are not orthogonal, since u-v # 0. 


Find the dot product u-v. ucv 
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If you had to carry barbells with weights or pillows for 1 mile, which would you choose? 
You would probably pick the pillows over the barbell and weights, because the pillows are 
lighter. It requires less work to carry the pillows than it does to carry the weights. If asked 
to carry either of them | mile or 10 miles, you would probably pick | mile, because it’s a 
shorter distance and requires less work. Work is done when a force causes an object to 
move a certain distance. 

The simplest case is when the force is in the same direction as the displacement—for exam- 
ple, a stagecoach (the horses pull with a force in the same direction). In this case the work is 
defined as the magnitude of the force times the magnitude of the displacement, distance d. 


W = |Fld 


Notice that the magnitude of the force is a scalar, the distance d is a scalar, and hence the 
product is a scalar. 

If the horses pull with a force of 1000 pounds and they move the stagecoach 100 feet, 
the work done by the force is 


W = (1000 1b)(100 ft) = 100,000 ft-lb 


In many physical applications, however, the force is not in the same direction as the 
displacement, and hence vectors (not just their magnitudes) are required. 


We often want to know how much of a force is applied in a certain direction. For 
example, when your car runs out of gasoline and you try to push it, some of the force 
vector F', you generate from pushing translates into the horizontal component F’,; hence, 
the car moves horizontally. 

If we let 6 be the angle between the vectors F', and F,, then the horizontal component of 
F, is F, where |F,| = |F,| cos0. 


If the woman in the picture pushes at an angle of 25° with a force of 150 pounds, then 
the horizontal component of the force vector F, is 


(1501b)(cos25°) © |1361b 
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Worps MatH 


To develop a generalized formula 

when the force exerted and the 

displacement are not in the same 

direction, we start with the formula te 
for the angle between two vectors. lullv| 


uv 


We then isolate the dot product u-v. usv = lullv| cosé 


Letu = Fandv = d. W=F-d=|F\ld|cos@ = |Flcos@ + lal 
magnitude of force distance 


in direction of displacement 


WorRK 


If an object is moved from point A to point B by a constant force, then the work 
associated with this displacement is 


W=F-d 


where d is the displacement vector and F is the force vector. 


Work is typically expressed in one of two units: 


SYSTEM ForRcE DISTANCE WorRK 
U.S. customary pound foot ft-lb 
SI newton meter N-m 


EXAMPLE 4 Calculating Work 

How much work is done when a force (in pounds) F = (2, 4) moves an object from 
(0, 0) to (5, 9) (the distance is in feet)? 

Solution: 

Find the displacement vector d. d = (5,9) 

Apply the work formula, W = F-d. W = (2, 4)+(5, 9) 

Calculate the dot product. W = (2)(5) + (4)(9) 


Simplify. W = 46 ft-Ib 


= Answer: 25 N-m 


= YOUR TURN How much work is done when a force (in newtons) F = (1, 3) moves 
an object from (0, 0) to (4, 7) (the distance is in meters)? 
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@gm SECTION 
: > SUMMARY 


In this section we defined the dot product as a form of multiplication Orthogonal (perpendicular) vectors have an angle of 90° between 
of two vectors. A scalar times a vector results in a vector, whereas _ them, and consequently the dot product of two orthogonal vectors 
the dot product of two vectors is a scalar. is equal to zero. Work is the result of a force displacing an object. 
(a,b) (c,d) = ac + bd When the force and displacement are in the same direction, the 

work is equal to the product of the magnitude of the force and 

We developed a formula that determines the angle 6 between two the distance (magnitude of the displacement). When the force 
vectors u and v. : and displacement are not in the same direction, work is the dot 

cos@ = eae product of the force vector and displacement vector, W = F-d. 


lullv| 


SECTION 
8.5 EXERCISES 


=SKILLS 


In Exercises 1-12, find the indicated dot product. 


1. (4, -2)- (3,5) 2. (7,8)+(2, -1) 3. (-5, 6)-(3, 2) 4. (6, -3)-(2, 1) 
5. (-7, -4)- (-2, -7) 6. (5, -2)+(-1, -1) 7. (V3,-2)-(3V3,-1) 8 (4V2, V7) -(-V, - v7) 
9. (5, a) -(—3a, 2) 10. (4x, 3y)+(2y,-Sx) A. (0.8, -0.5) + (2, 6) 12, (—18, 3)+(10, —300) 


In Exercises 13-24, find the angle (round to the nearest degree) between each pair of vectors. 


13. (—4, 3) and(—5, —9) 14. (2, —4) and(4, —1) 

15. (—2, —3) and(—3, 4) 16. (6, 5) and(3, —2) 

17. (—4, 6) and(—6, 8) 18. (1,5) and(—3, —2) 

19. (-2, ieee 9/34) 20. (-3V3, —3) and(—2-V3, 2) 

21. (-5V3, —5) and(V2, —V2) 22. (-5, -5V3) and (2, — V2) 

23. (4, 6) and(—6, —9) 24, (2, 8) and(—12, 3) 

In Exercises 25-36, determine whether each pair of vectors is orthogonal. 

25. (—6, 8) and(—8, 6) 26. (5, —2)and(—5, 2) 27. (6, —4) and(—6, —9) 28. (8,3) and(—6, 16) 
29. (0.8, 4) and (3, —6) 30. (-7, 3) and (4, -4) 31. (5, —0.4) and (1.6, 20) 32. (12,9) and(3, —4) 
33. (V3, V6) and(—V2, 1) 34. (V7,-V3) and(3,7) 35. (3, &) and(—75, 3) 36. (2,8) and (38, — #2) 


"APPLICATIONS 


37. Lifting Weights. How much work does it take to lift 41. Work. To slide a crate across the floor, a force of 
100 pounds vertically 4 feet? 50 pounds at a 30° angle is needed. How much work is 


A i ? 
38. Lifting Weights. How much work does it take to lift tone At Mite ete ss crageed 20 teen! 


150 pounds vertically 3.5 feet? 


39. Raising Wrecks. How much work is done by a crane to 
lift a 2-ton car to a level of 20 feet? —_ ; 30° 


40. Raising Wrecks. How much work is done by a crane to 


lift a 2.5-ton car to a level of 25 feet? 
Direction dragged 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


Work. To slide a crate across the floor, a force of 
800 pounds at a 20° angle is needed. How much work is 
done if the crate is dragged 50 feet? 


Close a Door. A sliding door is closed by pulling a cord 
with a constant force of 35 pounds at a constant angle of 
45°. The door is moved 6 feet to close it. How much 
work is done? 


Close a Door. A sliding door is closed by pulling a cord 
with a constant force of 45 pounds at a constant angle of 
55°. The door is moved 6 feet to close it. How much work 
is done? 


Braking Power. A car that weighs 2500 pounds is parked 
on a hill in San Francisco with a slant of 40° from the 
horizontal. How much force will keep it from rolling 
down the hill? 


Towing Power. A car that weighs 2500 pounds is parked 
on a hill in San Francisco with a slant of 40° from the 
horizontal. A tow truck has to remove the car from its 
parking spot and move it 120 feet up the hill. How much 
work is required? 


Towing Power. A semi trailer truck that weighs 

40,000 pounds is parked on a hill in San Francisco with 
a slant of 10° from the horizontal. A tow truck has to 
remove the truck from its parking spot and move it 

100 feet up the hill. How much work is required? 


Braking Power. A truck that weighs 40,000 pounds is 
parked on a hill in San Francisco with a slant of 10° from 
the horizontal. How much force will keep it from rolling 
down the hill? 


Business. Suppose that uv’ = (2000, 5000) represents the 
number of units of battery A and B, respectively, produced 
by a company and v = (8.40, 6.50) represents the price 
(in dollars) of a 10-pack of battery A and B, respectively. 
Compute and interpret w-v. 


Demographics. Suppose that « = (120, 80) represents 

the number of males and females in a high school class, 
and v = (7.2, 5.3) represents the average number of 
minutes it takes a male and female, respectively, to register. 
Compute and interpret w-v. 


Geometry. Use vector methods to show that the diagonals 
of a rhombus are perpendicular to each other. 


Geometry. Let uv be a unit vector, and consider the 
following diagram: 


een a 
Compute u-v andu-w. 
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53. Geometry. Consider the following diagram: 


Iv] = (1, ¥2) 


a. Compute cos B, sinB, cosa, and sina. 


> => 
vrw 

(> >» — =e 

VVeV W-W 


54. Geometry. Consider the diagram in Exercise 53. 


b. Use (a) to show that cos(@ 


B= 


a. Compute cos B, sinB, cosa, and sina. 
5 


v + (wi, —W) 


Sf? Om 
vev w:w 


b. Use (a) to show that cos(a@ + 


B)= 


55. Tennis. A player hits an overhead smash at full arm 
extension at the top of his racquet, which is 7 feet from 
the ground. The ball travels 16.3 feet. Consult the 
following diagram: 


<8 A 10 -6 RI 
B 


|v| = 16.3 


a. Determine v1. 


b. Find the angle @ with which the player hits this smash. 


56. Tennis. In Exercise 55, use the dot product to determine 
the angle B with which the ball hits the ground. 


57. Optimization. Let u = (a, b) be a given vector, and 
suppose that the head of n = (7, ny) lies on the circle 
x? + y? = 7°. Find the vector such that u-n is as big 
as possible. Find the actual value of w-7 in this case. 


58. Optimization. Let « = (a, b) be a given vector, and 
suppose that the head of n = (m,n) lies on the circle 
x + y = r’. Find the vector 7” such that w-n is as small 
as possible. Find the actual value of u-7 in this case. 
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59. Pursuit Theory. Assume that the head of w is restricted so 60. Pursuit Theory. Assume that the head of w is restricted 


that its tail is at the origin and its head is on the unit circle so that its tail is at the origin and its head is on the unit 
in quadrant II or quadrant III. A vector v has its tail at the circle in quadrant I or quadrant IV. A vector V has its tail 
origin and its head must lie on the line y = 2 — xin at the origin and its head must lie on the line y = 2 — x 
quadrant I. Find the smallest value of u-v. in quadrant I. Find the biggest value of u-v. 


=CATCH THE MISTAKE 


In Exercises 61 and 62, explain the mistake that is made. 


61. Find the dot product (—3, 2) +(2, 5). 62. Find the dot product (11, 12) +(—2, 3). 
Solution: Solution: 
Multiply component Multiply the outer and inner components. 
by component. (—3, 2)+(2,5) = ((—3)(2), (2)(5)) 


(11, 12)+(—2, 3) = (11)(3) + (12)(-2) 
Simplify. (11, 12)+(-2,3) =9 


This is incorrect. What mistake was made? 


Simplify. (-3, 2)+(2,5) = (-6, 10) 


This is incorrect. What mistake was made? 


"=CONCEPTUAL 


In Exercises 63-66, determine whether each statement is true or false. 


63. A dot product of two vectors is a vector. 65. Orthogonal vectors have a dot product equal to zero. 


64. A dot product of two vectors is a scalar. 66. If the dot product of two nonzero vectors is equal to zero, 
then the vectors must be perpendicular. 


For Exercises 67 and 68, refer to the following to find the dot product: 
The dot product of vectors with n components is 67. (3,7, —5)*(—2, 4, 1) 


(aj, >, ... 5 G,)* (by, by, ..., b,) = ab, + Gb, +++ + + a,b, 68. (1,0, —2, 3) (5, 2, 3, 1) 


In Exercises 69-72, given u = (a,b) andy = (c,d), show that the following properties are true. 


69. u-v=v-u 71. 0O-u=0 

70. u-u = |ul’ 72. k(u:v) = (ku): v = u: (kv), kis a scalar 
CHALLENGE 

73. Show that a +( v + w ) =u-vtu-w. 76. a. Compute proj; 2 u. 


b. What is proj cu for any c > 0? 


> > 2 > 2. A > 2 > > 
74. Show that | u vP? = lu? + |v} 2(u-v). - a 
77. Suppose that you are given a vector uw. For what vectors v 
set ko 


75. The projection of V onto U is defined by does proj v = 0? 
proj V = (re This vector is depicted below. 78. True or False: proj; (v + w) = proj; v + proj; w. 
Ri 


79. If uw and v are unit vectors, determine the maximum and 


Heuristically, this is the “shadow” of Yonu. minimum valuect (21) 4 (3¥). 


a. Compute proj 72u. 80. Assume that the angle between w and V is 0 = = Show that 


ee 


b. What is proj _:cu for 


0 

8 > >\—> > >\—> 2 => paeaeers 
any c > 0? al MI (i-v)u (v-u)y _ lulu-lvly 
2 


[| lu 2 
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" TECHNOLOGY 
For Exercises 81 and 82, find the indicated dot product with a calculator. 


81. (—11, 34)-(15, -27) 84. The definition of a dot product and the formula to find the 
angle between two vectors can be extended and applied to 


82. (23, —350) * (45, 202) vectors with more than two components. A rectangular box 


83. A rectangle has sides with lengths 18 units and 11 units. Find has sides with lengths 12 feet, 7 feet, and 9 feet. Find the 
the angle to one decimal place between the diagonal and the angle, to the nearest degree, between the diagonal and the 
side with length of 18 units. (Hint: Set up a rectangular coor- side with length 7 feet. 
dinate system, and use vectors (18, 0) to represent the side 
of length 18 units and (18, 11) to represent the diagonal.) Use the graphing calculator | SUM | command to find the angle 


(round to the nearest degree) between each pair of vectors. 
85. (—25, 42), (10, 35) 
86. (—12, 9), (—21, -13) 


SECTION POLAR (TRIGONOMETRIC) FORM 
8.6 OF COMPLEX NUMBERS 


Complex Numbers in Rectangular Form 

We are already familiar with the rectangular coordinate system, where the horizontal 
axis is called the x-axis and the vertical axis is called the y-axis. In our study of complex 
numbers, we refer to the standard (rectangular) form as a + bi, where a represents the 
real part and b represents the imaginary part. If we let the horizontal axis be the real axis 
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and the vertical axis be the imaginary axis, the result is the complex plane. The point 
a + biis located in the complex plane by finding the coordinates (a, b). 


a Imaginary 
axis 


a+bi 
e 
Real 


axis 
! > 


When b = Q, the result is a real number, and therefore any numbers along the horizontal 
axis are real numbers. When a = 9, the result is an imaginary number, so any numbers 


4 Dneemnaty along the vertical axis are imaginary numbers. 


axis 
; The variable z is often used to represent a complex number: z = x + iy. Complex 
yb one numbers are analogous to vectors. Suppose that a vector z = (x, y), whose initial point 
z : Real is the origin and whose terminal point is (x,y); then the magnitude of that vector is 
| ae |z| = Vx? + y’. Similarly, the magnitude, or modulus, of a complex number is defined 
2 like the magnitude of a position vector in the xy-plane, as the distance from the origin (0, 0) to 
the point (x, y) in the complex plane. 
e 
Technology Tip DEFINITION Modulus of a Complex Number 


To use a TI calculator to find 


the modulus of a complex number, The modulus, or magnitude, of a complex number z = x + iy is the distance 


press | MATH >| CPX||¥ from the origin to the point (x, y) in the complex plane given by 
5: ABS (| and enter the complex Iz| = Wie y 


number. 


Recall that a complex number z = x + iy has a complex conjugate z = x — iy. The bar 
above a complex number denotes its conjugate. Notice that 


Z=e+pa-pw=ar-Pr=r+y 


and therefore the modulus can also be written as 
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EXAMPLE 1_ Finding the Modulus of a Complex Number "7 
Find the modulus of z = —3 + 2i. Technology Tip 
Find the modulus of z = —3 + 2i. 
COMMON MISTAKE MATH |[p |[CPx|]| ¥][ 5: 485 ( 
Including the 7 in the imaginary part. ENTER ||(—)|} 3 || +]| 2 || 2nd 
) || ENTER 
€3 CORRECT Kd INCORRECT 
Let x = —3 andy = 2in Let x = —3 and y = 2iin abe ~34+2i, 3 
l= Wee Haves tg SF Gla eps 
; : [C133 
Fe ee ery ee |-3 + 2i| = V(—-3? + Qi? 3.685331 275 


Eliminate the parentheses. ERROR 


|=3 ae 2i =v9+4 The 7 is not included in the formula. 
Only the imaginary part (the coefficient 
of i) is used. 


Simplify. 
lz] = |-3 + 2i| = V13 


= YOUR TURN Find the modulus of z = 2 — Si. = Answer: |z| = [2 — Si] = V29 


Complex Numbers in Polar Form 
We say that a complex number z = x + iy is in rectangular form because it is located at 


the point (x, y), which is expressed in rectangular coordinates, in the complex plane. ini 


Another convenient way of expressing complex numbers is in polar form. Recall from our axis 

study of vectors (Section 8.4) that vectors have both magnitude and a direction angle. The er 

same is true of numbers in the complex plane. Let r represent the magnitude, or distance 4 

from the origin to the point (x, y), and 6 represent the direction angle; then we have the "/* Ly Real 

following relationships: — 
p= Ves¥ 


op ee _x yy 
sing = — cos@ = — and tand=— (x #0) 
r r x 


Isolating x and y in the sinusoidal functions, we find 
x = rcosé y = rsing 


Using these expressions for x and y, a complex number can be written in polar 
form. 


z=x + yi = (rcos@) + (rsin@)i = r(cosé + isin@) 
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POLAR (TRIGONOMETRIC) FORM OF COMPLEX NUMBERS 


The following is standard notation for modulus and argument: 


r = modz = |z|_ and 6 = Argz, 0=0<27 or 0°=84@< 360° 


Converting Complex Numbers Between Rectangular 
and Polar Forms 


We can convert back and forth between rectangular and polar (trigonometric) forms of 
complex numbers using the modulus and trigonometric ratios. 


P= Vet y sind = cosé = . and tang =~ (x # 0) 
x 


CONVERTING COMPLEX NUMBERS FROM 
RECTANGULAR FORM TO POLAR FORM 


Realize that imaginary numbers, z = 0 + Di, lie on the imaginary axis. Therefore 
60 = 90° ifb > Oand @é = 270° ifb < 0. 


8.6 Polar (Trigonometric) Form of Complex Numbers 909 


EXAMPLE 2 Converting from Rectangular to Polar Form 
Express the complex number z = V3 — i in polar form. 

Solution: 

Step 1 Plot the point. A Imaginary 


axis 


The point lies in quadrant IV. 


[ Real 
axis 
L L 
Go I - 
ae | Q 
z=y3-i 


Step 2 Findr. 
Let x = V3 andy = -1 
int = V2 +’. r= V(v3) + (-1P 
Eliminate the parentheses. r=V34+1 
Simplify. r=2 


Step 3 Find 0. 


Let x = V3 andy = —1 in tan@ = 


ah 


Solve for 6 


Find the reference angle. 


The complex number lies in quadrant IV. 


STEP 4 Write the complex number in polar form. 


z = r(cos@ + isin@) 


= YOUR TURN Express the complex number z = 1 — 7V3 in polar form. 


You must be very careful in converting from rectangular to polar form. Remember that 
the inverse tangent function is a one-to-one function and will yield values in quadrants I 
and IV. If the point lies in quadrant II or III, add 180° to the angle found through the inverse 
tangent function. 


Technology Tip 


Express the complex number 
z= V3 — iin polar form. 


1 
Method I: Use tan (Jz) to find 
V3 


the reference angle for 0, which is in 
QIV. 


Method II: Use the | angle ( 


feature on the calculator to find 0. 
You still have to find the actual angle 
in QIV. Press 


MATH || > || CPX || W || 4: angle ( 


ENTER ][2nd]] x?][3][) -| 
Ind|{-|[) [ENTER 


or 2(cos300° + isin300°) 
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ES : 
Leda EXAMPLE 3 Converting from Rectangular to Polar Form 
Llecsicnidsibos: < ill COMMON MISTAKE 
Express the complex number ; ; : ; } 
z = —2 + iin polar form. Forgetting to confirm the quadrant, which results in using the reference angle instead of 
the actual angle. 
= Express the complex number z = —2 + i in polar form. 
r 
€3 CORRECT iq INCORRECT 


Step 1: Plot the point. 
The point lies in quadrant IT. 


A Imaginary 
axis 


Step 2: Find r. 
Letx = —2andy=1in 
=Vrt vat 


-Voyre 


Simplify. 
r= V5 
Step 3: Find 6. } ; ; 

Let x = —2 andy =1in Evaluate the inverse function with a 

y calculator. 
tan@ = -. 

x 1 

l 0= tar 5) DO S05m 
tan? = = - 
1 Write the complex number in polar 
6= tan(-3) form. 
= 75 S652 z = r(cos@ + i sin@) 


z= V5[cos(—26.6°) + i sin(—26.6°)] 


The complex number lies in 
quadrant I. Note: 9 = —26.565° lies in quadrant 


f) 26.6° + 180° = 153.4° IV, whereas the original point lies in 
quadrant II. Therefore, we should have 
added 180° to @ in order to arrive at a 


point in quadrant II. 


Step 4: Write the complex number in 
polar form z = r(cos@ + isin@). 


z= V5[cos(153.4°) + isin(153.4°)] 


= Answer: 
z= V5[cos(116.6°) + isin(116.6°)] = YOUR TURN Express the complex number z = —1 + 2i in polar form. 
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To convert from polar to rectangular form, simply evaluate the trigonometric functions. 


e 
EXAMPLE 4 Converting from Polar to Rectangular Form Technology Tip 


Express z = 4(cos 120° + isin120°) 


Express z = 4(cos 120° + isin 120°) in rectangular form. jiaeeenaular form, 


Solution: 4o0sc1285 
Evaluate the tri tri z = 4/ cos120° + isin 120° ee eater: 
: valuate the a ric Ge —— 45in¢1205 
unctions exactly. 2 + 3. 464181615 
sue 464181615 
3.46 615 
ots 1 V3), 
Distribute the 4. z=4 5 + 4 >} 


Simplify. 2= 2+ 2V3i 


, ; = Answer: z = —V3 — i 
= YOUR TURN Express z = 2(cos210° + isin210°) in rectangular form. ; sees on 


Ee 
Technology Tip 


EXAMPLE 5 Using a Calculator to Convert from Polar to Ee sees ne 


Rectangular Form in rectangular form. 
3][ [eos] [109] >] + ][2nd][-] 


sin |[109 1D MATH || > || CPx 
Solution: V6: > Rect| ENTER || ENTER 


Express z = 3(cos109° + isin109°) in rectangular form. Round to four decimal places. 


Use a calculator to evaluate 
the trigonometric functions. z= 3(gosaon2 + isin( 099) 
—0.325568 0.945519 


Simplify. z® —0.9767 + 2.8366: 


= Answer: z ~ —5.5904 — 4.2127 


=® YOUR TURN Express z = 7(cos217° + isin217°) in rectangular form. Round to 
four decimal places. 


> SECTION 
, j SUMMARY 


In the complex plane, the horizontal axis is the real axis and the and tan@ = s x # 0 and 0 = 6 < 277. It is important to note in 
vertical axis is the imaginary axis. We can express complex - 
numbers in either rectangular form, z = x + iy, or polar form, 
z = r(cos@ + isin@). The modulus of a complex number, 
z =x + iy, is given by |z| = Vx + y’. To convert from rec- x = rcos@ and y = rsin0 
tangular to polar form, we use the relationships r = Vx? + y? 


which quadrant the point lies. To convert from polar to rectangular 
form, simply evaluate the trigonometric functions. 
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SECTION 
8.6 EXERCISES 


=" SKILLS 


In Exercises 1-8, graph each complex number in the complex plane. 


1. 7+ 81 
5s. 2) 


2. 3+ Si 
6. 7 


In Exercises 9-22, express each complex number in polar form. 


9. T= 
13. —4 + 4i 
17. 3 + Oi 


21. 5.32 — 07 


10. 2 + 2i 
V5 -— V5i 


SD OL 


14. 
18. 


22. —6.48 + Oi 


In Exercises 23-38, use a calculator to express each complex number in polar form. 


23. 3 - Ti 
27. —5 + 12i 
1 3 
| 
31 5 ai 
35. -2V3 - V5i 


24. 2+ 3i 
28. 


32. 


36. 


3. -2 - 4i 4. -3 -2i 
7. —3i 8. —5i 
WW. 14+ V3i 12. -3 — V3i 
15. V3 - 3i 16. —-V3 +i 

1 1. 1 1. 
19. “4 = 3! 20. 6 Pe 
25. -64+ 5i 26. —4 - 3i 
29. 8 — 6i 30. -3 4+ 4i 
33. 5.1 + 2.3: 34. 1.8 — 0.91 
37. 4.02 — 2.11i 38. 1.78 — 0.12i 


In Exercises 39-48, express each complex number in rectangular form. 


39. 5(cos 180° + isin 180°) 


41. 2(cos315° + isin315°) 


43. 


45. \/3(cos 150° + isin 150°) 


eta) 


47. 


I 


—4(cos 60° + isin 60°) 


40. 
42. 
44. 
46. 
48. 


2(cos 135° + isin 135°) 


3(cos 270° + isin270°) 
—4(cos 210° + isin210°) 


V/3(cos 330° + isin 330°) 


fo) 


In Exercises 49-58, use a calculator to express each complex number in rectangular form. 


49. 5(cos295° + isin295°) 


51. 3(cos 100° + isin 100°) 


53. 


55. 


on 

1S.) 

fo) 

io) 

Za 
os 

— 
Ll led 
3/5 
Se 

+ 


—7(cos 140° + isin 140°) 


57. 


aol’) 


50. 
52. 
54. 


56. 


4(cos 35° + isin35°) 
6(cos 250° + isin 250°) 
—5(cos 320° + isin 320°) 


boy) + eal) 
Aer) + Cr) 


" APPLICATIONS 


59. 


60. 


"CATCH THE MISTAKE 
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Resultant Force. Force A, at 100 pounds, and force B, 
at 120 pounds, make an angle of 30° with each other. 
Represent their respective vectors as complex numbers 
written in trigonometric form, and solve for the resultant 
force. 


Resultant Force. Force A, at 40 pounds, and force B, at 

50 pounds, make an angle of 45° with each other. Represent 
their respective vectors as complex numbers written in 
trigonometric form, and solve for the resultant force. 


In Exercises 67 and 68, explain the mistake that is made. 


67. Express z = —3 — 8i in polar form. 
Solution: 
Find r. Vx" = v9 =V7 


"= CONCEPTUAL 
In Exercises 69-72, determine whether each statement is true or false. 


69. 


70. 


71. 
72. 
73. 


Find 6. tan@ = 


6= tan 5) = 69.44° 


Write the complex number in polar form. 
z= V73(cos 69.44° + isin69.44°) 


This is incorrect. What mistake was made? 


tw | oo 


In the complex plane, any point that lies along the 
horizontal axis is a real number. 


In the complex plane, any point that lies along the vertical 
axis is an imaginary number. 


The modulus of z and the modulus of Z are equal. 


The argument of z and the argument of z are equal. 


Find the argument of z = a, where a is a positive real number. 


61. 


62. 


63. 


64. 


66. 


68. 


74. 
75. 


76. 


Resultant Force. Force A, at 80 pounds, and force B, at 150 
pounds, make an angle of 30° with each other. Represent 
their respective vectors as complex numbers written in 
trigonometric form, and solve for the resultant angle. 


Resultant Force. Force A, at 20 pounds, and force B, at 

60 pounds, make an angle of 60° with each other. Represent 
their respective vectors as complex numbers written in 
trigonometric form, and solve for the resultant angle. 


Resultant Force. Refer to Section 8.4, Exercise 85. Express 
the vectors Ww, V corresponding to the dogs as complex 
numbers written in trigonometric form, and find the 
resultant force w to keep the system in equilibrium. 


Resultant Force. Refer to Section 8.4, Exercise 86. Express 
the vectors Ww, V,W as complex numbers written in 

< n > 
trigonometric form, and find the resultant force z to keep 
the system in equilibrium. 


. Resultant Force. Refer to Section 8.4, Exercise 75. Express the 


resultant vector R as a complex number in trigonometric form. 


Resultant Force. Refer to Section 8.4, Exercise 76. Express the 
resultant vector R as a complex number in trigonometric form. 


Express z = —3 + 8 in polar form. 

Solution: 

Find r. =Vr+ty=v9 =Vv7 
8 

Find 0. tan@ = 3 


0 = tan 5) = —69.44° 


Write the complex number in polar form. 
z= V73[cos(—69.44°) + isin(—69.44°)] 


This is incorrect. What mistake was made? 


Find the argument of z = bi, where b is a positive real number. 


Find the modulus of z = 
number. 


bi, where b is a negative real 


Find the modulus of z = a, where a is a negative real number. 


In Exercises 77 and 78, use a calculator to express the complex 
number in polar form. 


77. 
78. 


a — 2ai, where a > 0 


—3a — 4ai, where a > 0 
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CHALLENGE 


79. 


80. 


81. 


" TECHNOLOGY 


Suppose that a complex number z lies on the circle 
0 1 
erty =. If cox($) a and sin@ < 0, find the 


rectangular form of z. 


Suppose that a complex number z lies on the circle 

24 2 af 8 V3 
x + y = 8. If sin a) and cos@ < 0, find the 
rectangular form of z. 


Consider the following diagram: 


»: 


KSB NwWRUAA~I COO 


Find z in trigonometric form. 
(Hint: Use the Law of Cosines.) 


Graphing calculators are able to convert complex numbers 


from rectangular to polar form using the 


abs | command to 


find the modulus and the angle command to find the angle. 


83. 


84. 


Find abs(1 + i). Find angle(1 + 7). Write 1 + 7 in polar 
form. 


Find abs(1 — i). Find angle(1 — i). Write 1 — 7 in polar 
form. 


A second way of using a graphing calculator to convert 
between rectangular and polar coordinates is with the 


and 


85. 
86. 


Rec 


commands. 


Find Pol(2, 1). Write 2 + 7 in polar form. 


Find Rec(345°). Write 3(cos45° + isin45°) in rectangular 
form. 


82. 


Consider the following diagram: 


Find z in trigonometric form. 
(Hint: Use the Law of Cosines.) 


Another way of using a graphing calculator to represent 
complex numbers in rectangular form is to enter the real and 


imaginary parts as a list of two numbers and use the 


SUM 


command to find the modulus. 


87. 


88. 


Write 28 — 21i in polar form using the command to 
find its modulus, and round the angle to the nearest degree. 


Write —V21 + 107 in polar form using the |SUM 
command to find its modulus, and round the angle to the 
nearest degree. 


SECTION PRODUCTS, QUOTIENTS, POWERS, AND ROOTS OF 
8.7 COMPLEX NUMBERS; DEMOIVRE’S THEOREM 


In this section we will multiply complex numbers, divide complex numbers, raise complex 
numbers to powers, and find roots of complex numbers. 


Products of Complex Numbers 


First, we will derive a formula for the product of two complex numbers. 


WorpDs MatTH 

Start with two complex Z, = r(cos@, + isin@,) 

numbers z, and z. Z = 1(cos@, + isind>) 

Multiply z, and z). ZZ. = ryr2(cosO, + isinO,)(cos@, + isin§>) 

Use the FOIL method to multiply 

the expressions in parentheses. ZZ. = Fyr(cosO,;cos@, + icos,sin@, + isinO,cos@, + *sin 6, sin6>) 

-1 

Group the real parts and the 

imaginary parts. 212. = 1112[(cos6,cos@, — sinO;sin@,) + i(cos6,sin6, + sin6,cos4,)| 

Apply the cosine and sine ZZ. = P\F| (cos@,cos@, — sin@,sin@,) + i(cosd,;sin@, + sin@,cos@>) 

sum identities. cos(@, + 05) sin(0, + 0) 

Simplify. ZZ. = Myra cos(@, + Oz) + isin(@, + 42)] 
PRODUCT OF TWO COMPLEX NUMBERS IY TEP ssccssanssivsnsviio 

= = When two complex numbers are 
Let z; = r,(cos@, + isin@,) and z. = r,(cos6, + isin@,) be two complex numbers. multiplied, the magnitudes are 
The complex product z,z is given by multiplied and the arguments 
are added. 


ZZ. = rF2[cos(O, + 63) + isin(0, + 65)| SWevaboseeeesedsesdevsessevaresreceresesecaceses 


In other words, when multiplying two complex numbers, multiply the magnitudes and 
add the arguments. 


EXAMPLE 1 Multiplying Complex Numbers 


Find the product of z; = 3(cos35° + isin35°) and z. = 2(cos10° + isin 10°). 


Solution: 

Set up the product. ZZ. = 3(cos35° + isin35°)+2(cos10° + isin 10°) 
Multiply the magnitudes 

and add the arguments. ZZ. = 3+2[cos(35° + 10°) + isin(35° + 10°)] 
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Simplify. ZZ. = 6(cos45° + isin45°) 


The product is in polar form. 


To express the product in V2 
2. .v2 
rectangular form, evaluate ZZ. = of + i ) = 3V2 + 3iV2 


the trigonometric functions. : 2 


Product in polar form: ZZ. = 6(cos45° + isin45°) = oleos( F ) t nin( 7) 


Product in rectangular form: | z\z = 3V2 + 3iV2 
= Answer: 
ZZ. = 10(cos 120° + isin 120°) 
or 22 = —5 + 5iV3 


= YOUR TURN Find the product of z; = 2(cos55° + isin55°) and 
Z = 5(cos65° + isin65°). Express the answer in both polar and 
rectangular form. 


Quotients of Complex Numbers 


We now derive a formula for the quotient of two complex numbers. 


WorpDs MatH 


Start with two complex 
numbers z, and Z. Z; = r(cos@,; + isin@;) and Zz = r,(cos@, + isin@,) 


- Z  ry(cosé; + isin6,) r, \/cos@, + isind, 
Divide z, by Zp. - ae = = 
Z -1(coSO@, + isin@>) cos@, + isin@, 


ip) 


Multiply the numerator and the 
denominator of the second 


expression in parentheses by the 
conjugate of the denominator, £1 Ee 6, + isind; (OR 7 smo) 


cos@, — isin. a) ry/\cos@, + isin@,/\ cos@, — isind, 
Use the FOIL method to 
muluply Hise ADEs tons cal r, \(cos@,cos@, — i*sin@,sin@, + isinO,cos@, — isin@,cos0, 
parentheses in the last = 5 a 
22 io) cos’ 6, — isin’ @, 


two expressions. 


Substitute 7 = —1 and group 
the real parts and the = 
imaginary parts. 


) (cos6, cos@, + sin@, sin@,) + i(sin@,cos6, — sin@,cos6,) 
cos’, + sin’@, 
pace Pa ee 
1 


: 
i: 

) (cose, c0s6, + sin@,sin0,) + i(sind,cos@, — sin@,cos@,)| 
‘ 


1 
2 
ry 
2 

Use the cosine and sine 

: . aa 1 

difference identities. = 


Simplify. Al ( 


r 
) (cos@,cos@, + sin@;sin9,) + i(sin@,cos@, — sin@,cos6@,) 
cos(@; — 63) sin(0; — 0) 


Simplify. ae “[oos(@, — 6,) + isin(@, — 6,)] 
2 
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It is important to notice that the argument difference is the argument of the numerator 


minus the argument of the denominator. 


QUOTIENT OF TWO COMPLEX NUMBERS 
Let z, = r,(cos6, + isin@,) and z, = r,(cos@, + isin@,) be two complex numbers. 
F Lala me 

The complex quotient is given by 
£2 
ral al ae 
— = —[cos(@; — 6) + isin(@, — 63)| 
2 Ny 

In other words, when dividing two complex numbers, divide the magnitudes and 

subtract the arguments. It is important to note that the argument difference is the 

argument of the complex number in the numerator minus the argument of the complex 

number in the denominator. 


EXAMPLE 2_ Dividing Complex Numbers 
Zz 
Let z,; = 6(cos125° + isin125°) and z. = 3(cos65° + isin65°). Find at 


Solution: ° 
Z 6(cos 125° + isin 125°) 


Z 3(cos65° + isin65°) 


Set up the quotient. 


. . 7 6 
Divide the magnitudes and ol =—[cos(125° — 65°) + isin(125° — 65°)] 
subtract the arguments. Zz 3 
z 
Simplify. - = 2(cos60° + isin60°) 
22 
The quotient is in polar form. 
To ex ient 1 <1 1 V3 . 
press the quotient in 2 ae 1+ iv3 
rectangular form, evaluate co) 2 2 
the trigonometric functions. 
z 
Polar form: — 2(cos60° + isin60°) 
£2 
z 
Rectangular form: t=14+iV3 
22 


= YOUR TURN Let z, = 10(cos275° + isin275°) and z, = 5(cos65° + isin65°), 


z 
and find —*. Express the answers in both polar and rectangular form. 
22 


When multiplying or dividing complex numbers, we have considered only those values 
of @ such that 0° = 6 = 360°. When the value of 6 is negative or greater than 360°, find the 
coterminal angle in the interval [0°, 360°]. 


917 


E 
Technology Tip © 


Let z, = 6(cos125° + isin125°) 
and z, = 3(cos65° + isin65°); 


ZI : 
find —. Be sure to include 
22 


parentheses for z, and zp. 


+ 
e 
A 
a 


Leo 
ee ee 


| 


= Answer: 


Zz 
J. 2(cos210° + isin210°) 


22 


2 . 
or— = -V3-i 
22 
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Powers of Complex Numbers 


Raising a number to a positive integer power is the same as multiplying that number by 
itself repeated times. 


P= xKeX (a + bP? = (a + b)(a + dD) 


Therefore, raising a complex number to a power that is a positive integer is the same as 
multiplying the complex number by itself multiple times. Let us illustrate this with the 
complex number z = r(cos@ + isin@), which we will raise to positive integer powers (7). 


Worps MATH 
Take the case n = 2. Z = [r(cosé + isin@)][r(cosé + isind)] 


Apply the product rule 
(multiply the magnitudes 
and add the arguments). 2 = r[cos(20) + isin(26)] 


Take the case n = 3. 2= 2z = {r[cos(29) + isin(26)]} [r(cos@ + isin@)] 


Apply the product rule 
(multiply the magnitudes 
and add the arguments). 2 = r[cos(30) + isin(30)] 


Take the case n = 4. 2 = 22 = {r'[cos(36) + isin(36)]}}[r(cos@ + isind)] 


Apply the product rule 
(multiply the magnitudes 
and add the arguments). z = r*[cos(46) + isin(40)] 


The pattern observed for 
any 1 is: Z' = r"[cos(n@) + isin(n6)] 


Although we will not prove this generalized representation of a complex number raised 
to a power, it was proved by Abraham De Moivre, and hence its name. 


DE MOIVRE’S THEOREM 
If z = r(cos@ + isin@) is a complex number, then 

z’ = r'[cos(n0) + isin(n@)] 
when n is a positive integer (n = 1). 


In other words, when raising a complex number to a power n, raise the magnitude to 
the same power n and multiply the argument by n. 


Although De Moivre’s theorem was proved for all real numbers n, we will only use it 
for positive integer values of n and their reciprocals (nth roots). This is a very powerful 
theorem. For example, if asked to find (V3 + 1)'°, you have two choices: (1) multiply out 
the expression algebraically, which we will call the long way or (2) convert to polar 
coordinates and use De Moivre’s theorem, which we will call the short way. We will use 
De Moivre’s theorem. 
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lela EXAMPLE 3_ Finding a Power of a Complex Number 


EB 
Find (V3 + i) '0 and express the answer in rectangular form. Technology Tip 
Find (V3 a i® and express 


Solution: 
the answer in rectangular form. 
Step 1 Convert to polar form. (V3 + i)! = [2(cos30° + isin30°)]"° 
Step 2 Apply De Moivre’s theorem (V3 + i)!° = [2(cos30° + isin30°)]"° e 
with n = 10. = 2! cos(10 + 30°) + isin(10 - 30°)] oe 
a 
5 
Step 3 Simplify. (V3 + i)! = 2'(cos300° + isin300°) 
Evaluate 2!° and the sine 7 1 V3 
and cosine functions. = 10e4 7 


Simplify. = 512 — 512iV3 


De Moivre’s theorem is the basis for the nth root theorem. Before we proceed, let us 
motivate it with a problem: Solve x* — 1 = 0. Recall that a polynomial of degree n has n 
solutions (roots in the complex number system). So the polynomial P(x) = x° — 1 is of 
degree 3 and has three solutions (roots). We can solve it algebraically. 


Worps MatH 
List the potential rational roots of the 
polynomial P(x) = x — 1. x=+1 
Use synthetic division to test x = 1. 1;1 0 0-1 
1 1 1 
1 1 1 {oO 
rtxtl 


Since x = | is a zero, then the polynomial 
can be written as a product of the linear Pw) = (xe -DCe+Hxt+ 1 


factor (x — 1) and a quadratic factor. 
—1+V1-4 -1+V-3 1. iV3 


Use the quadratic formula on vr+x+1=0 x= 5 = + 5 
to solve for x. 


So the three solutions to the equation x* — 1 = Oare|x = 1,x = 


An alternative approach to solving x° — 1 = 0 is to use the nth root theorem to find the 
additional complex cube roots of 1. 
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Derivation of the nth Root Theorem 


WorpDs 
Let z and w be complex numbers such that w is the 
nth root of z. 


Raise both sides of the equation to the nth power. 


Let z = r(cos@ + isin@) and w = s(cosa + isina). 


Apply De Moivre’s theorem to the left side of the equation. 


For these two expressions to be equal, their magnitudes 
must be equal and their angles must be coterminal. 


Solve for s and a. 


. 0+ 2kar . 
Substitute s = r'/" and a into w = z! 
n 


/n 


MATH 

w = z'/"orw = Wz, where n is a positive 
integer 

w= Zz 

[s(cos@ + isina)]” = r(cos@ + isin@) 
s"[cos(na) + isin(na)| = r(cos@ + ising) 


s” = randna = 6 + 2k7, where k is any integer 
@ + 2kar 


n 


rs vl (° + “kr . (° + 7) 
z =F cos{| ————— ]} + isin} ———— 
n n 


s=r'/"anda = 


; i) 0 ‘ 
Notice that when k = n, the arguments — + 2a and — are coterminal. Therefore, to get 
n n 


distinct roots, let k = 0,1,...,n — 1. If we let z be a given complex number and w be 


any complex number that satisfies the relationship z 


Vn — worz= w", where n = 2, 


then we say that w is a complex nth root of z. 


NTH ROOT THEOREM 
The nth roots of the complex number z = r(cos@ + isin@) are given by 
0 2k 0 2k 
Weer? eos( + *) + isin( + 7) | 6 in radians 
n n n n 


or 


ain ) ike 3ye0° caf @ , Ke Sou , 
Ww, = r’"\cos| — + a> YS0l| = SP 0 in degrees 
n n n n 


where k = 0,1,2,...,n — 1. 
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EXAMPLE 4_ Finding Roots of Complex Numbers 
Find the three distinct cube roots of —4 — 4i\V3, and plot the roots in the complex plane. 
Solution: 


Step 1 Write —4 — 4iV/3 in polar form. 8 (cos 240° + isin240°) 


Step 2 Find the three cube roots. 


| (° K-60") . sin? K360")) 
WwW, — fF cos T r 2sin T 
n n n n 


6 = 240°, r= 8,n=3,k =0,1,2 


k=0: 
an 8! os 240° 0+360°) |. (240° | 0 360° 
_ s " 3 : 33 
Simplify. 
Wo = 2(cos80° + isin80°) 
k=1 
: a 240° 1+ 360° _, (240°  1+360° 
w, = 87/°|cos t + isin t 
3 3 3 3 
Simplify. 
w, = 2(cos200° + isin200°) 
k=2: 
a 240° | 2-360°\ |... (240° | 2+360° 
Ww, = 8/"|cos t + isin t 
: 3 3 3 3 
Simplify. 
WwW. = 2(cos320° + isin320°) 
STEP 3 Plot the three cube roots in the 4 Imaginary 
complex plane. axis 


Notice the following: 


a The roots all have a magnitude of 2. 


= The roots lie on a circle of radius 2. 


a The roots are equally spaced 
around the circle (120° apart). 


= YOUR TURN Find the three distinct cube roots of 4 — 4iV3, and plot the roots in 
the complex plane. 


= 
Technology Tip 
Find the three distinct roots of 


—4 - 4iV3. 


Caution: If you use a TI calculator to 
find (-4 = 4iV3)'", the calculator 
will return only one root. 


To find all three distinct roots, you 
need to change to polar form and 
apply the nth root theorem. 


= Answer: 

Wo = 2(cos100° + isin 100°) 
w, = 2(cos220° + isin220°) 
Wy = 2(cos340° + isin340°) 


A Imaginary 


922 CHAPTER 8 Additional Topics in Trigonometry 


Solving Equations Using Roots of 
Complex Numbers 


Let us return to solving the equation x*° — 1 = 0. As stated, x = 1 is the real solution to 
this cubic equation. However, there are two additional (complex) solutions. Since we are 
finding the zeros of a third-degree polynomial, we expect three solutions. Furthermore, 
when complex solutions arise in finding the roots of polynomials, they come in conjugate 
pairs. 


Find all complex solutions to x7 — 1 = 0. 


7 EXAMPLE 5_ Solving Equations Using Complex Roots 


Technology Tip 


. Solution: x° = 1 
The solution to the equation 


we —1=0isx=(1 + 01”. Step 1 Write | in polar form. 1 = 1 + O07 = cos0° + isin0° 
| a Step 2 Find the three cube roots of 1. 
arnglecis rai (2 a es é £3") 
w, = r/"| cos + isin 
L n n n n 
r=1,0=0°.n=3,k =0,1,2 
. (0° , 0-360° 0° , 0-360°) | 
k=0: wy = 14) cos + + isin + 
L 3 3 3 3 ] 
Simplify. Wo = cosO° + isin0° 
lf 0 . 1360" e. 1-360" | 
k=1: w, = 14] cos t =) + 7 sin o t aa 
L 3 3 3 3 ] 
Simplify. w, = cos120° + isin120° 
l 0° =. 2+ 360° 0° 2+ 360° | 
k=2: w= 8 cos( t ) t isn( t ) 
L 3 3 3 3 ] 


Simplify. cos 240° + isin240° 


= 
] 


STEP 3. Write the roots in rectangular form. 


Wo: Wy = cos0° + isin0° = 1 
—_ ss 
1 0 
a Ms 
Wi: w, = cosl20° + isinl20° = — + i 
— ps ——— 2 


1 


2 2 


IS 


1 V3 
W>! w, = cos240° + isin240° = 5 = 7 
—— — 


V3 


7 
Step 4 Write the solutions to the equation x* — 1 = 0. 


bs va 1 v3 


x= 1 x= aa x= I 


Notice that there is one real solution and there are two (nonreal) complex solutions and 
that the two complex solutions are complex conjugates. 
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It is always a good idea to check that the solutions indeed satisfy the equation. The 
equation x* — 1 = 0 can also be written as x° = 1, so the check in this case is to cube 
the three solutions and confirm that the result is 1. 


x=: P=l1 Vv 
wl 13 (-5+ PB) =(-3+ 8) ( 7+) 
ee 3. B Z °° 9 2°° 2 2°° 2 
a 
2 ' 2 2° 9 
i. 3 
=—+ — 
4. 4 
=i ¥ 
_ 1 iN3 ( Is N 1 3 y( 1 S) 
a3 8 2 '2 2 ' 2 2 '2 


a Imaginary 
axis 


Gaseonon 
=a SUMMARY 


In this section we multiplied and divided complex numbers and, using De Moivre’s theorem, raised complex numbers to integer powers 
and found the nth roots of complex numbers, as follows: 


Let z, = r,(cos@,; + isin@,) and z, = r,(cos@, + isin@,) be two complex numbers. 


The product z,z) is given by ZZ. = rrz[cos(O, + 05) + isin(@; + 4>)] 
g Zz r 

The quotient ~ is given by i= ‘[cos(0, 65) + isin(@, — 45)] 
22 22 r 


Let z = r(cos@ + isin@) be a complex number. Then for a positive integer n, 


n 


z raised to a power 7 is given by % r"[cos(n0) + i sin(nd)] 


@  kkesto° 0 k-+360° 
The nth roots of z are given by i, = oh ost Fi ) isin( > A )] where 6 is in degrees or 
@) . ker () . teow 
Wy = rl |cos( = + i sn 2) where @ is in radians 
n n n n 


GeO Pneaneie — Ihe 
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SECTION 
8.7 | EXERCISES 


=SKILLS 
In Exercises 1-10, find the product z,z, and express it in rectangular form. 


1 = 4(cos40° + isin40°) and z, = 3(cos80° + isin80°) 


N 


- Z, = 2(cosl100° + isin100°) and z, = 5(cos50° + isin50°) 


- Z, = 3(cos130° + isin130°) and z, = 4(cos170° + isin 170°) 


1. 
2. 
3. z, = 4(cos80° + isin80°) and z, = 2(cos 145° + isin145°) 
4 
5. z, = 2(cos10° + isin10°) and z, = 4(cos80° + isin80°) 

6 


N 


1 = 3(cos 190° + isin 190°) and z, = 5(cos 80° + isin80°) 


1 =n) +s) eme= veo) o()] 
w= vn) +(e vf) +8) 
feo) +m ?2) nef) +2) 
en) 22) ies sfn() (2) 


z 
In Exercises 11-20, find the quotient =" and express it in rectangular form. 
22 


- 
N 


11. z, = 6(cos 100° + isin100°) and z, = 2(cos40° + isin40°) 

12. z, = 8(cos80° + isin80°) and z, = 2(cos35° + isin35°) 

13. z, = 10(cos200° + isin200°) and z, = 5(cos65° + isin65°) 

14. z, = 4(cos280° + isin280°) and z, = 4(cos55° + isin55°) 

15. z, = V12(cos350° + isin350°) and z, = V3(cos80° + isin80°) 


16. z,; = V40(cos110° + isin 110°) and z, = V10(cos20° + isin20°) 


57 .. [50 7 er es 
17. z% a cos ™) + isin( 4] and z, 3 co{ 2) + isin( =) | 
Sa ., (50 3a _. {3a 
18. z, = 8} cos 8 + isin 8 and z, = 4| cos 8 + isin 8 
22ar _, (2207 7 2a\ |... (2a 
19. z, = 45|cos( 15 ) isin 5 ) and Z, a os =) + isin( 5 )| 
lla lla Sa Sa 
. = i Si = a5 + isi eee 
20. z, 22 cos( 18 ) isin 18 ) and z, 1] cos( i) isin( 4] 


In Exercises 21-30, find the result of each expression using De Moivre’s theorem. Write the answer in rectangular form. 
21. (-1+ 9° 22. (1 — i)! 23. (-v3 + i) 24. (V3 — i} 

25. (1 — V3i)' 26. (-1 + V3i)° 27. (4 - 418 28. (-3 + 3i)!° 

29. (4V3 + 4i)’ 30. (—5 + 5V3i)’ 
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In Exercises 31-40, find all nth roots of z. Write the answers in polar form, and plot the roots in the complex plane. 


31. 2 — 2iV3,n =2 32. 2+ 2V3i,n=2 33. V18 — V18i, n = 2 34. -V2+ V2i,n=2 
27. (27 
35. 44 4V3i,n =3 36. -> 4 Min a3 37, V3 -in=3 38. 4V2 + AVIi,n = 3 


39. 8V2—- 8V2i,.n=4 40. -V128 + V128i,n=4 


In Exercises 41-56, find all complex solutions to the given equations. 


41. x*- 16=0 42. e —-8=0 43. ° +8=0 44. °+1=0 
45. x' + 16=0 46. x%° +1=0 47, x% —-1=0 48. 4° +1=0 
49, P +i=0 50. x —i=0 51. x* - 27 =0 52. x4 + 21=0 
53. °° + 32 =0 54. © — 32=0 55. x’ -7'4i =0 56. x’ + 74 =0 


“APPLICATIONS 


a lL 
57. Complex Pentagon. When you graph the five fifth roots of | 59. Hexagon. Compute the six sixth roots of rer GL and 
eget gt and connect the points, you form a form a hexagon by connecting successive roots. 
pentagon. Find the roots and draw the pentagon. 60. Octagon. Compute the eight eighth roots of 2i, and form 
an octagon by connecting successive roots. 
58. Complex Square. When you graph the four fourth roots of 
16i and connect the points, you form a square. Find the 
roots and draw the square. 
=CATCH THE MISTAKE 
In Exercises 61-64, explain the mistake that is made. 
61. Let z; = 6(cos65° + isin65°) and 62. Let z; = 6(cos65° + isin65°) and 
Zz Z = 3(cos125° + isin125°). Find zz. 
z = 3(cos125° + isin125°). Find —. 2 = 3 ) ss 
% Solution: 
Solution: Write the product. 
Use the quotient formula. ZZ) = 6(cos65° + isin65°) + 3(cos 125° + isin 125°) 
Al “V cos(6, 05) + isin(@, — 6>)] Multiply the magnitudes. 
2 12 


ZZ. = 18(cos65° + isin65°)(cos 125° + isin125°) 
Substitute values. 
Multiply the cosine terms and sine terms (add the 


a = Sfeos(125° — 65°) + isin(125° — 65°) aEpUMIeH): 
21% = 18[cos(65° + 125°) + Psin(65° + 125°)] 
Simplify. <! = 2(cos60° + isin60°) Simplify (2 = —1). 
z 


2 
: : : ZZ. = 18(cos190° — sin 190°) 
Evaluate the trigonometric functions. 


21 1 V3 
=2 + 1+i 
z e i 7 ) iV3 


This is incorrect. What mistake was made? 


This is incorrect. What mistake was made? 
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63. Find (V2 + iV2)°. 


Solution: 

Raise each term to the sixth power. (4/2)° + A v2)e 
Simplify. 8 + 8i° 

Let i® = i*+? = -1, 8-8=0 


This is incorrect. What mistake was made? 


"CONCEPTUAL 


64. Find all complex solutions to x° — 1 = 0. 
Solution: 
Add | to both sides. r= 
Raise both sides to the fifth power. x= th 
Simplify. x=1 


This is incorrect. What mistake was made? 


In Exercises 65-70, determine whether the statement is true or false. 


65. The product of two complex numbers is a complex number. 


66. The quotient of two complex numbers is a complex 
number. 


67. There are always n distinct real solutions of the equation 


x" — a = 0, where a is not zero. 


*CHALLENGE 


In Exercises 71-74, use the following identity: 


In calculus you will see an identity called Euler’s formula or 
identity, e” = cos + isin@. Notice that when 9 = 77, the 
identity reduces to e’” + 1 = 0, which is a beautiful identity in 
that it relates the five fundamental numbers (e, 7, 1, i, and 0) and 
the fundamental operations (multiplication, addition, exponents, 
and equality) in mathematics. 


71. Let z, = r,(cos@,; + isin@,) = re! and 
2 = r(cos@, + isinO,) = re” be two complex numbers. 
Use the properties of exponentials to show that 
ZZ. = ryro[cos(O, + Oy) + isin(@, + 4)]. 


72. Let z, = r,(cos@, + isin@,) = re and 
% = r(cos@, + isin@,) = re” be two complex numbers. 
Use the properties of exponentials to show that 
ZI 


: 
= ~[cos(@, 6) + isin(@, — 6,)}. 


£2 2 


73. Let z = r(cos@ + isin@) = re”. Use the properties of 
exponents to show that z" = r”(cosn@ + isinn@). 


=TECHNOLOGY 
For Exercises 81-86, refer to the following: 


According to the nth root theorem, the first of the nth roots of the 
complex number z = r(cos@ + isin@) is given by 


‘2 0 QQ .. (0 IW . . . 
w, = r"| cos + + isin + , with 6 in radians 
n n n n 


al € 9) sin( a] 
orw,; =r cos T r USL T 5 
n n n n 


with 6 in degrees. 


68. There are always n distinct complex solutions of the 
equation x” — a = 0, where a is not zero. 


69. There are n distinct complex roots of where a and 
a 


me + bi’ 
b are positive real numbers. ' 


70. There exists a complex number for which there is no 
complex square root. 


74, Let z = r(cos@ + isin@) = re”. Use the properties of 
exponents to show that 


vl (é i) ee € i] 
WF COs T r 7Sin T f 
n n n n 


75. Use De Moivre’s theorem to prove the identity 
cos20 = cos’@ — sin’6. 


76. Use De Moivre’s theorem to derive an expression for sin30. 


77. Use De Moivre’s theorem to derive an expression for cos 30. 


LW iy 
Saas aeaeren | 
2 
78. Calculate V5 \n0 
(5 - i) 
79. Calculate (1 — i)":(1 + i)”, where n and m are positive 
integers. 
Cl ae ae od 
80. Calculate a-a" where n and m are positive integers. 
>i 


Using the graphing calculator to plot the n roots of a complex 


; 0 
number z, enter r,; = r, 9min = —, @max = 27 + or 
n n 
5, 8 27 = 360° : 
360° + —, @step = or ,xmin = —r, xmax = r, 
n n n 


ymin = —r, ymax = r, and | MODE] in radians or degrees. 


3 1 
81. Find the fifth roots of “ - ab and plot the roots with a 
calculator. 


2 2 
82. Find the fourth roots of — ve + a and plot the roots 


with a calculator. 


V3 


84. 


. Find the cube roots of 
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Find the fifth roots of —4 + 47, and draw the complex 
pentagon with a calculator. 


27V2 in 27V2. 


5 i, and draw the 


complex triangle with a calculator. 


. Find the fifth roots of 8V2(V3 — 1) + 8V2(V3 — 1)i, and 


1 
83. Find the sixth roots of -— — ——ji, and draw the complex 


2 draw the complex triangle with a calculator. 


hexagon with a calculator. 


SECTION POLAR EQUATIONS 
8.8 AND GRAPHS 


We have discussed the rectangular and the trigonometric (polar) form of complex numbers 
in the complex plane. We now turn our attention back to the familiar Cartesian plane, where 
the horizontal axis represents the x-variable, the vertical axis represents the y-variable, and 
points in this plane represent pairs of real numbers. It is often convenient to instead 
represent real-number plots in the polar coordinate system. 


Polar Coordinates 
The polar coordinate system is anchored by a point, called the pole (taken to be the 
origin), and a ray with a vertex at the pole, called the polar axis. The polar axis is normally 
shown where we expect to find the positive x-axis in Cartesian coordinates. 

If you align the pole with the origin on the rectangular graph and the polar axis with the 
positive x-axis, you can label a point either with rectangular coordinates (x, y) or with an 
ordered pair (r, 6) in polar coordinates. 


Pole 


AY 


Polar Axis 


vx 
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Typically, polar graph paper is used that gives the angles and radii. The graph below 
gives the angles in radians (the angle also can be given in degrees) and shows the radii from 
0 through 5. 


When plotting points in the polar coordinate system, |r| represents the distance from 
the origin to the point. The following procedure guides us in plotting points in the polar 
coordinate system. 


POINT-PLOTTING POLAR COORDINATES 


To plot a point (r, 6): 
1. Start on the polar axis and rotate the terminal side of an angle to the value 0. 


2. If r > 0, the point is r units from the origin in the same direction of the 
terminal side of 0. 


3. If r < 0, the point is |r| units from the origin in the opposite direction of 
the terminal side of 0. 


In polar form it is important to note that (r, @), the name of the point, is not unique, whereas 
in rectangular form (x, y) it is unique. For example, (2, 30°) = (—2, 210°). 


EXAMPLE 1 Plotting Points in the Polar Coordinate System 


Plot the points in a polar coordinate system. 


a. 3.) b. (—2, 60°) 


Solution (a): 


Start by placing a pencil along the polar axis. 


3 
Rotate the pencil to the angle = 


Go out (in the direction of the 
pencil) 3 units. 
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Solution (b): 


105° 90° 759 
: : : 120 5 60° 
Start by placing a pencil along the polar axis. en ae aay 
Rotate the pencil to the angle 60°. 150° eS 30° 
16s" _f ist 


Go out (opposite the direction of 


the pencil) 2 units. 180° 4 : aE i 360° 
nibs 7 60"). rN o \ 2 330° 
2400 300° 
255° 79° 285° 
= YOUR TURN Plot the points in the polar coordinate system. ‘ aa & 4 
37 : 
a. (-4 =) b. (3, 330°) 
Converting Between Polar 
and Rectangular Coordinates 
The relationships between polar and rectangular coordinates are the familiar ones: 
AY 
sin@ = a 
r (r, 9) 
— 4 5 (x, y) 
cond =~ r=x t+y iS ly 
‘ i 
tand=—- (x #0) 
x 


CONVERTING BETWEEN POLAR 
AND RECTANGULAR COORDINATES 


FROM To IDENTITIES 


Polar (r, 0) Rectangular (x, y) x = rcosé y = rsind 


Vi + y? tan = > (x # 0) 


Make sure that @ is in the correct 
quadrant. 


Rectangular (x, y) Polar (r, 0) iP 


930 CHAPTER 8 Additional Topics in Trigonometry 


EXAMPLE 2_ Converting Between Polar and Rectangular Coordinates 


a. Convert (= 1, V3) to polar coordinates. 
b. Convert (6V2, 135°) to rectangular coordinates. 


Solution (a): (—1, V3) lies in quadrant II. 


Identify x and y. = =1, y= V3 

Find r. r=Ve+y¥ = V(-1P + (V3P = V4 = 2 
3 

Find 6. tan@ = “ (6 lies in quadrant II) 


Identify 6 from the 


unit circle. = 20 
3 
Write the point in or 
polar coordinates. 2, 3. 
. : 4a 5a 
AY Note: Other polar coordinates like | 2, and |—2, also correspond to the 
1 3 int (—1, V3) 2 ° 
>> (0,1) poin ; : 
Solution (b): (6V2, 135°) lies in quadrant II. 
Identify r and 0. r=6V2  6= 135° 
2 
‘ Fi Find x. x = rcos@ = 6V2co0s 135° = 6V2 ( 2) 6 
7 
Ses ee V2 
©, -1) Find y. y = rsind = 6V2sin135° = ov2(~*) =6 
Write the point in 
rectangular coordinates. (—6, 6) 
Graphs of Polar Equations 
We are familiar with equations in rectangular form such as 
abst 141". y=3x+5 y=xr+2 xrt+y=9 
angled -1+J é (line) (parabola) (circle) 
Ans 188r Fr We now discuss equations in polar form (known as polar equations) such as 


| r= 50 r = 2cosé r = sin(50) 


which you will learn to recognize in this section as typical equations whose plots are some 
general shapes. 

Our first example deals with two of the simplest forms of polar equations: when r or 0 
is constant. The results are a circle centered at the origin and a line that passes through the 
origin, respectively. 


2 
The solution is (2. er). 
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EXAMPLE 3 Graphing a Polar Equation of the Form r = Constant = 
or 6 = Constant le 

Technology Tip 

Graph the polar equations. a. Graph the polar equation r = 3. 

T To use the TI calculator, set it in 


sr= 3 b. 6 = — 
a.r a 


Radian| mode and |Pol| mode. 


NORMAL ee a or 


Solution (a): Constant value of r FLOAT Cae Sa i) 
iG = DEGREE 
Approach | (polar coordinates): r = 3 (6 can take on any value) Furie FAR Fea 


SEQUENTIAL ee NG 
rena 


Plot points for arbitrary 6 and r = 3. REAL 
P y FULL oe 


Connect the points; a circle with radius 3. 


Approach 2 (rectangular coordinates): r=3 plete Whe gb lee 


~ri Bs 
Square both sides. r=9 
Remember that in rectangular 
coordinates r? = x* + y’. + y = 3? 
This is a circle, centered at im 2 Sm 
D2 


the origin, with radius 3. 


With the window setting, the circle 
is displayed as an oval. To display 
the circle properly, press 


ZOOM] |W| |5:ZSquare} |ENTER }. 


Solution (b): Constant value of 0 


Approach 1: 0 = i (r can take on any value, positive or negative) 


b. Now graph the polar equation 
7 
@==, 


Plot points for 6 = Z at several arbitrary values of r. 


. . . r a . The TI calculator cannot be used to 
Connect the points. The result is a line passing through the origin with graph equations in polar form with 


slope = i]m = tn( 7) | 0 = ease 
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7 
Approach 2: @ = vm" 


Take the tangent of both sides. tan@ = tan 7) 


Use the identity tan? = is —=1 
x : 


Multiply by x. 


The result is a line passing through 
the origin with slope = 1. 


Lee 
Technology Tip le Rectangular equations that depend on varying (not constant) values of x or y can be 
graphed by point-plotting (making a table and plotting the points). We will use this same 
procedure for graphing polar equations that depend on varying (not constant) values of r 
and 6. 


Graph r = 4cos@. 


FlokL Floke Floks 


sPidoos¢ ea : . 
SPS EXAMPLE 4 _ Graphing a Polar Equation of the Formr = c-cos0 
elias orr = c:sin0 
een Graph r = 4cos@. 
Ay 0 r= 4cos0 (r, 0) 
eee Solution: 
zA4i6 0 4(1) = (4, 0) 
ae Step 1 Make a table and 
= find several key values. a 4 v2 ~ 2.28 2.8 si 
Falis 4 2 >4 
WT HOC! Z| 4@ = (0, =) 


“Mn 7 es 7 4(-1) = —4 —4, 7) 
tYMaxee 

ay 4( ) ~2.8 (-28, ==) 
4 a) 4 
307 37 
ou 4(0) = 0 (0) 
0 V2 17 
Fe )a28 | (2877) 
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Step 2 Plot the points in polar coordinates. 


Step 3 Connect the points with a smooth curve. 


Notice that (4, 0) and (—4, 7) correspond to the 
same point. There is no need to continue with 
angles beyond 7, because the result would be to 
go around the same circle again. 


® YOUR TURN Graphr = 4siné. 


Compare the result of Example 4, the graph of r = 4cos9, with the result of the Your Turn, 
the graph of r = 4sin@. Notice that they are 90° out of phase (we simply rotate one graph 


90° about the pole to get the other graph). 


In general, graphs of polar equations of the form r = asin@ and r = acos@ are circles. 


Worps MatTH 
r = asin@ 


Apply trigonometric ratios: 


y x 
sind = — and cos@ = -. r= a> 
r r r 
Multiply the equations by r PP =e 
Let 7? =x? + y’. x+y = ay 
Group x terms together 
and y terms together. x? + (y’ - ay) = 


0 

Complete the square on the ‘ r (¢) | ( 
. . Bey = ay ae = 

expressions in parentheses. 2 


Graph of a circle. Center: (0.$ Radius: 5 


Center: (5. 0) Radius: 


ala 


Study Tip 
Graphs of r = asin@ and r = acos@ 
are circles. 


r = acos@ 
x 

r=a- 
r 

r- = ax 


2 
a 
poe +y2= 
(: 5) . 
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Technology Tip 


Graph r = 5sin(26). 


loth Flati Flote 
spy Basin SA 


Study Tip 


Graphs of r = asin(n@) and 


. 


r = acos(n@) are roses with n leaves 
if n is odd and 2n leaves if n is even. 


EXAMPLE 5_ Graphing a Polar Equation of the Formr = c:- sin(26) 
orr = c-cos(26) 


Graph r = 5sin(26). 
Solution: 


Step 1 Make a table and find key values. Since the argument of the sine function is 
doubled, the period is halved. Therefore, instead of steps of 7/4, take steps of 7/8. 


0 r= 5sin(20) (r, 0) 


So 


5(0) = 0 (0, 0) 


7 
5(0) = 0 (0, 5) 


Step 2 Label the polar coordinates. 


The values in the table represent what happens in quadrant I. The same pattern 
repeats in the other three quadrants. The result is a four-leaved rose. 


# YOUR TURN Graphr = 5cos(26). 


Compare the result of Example 5, the graph of r = 5sin(26), with the result of the Your 
Turn, the graph of r = 5cos(26). Notice that they are 45° out of phase (we rotate one graph 
45° about the pole to get the other graph). 

In general, for r = asin(n@) or r = acos(n8@), the graph has n leaves (petals) if n is odd 
and 2n leaves (petals) if 7 is even. As r increases, the leaves (petals) get longer. 

The next class of graphs are called limacons, which have equations of the form 
r= a+ beosdorr = a + bsin@é. When a = DB, the result is a cardioid (heart shape). 
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EXAMPLE 6 The Cardioid as a Polar Equation le 
Graph r = 2 + 2cos@. Technology Tip 
Solution: Graph r = 2 + 2cos@. 
Step 1 Make a table and find key Plath Pike Flok 
values. Cae sere i) sPibetscos¢83 
+AU) = shee 
This behavior repeats in 0 omic aes 8) 
drant III and V2 
ee = | 2eo(-= | e3a 54 
quadrant IV, because the 4 2 4 
cosine function has 
corresponding values in a 2+ 20) =2 (2. =) 
quadrant I and 2 2 
quadrant IV and in Ba V2 Sar 
quadrant II and A 2 2( 3 ) = 0.6 (0., =) 
quadrant HI. 
7 2+ 2(-1) =0 (0, 7) 
Step 2 Plot the points in polar coordinates. 2 sm 
Step 3 Connect the points with a 
smooth curve. The curve is a 
cardioid, a term formed 
from Greek roots meaning 
“heart-shaped.” 
e 
EXAMPLE 7_ Graphing a Polar Equation of the Formr = c-0 Technology Tip | 
Graph r = 0.50. Graph r = 0.56. 
Solution: Flaki Flake Flake 
“P18. oe 
Step 1 Make a table and 0 r= 0.50 (1,0) .PE= 
find key values. re g= 
. 0 0.5(0) = 0 (0, 0) an 
7 7 T ie 
=< 0.5| — ] © 0.8 0.8, — “Pa 
2 2 2 
7 0.5(77) ~ 1.6 (1.6, 77) 
3a 37 3a 
—— 0.5| — ] © 2.4 2.4, — 
2 (7) 047) 
Qa 0.5(277) © 3.1 (3.1, 2ar) 
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Step 2 Plot the points in polar coordinates. 


Step 3 Connect the points with a smooth curve. 
The curve is a spiral. 


EXAMPLE 8s Graphing a Polar Equation of the Form r? = c- sin(26) 
or r? = c-cos(260) 


Graph 7° = 4cos(26). 
Solution: 
Step 1 Make a table and find key values. 


Solving for r yields r = +2V cos(26). All coordinates (—r, #) can be expressed 
30 

4° 
because the corresponding values of cos(26) are negative and hence r is an 
imaginary number. The table also does not have values for 9 > a, because 


20 > 27a and the corresponding points are repeated. 


as (r,@ + 7). The following table does not have values for : <@< 


7) cos(20)| r= +2Vcos(26) (r, 0) 

0 1 r= 142 (2, 0) and (—2,0) = (2, 77) 

7 7 T Why 

= ; =~ +1.4 1.4,— d|—1.4,— ] =( 1.4,— 
aie ( 4 - ( 5) ( 6 ) 
7 7 

Z 0 r=0 (07) 

377 3a 

made = 0, 

rm 0 r=0 ( 4 ) 

Sa 57 57 lla 
— : = +1.4 1.4, — d |—1.4,— } =| 1.4, — 
7a bee ( 6 ) a ( 6 ) ( 6 ) 
7 1 r= +2 (2, a) and (—2, a) = (2, 277) 


Step 2 Plot the points in polar coordinates. 


Step 3 Connect the points with a smooth curve. 
The resulting curve is known as a 
lemniscate. 
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Converting Equations Between Polar = 
and Rectangular Form le 


TeCnEOIOgy EP.” 
2 


cos@ + sin@ 


It is not always advantageous to plot an equation in the form in which it is given. It is 
sometimes easier to first convert to rectangular form and then plot. For example, to plot Graph + = 


r = —. we could make a table with values. However, as you will see in Example 9, 
_, £osé + sind ; Fletd Flaki Flat 
it is much easier to convert this equation to rectangular coordinates. aha Bee Coos(e+si 
ree 
ee 
etal EXAMPLE 9 Converting an Equation from Polar Form in toad 
to Rectangular Form ae 
sree 
2 
Graph r = ————_., 
cos@ + sind 
Solution: 
Multiply the equation by cos@ + sind. r(cos@ + sin@) = 2 
Eliminate parentheses. rceos@ + rsin@d = 2 ee 
Convert the result to rectangular form. rcos@é + rsinO _ na 
——— a = 2 


Simplify. The result is a straight line. 


Graph the line. m Answer: y=x- 2 


ZYOUR TURN Graph r — 
cos@ — sin@ 


bl Ss SECTION 
’ 4 SUMMARY 


Graph polar coordinates (r, @) in the polar coordinate system first by rotating a ray to get the terminal 
side of the angle. Then if r is positive, go out r units from the origin in the direction of the angle. If r 
is negative, go out |r| units in the opposite direction of the angle. Conversions between polar and 
rectangular forms are given by 


FROM To IDENTITIES 

Polar (r, 0) Rectangular (x, y) x = rcos@ y = rsin0 

Rectangular (x, y) Polar (7, 8) r=Vrr+y tan@ = Ea x +0 
ny 


Be careful to note the proper quadrant 
for 0. 
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We can graph polar equations by point-plotting. Common shapes that arise are given in the follow- 
ing table. Sine and cosine curves have the same shapes (just rotated). If more than one equation is 
given, then the top equation corresponds to the actual graph. In this table, a and b are assumed to 
be positive. 


CLASSIFICATION SPECIAL NAME PoLaR EQUATIONS GRAPH 


Line Radial line 06=a 


Circle Circle centered at r=a 
the origin 
Circle Circle that touches the r = acos@ 


pole and whose center 
is on the polar axis 


Circle Circle that touches the r = asin@é 
pole and whose center 


; ; 7 
is on the line 0 = 2 


g 

1 

tT 
g 
oO 
° 
a 
> 


Limacon Cardioid r= 


Limagon Without inner loop r = —a — bcosé 
a>b r=a+t bsin@d 
Limagon With inner loop r=a-+ bsin@ 
a<b r= at bcosé 
Lemniscate r? = a’cos(20) 
r? = a’sin(20) 
Rose Three* rose petals r = asin(36) 


~ 
| 


= acos(36) 
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CLASSIFICATION SPECIAL NAME PoLaR EQUATIONS GRAPH 
Rose Four* rose petals r = asin(26) 
r = acos(20) 


*In the argument n6, if n is odd, there are n petals (leaves), and if n is even, there are 2n petals (leaves). 


SECTION 
8.8 EXERCISES 


"SKILLS 


In Exercises 1-10, plot each indicated point in a polar coordinate system. 


Sa 5a lla Qa T V0 
: —— : a : ——— F —— » |= 2. > 3 | -4,— 
(Qe) (QE) GE) OF) 8G) 6 OE) 
7. (—4, 270°) 8. (3, 135°) 9. (4, 225°) 10. (—2, 60°) 


In Exercises 11-20, convert each point to exact polar coordinates. Assume that 0 = 6 < 27. 
11. (2,2V3) 12. (3,3) 13. (-1,-V3) 14. (6,6V3) 15. (—4, 4) 16. (0, V2) 
17. (3,0) 18. (—7, —7) 19. (—V3,-1) 20. (2V3, -2) 


In Exercises 21-30, convert each point to exact rectangular coordinates. 


7 Wl 
si ae” 2. (2,37 33, “1. ) 24. (2,72) 25. (0.7) 26. (6,0) 
3 4 6 4 6 


27. (2, 240°) 28. (—3, 150°) 29. (1, 135°) 30. (5, 315°) 
In Exercises 31-34, match the polar graphs with their corresponding equations. 
31. r = 4cosé 32. r= 20 33. r=3+3sin0 34. r= 3sin(26) 
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In Exercises 35-50, graph each equation. 
dt: 


35. r=5 36. = —> 37. 
39. r = 4sin(26) 40. r = 5cos(26) 41. 
43. 1? = 9cos(20) 44, r? = 16sin(20) 45. 
47. r= 40 48. r = —20 49. 


r = 2cos@ 38. r = 3sin0 

r = 3sin(3@) 42. r = 4cos(36) 
r = —2cos0 46. r = —3sin(36) 
r= —3 + 2cosé 50. r= 2+ 3sin0 


In Exercises 51-54, convert the equation from polar to rectangular form. Identify the resulting equation as a line, parabola, 


or circle. 


51. r(sind + 2cos@) = 1 52. r(sin@ — 3cos@) = 2 


In Exercises 55-60, graph the polar equation. 
56. r= 40 


58. r = —3cos(46) 59. r= 


"APPLICATIONS 


61. Halley’s Comet. Halley’s comet travels an elliptical path 


that can be modeled with the polar equation 
_ 0.5870. + 0.967) 


1 — 0.967cosé 
Halley’s comet. 


. Sketch the graph of the path of 


62. Dwarf Planet Pluto. The planet Pluto travels in an 
elliptical orbit that can be modeled with the polar equation 


7 29.62(1 + 0.249) 
1 — 0.249cos@ 


. Sketch the graph of Pluto’s orbit. 


63. Archimedes Spiral. Spirals are seen in nature, as in the 
swirl of a pine cone; they are also used in machinery to 
convert motions. An Archimedes spiral has the general 
equation r = a@. A more general form for the equation of 
a spiral is r = a6'/", where n is a constant that determines 
how tightly the spiral is wrapped. Compare the Archimedes 
spiral r = 0 with the spiral r = @'/? by graphing both on 
the same polar graph. 


64. Archimedes Spiral. Spirals are seen in nature, as in the 
swirl of a pine cone; they are also used in machinery to 
convert motions. An Archimedes spiral has the general 
equation r = a@. A more general form for the equation of 
a spiral is r = a@'/", where n is a constant that 
determines how tightly the spiral is wrapped. Compare the 
Archimedes spiral r = 0 with the spiral r = 6/3 by 
graphing both on the same polar graph. 


For Exercises 65 and 66, refer to the following: 


The /emniscate motion occurs naturally in the flapping of birds’ 
wings. The bird’s vertical lift and wing sweep create the 
distinctive figure-eight pattern. The patterns vary with the 
different wing profiles. 


65. Flapping Wings of Birds. Compare the following two 
possible lemniscate patterns by graphing them on the same 
polar graph: r? = 4cos(2@) and r* = 4c0s(26). 


53. r°cos’@ — 2rcos@ + r*sin’?@ = 8 


—2 — 3cos@ 


54. r’cos’@ — rsin@ = —2 


57. r = 4sin(50) 
60. r = 4 — 3siné 


66. Flapping Wings of Birds. Compare the following two 
possible lemniscate patterns by graphing them on the same 
polar graph: r? = 4cos(26) and r? = 4cos(20 + 2). 


For Exercises 67 and 68, refer to the following: 


Many microphone manufacturers advertise that their 
microphones’ exceptional pickup capabilities isolate the sound 
source and minimize background noise. These microphones 
are described as cardioid microphones because of the pattern 
formed by the range of the pickup. 


67. Cardioid Pickup Pattern. Graph the cardioid curve 


r = 2 + 2sin@ to see what the range looks like. 


68. Cardioid Pickup Pattern. Graph the cardioid curve 


r = —4 — 4sin@ to see what the range looks like. 
For Exercises 69 and 70, refer to the following: 


The sword artistry of the Samurai is legendary in Japanese 
folklore and myth. The elegance with which a samurai could 
wield a sword rivals the grace exhibited by modern figure 
skaters. In more modern times, such legends have been rendered 
digitally in many different video games (e.g., Onimusha). In 
order to make the characters realistically move across the screen, 
and in particular, wield various sword motions true to the 
legends, trigonometric functions are extensively used in 
constructing the underlying graphics module. One famous 
movement is a figure eight, swept out with two hands on the 
sword. The actual path of the tip of the blade as the movement 
progresses in this figure-eight motion depends essentially on the 
length L of the sword and the speed with which it is swept out. 
Such a path is modeled using a polar equation of the form 


r°(0) = Leos(A@) or (0) = Lsin(A@), 6, = 0 = 05 


whose graphs are called lemniscates. 


69. 


70. 


71. 


Video Games. Graph the following equations: 
a. (0) = S5cos0,0 = 0 = 27 
b. r°(0) = 5cos(20),0 S057 


, 7 
ce. r°(0) = 5cos(46),0 = 05 s 

What do you notice about all of these graphs? Suppose that 
the movement of the tip of the sword in a game is 
governed by these graphs. Describe what happens if you 
change the domain in (b) and (c) to 0 S$ 6 S 27. 


Video Games. Write a polar equation that would describe 
the motion of a sword 12 units long that makes 8 complete 
motions in [0, 27]. 


Home Improvement. The owner of a garden maze has 
decided to replace the square central plot of the maze, 
which is 60 feet < 60 feet, with a section comprised of 

a spiral to make the participants literally feel as though 
they are going in circles as they reach the tall slide in the 
center of the maze (that leads to the exit). Assume that 

the center of the maze is at the origin. If the walkway must 
be 3 feet wide to accommodate a participant, and the 
bushes on either side of the walkway are 1.5 feet thick, 


=CATCH THE MISTAKE 


In Exercises 75 and 76, explain the mistake that is made. 


75. Convert (—2, —2) to polar coordinates. 
Solution: 


Label x and y. x=-2,y=-2 


Find r. 
r=Vety=V4+4 = V8 = 2Vv2 

—2 
Find 0. tand = —-= 1 

—2 

6 = tan (1) = — 
Write the point 
in polar 7 
2V2, — 

coordinates. ( V2, 7) 


This is incorrect. What mistake was made? 


72. 


73. 


74. 


76. 
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how many times can the spiral wrap around before the 
center is reached? Graph the resulting spiral. 


Home Improvement. Consider the garden maze in 
Exercise 71, but now suppose that the owner wants the 
spiral to wrap around exactly 3 times. How wide can the 
walkway then be throughout the spiral? Graph it. 


Magnetic Pendulum. A magnetic bob is affixed to an arm 
of length L, which is fastened to a pivot point. Three 
magnets of equal strength are positioned on a plane 

8 inches from the center; one is placed on the x-axis, one 
at 120° with respect to the positive x-axis, and the other at 
240° with respect to the positive x-axis. The path swept out 
is a three-petal rose, as shown below: 


ala 


nla 


3 lin 3, 9m 3 
2 FS 72 


a. Find the equation of this path. 


b. How many times does the path retrace itself on the 
interval [0, 1007]? 


Magnetic Pendulum. In reference to the context of 
Exercise 73, now position 8 magnets, each 8 units from the 
origin and at the vertices of a regular octagon, one being 
on the x-axis. Assume that the path of the pendulum is an 
eight-petal rose. 


a. Find the equation of this path. 
b. Graph this equation. 


Convert (-v3, 1) to polar coordinates. 


Solution: 
Label x and y. x=-V3,y=1 
Find r. r=Vet+y=vV34F1=V4=2 
Find @. eae es 
-V3 V3 
6= tan ( : ) ul 
V3 4 
Write the 
point in polar (2. = *) 
coordinates. 4 


This is incorrect. What mistake was made? 
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=CONCEPTUAL 


In Exercises 77 and 78, determine whether each statement is true or false. 


77. All cardioids are limagons, but not all limagons are 
cardioids. 


78. All limagons are cardioids, but not all cardioids are 
limagons. 


79. Find the polar equation that is equivalent to a vertical line, 
x =a. 


= CHALLENGE 


83. Determine the values of 6 at which r = 4cos@ and 
rcos@ = | intersect. Graph both equations. 


asin(2 0) 


85. Find the Cartesian equation for r = —_-——__,-. 
cos’@ — sin’ @ 


87. Consider the equation r = 2acos(@ — b). Sketch the graph 
for various values of a and J, and then give a general 
description of the graph. 


"TECHNOLOGY 


0 
89. Given r = cos(5), find the 6-intervals for the inner loop 


above the x-axis. 


30 
90. Given r = 2eos( >), find the 6-intervals for the petal in 
the first quadrant. 


91. Given r = 1 + 3cos9, find the 6-intervals for the 
inner loop. 


88. 


80. Find the polar equation that is equivalent to a horizontal 


line, y = b. 


81. Give another pair of polar coordinates for the point (a, 6). 


82. Convert (—a, b) to polar coordinates. Assume that 


a>0,b>0. 


84. Find the Cartesian equation for r = asin@ + bcos6, 
where a and b are positive. Identify the type of graph. 


| 


It 3 


. Identify an equation for the following graph: 


Consider the equation r = asin(b@), where a, b > 0. 


Determine the smallest number M for which the graph 


starts to repeat. 


92. Given r = 1 + sin(26) and r = 1 — cos(286), find all 


points of intersection. 


93. Given r = 2 + sin(46) and r 
the points of intersection. 


94. Given r = 2 — cos(30) and r 
points of intersection. 


ll 


1, find the angles of all 


1.5, find the angles of all 


CHAPTER 8 INQUIRY-BASED LEARNING PROJECT 
When solving triangles using the Law of Sines, it is important to keep in mind 
the domain and range of the inverse sine function, because it can play a role in 
determining your answers. Make sure to check your answers for reasonableness, 
especially when solving an obtuse triangle, as you will see next. 


For a triangle ABC, two side lengths and the measure of the angle between them 
are given below. 


b= 24 c=8 A= 15° 


1. How many triangles are possible with these measurements? Explain. 

2. Make a careful sketch of a triangle and label the given information. Also label the 
unknown side a, and the unknown angles opposite sides b and c, as B and C, 
respectively. What can you say about angle B? 

3. Explain why the Law of Cosines is needed for this problem. 

4. Find the length of side a. Round to three significant digits. 

5. Suppose a fellow student now wants to find the measure of angle B, and 
decides to use the Law of Sines. Shown below are the steps he wrote out to 


illustrate his process for computing the measure of B and C. Look at the chart 
he filled in below. 


24 
j= sin| 
16.4 


sin(1 5) 7m 9013° 


C = 180° — (15° + 22.3°) = 142.7° 


Sides Angles 
a 16.4 A Io” 
24 B PY) es 
8 C 142.7° 


What is wrong with the answers given by this student? 


6. Because your calculator gives positive values of sin” 'x only between O and 90°, 
the answer this student got for the measure of angle B does not make sense. 
Show what he needs to do to correct his error. 
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MODELING OUR WORLD 
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Many Americans are considering hybrid and electric automobiles as an attractive 
alternative to traditional automobiles. The following table illustrates the approximate 
gross vehicle weight of both a large SUV and a small hybrid and the approximate fuel 
economy rates in miles per gallon: 


AUTOMOBILE WEIGHT MPG 
Ford Expedition 7100 Ib 18 
Toyota Prius 2800 Ib 45 


Recall that the amount of work to push an object that weighs F pounds a distance of 
d feet along a horizontal is W = F-d. 


1. 
2. 
3. 


Calculate how much work it would take to move a Ford Expedition 100 feet. 
Calculate how much work it would take to move a Toyota Prius 100 feet. 


Compare the values you calculated in Questions 1 and 2. What is the ratio of work 
to move the Expedition to work required to move the Prius? 


Compare the result in Question 3 with the ratio of fuel economy (mpg) for these two 
vehicles. What can you conclude about the relationship between weight of an 
automobile and fuel economy? 


Calculate the work required to move both the Ford Expedition and Toyota Prius 
100 feet along an incline that makes a 45° angle with the ground (horizontal). 


Based on your results in Question 5, do you expect the fuel economy ratios to be the 
same in this inclined scenario compared with the horizontal? In other words, should 
consumers in Florida (flat) be guided by the same “numbers” as consumers in the 
Appalachian Mountains (North Carolina)? 


» CHAPTER 8 REVIEW 


SECTION ConcePT 


8.1 Oblique triangles 
and the Law of Sines 


Key IDEAS/FORMULAS 


Solving oblique triangles 
Four cases 

mg AAS/ASA 

a SSA 

a SAS 

a SSS 


8.2 The Law of Cosines 


The Law of Sines 
sina sinB _ siny 


ab C 


a AAS (or ASA) triangles 
a SSA triangles (ambiguous case) 
a= +c — 2becosa 
b =a +c — 2accosB 
C= a + b — 2abcosy 


Solving oblique triangles 


8.3 The area of a triangle 


a SAS triangles 
a SSS triangles 


The area of a triangle 
(SAS case) 


MAIAAY YALdVHO 


Use the Law of Sines for the SAS case: 


Asascase = sbesina when b, c, and @ are known. 
Asas case = ab siny when a, b, and y are known. 


1 ‘ 
Asascase = 7acSin B when a, c, and B are known. 


The area of a triangle 
(SSS case) 


Use Heron’s formula for the SSS case: 


Agss case = V8(s — a)(s — b)(s = c) 


where a, b, and c are the lengths of the sides of the 
triangle and s is half the perimeter of the triangle, 
called the semiperimeter. 
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CHAPTER REVIEW 


SECTION CoNncePT Key IDEAS/FORMULAS 
8.4 Vectors Vector u or AB 
B 
u 
A 
Vectors: Magnitude and Direction u = (a,b) 
Geometric Algebraic 
Magnitude | length of a vector lul = Ve + B? 
Direction 0 tang = — 
a 
tail-to-tip 
- u = (a,b) and v = (c,d) 
u+v 
Aditon v ut+tv=(atcb+d) 
u 


Vector operations 


Scalar multiplication: k (a,b) = (ka, kb) 


Horizontal and vertical 
components of a vector 


Horizontal component: a = lulcos@ 
Vertical component: b = lulsin@ 


Unit vectors 


v 


lv| 


Resultant vectors 


8.5 The dot product 


a The product of a scalar and a vector is a vector. 
a The dot product of two vectors is a scalar. 


Multiplying two vectors: 
the dot product 


u = (a,b) and v = (c,d) 
u-v = ac + bd 


Angle between 
two vectors 


Work 


If 6 is the angle between two nonzero vectors u and v, 
where 0° = 6 = 180°, then 


u:v 


cos? = 
lul|v| 


Orthogonal (perpendicular) vectors: u: v = 0 
When force and displacement are in the same 
direction: W = |F\ldl. 


When force and displacement are not in the same 
direction: W = F-d. 


SECTION 


CoNcEPT 


Key IDEAS/FORMULAS 


Polar (trigonometric) 


form of complex numbers 


Complex numbers in 
rectangular form 


The modulus, or magnitude, of a complex number 
z = x + iy is the distance from the origin to the point 
(x, y) in the complex plane given by 


d= Very 


Complex numbers 
in polar form 


The polar form of a complex number is 
z= r(cos@ + isin) 


where r represents the modulus (magnitude) of the complex 
number and 6 represents the argument of z. 


Products, quotients, 
powers, and roots of 
complex numbers 


Converting complex numbers between rectangular and 
polar forms: 


Step 1: Plot the point z = x + yi in the complex plane 
(note the quadrant). 


Step 2: Find r. Use r = Very. 
Step 3: Find 6. Use tan@ = a x # 0, where @ is in the 
x 


quadrant found in Step 1. 


Products of complex 
numbers 


Let z; = r,(cos@,; + isin@,) and z) = r,(cos@, + isin) 
be two complex numbers. The product z,z, is given by 


ZZ. = ryro[cos(O, + 87) + isin(O, + 6)] 


(2) 
I 
> 
U 
+ 
m 
a 
a 
m 
< 
m 
= 


Multiply the magnitudes and add the arguments. 


Quotients of complex 
numbers 


Let z; = r,(cos6@, + isin@,) and z, = r,(cos@, + isin.) 


ee see 
be two complex numbers. The quotient = is given by 
2 


41 


i 
: [cos(@, — 63) + isin(@; — 65)] 
2 In 


Divide the magnitudes and subtract the arguments. 


Powers of complex 
numbers 


Roots of complex 
numbers 


De Moivre’s theorem 

If z = r(cos@ + isin@) is a complex number, then 
z" = r"[cos(n@) + isin(n@)],n = 1, where nis an 
integer. 


The nth roots of the complex number z = r(cos@ + isin@) 
are given by 


7 vl (é ; a _ (2 a] 
WT COS T r 7sim T 
n n n n 
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CHAPTER REVIEW 


SECTION CONCEPT Key IDEAS/FORMULAS 


8.8 Polar equations 
and graphs 
Polar coordinates To plot a point (r, 0): 
@ Start on the polar axis and rotate a ray to form the 
terminal side of an angle 0. 
a Ifr > O, the point is r units from the origin in the 
same direction as the terminal side of 0. 
aw If r < 0, the point is |r| units from the origin in the 
opposite direction of the terminal side of 0. 
Ia 2 Sa 
27 12 * 12) 
Bi 3 
Converting between From polar (r, #) to rectangular (x, y): 
polar and rectangular pe pees ersu0 
coordinates 
From rectangular (x, y) to polar (7, 6): 
2 2 y 
r= x+y tand=— x#0 
x 
Graphs of polar equations Radial line, circle, spiral, rose petals, lemniscate, 


and limagon 
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CHAPTER 8 REVIEW EXERCISES 


8.1 Oblique Triangles and the 33. b = 16,c = 18,a@ = 100° 34. a = 25,c = 25, B = 9° 
Law of Sines 35. b = 12,c = 40,a= 10° 36. a = 26,b = 20,c = 10 
Bole ee rven Mila eN 37. a= 26,b=40,c=13 38 a=1,b=2,c=3 


1. a = 10°,B = 20°,a =4 
2. B = 40°,y = 60°,b = 10 


39. a = 6.3,b = 4.2,a = 15° 40. b = 5,c = 6,8 = 35° 


i = 5° =45°c=1 . 
i, ie ee 8.3 The Area of a Triangle 
4. B = 60°,y = 70°,a = 20 

Find the area of each triangle described. 
5. y= 11°,a= 11°,c = 11 

41. b = 16,c = 18,a@ = 100° 42. a = 25,c = 25,B=9° 
6. B = 20°,y = 50°,b = 8 

43. a = 10,b = Il,c = 12 44, a = 22,b = 24,c = 25 
7. a = 45°,y = 45°,b = 2 

45. a = 26,b = 20,c = 10 46. a = 24,b = 32,c = 40 
8. a = 60°, B = 20°,c = 17 

47. b = 12,c = 40,a= 10° 48. a = 21,c = 75, B= 60° 
9. 


a = 12°,y = 22°,a = 99 


10. B = 102°, y = 27°,a = 24 Applications 


Two sides and an angle are given. Determine whether a 49. Area of Inscribed Triangle. The area of a triangle inscribed 
triangle (or two) exist and, if so, solve the triangle. in a circle can be found if you know the lengths of the sides 
abe |. 
il. 2276 = 0.4 = 20 of the triangle and the radius of the circle: A = a Find the 
12. b = 24,c = 30,8 = 16° radius of the circle that circumscribes the triangle if all the 
. e sides of the triangle measure 9 inches and the area of the 
13. a = 10,c = 12,a@ = 24° triangle is 35 square inches. 


a 

14. b = 100,c = 116, B = 12° 
15. a = 40,b = 30, B = 150° 
16. b = 2,c = 3,y = 165° 
17. a= 4,b = 6,a = 10° 

18. c = 25,a = 37,y = 4° 


a 
m 
= 
m 
= 
m 
x 
m 
a 
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m 
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83.2 The Law of Cosines 


50. Area of Inscribed Triangle. The area of a triangle inscribed 
19. How Far from Home? Gary walked 8 miles due north, in a circle can be found if you know the lengths of the sides 
made a 130° turn to the southeast, and walked for another : . : abc _. 
6 miles. How far was Gary from home? of the triangle and the radius of the circle: A = ie Find the 
radius of the circle that circumscribes the triangle if the sides 
of the triangle measure 9, 12, and 15 inches and the area of 


the triangle is 54 square inches. 


20. How Far from Home? Mary walked 10 miles due north, 
made a 55° turn to the northeast, and walked for another 
3 miles. How far was Mary from home? 


Solve each triangle. 

21. a = 40,b = 60,y = 50° 22. b=15,c=12,a=140° 8-4 Vectors 

23. a = 24,b = 25,c = 30 24. a=6,b=6,c=8 Find the magnitude of vector AB. 
25. a= VI11,b=V14,c=5 26. a=22,b=120,c=122 51. A =, —3)and B = (—8, 2) 
27. b=7,c =10,a= 14° 28. a = 6,b = 12, y = 80° 52. A = (—2, 11) and B = (2, 8) 
29. b= 10,c=4,a= 90° 30. a= 4,b =5,y = 75° 53. A = (0, —3) and B = (5,9) 
31. a 


10,.b=1lc=12 32. a=22,b = 24,c = 25 54. A = (3,—11)and B = (9, —3) 
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Find the magnitude and direction angle of the given vector. 


55. u = (—10,24) 
57. u = (16, -12) 


56. u = (—5,—12) 
58. u = (0,3) 


Perform the vector operation, given that u = (7, —2) and 


v = (-4, 5). 
59, 2u + 3v 60. u—v 
61. 6u+v 62. —3(u + 2v) 


Find the vector, given its magnitude and direction angle. 
64. |u| = 8,9= 225° 
66. |u| = 20,0= 15° 


lu| = 10,@= 75° 
lul = 12, 0= 105° 


Find a unit vector in the direction of the given vector. 


67. v = (V6, —V6) 68. v = (—11,60) 
Perform the indicated vector operation. 
69. (3i — 4j) + (2i + 5j) 70. (—6i + j) — (91 — j) 


8.5 The Dot Product 


Find the indicated dot product. 
71. (6,—3):(1,4) 

73. (3,3) + (3, —6) 

75. (0,8) + (1,2) 


72. (—6, 5) +(—4, 2) 
74, (—2,—8)-(=1,1) 
76. (4,3) -(—1,0) 


Find the angle (round to the nearest degree) between each 
pair of vectors. 


77. (3,4) and (—5, 12) 
(1, V2 ) and (—1,3V2) 
81. (3,5) and (—4, —4) 


78. (—4,5) and (5, —4) 
80. (7, —24) and (—6, 8) 
82. (—1,6) and (2, —2) 
Determine whether each pair of vectors is orthogonal. 


83. (8,3) and (—3, 12) 84. (—6,2) and (4, 12) 


85. (5,—6)and(—12,-10) 86. (1,1) and (—4, 4) 
87. (0,4) and (0, —4) 88. (—7,2) and (4, -3) 
89. (6z,a — b) and (a + b, —6z) 

90. (a — b,—1) and(a + b,a? — Bb’) 


8.6 Polar (Trigonometric) Form 
of Complex Numbers 


Graph each complex number in the complex plane. 


91. -6 + 2i 92. 5i 
Express each complex number in polar form. 
V2 = 25 94. V3 + i 


95. —8i 96. —8 — 81 


With a calculator, express each complex number in polar form. 
97. —60 + Ili 98. 
99. 15 + 8i 100. 


9 — 407 
—10 — 24: 


Express each complex number in rectangular form. 
101. 6(cos300° + isin300°) 

102. 4(cos210° + isin210°) 

103. V2(cos 135° + isin135°) 

104. 4(cos 150° 


+ isin150°) 

With a calculator, express each complex number in 
rectangular form. 

105. 4(cos200° + isin200°) 

106. 3(cos350° + isin350°) 


8.7 Products, Quotients, Powers, 
and Roots of Complex Numbers 


Find the product Z,z>. 

107. 3(cos200° + isin200°) and 4(cos70° + isin70°) 
108. 3(cos20° + isin20°) and 4(cos220° + isin 220°) 
109. 7(cos 100° + isin 100°) and 3(cos 140° + isin 140°) 
110. (cos290° + isin290°) and 4(cos40° + isin40°) 


z 
Find the quotient = 


111. V6(cos200° + isin200°) and V6(cos50° + isin50°) 
112. 18(cos190° + isin 190°) and 2(cos 100° + isin 100°) 
113. 24(cos290° + isin290°) and 4(cos 110° + isin110°) 
114. V/200(cos93° + isin93°) and V2(cos48° + isin48°) 


Find the result of each expression using De Moivre’s 
theorem. Write the answer in rectangular form. 


115. (3 + 3i)' 116. 3 + V3i)* 
117. (1 + V3iy 118. (—2 — 2i)’ 


Find all mth roots of z. Write the answers in polar form, and 
plot the roots in the complex plane. 


119. 2+ 2V3i,n = 2 120. -8 + 8V3i,n = 4 
121. —256,n = 4 122. -18i,n = 2 


Find all complex solutions to the given equations. 
123. « + 216 =0 124. 
125. x7 +1=0 126. 


xt~-1=0 
x — 125=0 


8.8 Polar Equations and Graphs 


Convert each point to exact polar coordinates (assuming 
that 0 = 0 < 27), and then graph the point in the polar 
coordinate system. 


127. (—2,2) 128. (4, -4V3) 
129. (-5V3, —5) 130. (V3, V3) 
131. (0, —2) 132. (11,0) 


Convert each point to exact rectangular coordinates. 


Sa Sa 

133. | —3,— 134. | 4, 
s(-.88) tae (452) 
7 V0 

135;. | 23 136. | 6, — 
(2.5) ( 7 
Air V0 

137. | 1,— 138. | —3, — 
w. (42) se (-312) 


Graph each equation. 
139. r = 4cos(26) 140. r = sin(3é@) 
141. r= —-0 142. r = 4 — 3sin0 


Technology Exercises 


Section 8.1 


Let A, B, and C be the lengths of the three sides of a triangle 
with X, Y, and Z as the corresponding angles. Write a program 
using a TI calculator to solve the given triangle. 


143. A = 31.6, C = 23.9, X = 42° 
144. A = 137.2, B = 125.1, Y = 54° 


Section 8.2 


Let A, B, and C be the lengths of the three sides of a triangle 
with X, Y, and Z as the corresponding angles. Write a program 
using a TI calculator to solve the given triangle. 


145. A = V33,B = V29, Z = 41.6° 
146. A = 3412, B = 2178, C = 1576 


147. A = 312, B = 267, C = 189 


148. A = 12.7, B = 29.9, Z = 104.8° 


Review Exercises 951 


Section 8.4 


With the graphing calculator |SUM| command, find the 
magnitude of the given vector. Also, find the direction angle to 
the nearest degree. 


149, (25, —60) 
150. (—70, 1015) 


Section 8.5 


With the graphing calculator |[SUM| command, find the angle 
(round to the nearest degree) between each pair of vectors. 


151. (14, 37), (9, —26) 
152. (—23, —8), (18, —32) 


Section 8.6 


Another way of using a graphing calculator to represent 
complex numbers in rectangular form is to enter the real and 
imaginary parts as a list of two numbers and use the [SUM 
command to find the modulus. 


153. Write —V23 — 11iin polar form using the |SUM 
command to find its modulus, and round the angle to 
the nearest degree. 


154. Write 11 + 237 in polar form using the |SUM 
command to find its modulus, and round the angle to 


the nearest degree. 


Section 8.7 


155. Find the fourth roots of —8 + 83i, and draw the complex 
rectangle with the calculator. 

156. Find the fourth roots of 8V3 + 8i, and draw the complex 
rectangle with the calculator. 
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Section 8.8 


157. Given r = 1 — 2sin(36) find the angles of all points of 
intersection (where r = 0). 
158. Given r = 1 + 2cos(36) find the angles of all points of 


intersection (where r = 0). 


CHAPTER 8 PRACTICE TEST 


Solve the triangles, if possible. 
1. a = 30°, B = 40°,b = 10 
2. a = 47°, B = 98°,y = 35° 

a=7,b=9,c = 12 
a = 45°,a = 8,b = 10 


a=1,b=1,c=2 
Bic = 3, B = 61.2° 
110°, 8 = 20°,a = 5 


Ye 3V5,a = 45° 


a 
Qa 
ll 


a 
= 
In Exercises 9 and 10, find the areas of the given triangles. 
9. Y = 72°,a = 10,b = 12 
10. a = 7,b = 10,c = 13 


11. Find the magnitude and direction angle of the vector 
u = (—5, 12). 
12. Find a unit vector pointing in the same direction as 
v = (-3, -4). 
13. Perform the indicated operations: 
a. 2(—1,4) — 3 (4,1) 
b. (-7, —1) + (2,2) 
14. In a post pattern in football, the receiver in motion runs 
past the quarterback parallel to the line of scrimmage (A), 


runs 12 yards perpendicular to the line of scrimmage (B), 
and then cuts toward the goal post (C). 


PRACTICE TEST 


1/0 2)0 3)0 4/0 5 
O}T O/Z OE OP OFS OF Of€ OFZ Oj} 


A receiver runs the post pattern. If the magnitudes of the 
vectors are |A] = 3 yards, |B] = 12 yards, and 

IC | = 18 yards, find the magnitude of the resultant vector 
A + B+ C and the direction angle 6. 


For Exercises 15-17, use the complex number 
z = 16(cos120° + isin120°). 


15. Find z’. 
16. Find the four distinct fourth roots of z. 


17. Convert the point (3, 210°) to rectangular coordinates. 
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18. Graph r = 6sin(26). 
19. Graph r? = 9cos(26). 
20. Find x such that (x, 1) is perpendicular to 37 — 47. 


21. Prove that U-(v —w) =W-v —u-w. 

22. Construct a unit vector in the opposite direction of (3,5). 

23. Compute uv -v if |u| = 4,|v] = 10, and@ = a 

24. Determine whether w and ¥ are parallel, perpendicular, or 
neither: uv = (sin0,cos@) v = (—cos@, sin). 


25. Find the magnitude of —i — 7. 


26. Determine 0, when a streetlight is formed as follows: 


27. Find the lengths of a, b, c, and d in the following diagram: 


28. True or False: If vw + v is perpendicular to w — v, then 
lz] = |v]. 
29. Solve z* + 256i = 0. 


30. Convert to a Cartesian equation: r? = tané. 


31. With the graphing calculator |SUM] command, find the 
angle (round to the nearest degree) between the pair of 
vectors: (—8, —11) and (—16, 26). 


32. Find the fourth roots of —8V3 — 8i, and draw the 
complex rectangle with the calculator. 


CHAPTERS 1-8 CUMULATIVE 


1. Solve using the square root method: (2 — x)? = —16. 


2. Solve for x, and express the solution in interval notation: 
=$4°=3.= 12. 


3. Find the slope of the line that passes through the points 
1 3 1 i 
(3, 7) and (—g, -g). 
4. Transform the equation into standard form by completing the 
square. State the center and radius of the circle: 
r+ yy —3.2x + 4.4y — 0.44 = 0. 
5. Using the function f(x) = 5 — x’, evaluate the difference 
f@ + h) — fx) 


tient 
quotien ; 
6. Given the piecewise-defined function 

x x= 0 

f@®=42x-1 05%x%<5 
§5—x .6«“2e5 

find: 

af) bf4) oe f(5)  d. f(-4) 


e. State the domain and range in interval notation. 
f. Determine the intervals where the function is increasing, 
decreasing, or constant. 


7. Evaluate f(g(—1)), gx) = We, and f(x) = 


x+t1 


8. Find a quadratic function that has the vertex (1.5, 2.5) and 
point (—0.5, —0.5). 


9. For the function f(x) = 5x°(x + 2)°(Q° + 7), find all of the 
real zeros and state the multiplicity. 


10. List the possible rational zeros, and test to determine all 


rational zeros for P(x) = 6x° + x° — 5x — 2. 


+3 
11. Graph the rational function f(x) = r= Give all 
x- 
asymptotes. 


12. Graph the exponential function f(x) = 5*"', and state the 
y-intercept, the domain, the range, and the horizontal 
asymptote. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 
24. 


25. 


26. 


27. 


How much money should be put in a savings account now 
that earns 5.5% a year compounded continuously, if you 
want to have $85,000 in 15 years? 

Graph the function f(x) = —log(x) + 2, using 
transformation techniques. 


Use properties of logarithms to simplify the expression 
1 03 log 10° 


Solve for x: InV6 — 3x 


5 In(x + 2) = Ina). 


In a 45°-45°-90° triangle, if the two legs have length 15 feet, 
how long is the hypotenuse? 


Find the positive measure of @ (rounded to the nearest 
degree) when tan@ = 1.4285 and the terminal side of @ lies 
in quadrant III. 


Graph y = 3cos(2x) over one period. 


If sin@ = & and the terminal side of @ lies in quadrant IJ, 
find the exact value of secé@. 


Find the exact value of cos(a — B) when cosa = a 


cosB = i, the terminal side of @ lies in quadrant IV, 
and the terminal side of 6 in quadrant II. 
Solve the trigonometric equation cos(20) = —} exactly, over 


the interval 0 = 6<27. 
Solve the triangle with b = 8,a = 13, andy = 21°. 
Given u = (5, —3) and v = (—2, 6), find 4(v — wu). 


LS3AL AAILVIANNSD 


3 3 
Express the complex number 2v3{ cos +i sin" ) 


in rectangular form. 


With the graphing calculator |SUM| command, find the 
magnitude of vector (40, —96) and the direction angle 
to the nearest degree. 


Given r = 2 — S5sin(26), find the angles of all points 
of intersection (when r = 0). Round the angles to the 
nearest degree. 
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Systems of Linear 
Equations and 
Inequalities 


n August 29, 2005, Hurricane Katrina unleashed its fury in Southeast 
Ore The most significant number of deaths occurred in New 
Orleans which flooded when its levee system failed. 

The Federal Emergency Management Agency (FEMA) coordinated 
the relief effort, including trucks that hauled generators, water, and 
tarps. FEMA was faced with an optimization problem in mathematics 
that involved maximizing the number of people aided by the relief 
subject to the constraints of the weight of the relief items and how 
much space they would take on the trucks. For example, how many 
generators, cases of water, and tarps could each truck haul, and how 
many of each would bring aid to the greatest number of people? 


Sain}diq Xnpay /eweyes ‘O 


Sain}did xnpay /Pjeweyes ‘O 
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> IN THIS CHAPTER = oo 


COMDO: 


9.1 9.2 9.3 9.4 9.5 
Systems of Systems Partial Systems of The Linear 
Linear of Linear Fractions Linear Programming 
Equations in Equations Inequalities in Model 
Two Variables in Three Two Variables 
Variables 


e Solving Systems e Solving Systems e Performing e Linear e Solving an 
of Linear of Linear Partial-Fraction Inequalities Optimization 
Equations Equations in Decomposition in Two Variables Problem 

e Three Methods Three Variables e Systems 
and Three Types e Types of of Linear 
of Solutions Solutions Inequalities 


in Two Variables 


LEARNING OBJECTIVES 


= Solve systems of linear equations in two variables with the substitution method and the 
elimination method. 


= Solve systems of linear equations in three variables employing a combination of the elimination 
and substitution methods. 


= Perform partial-fraction decomposition. 
= Solve a system of linear inequalities by finding the overlapping shaded regions. 
= Use the linear programming model to solve optimization problems subject to constraints. 
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SECTION SYSTEMS OF LINEAR EQUATIONS 
9.1 IN TWO VARIABLES 


Solving Systems of Linear Equations 


Overview 


We learned in Section 2.3 that a linear equation in two variables is given in standard 
form by 


Ax + By=C 


and that the graph of this linear equation is a line, provided that A and B are not both equal 
to zero. In this section we discuss systems of linear equations, which can be thought of as 
simultaneous equations. To solve a system of linear equations means to find the solution 
that satisfies both equations: 


x+2y= 6 
3x - y=1l1 


We can interpret the solution to this system of equations both algebraically and graphically. 


ALGEBRAIC GRAPHICAL 
Solution x=4andy=1 (4, 1) 
Equation 1 Equation 2 
Check x+ 2y=6 3x-y=11 


()+20)=6¥ 34 -1l=llv 


Interpretation x = 4and y = | satisfy both equations. The point (4, 1) lies on both lines. 


This particular example had one solution. There are systems of equations that have no 
solution or infinitely many solutions. We give these systems special names: independent, 
inconsistent, and dependent, respectively. 


9.1 Systems of Linear Equations in Two Variables 


INDEPENDENT SYSTEM INCONSISTENT SYSTEM DEPENDENT SYSTEM 


One solution No solution Infinitely many solutions 


AY AY Bd 


x x 
> > 
Lines have different slopes Lines are parallel (same slope Lines coincide (same slope and 
and different y-intercepts) same y-intercept) 


In this section we discuss three methods for solving systems of linear equations: substitution, 
elimination, and graphing. We use the algebraic methods—substitution and elimination—to 
find solutions exactly; we then look at a graphical interpretation of the solution (two lines that 
intersect at one point, parallel lines, or coinciding lines). 

We will illustrate each method with the same example given earlier: 


x+2y= 6 Equation (1) 
3x- y=11 Equation (2) 


Substitution Method 


The following box summarizes the substitution method for solving systems of linear 
equations in two variables. 


SUBSTITUTION METHOD 


Step 1: Solve one of the equations for one variable Equation (2): y = 3x — 11 
in terms of the other variable. 


Step 2: Substitute the expression found in Step 1 into the | Equation (1): x + 2(3x — 11) =6 


other equation. The result is an equation in one 


variable. 

Step 3: Solve the equation obtained in Step 2. Har Ox = 22 = (6) 
7x = 28 
x=4 

Step 4: Back-substitute the value found in Step 3 into y = 3(4) - 11 

the expression found in Step 1. pl 
Step 5: Check that the solution satisfies both equations. Equation (1): x + 2y=6 

Substitute (4, 1) into both equations. (4) +201) =6 Vv 


Equation (2): 3x —y = 11 
34)-l=l1lv 
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lead EXAMPLE 1_ Determining by Substitution That a System Has 
One Solution 


Use the substitution method to solve the following system of linear equations: 


x+y=8 Equation (1) 


3x -—y=4 Equation (2) 
Solution: 
Step 1 Solve Equation (2) for y in terms of x. y=3x-4 
Step 2 Substitute y = 3x — 4 into Equation (1). x+(3x—-4)=8 
STEP 3 Solve for x. x+3x-4= 
4x = 12 
Step 4 Back-substitute x = 3 into the equation found in Step 1. y = 333) -—4 
y=5 
Step 5 Check that (3, 5) satisfies both equations. 
Equation (1): xty=8 
3+5=3 
Equation (2): 3x -y=4 
333) -5 =4 


Note: The graphs of the two equations are two lines that intersect at the point (3, 5). 


EXAMPLE 2_ Determining by Substitution That a System Has 
No Solution 


Use the substitution method to solve the following system of linear equations: 
x- y= 2 Equation (1) 
2x — 2y = 10 Equation (2) 


Solution: 

Step 1 Solve Equation (1) for y in terms of x. y=x-2 

Step 2 Substitute y = x — 2 into Equation (2). 2x — 2(x — 2) = 10 
STEP 3 Solve for x. 2x —2x+4=10 


4=10 


4 = 10 is never true, so this is called an inconsistent system. There is to 


this system of linear equations. 


Note: The graphs of the two equations are parallel lines. 


9.1 Systems of Linear Equations in Two Variables 959 


EXAMPLE 3_ Determining by Substitution That a System Has 
Infinitely Many Solutions 


Use the substitution method to solve the following system of linear equations: 
x-y= 2 Equation (1) 
—xty=-2 Equation (2) 


Solution: 
Step 1 Solve Equation (1) for y in terms of x. y=x-2 
Step 2 Substitute y = x — 2 into Equation (2). —x+(x-2)=-2 AY 
> 
STEP 3 Solve for x. —xt+x-2=-2 
—2=-2 
—2 = —2 is always true, so this is called a dependent system. Notice, for instance, 
that the points (2, 0), (4, 2), and (7, 5) all satisfy both equations. In fact, there are -5 


infinitely many solutions) to this system of linear equations. All solutions are in 


the form (x, y), where y = x — 2 (the graphs of these two equations are the same line). 
If we let x = a, then y = a — 2. In other words all of the points (a, a — 2) where a is 
any real number are solutions to this system of linear equations. 


sags F . = Answer: a. no solution 
= YOUR TURN Use the substitution method to solve each system of linear equations. b. (4,2) 


a. 2x+ y=3 bo x- y= 2 ce x+2y=1 c. infinitely many 
aeraa 4x — 3y = 10 2x + 4y = 2 stations: (a, >) 
> 2 


Elimination Method 


We now turn our attention to another method, elimination, which is often preferred over 
substitution and will later be used in higher order systems. In a system of two linear 
equations in two variables, the equations can be combined, resulting in a third equation 
in one variable, thus eliminating one of the variables. The following is an example of when 
elimination would be preferred because the y terms sum to zero when the two equations are 


added together: 
2x-y= 5 
—x+y=-2 
x = 3 


When you cannot eliminate a variable simply by adding the two equations, multiply one 
equation by a constant that will cause the coefficients of some variable in the two equations 
to match and be opposite in sign. 

The following box summarizes the elimination method, also called the addition 
method, for solving systems of linear equations in two variables using the same example 
given earlier: 


x+2y= 6 Equation (1) 
3x- y=11 Equation (2) 
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ELIMINATION METHOD 


Step 1*: Multiply the coefficients of one or both of the | Multiply Equation (2) by 2: 
equations so that one of the variables will be 6x — 2y = 22 
eliminated when the two equations are added. 


Step 2: Eliminate one of the variables by adding the x+2y= 6 
expression found in Step 1 to the other equation. 6x — 2y = 22 


The result is an equation in one variable. Tse = 28 
Step 3: Solve the equation obtained in Step 2. Tx = 28 
x=4 
Step 4: Back-substitute the value found in Step 3 (4) + 2y =6 
into either of the two original equations. 2y =2 
Via 
Step 5: Check that the solution satisfies both equations. Equation (1): 
Substitute (4, 1) into both equations. x+ 2y=6 
(4) +20) =6v 
Equation (2): 
aye — yy = 11 
3(4)-1l=l1lv 


*Step 1 is not necessary in cases where corresponding terms already sum to zero. 


EXAMPLE 4 _ Determining by the Elimination Method That a 
System Has One Solution 


Use the elimination method to solve the following system of linear equations: 
2x = y= =5 Equation (1) 


4x+y= 11 Equation (2) 
Solution: 


Step 1 Not necessary. 


Study Tip Step 2 Eliminate y by adding Equation (1) to Equation (2). 2x-y=-5 

You can eliminate one variable from 4x+y= 11 

the system by addition when (1) the 6x = 6 

coefficients are equal and (2) the 

signs are opposite. STEP 3 Solve for x. x=1 
Step 4 Back-substitute x = 1 into Equation (2). 40)+y=11 


Solve for y. y=7 


Step 5 Check that (1, 7) satisfies both equations. 
Equation (1): 24> yo-s 
201) -(7)=—-5 v 
Equation (2): 4x+ y=11 
44) +(7)=11lv 


Note: The graphs of the two given equations correspond to two lines that intersect at the 
point (1, 7). 
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In Example 4, we eliminated the variable y simply by adding the two equations. 
Sometimes it is necessary to multiply one (Example 5) or both (Example 6) equations by 
constants prior to adding. 


| EXAMPLE 5 Applying the Elimination Method When Multiplying 
One Equation by a Constant Is Necessary 
Use the elimination method to solve the following system of linear equations: 
=4x + 3y = 23 Equation (1) 
12x+ 5y= 1 Equation (2) 


Solution: 
Step 1 Multiply Equation (1) by 3. —12x + 9y = 69 Study Tip 
Step 2 Eliminate x by adding the modified Equation (1) —12x + 9y = 69 Be sure to multiply the entire 
to Equation (2). 12x + Sy = | equation by the constant. 
14y = 70 
Step 3 Solve for y. y=5 
Step 4 Back-substitute y = 5 into Equation (2). 12x + 5(5) = 
Solve for x. 12x+ 25= 
12x = —24 
x=-2 


Step 5 Check that (—2, 5) satisfies both equations. 


Equation (1): —4(—2) + 3(5) = 23 
8+ 15=23 Vv 


Equation (2): 12(—2) + 5(5) = 1 
—24+ 25=1 V7 


Note: The graphs of the two given equations correspond to two lines that intersect at the 
point (—2, 5). 


In Example 5, we eliminated x simply by multiplying the first equation by a constant and 
adding the result to the second equation. In order to eliminate either of the variables in 
Example 6, we will have to multiply both equations by constants prior to adding. 
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-5 3x+2y=1 


—5 


EXAMPLE 6 Applying the Elimination Method When Multiplying 
Both Equations by Constants Is Necessary 


Use the elimination method to solve the following system of linear equations: 
3x 2y = 1 Equation (1) 
Sx + Ty =9 Equation (2) 


Solution: 
Step 1 Multiply Equation (1) by 5 and Equation (2) by —3. 15x+ 10y= 5 
—15x — 2ly = -27 
Step 2 Eliminate x by adding the modified Equation (1) 15x+ 10y= 5 
to the modified Equation (2). =15x— 2ly = -27 
— lly = —22 
Step 3 Solve for y. 
Step 4 Back-substitute y = 2 into Equation (1). 3x + 2(2) = 1 
Solve for x. 3x = —3 
x=-l 
Step 5 Check that (—1, 2) satisfies both equations. 
Equation (1): 3x- 2y= 
3(-1) + 22)=1 v 
Equation (2): 5x+ Ty=9 
5(-1) + 72) =9 Vv 


Note: The graphs of the two given equations correspond to two lines that intersect at the 
point (—1, 2). 


Notice in Example 6 that we could have also eliminated y by multiplying the first 
equation by 7 and the second equation by —2. Typically, the choice is dictated by which 
approach will keep the coefficients as simple as possible. In the event that the coefficients 
contain fractions or decimals, first rewrite the equations in standard form with integer 
coefficients and then make the decision. 


EXAMPLE 7 _ Determining by the Elimination Method That a System 
Has No Solution 


Use the elimination method to solve the following system of linear equations: 
—x+t y=7 Equation (1) 
2x —-2y=4 Equation (2) 


Solution: 

Step 1 Multiply Equation (1) by 2. —2x+2y=14 

Step 2 Eliminate y by adding the modified —2x + 2y = 14 
Equation (1) found in Step 1 to Equation (2). 2x—2y= 4 


0= 18 


This system is inconsistent since 0 = 18 is never true. Therefore, there are no values of x 


and y that satisfy both equations. We say that there is to this system of linear 
equations. 


Note: The graphs of the two equations are two parallel lines. 


9.1 Systems of Linear Equations in Two Variables 963 


EXAMPLE 8_ Determining by the Elimination Method That a System study TP 
Has Infinitely Many Solutions Systems of linear equations in two 
variables have either one solution, no 
Use the elimination method to solve the following system of linear equations: solution, or infinitely many solutions. 
TIx+ y= 2 Equation (1) re 
—14x —- 2y = -4 Equation (2) 
Solution: 
Tx+y=2 
Step 1 Multiply Equation (1) by 2. 14x+2y= 4 14x -2y|= +4 : 
Step 2 Add the modified Equation (1) found in l4x+2y= 4 =) o 
Step 1 to Equation (2). —14x — 2y = —4 
O= 0 
This system is dependent since 0 = 0 is always true. We say that there are > 
infinitely many solutions | to this system of linear equations, and these can be represented 
by the points (a, 2 — 7a). 
Note: The graphs of the two equations are the same line. 
fee ; : = Answer: a. (—1, 1) 
= YOUR TURN Apply the elimination method to solve each system of linear equations. b. infini 
. infinitely many 
a. 2x+3y= 1 b x- 5y= 2 G& x-y=14 soutions:(«, =) 
4x —3y=-7 —10x + 50y = —20 -xty= 9 2 


c. no solution 


Graphing Method 


A third way to solve a system of linear equations in two variables is to graph the two lines. 
If the two lines intersect, then the point of intersection is the solution. Graphing is the most 
labor-intensive method for solving systems of linear equations in two variables. The graphing 
method is typically not used to solve systems of linear equations when an exact 
solution is desired. Instead, it is used to interpret or confirm the solution(s) found by the 
other two methods (substitution and elimination). If you are using a graphing calculator, 
however, you will get as accurate an answer using the graphing method as you will when 
applying the other methods. 

The following box summarizes the graphing method for solving systems of linear 
equations in two variables using the same example given earlier: 


x+2y= 6 Equation (1) 
3x- y=11 Equation (2) 
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GRAPHING METHOD 


Step 1*: Write the equations in slope—intercept form. Equation (1): Equation (2): 
1 
a a eae 5) y=3x- 11 
D 
Step 2: Graph the two lines. AY 
6 


Step 3: Identify the point of intersection. (4, 1) 
Step 4: Check that the solution satisfies both equations. Equation (1): Equation (2): 
eo Qy=E 3x —~y = 11 


(4)+20)=6v 3(44)-1=11 v 


*Step 1 is not necessary when the lines are already in slope—intercept form. 


EXAMPLE 9 _ Determining by Graphing That a System Has 
One Solution 
Use graphing to solve the following system of linear equations: 
x+y=2 Equation (1) 
3x —-y=2 Equation (2) 


Solution: 
Step 1 Write each equation in y=-x+2 Equation (1) 
slope—intercept form. y= 3x-2 Equation (2) 


Step 2 Plot both lines on the 
same graph. 


Step 3 Identify the point of intersection. 


Step 4 Check that the point (1, 1) 


x =2 

satisfies both equations. 1 =2Vv Equation (1) 
2 
2 


v Equation (2) 


Note: There is one solution, because the two lines intersect at one point. 
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EXAMPLE 10 _ Determining by Graphing That a System Has 
No Solution 
Use graphing to solve the following system of linear equations: 


2x—-—3y= 9 Equation (1) 
—4x + 6y = 12 Equation (2) 


Solution: 
2 
Step 1 Write each equation in y= Fal =3 Equation (1) 
slope—intercept form. 2 
y= = + 2 Equation (2) 


Step 2 Plot both lines on the 
same graph. 


Step 3 Identify the point of intersection. None 


The two lines are parallel because they have the same slope, but different y-intercepts. 


For this reason there is |no solution |—two parallel lines do not intersect. 


EXAMPLE 11 _ Determining by Graphing That a System Has Infinitely 


Many Solutions 


Use graphing to solve the following system of linear equations: 


+ 4y = 12 Equation (1) 
a + y= 3 Equation (2) 


Solution: 


Step 1 Write each equation in 
slope—intercept form. 


Step 2 Plot both lines on the same graph. AY 


ay 


=5 


Step 3 Identify the point of intersection. Infinitely many points 


There are infinitely many solutions |, since the two lines are identical and coincide. 


3 
The points that lie along the line are («. od 4? + 3), 


= YOUR TURN Utilize graphing to solve each system of linear equations. 


a. x—2y=1 b x-—2y=1 ce 2ax+y=3 
2x — 4y =2 20 YH] xtby=7 


3 3 
= ——x + =—--x + 
y an 3 y a* 3 


= 
Technology Tip 
First solve for y in each equation. 
The graphs of Y; = (2x — 9) and 
Y, = i(4x + 12) are shown. 


Plekd Floke  FIsks 
WHYEl“a¢2a- 9) 
wWebl-acdat1 2s 


sas 


ae | 


The graphs and table show that there 
is no solution to the system. 


E 
Technology Tip 
Solve for y in each equation first. 
The graphs of Y, = $(—3x + 12) 
and Y, = —ix + 3 are shown. 


Plekd Flote FIsks 
WeiBled¢ -Sat+129 
wel -S-dat3 


sas 


ae | 


Both lines are on the same graph. 


= Answer: 

a. infinitely many solutions 
a-1 

2 


solutions: | a, 
b. (3, 1) 
c. no solution 
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Three Methods and Three Types 
of Solutions 


Given any system of two linear equations in two variables, any of the three methods 
(substitution, elimination, or graphing) can be utilized. If you find that it is easy to eliminate 
a variable by adding multiples of the two equations, then elimination is the preferred 
choice. If you do not see an obvious elimination, then solve the system by substitution. For 
exact solutions, choose one of these two algebraic methods. You should typically use 
graphing to confirm the solution(s) you have found by applying the other two methods or 
when you are using a graphing utility. 


lala EXAMPLE 12 _ Identifying Which Method to Use 


State which of the two algebraic methods (elimination or substitution) would be 
the preferred method to solve each system of linear equations. 


a x-—2y=1 b. x = 2y-1 ce. 7x — 20y = 1 
—x+ y=2 2x-y=4 Ssx+ 3y = 18 


Solution: 
a. Elimination: Because the x variable is eliminated when the two equations are added. 


b. Substitution: Because the first equation is easily substituted into the second 
equation (for x). 


c. Either: There is no preferred method, as both elimination and substitution require 
substantial work. 


Regardless of which method is used to solve systems of linear equations in two variables, 
in general, we can summarize the three types of solutions both algebraically and graphically. 


THREE TYPES OF SOLUTIONS TO SYSTEMS 
OF LINEAR EQUATIONS 


NUMBER OF SOLUTIONS GRAPHICAL INTERPRETATION 

One solution The two lines intersect at one point. 

No solution The two lines are parallel. (Same slope/different y-intercepts.) 
Infinitely many solutions The two lines coincide. (Same slope/same y-intercept.) 


Applications 


Suppose you have two job offers that require sales. One pays a higher base, while the other 
pays a higher commission. Which job do you take? 
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EXAMPLE 13 _ Deciding Which Job to Take 


[me 
Suppose that upon graduation you are offered a job selling biomolecular devices to . le 
laboratories studying DNA. The Beckman-Coulter Company offers you a job selling its bcdociatret canta tA i 
DNA sequencer with an annual base salary of $20,000 plus 5% commission on total 
sales. The MJ Research Corporation offers you a job selling its PCR Machine that 
makes copies of DNA with an annual base salary of $30,000 plus 3% commission on WIHOOu 
sales. Determine what the total sales would have to be to make the Beckman-Coulter = 
job the better offer. 


The graphs of Y; = 20,000 + 0.05x 
and Y, = 30,000 + 0.03x are shown. 


Solution: 


Step 1 Identify the question. 
When would these two jobs have equal compensations? 


STEP 2 Make notes. Floki FlokzE Fok 
Beckman-Coulter 20,000 + 5% 8) BSR RRR+E, AS 
MJ Research 30,000 + 3% +> SRR RR+H, AS 


STEP 3 Set up the equations. 
Let x = total sales and y = compensation. 


Equation (1) Beckman-Coulter: y = 20,000 + 0.05x 
Equation (2) MJ Research: y = 30,000 + 0.03x 

STEP 4 Solve the system of equations. Ther seckian > 
Substitution method* HEE Oi VE4Sog 
Substitute Equation (1) The graphs and table support the 
into Equation (2). 20,000 + 0.05x = 30,000 + 0.03x solution to the system. 
Solve for x. 0.02x = 10,000 

x = 500,000 


If you make $500,000 worth of sales per year, the jobs will yield equal compensations. 
If you sell less than $500,000, the MJ Research job is the better offer, and more than 
$500,000 |, the Beckman-Coulter job is the better offer. 


| SO ee 
ae ee ee 
A tt 
hat 


*The elimination method could also have been used. 


Step 5 Check the solution. 


Equation (1) Beckman-Coulter: y = 20,000 + 0.05(500,000) = $45,000 
Equation (2) MJ Research: y = 30,000 + 0.03(500,000) = $45,000 


968 CHAPTER 9 Systems of Linear Equations and Inequalities 


Ee 
Technology Tip 

First solve for y in each equation. 
The graphs of Y; = —x + 5 and 
Y, = H-8x + 37) are shown. 


WT MEIC! 
is 


Flokd Flokz Fok 
4B eto 
set “Setar ae7 


The graphs and table support the 
solution to the system. 


EXAMPLE 14 _ Deciding How Many Pounds of Each Meat to Buy 
at the Deli 


The Chi Omega sorority is hosting a party, and the membership committee would like to 
make sandwiches for the new members. They already have bread and condiments but 
ask Tara to run to the deli to buy sliced turkey. The membership chair has instructed 
Tara to buy 5 pounds of the best turkey she can find, and the treasurer has given her $37 
and told her to spend it all. When she arrives at Publix supermarket, she has a choice of 
two types of turkey: Boar’s Head ($8 per pound) and the store brand ($7 per pound). 
How much of each kind should Tara buy to spend the entire $37 on the best quality 

of turkey? 


Solution: 


Step 1 Identify the question. 
How much of each type of sliced turkey should Tara buy? 


Step 2 Make notes. 
Store brand turkey costs $7/pound. 
Boar’s Head turkey costs $8/pound. 
Tara has $37 to spend on 5 pounds of turkey. 


STEP 3 Set up the equations. 
Let x = number of pounds of Boar’s Head turkey and y = number of pounds of 
store brand turkey. The system of equations therefore has to include one equation 
giving a total of 5 pounds and one giving a total of $37. 


Equation (1): xt y= 5 


Equation (2): 8x + Ty = 37 


STEP 4 Solve the system of equations. 
Elimination method* 


Multiply Equation (1) by —7. =Tx = Ty = =35 
Add this result to Equation (2). —Tx — Ty = —35 
8x + Ty 37 
x = 2 

Substitute x = 2 into the original Equation (1). 2+y=5 


Solve for y. y=3 


Tara should buy 2 pounds of Boar’s Head and 3 pounds of store brand turkey. 


*The substitution method could also have been used to solve this system of linear 
equations. 


Step 5 Check the solution. 


Equation (1): 2+ 3= 5 


Equation (2): 8(2) + 7(3) = 37 
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SECTION 
SUMMARY 


In this section we discussed two algebraic techniques for solving 


systems of linear equations in two variables: 


Substitution method 
Elimination method 


The algebraic methods are preferred for exact solutions, and the 
graphing method is typically used to give a visual interpretation 
and confirmation of the solution. There are three types of solutions 
to systems of linear equations: one solution, no solution, or infinitely 
many solutions. 


INDEPENDENT SYSTEM 


INCONSISTENT SYSTEM DEPENDENT SYSTEM 


One solution 


No solution Infinitely many solutions 


AY 


vu 


AY AY 


vr 
Vu 


Lines have different slopes 


Lines coincide 
(same slope and same 
y-intercept) 


Lines are parallel 
(same slope and different 
y-intercepts) 


SECTION 
9.1 EXERCISES 


"SKILLS 


In Exercises 1-22, solve each system of linear equations by substitution. 


1. 


13. 


17. 


21. 


x>=yHl 2x-y= 2 3. xt+y=7 4.x-y=-10 
x+y=1 x+y=-2 x= y=9 x+t+y= 4 
2x- y=3 6. 4x + 3y =3 7. 3xt+ y= 5 8. 6x- y=-15 
x—-—3y=4 2x+ y=1 2x — 35y = —-8 2x — 4y = —16 
2u+5v=7 10. m—2n=4 11. 2x+y=7 12. 3x —y=2 
34> V5 3m + 2n = 1 —2x —y=5 3x-y=4 
4r-— s=1 14. -—3p+ q=-4 15. Sr-—3s= 15 16. —5S5p —3q=-1 
8r — 2s =2 6p -—2q¢= 8 —10r + 6s = —30 10p+6q= 2 
2x — 3y = -7 18. 4x — Sy = -7 19. }x-4y=0 20. ax+4y= 10 
+ Ty = 24 + 8y= 

3x Ty 3x 8y 30 —2y fe 3y =2 —hy - 1, 7 
7.2x — 4.ly = 7.0 22. 6.3x+ 1.5y= 10.5 


—3.5x + 16.5y = 2.4 


—0.4x + 2.2y = -8.7 
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In Exercises 23-42, solve each system of linear equations by elimination. 


23. 


27. 


31. 


35. 


39. 


x—y=2 24. x+y= 2 

x+y=4 LS ya 

5x+3y= —3 28. —2x+ 3y=1 

3% — 3y = —21 2x- y=7 

2x+ 5y=7 32. 6x—2y= 3 

3x — 10y =5 =3x + 2Zy = =2 

3x — 2y = 12 36. 5x-2y= 7 

4x + 3y = 16 3x + 5y = 29 
0.02x + 0.05y = 1.25 40. —0.5x + 0.3y = 0.8 
0.06x — 0.15y = —3.75 —1.5x + 0.9y = 2.4 


25. 


29. 


33. 


37. 


41. 


In Exercises 43—46, match the systems of equations with the graphs. 


43. 


a. 


3x=-y=1 44. -x+2y=-1 
3x +y=5 xt y= 7 
b. 
AY AY 
5 5 


45. 


x y=-3 26. x -y=—10 
x+y= 7 x+t+y= 8 
2x - Ty =4 30. 3x+2y= 6 
5x + Ty =3 —3x + 6y = 18 
2x+ S5y= 5 34. llx + 3y =3 
—4x — 10y = —10 22x + 6y = 6 
6x — 3y = -15 38. 7x -4y=—-1 
7x + 2y = -12 3x — 5y = 16 
gx tay= 42. 9x - zy = 0 
fet dy=2 ptbed 
2x + y =3 46. x-2y=1 
2x+y=7 2x — 4y =2 
d. 
AY AY 
3 5 


vu 
v 


P) -5 5 
5 -5 
47. y=-x 48. x— 3y=0 49. 2x+y=-3 50. x-2y=-1 
yr x+3y=0 xty=-2 —x- y=-5 
51. 4x -fy= 52. tx—3y = 10 53. l6x- y=48 54. lix-22y= 33 
1 1 5 10 = = = — 
Iy-— y= ix —?y=2 0.8x + 0.5y = 1.5 3.3x + 6.6y 6.6 
"APPLICATIONS 
55. Environment. Approximately 2 million dry erase markers 57. Event Planning. You are in charge of event planning for 


56. 


are disposed of by teachers each year. Traditional dry erase 
markers are toxic and nonbiodegradable. EcoSmart World 
sells AusPens, which are dry erase markers that are recyclable, 
refillable, and nontoxic. The markers are available in a kit 
containing x AusPens and x refill ink bottles, each a different 
color. One refill ink bottle can refill up to 40 AusPens, and 
one kit is equivalent to y dry erase markers. If one kit is 
equivalent to 246 traditional dry erase markers, find the 
number of AusPens that are in each kit. 


Pharmacy. A pharmacy technician receives an order for 454 
grams of a 3% zinc oxide cream. If the pharmacy has 1% and 
10% zinc oxide creams in stock, how much of each should be 
mixed to fill the order? 


58. 


a major corporation that is having a reception. Your boss has 
given you a budget of $1000 for gifts and wants you to order 
Montblanc pens for VIPs and Cross pens for other guests. 

A Montblanc pen costs $72 and a Cross pen costs $10. You 
must have 69 pens for guests. How many pens of each type 
should you order in order to stay within the budget? 


Health Club Management. A fitness club has a budget 
of $915 to purchase two different types of dumbbell sets. 
One set costs $30 each, and the deluxe model dumbbell 
set costs $45 each. The club wants to purchase 24 new 
dumbbell sets to use in its gym. How many sets of each 
type can it purchase? 


59. 


60. 


61. 


62. 


63. 


64. 
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Mixture. In chemistry lab, Stephanie has to make a 37 
milliliter solution that is 12% HCl. All that is in the lab is 
8% and 15% HCl. How many milliliters of each solution 
should she use to obtain the desired mix? 


Mixture. A mechanic has 340 gallons of gasoline and 10 
gallons of oil to make gas/oil mixtures. He wants one 
mixture to be 4% oil and the other mixture to be 2.5% oil. 

If he wants to use all of the gas and oil, how many gallons of 
gas and oil are in each of the resulting mixtures? 


Salary Comparison. Upon graduation with a degree in 
management of information systems (MIS), you decide to 
work for a company that buys data from states’ departments 
of motor vehicles and sells to banks and car dealerships 
customized reports detailing how many cars at each 
dealership are financed through particular banks. Autocount 
Corporation offers you a $15,000 base salary and 10% 
commission on your total annual sales. Polk Corporation 
offers you a base salary of $30,000 plus a 5%commission on 
your total annual sales. How many total sales would you 
have to make per year to make more money at Autocount? 


Salary Comparison. Two types of residential real estate 
agents are: those who sell existing houses (resale) and those 
who sell new homes for developers. Resale of existing homes 
typically earns 6% commission on every sale, and representing 
developers in selling new homes typically earns a base salary 
of $15,000 per year plus an additional 1.5% commission 
because agents are required to work 5 days a week on site in 
a new development. How many total dollars would an agent 
have to sell per year to make more money in resale than in 
new homes? 


Gas Mileage. A Honda Accord gets approximately 26 mpg 
on the highway and 19 mpg in the city. You drove 349.5 
miles on a full tank (16 gallons) of gasoline. 
Approximately how many miles did you drive in the city 
and how many on the highway? 


Wireless Plans. AT&T is offering a 600-minute peak 

plan with free mobile-to-mobile and weekend minutes at $59 
per month plus $0.13 per minute for every minute over 600. 
The next plan up is the 800-minute plan that costs $79 per 
month. You think you may go over 600 minutes, but are not 
sure you need 800 minutes. How many minutes would you 
have to talk for the 800-minute plan to be the better deal? 


65. 


66. 


67. 


68. 


69. 


70. 


Distance/Rate/Time. A direct flight on Delta Air Lines 

from Atlanta to Paris is 4000 miles and takes approximately 
8 hours going east (Atlanta to Paris) and 10 hours going 
west (Paris to Atlanta). Although the plane averages the same 
air speed, there is a headwind while traveling west and a 
tailwind while traveling east, resulting in different air speeds. 
What is the average air speed of the plane, and what is the 
average wind speed? 


Distance/Rate/Time. A private pilot flies a Cessna 172 on a 
trip that is 500 miles each way. It takes her approximately 

3 hours to get there and 4 hours to return. What is 

the approximate air speed of the Cessna, and what is the 
approximate wind speed? 


Investment Portfolio. Leticia has been tracking two 
volatile stocks. Stock A over the last year has increased 
10%, and stock B has increased 14% (using a simple 
interest model). She has $10,000 to invest and would like to 
split it between these two stocks. If the stocks continue to 
perform at the same rate, how much should she invest in 
each to result in a balance of $11,260? 


Investment Portfolio. Toby split his savings into two different 
investments, one earning 5% and the other earning 7%. He 
put twice as much in the investment earning the higher rate. 
In 1 year, he earned $665 in interest. How much money did 
he invest in each account? 


Break-Even Analysis. A company produces CD players 
for a unit cost of $15 per CD player. The company has fixed 
costs of $120. If each CD player can be sold for $30, 

how many CD players must be sold to break even? 
Determine the cost equation first. Next, determine the 
revenue equation. Use the two equations you have found to 
determine the break-even point. 


Managing a Lemonade Stand. An elementary-school-age 
child wants to have a lemonade stand. She wants to sell each 
glass of lemonade for $0.25. She has determined that each 
glass of lemonade costs about $0.10 to make (for lemons and 
sugar). It costs her $15.00 for materials to make the lemonade 
stand. How many glasses of lemonade must she sell to break 
even? 
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=CATCH THE MISTAKE 
In Exercises 71-74, explain the mistake that is made. 


71. Solve the system of equations by elimination. 


2x+y=-3 

3x+y= 8 
Solution: 
Multiply Equation (1) by —1. x —y=—-3 
Add the result to Equation (2). 3x+y 

Sx = 
Solve for x. x=1 
Substitute x = 1 into Equation (2). 30) +y=8 
y=5 


The answer (1, 5) is incorrect. What mistake was made? 


72. Solve the system of equations by elimination. 


4x —y = 12 
4x — y = 24 
Solution: 
Multiply Equation (1) by —1. —4x+y=-12 
Add the result to Equation (2). —4x+y=-12 
4x-—y= 24 
O= 12 


Answer: Infinitely many solutions. 


This is incorrect. What mistake was made? 


"CONCEPTUAL 


In Exercises 75-78, determine whether each statement is true or false. 


75. A system of equations represented by a graph of two lines 
with the same slope always has no solution. 


76. A system of equations represented by a graph of two lines with 


slopes that are negative reciprocals always has one solution. 


73. 


74. 


77. 


78. 


Solve the system of equations by substitution. 


x + 3y = -4 
—x + 2y = -6 
Solution: 
Solve Equation (1) for x. eH H3y7 = 4 
Substitute x = —3y — 4 
into Equation (2). (—3y — 4) + 2y = -6 
Solve for y. 3y —-4 +2y=—-6 
Sy = -2 


y 
: 2. : 2 
Substitute y = —¢ into Equation (1). x + 3) 5 = =4 


Solve for x. x=-— 


The answer (- 2, a i) is incorrect. What mistake was made? 


Solve the system of equations by graphing. 


2x+3y= 5 
4x + 6y = 10 
Solution: 

Write both equations in 0) 5 
slope—intercept form. y= — 3% as 
2 5 
=—“y42 
oa Ss 


Since these lines have the same slope, they are parallel lines. 


Parallel lines do not intersect, so there is no solution. 


This is incorrect. What mistake was made? 


If two lines do not have exactly one point of intersection, 
then they must be parallel. 


The system of equations Ax 
has no solution. 


By = 1 and —Ax + By = -1 
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"CHALLENGE 


79. The point (2, —3) is a solution to the system of equations 81. Energy Drinks. A nutritionist wishes to market a new 
vitamin-enriched fruit drink and is preparing two versions of 
it to distribute at a local health club. She has 100 cups of 
pineapple juice and 4 cups of super vitamin-enriched 

Find A and B. pomegranate concentrate. One version of the drink is to 
contain 2% pomegranate and the other version 4% 
pomegranate. How much of each drink can she create? 


Ax + By = —29 
Ax-= By= 13 


80. If you graph the lines 


: _ re _ a 82. Easter Eggs. A family is coloring Easter eggs and wants to 
y make two shades of purple, “light purple” and “deep purple.” 
they appear to be parallel lines. However, there is a unique They have 30 tablespoons of deep red solution and 2 
solution. Explain how this might be possible. tablespoons of blue solution. If “light purple” consists of 2% 


blue solution and “deep purple’ consists of 10% blue solution, 
how much of each version of purple solution can be created? 


"TECHNOLOGY 


83. Use a graphing utility to graph the two equations 86. Use a graphing utility to graph the two equations 
y = —1.25x + 17.5 and y = 2.3x — 14.1. Approximate the and determine the solution set: —3x + 7y = 2 and 
solution to this system of linear equations. 6x — 14y = 3. 

84. Use a graphing utility to graph the two equations 87. ae a graphing meaty to graph the two equations 
y = 14.76x + 19.43 and y = 2.76x + 5.22. Approximate 3X — fay = §and4x + 7zy = 3g. Approximate the 
the solution to this system of linear equations. solution to this system of linear equations. 

85. Use a graphing utility to graph the two equations 88. ue a Seaphing maty to oaph Me two equations 
and determine the solution set: 23x + 15y = 7 and gx + 73y = 2and zx + 7y = Fy. Approximate the 
46x + 30y = 14. solution to this system of linear equations. 


SECTION SYSTEMS OF LINEAR EQUATIONS 
9.2 IN THREE VARIABLES 


Solving Systems of Linear Equations 
in Three Variables 


In Section 9.1, we solved systems of linear equations in two variables. Graphs of linear 
equations in two variables correspond to lines. Now we turn our attention to linear equations 
in three variables. A linear equation in three variables x, y, and z, is given by 


Ax + By + Cz =D 


where A, B, C, and D are real numbers that are not all equal to zero. All three variables have 
degree equal to one, which is why this is called a linear equation in three variables. The 
graph of any equation in three variables requires a three-dimensional coordinate system. 
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AY The x-axis, y-axis, and z-axis are each perpendicular to the other two. For the 
three-dimensional coordinate system on the right, a point (x, y, z) = (2, 3, 1) is found by 
starting at the origin, moving two units to the right, three units up, and one unit out 
toward you. 

In two variables, the graph of a linear equation is a line. In three variables, however, the 
graph of a linear equation is a plane. A plane can be thought of as an infinite sheet of paper. 
When solving systems of linear equations in three variables, we find one of three possibilities: 
one solution, no solution, and infinitely many solutions. 


One Solution No Solution Infinitely Many Solutions 


f 


Solution 
(line of intersection) 


There are many ways to solve systems of linear equations in more than two variables. 
One method is to combine the elimination and substitution methods, which will be 
discussed in this section. Other methods involve matrices, which will be discussed in the 
next chapter. We now outline a procedure for solving systems of linear equations in three 
variables, which can be extended to solve systems of more than three variables. Solutions 
are usually given as ordered triples of the form (x, y, z). 


SOLVING SYSTEMS OF LINEAR EQUATIONS IN THREE 
VARIABLES USING ELIMINATION AND SUBSTITUTION 


Step 1: Reduce the system of three equations in three variables to two equations in 
two (of the same) variables by applying elimination. 

Step 2: Solve the resulting system of two linear equations in two variables by 
applying elimination or substitution. 

Step 3: Substitute the solutions in Step 2 into any of the original equations and 
solve for the third variable. 

Step 4: Check that the solution satisfies all three original equations. 


9.2 Systems of Linear Equations in Three Variables 


EXAMPLE 1_ Solving a System of Linear Equations in 


Three Variables 
Solve the system: 2x yrsze==1 Equation (1) 
x— yr ge-2 Equation (2) 
3x—=2y=22= 2 Equation (3) 


Solution: 


Inspecting the three equations, we see that y is easily eliminated when Equations (1) and (2) 
are added, because the coefficients of y, +1 and —1, are equal in magnitude and opposite in 
sign. We can also eliminate y from Equation (3) by adding Equation (3) to either 2 times 
Equation (1) or —2 times Equation (2). Therefore, our plan of attack is to eliminate y from 
the system of equations, so the result will be two equations in two variables x and z. 


Step 1 Eliminate y in Equation (1) and Equation (2). 


Equation (1): an y+ 8z= =1 
Equation (2): = Yor CS H—2 
Add. 3x +9z = -3 


Eliminate y in Equation (2) and Equation (3). 


Multiply Equation (2) by —2. —2x + 2y -—2z7=4 


Equation (3): 3x — 2y — 22 =2 
Add. x -—4r-=6 
STEP 2 Solve the system of two linear equations 
in two variables. 3x + 9z = -3 
x-4= 6 
Substitution* method: x = 4z + 6 3(4z + 6) + 9z = —3 
Distribute. 12z + 18 + 9z = —3 
Combine like terms. 21z= —-21 
Solve for z. z=-l 
Substitute z = —1 intox = 4z7+ 6. x=4(-1)+6=2 


x = 2) and are the solutions to the system of two equations. 
Step 3 Substitute x = 2 and z = —1 into any of the three original equations and solve for y. 
Substitute x = 2 and z = —1 into Equation (2). 2-y-1=-2 
Solve for y. y=3 


Step 4 Check that x = 2, y = 3, andz = 


1 satisfy all three equations. 


Equation (1): 2(2) + 3 + 8(-1) =4+3-8=-1 
Equation (2):2 — 3 — 1 = —2 


2(-1) =6 


Equation (3): 3(2) — 2(3) 


6+2=2 


™ YOUR TURN Solve the system: 
xhoy=.z2=, 0 
3x+3y-2z= 1 


mer Ue 


Eliminate the same variable. 


= Answer: 
x=—-ly=2,z=1 
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= Answer: x = 1,y =2,z= —3 


In Example 1 and the Your Turn, the variable y was eliminated by adding the first and 
second equations. In practice, any of the three variables can be eliminated, but typically we 
select the most convenient variable to eliminate. If a variable is missing from one of the 
equations (has a coefficient of 0), then we eliminate that variable from the other two equations. 


| EXAMPLE 2. Solving a System of Linear Equations in Three 
Variables When One Variable Is Missing 


Solve the system: x +z= 1 Equation (1) 


24 yop =3 Equation (2) 


x+2y-z=-1 Equation (3) 
Solution: 


Since y is missing from Equation (1), y is the variable to be eliminated in Equation (2) and 
Equation (3). 


Step 1 Eliminate y. 


Multiply Equation (2) by —2. —4x-—2y+2z= 6 
Equation (3): xP2y > Z=—1 
Add. =3% + z= 5 
SteP 2 Solve the system of two equations: x+z=1 
Equation (1) and the resulting equation in Step 1. =3x > 2= 
Multiply the second equation by x+z= 1 
(—1) and add to first equation. 3x -— 2 = —5 
4x =-4 
Solve for x. x=-1 
Substitute x = —1 into Equation (1). -l+z=1 
Solve for z. z=2 
Step 3 Substitute x = —1 and z = 2 into one of the original equations (Equation 2 or 


Equation 3) and solve for y. 


Substitute x = —1 and z= 2 

intox + 2y—z=—-l. (-1)+2y-2=-1 
Gather like terms. 2y =2 
Solve for y. y=1 


Step 4 Check that x = —1, y = 1, and z = 2 satisfy all three equations. 


Equation (1): (-1) + 2=1 


Equation (2): 2(—1) + (1) — (2) = -3 


Equation (3): (—1) + 2(1) — (2) = -1 


9.2 Systems of Linear Equations in Three Variables 


Types of Solutions 


There are three types of solutions: independent, dependent, and inconsistent. There are three 
corresponding outcomes: one solution, infinitely many solutions, or no solution. Examples 
1 and 2 each had one solution. Examples 3 and 4 illustrate systems with infinitely many 


solutions and no solution, respectively. 


aa 


EXAMPLE 3_ A Dependent System of Linear Equations in Three 
Variables (Infinitely Many Solutions) 


Solve the system: 2x+ y-z=4 Equation (1) 
x+y =2 Equation (2) 
3x + 2y-—z=6 Equation (3) 

Solution: 


Since z is missing from Equation (2), z is the variable to be eliminated from Equation (1) 
and Equation (3). 


Step 1 Eliminate z. 
Multiply Equation (1) by (—1). 


Equation (3): 3x+2y-—z= 6 
Add. xt y = 2 
Step 2 Solve the system of two equations: 

Equation (2) and the resulting equation in Step 1. x+ty= 2 
xty= 2 

Multiply the first equation by (— 1) =Ko yo =2 

and add to second equation. xty= 2 

0= 0 


This statement is always true; therefore, there are | infinitely many solutions |. The original 


system has been reduced to a system of two identical linear equations. Therefore the 
equations are dependent (share infinitely many solutions). Typically, to define those 
infinitely many solutions, we let z = a, where a stands for any real number, and then find 
x and y in terms of a. The resulting ordered triple showing the three variables in terms of 
a is called a parametric representation of a line in three dimensions. 


Step 3 Let and find x and y in terms of a. 


Solve Equation (2) for y. y=2-x 


Let y = 2 — x and z = a in Equation (1). 2x+(2—-—x)-a=4 


Solve for x. 2x+2-x-a=4 
x-a=2 
Let in Equation (2). (a+ 2)+y=2 


Solve for y. 


The infinitely many solutions are written as ‘ 
Step 4 Check that x = a 


2,y = —a, and z = a satisfy all three equations. 
Equation (1): 2(a + 2) + (-a) -a=2a+4-a-a=4V7 
Equation (2): (a + 2) + (-a)=a+2 


Equation (3): 3(a + 2) 


aA t(a-— lat, 
™ YOUR TURN Solve the system: x+ y—2z= 0 spilainon “ ‘ 


x = got 
VS 2y hr La =3 
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laa EXAMPLE 4 An Inconsistent System of Linear Equations in Three 
Variables (No Solution) 


Solve the system: x+2y—- z= 3 Equation (1) 


2x+ yt 2z 1 Equation (2) 


—2x-4y+2z= 5 Equation (3) 
Solution: 


Step 1 Eliminate x. 


Multiply Equation (1) by —2. —2x — 4y + 2z = -6 
Equation (2): a2xn+ y+2z=-1 
Add. -3y+4=-7 
Equation (2): 24+ yr2zg==1 
Equation (3): —2x—4y+2z= 5 
Add. —3y+4z= 4 
Step 2 Solve the system of two equations: -3y+4=-7 
—3y+4z= 4 

Multiply the top equation by (— 1) 3y-42= 7 
and add to the second equation. —3y+4z= 4 
O= 11 


This is a contradiction, or inconsistent statement, and therefore there is |no solution |. 


So far in this section we have discussed only systems of three linear equations in three 
variables. What happens if we have a system of two linear equations in three variables? The 
two linear equations in three variables will always correspond to two planes in three 
dimensions. The possibilities are no solution (the two planes are parallel) or infinitely many 
solutions (the two planes intersect in a line). 


No SOLUTION INFINITELY MANY SOLUTIONS (LINE) 


AY y 
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EXAMPLE 5_ Solving a System of Two Linear Equations 
in Three Variables 


Solve the system of linear equations: x -y+ z=7 Equation (1) 


xty+2z=2 Equation (2) 


Solution: 
Eliminate y by adding the two equations. x-y+t z=7 
xty+2z=2 
2x +3z=9 


Therefore, Equation (1) and Equation (2) are both true if 2x + 3z = 9. Since we know there 
is a solution, it must be a line. To define the line of intersection, we again turn to parametric 
representation. 


Let [z=a] where a is any real number. 2x + 3a=9 


Solve for x. 


9 
Substitute z = a and x = 3 _ 3a into ( 
Equation (1). 


Solve for y. 


The solution is the line in three dimensions given by (3 = 3a,— 5 a= 5, a) , where a is 


any real number. 


Note: Every real number a corresponds to a point on the line of intersection. 


a (3 — 34, —24 — 3, a) 
= (6, -2,-1) 

0 (5, -3, 0) 

1 G35 


Modeling with a System of Three Linear Equations 


Suppose you want to model a stock price as a function of time and based on the data you 
feel a quadratic model would be the best fit. Therefore the model is given by 


P(t) =a + btt+e 


where P(f) is the price of the stock at time f. If we have data corresponding to three distinct 
points (t, P(t), the result is a system of three linear equations in three variables a, b, and c. 
We can solve the resulting system of linear equations, which determines the coefficients a, 
b, and c of the quadratic model for stock price. 
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EXAMPLE 6 _ Stock Value 


The Oracle Corporation’s stock (ORCL) over 3 days (Wednesday, October 13, to Friday, 
October 15, 2004) can be approximately modeled by a quadratic function: f(t) = af + bt + c. 
If Wednesday corresponds to t = 1, where ¢ is in days, then the following data points 
approximately correspond to the stock value. 


t So Days ORCL 15-Minute == 6:11 PM 
1 $12.20 Wednesday 12.3 
12.2. 
2 $12.00 Thursday 121 
3 $12.20 Friday ee 
T WwW TH F : 


Determine the function that models this behavior. 

Solution: 

Substitute the points (1, 12.20), (2, 12.00), and (3, 12.20) into f(t) = a? + bt +c. 
a(ly + b() + ¢ = 12.20 
a(2)y’ + b(2) + c = 12.00 
a(3y + b() + ¢ = 12.20 


Simplify to a system of three equations in three variables (a, b, and c). 
a b+c= 12.20 Equation (1) 
4a + 2b + c = 12.00 Equation (2) 
9a + 3b +c = 12.20 Equation (3) 
Solve for a, b, and c by applying the technique of this section. 


Step 1 Eliminate c. 


Multiply Equation (1) by (—1). -a- b-~c=~—12.20 
Equation (2): 4a+2b+c= 12.20 
Add. 3a+ b = —0.20 
Multiply Equation (1) by —1. -a- b-~c=~—12.20 
Equation (3): 9a+3b+c= 12.20 
Add. 8a + 2b = 0 
Step 2 Solve the system of two equations. 3a+ b= -—0.20 
8a + 2b =0 
Multiply the first equation by —2 and —6a — 2b = 0.40 
add to the second equation. 8a + 2b=0 
Add. 2a = 0.4 
Solve for a. a=0.2 
Substitute a = 0.2 into 8a + 2b = 0. 8(0.2) + 2b=0 
Simplify. 2b = —1.6 
Solve for b. b= —-0.8 


Step 3 Substitute a = 0.2 and b = —0.8 into one of the original three equations. 


Substitute a = 0.2 and b = —0.8 
intoa+b+c= 12.20. 0.2 — 0.8 + c = 12.20 


Gather like terms. —0.6 + c = 12.20 
Solve for c. c = 12.80 
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Step 4 Check that a = 0.2, b = —0.8, and c = 12.80 satisfy all three equations. 


Equation (1): a b+c=0.2 — 0.8 + 12.8 = 12.2 

Equation (2): 4a + 2b + c = 4(0.2) + 2(—0.8) + 12.80 
0.8 — 1.6 + 12.8 = 12.00 

Equation (3): 9a + 3b + c = 9(0.2) + 3(—0.8) + 12.80 
1.8 — 2.4 + 12.8 = 12.20 


The model is given by | f(t) = 0.27 — 0.8¢ + 12.80 |. 


SECTION 
SUMMARY 


When the solution to a system of three linear equations is a line in 
three dimensions, we use parametric representation to express the 


Graphs of linear equations in two variables are lines, whereas graphs 
of linear equations in three variables are planes. Systems of linear 


equations in three variables have one of three outcomes: solution. 

One solution (intersection point of the three planes) 

No solution (no intersection of all three planes) 

Infinitely many solutions (planes intersect along a line) 

SECTION 

9.2 EXERCISES 

=SKILLS 

In Exercises 1-30, solve each system of linear equations. 

1 x-yt+z=6 2. -—x-y+tz=-l1 3: Sry eg 2 4 xt+ytz 1 
xtytz=3 —xty-z= 3 “Koyo gS —K+yo-g= 3 
—x-y-z=0 xeyo,= 5 —xty-z= 6 —x-ytz= 8 

5. =e by] z= =i 6 x-y-z=2 7. 2x—-3y+ 4, = -3 8. x—-2y+ z= 0O 
x-y-z= 3 —x-ytz=4 x+ yt+2z 1 24 y= Z 5 
xty-z= 9 —xty—-z=6 5x—2y—-3z= 7 13x + 7y+5z= 6 

9. 3y—4x+5z= 2 10. 2yt+ z- x=5 Wk x-ytz=- 12, -y+z= 1 
20. Sy > 223 2x + 3z—2y=0 yop > x-yrzs-l1 
3g+4y=2x= 1 —2z+ y—4x=3 —xtytz= 1 x-y-z=—l 

13. 3x — 2y —3z=—-1 14. 3x- y+ z= 2 15. =3x > y= 22 16. 2x-3y+ z= 1 
x- yt z=-4 x-—2y+3z= 1 x+2y—-3z=4 x+4y-2z= 2 
2x + 3y+5z= 14 2x+ y-—3z=-l1 2x- y+4z=6 3x—- yt4z=-3 

17. 3x+2y+ z= 4 18. 3x- y+4z= 13 19. -x+2y+ z=-2 20. 2x-y 1 
4x — 3y 15 4x — 3y 15 3x -—2y+ z= 4 =% +z=-2 
x= 2y+32= 12 x—2yh3z= 12 2x—-4y-2z= 4 =2x Fy ==] 

21. x- z-y= 10 22. 2x+z+ y=-3 23. 3x, +x%,-x%y= 1 24, 2x, +x, +2,= —-1 
2x —-3y+z=-l11 2y-z+ x= 0 Xp —X, $23 = -3 Xp t%.—- 33 = 5 
y- x+z=-10 xt+y+2z= 5 2x, +%+x3= O 3x, —%.- 33 = 1 

25. 2x+5y =9 26. x—2y+3z=1 27.0 2x, - w+ B= 3 28. xX} X— 2x3= O 
x+2y- z=3 —2x+ Ty —97=4 X,- H+ w= 2 2x, + 5x, + 10x, 3 
—3x-—4y+7z=1 x + z=9 2x, + 2x, — 2x3 4 3x, + Xp = 0 

29, 2x+y—-z=2 30. 3x t+y- z=0 
x-y-z=6 xt+y+7z=4 
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“APPLICATIONS 


31. Business. A small company has an assembly line that 
produces three types of widgets. The basic widget is sold for 
$10 per unit, the midprice widget for $12 per unit, and the 
top-of-the-line widget for $15 per unit. The assembly line 
has a daily capacity of producing 300 widgets that may be 
sold for a total of $3700. Find the quantity of each type of 
widget produced on a day when the number of basic widgets 
and top-of-the-line widgets is the same. 


32. Business. A small company has an assembly line that 
produces three types of widgets. The basic widget is sold for 
$10 per unit, the midprice widget for $12 per unit, and the 
top-of-the-line widget for $15 per unit. The assembly line 
has a daily capacity of producing 325 widgets that may be 
sold for a total of $3825. Find the quantity of each type of 
widget produced on a day when twice as many basic widgets 
as top-of-the-line widgets are produced. 


33. Football. On September 1, 2007, the Appalachian State 
Mountaineers defeated the University of Michigan 
Wolverines by a score of 34 to 32. The points came from a 
total of these types of plays: touchdowns (six points), extra 
points (one point), and field goals (three points). There were 
a total of 18 scoring plays. There were four more touchdowns 
than field goals. How many touchdowns, extra points, and 
field goals were scored in this football game? 


34. Basketball. On April 4, 2004, the University of Connecticut 
Huskies finished the season the same way they started 
it—as the number one men’s basketball team in the NCAA. 
They defeated the Georgia Tech Yellow Jackets 82-73 in the 
Final Four championship game. The points came from three 
types of scoring plays: two-point shots, three-point shots, and 
one-point free throws. There were seven more two-point 
shots made than there were one-point free throws completed. 
The number of successful two-point shots was four more 
than four times the number of successful three-point shots. 
How many two-point, three-point, and one-point free throw 
shots were made in the finals of the 2004 Final Four NCAA 
tournament? 


Exercises 35 and 36 rely on a selection of Subway sandwiches 
whose nutrition information is given in the table. 


Suppose you are going to eat only Subway sandwiches for a week 
(7 days) for lunch and dinner (total of fourteen meals). 


SANDWICH CALORIES Fat (GRAMS) 
Mediterranean Chicken 350 18 

Six Inch Tuna 430 19 

Six Inch Roast Beef 290 5 
www.subway.com 


35. Diet. Your goal is a total of 4840 calories and 190 grams of 
fat. How many of each sandwich would you eat that week to 
obtain this goal? 


36. Diet. Your goal is a total of 4380 calories and 123 grams of 
fat. How many of each sandwich would you eat that week to 
obtain this goal? 


Exercises 37 and 38 involve vertical motion and the effect of 
gravity on an object. 


Because of gravity, an object that is projected upward will eventually 
reach a maximum height and then fall to the ground. The equation 
that determines the height h of a projectile t seconds after it is shot 
upward is given by 


1 
h= zt + vot + ho 


where a is the acceleration due to gravity, ho is the initial height of 
the object at time ¢ = 0, and vy is the initial velocity of the object 
at time t = 0. Note that a projectile follows the path of a parabola 
opening down, soa < 0. 


37. Vertical Motion. An object is thrown upward, and the 
following table depicts the height of the ball t seconds after the 
projectile is released. Find the initial height, initial velocity, 
and acceleration due to gravity. 


t (SECONDS) HEIGHT (FEET) 


1 36 
2 40 
12 


38. Vertical Motion. An object is thrown upward, and the following 
table depicts the height of the ball t seconds after the projectile 
is released. Find the initial height, initial velocity, and 
acceleration due to gravity. 


t (SECONDS) HEIGHT (FEET) 


1 84 
2 136 
3 156 


39. 


40. 


41. 


42. 


43. 
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Data Curve-Fitting. The number of minutes that an average 
person of age x spends driving a car can be modeled by a 
quadratic function y = ax” + bx + c, where a < 0 and 

18 = x = 65. The following table gives the average number 
of minutes per day that a person spends driving a car. 
Determine the quadratic function that models this quantity. 


Data Curve-Fitting. The average age when a woman gets 
married began increasing during the last century. In 1930 the 
average age was 18.6, in 1950 the average age was 20.2, and 
in 2002 the average age was 25.3. Find a quadratic function 
y = ax’ + bx + c, where a > O and 18 < y < 35, that 
models the average age y when a woman gets married as a 
function of the year x (x = 0 corresponds to 1930). What will 
the average age be in 2020? 


Money. Tara and Lamar decide to place $20,000 of their 
savings into investments. They put some in a money 
market account earning 3% interest, some in a mutual fund 
that has been averaging 7% a year, and some in a stock that 
rose 10% last year. If they put $6000 more in the money 
market than in the mutual fund and the mutual fund and 
stocks have the same growth in the next year as they did in 
the previous year, they will earn $1180 in a year. How 
much money did they put in each of the three investments? 


Money. Tara talks Lamar into putting less money in the 
money market and more money in the stock. They place 
$20,000 of their savings into investments. They put some in 
a money market account earning 3% interest, some in a 
mutual fund that has been averaging 7% a year, and some in 
a stock that rose 10% last year. If they put $6000 more in 
the stock than in the mutual fund and the mutual fund and 
stock have the same growth in the next year as they did in 
the previous year, they will earn $1680 in a year. How 
much money did they put in each of the three investments? 


Ski Production. A company produces three types of skis: 
regular model, trick ski, and slalom ski. They need to fill a 
customer order of 110 pairs of skis. There are two major 
production divisions within the company: labor and finishing. 
Each regular model of skis requires 2 hours of labor and 

1 hour of finishing. Each trick ski model requires 3 hours of 
labor and 2 hours of finishing. Finally, each slalom ski model 
requires 3 hours of labor and 5 hours of finishing. Suppose 
the company has only 297 labor hours and 202 finishing 
hours. How many of each type ski can be made under these 
restrictions? 


44, 


AVERAGE DAILY 
AGE MINuTES DRIVING 
20 30 
40 60 
60 40 aDy 


46. 


Automobile Production. An automobile manufacturing 
company produces three types of automobiles: compact, 
intermediate, and luxury models. The company has the 
capability of producing 500 automobiles. Suppose that each 
compact-model car requires 200 units of steel and 30 units of 
rubber, each intermediate model requires 300 units of steel 
and 20 units of rubber, and each luxury model requires 
250 units of steel and 45 units of rubber. The number of 
units of steel available is 128,750, and the number of units 
of rubber available is 15,625. How many of each type of 
automobile can be produced with these constraints? 


Computer versus Man. The Seattle Times reported a 

story on November 18, 2006, about a game of Scrabble 
played between a human and a computer. The best 
Scrabble player in the United States was pitted against a 
computer program designed to play the game. Remarkably, 
the human beat the computer in the best of two out of three 
games competition. The total points scored by both computer 
and the man for all three games was 2591. The difference 
between the first game’s total and second game’s total was 
62 points. The difference between the first game’s total and 
the third game’s total was only 2 points. Determine the 
total number of points scored by both computer and the 
man for all three contests. 


Brain versus Computer. Can the human brain perform more 
calculations per second than a supercomputer? The calculating 
speed of the three top supercomputers, IBM’s Blue Gene/L, 
IBM’s BGW, and IBM’s ASC Purple, has been determined. 
The speed of IBM’s Blue Gene/L is 245 teraflops more than 
IBM’s BGW. The computing speed of IBM’s BGW is 22 
teraflops more than IBM’s ASC Purple. The combined speed 
of all three top supercomputers is 568 teraflops. Determine the 
computing speed (in teraflops) of each supercomputer. 

A teraflop is the measure of a computer’s speed and can be 
expressed as one trillion floating-point operations per second. 
By comparison, it is estimated that the human brain can perform 
10 quadrillion calculations per second. 
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=CATCH THE MISTAKE 
In Exercises 47 and 48, explain the mistake that is made. 


47. Solve the system of equations. 


Equation (1): 2x-ytz=2 

Equation (2): r= y =1 

Equation (3): x += I 
Solution: 

Equation (2): ry = 1 

Equation (3): x +z= 1 
Add Equation (2) and Equation (3). —-y+z 2 
Multiply Equation (1) by (—1). =2hF yog = =2 
Add. =2% = 0 
Solve for x. x =0 
Substitute x = 0 into Equation (2). O-y= 
Solve for y. y= 1 
Substitute x = 0 into Equation (3). O0O+z= 
Solve for z. z=1 


The answer is x = 0, y = —1, andz= 1. 


This is incorrect. Although x = 0, y = —1, and z = | does 


satisfy the three original equations, it is only one of infinitely 


many solutions. What mistake was made? 


"CONCEPTUAL 


48. Solve the system of equations. 


Equation (1): x 3y+2z= 4 

Equation (2): 3x + 10y + 9z = 17 

Equation (3): 2x Ty +7z=17 
Solution: 
Multiply Equation (1) by —3. 3x 9y — 6z = —12 
Equation (2): 3x+10y+9z= 17 
Add. y+3z=5 
Multiply Equation (1) by —2. 2x— oy —4z= -8 
Equation (3): 2x+ Ty+7z=17 
Add. y+3z=9 
Solve the system of two equations. y+3z=5 

yt 3z=9 


Infinitely many solutions. 
Let z = a, then y = 5 — 3a. 


Substitute z = a and 
y =5 — 3a into 
Equation (1). 


x + 3y + 2z=4 
x + 3(5 — 3a) + 2a=4 


x+15—-9a+2a=4 


Eliminate parentheses. 


Solve for x. 


The answer is x = 7a — 11, y= 5 — 3a, andz =a. 


This is incorrect. There is no solution. What mistake was 
made? 


In Exercises 49 and 50, determine whether each statement is true or false. 


49. A system of linear equations that has more variables than 
equations cannot have a unique solution. 


50. A system of linear equations that has the same number of 
equations as variables always has a unique solution. 


51. Geometry. The circle given by the equation 
x + y? + ax + by + c = 0 passes through the points 
(—2, 4), (1, 1), and (—2, —2). Find a, b, and c. 


52. Geometry. The circle given by the equation 
x + y? + ax + by + c = 0 passes through the points 
(0, 7), (6, 1), and (5, 4). Find a, b, and c. 


x=T7a-— 11 
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CHALLENGE 


53. A fourth-degree polynomial, 
f(x) = ax’ + bx? + x? + dx + e, with a < 0, 
can be used to represent the following data on the number 
of deaths per year due to lightning strikes. Assume 1999 
corresponds to x = —2 and 2003 corresponds to x = 2. 
Use the data to determine a, b, c, d, and e. 


A 
51 
op 
S 
‘e 49 
s 
gop 
> 47 
5 
3 45 
a) 
4 43 
i 
a 
1999 2001 2003 
Year 


54. A copy machine accepts nickels, dimes, and quarters. After 
1 hour, there are 30 coins total and their value is $4.60. If 
there are four more quarters than nickels, how many nickels, 
quarters, and dimes are in the machine? 


"TECHNOLOGY 


In Exercises 55-58, solve the system of linear equations. 


55. 2y+ z= 3 
4x —- z=-3 
ix—3y-3z= 2 
LPS ZS 2 

56. —2x-y+2z= 3 
3% —4z= 2 
2x +y =—|1 
Sty 2= =8 


S7,. 3x, — 2x x3 + 2x, = —2 
xX; + 3x, +4434 3x,= 4 
0 
1 


In Exercises 59 and 60, employ a graphing calculator to solve the system of linear equations (most graphing calculators have the 
capability of solving linear systems with the user entering the coefficients). 


59, x- z-y= 10 
20> 3y re Hit 
yr x+z=—-10 

60. 2x+z+ y=-3 
2Zy-zt x= 0 
xty+2z= 5 


61. Some graphing calculators and graphing utilities have the 
ability to graph in three dimensions (3D) as opposed to 
the traditional two dimensions (2D). The line must be given 
in the form z = ax + by + c. Rewrite the system of 
equations in Exercise 59 in this form and graph the three 
lines in 3D. What is the point of intersection? Compare that 
with your answer in Exercise 59. 


62. Some graphing calculators and graphing utilities have the 
ability to graph in three dimensions (3D) as opposed to the 
traditional two dimensions (2D). The line must be given in the 
form z = ax + by + c. Rewrite the system of equations in 
Exercise 60 in this form and graph the three lines in 3D. What is 
the point of intersection? Compare that with your answer in 
Exercise 60. 


In Exercises 63 and 64, employ a graphing calculator to solve 
the system of equations. 


63. 0.2x — 0.7y + 0.8z = 11.2 
1.2x+03y-15z= 0 
0.8x — O.ly + 2.1z= 64 


64. 1.8x — 0.5y + 2.4z = 1.6 
0.3x — 0.62 = 0.2 


SECTION 
9.3 PARTIAL FRACTIONS 


Performing Partial-Fraction Decomposition 


In Chapter 4 we studied polynomial functions, and in Section 4.5 we discussed ratios of 
polynomial functions, called rational functions. Rational expressions are of the form: 
n(x) 
d(x) 


where the numerator n(x) and the denominator d(x) are polynomials. Examples of rational 
expressions are 


d(x) #0 


4x - 1 x+5 3x4 — 2x +5 
2x 4+ 3 xr-1 x?>+2x+4 


5 
— + 
x+1 x= 3 


Suppose we are asked to add two rational expressions: 


We already possess the skills to accomplish this. We first identify the least common 
denominator (x + 1)(x — 3) and combine the fractions into a single expression. 


2 5  22%a@-—3)+5@+1) 2x-64+5x+5 #£x37x-1 
x+t+1l%«*-3 (x + 1)\(x — 3) (x + 1) — 3) x? — 2x - 3 
Ix — 1 
How do we do this in reverse? For example, how do we start with a and 


: . ; : : x —2x-3 
write this expression as a sum of two simpler expressions? 


Partial-Fraction Decomposition 
re | 


z= 1 2 5 
a = + 
KOS 26 = 3" x= 3 

ee 


_—— 
Partial Fraction Partial Fraction 


Each of the two expressions on the right is called a partial fraction. The sum of these 
fractions is called the partial-fraction decomposition of abe 5 bes = = 7 

Partial-fraction decomposition is an important tool in calculus. Calculus operations such as 
differentiation and integration are often made simpler if you apply partial fractions. Partial 
fractions were not discussed until now because partial-fraction decomposition requires the 
ability to solve systems of linear equations. Since partial-fraction decomposition is made 
possible by the techniques of solving systems of linear equations, we consider partial fractions 
an important application of systems of linear equations. 

As mentioned earlier, a rational expression is the ratio of two polynomial expressions 
n(x)/d(x), and we assume that n(x) and d(x) are polynomials with no common factors. If the 
degree of n(x) is less than the degree of d(x), then the rational expression n(x)/d(x) is said 


to be proper. If the degree of n(x) is greater than or equal to the degree of d(x), the rational 
expression is said to be improper. If the rational expression is improper, it should first be 
divided using long division. 
~~ 6a 
(x) d(x) 
The result is the sum of a quotient Q(x) and a rational expression, which is the ratio of the 
remainder r(x) and the divisor d(x). The rational expression r(x)/d(x) is proper, and 
the techniques outlined in this section can be applied to its partial-fraction decomposition. 
Partial-fraction decomposition of proper rational expressions always begins with factoring 
the denominator d(x). The goal is to write d(x) as a product of distinct linear factors, but that 
may not always be possible. Sometimes d(x) can be factored into a product of linear factors, 
where one or more are repeated. And sometimes the factored form of d(x) contains irreducible 
quadratic factors, such as x* + 1. There are times when the irreducible quadratic factors are 
repeated, such as (x* + 1)*. A procedure is now outlined for partial-fraction decomposition. 


PARTIAL-FRACTION DECOMPOSITION 


: _ A(x) 
To write a rational expression —— 


d(x) 
Step 1: Determine whether the rational expression is proper or improper. 


as a sum of partial fractions: 


m Proper: degree of n(x) < degree of d(x) 
m= Improper: degree of n(x) = degree of d(x) 


Step 2: If proper, proceed to Step 3. 


If improper, divide —— iat using polynomial (long) division and write 


d(x) 


the result as = = OM) + aa] and proceed to Step 3 with a 


d(x) d(x) d(x) 


Step 3: Factor d(x). One of four possible cases will arise: 
Case 1: Distinct (nonrepeated) linear factors: (ax + b) 
d@) = Gx — 1)@ + 2) 
Case 2: One or more repeated linear factors: (ax + b)” ii = 2 
d(x) = (x + 5)? — 3) 


Case 3: One or more distinct irreducible (ax* + bx + c = 0 has no real 
roots) quadratic factors: (ax + bx + c) 


d(x) = & + 4@ + D@ - 2) 
Case 4: One or more repeated irreducible quadratic factors: 
(ax? + bx +c)" m=2 
dx) = (P +x+ I@+ D@- 2 


Step 4: Decompose the rational expression into a sum of partial fractions 
according to the procedure outlined in each case in this section. 


Step 4 depends on which cases, or types of factors, arise. It is important to note that these 
four cases are not exclusive and combinations of different types of factors will appear. 
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Distinct Linear Factors 


CASE 1: d(x) HAS ONLY DISTINCT (NONREPEATED) 
LINEAR FACTORS 


If d(x) is a polynomial of degree p, and it can be factored into p linear factors: 


d(x) = (ax + b)(cx + d)... 


p linear factors 
: : - n(x) 
where no two factors are the same, then the partial-fraction decomposition of —— 


can be written as d(x) 
n(x) A é B 


iG) a eae 


where the numerators, A, B, and so on are constants to be determined. 


The goal is to write a proper rational expression as the sum of proper rational expressions. 
Therefore, if the denominator is a linear factor (degree 1), then the numerator is a constant 
(degree 0). 


= | | EXAMPLE 1 Partial-Fraction Decomposition with Distinct 
le Linear Factors 


Technology Tip 5x + 13 
Find the partial-fraction decomposition of * 


Use a graphing ae sl — yo dy eS 
the graph of Y,) = —————— and . 
ii "2+ 4x — 5 Solution: 

its partial-fraction decomposition ; 5x + 13 

3 2 Factor the denominator. eo ake 
Y= i + = The graphs @- H@ +5) 

X= xX ' 

and tables of values are shown. Express as a sum of two partial Se 13 A B 


fractions. = + 
(x — 1)(x + 5) (x — 1) (x + 5) 


Multiply the equation by the 


LCD (x — 1)(x + 5). 5x + 13 =A(x+5)+Ba-1) 
Eliminate the parentheses. 5x +13 =Ax+5A+ Bx—-B 
Group the x’s and constants on the right. 5x + 13 =(A + B)x + (5A — B) 
Identify like terms. 5x + 13 = (A + B)x + (5A — B) 
Equate the coefficients of x. S=A+B 
Equate the constant terms. 13 =5A —B 
Solve the system of two linear equations 
using any method to solve for A and B. A=3,B=2 

Woe seth=-1[y54+e2, ae ee ae Sona os | z 


(x— Dix+5) @&—-1° &+5) 


Check by adding the partial fractions. 


3 ; 2  —3a@4+5)+2e%-1) 5x4 13 
@-D) @+t5) (@ — Da + 5) po Edges s 
= Answer: . . mr: oe 4x — 13 
dy — 13 a... 4 = YOUR TURN Find the partial-fraction decomposition of 2-32 10° 


e—3x-10 x+2 x-5 


In Example 1, we started with a rational expression that had a numerator of degree | and a 


denominator of degree 2. Partial-fraction decomposition enabled us to write that rational 
expression as a sum of two rational expressions with degree 0 numerators and degree | 
denominators. 


Repeated Linear Factors 


CASE 2: d(x) HAS AT LEAST ONE 
REPEATED LINEAR FACTOR 


If d(x) can be factored into a product of linear factors, then the partial-fraction 
decomposition will proceed as in Case 1, with the exception of a repeated factor 
(ax + b)”", m = 2. Any linear factor repeated m times will result in the sum of m 
partial fractions: 


A B G M 
2 1 3 SE pea FEN 
(Ge ae I) (@ee aP D) (ax + b) (ax + by 
where the numerators, A, B, C,..., WM are constants to be determined. 


Note that if d(x) is of degree p, the general form of the decomposition will have p partial 
fractions. If some numerator constants turn out to be zero, then the final decomposition 
may have fewer than p partial fractions. 


_| EXAMPLE 2 Partial-Fraction Decomposition with a Repeated 
eid Linear Factor 


; : : a —3x° + 13x — 12 
Find the partial-fraction decomposition of —,——_,- 
x — 4x? + 4x 
Solution: 
: —3x7 + 13x - 12 

Factor the denominator. 5 

x(x — 2)° 
Express as a sum of 98 4 1Ge = 1 A B C 
three partial fractions. 5 = + + p 

wx = 2) eR - (eS 2) G2) 
Multiply the equation 
by the LCD x(x — 2)°. 3x? + 13x — 12 = A(x — 2)? + Bx(x — 2) + Cx 
Eliminate the 
parentheses. 3x? + 13x — 12 = Ax* — 4Ax + 4A + Bx? — 2Bx + Cx 
Group like terms 
on the right. 3x? + 13x — 12 = (A + B)x? +(—4A — 2B +C)x+4A 


Identify like terms 


on both sides. —3x? + 13x — 12 = (4 + B)x? + (-44 — 2B +C)x +4A 


Equate the coefficients of x”. -3=A+B (1) 
Equate the coefficients of x. 13 = —4A4 —2B+C (2) 
Equate the constant terms. —-12=4A (3) 
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Ee 
Technology Tip 


Use a graphing calculator to 
check the graph of 
—3x? + 13x — 12 
Y, = 
we — 4? + 4x 
partial-fraction decomposition 


and its 


+ aie The graphs 


and tables of values are shown. 


Pletd Floke  FIsts 
wise “S4et+1 Sarl? 
pee Soda e td 

wreB Smt lca es 


ce | 


| Yr Be -SH2+138- 


Web-Seatlece 24 
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= Answer: 
x 1 1 2 
we+2xrtx X wt? 


Solve the system of three equations for A, B, and C. 


Solve (3) for A. A=-3 
Substitute A = —3 into (1). B=0 
Substitute A = —3 and B = 0 into (2). C= 
Substitute A = —3, B = 0, C = 1 into the partial-fraction decomposition. 
3x + 13x —- 12 -3 0 ; 1 
x(x — 2) x  («-2)' @-2? 
3x + 13x — 12 -3 1 
wv — 4° + 4x Xx (x — 2)? 
Check by adding the partial fractions. 
=3., 1 —3(x — 27 +1) 3x2 + 13x — 12 
x = 27 x(x — 2) e — 42 + 4x 
eal 
= YOUR TURN Find the partial-fraction decomposition of =——,.. 
xetwvt+x 


EXAMPLE 3 Partial-Fraction Decomposition with Multiple Repeated Linear Factors 


Find the partial-fraction decomposition of 


Solution: 


Factor the denominator. 


Express as a sum of four 
partial fractions. 


Multiply the equation by 
the LCD x° (x + 3). 


Eliminate the parentheses. 
Group like terms on the right. 


Identify like terms on both sides. 


2x7 + 6x7 + 6x + 9 
t+ 6 + 977% ~ 


2x3 + 6x + 6x +9 
x(x + 37 

per rents AB. C. . Db 
(x + 3P x x (xt+3) (+3? 


2x3 + 6x7 + 6x + 9 = Ax(x + 32 + Bx + 3 + C(x + 3) + DH 


23 + 6x? + 6x +9 = Ax? + 6Ax? + 9Ax + Bx? + 6Bx + 9B + CP + 30x + DP 


2x3 + 6x7 + 6x +9 = (A+ Or + (6A + B+ 3C + D)x’ + (9A + OB)x + OB 
2x3 + 6x7 + 6x +9 = (A + Cx? + (644+ B+ 3C + D)x? + (9A + 6B)x + 9B 


Equate the coefficients of x°*. 2=A+C (1) 
Equate the coefficients of x”. 6=6A+B+3C+D (2) 
Equate the coefficients of x. 6=9A + 6B (3) 
Equate the constant terms. 9=9B (4) 
Solve the system of four equations for A, B, C, and D. 

Solve Equation (4) for B. B=1 

Substitute B = 1 into Equation (3) and solve for A. A=0 

Substitute A = 0 into Equation (1) and solve for C. C=2 

Substitute A = 0, B = 1, and C = 2 into Equation (2) and solve for D. D=—-1 


Substitute A = 0, B = 1,C = 2,D 1 into the partial-fraction decomposition. 


26 or Foe 0 1 2 =] 


x(x + 3P oo 2 eee, (x + 3) 


toe tao 1 2 1 
x + 3) xe («t+3) «+37 


Check by adding the partial fractions. 
| 2 1 (x + 3)? + 2x + 3) — 1(27) 


ec (+3) (+3? (x + 3) 


_ 26 + Ot + 6x + 9 
x + 6x7 + 93° 


2x + 2x + 1 


Distinct Irreducible Quadratic Factors 


There will be times when a polynomial cannot be factored into a product of linear factors 
with real coefficients. For example, e+ 4,x° +x 4 1, and 9x7 + 3x + 2 are all examples 
of irreducible quadratic expressions. The general form of an irreducible quadratic factor 
is given by: 


ax + bx +c where ax’ + bx + c = Ohas no real roots 


CaSE 3: d(x) HAS A DISTINCT IRREDUCIBLE 
QUADRATIC FACTOR 


If the factored form of d(x) contains an irreducible quadratic factor ax* + bx + c, 
then the partial-fraction decomposition will contain a term of the form: 


Ax +B 
ax +bxt+c 


where A and B are constants to be determined. 


Recall that for a proper rational expression, the numerator is less than the denominator. 
For irreducible quadratic (degree 2) denominators we assume a linear (degree 1) numerator. 
For example, 


Ix +2 A a: Bx+C 
Qxt De +1) Q2x4+1 (+1) 
i Se 


Constant numerator | Linear numerator 


Linear factor Quadratic factor 
A constant is used in the numerator when the denominator consists of a linear expression 
and a linear expression is used in the numerator when the denominator consists of a 
quadratic expression. 
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2x3 + 2x +1 
= Answer ri 5 , 
Ae x 

1 2 3 


Study Tip 
The degree of the numerator is 


always | less than the degree of the 
denominator. 
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le le | EXAMPLE 4 _ Partial-Fraction Decomposition with an Irreducible 
Technology Tip Quadratic Factor 


Use a graphing calculator to check I? +2 
WW42 Find the partial-fraction decomposition of ——-——, 
the graph of ¥, = ————————— (2x + 1) + 1) 
(2x + IQ? + 1) 


and its partial-fraction decomposition Solution: 
2 
3 2x -1 The denominator is ere 
Y, = + . Th h: : a a 
“  axtl 4+) ae already in factored form. (2x + 1)(x7 + 1) 
and tables of values are shown. 
2 
Express as a sum of ix +2 __A Bx tC 
Flokd Flokz Flot two partial fractions. (2x Ie? 1) (2x + 1) (x + 1) 
wast Peete eo 
eee er Multiply the equation by 
site 2 2 = 
“1oet#241) the LCD (2x + 1) + 1). I? +2=AQX? +1) 4+ (Bx t+ Ox +1) 
Eliminate the parentheses. Te? +2=Ar+A4 2B? + Bx +2Cxr+C 
Group like terms on the right. Te? +2=(A+ 2B) 4+ (B+ 20Cx+(A+0) 
Identify like terms 
on both sides. 7x? + Ox +2 =(A + 2B)x’? + (B + 2C)x + (A+ C) 
: Equate the coefficients of x’. 7=A+2B 
VWiEC Peete ae Equate the coefficients of x. 0=B+2C 
Equate the constant terms. 2=A+C 
Solve the system of three 
equations for A, B, and C. A=3,B=2,C=—-l1 
Substitute A = 3, B = 2, C = —1 into the partial-fraction decomposition. 


Vebse Cette 


Te +2 3 _ 2x71 


Qx+ Det Oth +) 


Check by adding the partial fractions. 


rics. 272 +x+6 3 os ek 3Q? + 1) + (2x : 1)(2x + 1) _ Iv’ +2 
ores Qx+1) +H (4 Diese 1) Ont Tie aH) 
= 1 =, 3x + 2 PrreeeeeeeerOeerrerrere rrr reer reer errr reer rrr rr errr errr errr rr rere reer rrr reer eter reer reer reer rrr rier rrr rr err rere rer reer rier reer rrr errr reer rier rrr tree etter rere ree ie 
7-1 244 2° +x4+6 


Repeated Irreducible Quadratic Factors 


CaSsE 4: d(x) HAS A REPEATED IRREDUCIBLE 
QUADRATIC FACTOR 


If the factored form of d(x) contains an irreducible quadratic factor (ax? + bx + QO", 
where b? — 4ac < 0 and m = 2, then the partial-fraction decomposition will contain a 
series of terms of the form: 


A,x + B, “ Anx + By Bes? ae 13%, a AN 8 ap 1B, 
aetbxtec (att+bxtc? (a2t+bxt+c) (ax’ + bx +c)” 


where A; and B;, i = 1, 2,..., m, are constants to be determined. 
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EXAMPLE 5 Partial-Fraction Decomposition with a Repeated 
Irreducible Quadratic Factor 


3 2 
, . : ue eS ee Be 2 
Find the partial-fraction decomposition of ———.——.,— 


@ + 1) 

Solution: 

3 2 
The denominator is xox t+ 3xt2 
already in factored form. (x + 1y 
Express as a sum of xi — x +3x+2_ Ax+B Cxt+D 
two partial fractions. (x? + 1) r+ (x? + 1y 
Multiply the equation 
by the LCD (x? + 1. we —w4+3x+2=(Axt+ B+ 1)+Cxrt+D 


Eliminate the parentheses. x—x+3xt+2=Ae+ BO+Ax+B+Cx+D 


Group like terms 


on the right. ex 4+3xt+2=Ar+ B+ (A+ Oxt (B+ D) 
Identify like terms 

on both sides. wx? + 3x +2 =Ax> + Br? + (A+ C)x + (B+D) 
Equate the coefficients of x’. 1=A (1) 
Equate the coefficients of x’. -1=B (2) 
Equate the coefficients of x. 3=A+C (3) 
Equate the constant terms. 2=B+D (4) 


Substitute A = 1 into Equation (3) 
and solve for C. C=2 


Substitute B = —1 into Equation (4) 
and solve for D. D=3 


Substitute A = 1, B 1, C = 2, D = 3 into the partial-fraction decomposition. 


Check by adding the partial fractions. 


x-1 , 2+3 = & DQ? + 1) + Qx +3) 2-2? 4+ 3x42 


etl (+19 (x + 1) (2 + 1) 
Be tx + 4x — 1 2 - 
= YOUR TURN Find the partial-fraction decomposition of 5 3 = Answer: ce eae 
(x + 4) (+ 4 
3x +1 8x + 5 
e+4 02 +4) 


Combinations of All Four Cases 


As you probably can imagine, there are rational expressions that have combinations of all 
four cases, which can lead to a system of several equations when solving for the numerator 
constants. 
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EXAMPLE 6 Partial-Fraction Decomposition 


Find the partial-fraction decomposition of 


x(x? + ay 
Solution: 
The denominator is already in w+ x44 43 - 3x7 4+ 4-8 
factored form. (x2 + 27 


Express as a sum of partial fractions. 
There are repeated linear and irreducible quadratic factors. 
Pog t4e ae tee 8 A B Cor D . Ber Pr 
202 + 29° x 2 OF +2). O42) 


Multiply the equation by the LCD x°(x” + oes 
rt xt t+ 4° - 3x + 4x - 8 


2 2 


= Ax? + 2) + BO? + 2)P + (Cx + DP? + 2) + (Ex + FY? 


we t+ x4 4+ 40° - 3° + 4x -— 8 
= Av + 4A + 4Ax + Bxt + 4Bx? + 4B + CP + 200 + Dx? + 2D? + Ex + Fe? 


Group like terms on the right. 
tx + ee — 3 bay 8 


= (4 + Ox? + (B+ D)x’ + (44 + 2C + E)x® + (4B + 2D + F)x? + 44x + 4B 


Equating the coefficients of like terms A+C=1 
leads to six equations. B+D=1 
44+2C+E=4 

4B+2D+F=-3 
4A =4 


. . 4B=-8 
Solve this system of equations. 


A= 1, B= =2, C= 0; D=3; E=0, Fe -1 


Substitute A = 1, B 2,C=0,D=3,E=0,F 1 into the partial-fraction 
decomposition. 


eP+xt+ 40 3x7 + 4x — 8 1 =o Ox + 3 ; Ox + -1 
2 + 27 x xe (242) 2427 


Check by adding the partial fractions. 
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SECTION 
SUMMARY 
‘ 5. TACO) 2. Repeated linear factors 
A rational expression —— is 
da) yeise A ie BR eC 
Proper: If the degree of the numerator is less than the degree G=esarp «2-3 : @ — 3) Yd | 
of the denominator. 
Improper: If the degree of the numerator is equal to or 3. Distinct irreducible quadratic factors 
greater than the degree of the denominator. il = ss Age ae 
Partial-Fraction Decomposition of Proper Rational Gy var rol 
EEE 4. Repeated irreducible quadratic factors 
1. Distinct (nonrepeated) linear factors 
Ac 3a 2 Ar R | Cx D 
SND Be @W+1y e+l Ot? 
= Sea 4) #2=5 wad 
SECTION 
9.3 EXERCISES 
=SKILLS 
In Exercises 1-6, match the rational expression (1-6) with the form of the partial-fraction decomposition (a-f). 
1 3x + 2 2 3x2 3 Bx? 3x + 2 3x + 2 3x 2 
* x2 — 25) * x(x + 25) * O2 + 25) * 02 — 25) * x(x? + 25) * 2a? + 25) 
A B Cx + D aes Bet C€ Dx +E oe Bx+C 
a. —+ > . aes 
x x 425 x x +25 (x? + 25) x +25 
a 442 4_© Ag BLOOD, Ext+F pA 2 Si P 
"x x t5 x5 Sy 2 2 425° G2 + 257 Sx PO xt5 x5 
In Exercises 7-14, write the form of the partial-fraction decomposition. Do not solve for the constants. 
9 8 2x + 5 2 42x — 1 
1. > 8. ———_ B ae 10. a 
x — x — 20 x — 3x — 10 xv 4x xt — 9x 
u 2x3 — 4° + Tx + 3 2x3 + 5x? + 6 383 — x +9 5x3 + 2x7 +4 
. (+x+5) (2 — 3x + 7) (x2 + 10) (2 + 137 
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In Exercises 15-40, find the partial-fraction decomposition for each rational function. 


15. = 16. a 17. — 18. a 
x(x + 1) x(x — 1) x(x — 1) x(x + 1) 
= = + Oy 2 
o, — sp oq ee ». a 
@& = 3)(x 5) (x — 2)(x + 1) (x — 17 (y= 1) 
23. = 4x — 3 eh: 3x + 1 i 4x° — 32x e 5 4x° — Tx a 
x +6x+9 e+ 4x4+ 4 (ee 1) 5S) (x + 2)(x — 1) 
+ - + 5x + -27 - + 2+ 8x + 
27. 5x° + 28x — 6 28. r+5xt+4 29. 2x ue 11 30. 14x 8x + 40 
(x + 4)? + 3) (x — 2)(° + 2) (x — 7)(3x" — 7x + 5) (x + 5)(2x7 — 3x + 5) 
3 2 2x3 — 3x? + Tx — 2 —x3 + 2x? — 3x + 15 
31. —— 39, —_* 5 34, ——_ 
(x + 9) (x- + 9) (ace 1) (x° + 8) 
3x +1 2- 5x7 + Ox — 8 10x? — 5x + 29 
35. — 36. —— 37. 38. —_ 
Ir il x — 81 (x — LDQ? + 2x - 1) (x — 3)(x° + 4x + 5) 
+ 
a9, ao, +2 
x — 1 x - 8 


“APPLICATIONS 


41. Optics. The relationship between the distance of an object to 42. Sums. Find the partial-fraction decomposition of 
a lens d,, the distance to the image d;, and the focal length f 
of the lens is given by 

f (d; a5 dy) 1 i 1 i 1 Jo... 4 1 
“ai 2 Bea” ava 999 + 1000 


n(n + 1) 
and apply it to find the sum of 


Use partial-fraction decomposition to write the lens law in terms 
of sums of fractions. What does each term represent? 


=CATCH THE MISTAKE 


In Exercises 43 and 44, explain the mistake that is made. 


7 3x7 + 3x + 1 a CS a se 
43. Find the partial-fraction decomposition of ——,———. 44. Find the partial-fraction decomposition of —————_— 
x(x" + 1) x(x — 1) 
Solution: Solution: 

: ee : : ae : 4_y_y A B 
Write the partial fraction a2 43x41 A B Write the partial fraction 3x x _ ; 
decomposition form. = aioe decomposition form. x= 1) xX KI] 

x(x? + 1) x +1 
Multiply by the LCD Multiply by the LCD 
mpl eye le , x(x — 1). SA g= (SAG — 14 Be 
x(x? + 1). 3x7 + 3x +1=A(? +1) + Bx 


Eliminate the parentheses 
and group like terms. 3x4 -x-—1=(A+B)x—-A 


Eliminate the parentheses. 3x7 + 3x +1 =Ax?>+ Bx+A 


Matching like terns Compare like coefficients. A=1,B=-2 
leads to three equations. A = 3,B=3,andA = 1 


Lo. . This is incorrect. What mistake was made? 
This is incorrect. What mistake was made? 
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"CONCEPTUAL 


In Exercises 45 and 46, determine whether each statement is true or false. 


45. Partial-fraction decomposition can only be employed when 46. The degree of the denominator of a reducible rational 
the degree of the numerator is greater than the degree of the expression is equal to the number of partial fractions in its 
denominator. decomposition. 


'CHALLENGE 


For Exercises 47-52, find the partial-fraction decomposition. 


x + 4x- 8 —x+2x-2 
47. ——.———_ 50. —,—_ 
eP-?-4r4 4 ~~ — xt 
+b 7 
48. a a, b, c are real numbers. 51. ae 
xe +1) 
Je fx 1 
49, a 52 r—4 
x xX (2 a he 


“TECHNOLOGY 


53. U hing utility t h Se 57. U bee ie h 2x7 — 8x + 16 4 
. Use a graphing utility to graph y) = =—————~ an . Use a graphing utility to graph y, = an 
i ae ane i ae ae a a al a ae a ETE 
3 2-3 ee 
y. = ad ot ae in the same viewing rectangle. Is y, y= 1 \ 2 _at4 in thécame viewine 


x-2 (-2% #4+4 
the partial-fraction decomposition of y,? ( ) 


rectangle. Is y, the partial-fraction decomposition of y,? 


: Py 2x + 2x -5 
54. Use a graphing utility to graph y, = ——,—-——— and 
ae w+ Sx 58. Use a graphing utility to graph 
yy = = es in the same viewing rectangle. Is y, the 7 3x3 + 142 + 6x + 51 
F : is yy 5 Fi and 
partial-fraction decomposition of y,? (x7 + 3x — 4x + 2x + 5) 
Pa Se i 2 1, 2-3) jak 
55. Use a graphing utility to graph y; = eee and ya x-1 x+4 > 2@4+2x45 in the same viewing 
4 2 Set 2, rectangle. Is y, the partial-fraction decomposition of y,? 


= t in the same viewin 
a x x» +1 (x? + 1) : 


rectangle. Is y, the partial-fraction decomposition of y,? 
xe+2x+6 
(x + 3)(x? - 4) 


56. Use a graphing utility to graph y, = 3 and 


2 » eS 


y= | in the same viewing rectangle. 
2 x+3 (x _ 4y g g 


Is yy the partial-fraction decomposition of y,? 


SECTION SYSTEMS OF LINEAR INEQUALITIES 
9.4 IN TWO VARIABLES 


A dashed line means that the points 
that lie on the line are not included in 
the solution of the linear inequality. 


Linear Inequalities in Two Variables 

To graph linear inequalities in two variables, we will bridge together two concepts that we 
have already learned: linear inequalities (Section 1.5) and lines (Section 2.3). Recall that 
in Section 1.5 we discussed linear inequalities in one variable. For example, 3x — 1 < 8 
has a solution x < 3, which can be represented graphically on a number line where the red 
colored area to the left of 3 represents the solution. 

Recall in Section 2.3 that y = 2x + 1 is an equation in two variables whose graph is a 
line in the xy-plane. We now turn our attention to linear inequalities in two variables. For 
example, if we change the = in y = 2x + | to < we get y < 2x + 1. The solution to this 
inequality in two variables is the set of all points (x, y) that make this inequality true. Some 
solutions to this inequality are (—2, —5), (0, 0), (3, 4), (5, -—I),... 

In fact, the entire region below the line y = 2x + 1 satisfies the inequality y < 2x + 1. 
If we reverse the sign of the inequality to get y > 2x + 1, then the entire region above the 
line y = 2x + 1 represents the solution to the inequality. 

Any line divides the xy-plane into two half-planes. For example, the line y = 2x + 1 
divides the xy-plane into two half-planes represented as y > 2x + 1 andy < 2x + 1. 
Recall that with inequalities in one variable we used the notation of parentheses and 
brackets to denote the type of inequality (strict or nonstrict). We use a similar notation 
with linear inequalities in two variables. If the inequality is a strict inequality, < or >, 
then the line is dashed, and, if the inequality includes the equal sign, = or =, then a solid 
line is used. The following box summarizes the procedure for graphing a linear inequality 
in two variables. 


GRAPHING A LINEAR INEQUALITY IN TWO VARIABLES 


Step 1: Change the sign. Change the inequality sign, <, =, =, or >, to an equal 
sign, =. 


Step 2: Draw the line that corresponds to the resulting equation in Step 1. 
uw If the inequality is strict, < or >, use a dashed line. 
w If the inequality is not strict, < or =, use a solid line. 


Step 3: Test a point. 
m Select a point in one half-plane and test to see whether it satisfies the 
inequality. If it does, then so do all the points in that region (half-plane). 
If not, then none of the points in that half-plane satisfy the inequality. 
m Repeat this step for the other half-plane. 


Step 4: Shade the half-plane that satisfies the inequality. 
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EXAMPLE 1_ Graphing a Strict Linear Inequality in Two Variables le 
Graph the inequality 3x + y < 2. Technology Tip 
Solution: The graphing calculator can be used 
to help in shading the linear 
Step 1 Change the inequality sign to an inequality 3x + y < 2. However, it 
equal sign. 3x +y=2 will not show whether the line is 


solid or dashed. First solve for y, 


Step 2 Draw the line. y < —3x + 2. Then, enter 


Convert from standard form to y, = —3x + 2. Since y, < —3x + 2, 
slope-intercept form. y=-3x+2 the region below the dashed line is 
shaded. 


Since the inequality < is a strict 
inequality, use a dashed line. Floti Flokz Flok> 


Step 3 Test points in each half-plane. 
Substitute (3, 0) into 3x + y < 2. 
The point (3, 0) does not satisfy the inequality. 
Substitute (—2, 0) into 3x + y < 2. 


The point (—2, 0) does satisfy the inequality. 


Step 4 Shade the region containing 
the point (—2, 0). 


= YOUR TURN Graph the inequality —x + y>—1. 
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EXAMPLE 2 Graphing a Nonstrict Linear Inequality in 
Two Variables 


Graph the inequality 2x — 3y = 6. 
Solution: 
Step 1 Change the inequality sign to an equal sign. k= 3y= 
Step 2 Draw the line. 
Convert from standard form to 2 


slope—intercept form. 3 


Since the inequality = is not a strict 
inequality, use a solid line. 


Step 3 Test points in each half-plane. 


Substitute (5, 0) into 2x — 3y = 6. 2(5) — 3(0) = 6 

le The point (5, 0) satisfies the inequality. 10=6 

Technology Tip Substitute (0, 0) into 2x — 3y = 6. 2(0) — 3(0) =6 

peaavite jee 
Filoki Flake Flokz 

wile sCen-63 


The point (0, 0) does not satisfy the inequality. 


aii Step 4 Shade the region containing 
the point (5, 0). 


a A : 
eee = YOUR TURN Graph the inequality x — 2y = 6. 


Systems of Linear Inequalities in 
Two Variables 


Systems of linear inequalities are similar to systems of linear equations. In systems of 
linear equations we sought the points that satisfied all of the equations. The solution set of 
a system of inequalities contains the points that satisfy all of the inequalities. The graph 
of a system of inequalities can be obtained by simultaneously graphing each individual 
inequality and finding where the shaded regions intersect (or overlap), if at all. 
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laa EXAMPLE 3 Graphing a System of Two Linear Inequalities 


Graph the system of inequalities: xs 


—2 
Bie, 2 


IA WV 


ry 
ry 
Solution: 


Step 1 Change the inequality signs to equal signs. 


Step 2 Draw the two lines. 


Because the inequality signs are 
not strict, use solid lines. 


Step 3 Test points for each inequality. 
kp SS H2 
Substitute (—4, 0) into x + y= —2. 


The point (—4, 0) does not satisfy 
the inequality. 


Substitute (0, 0) into x + y = —2. 0=-2 
The point (0, 0) does satisfy the inequality. 
x¥+ys2 
Substitute (0, 0) into x + y $2. 0=2 
The point (0, 0) does satisfy the inequality. 
Substitute (4, 0) into x + y S$ 2. 4=2 
The point (4, 0) does not satisfy the inequality. 
Step 4 Forx + y = —2, shade the region For x + y S 2, shade the region 
above that includes (0, 0). below that includes (0, 0). 


Ee 
Technology Tip 


Solve for y in each inequality first. 
Enter y, = —x — 2andy, = —x +2. 


Fioki Flake Fake 
3448 -H-2 
ey 2B 


=H 
y= 


Step 5 The overlapping region 


: ; The overlapping region is the 
is the solution. 


solution. 
Notice that the points (0, 0), 

(—1, 1), and (1, —1) all lie in the 
shaded region and all three satisfy 
both inequalities. 
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"7 las EXAMPLE 4_ Graphing a System of Two Linear Inequalities with 
Technology Tip & No Solution 


Solve for y in each inequality first. Graph the system of inequalities: xtys-2 
Enter y, = —x — 2 and “ps ghee 
etye 2 
Yo =x+ 2. 
Solution: 
FIGkL Floke Floks 
a = i al Step 1 Change the inequality signs to equal signs. xty=-2 
42 ATS x+y= 2 
7 3=K 3 
wit y= STEP 2 Draw the two lines. 
There is no overlapping region. Because the inequality signs are not 
Therefore, there is no solution to the strict, use solid lines. 
system of inequalities. 
————} 
——— SS 
Li Step 3. Test points for each inequality. 
x+y = -2 
Substitute (—4, 0) intox + y = —2. —-4s-2 


The point (—4, 0) does satisfy the inequality. 
Substitute (0, 0) into x + y S$ —2. Ox -2 


The point (0, 0) does not satisfy 
the inequality. 


x+y22 
Substitute (0, 0) into x + y = 2. 0=2 


The point (0, 0) does not satisfy 
the inequality. 


Substitute (4, 0) into x + y = 2. 4=2 
The point (4, 0) does satisfy the inequality. 
Step 4 Forx + y S —2, shade the region 
below that includes (—4, 0). 


For x + y S 2, shade the region 
above that includes (4, 0). 


= Answer: Step 5 There is no overlapping region. 
a. No solution. Therefore, no points satisfy both inequalities. 


b. We say there is [no solution |. 


= YOUR TURN Graph the solution to the system of inequalities. 


ay>xtl b y<x+1 
yer l yous = I 
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Thus far we have addressed only systems of two linear inequalities. Systems with more 
than two inequalities are treated in a similar manner. The solution is the set of all points that 
satisfy all of the inequalities. When there are more than two linear inequalities, the solution 
may be a bounded region. We can algebraically determine where the lines intersect by 
setting the y-values equal to each other. 


| » | EXAMPLE 5 Graphing a System of Multiple Linear Inequalities 


y= x 
Solve the system of inequalities: y=-x 
vy. 3 
Solution: 
Step 1 Change the inequalities to equal signs. y= x 
y=-x 
y= 3 


Step 2 Draw the three lines. 


To determine the points of intersection, set the y-values equal. 


Point where y = x and y = —x intersect: ae 
x=0 

Substitute x = 0 into y = x. (0, 0) 
Point where y = —x and =n = 3 
y = 3 intersect: x= =3 

(—3, 3) 
Point where y = 3 and x= 
y =x intersect: (3, 3) 


Step 3 Test points to determine the shaded 
half-planes corresponding to y S x, 
y = —x, andy <3. 


Step 4 Shade the overlapping region. 


El 
Technology Tip 
Solve for y in each inequality first. 
Enter y, S x, y) = —x, and y; < 3. 


Flakd Flake Plot 
Para = Ft 


338 -K 
awed = Pc 


The overlapping region is the 
solution to the system of inequalities. 
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Applications 


Systems of linear inequalities arise in many applications, for example, the target zone for 
heart rate during exercise, normal weight ranges for humans, capacity of a room for an 
event, and return on investments. 


EXAMPLE 6 Cost of a Wedding Reception 


A couple has invited 300 guests to their wedding. The fixed costs (such as formal wear, 
entertainment, flowers, and invitations) are $7000, and the variable costs (party 

favors, chair covers, food, and drinks) range between $25 and $50 per person, depending 
on the menu. Assuming at least 200 and at most 300 people attend, graph the cost of the 
wedding as a system of inequalities. 


Solution: 


Let x represent the number of people attending the wedding and y represent the cost of the 
wedding. There are four linear inequalities: 


At least 200 guests attend: x = 200 
No more than 300 guests attend: x = 300 
Minimum cost of the wedding: y = 7000 + 25x 
Maximum cost of the wedding: y = 7000 + 50x 


Graph the system of inequalities. 
$21000 
17500 


14000 


Wedding Cost 


10500 


100 200 300 400 500 
Number of Guests 


This solution implies that the wedding cost will be approximately between $12,000 and $22,000. 


In economics, the point where the supply and demand 
curves intersect is called the equilibrium point. Consumer 
surplus is a measure of the amount that consumers benefit 
by being able to purchase a product for a price less than the 
maximum they would be willing to pay. Producer surplus 
is a measure of the amount that producers benefit by selling 
at a market price that is higher than the least they would be 
willing to sell for. 


Supply curve 


Equilibrium 


Demand 
curve 


Market Price 


Quantity 
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EXAMPLE 7 Consumer Surplus and Producer Surplus 


The Tesla Motors Roadster is the first electric 


ze 
car that is able to travel 245 miles on a single e = 
charge. The price of a 2011 model is zs 
approximately $90,000 (including tax and 5 g 
incentives). “8. 


Suppose the supply and demand equations for this electric car are given by 
P = 90,000 — 0.1x (Demand) 
P = 10,000 + 0.3x (Supply) 


where P is the price in dollars and x is the number of cars produced. Calculate the 
consumer surplus and the producer surplus for these two equations. 


Solution: 
Find the equilibrium point. 90,000 — 0.1x = 10,000 + 0.3x 
0.4x = 80,000 
x = 200,000 
Let x = 200,000 in either the P = 90,000 — 0.1(200,000) = 70,000 
supply or demand equation. P = 10,000 + 0.3(200,000) = 70,000 


According to these models, if the price of a Tesla Motors Roadster is $70,000, then 
200,000 cars will be sold and there will be no surplus. 


Write the systems of linear inequalities that correspond to consumer surplus and 
producer surplus. 


(200,000, 70,000) 


CONSUMER SURPLUS PRODUCER SURPLUS 70,000 ores 
P = 90,000 — 0.1x P = 10,000 + 0.3x 
P = 70,000 P = 70,000 aeoch 
x=0 x=0 20,000 


Price 
un 
= 
= 
S 
S 


a 
50,000 150,000 = 250,000 
Number of Cars 


The consumer surplus is the area 1 


of the red triangle. A= ra 
1 
= 3 (200,000)(20,000) 
The consumer surplus is $2B. = 2,000,000,000 
The producer surplus is the area 1 
of the blue triangle. A= yeh 
1 
= 37 (200,000)(60,000) 


The producer surplus is $6B. = 6,000,000,000 
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The graphs of the systems of linear inequalities in Examples 6 and 7 are said to be bounded, 
whereas the graphs of the systems of linear inequalities in Examples 3, 4, and 5 are said to be 
unbounded. Any points that correspond to boundary lines intersecting are called corner 
points or vertices. In Example 7, the vertices corresponding to the consumer surplus are 
the points (0, 90,000), (0, 70,000), and (200,000, 70,000), and the vertices corresponding 
to the producer surplus are the points (0, 70,000), (0, 10,000), and (200,000, 70,000). 


> SECTION 
SUMMARY 
Linear Inequality System of Linear Inequalities 
1. Change the inequality sign to an equal sign. Draw the individual linear inequalities. 
2. Draw the line. (Dashed for strict inequalities and solid for The overlapping shaded region is the solution. 


nonstrict inequalities.) 


3. Test a point. (Select a point in one-half plane and test the 
inequality. Repeat this step for the other half-plane.) 


4. Shade the half-plane that satisfies the linear inequality. 


SECTION 
9.4 EXERCISES 


"SKILLS 


In Exercises 1-4, match the linear inequality with the correct graph. 


1 y>x 2. y=x 
a. b. 


In Exercises 5-20, graph each linear inequality. 


Ss. yx = I 6. y=-x+1 7. yS—-x 8. y>-x 
9. y= —3x+2 10. y<2x+3 11. y= —-2x4+1 12. y>3x-2 
13. 3x + 4y <2 14. 2x + 3y > —-6 15. 5x + 3y< 15 16. 4x — 5y = 20 


17. 4x -—2y=6 18. 6x — 3y=9 19. 6x + 4y = 12 20. 5x — 2y = 10 
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In Exercises 21-48, graph each system of inequalities or indicate that the system has no solution. 


2.y=x-1 22.y>x+1 23. y>2x+1 24.ys2x-1 
ysxtl yee = 1 y<2x-1 yee 1 
25. y= 2x 26. y > 2x 27. x > —-2 28. y <3 
ys 2x y<2x x< 4 y>0 
29. x =2 30. y =3 31. y>x 32. y=x 
y=x y2x x<0 x20 
y<4 y=l 
33.x+y>2 34.x+y<4 35.2 ye 1 36.x-—y>2 
y<l x>0 y<3 y<4 
x0 ye 1 x>0 x20 
37.x + 3y>6 38.x + 2y >4 39.y= x-1 40.y< 4-x 
y<l y<l ys-x+3 y> x-4 
x21 x20 yx *¥+D y>-x-4 
41. x+y>-4 42.y< x+2 43. y<xt+3 44. ys-x+2 
—xty< 2 ype xe=2 x+y=1 yr-x=-3 
ye=—1 Veet y=1 ye—2 
y= 1 yee? ys3 y= 
45.y+x< 2 46.y-—x< 3 47. 2x -y<2 48.3x-y> 3 
yt+tx= 4 yrs 3 2x+y>2 3x ty< 3 
y2=- ys —2 y<2 y<-2 
y= 1 y=-4 


"=APPLICATIONS 


49. Area. Find the area enclosed y> 53. Hurricanes. After back-to-back-to-back-to-back hurricanes 
by the system of inequalities. ys2 (Charley, Frances, Ivan, and Jeanne) in Florida in the summer 
50. Area. Find the area enclosed y< |x| of 2004, FEMA sent disaster relief trucks to Florida. Floridians 
by the system of inequalities. x=0 mainly needed drinking water and generators. Each truck could 
y=0 carry no more than 6000 pounds of cargo or 2400 cubic feet of 
x <3 cargo. Each case of bottled water takes up | cubic foot of space 
: and weighs 25 pounds. Each generator takes up 20 cubic 
51. Area. Find the ae enclosed 7 sx +y = 10 feet and weighs 150 pounds. Let x represent the number of 
by the system of linear inequalities x2 0 cases of water and y represent the number of generators, and 
(assume y = 0). x= 1 write a system of linear inequalities that describes the number 
52. Area. Find the area enclosed —5x+y<0 of generators and cases of water each truck can haul to Florida. 
by the system of linear inequalities x21 54. Hurricanes. Repeat Exercise 53 with a smaller truck and 
(assume y = 0). x=2 


different supplies. Suppose the smaller trucks that can haul 
2000 pounds and 1500 cubic feet of cargo are used to 

haul plywood and tarps. A case of plywood is 60 cubic feet 
and weighs 500 pounds. A case of tarps is 10 cubic feet and 
weighs 50 pounds. Letting x represent the number of cases of 
plywood and y represent the number of cases of tarps, write a 
system of linear inequalities that describes the number of 
cases of tarps and plywood each truck can haul to Florida. 
Graph the system of linear inequalities. 
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55. 


56. 


57. 


58. 


Health. A diet must be designed to provide at least 275 units 
of calcium, 125 units of iron, and 200 units of Vitamin B. 
Each ounce of food A contains 10 units of calcium, 15 units 
of iron, and 20 units of vitamin B. Each ounce of food B 
contains 20 units of calcium, 10 units of iron, and 15 units of 
vitamin B. 

a. Find a system of inequalities to describe the different 
quantities of food that may be used (let x = the number of 
ounces of food A and y = the number of ounces of 
food B). 

b. Graph the system of inequalities. 

c. Using the graph found in part (b), find two possible 
solutions (there are infinitely many). 


Health. A diet must be designed to provide at least 350 units 
of calcium, 175 units of iron, and 225 units of Vitamin B. 
Each ounce of food A contains 15 units of calcium, 25 units 
of iron, and 20 units of vitamin B. Each ounce of food B 
contains 25 units of calcium, 10 units of iron, and 10 units of 
vitamin B. 

a. Find a system of inequalities to describe the different 
quantities of food that may be used (let x = the number of 
ounces of food A and y = the number of ounces of food B). 

b. Graph the system of inequalities. 

c. Using the graph found in part (b), find two possible 
solutions (there are infinitely many). 


Business. A manufacturer produces two types of computer 
mouse: USB wireless mouse and a Bluetooth mouse. Past 
sales indicate that it is necessary to produce at least twice as 
many USB wireless mice than Bluetooth mice. To meet 
demand, the manufacturer must produce at least 1000 
computer mice per hour. 

a. Find a system of inequalities describing the production 
levels of computer mice. Let x be the production level for 
USB wireless mouse and y be the production level for 
Bluetooth mouse. 

b. Graph the system of inequalities describing the 
production levels of computer mice. 

c. Use your graph in part (b) to find two possible solutions. 


Business. A manufacturer produces two types of mechanical 
pencil lead: 0.5 millimeter and 0.7 millimeter. Past sales 
indicate that it is necessary to produce at least 50% more 
0.5 millimeter lead than 0.7 millimeter lead. To meet 
demand, the manufacturer must produce at least 10,000 
pieces of pencil lead per hour. 

a. Find a system of inequalities describing the production 
levels of pencil lead. Let x be the production level for 
0.5 millimeter pencil lead and y be the production level 
for 0.7 millimeter pencil lead. 

b. Graph the system of inequalities describing the 
production levels of pencil lead. 

c. Use your graph in part (b) to find two possible solutions. 


For Exercises 59-62, employ the following supply and demand 


equations: 
Demand: P= 80 — 0.01x 
Supply: P= 20 + 0.02x 
59. Consumer Surplus. Write a system of linear inequalities 


60. 


61. 


62. 


corresponding to the consumer surplus. 


Producer Surplus. Write a system of linear inequalities 
corresponding to the producer surplus. 


Consumer Surplus. Calculate the consumer surplus given 
the supply and demand equations. 


Producer Surplus. Calculate the producer surplus given the 
supply and demand equations. 
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=CATCH THE MISTAKE 


In Exercises 63 and 64, explain the mistake that is made. 


63. Graph the inequality AY 64. Graph the inequality AY 
y2=2x+1. y<2x+1. 
Solution: Solution: 
ys2e+1 ys2ee+1 
Graph the line Graph the line 
y = 2x + 1 with = y = 2x + 1 with - 
a solid line. a solid line. 


Since the inequality 
is =, shade to the right. 


Since the inequality 
is <, shade below. 


This is incorrect. What 
mistake was made? 


This is incorrect. What 
mistake was made? 


"CONCEPTUAL 


In Exercises 65-68, determine whether each statement is true or false. 


65. A linear inequality always has a solution that is a half-plane. 67. A solid curve is used for strict inequalities. 


66. A dashed curve is used for strict inequalities. 68. A system of linear inequalities always has a solution. 


"CHALLENGE 


For the system of linear inequalities (Exercises 69 and 70), Use the following system of linear inequalities for 
assume a, b, c, and d are real numbers. Exercises 71 and 72: 
= a4 
y= axt+b 
x<b y=-actb 
yoec 
yed 71. If.aand bare positive real numbers, graph the solution. 


60. Descibe hessutonahene = bade sa 72. If.aand b are negative real numbers, graph the solution. 


70. What will the solution be if a > b and c > d, given the 
system of linear inequalities? 


"TECHNOLOGY 


In Exercises 73 and 74, use a graphing utility to graph the In Exercises 75 and 76, use a graphing utility to graph each 
following inequalities. system of inequalities or indicate that the system has no solution. 
73. 4x — 2y = 6 (Check with your answer to Exercise 17.) 75. —0.05x + 0.02y = 0.12 76. ys 2x+3 


74. 6x — 3y = 9 (Check with your answer to Exercise 18.) 0.01x + 0.08y = 0.08 y > —0.5x + 5 


SECTION 
9.5 THE LINEAR PROGRAMMING MODEL 


w 


\| solutions | 
- 
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Solving an Optimization Problem 

Often we seek to maximize or minimize a function subject to constraints. This process is 
called optimization. For example, in the chapter opener about Hurricane Katrina, FEMA 
had to determine how many generators, cases of water, and tarps should be in each truck to 
maximize the number of Louisianians given help, yet at the same time factor in the weight 
and space constraints on the trucks. 

When the function we seek to minimize or maximize is linear and the constraints are 
given in terms of linear inequalities, a graphing approach to such problems is called linear 
programming. In linear programming, we start with a linear equation, called the objective 
function, that represents the quantity that is to be maximized or minimized, for example, 
the number of Louisianians aided by FEMA. The number of people aided, however, is sub- 
ject to constraints represented as linear inequalities, such as how much weight each truck 
can haul and how much space each truck has for cargo. 

The goal is to minimize or maximize the objective function z = Ax + By subject to 
constraints. In other words, find the points (x, y) that make the value of z the largest (or 
smallest). The constraints are a system of linear inequalities, and the common shaded 
region represents the feasible (possible) solutions. 

If the constraints form a bounded region, the vertices represent the coordinates (x, y) that 
correspond to a maximum or minimum value of the objective function z = Ax + By. If the 
region is not bounded, then if an optimal solution exists, it will occur at a vertex. A procedure 
for solving linear programming problems is outlined below. 


SOLVING AN OPTIMIZATION PROBLEM USING 
LINEAR PROGRAMMING 


Step 1: Write the objective function. This expression represents the quantity that 
is to be minimized or maximized. 

Step 2: Write the constraints. This is a system of linear inequalities. 

Step 3: Graph the constraints. Graph the system of linear inequalities and shade 
the common region, which contains the feasible solutions. 

Step 4: Identify the vertices. The corner points of the shaded region represent 
possible maximum or minimum values of the objective function. 

Step 5: Evaluate the objective function for each vertex. For each corner point 
of the shaded region, substitute the coordinates into the objective function 
and list the value of the objective function. 

Step 6: Identify the optimal solution. The largest (maximum) or smallest 
(minimum) value of the objective function in Step 5 is the optimal solution 
if the feasible region is bounded. 
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leas EXAMPLE 1_ Maximizing an Objective Function 
Find the maximum value of z = 2x + y, subject to the constraints: 
x21 xs4 Ky SS y20 
Solution: 
Step 1 Write the objective function. 


STEP 2 Write the constraints. 


Step 3 Graph the constraints. 


Step 4 Identify the vertices. (1, 4), (4, 1, C, 0), (4, 0) 


Step 5 Evaluate the objective function for each vertex. 


OBJECTIVE FUNCTION: 
VERTEX x y z=2xt+y 
d, 4) 1 4 20)+4=6 
(4, 1) 4 1 24)+1=9 
(1, 0) 1 0 21) +0=2 
(4, 0) 4 0 2(4)+0=8 


= YOUR TURN Find the maximum value of z = x + 3y subject to the constraints: 


x21 x= 3 yS=—xe 3 y=0 


Study Tip 
The bounded region is the region 
that satisfies all of the constraints. 
Only vertices of the bounded region 
correspond to possible solutions. 
Even though y = —x + 5 and 

y = 0 intersect at x = 5, that point 
of intersection is outside the shaded 
region and therefore is not one of the 
vertices. 


= Answer: The maximum value of 
zis 7, which occurs when x = 1 
and y = 2. 
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Study Tip 
Maxima or minima of objective 
functions occur at the vertices of 


the shaded region corresponding 
to the constraints. 


= Answer: The minimum value of 
zis 8, which occurs when x = 4 


and y = 0. 


aa EXAMPLE 2 Minimizing an Objective Function 
Find the minimum value of z = 4x + 5y, subject to the constraints: 
x20 2x+y=6 er ys 5 y=0 
Solution: 
Step 1 Write the objective function. 


STEP 2 Write the constraints. 


Step 3 Graph the constraints. 


STEP 4 Identify the vertices. (0, 0), (0, 5), (1, 4), (3, 0) 


Step 5 Evaluate the objective function for each vertex. 


OBJECTIVE FUNCTION: 
VERTEX x y z= 4x+ Sy 
(0, 0) 0 0 4(0) + 5(0) = 0 
(0, 5) 0 5 4(0) + 5(5) = 25 
di, 4) 1 4 4(1) + 5(4) = 24 
(3, 0) 3 0 4(3) + 5(0) = 12 


Step 6 | The minimum value of z is 0, which occurs when x = 0 and y = 0. 


= YOUR TURN Find the minimum value of z = 2x + 3y subject to the constraints: 


x= 1 2x+y=8 x+ty24 
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EXAMPLE 3_ Solving an Optimization Problem Using Linear 
Programming: Unbounded Region 


Find the maximum value and minimum value of z = 7x + 3y, subject to the constraints: 
y=0 —2x+y=0 —-x+y2=-4 
Solution: 


Step 1 Write the objective function. 


STEP 2 Write the constraints. 


Step 3 Graph the constraints. 


Step 4 Identify the vertices. (0, 0), (4, 0) 


Step 5 Evaluate the objective function for each vertex. 


OBJECTIVE FUNCTION: 
VERTEX x y Z=7x+ 3y 
(0, 0) 0 0 7(0) + 3(0) = 0 
(4, 0) 4 0 7(4) + 3(0) = 28 


Step 6 | The minimum value of z is 0, which occurs when x = 0 and y = 0. 
There is nomaximum value , because if we select a point in the shaded region, 


say (3, 3), the objective function at (3, 3) is equal to 30, which is greater than 28. 


When the feasible solutions are contained in a bounded region, then a maximum and a 
minimum exist and are each located at one of the vertices. If the feasible solutions are 
contained in an unbounded region, then if a maximum or minimum exists, it is located at 
one of the vertices. 
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EXAMPLE 4 Maximizing the Number of People Aided bya 
Hurricane Relief Effort 


After Hurricane Katrina, FEMA sent disaster relief trucks to Louisiana. Each truck could 
carry no more than 6000 pounds of cargo. Each case of bottled water weighs 25 pounds and 
each generator weighs 150 pounds. If each generator helps one household and five cases of 
water help one household, determine the maximum number of Louisiana households aided 
by each truck and how many generators and cases of water should be sent in each truck. 
Due to the number of trucks and the supply of water and generators nationwide, each truck 
must contain at least 10 times as many cases of water as generators. 


Solution: 
Let x represent the number of cases of water. 
Let y represent the number of generators. 


Let z represent the number of households aided per truck. 


Step 1 Write the objective function. Z=oxty 


Step 2 Write the constraints. 
Number of cases of water is nonnegative. x20 
Number of generators is nonnegative. y=0 


At least 10 times as many cases of 


water as generators. x = 10y 
Weight capacity of truck: 25x + 150y = 6000 
A 
Step 3 Graph the constraints and determine 50 
feasible solutions. a 
& 40 
g 
vo 
3 30 
oO 
S 
2 
| 
i=} 
A 
(240, 0) 
50. 100 150 200 250 
Cases of Water 
Step 4 Identify the vertices. (0, 0), (150, 15), (240, 0) 


Step 5 Evaluate the objective function for each vertex. 


OBJECTIVE FUNCTION: 
VERTEX x y z=ixt+y 
(0, 0) 0 0 0 
(150, 15) 150 15 45 
(240, 0) 240 0 48 


Step 6 | A maximum of 48 households are aided by each truck. | This maximum 


occurs when there are 240 cases of water and 0 generators on each truck. 
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= SECTION 
= SUMMARY 


In this section the linear programming model was discussed. 


1. Write the objective function. 
2. Write the constraints. 
3. Graph the constraints. 


SECTION 
9.5 EXERCISES 


=SKILLS 


4. Identify the vertices. 
5. Evaluate the objective function for each vertex. 
6. Identify the optimal solution. 


In Exercises 1-4, find the value of the objective function at each of the vertices. What is the 
maximum value of the objective function? What is the minimum value of the objective function? 


1. Objective function: z = 2x + 3y 2. Objective function: z = 3x + 2y 


2 3 
3. Objective function: z = 1.5x + 4.5y 4. Objective function: z = Pd + 5) 7 
In Exercises 5-12, minimize or maximize each objective function subject to the constraints. 
5. Minimize z = 7x + 4y subject to: 6. Maximize z = 3x + 5y subject to: 7. Maximize z = 4x + 3y subject to: 
x=0 y=0 —x+y=4 x20 y=0 —-x+y24 x=0 ys=-xt+4 y=-x 
8. Minimize z = 4x + 3y subject to: 9. Minimize z = 2.5x + 3.1y subject to: 10. Maximize z = 2.5x — 3.1y subject to: 
x= 0 y=0 x20 y=0 x=4 x21 y=s7 x=3 
x+y=10 x+y=0 —xtys2 x+y=<6 —x+y=2 x+y=6 
11. Maximize z = 5x + 2y subject to: 12. Minimize z = 5x = 2y subject to: 
Ceyes x+ys7 x+y=6 x+y=8 
—ybys5 =e byes —-xty=6 —-xty24 


"APPLICATIONS 


13. Hurricanes. After the 2004 back-to-back-to-back-to-back 
hurricanes in Florida, a student at Valencia Community 
College decided to create two T-shirts to sell. One T-shirt 
says, “I survived Charley on Friday the Thirteenth,” and the 
second says, “I survived Charley, Frances, Ivan, and Jeanne.” 


14. Hurricanes. After Hurricane Charley devastated central 
Florida unexpectedly, Orlando residents prepared for 
Hurricane Frances by boarding up windows and filling up 
their cars with gas. It took 5 hours of standing in line to get 
plywood, and lines for gas were just as time-consuming. 


The Charley T-shirt costs him $7 to make and he sells it for 
$13. The other T-shirt costs him $5 to make and he sells it 
for $10. He does not want to invest more than $1000. He 


estimates that the total demand will not exceed 180 T-shirts. 


Find the number of each type of T-shirt he should make to 
yield maximum profit. 


A student at Seminole Community College decides to do a 
spoof of the “Got Milk” ads and creates two T-shirts: “Got 
Plywood,” with a line of people in a home improvement 
store, and “Got Gas,” with a street lined with cars waiting to 
pump gasoline. The “Got Plywood” shirts cost $8 to make, 
and she sells them for $13. The “Got Gas’ shirts cost $6 to 
make, and she sells them for $10. She decides to limit her 
costs to $1400. She estimates that demand for these T-shirts 
will not exceed 200 T-shirts. Find the number of each type of 
T-shirt she should make to yield maximum profit. 
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15. 


16. 


"CATCH THE MISTAKE 


Computer Business. A computer science major and a 
business major decide to start a small business that builds 
and sells a desktop computer and a laptop computer. They 
buy the parts, assemble them, load the operating system, and 
sell the computers to other students. The costs for parts, time 
to assemble the computer, and profit are summarized in the 
following table: 


DESKTOP LaPToP 
Cost of Parts $700 $400 
Time to Assemble (hours) 5 3 
Profit $500 $300 


They were able to get a small business loan in the amount of 
$10,000 to cover costs. They plan on making these computers 
over the summer and selling them the first day of class. They 
can dedicate at most only 90 hours to assembling these 
computers. They estimate that the demand for laptops will 
be at least three times as great as the demand for desktops. 
How many of each type of computer should they make to 
maximize profit? 


Computer Business. Repeat Exercise 15 if the two students 
are able to get a loan for $30,000 to cover costs and they can 
dedicate at most 120 hours to assembling the computers. 


In Exercises 21 and 22, explain the mistake that is made. 


21. 


Maximize the objective function z = 2x + y subject to the 
following constraints: 


x20 y2=0 
=x + y 20 xe ys 2 
Solution: 
Graph the constraints. y 


vx 


17. 


18. 


19. 


20. 


Passenger Ratio. The Eurostar is a high-speed train that 
travels between London, Brussels, and Paris. There are 

30 cars on each departure. Each train car is designated first 
class or second class. Based on demand for each type of fare, 
there should always be at least two but no more than four 
first-class train cars. The management wants to claim that the 
ratio of first-class to second-class cars never exceeds 1:8. If 
the profit on each first-class train car is twice as much as the 
profit of each second-class train car, find the number of each 
class of train car that will generate a maximum profit. 


Passenger Ratio. Repeat Exercise 17. This time, assume that 
there has to be at least one first-class train car and that the 
profit from each first-class train car is 1.2 times as much as 
the profit from each second-class train car. The ratio of first 
class to second class cannot exceed 1:10. 


Production. A manufacturer of skis produces two models: a 
regular ski and a slalom ski. A set of regular skis produces a 
$25 profit, and a set of slalom skis produces a profit of $50. 
The manufacturer expects a customer demand of at least 200 
pairs of regular skis and at least 80 pairs of slalom skis. The 
maximum number of pairs of skis that can be produced by 
this company is 400. How many of each model of skis should 
be produced to maximize profits? 


Donut Inventory. A well-known donut store makes two 
popular types of donuts: créme-filled and jelly-filled. The 
manager knows from past statistics that the number of 
dozens of donuts sold is at least 10, but no more than 30. To 
prepare the donuts for frying, the baker needs (on the average) 
3 minutes for a dozen créme-filled and 2 minutes for 
jelly-filled. The baker has at most 2 hours available per day 
to prepare the donuts. How many dozens of each type should 
be prepared to maximize the daily profit if there is a $1.20 
profit for each dozen créme-filled and $1.80 profit for each 
dozen jelly-filled donuts? 


Identify the vertices. (0, 2), (0, 0), C1, 1) 


Comparing the y-coordinates of the vertices, the largest 
y-value is 2. 


The maximum value occurs at (0, 2). 
The objective function at that point is equal to 2. 


This is incorrect. The maximum value of the objective 
function is not 2. What mistake was made? 
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22. Maximize the objective function z = 2x + y subject to the Identify the vertices. (0, 2), (0, 0), (1, 1) 
following constraints: 
OBJECTIVE FUNCTION: 
x20 peo VERTEX x y z=2xt+y 
=K y= 0 x+ty=2 
(0, 2) 0 2 2(0) +2=2 
Solution: 
: (0, 0) 0 0 2:0) +0=0 
Graph the constraints. y 
d, 1) 1 1 20)+1=3 


The maximum, 3, is located at the point (1, 1). 


This is incorrect. What mistake was made? 


=CONCEPTUAL 
In Exercises 23 and 24, determine whether each statement is true or false. 


23. An objective function always has a maximum 24. An objective function subject to constraints that correspond 
or minimum. to a bounded region always has a maximum and a minimum. 


CHALLENGE 


25. Maximize the objective function z = 2x + y subject to the 26. Maximize the objective function z = x + 2y subject to the 
conditions, where a > 2. conditions, where a > b > 0. 
ax + y = —a x+ty=a 
-—axty=S= a eae ee 
ax+yS a xt+y<ath 
-ax +y=—-a —-x+y2a-—b 


"TECHNOLOGY 


In Exercises 27-32, employ a graphing utility to determine the region of feasible solutions, and apply the intersect feature to find 
the approximate coordinates of the vertices to solve the linear programming problems. 


27. Minimize z = 2.5x + 3.1y subject to: 30. Minimize z = 1.2x + 1.5y subject to: 
x=0 y=O x=4 23x+y<S 14.7 -23x+y< 147 
“xtysS2 xtys6 —5.2x + y = 3.7 —2.3x+ y= 15 

Compare with your answer to Exercise 9. 31. Maximize z = 4.5x + 1.8y subject to: 


28. Maximize z = 2.5x + 3.1y subject to: ipaq imeeeeis ape weds 


Se oe 32. Minimize z = 5.4x — 1.6y subject to: 
—x+y<2 xty<6 ° inimize Z = 3.4.x -Oy Subjec oO: 
y = 1.8x — 3.6 y= —22x% + 1.8 


y<18x+42 y<—22x+ 108 


Compare with your answer to Exercise 10. 


29. Maximize z = 17x + 14y subject to: 
y245 —x+ty = 37 x+y S112 


CHAPTER 9 INQUIRY-BASED LEARNING PROJECT 
In Section 9.1, you learned how to solve systems of two linear equations in two 
variables. That is, you determined the set of all points that satisfy both given equations 
in a system. In Chapter 1 you solved linear inequalities in one variable. Next, you will 
put these ideas together as you consider systems of linear inequalities in two 
variables, and their solutions. 


1. The following graph shows the line y = 2x + 1. Notice that the line divides the 


Cartesian plane into two half-planes—one below and one above the line. 


AY 


y=2x+1 


vu 


The set of all the points in the half-plane below the line are in the shaded region. 


a. The set of points on the line, together with the 
points in the shaded region, make up the solution 
set of the inequality: y = 2x + 1. To get an idea 
of what this means, choose several points—a few 
on the line, a few in the shaded region, and a 
few in the unshaded region—and evaluate the 
inequality for each. What do you notice? 

b. Write an inequality that has as its solution set the 
points on the line y = 2x + 1 together with all 
the points above the line. 


c. Suppose you wanted to graph the solutions to the strict inequality y < 2x + 1. 
How do you think you could alter the graph shown above to do this? Explain. 


2. To graph a linear inequality, first graph the associated line (either solid or dashed), 
then choose the appropriate half-plane to shade. Remember, ALL of the points in 
one of the half-planes are in the solution set of the given inequality, and NONE 
of the points in the other half-plane are in the solution set. To determine which 
half-plane to shade, one need only check one test point. 


a. Graph the linear inequality 3x + 6y < 18. 
b. Graph the linear inequality 3x — 6y = 18. 
c. Now consider the system of two linear inequalities: 


Bye ap Gy S 1e 
ye — (ohy = ils) 
Graph the two associated lines together at the right. 


Shade the region(s) that contain(s) the points in the solution set of the system 
of inequalities. Use some test points, if needed. 


d. How is the region you shaded in part (c) related to the regions you shaded in 
parts (a) and (b)? 
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MODELING OUR WORLD 


In 2005, hybrid vehicles were introduced into the U.S. market. The demand for hybrids, 
which are typically powered by a combination of gasoline and electric batteries, was 
based on popular recognition of petroleum as an increasingly scarce nonrenewable 
q resource, as well as consumers’ need to combat rising prices at the gas pumps. In 
j addition to achieving greater fuel economy than conventional internal combustion 
engine vehicles (ICEVs), their use also results in reduced emissions. 
An online “Gas Mileage Impact Calculator)’ created by the American Council for an 
Energy-Efficient Economy (www.aceee.org), was used to generate the following tables 
comparing a conventional sedan (four-door) and an SUV versus their respective hybrid 
counterparts. 


Gas Mileage Impact Calculator 


Toyota CAMRY 
2.4L 4, AUTO 
$3.75/GALLON 15,000 mi/YEAR 


Toyota CAMRY HYBRID 
2.4L 4, AUTO 
$3.75/GALLON 15,000 mMi/YEAR 


Gas Consumption 611 gallons 449 gallons 
Gas Cost $2289.75 $1681.99 
Fuel Economy 25 mpg 33 mpg 
EmIssIONS 

Carbon Dioxide 11,601 pounds 8522 pounds 
(greenhouse gas) 

Carbon Monoxide 235 pounds 169 pounds 
(poisonous gas) 

Nitrogen Oxide 10 pounds 7 pounds 
(lung irritant and smog) 

Hydrocarbons (smog) 6 pounds 8 pounds 


Toyota HIGHLANDER 
3.5L 6, AUTO STK 
$3.75/GALLON 15,000 mi/YEAR 


ToYoTa HIGHLANDER HyYsBrRID 
3.3L 6, AUTO AwD 
$3.75/GALLON 15,000 mi/YEAR 


Gas Consumption 740 gallons 576 gallons 
Gas Cost $2773.44 $2158.33 
Fuel Economy 20 mpg 26 mpg 
Emissions 

Carbon Dioxide 14,052 pounds 10,936 pounds 
(greenhouse gas) 

Carbon Monoxide 229 pounds 187 pounds 
(poisonous gas) 

Nitrogen Oxide 11 pounds 8 pounds 
(lung irritant and smog) 

Hydrocarbons (smog) 7 pounds 16 pounds 
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MODELING OUR WORLD (continued) 


The MSRP and mileage comparisons for the 2011 models are given below: 


CAMRY HIGHLANDER 
CAMRY HYBRID HIGHLANDER HYBRID 
MSRP $19,435 $26,065 $28,035 $34,435 
Miles per gallon in city il 33 18 Dal 
Miles per gallon on highway 31 34 24 De) 


For the following questions, assume that you drive 15,000 miles per year (all in city) and 
the price of gasoline is $3.75 per gallon. 


1. Write a linear equation that models the total cost of owning and operating each 
vehicle y as a function of the number of years of ownership x. 


a. Camry 

b. Camry Hybrid 

c. Highlander 

d. Highlander Hybrid 


2. Write a linear equation that models the total number of pounds of carbon dioxide each 
vehicle emits y as a function of the number of years of ownership x. 


a. Camry 

b. Camry Hybrid 

c. Highlander 

d. Highlander Hybrid 


3. How many years would you have to own and drive the vehicle for the hybrid to be the 
better deal? 
a. Camry Hybrid versus Camry 
b. Highlander Hybrid versus Highlander 

4. How many years would you have to own and drive the vehicle for the hybrid to emit 
50% less carbon dioxide than its conventional counterpart? 


a. Camry Hybrid versus Camry 
b. Highlander Hybrid versus Highlander 
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> CHAPTER 9 REVIEW 


SECTION 


ConcEPT 


Key IDEAS/FORMULAS 


Systems of linear equations 
in two variables 


A\x + Bry =C, 
Axx + Buy = C; 


Solving systems of linear equations 


Substitution method 

Solve for one variable in terms of the other and substitute that 
expression into the other equation. 

Elimination method 

Eliminate a variable by adding multiples of the equations. 
Graphing method 

Graph the two lines. The solution is the point of intersection. 
Parallel lines have no solution and identical lines have infinitely 
many solutions. 


Three methods and 
three types of solutions 


One solution, no solution, infinitely many 
solutions. 


Systems of linear equations 
in three variables 


Planes in three-dimensional coordinate system. 


Solving systems of linear equations in three 
variables 


Step 1: Reduce the system to 2 equations and 2 unknowns. 
Step 2: Solve the resulting system from Step 1. 
Step 3: Substitute solutions found in Step 2 into any of the equations 


Types of solutions 


Partial fractions 


Performing partial-fraction decomposition 
on a rational expression in proper form 


to find the third variable. s 

Step 4: Check. > 

One solution (point), no solution, infinitely many solutions (line). ay 
m 
a 

we Factor d(x) a 

= actor d(x 

d(x) < 

Distinct linear factors g 

nx) A ; B 

dx) (axt+b) (ext) 

Repeated linear factors 

n(x) 7 A ; B ; ; M 

d(x) (axt+b) (ax + by " (ax + by” 

Distinct irreducible quadratic factors 

n(x) = Ax + B Cx+D— 

dx) aetbxrtc det+ext+f. 


Repeated irreducible quadratic factors 


nx) Aw + B, Aox + By 

dx) aet+bxte (akt+bxt+cr 
Asx + B; ; Anx + By 

(ax + bx +c " (a2 + bx +c)” 
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SECTION CoNncEPT Key IDEAS/FORMULAS 


9.4 Systems of linear inequalities in two 
variables 
Linear inequalities in two variables ¢ <or = use solid lines 
¢ <or > use dashed lines 
Systems of linear inequalities in two variables Solutions are determined graphically by finding the common 
shaded regions. 
9.5 The linear programming model 
Solving an optimization problem Finding optimal solutions. 


Minimizing or maximizing a function 
subject to constraints (linear inequalities). 


= 
Ww 
> 
Ww 
x 
x 
WW 
= 
o 
P 
I 
O 


1022 


CHAPTER 9 REVIEW EXERCISES 


9.1 Systems of Linear Equations in Cc. d. 
Two Variables AY AY 
Solve each system of linear equations. : 2 
x 
lr-s=3 2. 3x + 4y =2 = a 
r+s=3 x- y=6 
x 
4 To 
3. —4x + 2y =3 4. 0.25x — 0.5y = 0.6 
4x- y=5 0.5x + 0.25y = 0.8 
5 -8 
5. x+y=3 6. 3x +y=4 
x=y=1 2axt+y=1 
Applications 
as aaa = 8. Sr + 2s 7 ! 21. Chemistry. In chemistry lab, Alexandra needs to make a 
oF Gs ee 42 milliliter solution that is 15% NaCl. All that is in the lab 
is 6% and 18% NaCl. How many milliliters of each solution 
93 y= Ax 10. 2x + 4y = —2 should she use to obtain the desired mix? 
1 
= xx+ -2Z= : : 
y rare dee 2 22. Gas Mileage. A Nissan Sentra gets approximately 32 mpg on 
the highway and 18 mpg in the city. Suppose 265 miles were 
11. 1.3x — 2.4y = 1.6 12. j a 3 y= 12 driven on a full tank (12 gallons) of gasoline. Approximately a 
0.7x — 1.2y = 14 sy tix =3 how many miles were driven in the city and how many on < 
the highway? m 
13. S5x-3y= 21 14. 6x — 2y = — a 
—2x + Ty = —20 4x + 3y = 16 9.2 Systems of Linear Equations in x 
Three Variables m 
a 
15. 10x — 7y = —24 16. ei = ; = 3 Solve each system of linear equations. fe) 
It4y= 1 tx + fy =-} 23. xtytz= 1 24. x-2y+ z= 3 by 
x-y-z=-3 2x- yt z=-4 () 
—x+ty+tz= 3 3x -—3y-5z= 2 
25. x+y+z= 7 26. x re 3 
Match each f equations with its graph ae aa 7 
atch each system of equations with its graph. ytz= 5 xtytz= 5 
17. 2x —3y =4 18. 5x-y= 2 
x+4y=3 5x -y=-2 Applications 
27. Fitting a Curve to Data. The average number of flights on a 
19. x+2y=—- 6 20. 5x + 2y =3 commercial plane that a person takes per year can be mod- 
2x + 4y = -12 4x — 2y=6 eled by a quadratic function y = ax” + bx + c, where a < 0, 
‘ ‘ and x represents age: 16 = x = 65. The following table gives 


ay a the average number of flights per year that a person takes on 
5 5 a commercial airline. Determine the quadratic function that 
models this quantity. 


NUMBER OF FLIGHTS 


a x AGE PER YEAR 
=: ee — 
16 2 
40 6 
5 —5 
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28. Investment Portfolio. Danny and Paula decide to invest 
$20,000 of their savings. They put some in an IRA account 
earning 4.5% interest, some in a mutual fund that has been 
averaging 8% a year, and some in a stock that earned 12% 
last year. If they put $4000 more in the IRA than in the 
mutual fund and the mutual fund and stock have the same 
growth in the next year as they did in the previous year, they 
will earn $1525 in a year. How much money did they put in 
each of the three investments? 


9.3 Partial Fractions 


Write the form of each partial-fraction decomposition. Do not 
solve for the constants. 


29. 3 2 30. q 5 
(x — ly(x + 3)(x — 5) (x — 9)(3x + 5)(x + 4) 
12 2 
31. 5 32; 5 
x(4x + 5)(2x + 1) (x + 1) — 5)\x — 9) 
3 ea ee 
33. a a Ts 34. “ass 
KE = 12 <P 6x 
35 3x3 + 4x° + 56x + 62 x + 7x + 10 
; G+ 177 Ge + 1By 


Find the partial-fraction decomposition for each rational 
function. 


+2 12x +1 
ay ee 2 
(x — 1)(x + 7) (3x + 2)(2x — 1) 
2 + 90x — Pe gee 
yo, E+ 9r= 25 gg St + 
2x° — 50x x + 8x 
2 Xs 
41. | 42, ———_ 
5 eee 4 x(x + 3) 
eS 17 xe 
43. 33 44... 5 
x + 4x + 4 (x° + 64) 


9.4 Systems of Linear Inequalities in 
Two Variables 


Graph each linear inequality. 


45. y= -2x+3 46. y<x-4 
47, 2x + 4y>5 48. 5x + 2y=4 
49. y=>—3x+2 50. y<x-2 
51. 3x + 8y = 16 52. 4x — 9y = 18 


Graph each system of inequalities or indicate that the system 
has no solution. 


53. y=xt+2 
yer? 


54. y = 3x 
y=3x 


55. 4= =2 56. x+ 3y=6 
yor x 2x- y=8 
57. 3x —4y = 16 58. x +y>—4 
5x + 3y> 9 x-y< 3 
y=-2 

x = 8 


9.5 The Linear Programming Model 


Minimize or maximize the objective function subject to the 
constraints. 
59. Minimize z = 2x + y subject to: 

x20 y=0 xty 3 
60. Maximize z = 2x + 3y subject to: 


x20 y2=0 


=x+y=0 x=3 


61. Maximize z = 2.5x + 3.2y subject to: 


x20 y20 
x+y=8 -x+y20 
62. Minimize z = 5x + 11y subject to: 
—x by = 10 ae VD x2 
63. Minimize z = 3x — Sy subject to: 
2x+y=2=6 2x -y=6 x20 
64. Maximize z = —2x + 7y subject to: 
3x +ys7 x—2y=1 x=0 


Applications 
For Exercises 65 and 66, refer to the following: 


An art student decides to hand-paint coasters and sell sets at a flea 
market. She decides to make two types of coaster sets: an ocean 
watercolor and black-and-white geometric shapes. The cost, 
profit, and time it takes her to paint each set are summarized in the 
following table. 


OcEAN GEOMETRIC 
WATERCOLOR SHAPES 
Cost $4 $2 
Profit $15 $8 
Hours 3 2 


65. Profit. If her costs cannot exceed $100 and she can spend only 
90 hours total painting the coasters, determine the number of 
each type she should make to maximize her profit. 


66. Profit. If her costs cannot exceed $300 and she can spend 
only 90 hours painting, determine the number of each type 
she should make to maximize her profit. 


Technology Exercises 


Section 9.1 


67. Use a graphing utility to graph the two equations 
0.4x + 0.3y = —0.1 and 0.5x — 0.2y = 1.6. Find the solution 
to this system of linear equations. 


68. Use a graphing utility to graph the two equations 


5x t any 3x t 


system of linear equations. 


; and sy = 4 Find the solution to this 


Section 9.2 


In Exercises 69 and 70, employ a graphing calculator to solve 
the system of equations. 


69. 5x—- 3y+ 15z= 21 
2x + 0.8y 4z 8 
258= yorsz= 12 


70. 2x 1.5y 3z = 6.5 
0.5x — 0.375y + 0.75z = 1.5 


Section 9.3 
rt+4 
71. Apply a graphing utility to graph y, = —~——, 
XS 
4 5/2 5/2 
a eo x-1 xt 
Is yy the partial-fraction decomposition of y,? 


and 


in the same viewing rectangle. 
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72. Use a graphing utility to graph 
x + 6x° + 27x + 38 


= and 
Oe GE Be & IiGe + be + 13) 
2x + 1 x-3 fe ecesas 
in e same viewin: 
2 Pe age ye hohe E13 " 


rectangle. Is y, the partial-fraction decomposition of y,? 


Section 9.4 


In Exercises 73 and 74, use a graphing utility to graph each 
system of inequalities or indicate that the system has no 
solution. 


713: 26+ Sy =15 


ys-}x-1 


4, pS WSs 
y>—-1.5x+6 


Section 9.5 


75. Maximize z = 6.2x + 1.5y subject to: 


4x — 3y = 5.4 
2x + 4.5y = 6.3 
34 = y = =107 


76. Minimize z = 1.6x — 2.8y subject to: 


y 2 3.2x — 4.8 
yS3.2x+ 4.8 


xe —2 
x=4 
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CHAPTER 9 PRACTICE TEST 


Solve each system of linear equations. 


1 x-2y=1 2. 3x+ Sy=-2 
—x + 3y=2 Ix + lly = —6 

3. x- y= 2 4. 3x-2y=5 
—2x + 2y = —4 6x — 4y =0 

5. xatyt 2-1 6. 6x Oy z=5 
xt+tyt+t z= 0 24> 3yr 2=3 
—x+y+2z= 0 10x + 12y + 2z=9 

7s x-2y+3z= 5 8. x a alo 
—2x+ y+4z= 21 xty =—] 
3x-Sy+ z=—14 ytz= 


Write each rational expression as a sum of partial fractions. 


2x + 5 3x — 13 
9. 10. ——_, 
ae | = 5p 
+ 1 
Tess a 
(x + 2) 2° + 5x — 3 
3 5x - 3 5x — 3 
7 * x? — 9) * x(x? + 9) 
4 Graph the inequalities. 
i 15. 2x +y<6 16. 4x -y=8 
i) In Exercises 17-20, graph the system of inequalities. 
= 
Om 17. xt+tys 4 18. x+3ys56 
s —x+y=-2 2x- ys4 
mm 619. Sx—-2y< 8 20. -x + y>6 
3x + 4y < 12 xty=x4 


21. Minimize the function z = 5x + 7y, subject to the constraints: 


x20 y20 x+y s3 —-x+y21 


22. Find the maximum value of the objective function 
z = 3x + 6y, given the constraints: 


x20 
x+ys6 


y=0 
—-x+2y=4 
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23. Stock Investment. On starting a new job, Cameron gets a 
$30,000 signing bonus and decides to invest the money. She 
invests some in a money market account earning 3% and 
some in two different stocks. The aggressive stock rose 12% 
last year, and the conservative stock rose 6% last year. She 
invested $1000 more in the aggressive stock than in the 
conservative stock, and in 1 year she earned $1890 on the 
investment. How much did she put in the money market, and 
how much was invested in each stock? 


24. Ranch. A rancher buys a rectangular parcel of property that 
is 245,000 square feet. She fences the entire border and then 
adds three internal fences so there are four equal rectangular 
pastures. If the fence required 3150 linear feet, what are the 
dimensions of the entire property? 


25. Employ a graphing calculator to solve the system of equations. 
5x — 3y + 3z= 
2x- y+ z=4 
4x — 2y + 3z=9 


26. Minimize z = x — 1.2y subject to: 


3.2x+yS 15.9 
0.4x-ys= 03 
x= 10 


CHAPTERS 1-9 CUMULATIVE TEST 


15. 


16. 


17. 


. Simplify 3 


1 
. Sketch the graph of the function y = 
ve 


6x? — llx +5 
Ox: = 25 


. Perform the operation and write in standard form: 


(5 — 7i) — (11 — 9%). 


. Solve for x and give any excluded values: 


5 5 5 
x xt r+x 


. Solve for the radius r: A = ar’. 


. Solve and express the solution in interval notation: 


20? 
t-1 


= 31. 


. Calculate the distance and midpoint between the line 


segment joining the points 2, é) and (5, -3). 


. Write an equation of a line in slope—intercept form that 


passes through the two points (5.6, 6.2) and (3.2, 5.0). 


. Use interval notation to express the domain of the function 


f) = Vx — 25. 


5 
. Find the average rate of change for f(x) = 7 from x = 2 to 


x=4, 


5 + | and 
identify all transformations. 


5 
. Evaluate g( f(—1)) for f(x) = We —7 and g(x) = a 
: ; ; 5x 2. 
. Find the inverse of the function f(x) = —— 3" 


. Find the quadratic function that has the vertex (0, 7) and 


goes through the point (2, — 1). 


. Find all of the real zeros and state the multiplicity of the 


function f(x) = 4° + x. 


List the possible rational zeros and test to determine all 
rational zeros for P(x) = 2x* + 7x3 — 18x° — 13x + 10. 


Factor the polynomial P(x) = 4x* — 41° + 13x7 + 18x + 5 
as a product of linear factors. 


Graph the exponential function f(x) = 5-* — 1; state the 
y-intercept, the domain, the range, and the horizontal 
asymptote. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


How much money should be put in a savings account now 
that earns 5.2% a year compounded daily if you want to have 
$50,000 in 16 years? 


Graph the function f(x) = In(x + 1) — 3 using transformation 
techniques. 


Evaluate log, ; 8.9 using the change-of-base formula. Round 
the answer to three decimal places. 


Solve the equation 5(107*) = 37 for x. Round the answers to 
three decimal places. 


At a coffee shop, one order of 4 tall coffees and 6 donuts is 
$14.10. A second order of 5 tall coffees and 4 donuts is 
$13.11. Find the cost of a tall coffee and the cost of a donut. 


Solve the system of linear equations. 


x+4y+2z= 12 
Find the partial-fraction decomposition for the rational 
. =f 

expression area a 
cS 
Graph the system of linear inequalities. 2 
S 
yo-x r 
ye Ss 
x= 3 < 
. m 
Employ a graphing calculator to solve the system of of 
equations. m 
1) 
2x—-9y+ 8z = —21.8 4 

Sx+6y-1lz= 41.7 

3n> poe 92 = — 11,7 

3x +x 4+ 8 


Apply a graphing utility to graph y, = an 


i xt 4x 
‘i in the same viewing rectangle. Is y, the 


partial-fraction decomposition of y,? 
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Matrices 


ryptography is the practice 
Ge study of encryption and 
decryption—encoding data so 
that it can be decoded only by 
specific individuals. In other 
words, it turns a message into 
gibberish so that only the person 
who has the deciphering tools 
can turn that gibberish back into 
the original message. ATM cards, 
online shopping sites, and 


secure military communications 


decodes 


visitor web server 


decodes \ sends 


all depend on coding and decoding of information. Matrices are used extensively in cryptography. A 


matrix is used as the “key” to encode the data, and then its inverse matrix is used as the “key” to decode 


the data.* 


*Section 10.3, Exercises 49-54. 
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e Equality of Matrices 
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e Scalar and Matrix 
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10.3 
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Square Matrix 


e Matrix Equations 

e Finding the Inverse 
of a Matrix 

e Solving Systems of 
Linear Equations 
Using Matrix Algebra 
and Inverses of 
Square Matrices 


10.4 
The Determinant of a 
Square Matrix and 
Cramer’s Rule 


e Determinant of a 
2 X 2 Matrix 


¢ Determinant of an 
n Xn Matrix 

e Cramer’s Rule: 
Systems of Linear 
Equations in Two 
Variables 

e Cramer’s Rule: 
Systems of Linear 
Equations in Three 
Variables 


LEARNING OBJECTIVES 


Use Gauss-Jordan elimination to solve systems of linear equations. 
Perform matrix operations: addition, subtraction, and multiplication. 
Utilize matrix algebra and inverses of matrices to solve systems of linear equations. 


| 
|_| 
|_| 
m™ Use Cramer’s rule (determinants) to solve systems of linear equations. 


1029 


SECTION MATRICES AND SYSTEMS 
10.1 OF LINEAR EQUATIONS 


Matrices 


Some information is best displayed in a table. For example, the number of calories 
burned per half hour of exercise depends upon the person’s weight, as illustrated in the 
following table. Note that the rows correspond to activities and the columns correspond 


to weight. 
ACTIVITY 127-137 LB 160-170 LB 180-200 LB 
Walking/4 mph 156 183 204 
Volleyball 267 315 348 
Jogging/S mph 276 345 381 


Another example is the driving distance in miles from cities in Arizona (columns) to cities 
outside the state (rows). 


City FLAGSTAFF PHOENIX TUCSON YUMA 
Albuquerque, NM 325 465 440 650 
Las Vegas, NV 250 300 415 295 
Los Angeles, CA 470 375 490 285 


If we selected only the numbers in each of the preceding tables and placed brackets 
around them, the result would be a matrix. 


156 183 204 325 465 440 650 
Calories: | 267 315 348 Miles: | 250 300 415 295 
276 345 381 470 375 490 285 
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A matrix is a rectangular array of numbers written within brackets. 


ay, Ay aj Ain 
a, Ay2 Aj Ann 
qi in aj Gin 
Ci Gly ow Oy on Ohare 


Each number a;; in the matrix is called an element of the matrix. The first subscript bhai At 
i is the row index, and the second subscript j is the column index. This matrix The order of a matrix is always given 


contains m rows and n columns, and is said to be of order m X n. . ne fiber oF nays t tne Aamabee 
of columns. 


When the number of rows equals the number of columns (that is, when m = n), the 


matrix is a square matrix of order n. In a square matrix, the entries a1), do, 433, - - - 5 Ann 
are the main diagonal entries. 
The matrix 
ok ok ok 
ok Kk Bo 
Agx3 = : 7 
32 
* * * 


has order (dimensions) 4 X 3, since there are four rows and three columns. The element 
37 1s in the third row and second column. 


EXAMPLE 1_ Finding the Order of a Matrix 


Determine the order of each matrix given. 


aA LS cfr ac 
: 3 8 1 
[a 2 

a[4 9 -4 3] e : 22 
l7 6 

Solution: 


a. This matrix has 2 rows and 2 columns, so the order of the matrix is [ax 2). 
b. This matrix has 2 rows and 3 columns, so the order of the matrix is |2 X 3). 
c. This matrix has 3 rows and 3 columns, so the order of the matrix is [3 x 3}. 
d. This matrix has 1 row and 4 columns, so the order of the matrix is fi x 4], 
e. This matrix has 4 rows and 2 columns, so the order of the matrix is [4 x 2]. 
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A matrix with only one column is called a column matrix, and a matrix that has only 
one row is called a row matrix. Notice that in Example | the matrices given in parts (a) and 
(c) are square matrices and the matrix given in part (d) is a row matrix. 

You can use matrices as a shorthand way of writing systems of linear equations. There 
are two ways we can represent systems of linear equations with matrices: as augmented 
matrices or with matrix equations. In this section we will discuss augmented matrices 
and solve systems of linear equations using two methods: Gaussian elimination with 
back-substitution and Gauss—Jordan elimination. 


Augmented Matrices 

A coefficient matrix is a matrix whose elements are the coefficients of a system of linear 
equations. A particular type of matrix that is used in representing a system of linear 
equations is an augmented matrix. It resembles a coefficient matrix with an additional 
vertical line and column of numbers, hence the name augmented. The following table 
illustrates examples of augmented matrices that represent systems of linear equations. 


SYSTEM OF LINEAR EQUATIONS AUGMENTED MATRIX 
3x +4y=1 [3 4 
x—-2y=7 lL1 -2]7 
x- yt z= 2 fl -1 1 2 
2x + 2y — 3z = -3 2 2° =3-'|,=3 
x+ y+ z= 6 L1 1 1 6 
x+ y+z=0 fi 1 1 i] 
3x + 2y-—z=2 L3 2 =1 |) 2 


Note the following: 

= Each row represents an equation. 

= The vertical line represents the equal sign. 

= The first column represents the coefficients of the variable x. 

= The second column represents the coefficients of the variable y. 


= The third column (in the second and third systems) represents the coefficients of the 
variable z. 


= The coefficients of the variables are on the left of the equal sign (vertical line), and the 
constants are on the right. 


= Any variable that does not appear in an equation has an implied coefficient of 0. 


10.1 Matrices and Systems of Linear Equations 


EXAMPLE 2 Writing a System of Linear Equations as an 


Augmented Matrix 

Write each system of linear equations as an augmented matrix. 
a. 2x- y=5 b. 3x -—2y+4z= 5 Cc. xX} — X) + 2x3 —-3 = 0 

—x+2y=3 y—3z=-2 xX, + x. — 3x3 +5=0 

7x -z= 1 Xp —X + 4 -2= 
Solution: 
2 -l ;| 

* -1 2/3 
b. Note that all missing terms have a 0 coefficient. 3x-2y+4z= 5 


Ox+ y-—3z=-2 
Ix+0y- z= 1 


c. Write the constants on the right side of the 
vertical line in the matrix. 


= YOUR TURN Write each system of linear equations as an augmented matrix. 


a. 2x +y—-3=0 by-x+t+z= 7 
Ly =5 x-yor= 2 
z-y=-l 


Row Operations on a Matrix 

Row operations on a matrix are used to solve a system of linear equations when the system is 
written as an augmented matrix. Recall from the elimination method in Chapter 6 that we could 
interchange equations, multiply an entire equation by a nonzero constant, and add a multiple of 
one equation to another equation to produce equivalent systems. Because each row in a matrix 
represents an equation, the operations that produced equivalent systems of equations that were 
used in the elimination method will also produce equivalent augmented matrices. 


Row OPERATIONS 


The following operations on an augmented matrix will yield an equivalent matrix: 


1. Interchange any two rows. 
2. Multiply a row by a nonzero constant. 
3. Add a multiple of one row to another row. 


The following symbols describe these row operations: 


1. RR; Interchange row i with row /. 

2. cR; > R; Multiply row 7 by the constant c. 

3. cR; + R; > R,; Multiply row i by the constant c and add to row j, writing the 
results in row j. 


= Answer: 


Study Tip 
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Each missing term in the system of 
linear equations is represented with a 


zero in the augmented matrix. 
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_) EXAMPLE 3 Applying a Row Operation to an Augmented Matrix 


For each matrix, perform the given operation. 


2 -1|3 
a. R, OR, b | 3 -1 2| 3] 2R,>R, 
0 2\1 


o 
ee 
Ww 
i 


0 1 2 3. (15 
Solution: 
a. Interchange the first row with 2 =f |3 0 2/1 
the second row. B 2/1 RoR, k -] | 
b. Multiply the third row by 2. 
-1 0 1 | =2 =1 0 1 | =2 
3  =1 2 3] 2R;—R; 3. =] 2 3 
0 1 3 1 0 2 6 2 


c. From row | subtract 2 times row 2, and write the answer in row 1. Note that finding row 1 
minus 2 times row 2 is the same as adding row | to the product of —2 with row 2. 


1-20) 2-20) o-—20) ee 


R, — 2R,—>R, 0 1 > 3 5 


= Answer: 


We can solve systems of linear equations using augmented matrices with two procedures: 
Gaussian elimination with back-substitution, which uses row operations to transform a 
matrix into row—echelon form, and Gauss—Jordan elimination, which uses row operations 
to transform a matrix into reduced row-echelon form. 


Row-Echelon Form 

A matrix is in row—echelon form if it has all three of the following properties: 

1. Any rows consisting entirely of Os are at the bottom of the matrix. 

2. For each row that does not consist entirely of Os, the first (leftmost) nonzero 
entry is | (called the leading 1). 

3. For two successive nonzero rows, the leading | in the higher row is farther to the 
left than the leading | in the lower row. 


Reduced Row-Echelon Form 
If a matrix in row-echelon form has the following additional property, then the 
matrix is in reduced row-echelon form: 


4. Every column containing a leading | has zeros in every position above and 
below the leading 1. 
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EXAMPLE 4_ Determining Whether a Matrix Is in Row-Echelon Form 


Determine whether each matrix is in row—echelon form. [f it is in row—echelon form, 
determine whether it is in reduced row—echelon form. 


1 2 1 2 

0 : 4 ; b. | 0 ; 1 ; : : al ie 
a lie. ae tind S 

LO 0 i |] -at 0 0 0 |] 0 

: 1 

1 011 0 0 | 3 1 3 2 3 
d e. | 0 1 0 | 5 f. | 0 0 1 2 

LO 3.) | al 

0 (0) 1 | 7 0 1 0 | -3 

Solution: 


The matrices in (a), (b), (c), and (e) are in row—echelon form. The matrix in (d) is not in 
row-echelon form, by condition 2; the leading nonzero entry is not a | in each row. If the 
“3” were a “1,” the matrix would be in row-echelon form. The matrix in (f) is not in 
row-echelon form, because of condition 3; the leading 1 in row 2 is not to the left of the 
leading 1 in row 3. The matrices in (c) and (e) are in reduced row-echelon form, because in 
the columns containing the leading Is there are zeros in every position (above and below 
the leading 1). 


Gaussian Elimination with Back-Substitution 
Gaussian elimination with back-substitution is a method that uses row operations to 
transform an augmented matrix into row—echelon form and then uses back-substitution 
to find the solution to the system of linear equations. 


GAUSSIAN ELIMINATION WITH BACK-=SUBSTITUTION 


Step 1: Write the system of linear equations as an augmented matrix. 

Step 2: Use row operations to rewrite the augmented matrix in row—echelon 
form. 

Step 3: Write the system of linear equations that corresponds to the matrix in : 
row-echelon form found in Step 2. Study Tip 

Step 4: Use the system of linear equations found in Step 3 together with For row-echelon form, get 1s along 
back-substitution to find the solution of the system. theta ala ponaband Os below 


these Is. 
The order in which we perform row operations is important. You should move from left 
to right. Here is an example of Step 2 in the procedure. 
* * # | els} Qo * *} */-,]/90 1 *] *]}/5/0 1 * | */510 1 * 1] # 


Matrices are not typically used for systems of linear equations in two variables 
because the methods from Chapter 6 (substitution and elimination) are more efficient. 
Example 5 illustrates this procedure with a simple system of linear equations in two 
variables. 
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EXAMPLE 5_ Using Gaussian Elimination with Back-Substitution to 
lala) Solve a System of Linear Equations in Two Variables 


Apply Gaussian elimination with back-substitution to solve the system of linear equations. 


24+ y= =8 
x+3y= 6 
Solution: 
1 | -8 
Step 1 Write the system of linear equations as an augmented matrix. ; 3 | | 
Step 2 Use row operations to rewrite the matrix in row-echelon form. 
Get a | in the top left. Interchange rows 1 and 2. 
2 1 | -8 1 3 6 
R R 
F | a E lea 


Get a 0 below the leading | in row 1. 
1 3 6 1 3 6 
ee ee ee 
2 Li) =8 0 =5 


Get a leading | in row 2. Make the “—5” a “1” by dividing by —5. 
Dividing by —S is the same as multiplying by its reciprocal —s. 


1 3/| 6) , 1 3/6 
==. R, 
k 5 | ” a ee F 1 | 4 


The resulting matrix is in row—echelon form. 


Step 3 Write the system of linear equations corresponding to the row—echelon form of the 
matrix resulting in Step 2. 


F 3 ‘| x+3y=6 
> 
y=4 
Step 4 Use back-substitution to find the solution to the system. 
Let y = 4 in the first equation x + 3y = 6. x + 3(4) =6 


Solve for x. x=-6 


The solution to the system of linear equations is : 


EXAMPLE 6 _ Using Gaussian Elimination with Back-Substitution to 
Solve a System of Linear Equations in Three Variables 


Use Gaussian elimination with back-substitution to solve the system of linear equations. 


2x+ yt 8z=-1 
x— yt ZS -2 
3x —-2y—-2z7= 2 


Solution: 
Step 1 Write the system of linear equations 2 1 8 | -1 
as an augmented matrix. 1 -l 1 | =2 
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Step 2 Use row operations to rewrite the matrix in row-echelon form. 


Get a | in the top left. a | 2 
Interchange rows | and 2. Reese lo 1 g|-1 
3. =2 =2 2 
Get Os below the leading 1 fl -1 1 | -2] 
in row I, R,—2R:>R, |0 3 6] 3 
3 =2 =2 


R,-3R,>R, |0 3 6| 3 


LO —s J 
Get a leading 1 in row 2. Make the al 1 | -27 
66g a lias b di idi b : 
3” a y dividing by 3 IR, > R, 0 1 2 I 


Get a zero below the leading | 1 | —27 


1 in row 2. 
act R=BoR. (0 t 2 


Get a leading 1| in row 3. Make the 1 1 | 


Nga eae io 
en ene ThyRj-|O 2) 7 


STEP 3 Write the system of linear equations corresponding GH yk 2S —2 
to the row-echelon form of the matrix resulting in Step 2. y+2z= 1 
go Hl 


Step 4 Use back-substitution to find the solution to the system. 


Let [z= —l]in the second equation y + 2z = 1. y+2(-l=1 


Solve for y. y=3 
Let y = 3 and z = —1 in the first equation 

CS yrz=—2, x— (3) +(-1)=-2 
Solve for x. x=2 


The solution to the system of linear equations is | x = 2, y = 3, andz = —1). 


. ee : vere = Answer: x = —1, y = 2,andz = 1 
= YOUR TURN Use Gaussian elimination with back-substitution to solve the system 2 


of linear equations. 
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Study Tip 


Gauss-—Jordan Elimination 

In Gaussian elimination with back-substitution, we used row operations to rewrite the 
matrix in an equivalent row—echelon form. If we continue using row operations until the 
matrix is in reduced row-echelon form, this eliminates the need for back-substitution, and 
we call this process Gauss—Jordan elimination. 


GAUSS—JORDAN ELIMINATION 


Step 1: Write the system of linear equations as an augmented matrix. 

Step 2: Use row operations to rewrite the augmented matrix in reduced row— 
echelon form. 

Step 3: Write the system of linear equations that corresponds to the matrix in 
reduced row—echelon form found in Step 2. The result is the solution to the 
system. 


The order in which we perform row operations is important. You should move from 
left to right. Think of this process as climbing down a set of stairs first and then back up 


For reduced row-echelon form, get the stairs second. On the way down the stairs always use operations with rows above 


1s along the main diagonal and Os 


above and below these Is. 


where you currently are, and on the way back up the stairs always use rows below where 
you currently are. 


Down the stairs: 


1 * «| 1 * «| * 1 * «| * 1 * «| 1 * «| * 
* oe oe | elioy]Q *« * | */_,]/Q */*e/_5/Q 1 * |] */5/0 1 * | * 
a a a QO * * | QO * * | * 0 0 * |] * 0 0 1] % 


1 * «| 1 * «| * 1 * O| * 1 0 0] #% 
Oo tL */]*)—>5/0 1 OF *J/>/0 Lt O}] *J/>/0 1 Of] * 
0 O 1] * 0 O 1] * 0 O 1|* 0 O 1] * 


EXAMPLE 7_ Using Gauss-Jordan Elimination to Solve a System of 
lata Linear Equations in Three Variables 


Apply Gauss—Jordan elimination to solve the system of linear equations. 
x- yt2z=-1 
3x + 2y—-6z= 1 
2x+ 3y+4z= 8 
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Solution: 


Step 1 Write the system as an augmented matrix. | | 9|-1 


SteP 2 Utilize row operations to rewrite the matrix in reduced row—echelon form. 


There is already a | in the first row/first column. 


Get Os below the leading 1 in row 1. [1 -1 2|-1 
R, _ 3R, =. R 
: 0 5 =12 4 
R; — 2R, > R3 
LO 5 0} 10 
Get a 1 in row 2/column 2. fi -1 2] -1] 
RR, R; | 0 5 0} 10 


fR—OR, |0 1 0] 2 


Get a 0 in row 3/column 2. 1 -l 2) -17 
R, — 5R,—>R, | 0 1 0 2; 


Get a 1 in row 3/column 3. ry -] 2] -17 
-$R-R, |0 1 o}| 2 
lo o | $] 
Now, go back up the stairs. 
Get Os above the 1 in ry. -=14 0 | —2] 
row 3/column 3. R, — 2R;—>R, 0 l 0 2 
lo o 1] $1] 
tadi 1/col 2. ~ 
Get a 0 in row 1/column 1 0 010 
Ri, +R,—>R, | 0 1 0) 2 
Lo oO 1435 


Step 3 Identify the solution. 


= Answer: x = —1, y = 2, andz = 3 
= YOUR TURN Use an augmented matrix and Gaussian elimination to solve the 
system of equations. 


xt y— z=-2 


34+ yo 2za=—4 
2x—-2y+3z= 3 
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Study Tip EXAMPLE 8 _ Solving a System of Linear Equations in Four Variables 
Careful attention should be paid to 
order of terms, and zeros should be 
used for missing terms. xX) +%-—%3+3x,= 3 


Solve the system of equations with Gauss—Jordan elimination. 


3x, — 2x, = 4 
2x, — 3x3 = —-1 
4x, + 2x, = —6 


Solution: 
Step 1 Write the system as an augmented matrix. 1 1 =! 3 3 
0 3 0 -2 4 
2 0} .-=3 0} -1 
| 2 0 0 4 | -6 


Step 2 Use row operations to rewrite the matrix in reduced row—echelon form. 


There is already a | in the first row/first column. 


Get Os below the | in l -] 3 3 
row |/column 1. Ry = 2k SR; 0 3 0 -2 
R, — 2R, = R, 0 2: 1 6 y | 
|0 -2 2. —2> | —12 
Get a | in row 2/column 2. [4 1 <1 3 3 
R R 0 —2 2 —-2 1} -12 
> 
ee 1 -6 7 
LO 3 QO -2 4 
‘i at =f. Sl 4 
0 1 -1l 6 
1 
—5R R 
i ee aes ae ed 
[0 3 Q. =2 4 


Get Os below the | in [ 


1 1 -l 3 3 

row 2/column 2. ee) eee 2 0 1-1 1 6 
Ry, — 3R,— Ry, 0 0 -3 —-4 5 

0) 0 3 —-5 | -14 


Get a | in row 3/column 3. 


—4R;— R; 


ooo fF 
oor F 
— 

UO wih Re UW 
| 


3 
6 
5 
3 
4 
Get a 0 in row 4/column 3. 1 i. 3 3 
0 1 -l 1 6 

R, — 3R R 
eee ae ge aye ee 
[0 0 9 9 


Get a | in row 4/column 4. 


1 1-1 3{ 3 
0 1 -1 1] 6 
1 
—4R,R 
en en en ee a 
0 0 1] 1 
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Now go back up the stairs. 


Get Os above the | in [4 7 -1 0 0 
R, — 4Ry—> Ry 
row 4/column 4. 3 — 3f4 3 0 1 -1 0 5 
R, — Ry > R, 
2 3R R 0 0 1 0} -3 
a —_ 
ans |: a: ee ee 
Get Os above the | in [4 l 0 0 | -3 
row 3/column 3. Bem. |0 1 0 0 2 
R, + Ry R, 0 0 1 0 | -3 
[0 0 0 1 1 
Get a 0 in row 1/column 2. [4 0 0 0 | —5 
0 1 0 0 2 
R, — 2, > R, 
0 0 1 0} -3 
[0 0 0 1 1 
Step 3 Identify the solution. xy 5, X = 2, x, 3,x,= 1 


Recall that systems of linear equations can be independent, inconsistent, or dependent 
systems and therefore have one solution, no solution, or infinitely many solutions. All of 
the systems we have solved so far in this section have been independent systems (unique 
solution). When solving a system of linear equations using Gaussian elimination 
or Gauss—Jordan elimination, the following will indicate the three possible types 
of solutions. 


SYSTEM TYPE OF SOLUTION Matrix DURING GAUSS—JORDAN ELIMINATION EXAMPLE 
Independent One (unique) Diagonal entries are all 1s and Os elsewhere. [1 0 0 1] x= 1 
solution 0 1 0 | =3 -_ 283 
LO 0 1 21 z= 2 
Inconsistent No solution One row will have only zero entries for nl 0 0 | x= 1 
eee and a nonzero entry for the 0 1 0|-3] or y=-3 
constant. Lo 0 0 2 | o= 2 
Dependent Infinitely many One row will be entirely Os when the Pr 0 2 1] x-2z2= 1 
solutions number of equations equals the number 0 l 1|-3| o yt z= -3 
of variables. 
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Study Tip 


In a system with three variables, say 
x, y, and z, we typically let z = a 
(where a is called a parameter) and 
then solve for x and y in terms of a. 


EXAMPLE 9_ Solving an Inconsistent System: No Solution 
Solve the system of equations. 
x+2y- z= 3 
2x yt+2z=-1 
—2x-—4y+2z= 5 


Solution: 


Step 1 Write the system of equations as an 
augmented matrix. 1 2. =) 


2 1 2 
=—2. 4 2 


Step 2 Apply row operations to rewrite the matrix in row—echelon form. 


{ 2 =i 
& = 


Get Os below the | in column 1. 0 -3 4] —-7 
R, + 2R, > R, 


There is no need to continue because Ox + Oy +0z=11 or O= 11 


row 3 is a contradiction. 


Since this is inconsistent, there is no solution to this system of equations. 


EXAMPLE 10 _ Solving a Dependent System: Infinitely Many Solutions 


Solve the system of equations. 


x + zZ7= 
2x+y+4z= 8 
3x +y + 5z= 11 
Solution: ig 0 3 
Step 1 Write the system of equations as an augmented matrix. 2 1 8 
L3 1 11 
Step 2 Use row operations to rewrite the matrix in reduced row—echelon form. 
fl 0 3] 
. R, — 2R; > R, 
Get the Os below the | in column 1. “ 10 1 2 
R; — 3R, > R; 
LO 1 2] 
fl 0 3 
Get a 0 in row 3/column 2. R,—- R,->R, | 0 1 2 
LO 0 0] 
This matrix is in reduced row-echelon form. This matrix corresponds to a 
dependent system of linear equations and has infinitely many solutions. 
Step 3 Write the augmented matrix as a system of linear equations. we 23 
y+2z=2 


Let z = a, where a is any real number, and substitute this into the two equations. 


We find that x = 3 — aand y = 2 — 2a. The general solution is 


x =3-a,y =2 — 2a,z =a | for a any real number. Note that (2, 0, 1) and 


(3, 2, 0) are particular solutions when a = | and a = 0, respectively. 
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A common mistake that is made is to identify a unique solution as no solution when one of 
the variables is equal to zero. For example, what is the difference between the following 
two matrices? 


1 0 2) 1 1 0 2) 1 
0 1 3 | 2 and 0 1 3: | 2 
0 0 3 | 0 0 0 0 | 3 


The first matrix has a unique solution, whereas the second matrix has no solution. The third 
row of the first matrix corresponds to the equation 3z = 0, which implies that z = 0. The 
third row of the second matrix corresponds to the equation Ox + Oy + 0z = 3 or 0 = 3, 
which is inconsistent, and therefore the system has no solution. 


EXAMPLE 11 _ Solving a Dependent System: Infinitely Many Solutions 
Solve the system of linear equations. 


wry rz= 8 


CP yS Za H3 


Solution: " i i : 
Step 1 Write the system of equations as an augmented matrix. 3 ey | | 
Step 2 Use row operations to rewrite the matrix in reduced row—echelon form. 
Geta 1 i I/column 1 pes 
. = 
eta 1 in row 1/column 1 2 ls 1 1 8. 
Get a 0 in row 2/column 1 R, — 2R, >R | eae lite 
. = — 
et a 0 in row 2/column 9 1 219 4 3 | 14, 
; 1 1; = =3 
Get a 1 in row 2/column 1. —R,—> R, 
0 1 —3 | -14] 
Get a0i 1/col 2 R, — R,—R E . 2 i) 
et a 0 in row 1/column 2. —-R,> 
ESE 880 | ee 
This matrix is in reduced row-echelon form. 
Step 3 Identify the solution. x+2z= 11 
y—3z=—-14 


Let z = a, where a is any real number. Substituting z = a into these two equations 


gives the infinitely many solutions | x = 11 — 2a,y = 3a-— 14,z=a). 


= Answer: x = 3a + 2, y = —4a — 2, 


= YOUR TURN Solve the system of equations using an augmented matrix. . 
Z =a, where a is any real number. 


x ypezZH 0 
3x + 2y—-z=2 


Applications 


$0}04d PHOM @P!M 
/d¥O/ZANVHO NVAI 


Remember Jared who lost all that weight eating at Subway and is still keeping it off 
10 years later? He ate Subway sandwiches for lunch and dinner for one year and lost 
235 pounds! The following table gives nutritional information for Subway’s 6-inch 
sandwiches. 
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Fat CARBOHYDRATES PROTEIN 
SANDWICH CALORIES (g) (g) (g) 
Veggie Delight 350 18 17 36 
Oven-roasted chicken breast 430 19 46 20 
Ham (Black Forest without cheese) 290 5 45 19 


EXAMPLE 12 Subway Diet 


Suppose you are going to eat only Subway 6-inch sandwiches for a week (seven days) for 
both lunch and dinner (total of 14 meals). If your goal is to eat 388 grams of protein and 
4900 calories in those 14 sandwiches, how many of each sandwich should you eat that week? 


Solution: 
Step 1 Determine the system of linear equations. 
Let three variables represent the number of each type of sandwich you eat in a week. 


x = number of Veggie Delight sandwiches 
y = number of chicken breast sandwiches 
z = number of ham sandwiches 


The total number of sandwiches eaten is 14. x+y+z=14 
The total number of calories consumed is 4900. 350x + 430y + 290z = 4900 


The total number of grams of protein 


consumed is 388. 36x + 20y + 19z = 388 
Write an augmented matrix representing this 1 1 1 14 
system of linear equations. 350 430 290 | 4900 

36 20 19 | 388 


STEP 2 Utilize row operations to rewrite the matrix in reduced row—echelon form. 


1 1 1 14] 
0 80 -60 0 
0 -16 —17 | -116} 


R, — 350R, > R, 
R;, — 36R, > Ry 


1 1 1 14] 
ake R, | 0 1 -} 0 
LO -16 -17 | -116 
[1 1 1 14 
R,+16R,>R, |0 1 -3 0 
LO oO —29 | -116 
[1 1 1 | 14 
—35R;>R; |0 1 -3 | 0 
OG. & 1 4 


Step 3 Identify the solution. x=7,y=3,z=4 
You should eat |7 Veggie Delights, 3 oven-roasted chicken breast, and 4 ham sandwiches |. 
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Many times in the real world we see a relationship that looks like a particular function 
such as a quadratic function and we know particular data points, but we do not know the 
function. We start with the general function, fit the curve to particular data points, and solve 
a system of linear equations to determine the specific function parameters. 


EXAMPLE 13 Fitting a Curve to Data 


A 
i i a 500,00! 
ae amount of money icc in — eZ = 0 $431,000 
Ee 
ma practice suits is rising. This can be B Sr ams ae 
modeled with a quadratic function z25 ; 
y = ar + bt+c,wheret>Oanda>0.  % 8 = 300,000 |S253000 287.000 
Determine a quadratic function that 2a yealer- 
: 2ae S 
passes through the three points shown S23 200,000 
Oo 
on the graph. = 2 
grap 2 3 2 100,000 
Bos 
=H (x > 
: 1992 1995 1998 2001 
Solution: v Year 


Let 1991 correspond to t = 0 and y represent the number of dollars awarded for malpractice 


suits. The following data are reflected in the illustration above: 


YEAR t y (THOUSANDS OF DOLLARS) (t, y) 

1992 1 253 (1, 253) 
1996 5 287 (5, 287) 
2001 10 431 (10, 431) 


Substitute the three points, (1, 253), (5, 287), and (10, 431) into the general quadratic 
equation: y = af’ + bt +c. 


Point y=af+btt+e SYSTEM OF EQUATIONS 
(1,253) 253 = a(l’ + bd) +¢ a+b+c=253 
(5, 287) 287 = a(5)° + b(S) + 25a + 5b + c = 287 
(10, 431) 431 = a(10)’ + B10) +c 100a + 10b +c = 431 
Step 1 Write this system of linear equations l 1 1 | 253 
as an augmented matrix. 25 5 1 | 287 

100 10 1 | 4314 


Step 2 Apply row operations to rewrite the matrix in reduced row-echelon form. 


R 


Ry 


» — 25R, > R, 


— 100R, > R; 


1 
—79R, > R, 


1 1 1 253 

0 -20 —24 | —6,038 

100 ~=610 1 431 
1 1 1 253 
0 -20 -24 | 6,038 
0 -90 —99 | —24,869 
1 1 1 253 
6 3,019 
0 1 5 “0 
0 -—90 —99 | —24,869 
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Technology Tip 


Enter the matrix into the TI or 


E 
graphing calculator. Press 


[2nd | [MATRIX ]. Use [> |EDIT 


ENTER |}. 


Now enter the size by typing the 
number of rows first and the number 
of columns second. Enter the elements 
of the matrix one row at a time by 
pressing the number and | ENTER 
each time. 


MATRIACA] 3 x4 


When done, press | 2nd || QUIT |. 
To show the matrix A, press | 2nd 


MATRIX || ENTER || ENTER |. 


To find the reduced row-echelon 
form of the original matrix directly 
use | rref | (matrix) command. Press 


2nd || MATRIX ||» |[ MATH 
V || Berref(|| ENTER || 2nd 
MATRIX |[ ENTER ||) 


MATH || 1:Frac || ENTER |. 


iE 
A 
5 
A 
1 


The solution to the system is 
203 151, _ 2302 
a= %>90 39>¢ 9 
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Step 3 Identify the solution. 


1 1 1 | 253 
R; + 90R,>R, | 0 1 g | 30le 
LO 0 9 | 2,302 
[1 1 1 | 253 
pRx>R; |O 1 § | AO? 
L 0 iT 2302 
[ 1 1 | 253 
R,-$R;>R, |0O 1 O0o| -# 
0 2,302 
1 ; 38 
R= BSR; 1 — it 
1g 208 9 
Ri —~ RR, Bt 
jo 01 | 2 
203 151 2,302 
a9 8 39 FG 


Substituting a = 203/90, b = —151/30, c = 2302/9 into y = at’ + bt + c, we find that the 
thousands of dollars spent on malpractice suits as a function of year is given by 


151, 2302 


‘a t4 


1991 ist = 0 


30 9 


Notice that all three points lie on this curve. 


SECTION 
=e SUMMARY 


In this section, we used augmented matrices to represent a system 
of linear equations. 


ax + by + cz = d, a, b, Gy |) ch 
nx boy (Oe = dy => (0) by C2 dy 
a3x + b3y + 3% = d3 a3 b; c3 | ds 


Any missing terms correspond to a O in the matrix. A matrix 
is in row-echelon form if it has all three of the following 
properties: 


1. Any rows consisting entirely of Os are at the bottom of the 
matrix. 

2. For each row that does not consist entirely of Os, the first 
(leftmost) nonzero entry is 1 (called the leading 1). 

3. For two successive nonzero rows, the leading 1 in the higher 
row is farther to the left than the leading 1 in the lower row. 


If a matrix in row-echelon form has the following additional 
property, then the matrix is in reduced row-echelon form: 


4. Every column containing a leading 1 has zeros in every 
position above and below the leading 1. 


The two methods used for solving systems of linear equations 
represented as augmented matrices are Gaussian elimination with 
back-substitution and Gauss—Jordan elimination. In both cases, we 
represent the system of linear equations as an augmented matrix 
and then use row operations to rewrite in row—echelon form. With 
Gaussian elimination we then stop and perform back-substitution 
to solve the system, and with Gauss—Jordan elimination we 
continue with row operations until the matrix is in reduced 
row-echelon form and then identify the solution to the system. 
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SECTION 
10.1 EXERCISES 
"SKILLS 
In Exercises 1-6, determine the order of each matrix. 
3 = 3 6 8 
-1 3 4 : : 7 2 9 7 3 
1 2. | 3 9 3. | 1 2 3 4 4 5. [0 6. 
2 4] 7 8 | —1 [0] 5 4 -2 -10 
10 6 3 5 
In Exercises 7-14, write the augmented matrix for each system of linear equations. 
7. 3x-2y= 7 8. -x+ty= 2 9. 2x-3y+4z= -3 10. x—2yt Z= 0 
—4x + by = — x-y=-4 —x+ y+2z= 1 2k y= g=—5 
Sx = 2y=3z7= 7 13x + 7y+5z= 6 
ll. x+y= 12. x-y=-4 13. 3y-—4x+5z-2 = 0 14, 2y+ --— x-3 =2 
x-Z= y+z= 3 2x — 3y — 2z = -3 2x + 3z— 2y=0 
yroe 3z+4y-2x-1 = 0 22+ y—4x-—3 0 


In Exercises 15-20, write the system of linear equations represented by the augmented matrix. Utilize the variables x, y, and z. 


3 ae sl 2 4| 4 -1 0 Oo| 4 
1s. | | 16 7 9 3)-3 17. | 7 9 3]-3 
: ae L 4 6 —-5| 8 4 6 —5| 8 
3 O 5| 1 
19. I . ‘| 20, |G =< 7/3 
. ne 2 -1 0| 8 


2 
wf 2 
7 | 


> 


4 


| 


In Exercises 21-30, indicate whether each matrix is in row-echelon form. If it is, determine whether it is in reduced row-echelon form. 


[1 0/3 [0 1/3 1 0 -1|-3 1 0 
21. 22. 23. 
1 3 1 0|2 3. |} 1 all E 1 
inl 0 1|3 lal 0 1/3 1 0 0/3 -1 0 
25. | 0 0 0/0 26. | 0 1 2\2 27. | 0 1 0|2 28. 0 -1 
LO 1 2|2 LO 0 0/0 0 0 1|5 0 0 
rr oO 0 1]3 [d- . <i ae 
0 1 0 3} 2 0 1 0 3] 2 
29. 30. 
0 0 1 0|5 0 0 1 0|5 
[0 0 0 1/0 [0 0 0 0/0 
In Exercises 31-40, perform the indicated row operations on each augmented matrix. 
[t <2)53 [2 —3| —-4 
31. lo le Ry — 2R;— Ry 32. i 3 ;| Ri Ry 
fi -2 -1| 3 f 1 -2 1} 3 
33. | 2 1 -3] 6] R,-2R,>R, 34, 0 1 2] 6) R;+3R,>R; 
[3 -2 5|-8 [-3 0 -1|-5 
(tf —& & a] i @ # <40)-45 
0 3 0 -1|-2 0 1 —3] 4 i 
; R3+R,—R : R, —4R;—>R 
at a ee me gy es, yp eee 
10 0 1 -1|-6 | 0 0 Lt -1L}]-3 


0 
3 


3 
14 


0) 3 
0) 2 


=1 


5 


| 
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[1 0 5 -10| -5 

yy, |9 1 2 —3)|-2] B-2m>R 

“lo 2 -3 O|-1] R,+3R,-R, 
lo -3 2 -1|-3 
1 4  8| 3 

0 i 2 3 |<9| oho 

BM jg ot 3 | Ret 3k 

R, — 8R,—>R 

Ee ee ae 


38. 


40. 


1 0 4 of 1 

0 1 2 0]|-2] R,- 2R;>R, 

0 0 1 O| Of} R,- 4%, >R, 

lo 60 00-3 

181 812) pean 
R, — 3Ry—> Rp 

2 el Sl) eaten 

lo 860) 60 


In Exercises 41-50, use row operations to transform each matrix to reduced row-echelon form. 


m [1 2 ;| - f 1 -1 | 
* |2 3} 2 “L=3 2/2 
[3-2 -3]-1 [3-1 1} 2 
45. }1 —-1 1|-4 46. /1 -2 3] 1 
[2 3 5| 14 [2 1 -3|-1 
[ — 2 1} -2 2 -1 0 
49, 3-2 1] 4 50. | -1 0 1 
-4 -2| 4 —2 1 0 


=2 
ll 


1 =1 1 
43. 0 1 =! 


=] 0 
=] 


In Exercises 51-70, solve the system of linear equations using Gaussian elimination with back-substitution. 


51. 2x+3y= 1 
xt+ y=-2 
53. -—x+2y= 3 
2x—-4y=—- 
2 Des 28 
55. 3x + 3Y = 9 
1 Tes 3, 3 
2% T 4yV ~ 4 
Se X= goy= 10 


59. 3x, + x — x3 1 
X — My + xy = —3 
2x, +%,+x,= O 
61. 2x + Sy = 
x+2y- z= 
—3x-—4y + 7z= 
63. 2x, xX, + x, = 3 
x; Xt X= 2 
2x, + 2x, — 2x; = —4 
65. 2x+y-z= 
x-y—-z=6 
67. 2y+ z= 3 
4x - z7=- 
i= Sy —32 > 2 
x- y- z=-2 
69. 3x, — 2x, X3 + 2x,= —2 
x, + 3x, + 4x3+3x,= 4 
x Xy + x3 m= 0 
5x, + 3x2 x3 + 2x4 1 


52. 


54. 


56. 


58. 


60. 


62. 


64. 


66. 


68. 


70. 


3x +2y= 11 
x- y=12 
| 
2 


35>". 
2y + 6x 


0.4x — 0.5y = 2.08 
—0.3x + 0.7y = 1.88 


x—2y+3z=1 
=2x + ly -— 97 = 4 

x + z=9 
X,- X-— 24= O 
2x, + 5x, + 10x; = —3 
3x, + XxX = 0 


3x +y- z=0 
xty+7z=4 


—2x-yt2z= 3 
3x 
2x+y = 
—x+y- 

5x, 


aa 


4x, + 
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In Exercises 71-86, solve the system of linear equations using Gauss—Jordan elimination. 
71. x++3y=-5 72. 5x-4y= 31 73. x+ y= 4 74. 3x-4y= 12 
—24- y= 0 3x-b Ty = —19 —3x — 3y = 10 —6x + 8y = —24 
75. x—2y+3z2= 5 76. x+2y- z= 6 77, xt+yt+z= 3 78. x— 2y+4z= 2 
3x + 6y — 4z = -12 24> y3zg==13 x =Z= 1 2¥= 3y— 27 = =3 
—x—-4y+6z= 16 3x — 2y + 3z=—16 y-z=-4 sx+hyt z=-2 
79, x+2y+ z7=3 80. x+2y+ z= 3 81. 3x -y+ z=8 82. x«-—2y+3z=10 
24> yre3zH7 24> yR3z¢= 7 x+y—-—2z=4 =3x + z= 9 
3x yt+4z=5 3x 4z = 10 
83. 4x — 2y + 5z = 20 84. y+z=4 85. x- y- z- w= 1 86. x —3y+3z-2w= 4 
x+3y = 22 = 6 x+ 8 2x+ y+ z+2w= 3 x+2y¥ = Zz == 
x= 2y=22=3w= 0 x 3z+2w= 3 
3x -—4y+ z+5w=-3 y z+S5w= 6 


“APPLICATIONS 


87. Football. In Super Bowl XXXVIII, the New England Patriots 
defeated the Carolina Panthers 32-29. The points came from a 
total of four types of plays: touchdowns (6 points), extra points 
(1 point), two-point conversions (2 points), and field goals 
(3 points). There were a total of 16 scoring plays. There were 
four times as many touchdowns as field goals, and there 
were five times as many extra points as 2-point conversions. 
How many touchdowns, extra points, 2-point conversions, 
and field goals were scored in Super Bowl XXXVIII? 


88. Basketball. In the 2004 Summer Olympics in Athens, 
Greece, the U.S. men’s basketball team, consisting of NBA 
superstars, was defeated by the Puerto Rican team 92-73. 
The points came from three types of scoring plays: 2-point 
shots, 3-point shots, and 1-point free throws. There were six 
more 2-point shots made than there were 1-point free 
throws. The number of successful 2-point shots was three 
less than four times the number of successful 3-point shots. 
How many 2-point and 3-point shots, and 1-point free 
throws were made in that Olympic competition? 


Exercises 89 and 90 rely on a selection of Subway sandwiches 
whose nutrition information is given in the following table. 
Suppose you are going to eat only Subway sandwiches for a 
week (seven days) for lunch and dinner (a total of 14 meals). 


Fat | CARBOHYDRATES | PROTEIN 

SANDWICH Ca.ories | (g) (g) (g) 
Mediterranean 

chicken 350 18 17 36 
6" tuna 430 19 46 20 
6" roast beef 290 5 45 19 
Turkey—bacon 

wrap 430 27 20 34 


www.subway.com 


89. Diet. Your goal is a low-fat diet consisting of 526 grams of 
carbohydrates, 168 grams of fat, and 332 grams of protein. 
How many of each sandwich would you eat that week to 
obtain this goal? 


90. Diet. Your goal is a low-carb diet consisting of 5180 calories, 
335 grams of carbohydrates, and 263 grams of fat. How many 
of each sandwich would you eat that week to obtain this goal? 


Exercises 91 and 92 involve vertical motion and the effect of 
gravity on an object. 


Because of gravity, an object that is projected upward will 
eventually reach a maximum height and then fall to the ground. 
The equation that relates the height h of a projectile t seconds 
after it is shot upward is given by 


h 


1 
5 a? + vot + ho 


where a is the acceleration due to gravity, Np is the initial height of 
the object at time t = 0, and vg is the initial velocity of the object 
at time t = 0. Note that a projectile follows the path of a parabola 
opening down, soa < 0. 


91. Vertical Motion. An object is thrown upward, and the 
following table depicts the height of the ball t seconds after 
the projectile is released. Find the initial height, initial 
velocity, and acceleration due to gravity. 


t (SECONDS) HEIGHT (FEET) 
1 34 
2 36 
3 6 


92. Vertical Motion. An object is thrown upward, and the 
following table depicts the height of the ball t seconds after 
the projectile is released. Find the initial height, initial velocity, 
and acceleration due to gravity. 


t (SECONDS) HEIGHT (FEET) 


1 54 
2 66 
3 46 


1050 CHAPTER 10 Matrices 


93. 


94. 


95. 


96. 


97. 


98. 


Data Curve-Fitting. The average number of minutes that 

a person spends driving a car can be modeled by a quadratic 
function y = ax? + bx + c, where a < O and 15 <x < 65. 
The following table gives the average number of minutes a 
day that a person spends driving a car. Determine the 
quadratic function that models this quantity. 


AGE AVERAGE DaiLy MINUTES DRIVING 
16 25 

40 64 

65 40 


Data Curve-Fitting. The average age when a woman gets 
married has been increasing during the last century. In 1920 
the average age was 18.4, in 1960 the average age was 20.3, 
and in 2002 the average age was 25.30. Find a quadratic 
function y = ax’ + bx + c, where a > 0 and 18 < x < 35, 
that models the average age y when a woman gets married as 
a function of the year x (x = 0 corresponds to 1920). What 
will the average age be in 2020? 


Chemistry/Pharmacy. A pharmacy receives an order for 
100 milliliters of 5% hydrogen peroxide solution. The 
pharmacy has a 1.5% and a 30% solution on hand. 

A technician will mix the 1.5% and 30% solutions to make 
the 5% solution. How much of the 1.5% and 30% solutions, 
respectively, will be needed to fill this order? Round to the 
nearest ml. 


Chemistry/Pharmacy. A pharmacy receives an order for 

60 grams of a 0.7% hydrocortisone cream. The pharmacy has 
1% and 0.5% hydrocortisone creams as well as a Eucerin 
cream for use as a base (0% hydrocortisone). The technician 
must use twice as much 0.5% hydrocortisone cream than the 
Eucerin base. How much of the 1% and 0.5% hydrocortisone 
creams and Eucerin cream are needed to fill this order? 


Business. A small company has an assembly line that 
produces three types of widgets. The basic widget is sold for 
$12 per unit, the midprice widget for $15 per unit, and the 
top-of-the-line widget for $18 per unit. The assembly line has 
a daily capacity of producing 375 widgets that may be sold 
for a total of $5250. Find the quantity of each type of widget 
produced on a day when twice as many basic widgets as 
midprice widgets are produced. 


Business. A small company has an assembly line that 
produces three types of widgets. The basic widget is sold for 
$10 per unit, the midprice widget for $12 per unit, and the 
top-of-the-line widget for $15 per unit. The assembly line has 
a daily capacity of producing 350 widgets that may be sold 
for a total of $4600. Find the quantity of each type of widget 
produced on a day when twice as many top-of-the-line 
widgets as basic widgets are produced. 


99. 


100. 


101. 


102. 


103. 


104. 


Money. Gary and Ginger decide to place $10,000 of their 
savings into investments. They put some in a money market 
account earning 3% interest, some in a mutual fund that has 
been averaging 7% a year, and some in a stock that rose 10% 
last year. If they put $3000 more in the money market than 
in the mutual fund and the mutual fund and stocks have the 
same growth in the next year as they did in the previous 
year, they will earn $540 in a year. How much money did 
they put in each of the three investments? 


Money. Ginger talks Gary into putting less money in the 
money market and more money in the stock. They place 
$10,000 of their savings into investments. They put some 
in a money market account earning 3% interest, some in a 
mutual fund that has been averaging 7% a year, and some 
in a stock that rose 10% last year. If they put $3000 more 
in the stock than in the mutual fund and the mutual fund 
and stock have the same growth in the next year as they 
did in the previous year, they will earn $840 in a year. 
How much money did they put in each of the three 
investments? 


Manufacturing. A company produces three products x, y, 
and z. Each item of product x requires 20 units of steel, 

2 units of plastic, and 1 unit of glass. Each item of 
product y requires 25 units of steel, 5 units of plastic, and 
no units of glass. Each item of product z requires 150 
units of steel, 10 units of plastic, and 0.5 units of glass. 
The available amounts of steel, plastic, and glass are 
2400, 310, and 28, respectively. How many items of each 
type can the company produce and utilize all the available 
raw materials? 


Geometry. Find the values of a, b, and c such that the graph 
of the quadratic function y = ax* + bx + c passes through 
the points (1, 5), (—2, —10), and (0, 4). 


Ticket Sales. One hundred students decide to buy tickets 

to a football game. There are three types of tickets: general 
admission, reserved, and end zone. Each general admission 
ticket costs $20, each reserved ticket costs $40, and each end 
zone ticket costs $15. The students spend a total of $2375 for 
all the tickets. There are five more reserved tickets than 
general admission tickets, and 20 more end zone tickets 

than general admission tickets. How many of each type of 
ticket were purchased by the students? 


Exercise and Nutrition. Ann would like to exercise one 
hour per day to burn calories and lose weight. She would 
like to engage in three activities: walking, step-up exercise, 
and weight training. She knows she can burn 85 calories 
walking at a certain pace in 15 minutes, 45 calories doing 
the step-up exercise in 10 minutes, and 137 calories by 
weight training for 20 minutes. (a) Determine the number 
of calories per minute she can burn doing each activity. 

(b) Suppose she has time to exercise for only one hour 

(60 minutes). She sets a goal of burning 358 calories in 
one hour and would like to weight train twice as long as 
walking. How many minutes must she engage in each 
exercise to burn the required number of calories in one hour? 


105. 


"CATCH THE MISTAKE 


10.1 Matrices and Systems of Linear Equations 


Geometry. The circle given by the equation 
x + y? + ax + by + c = 0 passes through the point 


(4, 4), (—3, —1), and (1, —3). Find a, b, and c. 


In Exercises 107-110, explain the mistake that is made. 


107. 


108. 


Solve the system of equations using the augmented matrices. 
yroxextes= 2 
H = 22 ye 3 


xt y+z= 6 


Solution: 
Step 1: Write as an augmented fi -1 1 2] 
trix. 
matrix i= a ee 
L1 1 1 6 | 
Step 2: Reduce the matrixusing fy, _ 4 1 27 
Gaussian elimination. 0 1 0 5 
LO 0 0} -6] 


Step 3: Identify the solution. Row 3 is inconsistent, so there 
is no solution. 


This is incorrect. The correct answer is x = 1, y = 2,z = 3. 
What mistake was made? 


Perform the indicated row operations on the matrix. 
1 -tl 1} 2 
2 23 1| 4 
3 1 2 


ah =k 
b. R; — 3R, > R, 


Solution: 


1 <=1 1 2 
=) 1 4 
3 1 2 


1 =! 1 2 
=3 1 4 
0 1 2 


This is incorrect. What mistake was made? 


106. 


109. 


110. 


1051 


Geometry. The circle given by the equation 
xr 4 y + ax + by + c = 0 passes through the point (0, 7), 
(6, 1), and (5, 4). Find a, b, and c. 


Solve the system of equations using an augmented matrix. 


3x — 2y + g=-1 
oe yo gS 
x= yr3z=— 0 
Solution: 
Step 1: Write the system as an 3-2 el 
augmented matrix. 1 1 -1/1 3 
2. =1 3] 0] 
Step 2: Reduce the matrix using iT 0 ol1) 
Gaussian elimination. 0 1 012 
0 0 1/0] 


Step 3: Identify the answer. Row 3 is inconsistent 1 = 0, 
therefore there is no solution. 


This is incorrect. What mistake was made? 


Solve the system of equations using an augmented matrix. 


x 3y + 2z= 4 


3x + 10y + 9z = 17 
x + Ty+7z=17 
Solution: 
Step 1: Write the system as an rq 3 2| 4 


augmented matrix. 


Step 2: Reduce the matrix using T 0 
Gaussian elimination. 0 l 3 5 


0 0 0 4 


Step 3: Identify the answer: x= 7t-11 
Infinitely many solutions. y= —3t+ 5 
ZL t 


This is incorrect. What mistake was made? 
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=CONCEPTUAL 


Determine whether each of the following statements is true or false. 


111. A nonsquare matrix cannot have a unique solution. 


112. The procedure for Gaussian elimination can be used only for 
square matrices. 


CHALLENGE 
A fourth-degree polynomial f(x) = ax* + bx? + cx + dx + e, 
with a < 0, can be used to represent the following data on 
the number of deaths per year due to lightning strikes 
(assume 1999 corresponds to x = 0). 


115. 


Use the data to determine a, b, c, d, and e. 


A 


U.S. deaths by lightning 
as 
oo 


46 
44 
. 
. 1999 2001 2003” 
Year 


"TECHNOLOGY 


117. In Exercise 57, you were asked to solve this system of 
equations using an augmented matrix. 

x- z-y= 10 

24 —3y FZ! 


y- x+z=-10 


A graphing calculator or graphing utility can be used to solve 
systems of linear equations by entering the coefficients of the 
matrix. Solve this system and confirm your answer with the 
calculator’s answer. 


118. In Exercise 58, you were asked to solve this system of 


equations using an augmented matrix. 


2H FZ y=-3 
2y-z+ x= 0 


2z= 5 


A graphing calculator or graphing utility can be used to 
solve systems of linear equations by entering the coefficients 
of the matrix. Solve this system and confirm your answer 
with the calculator’s answer. 


113. A square matrix that has a unique solution has a reduced matrix 


with 1s along the diagonal and 0s above and below the Is. 


114. A square matrix with an all-zero row has infinitely many 


solutions. 


116. A copy machine accepts nickels, dimes, and quarters. After 
1 hour, there are 30 coins total, and their value is $4.60. 
How many nickels, quarters, and dimes are in the machine? 


In Exercises 119 and 120, you are asked to model a set of 
three points with a quadratic function y = ax? + bx + c and 
determine the quadratic function. 


a. Set up a system of equations, use a graphing utility or graphing 
calculator to solve the system by entering the coefficients of 
the augmented matrix. 

b. Use the graphing calculator commands | STAT ||QuadReg 
to model the data using a quadratic function. Round your 
answers to two decimal places. 


119. (—6, —8), (2, 7), (7, 1) 
120. (—9, 20), (2, —18), (11, 16) 


SECTION 
10.2 MATRIX ALGEBRA 


Equality of Matrices 


In Section 10.1, we defined a matrix with m rows and n columns to have order m X n: 


ay a\2 see Ain 
re, ay ay2 ee Arn, 
Qint Qn2 cee Ginn 


Capital letters are used to represent (or name) a matrix, and lowercase letters are used 
to represent the entries (elements) of the matrix. The subscripts are used to denote the 
location (row/column) of each entry. The order of a matrix is often written as a subscript 
of the matrix name: A,,,.,,. Other words like “size” and “dimension” are used as synonyms 
of “order.” Matrices are a convenient way to represent data. 


Average Marriage Age on the Rise 


A survey conducted by the Census Bureau found that the average marriage age in the 
United States is rising. 


1960 2009 
Men 22.8 28.4 
Women 20.3 26.5 
. | 22.8 28.4). 
These data can be represented by the 2 < 2 matrix 20.3 76.5 |" with two rows (gender) 


and two columns (year). 


U.S. Homeowner Bailout 


According to a Gallup poll conducted March 24—27, 2008 of adult Americans were asked 
the question, “Do you favor or oppose the Federal Government taking steps to help prevent 
people from losing their homes because they can’t pay their mortgages?” 

The results were along party lines: 


REPUBLICAN DEMOCRAT 


(%) (%) 
Favor 40 70 
Oppose 58 27 
No Opinion 2 3 


AyaD/seinylq X puesg 
/Audes6ojoud uosiapuy-ulgsy 


ojoydyp0}S} 
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40 70 
These data can be represented with the 3 X 2 matrix | 58 27 |, with three rows 
2 3 


(opinions on bailout) and two columns (registered political party). 

There is an entire field of study called matrix algebra that treats matrices similarly to 
functions and variables in traditional algebra. This section serves as an introduction to 
matrix algebra. We will discuss how to 


= determine whether two matrices are equal, 
= add and subtract matrices, 

= multiply a matrix by a scalar, 

= multiply two matrices. 


It is important to pay special attention to the order of a matrix because it determines 
whether certain operations are defined. 

Two matrices are equal if and only if they have the same order, m X n, and all of their 
corresponding elements are equal. 


DEFINITION Equality of Matrices 


Two matrices A and B are equal, written as A = B if and only if both of the following 
are true: 


= A and B have the same order m X n, 
= Every pair of corresponding elements is equal: a; = b,; for alli = 1,2,...,m 
en! ) = I, Zac ao gl 


EXAMPLE 1_ Equality of Matrices 


Referring to the definition of equality of matrices, find the indicated elements. 


ayy ay a3 Qo = 1 
A, ax a3 | = 0 3 =3 
a3) 30 433 71 8 9 


Find the main diagonal elements: a),, a2), and a33. 


Solution: 


Since the matrices are equal, their 


corresponding elements are equal. 


EXAMPLE 2 Equality of Matrices 


2, =i @: 
Given that | . y = ° } solve for x and y. 
1 2 1 2 . 


Solution: 
Equate corresponding elements. 2x = 6 yol=7 


Solve for x and y. x=3 y=8 
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Matrix Addition and Subtraction 


Two matrices A and B can be added or subtracted only if they have the same order. Suppose 
A and B are both of order m X n; then the sum A + B is found by adding corresponding 
elements, or taking a; + b;. The difference A — B is found by subtracting the elements in 
B from the corresponding elements in A, or finding a, — b,. 


DEFINITION Matrix Addition and Matrix Subtraction 


If A is an m X n matrix and B is anm X n matrix, then theirsum A + Bis anm Xn 
matrix whose elements are given by 


and their difference A — B is anm X n matrix whose elements are given by 


Gg = D 


ij i 


_) EXAMPLE 3 Adding and Subtracting Matrices = 
. = 3 4 2 1 -3 . . 
Given that A = 5 > 0 and B = 0 —5 ap find the following: Technology Tip 
Enter the matrices as A and B. 
a. A+B b. A-B 
Solution: 


Since A,,.; and B,,.3 have the same order, they can be added or subtracted. 


. =I 3 4 2 1. 3 
a. Write the sum. A+B= + 
=5 2 0 0 -5 4 
= Le: 3. 4+ (-3 
Add the corresponding elements. = | ( 
5: Q 2 + (-5) 0+4 
Simplif | .* i 
implify. = 
ae =o 3 4 
=] 4 2 j= 
b. Write the difference. A-B= | 3 = | | 
=)5 2 0 0-5 4 
Sh 2 31 4—-(-3 
Subtract the corresponding elements. = | ( 1 
5.20 2= (<3) 0-4 
= 2 #7 
Simplify. = 
implify. 3 a/ 
A 3 
= YOUR TURN Perform the indicated matrix operations, if possible. . "Te ‘ 
0 a |_° 3] b. not defined 
—4 0 2 5, 3 [-? ; : 
A= B= CH= 2 9 5 -1 D= c. d. not defined 
| 1 4 Ee 4 ! ] 4 =3 2 
2 


a. B-A b. C+D «c A+B d. A+ D 
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Study Tip It is important to note that only matrices of the same order can be added or subtracted. 
i =] 3 4 3 = 
ane abies Gnithe Satan ander Caf For example, if A = and B = , the sum and difference of 
e added or subtracted. —5 2 0 12 1 


these matrices is undefined because A,,.3 and B,,. do not have the same order. 
A matrix whose elements are all equal to 0 is called a zero matrix. The following are 
examples of zero matrices: 


2 X 2 square zero matrix k | 
0 0 
0 0 
3 X 2 zero matrix 0 0 
0 0 
1 X 4 zero matrix [0 0 0 0] 
If A, an m X n matrix, is added to the m X n zero matrix, the result is A. 
A+0O=A 


For example, 
E sl*le ol-b 5] 
+ = 
2 5 0 0 2 5 
Because of this result, an m X n zero matrix is called the additive identity for m < n 
matrices. Similarly, for any matrix A, there exists an additive inverse —A such that every 
element of —A is the negative of every element of A. 


1 3 —l 3 
For example, A = E ;| and —A = ij Be and adding these two matrices 


results in a zero matrix: A + (—A) = 0. 
The same properties that hold for adding real numbers also hold for adding matrices, 
provided that addition of matrices is defined. 


PROPERTIES OF MATRIX ADDITION 


If A, B, and C are all m X n matrices and 0 is the m X n zero matrix, then the 
following are true: 


Commutative property: A+B=B+A 

Associative property: (A+ B)+C=A+(B+O0 
Additive identity property: A+O0O=A 

Additive inverse property: A+ (-A)=0 


Scalar and Matrix Multiplication 


There are two types of multiplication involving matrices: scalar multiplication and matrix 
multiplication. A scalar is any real number. Scalar multiplication is the multiplication of a 
matrix by a scalar, or real number, and is defined for all matrices. Matrix multiplication 
is the multiplication of two matrices and is defined only for certain pairs of matrices, 
depending on the order of each matrix. 


Scalar Multiplication 


To multiply a matrix A by a scalar k, multiply every element in A by k. 
7} 0 ;| _ bay 3(0) 34) | _ i 0 | 
7 a» -=2 3(7) 3(5) 3(—2) 21 15 —-6 


Here, the scalar is k = 3. 


DEFINITION Scalar Multiplication 


If A is an m X n matrix and k is any real number, then their product kA is anm X n 
matrix whose elements are given by 


ka 


5 
In other words, every element a; that is in the ith row and jth column of A is multiplied 
by k. 


In general, uppercase letters are used to denote a matrix, and lowercase letters are used to 
denote scalars. Notice that the elements of each matrix are also represented with lowercase 
letters, since they are real numbers. 


EXAMPLE 4 Multiplying a Matrix by a Scalar 


Al 0 
and B = 
4 —2 


1 
Given that A = | a perform the following operations. 


a. 2A b. —3B c. 2A — 3B 


Solution (a): 


= 2 
Write the scalar multiplication. 2A = | 3 ‘| 
2-1 2(2 
Multiply all elements of A by 2. A= | CD ( 
2(-3) ——-2(4) 


Simplif 2A ie ‘| 
implify. = 
puly. we 8 
Solution (b): 
. Ree 0 1 
Write the scalar multiplication. —3B = -3|_° | 
—3(0 —3(1 
Multiply all elements of B by —3. =3B = ew Bi 
0 -3 
Simplify. —3B = 
implify. e "I 


Solution (c): 


Add the results of parts (a) and (b). 


/-2 4 Oo = 
2A — 3B = + 
el alts ol 
ee Soe) 
Add the corresponding elements. 2A — 3B = l-6+6 g 4 S| 
Ms as =2 1 
Simplify. 2A — 3B = 0 4 


= YOUR TURN For the matrices A and B given in Example 4, find —5A + 2B. 
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= Answer: 
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Study Tip 


When we multiply matrices, we do 
not multiply corresponding elements. 


Study Tip 

For the product AB of two matrices 
A and B to be defined, the number of 
columns in the first matrix must equal 
the number of rows in the second 
matrix. 


= Answer: 
a. DA exists and is order 1 X 3. 
b. CB does not exist. 
c. BA exists and is order 3 X 3. 


Matrix Multiplication 


Scalar multiplication is straightforward in that it is defined for all matrices and is 
performed by multiplying every element in the matrix by the scalar. Addition of matrices 
is also an element-by-element operation. Matrix multiplication, on the other hand, is not 
as straightforward in that we do not multiply the corresponding elements and it is 
not defined for all matrices. Matrices are multiplied using a row-by-column method. 
Before we even try to find the product AB of two matrices A and B, we first have to 
determine whether the product is defined. For the product AB to exist, the number of 
columns in the first matrix A must equal the number of rows in the second matrix 
B. In other words, if the matrix A,,.,, has m rows and n columns and the matrix B,,.,, has n 
rows and p columns, then the product (AB),,., is defined and has m rows and p columns. 


Matrix: A B AB 
Order: mXn nXp m Xp 


Order of AB 


EXAMPLE 5_ Determining Whether the Product of Two Matrices 


Is Defined 
Given the matrices 
2 
a=|; = | B=|0 : cea = D=[-3 —-2] 
-] 2 
5 3 ys 5 


state whether each of the following products exists. If the product exists, state the order of 
the product matrix. 


a. AB b. AC ce. BC d. CD e. DC 
Solution: 
Label the order of each matrix: Ajx3, B3x2, Cox, and Dix. 


a. AB is defined, because A has 3 columns and B has 3 rows. Aa x3B3x9 


AB is order {2 X 2]. (AB) 0 
b. AC is , because A has 3 columns and C has 2 rows. 


c. BC is defined, because B has 2 columns and C has 2 rows. B3x9Cax9 
BC is order |3 X 2). (BC)3x2 


d. CD is| not defined |, because C has 2 columns and D has 1 row. 


e. DC is defined, because D has 2 columns and C has 2 rows. DyyaCrx9 
DC is order |1 X 2. (DO) x9 


Notice that in part (d) we found that CD is not defined, but in part (e) we found that DC is 
defined. Matrix multiplication is not commutative. Therefore, the order in which matrices 
are multiplied is important in determining whether the product is defined or undefined. 
For the product of two matrices to exist, the number of columns in the first matrix A must 
equal the number of rows in the second matrix B. 


= YOUR TURN For the matrices given in Example 5, state whether the following 
products exist. If the product exists, state the order of the product matrix. 


a. DA b. CB c. BA 


10.2 Matrix Algebra 1059 


Now that we can determine whether a product of two matrices is defined and if so, what 
the order of the resulting product is, let us turn our attention to how to multiply two matrices. 


DEFINITION Matrix Multiplication 


If A is an m X n matrix and B is ann X p matrix, then their product AB is anim X p 
matrix whose elements are given by 


(ab); = ab; =e igbo; qP 992 gp Ginbyj 


In other words, the element (ab) i which is in the ith row and jth column of AB, is 
the sum of the products of the corresponding elements in the ith row of A and the jth 


column of B. 
ith row jth column Element in the 
of A of B ith row and jth 
| | column of AB 
Pe 
bi; | 
a 
ait a2 a3 by; oe (ab); 


(ab) jj = ayy; te ib; + aj3b3; 


EXAMPLE 6 Multiplication of Two 2 x 2 Matrices 


. _ |i 2 _ 45 6 
Given A = F | and B = B ® | ind AB. 


EB 
ComMMON MISTAKE Technology Tip 


Enter the matrices as A and B and 
calculate AB. 


Do not multiply element by element. 


€3 CORRECT iq INCORRECT 
Write the product of the two matrices Multiply the corresponding elements. 
A and B. ERROR 
1 2/5 6 
We -| | oe ee we) 
3 4\|7 8 (3)(7) (4)(8) 
Perform the row-by-column multiplication. [A] CB] 


ae be + (2)7  ()(6) + aa 
(3)(5) + AT) (3)(6) + (4)(8) 


Simplify. 


= Answer: 
5 6|/ 1 2 
aa ; ] E ‘| 


sasdcsonaecntasececascsnesaccecsdcascestaseqtesncsauenescuabeasteacesconcssececessgssessaecsaconccancaesduancasseacascausssseeaseaassenepeerenssszeeeesaapasanasase _ 23 7 
= YOUR TURN For matrices A and B given in Example 6, find BA. e 46 
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Compare the products obtained in Example 6 and the preceding Your Turn. Note that 
AB # BA. Therefore, there is no commutative property for matrix multiplication. 


"7 “) EXAMPLE 7 Multiplying Matrices 


Technology Tip 2 0 
Enter the matrices as A and B and For A = = 2 “| and B = 1 3 |, find AB. 
calculate AB. —2 0 4 


=|, —2 
Solution: 


Since A is order 2 X 3 and B is order 3 X 2, the 


product AB is defined and has order 2 X 2. Ao3B3x2 = (AB)ox2 
2 
: ‘ = 2 #3 0 
Write the product of the two matrices. AB = = 0 4 1 3 
=]; =2 
[Al CE] Perform the row-by-column multiplication. 
AB = (“DQ)+ QD) + ©3(-YD (DO) + 2B) + 3) a 
(—2)(2) + (O)C) + AC) (—2)(0) + (0)(3) + (A)YC2) 
3, 12 
Simplify. AB = 
implify ie ae 
= Answer: AB = |? 3] 1 5 0 -il 
2 YOUR TURN ForA = |} 4 ‘ and B = | 1 2 |, find AB. 
0 =2 
“\EXAMPLE 8 Multiplying Matrices 
—2 O 1 
1 0 3 
For A = = 5-1 andB=]|]-3 —-l 4 |, find AB. 
0 2 5 
Solution: 
Since A is order 2 X 3 and B is order 3 X 3, the 
product AB is defined and has order 2 X 3. Adx3B3x3 = (AB)ax3 
F 4 a < —2 O 1 
Write the product of the two matrices. AB = = 5 _ ‘| =3 =! 4 
" O 2 5 
Perform the row-by-column multiplication. 
Ap =| (DC2) + O-3) + BO (1)) + OY-D + (3)(2) (DC) + (4) + 3)G6) 
(—2)(—2) + (5-3) + (- DO) (—2)0) + SYD + HDR) (—2)0) + G4) + (— DG) 
=2 6 16 
implify. AB = 
a a = 4 
4 5 l 
A sa. AB=] 8 1 
one i: : =! YOUR TURN GivenA =|2|/andB=[4 5]: 
b. does not exist 3 


a. Find AB, if it exists. b. Find BA, if it exists. 
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Although we have shown repeatedly that there is no commutative property for matrices, 
matrices do have an associative property of multiplication, as well as a distributive property 
of multiplication similar to real numbers. 


PROPERTIES OF MATRIX MULTIPLICATION 


If A, B, and C are all matrices for which AB, AC, and BC are all defined, then the 
following properties are true: 


Associative property: A(BC) = (AB)C 
Distributive property: A(B + C) = AB + ACor (A + B)C = AC + BC 


EXAMPLE 9 Application of Matrix Multiplication 


The following table gives fuel and electric requirements per mile associated with gasoline 
and electric automobiles. 


NUMBER OF GALLONS/MILE NUMBER OF KW-hr/MILE 
Gas Car 0.05 0 
Hybrid Car 0.02 0.1 
Electric Car 0 0.25 


The following table gives an average cost for gasoline and electricity. 


Cost per gallon of gasoline $3.00 
Cost per kW-hr of electricity $0.05 


a. Let matrix A represent the gasoline and electricity consumption and matrix B represent 
the costs of gasoline and electricity. 

b. Find AB and describe what the elements of the product matrix represent. 

c. Assume you drive 12,000 miles per year. What are the yearly costs associated with 
driving the three types of cars? 


Solution (a): 


A has order 3 X 2. 


$3.00 = 
Bhas order 2 X 1. B= $0.05 
: Technology Tip 

Solution (b): Enter the matrices as A and B and 
Find the order of the product matrix AB. A3x2Box1 = (AB)3 x1 Soleil ee, 

[ 0.05 0 

AB = | 0.02 0.1 hea 
,  |L$0.05 
0 0.25 


(0.05)($3.00) + (0)($0.05) 
Calculate AB. = | (0.02)($3.00) + (0.1)($0.05) 
(0)($3.00) + (0.25)($0.05) 


[ $0.15 


$0.065 
L$0.0125 
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Cost per mile to drive the gas car 


Interpret the product matrix. Cost per mile to drive the hybrid car 


Cost per mile to drive the electric car | 


Solution (c): 


$0.15 $1800 | 
Find 12,000AB. 12,000] $0.065 | =] $780 
$0.0125 $150 | 


Gas/ELEctTrRIc Costs PER YEAR ($) 


Gas Car 1800 


Hybrid Car 780 


Electric Car 150 


i Sa SECTION 
. SUMMARY 
Matrices can be used to represent data. Operations such as equality, Matrix Multiplication Is Not Commutative: AB # BA 
addition, subtraction, and scalar multiplication are performed 
element by element. Two matrices can be added or subtracted OPERATION ORDER REQUIREMENT 
only if they have the same order. Matrix multiplication, however, Equality Same: Ayn = Bxn 
requires that the number of columns in the first matrix is equal to ca : 
the number of rows in the second matrix and is performed using a adinen Same: Anxn + Brxn 
row by column procedure. Subtraction Saris Also, = Ben 
Scalar multiplication None: kAy xn 
Matrix multiplication D\ 65 Bhan = UND) ong 
SECTION 
10.2 EXERCISES 
"SKILLS 
In Exercises 1-10, state the order of each matrix. 
: [3 3 
-1 2 4 -4 5 
1. 2 2 6 3 | 4.[-4 5 3 7 
L 7 —3 9 0 1 
L-1 —-4 
- [1 
— ! 2 -1 3 6 9 
5 10 0 6 Ts. [=2] 8 | 
2 =7 
L-2 7 ° 5 8 
[4 
[-3 6 0 5 
4 -9 7 
9. 10. [3 qt =I] 5 8 
1 8 3 6 [ 
3] 0 -4 Ii 


In Exercises 11-16, solve for the indicated variable. 


u. |? ‘| = : "| v.| > 
ly 3 ;- 3 Lx 
— 7 ; ; 

("2 | = | ? ‘| 14. |* 
Ley 9 —1 9 Ly 

ws. |? | = * ae 16.) 2 
lo 12 0 2y +x |—5 


In Exercises 17-30, perform the indicated operations for each expression, if possible. 


=e 3 "| -|° 2 1 
2 4 1 i 
17. A+B 18. CED 19, C=D 

23, DB 24, CA 25. 2A 

29. 2A + 3B 30. 2B — 3A 


In Exercises 31-50, perform the indicated operations for each expression, if possible. 


1 2 -1 
A= {0 3 1 B= [2 0 —3] 
BI 0 =2 
-1 0 1 
E=| 2 1 F= 
=3 1 5 
31. CD 32. BF 33. DC 
37. GD 38. ED+C 39. —4BD 
43. FB +5A 44, A? 45. G+5G 
49. DF 50. AE 


"APPLICATIONS 


51. Smoking. On January 6 and 10, 2000, the Harris Poll 
conducted a survey of adult smokers in the United States. 
When asked, “Have you ever tried to quit smoking?” 70% 
said yes and 30% said no. Write a2 X 1 matrix—call it 
A—that represents those smokers. When asked what 
consequences smoking would have on their lives, 89% 
believed it would increase their chance of getting lung cancer 
and 84% believed smoking would shorten their lives. Write a 
2 X 1 matrix—call it B—that represents those smokers. If 
there are 46 million adult smokers in the United States: 


a. What does 46A tell us? 
b. What does 46B tell us? 


52. Women in Science. According to the study of science and 
engineering indicators by the National Science Foundation 
(www.nsf.gov), the number of female graduate students in 
science and engineering disciplines has increased over the 
last 30 years. In 1981, 24% of mathematics graduate students 
were female and 23% of graduate students in computer 
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sl _ be a 
y 10 12 
4] 7 ? +y ie 
a 5 7 
2b + ' 7 a | 
16 Sari. 
0 1 2. =g 
C=|2 =f D=|0 1 
a 4 2 
20. A-B 21. B+C 22. A+D 
26. 4D 27, —3C 28, -28 
eaf 3 "| D= a 
| 3 0 1 
2 5 
4 
‘ Gx ; 1 
4 
-14 3 
34. (A+ E)D 35. DG 36. 2A + 3E 
40. —3ED 41. B(A + E) 42. GC+5C 
46. C:(2E) 47. (2E):F 48. CA+5C 


science were female. In 1991, 32% of mathematics graduate 
students and 21% of computer science graduate students 
were female. In 2001, 38% of mathematics graduate students 
and 30% of computer science graduate students were female. 
Write three 2 X 1 matrices representing the percentage of 
female graduate students. 


ro | % female—math—1981 | 
L % female—C.S.—1981 | 

B= | % female—math—1991 | 
| % female—C.S.—1991 | 

a | % female—math—2001 | 
-— | % female—C.S.—2001 | 


What does C — B tell us? What does B — A tell us? What 
can you conclude about the number of women pursuing 
mathematics and computer science graduate degrees? 


Note: C.S. = computer science. 
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53. 


54. 


Registered Voters. According to the U.S. Census Bureau 
(www.census.gov), in the 2000 national election, 58.9% of the 
men over the age of 18 were registered voters, but only 41.4% 
voted; and 62.8% of women over 18 were registered voters, 
but only 43% actually voted. Write a 2 < 2 matrix with the 
following data: 


Percentage of registered 
male voters 


Percentage of registered 
female voters 


Percent of females 
that voted 


Percent of males 
that voted 


If we let B be a2 X 1 matrix representing the total 
population of males and females over the age of 18 in the 
100 M 


} what does AB tell us? 
110M 


United States, or B = | 
Job Application. A company has two rubrics for scoring job 
applicants based on weighting education, experience, and the 
interview differently. 


Matrix A Rubric 1 Rubric 2 
Education 0.5 0.6 
Experience 0.3 0.1 
Interview 0.2 0.3 


Applicants receive a score from 1| to 10 in each category 
(education, experience, and interview). Two applicants are 
shown in matrix B: 


Matrix B Education Experience Interview 
Applicant 1 8 % ) 
Applicant 2 6 8 8 


55. 


56. 


What is the order of BA? What does each entry in BA tell us? 


Taxes. The IRS allows an individual to deduct business 
expenses in the following way: $0.45 per mile driven, 50% of 
entertainment costs, and 100% of actual expenses. Represent 
these deductions as a row matrix A. In 2006, Jamie had the 
following business expenses: $2700 in entertainment, 
$15,200 actual expenses, and he drove 7523 miles. 
Represent Jamie’s expenses as a column matrix B. Multiply 
these matrices to find the total amount of business expenses 
Jamie can claim on his 2006 federal tax form: AB. 


Tips on Service. Marilyn decides to go to the Safety Harbor 
Spa for a day of pampering. She is treated to a Hot Stone 
Massage ($85), a manicure and pedicure ($75), and a haircut 
and style ($100). Represent the costs of the individual 
services as a row matrix A. She decides to tip her masseur 
25%, her nail tech 20%, and her hair stylist 15%. Represent 
the tipping percentages as a column matrix B. Multiply these 
matrices to find the total amount in tips AB she needs to add 
to her final bill. 


Use the following nutritional chart for Exercises 57 and 58: 


Fat | CARBOHYDRATES | PROTEIN 
SANDWICH Cavories | (g) (g) (g) 
6” Veggie Delight 230 3 44 9 
6” Tuna 430 19 46 20 
6” Roast beef 290 5 45 19 
6" Chicken 330 B) 47 24 
57. Nutrition. Utilize the table to write a 4 X 4 matrix A. Find 2A. 


58. 


What would 2A represent? Find 0.5A. What would 0.5A 
represent? 


Nutrition. Don decides to film a documentary similar to 
Supersize Me, but instead of eating only at McDonalds, he 
decides to eat only at Subway. He is hoping to lose weight and 
name the film Minimize Me. He is going to eat only three 
meals a day from the four options listed in the preceding table. 
Each week he will consume the following sandwiches: 

7 veggie, 5 tuna, 8 roast beef, and 1 chicken. Let A be the 
matrix (found in Exercise 57) that represents the nutrition 
values and let B be a row matrix that represents the number 

of each type of sandwich consumed in a week. Find BA. 

What does BA represent? Find ;BA. What does 

5BA represent? 


Use the following tables for Exercises 59 and 60: 


The following table gives fuel and electric requirements per mile 
associated with gasoline and electric automobiles. 


NUMBER OF NUMBER OF 

GALLONS/ MILE KW-hr/MILe 
SUV full size 0.06 0 
Hybrid car 0.02 0.1 
Electric car 0 0.3 


The following table gives an average cost for gasoline and 
electricity. 


$3.80 
$0.05 


Cost per gallon of gasoline 


Cost per kW-hr of electricity 


59. Environment. Let matrix A represent the gasoline and 
electricity consumption and matrix B represent the costs of 
gasoline and electricity. Find AB and describe what the 
elements of the product matrix represent. 


60. Environment. Assume you drive 12,000 miles per year. What 
are the yearly costs associated with driving the three types of 
cars in Exercise 59? 


For Exercises 61 and 62, refer to the following: 


The results of a nutritional analysis of one serving of three foods 
A, B, and C were 


Carbohydrates (g) Protein (g) Fat (g) 


5 0 2|A 
X= 5 6 5|B 
8 4 4]C 


It is possible to find the nutritional content of a meal consisting of 

a combination of the foods A, B, and C by multiplying the matrix X 
r 

by a second matrix N = | s |, that is, XN, where r is the number 
t 

of servings of food A, s is the number of servings of food B, and t 

is the number of servings of food C. 


61. Health/Nutrition. Find the matrix N that represents a meal 
consisting of two servings of food A and one serving of food 
B. Find the nutritional content of that meal. 


62. Health/Nutrition. Find the matrix N that represents a meal 
consisting of one serving of food A and two servings of food 
C. Find the nutritional content of that meal. 


"CATCH THE MISTAKE 


In Exercises 65 and 66, explain the mistake that is made. 
‘| | =) | 
4 || -2 Si: 


Multiply corresponding elements. 


3 
65. Multiply ; 


Solution: 


k Al | 7 ae nia 
1 4\_-2. 5] |L@e2) 6) 

3 2\|-1 3 —3 6 
Simplify. 3 ale ;| = i | 


This is incorrect. What mistake was made? 
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For Exercises 63 and 64, refer to the following: 


Cell phone companies charge users based on the number of 
minutes talked, the number of text messages sent, and the number 
of megabytes of data used. The costs for three cell phone 
providers are given in the following table: 


MINUTES TeExT MESSAGES MEGABYTE OF DATA 
Cc; $0.04 $0.05 $0.15 
Cy $0.06 $0.05 $0.18 
C; $0.07 $0.07 $0.13 


It is possible to find the cost to a cell phone user for each of the 
three providers by creating a matrix X whose rows are the rows of 
data in the table and multiplying the matrix X by a second matrix 


m 
N=/t 
d 


t is the number of text messages sent, and d is the megabytes of 
data used. 


, that is, XN, where m is the number of minutes talked, 


63. Telecommunications/Business. A local business is looking 
at providing an employee a cell phone for business use. Find 
the matrix N that represents expected normal cell phone 
usage of 200 minutes, 25 text messages, and no data usage. 
Find and interpret XN. Which is the better cell phone 
provider for this employee? 


64. Telecommunications/Business. A local business is looking 
at providing an employee a cell phone for business use. Find 
the matrix N that represents expected normal cell phone 
usage of 125 minutes, 125 text messages, and 320 megabytes 
of data usage. Find and interpret XN. Which is the better cell 
phone provider for this employee? 


66. Multiply ; 


Solution: 


Multiply using column-by-row method. 


F Ale ;| - ee +DB) OC) + vi 
1 4}L-2 5 (3-2) + (1)(5) (2) 2) + (A) 


fa sl-Lad 


This is incorrect. What mistake was made? 


Simplify. 
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"CONCEPTUAL 


In Exercises 67-70, determine whether the statements are true or false. 


67. IfA = ie ia and B = is | then 70. A + Bis defined only if A and B have the same order. 
ay) ay) 21 by 
aby aby 71. For A = Ke =| find A2. 
AB = . ay a2 
yb, Agyby5 


72. In order for A?,,., to be defined, what condition (with respect 
68. If AB is defined, then AB = BA. to m and n) must be met? 


69. AB is defined only if the number of columns in A equals the 
number of rows in B. 


= CHALLENGE 

73. ForA = | i find A, A’, A?,.... What is A”? 75. If AnxnBnxp is defined, explain why (A,,.., Bua is not 
! | defined for m # p. 

74, For A = |: "| find A, A?, A? What is A”? 76. If Anxn = Bnxn and C,,xm, explain why AC # CB, ifm # n. 
0 1 BAC ATS os ? 


"TECHNOLOGY 


In Exercises 77-82, apply a graphing utility to perform the indicated matrix operations, if possible. 


1 7 9 2 7 9 
=3, —6. 15 11 8 6 
A= B= 
0 3 2 5 —-4 -2 
9 8 —4 1 3 1 


2 1 
A= |]-3 0 2 
4 —-6 0 


81. A? 82. A® 


SECTION MATRIX EQUATIONS; THE INVERSE 
10.3 OF A SQUARE MATRIX 


Matrix Equations 


Matrix equations are another way of writing systems of linear equations. 


WorpDs MatTH 
Start with a matri ti i a] 7] 
art with a matrix equation. = 
a 1 5 JLy 9 
2x — 3 =] 
Multiply the two matrices on the left. i | = | 
Apply equality of two matrices. 2x —-3y=-7 
x+5y=9 


Let A be a matrix with m rows and n columns, which represents the coefficients in the 
system; let X represent the variables in the system; and let B represent the constants in the 
system. Then, a system of linear equations can be written as AX = B. 


System of Linear 
Equations A x B Matrix Equation: AX = B 


SET ES P al-f 


x—-—2y=7 
x-— yt z= 2 1° 31 1 x 2 1 -l 1|fx] | 2 
as 2 2 -3 y 3 2 2 -3}\|y)=|-3 
ee a tf ft 7 z 6 1 1 iz} b 6 


| 
ie) 


3x+2y-—z7 = 


Soe yor = 0 y 1 
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EXAMPLE 1_ Writing a System of Linear Equations as a 
Matrix Equation 


Write each system of linear equations as a matrix equation. 


a 2x- y=5 b. 3x -—2y+4z= 5 Cc. xX) —X, + 2x,-3=0 
—x + 2y=3 y—3z=-2 X, +X — 3x3 +5=0 
7x -z= 1 X}—%.+ 4-2=0 
Solution: 
+ oibl-6I 
- =4 By)” 
b. Note that all missing terms have 0 coefficients. 3x-—2y+4z= 5 


Ox+ y-—3z=-2 
Ix+O0y- z= 1 


c. Write the constants on the right side of the equal sign. X,—%y+2x,= 3 


= YOUR TURN Write each system of linear equations as a matrix equation. 


= Answer: 
; AE) =) a. 2x +y—-3=0 by-x+z= 7 
1 -IJLy} Ls r=y =5 x-y-z= 2 


-1 1. 1x 7 faye 
b | 1 -1 -1ily}={ 2 
Oo -il 1JLz =I 


Before we discuss solving systems of linear equations in the form AX = B, let us first recall 
how we solve ax = b, where a and b are real numbers (not matrices). 


WorpDs MatH 


Write the linear equation in one variable. ax =b 


Multiply both sides by a”! (same as 


dividing by a), provided a # 0. dae = ab 

Simplify. a_'ax =a''b 
1 

x=a'b 


1 
Recall that a~', or @ is the multiplicative inverse (Chapter 0) of a because a ‘a = 1. 


And we call | the multiplicative identity, because any number multiplied by | is itself. 
Before we solve matrix equations, we need to define the multiplicative identity matrix and 
the multiplicative inverse matrix. 
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A square matrix of order n with 1s along the main diagonal (a,;) and Os for all other 
elements is called the multiplicative identity matrix J, 


1 0 0 1 0 0 0 
1 0) 0 1 0 0 
L, _ I, =10 1 I, = 
0 1 0 0 1 0 0 1 0 
0 0 0 1 


Since a real number multiplied by | is itself (a- 1 = a), we expect that a matrix multiplied 
by the appropriate identity matrix should result in itself: 


A I, = Anxn and TAmxn om Anxn 


mxXnr 


EXAMPLE 2 Multiplying a Matrix by the Multiplicative Identity 


Matrix /, 
Ee 4 i 
For A = , find A. 
3 7 =! 
Solution: 
—2 4 i ke | 
Write the two matrices. A = lL= 
L 3 Loo] 0 1 
[1 a 4 i 
Find the product 4A. LA = 
LO 1 3 | 
LA= (1-2) + (OB) = (4) + (07), (A). + ae 
: LO\-2) + (D3) OM+M7) Od) + OC) 
3 4 1 
LA = = 
3 7 -1 


= YOUR TURN ForA in Example 2, find AJ,. 


The identity matrix /,, will assist us in developing the concept of an inverse of a square 
matrix. 


DEFINITION Inverse of a Square Matrix 
Let A be a square n X n matrix. If there exists a square n X n matrix A ' such that 
AA! =I, and A'‘A=I, 


then A _!, stated as “A inverse,” is the inverse of A. 


It is important to note that only a square matrix can have an inverse. Even then, not all 
square matrices have inverses. 


= Answer: 
ie 4 Al 
Al, = =A 
3 7 -1 
Study Tip 


= Only a square matrix can have an 
inverse. 

= Not all square matrices have 
inverses. 


1070 CHAPTER 10 Matrices 


EXAMPLE 3 Multiplying a Matrix by Its Inverse 


E 
Tecnnolesy 2 =. 


Enter the matrices as A, and A”! as B. 


i 3 =5 3 
Verify that the inverse of A = | isA! = | } 
2 5 | 


Solution: 


Show that AA"! = J, and A 'A = 1, 
Find the product AA !. AA! = : a al 
[2 5 2. =1 
_ [| @CS5) + 3)2) (1)(3) + Sed 
L(2)(-5) + (5)(2) (2)(3) + SCD 


1 0 
. -1, 
LO 1 7 
[=s Sif 3 
Find the product A !A. A'A= | 
L 2 —-I1JL2 5 


_ [CSG + BQ) (~5)G3) + rae 
L(2)) + (DQ) (2)(3) + 1)5) 


_fi | § 
LO 1 : 
7 = 1 4 9 —-4 
= Answer: AA"! = A'A = 1, = YOUR TURN Verify that the inverse of A = E | isA! = > ‘i 


Now that we can show that two matrices are inverses of one another, let us describe the 
process for finding an inverse, if it exists. If an inverse A ' exists, then the matrix A is said to 
be nonsingular. If the inverse does not exist, then the matrix A is said to be singular. 


1 -1l 
LetA = E sl and the inverse be A! = i | where w, x, y, and z are variables 
= Zz 
to be determined. A matrix and its inverse must satisfy the identity AA"! = J. 
WorpDS MatTH 
The product of a matrix and i. =f he : 1 0 
its inverse is the identity matrix. = 
2 —-3ILy Zz 0 1 
: . w- y x-— Z 1 0 
Multiply the two matrices on the left. = 
2w — 3y 2K "SZ 0 1 
a — z=0 
Equate corresponding matrix elements. " 4 and : ‘ 
2w — 3y = 2x = 32 = 1 
Notice that there are two systems of equations, both of which can be solved by several methods 
(elimination, substitution, or augmented matrices). We will find that w = 3, x = —1, 
3 =] 
y = 2, and z = —1. Therefore, we know the inverse is Al= 5 = } But, instead, let us use 


augmented matrices in order to develop the general procedure. 
Write the two systems of equations as two augmented matrices: 
woesey x 2 


E =] ‘| [ = 7 
2 —3|0 2 —3 {1 
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Since the left side is the same for each augmented matrix, we can combine these two matrices 
into one matrix, thereby simultaneously solving both systems of equations: 


1 -l1}1 0 
2 —3|0 1 
Notice that the right side of the vertical line is the identity matrix J,. 
Using Gauss—Jordan elimination, transform the matrix on the left to the identity matrix. 


f1 -1/1 | 
12 -—310 1 
fi -1/ 1 0 
R, — 2R,—R, 
LO -1]-2 1 
ft -1]1 | 
—-R,—R, 
- 10 1/2 -1 
fl o|3 -1 
R, +R, R, 
lO 1/2 -1 


FINDING THE INVERSE OF A SQUARE MATRIX 
To find the inverse of an n X n matrix A: 


Step 1: Form the augmented matrix [A | J,]. 

Step 2: Use row operations to transform this entire matrix to [/, | A_']. This is done 
by applying Gauss—Jordan elimination to reduce A to the identity matrix [, 
(which is in reduced row-echelon form). If this is not possible, then A is a 
singular matrix and no inverse exists. 

Step 3: Verify the result by showing that AA | = J, and A 'A = J, 


| EXAMPLE 4_ Finding the Inverse of a 2 x 2 Matrix "7 
Technology Tip 


A graphing calculator can be used to 


1 2 
Find the inverse of A = F Al 


find the inverse of A. Enter the 


Solution: 


matrix A. 
Step 1 Form the matrix [A | L] i ae | 
~ a S)0> .4 
; ft 2] 1 0 
STEP 2 Use row operations to transform R, — 3R, > Rp 0 -1|-3 1 
A into I). 7 ee 
1 a/1 0 To find A ', press |2™|| MATRIX 
—R,—> R, lo 1 | 3 a L:[A]| [ENTER ] [x "] [ENTER]. 
1 0} —-S 2 
R, — 2R,—R, 
1 3-1 


=) 2 
Identify the inverse. Al= | 
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= Answer: A! = | 5 


1 2||-5 2 1 0 
TEP heck. AA! = 7 = 1 
oe ne F ‘ll 3 4 E | 2 
A'A = = =L 
3-143 5 0 1 
; : 3 
= YOUR TURN Find the inverse of A = 5 8 |" 


This procedure for finding an inverse of a square matrix is used for all square matrices 
of order n. For the special case of a2 X 2 matrix, there is a formula (that will be derived in 
Exercises 65 and 66) for finding the inverse. 


b 
Let A = b 4 represent any 2 X 2 matrix; then the inverse matrix is given by 
c 
1 d -—b 
At Ss = d-—bc #0 
ad — bc lee 4 ig . 


The denominator ad — bc is called the determinant and will be discussed in Section 10.4. 


1 2 
We found the inverse of A = F | in Example 4. Let us now find the inverse using 
this formula. 


WorpDs MatH 
: -1 = 1 d —b 
Write the formula for A ~. Ai = —— 
ad — bc |-c a 
Substitute a = 1,b =2,c =3,d=5 I 25 
into the formula. i — | 
COST = Gy) 3 1 
5 —-2 
Simplify. A! =(-l) |; : 


of 2 


The result is the same as what we found in Example 4. 


EXAMPLE 5 _ Finding That No Inverse Exists: Singular Matrix 


1 —-5 
Find the inverse of A = |_| a 
Solution: 
Step 1 Form the matrix [A | J]. 
1-5 | 1 "| 


Step 2 Apply row operations to transform Ry + Ri > Ry E 0 


A into I). 


We cannot convert the left-hand side of the augmented matrix to J, because of the all-zero 


row on the left-hand side. Therefore, A is not invertible .. 
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EXAMPLE 6 Finding the Inverse of a3 x 3 Matrix ke 
1 2 -1 Technology Tip 
Find the inverse of A = 0 i]. =|: A graphing calculator can be used to 
= Oo. —2 find the inverse of A. Enter the 
matrix A. 
Solution: _ 
1 2. =i) 1 0 0 
Step 1 Form the matrix [A | J]. 0 1 -1/0 1 0 
L-1 0 -—2/0 0 1 
Step 2 Apply row operations to transform A into /;. To find A ', press | 2nd|| MATRIX 
ry > -1h1 0 0 1:[A]] [ENTER ][x_'] [ENTER]. 
R; +R, —>R; |0 1 -1/0 1 : 
LO 2 -3]1 0 1 
[1 2 -1l/1 0 0 
R; — 2R,—>R; |0 1 -1/0 1 0 
LO 0 Shit =2 1 
[1 2 -1} 1 0 0 
—R;—R; |0 1 -l} 0 1 0 
LO 0 it) =1 2 -1 
[1 2 0} 0 2 -1 
R, + R; > R, 
0) 1 0|-1 3. -1 
R, +R; R, 
LO 0 1 Vea | 2 -l 
0 
1 
0 


Identify the inverse. 


Step 3 Check. AA'=] 0O 


= YOUR TURN Find the inverse of A = | —1 0) 1 |. 
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Solving Systems of Linear Equations 
Using Matrix Algebra and Inverses of 
Square Matrices 


We can solve systems of linear equations using matrix algebra. We will use a system of 
three equations and three variables to demonstrate the procedure. However, it can be 
extended to any square system. 


Linear System of Equations Matrix Form of the System 
axt+ by + coz=d, a, b, Cc; || x d, 
nx + boy + Coz = dy ay by C2 y= d, 
3X + bsy + C3Z = d; a3 b3 C3 z d; 
ee Es “—— 
A x B 


Recall that a system of linear equations has a unique solution, no solution, or infinitely 
many solutions. If a system of nm equations in n variables has a unique solution, it can be 
found using the following procedure. 

WorpDs MatH 


Write the system of linear equations as a 


matrix equation. AnxnXnxt = Baxi 
Multiply both sides of the equation by A '. A TAX =AB 
A matrix times its inverse is the identity matrix. 1,X=A'B 
A matrix times the identity matrix is equal to itself. X=A"B 


Notice the order in which the right side is multiplied, X,,.) = Ajk,Bnx1, and remember that 
matrix multiplication is not commutative. 


SOLVING A SYSTEM OF LINEAR EQUATIONS 
USING MATRIX ALGEBRA: UNIQUE SOLUTION 


If a system of linear equations is represented by AX = B, where A is a nonsingular 
square matrix, then the system has a unique solution given by 


= AYE 


_) EXAMPLE 7 _ Solving a System of Linear Equations Using 
i Matrix Algebra 


Solve the system of equations using matrix algebra. 


xy re 2 
x +z= 1 
x-y-z=-4 
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Solution: 
Write the system in matrix form. AX = B le 
1 11 x 2 Technology Tip @&_ 
A=l1 0 1 X=l/y B= iT Use T1 to find the inverse of A and X. 
1-1 -1 : 4 Enter the matrices A and B. 
Find the inverse of A. 
Form the matrix [A | J]. 1 1 1/1 0 0 
1 0 1|0 1 : 
Ll -1 -1]0 0 1 
fl. 1 1] 1 0 0 
R, — Ri Rp 
0 -1 0; -1 1 0 
R; — Ri, >R; 
. “ LO -2 -2)|-1 0 1 
[1 1 1 1 0 0 Now use the graphing calculator to 
—R, > R; 0 1 0 1 -l 0 find the inverse of A, A!. 
Q. -—2 —2)=—1 0 if 2nd ||MATRIX ||1:[A]|] ENTER 
m4 ‘ ei 4 , x! || ENTER]. 
R; + 2R,—-R, | 0 1 O;1 -l ] 
LO 0 -2|1 -2 1 
[ 1 1 1] 1 0 oO] 
—5R;>R, | 0 1 Oo} 1 -1 0 
Lo oO 1f-5 1 -5] 
ry 1 0 3 =] 5 | To show elements using fractions, 
R= isk 0 1 0 1 =4 0 press |2nd|| MATRIX ||1:[A]} [ENTER 
0 0 1|—1 i, at x!||MATH || 1: Frac||ENTER 
1 2: 24 
- ; - ENTER |. 
1 0 0 x 0 x 
R, -— Rk, > R, |0 1 0 1 -1l 0 
Lo oO tf-5 1 -5] 
1 1 
2 90 3 
Identify the inverse. AY = i. = 0 
1 1 
2 1-3 
The solution to the system is rio og 3 2 To enter A 'B, press| 2nd || ANS 
X =A, x=-A'B=] 1-1 O 1 2nd] [MATRIX |[2:B] 
= 1 | 4 ENTER || ENTER |. 
tL 2 2 
rx | Ans CB) 
Simplify. X=/yl/= 1 
Zz 2 


The solution to the system is 
x=-l,y = 1,andz = 2. 


= YOUR TURN Solve the system of equations using matrix algebra. 


Rry- Z=3 


yrez=1 
2x + 3y + z=5 = Answer: x = 0, y = 2,z = —1 
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Cryptography Applications 


Cryptography is the practice of hiding information, or secret communication. Let’s assume 
you want to send your ATM PIN code over the Internet, but you don’t want hackers to be 
able to retrieve it. You can represent the PIN code in a matrix and then multiply that PIN 
matrix by a “key” matrix so that it is encrypted. If the person you send it to has the “inverse 
key” matrix, he can multiply the encrypted matrix he receives by the inverse key matrix and 
the result will be the original PIN matrix. Although PIN numbers are typically four digits, 
we will assume two digits to illustrate the process. 


Study Tips Worps MatH 
= 2 | Suppose the two-digit ATM PIN is 13. P=([1 3) 
a3 Apply any 2 X 2 nonsingular matrix as 2 3 
oa 1 8 | the “key” (encryption) matrix. K= : | 
~ (28) — BS) |-5 2 
Multiply the PIN and encryption 7 3 
| 8 | matrices. PK=([1 3h | 
= 9 5 8 Jox2 
= [1Q2) + 365) 1G) + 3(8)] 
= [17 27] 
The receiver of the encrypted matrix 
sees only [17 27], x2. 
The decoding “key” is the inverse ete 8 7 
matrix K7!. = 2 


Any receiver who has the decoding key can multiply the received encrypted matrix by the 
decoding “key” matrix. The result is the original transmitted PIN number. 


[17 Mrol _s ce = [17(8) + 27(-5)  -17(—3) + 272)] = [1 3] 


5 2 


7% SECTION 
SUMMARY 


Systems of linear equations can be solved using matrix equations. 


SYSTEM OF 
LINEAR EQUATIONS A x B Matrix EQuaATION: Ax = B 
Voyage c= 2 i =i 1 x 2 il = i || || ge 2 
Diese dy = se 3) 2 2 -3 y 3 2 2 -3}/|y|]=}|-3 
eo = 8 a Zz 6 ke a Sai 6 
If this system of linear equations has a unique solution, then A | is the inverse of A, that is, AA! = A'A = J, and is 
it is represented by found by 


X=A'B [Anxnl In] > [Fn Ann] 


SECTION 


10.3 


"SKILLS 


EXERCISES 
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In Exercises 1-8, write the system of linear equations as a matrix equation. (Do not solve the system.) 


1. —2x+5y= 10 2. 4x — 8y = 10 3. x= 2y=8 4. 7x — 2y = 28 
Tx — 2y = —4 3x + 5y = 15 —3x+ y=6 3x + Ty = 42 
5. 3x+5y- z= 2 6. x- yt z=12 7. 3x + z=10 8 «t+ y-2z+ well 
x +2z=17 2x+ y—3z= 6 y-2z= 4 24 = y+ 3z =17 
—x+ y- z=4 3x + 2y+ z= 18 x + 2y = 6 x + 2y —3z+ 4w= 12 
y + 4z + 6w = 19 
In Exercises 9-18, determine whether B is the multiplicative inverse of A using AA™! = I. 
; 8 Il 7 11 . 7 -9 4 9 
9, A= B= 10. A= B= 
Le) 2 a i a 
[3 1 2 1 2 3 i. 3 
11. A= B=|! 4 12. A= B=|>) 3 
L —2 7 OTF Lt =f 5 5 
[ 2 4 9 i. 1 3 
13. A= B= 14. A= B= 
L3 4 3 1 L3 4 i f 
fl -1 1 1 0 1 [—1 0 -1 =] 1 -1 
15. A=] 1 0 -I B={1 -l 2 16. A=]-1 I -—2 B= |-1 0) 1 
LO L =i 1 = 1 L=1 i, = 0 -i 1 
[2 1 0 2 1 [1 0 0 1 0 0 
17.A=|0 3 1 B=|0 3 O 13. A=|0 2 O B=|0 4 O 
LO = , ww 2 lo o 3 oo O@© & 
In Exercises 19-32, find A~', if possible. 
is 4 [31 jt 2 ft 3 
19. A = ae" HAS GS 22.456 
[=i 0 |2 1 5 ; 1 2 
L L3 3 
i: 2a [-2.3 1 ia * 4 [2 
23. A = 54 | 24. A= ae =| 25. A= 1 -1l -I 26. A= 1 1 1 
res , : , f-l 1 -1I [-1 2 -3 
fl 0 I fl 2 -3 [2 4 1 [1 0 1 
27. A=1|0 1 1 28. A=/1 -1 -1 29. A= 1 =! 30. A= 1 =I 
[1 —l 0 Ll oO —-4 L1 1 0 [2 1 -1 
fl 1 -t fl -1 -1] 
31. A=]1 -1 1 32, A=] 1 1, -=3 
[2 =L =1 L3- =5 1] 
In Exercises 33-46, apply matrix algebra to solve the system of linear equations. 
33. 2x -—y=5 34. 2x — 3y = 12 35. 4x — 9y = -1 36. 7x-3y= 1 
x+y=1 xt y= 1 7x — 3y = 3 4x — 5y = 4 
37. 3x -—3y=5 38. 3x+3y=1 39. x+yt+z= 1 40. x- y+ z=0 
x-y-z=-l x y z=2 
1 5. 1 ane 
ee — ay = 3 =e SY -xty-z=-1 -xt+2y-32=1 
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41. x +z=3 42. x+2y—-3z=1 43. 2x+4y+z=- 44, x +z= 3 
ytz=1 x- y- z=3 xt y-z= 7 xty-z=-3 
x-y =2 x — 4z=0 xo y = 0 axt+y-—z=-5 
45. x+y-z= 4 46. x- y- z=0 
x-yt+z= 2 x+ y=3z=2 
24=y= z= =3 3x-—S5y+ z=4 
"APPLICATIONS 
47. NCAA. University of Florida apparel sales associated with l l 0 
the Final Four Basketball Tournament and the BCS ieiensolanewauieie| 24 0 1’ |. Tieeaceyptad saattings 


Championship Game in Football are represented with the 
following matrix: 


Sweatshirts T-shirts 
Final Four | 20,000 nay 7 
BCS [100,000 —_ 50,000 


The revenue generated by the sales of these T-shirts and 
sweatshirts is given by the following matrix: 


Final Four [eared 


BCS $6,000,000 
a. Find A“'B. 
b. What does A’ 'B represent? 


48. NASCAR. Tony Stewart (NASCAR driver) often drives in 
two races in the same weekend. The Saturday race is called 
the Nationwide Series, and the Sunday race is called the 
Sprint Cup. The numbers of Tony Stewart hat and jacket 
sales associated with the Daytona 500 weekend of races are 
represented with the following matrix: 


Hats Jackets 
Nationwide Eos pr 
50,000 5,000 


Sprint Cup 


The revenue generated by the sales of these hats and jackets 
is given by the following matrix: 


| $750,000 
Sprint Cup | $1,375,000 


a. Find A“'B. 
b. What does A’ 'B represent? 


For Exercises 49-54, apply the following decoding scheme: 


1}A]10} J] 19] S 
2/BY]11}] KY 20] T 
3 |} C] 12} LY] 21]; U 
4 )};D]13| M] 22} V 
5 | E] 14} N] 23 |W 
6] F 15] O]} 24] x 
7 |G ]16) P| 25) Y 
8 | H] 17} Q] 26] Z 
9 |} IT] 18] R 


2 0 -l 


are given below. For each of the following, determine the 
three-letter word that is originally transmitted. Hint: All four 
words are parts of the body. 


49. Cryptography. [55 10 —22] 
50. Cryptography. [31 8 —7] 
51. Cryptography. [21 12 —2] 
52. Cryptography.[9 1 5] 

53. Cryptography.[-—10 5 20] 
54. Cryptography. [40 5 —17] 


For Exercises 55 and 56, refer to the following: 


The results of a nutritional analysis of one serving of three foods 
A, B, and C were: 


Carbohydrates (g) Protein (g) Fat (g) 


8 4 6|A 
Y= 6 10 5|B 
10 4 81C 


The nutritional content of a meal consisting of a combination of 
the foods A, B, and C is the product of the matrix Y and a second 


; 
matrix N = | s 
t 


, that is, YN, where r is the number of servings of 


food A, s is the number of servings of food B, and t is the number 
of servings of food C. 


55. Health/Nutrition. Use the inverse matrix technique to find 
the number of servings of foods A, B, and C necessary to 
create a meal of 18 grams of carbohydrates, 21 grams of 
protein, and 22 grams of fat. 


56. Health/Nutrition. Use the inverse matrix technique to find 
the number of servings of foods A, B, and C necessary to 
create a meal of 14 grams of carbohydrates, 25 grams of 
protein, and 16 grams of fat. 
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For Exercises 57 and 58, refer to the following: 57. Telecommunications/Business. A local business is looking 
at providing an employee a cell phone for business use. The 
business solicits estimates for their normal monthly usage 
from three cell phone providers. Company 1| estimates the 
cost to be $49.50, Company 2 estimates the cost to be 
$52.00, and Company 3 estimates the cost to be $58.50. Use 
the inverse matrix technique to find the normal monthly 


Cell phone companies charge users based on the number of 
minutes talked, the number of text messages sent, and the number 
of megabytes of data used. The costs for three cell phone providers 
are given in the table: 


MINUTES TExT MESSAGES MEGABYTES OF DATA 
usage for the employee. 
C $0.03 $0.06 $0.15 
G $0.04 $0.05 $0.18 58. Telecommunications/Business. A local business is looking 
at providing an employee a cell phone for business use. The 
C; $0.05 $0.07 $0.13 business solicits estimates for their normal monthly usage 
from three cell phone providers. Company | estimates the 
The cost to a cell phone user for each of the three providers is the cost to be $82.50, Company 2 estimates the cost to be 
product of the matrix X whose rows are the rows of data in the $85.00, and Company 3 estimates the cost to be $92.50. Use 
m the inverse matrix technique to find the normal monthly 
table and the matrix N = | t | where m is the number of minutes usage for the employee. 
d 
talked, t is the number of text messages sent, and d is the megabytes 
of data used. 
"CATCH THE MISTAKE 
In Exercises 59 and 60, explain the mistake that is made. 
1 0 1 > 5 
59. Find the inverse of A = | —1 Oo sls 60. Find the inverse of A given that A = ; a 
1 2 0 
: uy ll 4 1 
Solution: A’ = A Av= 5 
Solution: = 
1 0 1} 1 0 0 3 10 
Write the matrix [A |Z]. | —1 0 -1 1 0 1 1 
i 2 blo © *#£ Simplify. = F ; | 
3 10 
Use Gen sian elminailou te: zequce 2 This is incorrect. What mistake was made? 
fl Oo 1] 1 O- 0] 
eee le ot) a tt 
R; — R, > R; 
LO 2 1) =i 0 1] 
fi oOo 1} 1 + O- 0] 
Ri R; 0 2, =f) 1 0 1 
LO 0 0 1 1 0 
ri © d)t oO .Q] 
eR, |G 1 S/] o 4 
22 2 2| 2 2 
LO 0 oO; 1 1 0] 
1 0 0 
AY = -4 0 x | is incorrect because AA! # J. 
1 1 0 


What mistake was made? 
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=CONCEPTUAL 


In Exercises 61 and 62, determine whether each statement is true or false. 


ae) ae 63. For what values of x does the inverse of A not exist, given 
ayy a12 4 a, ap x 6 
= = a ? 
61. IfA ee a then toa p A b a 
42, Ag2 
a 0 0 
62. All square matrices have inverses. 64. LetA =| 0 b 0 |. Find An. 
0 0 c 
= CHALLENGE 
; = 1 d —b|, . . 2 3 
65. Verify that A © = —_——— is the inverse of 67. Why does the square matrix A = not have an 
ad — be|—c a F 7 4 6 
inverse’ 
a b . 
A= d , provided ad — bc # 0. l 4 = 
c 
68. Why does the square matrix A = | 2 4 —2 | not have 
a b an inverse? 0 1 3 
66. LetA = d and form the matrix [A | /,]. Apply row 
c 
operations to transform into [J, | A-'], where 
1 d —b 
A= | such that ad — be # 0. 
ad — be|—c a 
"TECHNOLOGY 
In Exercises 69 and 70, apply a graphing utility to perform In Exercises 71-74, apply a graphing utility and matrix 
the indicated matrix operations. algebra to solve the system of linear equations. 
| 4 7 9 2 71. 2.7x—-3.1y= 9.82 
ie =3', =6 15 11 1.5x + 2.7y = —1.62 
0 3 2 55 72. 3.1x—25y= 31.77 
LL? & =e —5.1x + 1.3y = —39.07 
69. Find A™'. 70. Find AA’. 73. Six +73y+12z= 1251 
2.3x — 15y+45z= 53.96 


8.1x + 5.4y — 9.4z = —130.35 


74. 12.4x — 5.8y + 2.7z = —60.92 
3.9x + 1.9y — 0.6z = 18.73 
6.4x — 4.3y + 8.5z = —62.79 


SECTION THE DETERMINANT OF A SQUARE 
10.4 MATRIX AND CRAMER’S RULE 


In Section 10.1, we discussed Gauss—Jordan elimination as a way to solve systems of 
linear equations using augmented matrices. Then in Section 10.3, we employed matrix 
algebra and inverses to solve systems of linear equations that are square (same number of 
equations as variables). In this section we will describe another method, called Cramer’s 
tule, for solving systems of linear equations. Cramer’s rule is applicable only to square sys- 
tems. Determinants of square matrices play a vital role in Cramer’s rule and indicate 
whether a matrix has an inverse. 


Determinant of a 2 x 2 Matrix 
Every square matrix A has a number associated with it called its determinant, denoted 
det(A) or |A|. 


DEFINITION Determinant of a 2 x 2 Matrix 


b 
| is given by 


The determinant of the 2 < 2 matrix A = |“ A 
@ 


b 


| = ad — be. 


det(A) = |A| = i 


Although the symbol for determinant, | |, looks like absolute value bars, the determinant 
can be any real number (positive, negative, or zero). The determinant of a2 < 2 matrix 
is found by finding the product of the main diagonal entries (top left to bottom right) 
and subtracting the product of the entries along the other diagonal (bottom left to 


top right). 
| tl = ad 
Cc a 


Study Tip 


The determinant of a 2 X 2 matrix is 
found by finding the product of 

the main diagonal entries and 
subtracting the product of the other 
diagonal entries. 
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le EXAMPLE 1_ Finding the Determinant of a2 x 2 Matrix 
Technol ogy Tip i Find the determinant of each matrix. 
A graphing calculator can be used to 2 
find the determinant of each matrix. a. | 2 | . | 0.5 re c E 1 

. 2 —5) —1 3 —3.00 —4.2 2 3 
Enter the matrix E 3 as A. 
Press [2nd] [MATRIX]. Use [> Solution: 
to highlight | MATH |I:det( 2 -5 
ENTER [2nd MATRIX || ENTER] | ) a. = | = (2)(3) (-1)(-5) = 6 5 = 
ENTER |. 

m. (°° 9? | aosieaap= Caos) = 04 0.6 =|-1.5] 
[ A | le 3 —42 . . . . T . . 
(([2 73] 
i ee z 1 2 
det<¢ Al) «eis 4|=(;]/@-@m=2-2-(9] 
1 

In Example 1, we see that determinants are real numbers that can be positive, negative, or 


zero. Although evaluating determinants of 2 X 2 matrices is a simple process, one common 


i ‘ . : a 
mistake is reversing the difference: 


= Answer: — 1 = YOUR TURN Evaluate the determinant 


In order to define the determinant of a3 X 3 or a general n X n (where n = 3) matrix, we 
first define minors and cofactors of a square matrix. 


DEFINITION Minor and Cofactor 
Let A be a square matrix of order n X n. Then 


= The minor M;, of the element a, is the determinant of the (n — 1) X (n — 1) 
matrix obtained when the ith row and jth column of A are deleted. 
= The cofactor C; of the element a; is given by C; = (—1)'/M,;. 


il. ~=3 2 ELEMENT, a; Minor, M, Coractor, Cj 
A=|4 —l 0 ay, =1 For M,,, delete the first row and first column: Cy = €1)'"'M,, 
D s72 3 = (1)--3) 
= -3 
—1 0 
—2 3 
—1 0 
M,, = =-3-0=-3 
Ne |-2 4 
a3, = —2 For M3), delete the third row and second column: Cy = (—1)3*7M5, 
{t =3 2 = C18) 
4 -l 0 =o 
523 
M ’ a 0-8=-8 
2 4 0 


10.4 The Determinant of a Square Matrix and Cramer’s Rule 


Notice that the cofactor is simply the minor multiplied by either 1 or —1, depending on 
whether i + j is even or odd. Therefore, we can make the following sign pattern for 3 x 3 
and 4 X 4 matrices and obtain the cofactor by multiplying the minor with the appropriate 
sign (+1 or —1). 


+ - + = 
+ - + 
-— + - + 
—. + =. 
+ - + = 
+ - + 
-— + = + 
DEFINITION Determinant of an n xX n Matrix 


Let A be ann X n matrix. Then the determinant of A is found by summing the 
elements in any row of A (or column of A), multiplied by each element’s respective 
cofactor. 

If A is a3 X 3, the determinant can be given by det(A) = a4,C); + ay2Cyz + a)3C 433 
this is called expanding the determinant by the first row. It is important to note that 
any row or column can be used. Typically, the row or column with the most zeros is 
selected because it makes the arithmetic simpler. 


Combining the definitions of minors, cofactors, and determinants, we now give a 
general definition for the determinant of a 3 X 3 matrix. 


. by Co ay C2 az by 
Row I expansion: |a by Col = ay} — by + cy 
b; C3 a, C3 a; b; 
a; b, C3 
ay Db Cy 
: by Co by cy by Cy 
Column I expansion: | a, by Co| = a —- a, + a, 
bs C3 b; C3 by C9 
a3 b; C3 


Whichever row or column is expanded, an alternating sign scheme is used (see sign arrays 
above). Notice that in either of the expansions above, the 2 < 2 determinant obtained is 
found by crossing out the row and column containing the element that is multiplying the 
determinant. 
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EXAMPLE 2 Finding the Determinant of a3 x 3 Matrix 


For the given matrix, expand the determinant by 2 1 3 
the first row. —-1 = 2 

=3 7 4 
Solution: 


Expand the determinant by the first row. Remember the alternating sign. 


7 2 5 2 =i 2 = 3 
tse a2 aut asf 

7 4 -3 4 37 
3 7 4 


Evaluate the resulting 2 X 2 determinants. 


= 2[(5)(4) — M—2)] — IDA) — (3) 2)] + 31-6 DM) — (3)5)] 


Study Tip 

“ee soseosespinesvesesNeteas a = 2[20 + 14] — [-4 — 6] + 3[-7 + 15] 
The determinant by the third column . . 

is also 102. It does not matter on Simplify. = 234) — (10) + 3(8) 

which row or column the expansion = 68 + 10+ 24 


ire agrhetesncheereneriaeetoomes = |102| 


= Answer: 156 


= YOUR TURN Por the given matrix, expand the 1 3 -2 
determinant by the first row. 2 5 4 
i! | 6 


Determinants can be expanded by any row or column. Typically, the row or column with 
the most zeros is selected. 


EE 
Technology Tip 

Enter the matrix as A and find the 
determinant. 


EXAMPLE 3 Finding the Determinant of a3 x 3 Matrix 


MATRINTA] 3 #3 -1 2 0 
Find the determinant of the matrix | 4 7 Ds 
5 3 0 
Solution: 
Since there are two Os in the third column, expand the = + = 
determinant by the third column. Recall the sign array. 
Press | 2nd |} MATRIX |. Use | > 1 > 0 
ighli ; 4 7 —1 2 —1 2 
to highlight [MATH] [ I:den( |[ 2nd a ae ae i | 7 7 ; i | 
MATRIX [ENTER ) || ENTER |}. 5 3 0 5 3 5 3 4 7 
[A] There is no need to calculate the two determinants that are multiplied by Os, since 0 times 
[ te any real number is zero. 
[5 -1 2 0 
det¢tAls 7 iJ=0 = 17 | +0 
Z 5 2 © 
=310 
Simplify. = -1(-13) = 
= Answer: 20 1-2 1 


= YOUR TURN Evaluate the determinant |—1 0 Bs 
—4 0 2 
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EXAMPLE 4_ Finding the Determinant of a 4 x 4 Matrix 


1) 2 3 4+ 


Find the determinant of the matrix | _ y= 0 ; 
—3 9 6 5 
—5 7 2 1 


Solution: 


Since there are two Os in the second row, expand the determinant by the second row. Recall 
the sign array for a4 X 4 matrix. 


2S 3 3 «4 i = 4 
— i= Danii <9 6 8) 40=— 7-3 9. 5| #0 
—— 2 & = 7 @ 1 5 4 
—— 7 @ 4 
Evaluate the two 3 X 3 determinants. 

—2 3 4 

9 6 5 - {8 |-3 +a) | 

a: ai 7 3 
; 2 4 


2(6 — 10) — 3(9 — 35) + 4(18 — 42) 
2(—4) — 3(—26) + 4(—24) 


=8 +78 — 96 
= -10 
i <2 4 
3 «9 s]= 1 | - 23 +a | 
7 1 = —§ 7 
a5 Gf > : 


= 1(9 — 35) + 2(-3 + 25) + 4(-21 + 45) 
= —26 + 2(22) + 4(24) 


= 26 + 44 +96 
=114 
f 1-2 3 4 
ae 2 3 4 1-2 4 
309 6 51TH 2 8 Sf 4 I-39 5] = 4-10 + 114 = [74] 
7 2 1 |-5 7 1 
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Cramer’s Rule: Systems of Linear 
Equations in Two Variables 


Let’s now apply determinants of 2 X 2 matrices to solve systems of linear equations in two 
variables. We begin by solving the general system of two linear equations in two variables: 


(1) ax + by =c 
(2) ax + bly = cy 


Solve for x using elimination (eliminate y). 


Multiply (1) by b>. b,a,x + bby = bye, 
Multiply (2) by —b,. b,axx — bybsy = —byc, 
Add the two new equations to eliminate y. (a,b, — ayb,)x = (bye, — byc>) 
= : _ (bac, — bic) 
Divide both sides by (a,b — ayb,). x= 
(aby — agb) 
a b 
‘ C2 by 
Write both the numerator and x = 7 
the denominator as determinants. “7 by 
a by 
Solve for y using elimination (eliminate x). 
Multiply (1) by —ap. A,0)X — Aybyy = —aycy 
Multiply (2) by a. A,aox + ayboy = ayco 
Add the two new equations to eliminate x. (ayby — ab, )y = (ayy — ayC)) 


= (a\Cy — aC) 


Divide both sides by (a,b) — ayb,). y= (a,b b,) 
02 ~ a,D, 


Write both the numerator and "i ‘ 
the denominator as determinants. y= a2 eS 
ay by 
ay by 


then 


Dy 
x = —andy = —. 
D D 


Notice that the matrix D is the determinant of the coefficient matrix of the system and 
cannot equal zero (D # 0) or there will be no unique solution. These formulas for solving 
a system of two linear equations in two variables are known as Cramer’s rule. 
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CRAMER’S RULE FOR SOLVING SYSTEMS OF 
TWO LINEAR EQUATIONS IN TWO VARIABLES 


For the system of linear equations 
ax + by = c 
ax + by = cy 
let 


ay by Cy by ay Cy 


If D = O, then the solution to the system of linear equations is 
D Dy 
5D 


If D = 0, then the system of linear equations has either no solution or infinitely many 
solutions. 


Notice that the determinants D, and D, are similar to the determinant D. A three-step 
procedure is outlined for setting up the three determinants for a system of two linear 
equations in two variables. 


axtby=c 
ax + boyy = Cy 
Step 1: Set up D. 
: aq, b, 
Apply the coefficients of x and y. D= 
a by 
Step 2: Set up D,. 
Start with D and replace the coefficients of x (column 1) ‘ b 
with the constants on the right side of the equal sign. D, = : . 
C2 2 
Step 3: Set up D,. 
Start with D and replace the coefficients of y (column 2) , Pt 
with the constants on the right side of the equal sign. D, = ; : 
a C2 


EXAMPLE 5 Using Cramer’s Rule to Solve a System of Two 
Linear Equations 


Apply Cramer’s rule to solve the system. 


x+3y= 1 


2x+ y=-3 


Study Tip 


Cramer’s rule is only applicable to 
square systems of linear equations. 


EB 
Technology Tip 


A graphing calculator can be used to 
solve the system using Cramer’s rule. 
Enter the matrix A for the determinant 
D,, B for D,, C for D. 
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Solution: 
' 1 3 
Set up the three determinants. D= > 1 
1 
D, = i 
: =3 1 
1 4 
D, = 
; 2. =3 
Evaluate the determinants. D=1-6=-5 
To solve for x and y, enter D,/D as a ee ae 
AIC for x and D,/D as B/C for y. se a ae 
D,=-3-2=-5 
dat. ¢ ye dete? CC 
det<CAl. dete [0] D. 10 
* 4 Solve for x and y. x= <5 2 
det<¢ (Bl a“dete ic 
x _ D, =a, 1 
1 oa D —5 _ 


= Answer: x = 5, y = —6 
= YOUR TURN Apply Cramet’s rule to solve the system. 


5Sxt+4y= 1 
=3x = 2y > =3 


Recall from Section 6.1 that systems of two equations and two variables led to one of 
three possible outcomes: a unique solution, no solution, and infinitely many solutions. 
When D = 0, Cramer’s rule does not apply and the system is either inconsistent (has no 
solution) or contains dependent equations (has infinitely many solutions). 


Cramer’s Rule: Systems of Linear Equations 
in Three Variables 


Cramer’s rule can also be used to solve higher order systems of linear equations. The 
following box summarizes Cramer’s rule for solving a system of three equations in three 
variables. 


CRAMER’S RULE: SOLUTION FOR SYSTEMS OF 
THREE EQUATIONS IN THREE VARIABLES 


The system of linear equations 
ax t+ by + oz = d, 
AxX te boy qe oz > d, 


AZzX ar bsy a5 C3Z = d; 
has the solution 


= = == pe 0 
Pete £7.58 et, pain 


where the determinants are given as follows: 


10.4 The Determinant of a Square Matrix and Cramer’s Rule 


Worps MatH 
ay b, Cy 
Display the coefficients of x, y, and z. D= |a by C2 
a3 b; C3 
Replace the coefficients of x (column 1) in D with d b Cy 
the constants on the right side of the equal sign. D, = |d by rep) 
d; b; C3 
Replace the coefficients of y (column 2) in D with ay d, Cy 
the constants on the right side of the equal sign. Dea; d, Cp 
a3 d; C3 
Replace the coefficients of z (column 3) in D with ay by d 
the constants on the right side of the equal sign. D, = |q@ b, d, 
a3 b; d; 
EXAMPLE 6 _ Using Cramer’s Rule to Solve a System of 
etal Three Linear Equations 
Use Cramer’s rule to solve the system. 
3x — 2y + 3z = -3 
5x + 3y + 8z = —2 
x y+3z= 1 
Solution: 
Set up the four determinants. 
3 -=2 3 
D contains the coefficients of x, y, and z. D= {5 3 8 
1 1 3 
Replace a column with constants on the right side of the equation. 
=a 2 3 3. =3 3 3. 2.) a3 
D,.=|-2 3 8| D,=|5 -2 8) D,=|5 3 -2 
1 1 3 1 1 3 1 1 1 
Evaluate the determinants. 
D = 3(Q9 — 8) — (~2)C15 — 8) + 36 — 3) = 23 
D, = —3(9 — 8) — (—2)(-6 — 8) + 3(-2 — 3) = —46 
Dy, = 3(-6 — 8) — (—3)5 — 8) + 365 + 2) =0 
D,=3(3 + 2) — (—2)6 F 2) = 36 = 3) = 23 
Solve for x, y, and z. 
D, —46 23 
cee = 1 
D 23 23 


=& YOUR TURN Use Cramert’s rule to solve the system. 
20 Sys 2S 1 
> y- ZS 0 
—3x — 2y + 3z = 10 


= Answer: x = 1, y = —2,z 
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As was the case in two equations, when D = 0, Cramer’s rule does not apply and 
the system of three equations is either inconsistent (no solution) or contains dependent 
equations (infinitely many solutions). 

All of the coefficients and constants in the systems we have solved have been nice 
(rational). One of the advantages to Cramer’s rule is the ability to solve with ease systems 
of linear equations with irrational coefficients. 


EXAMPLE 7_ Using Cramer’s Rule to Solve a System of Linear 
Equations with Irrational Coefficients and Constants 


Apply Cramer’s rule to solve the system. 


5x. eye z=-V2 
V3x+2y- az= 
4x — Ty + V5z = 0 
Solution: 
Set up the four determinants. 
5 -e 1 
D contains the coefficients of x, y, and z. D=/|V3 2 -7 
4  -7 V5 
Replace a column with constants on the right side of the equation. 
-V2 -e 1 Ss oy2- 4 5 =f =V2 
D.=| 1 20-9 D, = |V3 1 -a D,=|V3 2 1 
OG =F WS 4 0 V5 4 -7 0 


Evaluate the determinants (along the third row because of the zero). 


| BAD S 
“e + V5 vee 
1 —7 1 2 


7| (V2) — (d)] + V5[C-V2)@) - a(-e)] 


D,=0- en] 


| 


= 1[7V2 - 1] + V5[-2V2 + e| 
= TrV2 — 7 — 2V10 + eV5 
att alos 1 
= 4[(--V2)em) — a] + V3) — (V3)E-V2)] 
= 4[rv2 — 1] + V5[5 + V6] 
= 47V2 —-44+5V54+ V30 
-e -Vv2 5 ew 
p= als i |- 5, ea 


= 4[(-e)(1) - (2)(-V2)] + 7a) - (-V3)(--V2)] 
= 4|-e + 2V2] + 75 + V6] 
= —de + 8V2 + 35+7V6 


-e 1 | 7 <n 5 1 e 
2 = V3 -@ 2 
= (em) — 2] + 7[\-m) — (V3)C)] + V3[2) — (V3)(-e)] 
= dew — 2] + 7[-5a — V3] + V5[10 + ev3] 

= dem — 8 — 35a — 7V3 + 10V5 + eVI15 


D=4 


5 —_ 
+ v5), 
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Solve for x, y, and z. 


D, InV2—7-2V10 + eV5 
eee ae 
D 4eq — 8 — 357 — 7V3. + 10V5 + eVI5 
Dy AnV2 — 44+ 5V5 + V30 
goa = 
“  D den — 8 — 357 — 7V3 + 10V5 + eVI5 
De 4e + 8V2 + 35+ 7V6 
“"D demr — 8 — 354 — 7V3 + 10V5 + eVI15 


- SECTION 
— SUMMARY 


In this section determinants were discussed for square matrices. 


ORDER DETERMINANT ARRAY 
a b 
DED dena) = lal = | | = ad — be 
G d 
aq b Cy b b 
& a c a 
3) <3} ay by (Gal) = ahi : 2 = fy ss 4 & @, z Z = 42 = 
b; C3 a3 C3 a3 b; 
a3 b; C3 
Expansion by first row (any row or column can be used) 


Cramer’s rule was developed for 2 X 2 and 3 X 3 matrices, but it can be extended to general n X n matrices. When the coefficient 
determinant is equal to zero (D = 0), then the system is either inconsistent (and has no solution) or represents dependent equations (and 
has infinitely many solutions) and Cramer’s rule does not apply. 


SYSTEM ORDER SOLUTION DETERMINANTS 
a b 
Dak We 0 
ay by 
axt by =c ee D, Dy, Ps C1 b 
a,x + boy =c ik = y= = 
2 ay 2 D D x Cp b, 
a c 
D, = i 1 
5 ay 7) 
ay b a 


a3 b; C3 


d, by Cy 

D, = |@ b, 1) 

ant biy + cz = dj D, Dy D, d b js 
ax + boy + Coz = dy JAS eS ee ip oD 3 3 3 
3X ar b3y gi Cat. d; ay d, cy 
D,=|a 4d Co 

a3 d, C3 

a, b, d, 


a3 b; d; 
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SECTION 
10.4 | EXERCISES 


"SKILLS 


In Exercises 1-10, evaluate each 2 X 2 determinant. 


i 2 
a 4 % 
A ae 6. 
4 -1 
a.- 
|* 3 10. 
2 9 


In Exercises 11-32, use Cramer’s rule to solve each system of equations, if possible. 


ll. x+y=-l 12. 
x-y= 11 

15. 3x-—2y= -1 16. 
5x + 4y = -31 

19. 3x + 5y = 16 20. 
y= x= 0 

23. 2x- 3y= 4 24. 


—10x + 15y = —20 


27. 0.3x — 0.5y = —0.6 28. 
0.2x+ y= 24 


eee 32. 
x y: 
i 6. 
x y 


3 1 0 
3.2 Os 34. 
-4 1 0 
1 1 -5 
37. |3 -7 —-4 38. 
4-6 9 
=3 i 5& 
41. | 2 0 6 42. 
4 7 -9 
3 
2-1 0 
45.10 % 12 46. 
S(O. =2 


xty=-l 
x-y=—-9 
x= 4y = -7 
3x + 8y = 19 
—2x—3y= 15 
Ty + 4x = —33 
2x—- 3y= 2 
10x — 15y = 20 


0.5x — 0.4y = —3.6 
10x + 3.6y = —14 


2 3 
=> Se]? 
x y 
3 1 
= — = 7 
x 2y 


13. 


35. 


39. 


43. 


3x 


~ 3x4 
4x + 


Wb 


- 5Sy= 7 


14. 


18. 


22. 


26. 


30. 


36. 


40. 


44. 


5x+3y= 1 
4x — Ty = -18 
6x — 2y = 24 
4x + Ty =41 


9x = —45 — 2y 
4x = —3y — 20 
2 dl =§ 
3 -7 0 
4 -6 0 
=] 2 2) 
7 
g 3 4 
=] 4 6 
s =2 1 
4 =9) 3 
2 38 6 
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In Exercises 47-60, apply Cramer’s rule to solve each system of equations, if possible. 


47. xt+y-z= 0 48. -x+y+z=-4 
x-ytz= 4 xty-z= 0 
x+y+z=10 xtytz= 2 

51. 3x +5z= 11 52. 3x =2z7= 7 

4y + 3z= -9 4x + z= 24 
24> ¥ = 7 6x — 2y = 10 

55. xty+z=9 56. x+y+z=6 
x-yrz=3 x-y-—z=0 
=Kb y= ZH S xbytzaT 


59. x-4yt+7e= 49 60. gx-2y+7e= 25 
3x + 2y—- z<=-17 xtiqy-4¢= -2 
5x + 8y — 22 = —24 —4x + 5y = —56 


“APPLICATIONS 


For Exercises 61-64, the area of a triangle with vertices (x,, y;), 


(X2, Y2), and (x3, y3) is given by 


xy M1 1 
Area = +} X, y2 1 
x3 ¥3 1 


where the sign is chosen so that the area is positive. 


61. Geometry. Apply determinants to find the area of a triangle 
with vertices (3, 2), (5, 2), and (3, —4). Check your answer 
by plotting these vertices in a Cartesian plane and using the 
area of a right triangle. 


62. Geometry. Apply determinants to find the area of a triangle 
with vertices (2, 3), (7, 3), and (7, 7). Check your answer by 
plotting these vertices in a Cartesian plane and using the area 
of a right triangle. 


63. Geometry. Apply determinants to find the area of a triangle 
with vertices (1, 2), (3, 4), and (—2, 5). 


64. Geometry. Apply determinants to find the area of a triangle 
with vertices (—1, —2), (3, 4), and (2, 1). 


65. Geometry. An equation of a line that passes through 
two points (x,, y,) and (x, y) can be expressed as a 
determinant: 


x y 1 
x yy 1} =0 
Xy y2 1 


Apply the determinant to write an equation of the line 
passing through the points (1, 2) and (2, 4). Expand the 
determinant and express the equation of the line in 
slope—intercept form. 


1093 
49. 3x + 8y + 2z = 28 50. 7x+2y- z=- 
2x + 5y + 3z = 34 6x+5y+ z= 16 
4x + 9y + 2z = 29 5x — 4y + 3z = —-5 
53: Lr y= eS 6 54. x+ yo r= 3 
C= pe <= =1 Le ye 2S 2 
2x — 2y + 2z = —10 2x — 2y + 2z = —6 
57. x+2y + 3z= 11 58. 8x — 2y + 5z = 36 
26 By TOL 29 aK ye ZS 17 
4x -— yt 8z= 19 2x = by + 4z = —2 


66. Geometry. If three points (x,, y,), (%2, y2), and (x3, y3) are 
collinear (lie on the same line), then the following 
determinant must be satisfied: 


x) 1 1 
x2 y2 1} =0 
X3 3 1 


Determine whether (0, 5), (2, 0), and (1, 2) are collinear. 


67. Electricity: Circuit Theory. The following equations come 
from circuit theory. Find the currents /,, 5, and J3. 


1.00 
VA 
h=h+h 
16 = 41, +21; 
2A = 4, + 4h, Wh, 


68. Electricity: Circuit Theory. The following equations come 
from circuit theory. Find the currents /,, J, and J3. 


2.09 
I=1,+1, 24V VA 
24 = 61, + 31; 
36 = 61, + 6L 
7 IV 41, 
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"CATCH THE MISTAKE 


In Exercises 69-72, explain the mistake that is made. 


2 1 3 
69. Evaluate the determinant |—3 0 2). 71. Solve the system of linear equations. 
1 4 -l1 2x+ 3y= 6 
Solution: —x— y=—3 
Expand the 3 X 3 determinant in terms of the 2 X 2 Solution: 
determinants. Set up the determinants. 
2 1 3 2 3 2 6 6 3 
0 2 =3 2 —3 0 D= ,D, = ,and D, = 
=3 0 2) = +1 +3 =1 =! =1 =3" 1 
4 -1 1 =] 1 4 
1 a il Evaluate the 
Expand the 2 X 2 determinants. D = 1, D, = 0, and D, = 3 
determinants. = 2(0 — 8) + 13 — 2) + 3(-12 — 0) a oe tye D, 1 ee 
Simplify. =-16+1-36=-51 Solve tore ce ae 
and y. 
This is incorrect. What mistake was made? 
) 1 3 x = 0, y = 3 is incorrect. What mistake was made? 
70. Evaluate the determinant |—3 QO 2}. 72. Solve the system of linear equations. 
1 4-1 4x — by = 0 
Solution: 4x + 6y = 4 
Expand the 3 X 3 determinant in terms of the 2 x 2 Soludon: 
determinants. Set up the determinants. 
2 1 3 4 -6 0: =6 4 0 
0 2 =3 “2 =o) D= iD, ,and D, = 
=) 0 2 = +3 4 6 4 ; 4 4 
4 -1 1 -1 1 -1 
| 4 | Evaluate the 
Expand the 2 x 2 determinants. D = 48, D, = 24, and D, = 16 
determinants. = 2(0 — 8) — 16 — 2) + 33 — 2) D 48 D, 4g 
oo. Solve for x x=—=2=2andy=—= T= 
Simplify. =-16-1+3=-14 and y. D, = 24 D 16 


This is incorrect. What mistake was made? 
x = 2, y = 3 is incorrect. What mistake was made? 


=CONCEPTUAL 


In Exercises 73-76, determine whether each statement is true or false. 


73. The value of a determinant changes sign if any two rows are 3 1 2 
interchanged. 76. |0 2 8] =0 
3 1 2 


74. If all the entries in any column are equal to zero, the value of 


the determinant is 0. a 0 0 
2 6 4 1 3 2) 77. Calculate the determinant |0 b O}. 
75. |0 2 8] = 2}0 1 0 0 c 
4 0 10 2 0 | a, b, C 
78. Calculate the determinant | 0 b, Co]. 
0) 0) C3 
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= CHALLENGE 


79. Evaluate the determinant: 81. Show that 
Lg = 3 a db 
4 0 1 2 a, by Ca} = aybye3 + bycya3 + C\Ab3— azbyc, — b3c.a, — byac3 
0 3 2 4 a, by Cy 
He > 8 by expanding down the second column. 
80. For the system of equations 82. Show that 
3x + 2y =5 a b, C1 
ee ae ay by Co abc, + b,c, + Cyd; — aybyc, — byxCya, — Cyd ay 
find a that guarantees no unique solution. a3 b; C3 


by expanding across the third row. 


"TECHNOLOGY 


In Exercises 83-86, use a graphing utility to evaluate the In Exercises 87 and 88, apply Cramer’s rule to solve each 
determinants. system of equations and a graphing utility to evaluate the 
1 it es determinants. 
ga [3 <7 <4 tie ie ove aay $7. Six + 16y— Age = 33:76 
dg. iy} ENE 5.2x — 3.4y + 0.5z = —36.68 
Ge Buck 0.5x — 6.4y + 11.42 = 25.96 
84. 1 8 Compare with your answer 88. —9.2x + 2.7y + 5.1z = —89.2 
42g | oY 4.3x — 6.9y — 7.6¢ = 38.89 


2.8x — 3.9y — 3.5z = 34.08 


5. 
: 17 2 2 8 
13 -4 10 -I1 
=3 21 19 
4 1 16 
86. 


CHAPTER 7 INQUIRY-BASED LEARNING PROJECT 
Recall from Chapter O the following properties of real number multiplication: 


1. The multiplicative identity property, which states that a- 1 = a = 1-a, for any real 
number a. In other words, the product of a real number and 1 (the multiplicative 
identity) is that number. 


SEAS ee , i 
2. The multiplicative inverse property, which states that a-— = 1, for all nonzero real 
a 
numbers a. That is, the product of a nonzero real number and its multiplicative 
inverse (reciprocal) is 1, the multiplicative identity. 
Next you will discover how these ideas carry over to matrix multiplication. 


1. Let / be the 2 x 2 matrix with 1s on the main diagonal (upper left to lower right) 
and Os for the other elements. 


J] 38 
6 | in either order; that is, find the two products 
IA and Al. What do you notice? 


a. Multiply the matrix / by A = 


{ 
b. Let B = el What do you notice about the product /B? 


1 § 


Cc. Lt c=| 9 4 


= 
| What do you notice about the product /C? 


d. Why do you suppose you were not asked to consider the products B/ and C/? 


2. The examples in part (1) suggest a new definition. The matrix / is the 2 x 2 
multiplicative identity matrix, denoted /). When /, is multiplied by any matrix A 
(of the appropriate size), the product is A. 


a. What do you think is the 3 x 3 multiplicative identity matrix, /,°? 


b. If your answer in part 2(a) is correct, what should be the product of C/3, where 


1 © =§ 
C= ap Carry out this multiplication to check. 


-2 4 
c. Try to find a matrix D so that Dl; = D and /,D = D. 
3 BYR =Sy/ 0 
3. Again consider the matrix A = |; | and let E = ee ha 


a. Find the products AE and EA. What do you notice? 


b. In the example in part (a), E is the multiplicative inverse of A, denoted EF = A™'. 
Suppose A is any 2 X 2 matrix. Try to write a definition of the multiplicative 
inverse of A. 


c. Just as not all real numbers have a multiplicative inverse (namely, 0), not all 
matrices have multiplicative inverses. In order for a multiplicative inverse to exist, 
the matrix must be a square matrix. Can you explain why that is so? 


While only a square matrix can have a multiplicative inverse, not all square matrices 
have inverses. In Section 10.3 you learned how to find the multiplicative inverse of a 
square matrix, if it exists. 
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MODELING OUR WORLD 


In 2008, Honda introduced or 


the Civic GX NGV—the 
NGV standing for Natural 
Gas Vehicle. Honda also 
sells a refueling station for 
your home that runs off the 
same natural gas that you 
use to power a stove or 
water heater. 


The typical range per tank is approximately 170 miles. In addition, to the home fueling 
option, there are over 1300 natural gas fueling stations in the United States, primarily in 
California, as of 2008. 

Compared to the Civic Hybrid (gas/electric) Sedan which gets an estimated 40 mpg 
in the city and 45 mpg on the highway, the Civic NGV gets an estimated gasoline 
equivalent of 24 mpg in the city and 36 mpg on the highway. 

The MSRP and mileage comparisons for the 2008 Honda Civic models are given 
below, where Gas represents the traditional sedan, Hybrid represents the electric/ 
gasoline model, and NGV represents the Civic that runs on natural gas. 


Gas HysBriD NGV 
MSRP $15,010 $22,600 $24,590 
MILES PER GALLON IN CITY 21 40 24 
MILES PER GALLON ON HIGHWAY 31 45 36 


For the following questions, assume that you drive 15,000 miles per year—12,000 in the 
city and 3000 on the highway—and the price of gasoline is $4 per gallon while the cost of 
natural gas is $2 per gallon. 


1. Determine an initial purchase price matrix A, which has order 3 X 1. Let the first row 
represent the traditional gasoline model, the second row represent the hybrid model, 
and the third row represent the natural gas model. 


2. Determine a mileage matrix B, which has order 3 X 2. Let the first column represent mpg 
in the city and the second column represent the mpg on the highway. Also let the first 
through third rows represent the gas, hybrid, and natural gas models, respectively. 

Let 
Ps " a 
~ | 3000 


What does BC represent? 
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MODELING OUR WORLD (continued) 


3. Assume the gas and hybrid models are filled with regular gasoline at $4 per gallon and 
the natural gas vehicle is filled with natural gas at $2 per gallon. What does the matrix D 
represent? 


4. What does the matrix A + D represent? 


5. Let n represent the number of years you own the car (assuming you bought it new). What 
does A + nD represent? 
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‘CHAPTER 10 REVIEW 


SECTION CONCEPT 


Matrices and systems of linear equations 


Key IDEAS/FORMULAS 


Matrices Column 1 Column 2 Column j Column n 
Row | [ ay, a> tee ay tee an, | 
Row 2 dy, dn) see Ay Ary, 
: | Order: m Xn 
Row i ay aj2 Gi din 
Row m An\ Gn Oyj Gig 
Augmented matrices ax + by + cz = d a b, c, | dy 
ax+ by + oz =d > | by Cy | dy 
AxX b3y C3Z = d; a3 b; C3 d; 
Row operations on a matrix L RR; Interchange row i with row j. 
2. cR; > R; Multiply row i by the constant c. 


3. cR; + Rj > R; Multiply row i by the constant c and add to row j, 


writing the results in row j. 


Row-echelon form of a matrix 


A matrix is in rew-echelon form if it has all three of the following 

properties: 

1. Any rows consisting entirely of Os are at the bottom of the matrix. 

2. For each row that does not consist entirely of Os, the first 
(leftmost) nonzero entry is | (called the leading 1). 

3. For two successive nonzero rows, the leading | in the higher row is 
farther to the left than the leading 1 in the lower row. 


If a matrix in row-echelon form has the following additional 
property, then the matrix is in reduced row-echelon form: 


MAIAAY YALdVHO 


4. Every column containing a leading 1 has zeros in every position above 
and below the leading 1. 


Gaussian elimination with back-substitution 


Gauss—Jordan elimination 


Step 1: Write the system of equations as an augmented matrix. 

Step 2: Apply row operations to transform the matrix into row—echelon 
form. 

Step 3: Apply back-substitution to identify the solution. 


Step 1: Write the system of equations as an augmented matrix. 

Step 2: Apply row operations to transform the matrix into reduced 
row-echelon form. 

Step 3: Identify the solution. 


Inconsistent and dependent systems 


No solution or infinitely many solutions 


1099 


CHAPTER REVIEW 


SECTION CoNnceEPT Key IDEAS/FORMULAS 


10.2 Matrix algebra 


Equality of matrices The orders must be the same: A,,x,, and Byyyp. 
Matrix addition and subtraction The orders must be the same: A,,.,, and Bix 
Scalar and matrix multiplication Scalar Multiplication 


Perform operation element by element. 
Each element is multiplied by the scalar. 


Matrix Multiplication 

¢ The orders must satisfy the relationship: A,,..,, and B,,x,, resulting 
in (AB) nxp- 

¢ Perform multiplication row by column. 

¢ Matrix multiplication is not commutative: AB # BA. 


10.3 Matrix equations; the inverse of a 
square matrix 
Matrix equations Linear system: AX = B. 
Finding the inverse of a matrix Only square matrices, n X n, can have inverses. A-'A = I, 


Step 1: Form the matrix [A | J,]. 
Step 2: Use row operations to transform this matrix to [/, | A”']. 
Note: Not every square matrix has an inverse. 


Solving systems of linear equations using AX =B 
matrix algebra and inverses of square matrices Step 1: Find A“. 


Step 2: X=A''B. 


10.4 The determinant of a square matrix and Cramer’s rule can be used to solve only a system of linear equations 
Cramer’s rule with a unique solution. 
Determinant of a2 X 2 matrix a b 
= ad — be 
d 
Determinant of an X n matrix Let A be a square matrix of order n X n; then 


¢ The minor M,; of the element a, is the determinant of the 
(n — 1) X (n — 1) matrix obtained when the ith row and jth 
column of A are deleted. 

* The cofactor C, of the element a; is given by C; = (—1)'YMj,. 


= 0 
=2 3 


=1 0 
=2 3 


CH el My =O) 


[=-s-0=-3 


Sign Array of a3 X 3 matrix: | — + = 
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SECTION ConceEPT 


Key IDEAS/FORMULAS 


If A is a3 X 3 matrix, the determinant can be given by 

det(A) = ay,;Cy, + @j2C 2 + a)3C3. This is called expanding the 
determinant by the first row. (Note that any row or column can be 
used.) 


a b c 
: : : by C2 ay Cc by 
ay by Co} = a, b, Fe} 
b, C3 a3 C3 a3 b; 
a3 b, C3 
Cramer’s rule: Systems of linear equations in two The system 
variables ax + by = c 
ax + boy = Cy 
has the solution 
Dy ee. if D #0 
x= D y= D i 
where 
p= a, b, D, = Cy b, D, = a, Cy 
a dy Cy by : ay Cy 
> : i i i The system 
Crauier s rule: Systems of linear equations in three y ax + by + oz = d, 0 
variables = 
ax + by + coz = dy = 
a,x + by + ¢32 = dy vu 
has the solution - 
m 
D ?s itp 40 bs 
og 2 pe a 0 
where nm 
ay by Cy d, b, Cy m 
D= |a by Cy D, = |d, b, Cy = 
a3 b; C3 d; b; C3 
a d Cc ay b, d, 
D, = |) dy Co D, = 1a) b, dy 
a3 d; C3 a3 b; d, 
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CHAPTER 10 REVIEW EXERCISES 


10.1 


Matrices and Systems of 


Linear Equations 


Write the augmented matrix for each system of linear equations. 


1. 5x+7y= 2 


3x — 4y = —2 
3. 2x- z= 3 
yo 3-2 
x+ 4z=—-3 


2. 2.3x-45y= 68 
—0.4x + 2.1ly = —9.1 

4. 2y- x+3z= 1 
4z —2y + 3x = -2 
x- y-4z= 0 


21. x-2y+ z= 3 
2x—- yt z=-4 


3x -—3y-Sz= 2 


23. x—4y + 10z = —61 
3x—5y+ 8z= —52 
—5x+ y- 2z= 8 


25. 3x+ ytz=—4 
x 2y 1 e= 6 


22. 3x- y+4z= 18 
Set 2y- Z=—-20 
x + Ty — 6z = —38 


24. 4x—-2y+5z= 17 
x + 6y -3¢= -¥ 
2x + Sy g= 2 


26. 2x- yt+3z= 6 
3x+2y—- z= 12 


Indicate whether each matrix is in row-echelon form. If it is, 


state whether it is in reduced row-echelon form. Applications 


r r 27. Fitting a Curve to Data. The average number of flights on a 
1 1] 0 1 2|0 . 
5. 0 ile 6. 0 014 commercial plane that a person takes a year can be modeled 
7 = by a quadratic function y = ax? + bx + c, where a < 0 and x 
7 1 0 1 O| 2 represents age: 16 < x < 65. The following table gives the 
2 90 fy) 0 0 1 1| -3 average number of flights per year that a person takes on a 
7. )0 —2 0} 2 8 0 1 0 o| 2 commercial airline. Determine the quadratic function that 
LO O 2/3 0 0 0 1 models this quantity. 
sas . . AGE NUMBER OF FLIGHTS PER YEAR 
Perform the indicated row operations on each matrix. 
v) r 16 2 
1 —-2])1 
Ww al 
v 9. 0 -2 | 7 Ry > Ry 40 6 
O : 
4 1 4) 1 2 
w mee > 2/3 R, — 2R,;—>R, 
a ” 28. Investment Portfolio. Danny and Paula decide to invest 
r = $20,000 of their savings in investments. They put some in an 
= 1 2 oO; 1 
/! 11./0 —2 3/-2| R+R—->R IRA account earning 4.5% interest, some in a mutual fund 
= 0 1-4 8 . : : that has been averaging 8% a year, and some in a stock that 
ff = earned 12% last year. If they put $3000 more in the mutual 
V4 1 1 1 Bl % fund than in the IRA and the mutual fund and stock have the 
_ same growth in the next year as they did in the previous year, 
12. 0 2 . ae ae ie they will earn $1877.50 in a year. How much money did they 
0 0 —2]} 4) Ry + RR, put in each of the three investments? 
0 -l 3. =3:| 3 


Apply row operations to transform each matrix to reduced 


10.2 Matrix Al r 
row-echelon form. Oo a gebra 


_ Calculate the given expression, if possible. 


1 3/0 1 2, -= 1 0 
13. | | 14. 0 1 -l}-1 2 -3 iT 5 -1 5 0 1 
2 = Gy, Poe a=| B=| Cc=|2 -1 4 
L 0 1 3 7 2 
7 0 3 6 
4 1 -2| 0 2 3 2) 2 5 2 > 0 3 
15.| 1 0 -1| 0 16.|0 -1 1] -2 p=[° ‘| ca 1 é | 
=—2 1 1] 12 LI 1 -l 6 
29. A+C 30. B+A 31. B+E 32. A+D 
Solve the system of linear equations using augmented 33. 2A +D 34. 3E +B 35.2D—-3A 36. 3B—4E 
matrices. 
37. 54 —2D 38.5B-—4E 39. AB 40. BC 
17. 3x-2y=2 18. 2x-—7y= 22 
2x +4y=1 x+5y=—23 41. DA 42. AD 43. BC+E 44. DB 
0. = yas 20. 8x +7y=10 aeee oe 
x+4y=6 —3x + 5y = 42 
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10.3 Matrix Equations; The Inverse of 


a Square Matrix 


Review Exercises 
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10.4 The Determinant of a Square 
Matrix and Cramer’s Rule 


Determine whether B is the multiplicative inverse of A using 


AA =I. 
[ 4 -0. 1 
47. A= 8 B= | 02 
l4 2 1 -LS5 
j1 2 1 2 
wa-[) 2] of! 2] 
l2 —4 2 -2 
1 4 
fi =2- 6 “= 4 = 
49. A=|2 3 -2 B=| % -} -2 
0 -i1 1 2 1 
ss a a. 
[Oo F 6 i 4. 7 
50. A = 1 0 -4 B=|-2 -2 -2 
L=2 1 0 2 0 6 
Find A“|, if it exists. 
; 1 2 [—2 7 
51. A = 52. A = 
L—-3 4 L-4 6 
[ 1 | =I 
53. A = : 54. A = - 
[2 0 [= 2 2 
[tf S&S <2 fo 1 0 
55. A =| 2 1 -l 56. A = 4 1 2 
LO 1. =3 L=3> =2 1 
[-1 1 0 -4 4 3 
57. A =| -2 1 2 58. A = 1 2 2 
L 1 2 <A L 3 -l 6 
Solve the system of linear equations using matrix algebra. 
59. 3x - y=11 60. 6x+4y= 15 
5x + 2y = 33 =3x% = 2y==1 
61. 3x — Fy = -3 62. x+ y- z= 0 
bx + 3y = 16 2% y + 3z= 18 
3x = 2y- ge 17 
63. 3x — 2y + 4z= 11 64. 2x+ 6by—-4z= Il 
6x + 3y —2z= 6 x— By +2z= Wt 
x— y+ 7z= 20 4x + 5y +6z = 20 


Evaluate each 2 X 2 determinant. 


2 4 —2 —4 
5. . 
oa ae 65 
1 
24 —2.3 -; 4 
67. 68. 
yy | ; 4 
Employ Cramer’s rule to solve each system of equations, if 
possible. 
69. x -—y=2 70. 3x- y=-I17 
xty=4 —x+5y= 43 
71. 2x + 4y = 12 72. -xt+ y= 4 
x—-—2y= 6 2x — 6y = —5 
73. —3x = 40 — 2y 74. 3x=20+ 4y 
2x=25+ y y-x=-6 
Evaluate each 3 X 3 determinant. 
1 2 2 0 =2 
75. |0 1 3 76. |0 —3 7 a 
m 
2 -1 0 1 -10 —3 < 
a 0 -b —2 -4 6 g 
77. |-a b c 78. 2, 0 3 
3 m 
0 0 —-d —1 2 q x 
m 
Employ Cramer’s rule to solve each system of equations, a 
if possible. Q 
1) 
79, xty—2z=-2 80. =x= y+ z= 3 m 
2.=y+ z= 3 x+2y—2z= 8 0 
xty z= 4 2x yt 4z=—-4 
81. 3x +4z,=-1 82. x+ y Zz 0 
x+ yt2z=-3 =x = 3y + Sz = =2 
y—-4z=-9 2x+ y—3z=-4 


Applications 


83. Apply determinants to find the area of a triangle with vertices 


(2, 4), (4, 4), and (—4, 3). 


84. If three points (x;, y,), (%, y2), and (x3, y3) are collinear (lie on 
the same line), then the following determinant must be satisfied: 


x) v1 
XQ y2 
+3 ¥3 


Determine whether (0, —3), (3, 0), and (1, 6) are collinear. 


M) 
Ww 
a 
O 
x 
Ww 
x 
ft 
S 
iu 
> 
iu 
ra 
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Technology 


Section 10.1 


In Exercises 85 and 86, refer to the following: 


You are asked to model a set of three points with a quadratic 

function y = ax’ + bx + c and determine the quadratic function. 

a. Set up a system of equations; use a graphing utility or graphing 
calculator to solve the system by entering the coefficients of 
the augmented matrix. 

b. Use the graphing calculator commands |STAT QuadReg 
to model the data using a quadratic function. Round your 
answers to two decimal places. 


85. (—10, 12.5), (3, —2.8), (9, 8.5) 
86. (—4, 10), (2.5, —9.5), (13.5, 12.6) 


Section 10.2 


Apply a graphing utility to perform the indicated matrix 
operations, if possible. 


= 4 
kel a gel c=-|f 3 3] 
t 25 
5 21 6 ~8 
87. ABC 
88. CAB 


Section 10.3 


Apply a graphing utility and matrix algebra to solve the 
system of linear equations. 


89. 6.1x—14.2y = 75.495 
2.30 T2y 36.495 

90. 7.2x+3.2y-1.7z= 5.53 
1.3x + 4.1ly + 2.8z 23.949 


Section 10.4 


Apply Cramer’s rule to solve each system of equations and a 
graphing utility to evaluate the determinants. 


91. 4.5x — 8.7y = —72.33 
-1.4x+53y= 31.32 


92. 1.4x + 3.6y + 7.5z= 42.08 
2.1x—S5.Jy —42z= 5.37 
1.8x — 2.8y — 6.2z = —9.86 


CHAPTER 10 PRACTICE TEST 


Write each of the following systems of linear equations as an 
augmented matrix. 


1. 


x= 2y=1 
=x + 3y=2 
3x+ Sy=-2 
Ix + lly = -6 
6x Oy z=5 
2x—- 3y+ z=3 
10x + 12y + 2z=9 
3x + 2y — 10z = 2 
x+ y- z=5 


Perform the following row operations: 


1 3 5 
2 7 =| R, 2R, —R, 
es R, + 3R,; > Ry 


Rewrite the following matrix in reduced row-echelon form: 


2 -1 1/3 
1 1 -1)0 
3 2 -=2:| 1 


In Exercises 7 and 8, solve the systems of linear equations 
using augmented matrices. 


7. 


10. 


11. 


12. 


13. 


6x+ 9y+ z=5 
2x- 3y+ z=3 
10x + 12y + 2z=9 


. 3x + 2y — 10z = 2 


xt y- z=5 


. Multiply the matrices, if possible. 


1 -—2 5 i : 
a | 
-l 1 
Add the matrices, if possible. 
4 
eS False 
0 -tI 3 
= 1 


3 
Find the inverse of 1 } if it exists. 


1 -3 2 
Find the inverse of | 4 2 O |, if it exists. 
Lt. & 4 
[3 1 
Find the inverse of : 5 Sh if it exists. 


14. Solve the system of linear equations with matrix algebra 
(inverses). 
x+3y=-1 
=2x=Sy= 4 
15. Solve the system of linear equations with matrix algebra 
(inverses). 
3x- yt+4z=18 
x + 2y + 3z = 20 
—44+ 6y- z=11 


Calculate the determinant. 


a: = 
16. 
“fo 

1 -2 -1 
17, |3 =S 2 

4-1 0 


In Exercises 18 and 19, solve the system of linear equations 
using Cramer’s rule. 


18. x-—2y=1 
—x+3y=2 

19. 3x + Sy—2z=-6 
Ix+ lly+3z= 2 

yrog> 4 

20. A company has two rubrics for scoring job applicants 
based on weighting education, experience, and the 
interview differently. 


x- 


Rubric | Rubric 2 
Education 0.4 0.6 
Matrix A: Experience 0.5 0.1 
Interview 0.1 0.3 


Applicants receive a score from | to 10 in each category 
(education, experience, and interview). Two applicants are 
shown in the matrix B: 


Education Experience Interview 
Appli 1/4 
Matrix B: PP ees i 3 
Applicant 2 L6 5 4 


What is the order of BA? What does each entry in BA tell us? 


21. A college student inherits $15,000 from his favorite aunt. He 
decides to invest it with a diversified scheme. He divides the 
money into a money market account paying 2% annual 
simple interest, a conservative stock that rose 4% last year, and 
an aggressive stock that rose 22% last year. He places $1000 
more in the conservative stock than in the money market and 
twice as much in the aggressive stock than in the money 
market. If the stocks perform the same way this year, he will 
make $1790 in one year, assuming a simple interest model. 
How much did he put in each of the three investments? 
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PRACTICE TEST 


1106 CHAPTER 10 Matrices 


22. You are asked to model a set of three points with a 
quadratic function y = ax’ + bx + c and determine 

the quadratic function. 

a. Set up a system of equations; use a graphing utility or 
graphing calculator to solve the system by entering the 
coefficients of the augmented matrix. 

b. Use the graphing calculator commands 


QuadReg 


to model the data using a quadratic function. 


(=3, 6); (1; 12); 65,7) 


23. 


24. 


Apply a graphing utility and matrix algebra to solve the 
system of linear equations. 


5.6x — 2.7Jy = = 87.28 
—4.2x + 8.4y = —106.26 


Apply Cramer’s rule to solve the system of equations and a 
graphing utility to evaluate the determinants. 


1.5x + 2.6y = 18.34 
—2.3x + 1.5y = 28.94 


CHAPTERS 1-10 CUMULATIVE TEST 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


. Solve by completing the square: x7 — 6x = 11. 


. Write an equation of a line that passes through the point 


(—2, 5) and is parallel to the y-axis. 


. Write the equation of a circle with center (—3, —1) and 


passing through the point (1, 2). 


. Determine whether the relation x? — y” = 25 is a function. 


. Determine whether the function g(x) = V2 — x is odd 


or even. 


. For the function y = 5(x — 4)’, identify all of the 


transformations of y = x. 


. Find the composite function f ° g, and state the domain, for 


f(x) =x — Land g(@~) = ~. 


. Find the inverse of the function f(x) = Wx -— iL. 


. Find the vertex of the parabola associated with the quadratic 


function f(x) = ye + ax _ oe 


Find a polynomial of minimum degree (there are many) that 
has the zeros x = — V7 (multiplicity 2), x = 0 (multiplicity 3), 
x = V7 (multiplicity 2). 


Use long division to find the quotient Q(x) and the remainder 
r(x) of (52° — 4x7 + 3) +? + 1). 


Given the zero x = 4i of the polynomial 

P(x) = x¢ + 2x7 + x° + 32x — 240, determine all the other 
zeros and write the polynomial in terms of a product of linear 
factors. 


Find the vertical and horizontal asymptotes of the function 
je Se + 11 

fQ@) = 

r—x-6 

If $5400 is invested at 2.25% compounded continuously, how 

much is in the account after 4 years? 


Use interval notation to express the domain of the function 
F(x) = logy x + 3). 


Use the properties of logarithms to simplify the expression 
log, 1. 


Give an exact solution to the logarithmic equation 
log; (x + 2) + log; (6 — x) = log; (3x). 


If money is invested in a savings account earning 4% 
compounded continuously, how many years will pass until 
the money triples? 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


Solve the following system of linear equations: 


2x + 3y = 6 
x= -15y — 5.5 


At the student union, one group of students bought 6 deluxe 
burgers, 5 orders of fries, and 5 sodas for $24.34. A second 
group of students ordered 8 deluxe burgers, 4 orders of fries, 
and 6 sodas for $28.42. A third group of students ordered 3 
deluxe burgers, 2 orders of fries, and 4 sodas for $13.51. 
Determine the price of each food item. 


Maximize the objective function z = 5x + 7y, subject to the 
constraints: 
2x + 5y = 10 
5x + 2y = 10 


x20 
y=0 


Solve the system with Gauss—Jordan elimination. 


x—2y+3z= I 


4x+ 5y- z=-8 
3x + y-—2z= 1 
Given 
3 4-7 8 -2 6 9 0 ie) 
A= B= c= 
k r | : 0 | i | S 
s 
find 2A + CB. S 
Write the matrix equation, find the inverse of the coefficient > 
matrix, and solve the system using matrix algebra. =< 
m 
2x + Sy = —-1 4 
—-xt+4y= 7 m 
) 
Apply Cramer’s rule to solve the system of equations. al 
Ix+5y= 1 
—x + 4y=-I1 


Use a graphing calculator to graph the given polynomial. 
From the graph, estimate x-intercepts and the coordinates of 
the relative maximum and minimum points. Round your 
answers to two decimal places. 


f(x) = 8 + 5x? -— 12x - 13 
Given 
-7 -4 
-1 
a=[? 4 | B=/ 1 O 
6 2 


find AB and (AB) "'. 
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Analytic Geometry 
and Systems of 


Nonlinear Equations 


and Inequalities 


Awre|y/HQWws 


Injuebeplig ejey6ip euljuo |4 © 


A satellite dish is a paraboloid. 


hyperbolic shape. 


n this chapter we will study the three types of 

conic sections (conics): the parabola, the ellipse, 
and the hyperbola. We have already studied the circle 
(Section 2.4), which is a special form of the 
ellipse. We see these shapes all around us: satellite 
dishes (parabolas), cooling towers (hyperbolas), 
and planetary orbits (ellipses). 


sobew Ajyep/yueg ebew) ay /siapnos ined 


Some buildings have a 


Winter \s. 
os 


\ Summer 


S 
ier 


The Earth’s orbit around the Sun is an ellipse. 


"" we define the three conic sections: the parabola, the ellipse, and the hyperbola. Algebraic 


equations and the graphs of these conics are discussed. We solve systems of nonlinear equations and inequalities involving 
parabolas, ellipses, and hyperbolas. We then will rotate the axes and identify the graph of a general second-degree equation 
as one of the three conics. We will discuss the equations of the conics first in rectangular coordinates and then in polar 
coordinates. Last, we will look at parametric equations, which give orientation along a plane curve. 


ANALYTIC GEOMETRY AND SYSTEMS OF 
NONLINEAR EQUATIONS AND INEQUALITIES 


Cee e ee eee eee eee eee eee eee eee EE EE ESOS EE ESE ES SSE EES ESET OE EES TOSSES TE SOT ES ODE OE EEE EEEEEeeees eee cece ec ee sees see msseesseess eee see ses see eee ese eseeseeeees 
. . ° . . 


11.3 §f 11.4 9 11.5 9 11.6 9 11.7 7 11.8 § 11.9 


11.2 


11.1 


Conic The The The Systems of |] Systems of Rotation Polar Para- 
Basics Parabola Ellipse Hyperbola Nonlinear Nonlinear of Axes Equations metric 
Equations Inequalities of Conics Equations 
and 
Graphs 
Three Types _® Parabola e Ellipse e Hyperbola e Solving a e Nonlinear e Rotation e Equations e Parametric 
of Conics with a Centered at Centered at System of Inequalities of Axes of Conics Equations 
Vertex at the Origin the Origin Nonlinear in Two Formulas in Polar of a Curve 
the Origin ° Ellipse e Hyperbola Equations Variables e The Angle Coordinates _® Applications 
e Parabola Centered at Centered at Applications ° Systems of of Rotation of 
with a the Point the Point Nonlinear Necessary Parametric 
Vertex at (h, k) (h, k) Inequalities to Trans- Equations 
the Point e Applications © Applications form a 
(h, k) General 
e Applications Second- 
Degree 
Equation 
into an 
Equation of 
a Conic 


LEARNING OBJECTIVES 

Determine if a general second-degree equation in two variables corresponds to a parabola, ellipse, or hyperbola. 
Graph a parabola in rectangular coordinates. 

Graph an ellipse in rectangular coordinates. 

Graph a hyperbola in rectangular coordinates. 

Solve systems of nonlinear equations and interpret some graphically in terms of conics. 

Solve systems of nonlinear inequalities and interpret some graphically in terms of conics. 

Graph general second-degree polynomial functions by rotation of axes. 


Graph parabolas, ellipses, and hyperbolas in polar coordinates. 


Use parametric equations to describe orientation along a plane curve. 
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SECTION 
11.1 coNic BASICS 


Study Tip 


A circle is a special type of ellipse. 
All circles are ellipses, but not all 
ellipses are circles. 
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Three Types of Conics 


Names of Conics 


The word conic is derived from the word cone. Let’s start with a (right circular) double cone 
(see the figure on the left). Conic sections are curves that result from the intersection of a 
plane and a double cone. Conics is an abbreviation for conic sections. Although there appear 
to be four conic sections: a circle, an ellipse, a parabola, and a hyperbola, a circle is a 
special ellipse. We say there are three conic sections: an ellipse, a parabola, and a hyperbola. 


Circle Ellipse Parabola Hyperbola 


In Section 2.4 we discussed circles, and we will show that a circle is a particular type of an 
ellipse. Now we will discuss parabolas, ellipses, and hyperbolas. There are two ways in which 
we usually describe conics: graphically and algebraically. An entire section will be devoted to 
each of the three conics, but in the present section we will summarize the definitions of a 
parabola, ellipse, and hyperbola and show how to identify the equations of these conics. 


Definitions 


You already know that a circle consists of all points equidistant (at a distance equal to the radius) 
from a point (the center). Ellipses, parabolas, and hyperbolas have similar definitions in that 
they all have a constant distance (or a sum or difference of distances) to some reference point(s). 

A parabola is the set of all points that are equidistant from both a line and a point. 
An ellipse is the set of all points, the sum of whose distances to two fixed points is 
constant. A hyperbola is the set of all points, the difference of whose distances to two 
fixed points is a nonzero constant. 


d3/ 
i, 
dy 
d,+dy=d3+d4 |dy—d)| = |d4—43| 
Parabola Ellipse Hyperbola 


11.1 Conic Basics 


The general form of a second-degree equation in two variables, x and y, is given by 


Ax? + Bxy + Cy? + Dx + Ey + F=0 


If we let A 1,B =0,C =1,D=0,E = 0,andF = —’, this general equation reduces 
to the equation of a circle centered at the origin: x° + y’ = 7°. In fact, all three conics 
(parabolas, ellipses, and hyperbolas) are special cases of the general second-degree equation. 

Recall from Section 1.3 (Quadratic Equations) that the discriminant, b*? — 4ac, determines 
what types of solutions result from solving a second-degree equation in one variable. If the 
discriminant is positive, the solutions are two distinct real roots. If the discriminant is zero, 
the solution is a real repeated root. If the discriminant is negative, the solutions are two 
complex conjugate roots. 

The concept of discriminant has been generalized to conic sections. The discriminant 
determines the shape of the conic section. 


Conic DISCRIMINANT 


Study Tip 
Ellipse B’— 4AC <0 All sineles aie silspsegsinne | 
Parabola B? - 4AC=0 B — 4AC < 0. 7 
Hyperbola B? — 4AC > 0 


Using the discriminant to identify the shape of the conic will not work for degenerate 
cases (when the polynomial factors). For example, 


2x? -xy-y=0 


At first glance, one may think this is a hyperbola because B* — 4AC > 0, but this is a 
degenerative case. 
(2x + y)(x — y) = 0 
2x+y=0 or x-y=0 
y = -2x or y=x 


The graph is two intersecting lines. 
We now identify conics from the general form of a second-degree equation in two variables. 


EXAMPLE 1_ Determining the Type of Conic 


Determine what type of conic corresponds to each of the following equations: 


2 2 2 2 
—=1 by=x ‘oad 


x y 
b? ac pb 


2 
a 


a. 


Solution: 
Write the general form of the second-degree equation: 


Ax’ + Bry + Cy + Dx + Ey + F=0 


1 
a. Identify A, B, C, D, E, and F. A 5,B =0,C > D=0,E=0,F 1 
a 
dis, wlan 5 4 
Calculate the discriminant. Be — 4AC = Tape <0 
ap 


2. 2 


: Fak ‘ : . x y : 
Since the discriminant is negative, the equation me ot e = | is that of an ‘ellipse |. 


Notice that if a = b = r, then this equation of an ellipse reduces to the general equation 
of a circle, x7 + y’ = r’, centered at the origin, with radius 7. 
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b. Identify A, B, C, D, E, and F. A=1,B=0,C=0,D=0,E 1,F=0 
Calculate the discriminant. B’ — 4AC = 0 

Since the discriminant is zero, the equation y = x7 isa | parabola |. 

c. Identify A, B, C, D, E, and F. A * B=0,C - D=0,E=0,F 1 
Calculate the discriminant. B’ — 4AC = =i >0 


Since the discriminant is positive, the equation @Z = Pp 1 is a | hyperbola}. 


= Answer: a. ellipse : : : 
b eee = YOUR TURN Determine what type of conic corresponds to each of the following 


c. parabola equations: 


a 2+ y=4 b. 2? =y +4 c. 2 =x 


In the next three sections, we will discuss the standard forms of equations and the graphs 
of parabolas, ellipses, and hyperbolas. 


rs SECTION 
—— SUMMARY 


In this section we defined the three conic sections and determined their general equations with respect to the general form of a second- 
degree equation in two variables: 


Ax’ + Bry + Cy? + Dx + Ey + F=0 


The following table summarizes the three conics: ellipse, parabola, and hyperbola. 


GEOMETRIC DEFINITION: 


Conic THE SET OF ALL POINTS DISCRIMINANT 

Ellipse the sum of whose distances to Negative: B? — 44C < 0 
two fixed points is constant 

Parabola equidistant to both a line and a point Zero: B? — 4AC = 0 

Hyperbola the difference of whose distances Positive: B? — 4AC > 0 


to two fixed points is a constant 


It is important to note that a circle is a special type of ellipse. 


SECTION 
11.1 EXERCISES 


"SKILLS 


In Exercises 1-12, identify the conic section as a parabola, ellipse, circle, or hyperbola. 


le t+ay— yt 2x 3 2.x +xyt+ y t+ 2x 3 3. 2x7 + 2y = 10 4.°-4x+y4+2y=4 
5. 2 — y= 4 6. 2 — 7 = 16 7. 52+ Oy? =25 — -B 4x2 + By? = 30 


9 e-y=1 10. y-x=2 1. Pr +y=10 12. x + y = 100 


SECTION 
11.2 THE PARABOLA 


Parabola with a Vertex at the Origin 


Recall from Section 4.1 that the graphs of quadratic functions such as 
f@®) =ax-—hP +k or y=art+bxte 


were parabolas that opened either upward or downward. We now expand our discussion to 
parabolas that open to the right or left. We did not discuss these types of parabolas before 
because they are not functions (they fail the vertical line test). 


DEFINITION Parabola 


A parabola is the set of all points in a plane that are equidistant from a fixed line, 
the directrix, and a fixed point not on the line, the focus. The line through the 
focus and perpendicular to the directrix is the axis of symmetry. The vertex of 
the parabola is located at the midpoint between the directrix and the focus along the 
axis of symmetry. 


Parabola 


Vertex 


focus a 
Axis of symmetry 


Directrix 


v 


Here p is the distance along the axis of symmetry from the directrix to the vertex and 
from the vertex to the focus. 


Let’s consider a parabola with the vertex at the origin and the focus on the positive 
x-axis. Let the distance from the vertex to the focus be p. Therefore, the focus is located at 
the point (p, 0). Since the distance from the vertex to the focus is p, the distance from 
the vertex to the directrix must also be p. Since the axis of symmetry is the positive axis, the 
directrix must be perpendicular to the positive axis. Therefore, the directrix is given 
by x = —p. Any point, (x, y), must have the same distance to the focus, (p, 0), as it does to 
the directrix, (—p, y). 


AY 


ver 
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Derivation of the Equation of a Parabola 


Worps MatTH 

Calculate the distance from (x, y) to 

(p, 0) with the distance formula. Vix — pr + y’ 

Calculate the distance from (x, y) to 

(—p, y) with the distance formula. Vx — (-p)’? + 0 

Set the two distances equal to 

one another. Va — pr +y = Vix + py 
Recall that Vx? = |x]. Vix — prety =lx+pl 
Square both sides of the equation. (x — pry +y =(«+ py 


Square the binomials inside the 
parentheses. xr —-Aptpt+y=x 4+ 2Apxt p’ 


Simplify. 


The equation y” = 4px represents a parabola opening right with the vertex at the origin. 
The following box summarizes parabolas that have a vertex at the origin and a focus along 
either the x-axis or the y-axis: 


EQUATION OF A PARABOLA WITH 
VERTEX AT THE ORIGIN 


The standard (conic) form of the equation of a parabola with vertex at the origin is 


given by 
EQuaATION y? = 4px x = Apy 
VERTEX (0, 0) (0, 0) 
Focus (p, 0) (0, p) 
DIRECTRIX 2 0) Vitti 
Axis OF SYMMETRY X-axis y-axis 
p>o opens to the right opens upward 
p<o opens to the left opens downward 

y? = 4px AY 


GRAPH (p> 0) A AY 
| 
| x = 4py 
| 
| 
| 


Focus (p, 0) a 
> 


Focus|(0, p) 


Directrix 


Directrix 
x=-p Ss 


y=op 


EXAMPLE 1_ Finding the Focus and Directrix of a Parabola Whose 
Vertex Is Located at the Origin 


Find the focus and directrix of a parabola whose equation is y? = 8x. 


Solution: 

Compare this parabola with the general equation of a parabola. y’ = 4px 
y = 8x 

Let y? = 8x. 4px = 8x 

Solve for p. 4p = 8 
p=2 

The focus of a parabola of the form y* = 4px is (p, 0). Focus: (2, 0) 


The directrix of a parabola of the form y’ = 4px is x = —p. 


= YOUR TURN Find the focus and directrix of a parabola whose equation is y* = 16x. 


Graphing a Parabola with a 
Vertex at the Origin 


We can draw an approximate sketch of a parabola whose vertex is at the origin with three 
pieces of information: 


1. the vertex is located at (0, 0) 
2. the direction in which the parabola opens 
3. approximately how wide or narrow to draw the parabolic curve. 


The direction toward which the parabola opens is found from the equation. An equation of the 
form y* = 4px opens either left or right. It opens right if p > 0 and opens left if p < 0. An 
equation of the form x* = 4py opens either up or down. It opens up if p > 0 and opens down 
ifp < 0. 

How narrow or wide should we draw the parabolic curve? If we select a few points that 
satisfy the equation, we can use those as graphing aids. 

The line segment that passes through the focus (2, 0), is parallel to the directrix x = —2, 
and whose endpoints are on the parabola is called the latus rectum. The latus rectum in 
this case has length 8. The latus rectum is a graphing aid that assists us in finding the width 
of a parabola. 

In general, the points on a parabola of the form y* = 4px that lie above and below the 
focus (p, 0) satisfy the equation y? = 4p’ and are located at (p, —2p) and (p, 2p). The latus 
rectum will have length 4|p|. Similarly, a parabola of the form x* = 4py will have a 
horizontal latus rectum of length 4|p|. We will use the latus rectum as a graphing aid to 
determine the parabola’s width. 


11.2 The Parabola 1115 


= Answer: The focus is (4, 0) and 
the directrix is x = —4. 


Study Tip 


The focus and directrix define a 
parabola, but do not appear on its 
graph. 


vu 
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EXAMPLE 2 Graphing a Parabola Whose Vertex Is at the Origin, 


Lae 
Technology Tip le Using the Focus, Directrix, and Latus Rectum as 


Graphing Aids 
To graph x° = —12y with a graphing 
calculator, solve for y first. That is, Determine the focus, directrix, and length of the latus rectum of the parabola x7 = —12y. 
y= 1x. Employ these to assist in graphing the parabola. 
Floti Plate Plots Solution: 
WHEL 2x2 
Yrs Compare this parabola with the general equation of a parabola. 9.x = 4py_ 2° = —12y 
Solve for p. 4p = -12 
p==3 
A parabola of the form x* = 4py has focus (0, p), ‘iad 
directrix y = —p, and a latus rectum of length 4|p]|. iid 
For this parabola, p = —3; therefore, the focus ; | 
is (0, —3)|, the directrix is [y = 3], and the length a Directrex y = = 
of the latus rectum is [12]. Focus (0, =3) x 


rectum: 12 


= Answer: 
The focus is (—2, 0). 
The directrix is x = 2. 
The length of the latus rectum is 8. 


= YOUR TURN Find the focus, directrix, and length of the latus rectum of the 
parabola y? = —8x, and use these to graph the parabola. 


Ay 


4 
Finding the Equation of a Parabola 


Latus Directrix with a Vertex at the Origin 


rectum: 8 xe 2) 


> Thus far we have started with the equation of a parabola and then determined its focus and 
directrix. Let’s now reverse the process. For example, if we know the focus and directrix 
of a parabola, how do we find the equation of the parabola? If we are given the focus 
and directrix, then we can find the vertex, which is the midpoint between the focus and the 
directrix. If the vertex is at the origin, then we know the general equation of the parabola 
that corresponds with the focus. 


EXAMPLE 3 Finding the Equation of a Parabola Given the Focus 
and Directrix When the Vertex Is at the Origin 


Find the equation of a parabola whose focus is at the point Axis of symmetry 
(0, 5) and whose directrix is y = —5. Graph the equation. K 
Solution: 


The midpoint of the segment joining the focus 
and the directrix along the axis of symmetry is 


the vertex. 7 
Calculate the midpoint between (0, 3) and (0, -}). Vertex 
1 1 ~Directrix a 
Vert a) (0, 0) 
ertex = : = (0, 0). 
2 2 i 


11.2 The Parabola 1117 


A parabola with vertex at (0, 0), focus at (0, p), and directrix y = —p corresponds to the 
equation x* = 4py. 


Identify p given that the focus is (0, p) = (0, 5). p= i 
Substitute p = 5 into the standard equation of a 
parabola with vertex at the origin x* = 4py. x = 2y 


Now that the equation is known, a few points can be selected, and the parabola can be 
point-plotted. Alternatively, the length of the latus rectum can be calculated to sketch the 
approximate width of the parabola. 


1 
To graph x* = 2y, first calculate the latus rectum. Alp| = (5) =2 


Label the focus, directrix, and latus rectum, and draw AY 
a parabolic curve whose vertex is at the origin that 
intersects with the latus rectum’s endpoints. 


=2,2 2 ae 
(2,2) [A (2,2) 


vu 


ee 
= YOUR TURN Find the equation of a parabola whose focus is at the point (—5, 0) m= Answer: y = —20x 


and whose directrix is x = 5. 


Before we proceed to parabolas with general vertices, let’s first make a few observations: 
the larger the latus rectum, the wider the parabola. An alternative approach for graphing the 
parabola is to plot a few points that satisfy the equation of the parabola, which is 
the approach in most textbooks. 


Parabola with a Vertex at the Point (h, k) 


Study Tip 
Recall (Section 2.4) that the graph of x° + y° = r° is a circle with radius r centered at the), (h, = (0), the vertex of 


origin, whereas the graph of (x — h)’ + (y — k)” = 7’ is acircle with radius r centered at the parabola is located at the origin. 
the point (A, k). In other words, the center is shifted from the origin to the point (h, k). This 
same translation (shift) can be used to describe parabolas whose vertex is at the point (/, k). 


EQUATION OF A PARABOLA WITH 
VERTEX AT THE POINT (h, k) 


The standard (conic) form of the equation of a parabola with vertex at the point (A, k) 


is given by 
EQuaTION Oy= [jp = 4p(x — h) (= hy = 4p(y — k) 
VERTEX (h, k) (h, k) 
Focus (p + h,k) (h, p + k) 
DIRECTRIX BS Spar ip y= 9 +P ls 
Axis OF SYMMETRY y=k x=h 
p>o opens to the right opens upward 
p<o opens to the left opens downward 
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In order to find the vertex of a parabola given a general second-degree equation, first 
complete the square (Section 1.3) in order to identify (A, k). Then determine whether the 
parabola opens up, down, left, or right. Identify points that lie on the graph of the parabola. 
Intercepts are often the easiest points to find, since one of the variables is set equal to zero. 


E 
Technology Tip 


Use a graphing calculator to check 


the graph of y> — 6y — 2x + 8 = 0. 


Use (y — 3)? = 2x + 1 to solve 
for y first. That is, y,) = 3 + V2x +1 
ory, =3-— V2x +1. 


Pleki Flote Plots 
I BStl Cet 1 3 
Vee 2 


Wa 
74=H 


Study Tip 


It is often easier to find the intercepts 
by converting to the general form of 
the equation. 


= Answer: 
Vertex: (-3, -2) 
x-intercept: x = —1 
y-intercepts: y = —S andy = 1 


EXAMPLE 4 Graphing a Parabola with Vertex (h, k) 
Graph the parabola given by the equation y* — 6y — 2x + 8 = 0. 
Solution: 


Transform this equation into the form (y — k)? = 4p(x — h), since this equation is of 
degree two in y and degree one in x. We know this parabola opens either to the left or right. 


Complete the square on y: y — 6y- 2x + 8=0 
Isolate the y terms. y — 6y = 2x -8 
Add 9 to both sides to complete the square. y — 6by+9=2x-8+9 
Write the left side as a perfect square. (y -— 3P =2x +1 
1 
Factor out a 2 on the right side. (y -3yY = 2(x + >) 


Compare with (y — k)? = 4p(x — h) and identify (A, k) and p. 


1 
(h, k) = C 3) 


1 


The vertex is at the point (-3, 3), and since p = 5 is positive, the parabola opens to the 
right. Since the parabola’s vertex lies in quadrant II and it opens to the right, we know there 
are two y-intercepts and one x-intercept. Apply the general equation y? — 6y — 2x + 8 = 0 
to find the intercepts. 


Find the y-intercepts (set x = 0). y - 6v+8=0 


Factor. (Vy - 279 -4H = 0 
Solve for y. y=2ory=4 
Find the x-intercept (set y = 0). —2x+8=0 
Solve for x. x= 
Label the following points and connect them AY 
with a smooth curve: (0, 4) 
1 
Vertex: ( —5, 3) ee Cz ’ 3) 
y-intercepts: (0, 2) and (0, 4) (0,12) _ 
x-intercept: (4, 0) (4, 0) . 


= YOUR TURN Por the equation y> + 4y — 5x — 5 = O, identify the vertex and the 
intercepts, and graph. 


11.2 The Parabola 1119 


EXAMPLE 5 Graphing a Parabola with Vertex (h, k) = 
Graph the parabola given by the equation x7 — 2x — 8y — 7 = 0. Technology Tip 
Solution: Use a graphing calculator to check 


é a : ; bo td he graph of x° — 2x — 8y — 7 = 0. 
Transform this equation into the form (x — h)? = 4p(y — 4), since this equation is pa anaes d 


: : : ; ee ee ee 
degree two in x and degree one in y. We know this parabola opens either upward Solve for y first: y = g(° — 2x — 7) 
or downward. 


Figki Flak Floks 


Complete the square on x: x — 2x - 8y -7=0 WHEL aCe eae 
Isolate the x terms. x — 2x = 8y +7 WES 
Add 1 to both sides to complete the square. xr -x+1=8y¥+74+1 
Write the left side as a perfect square. (x - 1% = 8y + 8 WRLC B Cheek?) 
Factor out the 8 on the right side. («« - 17 = 8 + 1) 


Compare with (x — h)’ = 4p(y — &) and identify (h, k) and p. 
(h,k) = (0, -1) 


4p = 8>p=2 


The vertex is at the point (1, —1), and since p = 2 is positive, the parabola opens upward. 
Since the parabola’s vertex lies in quadrant IV and it opens upward, we know there are two 
x-intercepts and one y-intercept. Use the general equation x° — 2x — 8y — 7 = Oto find 
the intercepts. 


Find the y-intercept (set x = 0). —8y —-7=0 
7 
Solve for y. y= re 
Find the x-intercepts (set y = 0). x —-2x-7=0 
24 V44+28 24+ V32 = 244V2 
Solve for x. x= = = =14+2Vv2 
2 2 2, 
Label the following points and connect with a 
smooth curve: ‘ee 
= Answer: 
Vertex: (i, =1) Vertex: (—1, 1) 
‘abe x-intercepts: x = —1 +2V2 
; 7 
y-intercept: (0, 1) | (+ 22, 0) x y-intercept: y = g 


Vertex 


(1 + 22,0) a=) 


x-intercepts: (1 — 2V2, 0) and (0, - 


oot 
— 


= YOUR TURN Por the equation x* + 2x + 8y — 7 = O, identify the vertex and the 
intercepts, and graph. 


1120 CHAPTER 11 Analytic Geometry and Systems of Nonlinear Equations and Inequalities 


le lead EXAMPLE 6 Finding the Equation of a Parabola with Vertex (h, k) 


Technology Tip Find the equation of a parabola whose vertex is located y 
Use a graphing calculator to check at the point (2, —3) and whose focus is located at the a 
the graph of point (5, —3). Pill . 
> + 6y — 12x + 33 = 0.U . 4 a 
7 oo - , = Solution: Vertex TA 
y + 6y — (12x — 33) = 0 (2, =3) 
to solve for y first. That is, Draw a Cartesian plane and label the vertex and focus. so; o> 
= =3 4 9\/4x — 60r ; Axis of Focus 
J The vertex and focus share the same axis of symmetry symmetry VX (5, -3) 
= a/ . a F Fi ei 
Yn = —3 — 2V3x — 6. y = —3, and indicate a parabola opening to the right. ce sx 
‘\ 
Fiokd Floke Flats NL 
WHO Ste] 034-62 . ; = 
We -S-20SH-6% Write the standard (conic) equation of a parabola 
WH -3 opening to the right. (y —kP =4p(x-—h) p>o 
Substitute the vertex (h, k) = (2, —3), into 
MME S42 TCSH-B) the standard equation. Ly — (—3))? = 4p — 2) 
Find p. 
The general form of the vertex is (, k) and the focus is (2 + p,k). 
For this parabola, the vertex is (2, —3) and the focus is (5, —3). 
Find p by taking the difference of the x-coordinates. p=3 
Substitute p = 3 into [y — (—3)]? = 4p(x — 2). (y + 3P = 43) — 2) 
Eliminate the parentheses. y’ + 6y + 9 = 12x — 24 
Simplify. y’ + 6y — 12x + 33 = 0 


= Answer: y’ + 6y + 8x —7=0 


= YOUR TURN Find the equation of the parabola whose vertex is located at (2, —3) 
and whose focus is located at (0, —3). 


Applications 
If we start with a parabola in the xy-plane and rotate it around its axis of symmetry, the 
result will be a three-dimensional paraboloid. Solar cookers illustrate the physical property 
that the rays of light coming into a parabola should be reflected to the focus. A flashlight 
reverses this process in that its light source at the focus illuminates a parabolic reflector to 
direct the beam outward. 


uolsi, jey61q 


A satellite dish is in the shape of a paraboloid. Functioning as an antenna, the parabolic dish 
collects all of the incoming signals and reflects them to a single point, the focal point, which 
is where the receiver is located. In Examples 7 and 8, and in the Applications Exercises, the 
intention is not to find the three-dimensional equation of the paraboloid, but rather the equa- 
Satellite dish tion of the plane parabola that’s rotated to generate the paraboloid. 


EXAMPLE 7 _ Finding the Location of the Receiver ina 
Satellite Dish 


A satellite dish is 24 feet in diameter at its opening and AY 
4 feet deep in its center. Where should the receiver be 
placed? 


Solution: 


Draw a parabola with a vertex at the origin representing 


the center cross section of the satellite dish. 


Write the standard equation of a parabola opening 


upward with vertex at (0, 0). x” = 4py 
The point (12, 4) lies on the parabola, so substitute 

(12, 4) into x* = 4py. (12)? = 4p(4) 
Simplify. 144 = lop 
Solve for p. p= 
Substitute p = 9 into the focus (0, p). focus: (0, 9) 


The receiver should be placed 9 feet from the vertex of the dish. 


Parabolic antennas work for sound in addition to light. Have you ever 
wondered how the sound of the quarterback calling audible plays is heard 
by the sideline crew? The crew holds a parabolic system with a microphone 
at the focus. All of the sound in the direction of the parabolic system is 
reflected toward the focus, where the microphone amplifies and records 
the sound. 


EXAMPLE 8 _ Finding the Equation of a Parabolic Sound Dish 


If the parabolic sound dish the sideline crew is holding has a 2-foot diameter at the 
opening and the microphone is located 6 inches from the vertex, find the equation that 
governs the center cross section of the parabolic sound dish. 


Solution: 


Write the standard equation of a parabola opening 


2 


to the right with the vertex at the origin (0, 0). x = 4py” 
1 
The focus is located 6 inches (5 foot) from the vertex. (p, 0) = é 0) 
1 
Solve for p. p= 3 
1; 2 1 2 
Let p = 5inx = 4py’. x= (Sy 


11.2 The Parabola 


ar 


ee Syeszipe- 


WODSMEN/IINS 
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77 SECTION 
sence! SUMMARY 


In this section we discussed parabolas whose vertex is at the origin. 


EQuaATION y = 4px x = 4py 
VERTEX (0, 0) (0, 0) 
Focus (p, 0) (0, p) 
DIRECTRIX 25 = 0) WS Sy 
Axis OF SYMMETRY X-axis y-axis 


y? = 4px 


A AY 
| 
| 
| 
| 
| 


Directrix 
x=-p 


Focus (p, 0) x 
> 


p>o opens to the right opens upward 
p<o opens to the left opens downward 
GRAPH 


Directrix 
y=2 


For parabolas whose vertex is at the point, (h, k): 


EQuation (y — kP? = 4p(« — h) (x — hY = 4p(y — bk 
VERTEX (h, k) (A, k) 

Focus (p + h,k) (h, p + k) 
DIRECTRIX = Sp sF lp = Sp oe Ik 
Axis OF SYMMETRY y=k x=h 

p>o opens to the right opens upward 
p<o opens to the left opens downward 


SECTION 
11.2 EXERCISES 


=SKILLS 


In Exercises 1-4, match the parabola to the equation. 
1. y’ = 4x 2. y = -4x 


a. b. 
y AY 


A 3 
5 10 
Be 
> 
-10 
ie -5 5 


x 
> 
In Exercises 5-8, match the parabola to the equation. 
5. (y- 1% = 4@- 1) 6. (y + 1 = -4(x - 1) 
a. b. 
AY AY 
> 10 
“8 C4,-1) 4 
dd; 1) 
x 
=10 =A 6 > 


In Exercises 9-20, find an equation for the parabola described. 


9. Vertex at (0, 0); focus at (0, 3) 
11. Vertex at (0, 0); focus at (—5, 0) 
13. Vertex at (3, 5); focus at (3, 7) 
15. Vertex at (2, 4); focus at (0, 4) 
17. Focus at (2, 4); directrix at y = —2 


19. Focus at (3, —1); directrix atx = 1 
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x = —4y 4. x= 4y 
Cc. d. 
AY AY 
x 
2 a) 5 2 
x 
> 
10 
=5 =10 


7. («+ 1% = -4(y + 1) 8 (x - 1 =40- D 
c. d. 
AY 
6 


as) 


10. Vertex at (0, 0); focus at (2, 0) 

12. Vertex at (0, 0); focus at (0, —4) 
14. Vertex at (3, 5); focus at (7, 5) 

16. Vertex at (2, 4); focus at (2, —1) 
18. Focus at (2, —2); directrix at y = 4 


20. Focus at (—1, 5); directrix atx = 5 
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In Exercises 21-24, write an equation for each parabola. 


21. 


22. 
AY 


AY 


(6, 1) 
(2, 5) 


vu 


23. 


24. 
AY 


Vertex (-1, 2) 


Vertex 
(2,1) 


Vea 


Vertex (-1, 2) 


ve 


(-3, -2) 


In Exercises 25-32, find the focus, vertex, directrix, and length of latus rectum and graph the parabola. 


25. 


x = By 26. xr = 


=12y 


loy 30. x° = —8y 


In Exercises 33-44, find the vertex and graph the parabola. 


33. 
37. 


(y — 2P = 4@ + 3) 
(e+ 5) = —2y 


34. (y + 2) = —4(x — 1) 
38. y? = -16(x + 1) 


41. y+ 2y — 8x - 23 =0 42. P- 6x-4y+ 10=0 


“APPLICATIONS 


45. 


46. 


47. 


48. 


Satellite Dish. A satellite dish measures 8 feet across 
its opening and 2 feet deep at its center. The receiver 
should be placed at the focus of the parabolic dish. 
Where is the focus? 


Satellite Dish. A satellite dish measures 30 feet across 
its opening and 5 feet deep at its center. The receiver 
should be placed at the focus of the parabolic dish. 
Where is the focus? 


Eyeglass Lens. Eyeglass lenses can be thought of as very wide 
parabolic curves. If the focus occurs 2 centimeters from the 
center of the lens and the lens at its opening is 5 centimeters, 
find an equation that governs the shape of the center cross 
section of the lens. 

Optical Lens. A parabolic lens focuses light onto a focal 


point 3 centimeters from the vertex of the lens. How wide is 
the lens 0.5 centimeter from the vertex? 


7. y= 
31. y° 


=2% 28. y’ = 6x 
4x 32. y = —16x 


35. (x — 3 = -8(y + 1) 36. (x + 3)? = —8(y — 2) 
39. y —4y -2x +4=0 40. °° — 6x + 2y+9=0 
43. eC -xt+y-1=0 44, y+y-x+1=0 


Exercises 49 and 50 are examples of solar cookers. Parabolic 
shapes are often used to generate intense heat by collecting 
sun rays and focusing all of them at a focal point. 


49. 


Solar Cooker. The parabolic cooker MS-ST10 is delivered 
as a kit, handily packed in a single carton, with complete 
assembly instructions and even the necessary tools. 


SO}OUd PHOM 8P!IM/dVO 


Solar cooker, Ubuntu Village, 
Johannesburg, South Africa 


Thanks to the reflector diameter of 1 meter, it develops an 
immense power: | liter of water boils in significantly less 
than half an hour. If the rays are focused 40 centimeters 
from the vertex, find the equation for the parabolic cooker. 


50. Le Four Solaire at Font-Romeur “Mirrors of the Solar 
Furnace.” There is a reflector in the Pyrenees Mountains 


that is eight stories high. It cost $2 million and took 10 years 


to build. Made of 9000 mirrors arranged in a parabolic 
formation, it can reach 6000°F just from the Sun hitting it! 


so ebew| euL/uewiUYy yey 


Solar furnace, Odellio, France 


If the diameter of the parabolic mirror is 100 meters and 
the sunlight is focused 25 meters from the vertex, find the 
equation for the parabolic dish. 


51. Sailing under a Bridge. A bridge with a parabolic shape 
has an opening 80 feet wide at the base (where the bridge 
meets the water), and the height in the center of the 
bridge is 20 feet. A sailboat whose mast reaches 17 feet 
above the water is traveling under the bridge 10 feet from 
the center of the 
bridge. Will it clear 
the bridge without 
scraping its mast? 
Justify your answer. 


"CATCH THE MISTAKE 


In Exercises 57 and 58, explain the mistake that is made. 


57. Find an equation for a parabola whose vertex is at the origin 


and whose focus is at the point (3, 0). 
Solution: 


Write the general equation for a parabola 


whose vertex is at the origin. x = 4py 
The focus of this parabola is (p, 0) = (3,0). p= 3 
Substitute p = 3 into x* = 4py. x = 12y 


This is incorrect. What mistake was made? 


52. 


53. 


54. 


55. 


56. 


58. 
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Driving under a Bridge. A bridge with a parabolic shape 
reaches a height of 25 feet in the center of 
the road, and the width of the bridge 
opening at ground level is 20 feet 
combined (both lanes). If an RV is 10 feet 
tall and 8 feet wide, it won’t make it under 
the bridge if it hugs the center line. Will it 
clear the bridge if it straddles the center 
line? Justify your answer. 


Parabolic Telescope. The Arecibo radio telescope in 

Puerto Rico has an enormous reflecting surface, or radio 
mirror. The huge “dish” is 1000 feet in diameter and 167 feet 
deep and covers an area of about 20 acres. Using these 
dimensions, determine the focal length of the telescope. 

Find the equation for the dish portion of the telescope. 


Suspension Bridge. If one parabolic segment of a 
suspension bridge is 300 feet and if the cables at the vertex 
are suspended 10 feet above the bridge, whereas the height 
of the cables 150 feet from the vertex reaches 60 feet, find 
the equation of the parabolic path of the suspension cables. 


Business. The profit, in thousands of dollars, for a product 
is P(x) = —x* + 60x — 500 where x is the production 
level in hundreds of units. Find the production level that 
maximizes the profit. Find the maximum profit. 


Business. The profit, in thousands of dollars, for a product 
is P(x) = —x* + 80x — 1200 where x is the production 
level in hundreds of units. Find the production level that 
maximizes the profit. Find the maximum profit. 


Find an equation for a parabola whose vertex is at the point 
(3, 2) and whose focus is located at (5, 2). 


Solution: 


Write the equation associated with 
a parabola whose vertex is (3, 2). 
Substitute (3, 2) into 

(x — hy = 4ply — b). (x — 3 = 4p(y — 2) 
The focus is located at (5, 2); therefore, p = 5. 


(x — h? = 4p(y — &) 


Substitute p = 5 into 
(x — 3) = 4p(y — 2). (x — 3 = 20(y — 2) 


This is incorrect. What mistake(s) was made? 
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=" CONCEPTUAL 


In Exercises 59-62, determine whether each statement is true or false. 


59. The vertex lies on the graph of a parabola. 61. The directrix lies on the graph of a parabola. 


60. The focus lies on the graph of a parabola. 62. The endpoints of the latus rectum lie on the graph of 


a parabola. 


' CHALLENGE 


63. Derive the standard equation of a parabola with its vertex 64. Derive the standard equation of a parabola opening right, 


" TECHNOLOGY 


65. 


66. 


67. 


68. 


69. 


at the origin, opening upward x7 = 4py. [Calculate the 
distance d, from any point on the parabola (x, y) to the 
focus (0, p). Calculate the distance d, from any point on 
the parabola (x, y) to the directrix (—p, y). Set d, = d).] 


With a graphing utility, plot the parabola x? — x + y — 1 = 0. 
Compare with the sketch you drew for Exercise 43. 


With a graphing utility, plot the parabola y>+ y — x +1 = 0. 
Compare with the sketch you drew for Exercise 44. 


In your mind, picture the parabola given by 

(y + 3.5 = 10(x — 2.5). Where is the vertex? Which 
way does this parabola open? Now plot the parabola with 
a graphing utility. 


In your mind, picture the parabola given by 

(x + 1.4) = —5(y + 1.7). Where is the vertex? Which 
way does this parabola open? Now plot the parabola with 
a graphing utility. 


In your mind, picture the parabola given by 

(y — 1.5 = —8(x — 1.8). Where is the vertex? 
Which way does this parabola open? Now plot the 
parabola with a graphing utility. 


. Given is the parabola y? — 4.5y — 4x 


. Given is the parabola 2x? + 6.4x + y 


y* = 4px. [Calculate the distance d, from any point on the 
parabola (x, y) to the focus (p, 0). Calculate the distance d, 
from any point on the parabola (x, y) to the directrix (x, —p). 
Set d; = d).] 


70. In your mind, picture the parabola given by 


(x + 2.4" = 6(y — 3.2). Where is the vertex? Which way 
does this parabola open? Now plot the parabola with a 
graphing utility. 


8.9375 = 0. 

a. Solve the equation for y and use a graphing utility to plot 
the parabola. 

b. Transform the equation into the form (y — k)” = 4p(x — h). 
Find the vertex. Which way does the parabola open? 

c. Do (a) and (b) agree with each other? 


2.08 = 0. 

a. Solve the equation for y and use a graphing utility to plot 
the parabola. 

b. Transform the equation into the form (x — h)? = 4p(y — k). 
Find the vertex. Which way does the parabola open? 

c. Do (a) and (b) agree with each other? 


SECTION 
11.3 THE ELLIPSE 


Definition of an Ellipse 


If we were to take a piece of string, tie loops at both ends, and tack the ends down so that 
the string had lots of slack, we would have the picture on the left. If we then took a pencil 
and pulled the string taut and traced our way around for one full rotation, the result would 
be an ellipse. See the second figure on the left. 


DEFINITION Ellipse 


An ellipse is the set of all points in a plane, the sum of 
whose distances from two fixed points is constant. These 
two fixed points are called foci (plural of focus). A line 
segment through the foci called the major axis intersects 
the ellipse at the vertices. The midpoint of the line segment 
joining the vertices is called the center. The line segment 
that intersects the center and joins two points on the 
ellipse and is perpendicular to the major axis is called 
the minor axis. 


Let’s start with an ellipse whose center is located at the origin. Using graph-shifting 
techniques, we can later extend the characteristics of an ellipse centered at a point other 
than the origin. Ellipses can vary from the shape of circles to something quite elongated, 
either horizontally or vertically, that resembles the shape of a racetrack. We say that the 
ellipse has either greater or lesser eccentricity; as we will see, there is a simple mathematical 
definition of eccentricity. It can be shown that the standard equation of an ellipse with its 
center at the origin is given by one of two forms, depending on whether the orientation of 
the major axis of the ellipse is horizontal or vertical. For a > b > 0, if the major axis is 


2 
horizontal, then the equation is given by — + i = |, and if the major axis is vertical, then 
a a 
the equation is given by —5 + = = 1. 
b a 
Let’s consider an ellipse with center at the origin and the foci on the x-axis. Let the 
distance from the center to the focus be c. Therefore, the foci are located at the points 
(—c, 0) and (c, 0). The line segment containing the foci is called the major axis, and it 
lies along the x-axis. The sum of the two distances from the foci to any point (x, y) must 
be constant. 


AY 


(x, y) 
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Derivation of the Equation of an Ellipse 


Worps 
Calculate the distance from 


(x, y) to (—c, 0) by applying 
the distance formula. 


Calculate the distance from 
(x, y) to (c, 0) by applying 
the distance formula. 


The sum of these two 
distances is equal to a 
constant (2a for convenience). 


Isolate one radical. 
Square both sides of the equation. 


Expand the squares. 


Simplify. 

Divide both sides of the 
equation by —4. 

Square both sides of the equation. 
Expand the squares. 

Distribute the a* term. 


Group the x and y terms together, 
respectively, on one side and 
constants on the other side. 


Factor out the common factors. 


Multiply both sides of the 
equation by —1. 


We can make the argument that 

a > cinorder for a point to be on 
the ellipse (and not on the x-axis). 
Thus, since a and c represent 
distances and therefore are positive, 


MatH 


ViE=Cer sy 


Va~ erty 


Vix- (Cor ty + Vae-o% + ¥ 
Vie= or +s 

(x +c? + y 

+ %x+e+y¥ 


4cx — 4a’ 
a — cx 

2 

(a? — cx) 


a’ — 2a’cx + 7x? 


2a 

=2a- Vix-c¥ + ¥ 

= 4a —4aV(xe-cl +y¥ +@-c% +y 
aap = anle=orey 


+ -2ex+ 7+ y 


~4aVie = oF + 


=aV(ixe-cP +y 
=a@[(x —cyY + y’] 
=a[x -—2ext+ c+ yl 


a’ — 2arcx + 02x? = ax? — 2a?cx + a?c? + ay’ 


we know that a* > c”, ora? — c? > 0. 


Hence, we can divide both sides of 
the equation by a? — c’, since 
a@- #0. 


Let? =a? - c’. 


Divide both sides of the equation by a’. 


= ac a’ 
= a(c? a) 
_ a(a’ = c’) 


2 
The equation = + = 
7 a b’ 


along the x-axis, since a > b. The following box summarizes ellipses that have their center 
at the origin and foci along either the x-axis or y-axis: 


2 


EQUATION OF AN ELLIPSE WITH 
CENTER AT THE ORIGIN 


The standard form of the equation of an ellipse with its center at the origin is 


given by 


= | represents an ellipse with center at the origin with the foci 


ORIENTATION 
OF Major Axis 


Horizontal 
(along the x-axis) 


Vertical 
(along the y-axis) 


x2 y x2 y 
EQuaATION Sra l a2 b= arpa il ato 
a b b a 
Foci (EO) ©) @Q=@) Oo 
where c? = a’ — Db? where c? = a’ — b” 
VERTICES ([a70) (a0) (0, —a) (0, a) 
OTHER (0,b) (0, —b) (b,0) (—b, 0) 
INTERCEPTS 
GRAPH 


In both cases, the value of c, the distance along the major axis from the center to the 
focus, is given by c? = a”? — b’. The length of the major axis is 2a and the length of 
the minor axis is 2b. 


5 : x y : . x oy 
Notice that when a = b the equation — + |; = | simplifies to = + => = 1 or 
eae @ 2 
x° + y’ = a’, which corresponds to a circle. The vertices correspond to intercepts when an 
ellipse is centered at the origin. One of the first things we notice about an ellipse is its 
C 
eccentricity. The eccentricity, denoted e, is given by e = —, where 0 = e < 1. The circle 
a 


is a limiting form of an ellipse, c = 0. In other words, if the eccentricity is close to 0, then 
the ellipse resembles a circle, whereas if the eccentricity is close to 1, then the ellipse is 


2 


a 


quite elongated, or eccentric. 


2 2 


a 


Graphing an Ellipse with Center at the Origin 


The equation of an ellipse in standard form can be used to graph an ellipse. Although an 
ellipse is defined in terms of the foci, the foci are not part of the graph. It is important to 
note that if the divisor of the term with x? is larger than the divisor of the term with y”, then 


the ellipse is elongated horizontally. 


11.3 The Ellipse 
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le EXAMPLE 1_ Graphing an Ellipse with a Horizontal Major Axis 
Technology Tip & 


3 a 
. ‘ ‘ P x y 
Use a graphing calculator to check Graph the ellipse given by 5 9 =H 
ey 
the graph of 25 + . = 1. Solution: 
Solve for y first. That is, Since 25 > 9, the major axis is horizontal. @ = 25 andb? = 9 
2 
x 
y= 3b os Solve for a and b. a=5 and b=3 
goes al] = x Identify the vertices: (—a, 0) and (a, 0). (—5, 0) and (5, 0) 
25° 
Identify the endpoints (3-intercepts) on 
Floki Flok= Flok= the minor axis: (0, —b) and (0, b). (0, 3) and (0, 3) 
“He 
Sl BS. 1 “ e232 . Graph by labeling the points (—5, 0), AY 
We -21C1-Ke-2ao . 
(5, 0), (0, —3), and (0, 3) and connecting 
them with a smooth curve. (0, 3) 
x 
> 
(0, -3) 


If the divisor of x? is larger than the divisor of y*, then the major axis is horizontal along 
the x-axis, as in Example 1. If the divisor of y’ is larger than the divisor of x’, then the major 


Study Tip een axis is vertical along the y-axis, as you will see in Example 2. 

If the divisor of x° is larger than the 

divisor of y*, then the major axis is EXAMPLE 2 Graphing an Ellipse with a Vertical Major Axis 
horizontal along the x-axis, as in 

Example 1. If the divisor of y’ is Graph the ellipse given by 16x* + y* = 16. 


larger than the divisor of x’, then the 


major axis is vertical along the Solution: 5 > 
y-axis, as you will ehiciare Example 2. Write the equation in standard form by dividing by 16. - + 7 = 1 
Since 16 > 1, this ellipse is elongated vertically. @ = l6andh’ = 1 
Solve for a and b. a=4 and b=1 
Identify the vertices: (0, —a) and (0, a). (0, —4) and (0, 4) 
Identify the x-intercepts on the minor 
axis: (—b, 0) and (b, 0). (-1, 0) and (1, 0) 
x Graph by labeling the points (0, —4), AY 
(0, 4), (—1, 0), and (1, 0) and connecting 
them with a smooth curve. (0, 4) 
G1, 0) rd 
" r qo [| ™ 
3 2 
Pot = = (0,6) 
(0, -4) 
(<3, 0), = 
(3, 9) Te ssnnssssusensonsusssssssnsssousssssnsenssenssonsssssassvesssosessssensusensacsssonsoesanessessesealeonlnseloeslnseleestnseleonnacboetann bee 
(0, 6) = YOUR TURN Graph the ellipses: 
2} 2 2 2 
roy roy 
al I b —+—=1 
9 4 9 36 


Finding the Equation of an Ellipse with 
Center at the Origin 


What if we know the vertices and the foci of an ellipse and want to find the equation to 
which it corresponds? The axis on which the foci and vertices are located is the major axis. 
Therefore, we will have the standard equation of an ellipse, and a will be known (from 
the vertices). Since c is known from the foci, we can use the relation c? = a’ — b* to 
determine the unknown b. 


EXAMPLE 3 _ Finding the Equation of an Ellipse Centered 
at the Origin 


Find the standard form of the equation of an ellipse with foci at (—3, 0) and (3, 0) and 
vertices (—4, 0) and (4, 0). 


Solution: 


The major axis lies along the x-axis, since it contains the foci and vertices. 


Write the corresponding general equation of an ellipse. s + 7 = 1 
Identify a from the vertices: 

Match vertices (—4, 0) = (—a, 0) and (4, 0) = (a, 0). a=4 
Identify c from the foci: 

Match foci (—3, 0) = (~c, 0) and (3, 0) = (c, 0). c=3 
Substitute a = 4andc = 3intob*? =a - c’. P=4- 3? 
Simplify. b=7 
Substitute a? = 16 and b* = 7 ne ae y = 1. = + y = 1 

c Pb 16 #7 
The equation of the ellipse is x + . =1). 


= YOUR TURN Find the standard form of the equation of an ellipse with vertices at 
(0, —6) and (0, 6) and foci (0, —5) and (0, 5). 


Ellipse Centered at the Point (h, k) 


We can use graph-shifting techniques to graph ellipses that are centered at a point other 
(x — hy = Ey. 
er 7 2 
a b 

ga 2 
positive constants), start with the graph of — + rr) = | and shift to the right 4 units and 
a 


than the origin. For example, to graph = | (assuming hf and k are 


up k units. The center, the vertices, the foci, and the major and minor axes all shift. In 
other words, the two ellipses are identical in shape and size, except that the ellipse 
Hb, Gay ‘ 

2 + rr = | is centered at the point (A, k). 

The following table summarizes the characteristics of ellipses centered at a point other 
than the origin: 


11.3 The Ellipse 


ra 
= Answer: Ti + 


2 
y 


36 
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EQUATION OF AN ELLIPSE WITH CENTER AT THE POINT (h, k) 


The standard form of the equation of an ellipse with its center at the point (/, k) is given by 


ORIENTATION Horizontal Vertical 
OF Masor Axis (parallel to the x-axis) (parallel to the y-axis) 
x — hy’ — ky x — hy’ — ky 
EQuaTiON ( Sie eee ( SCE 
a b b a 
GRAPH AY AY 
(h,k +a) 
(h, k + b) 
(h-a, k) (h + a, k) (h-b,k) (h + b, k) 
x x 
> > 
(h, k-b) 
(h, k -a) 
Foci (lo = GI) Wiese ©) (nk = ©) (hk sr ©) 
VERTICES (h—a,k) (h+a,k) (ik = @) Walk ae @) 
In both cases, a > b > 0, c? = a’ — b’, the length of the major axis is 2a, and the 
be length of the minor axis is 2b. 
Technology Tip 
Use a graphing at : ae the EXAMPLE 4 Graphing an Ellipse with Center (h, k) Given the 
pe a ~ Equation in Standard Form 
Solve for y first. That is, (x — 2 (y + 1° 
oad (x — 27 “a Graph the ellipse given by 9 + 16 = 
Z . Solution: 
<< te 2a 
a ; Write the equation in the form 
wm O- | Gao Tew 
Po @& a 4’ 
Identify a, b, and the center (A, k). a = 4, b = 3, and (h, k) = (2, -1) 
Draw a graph and label the center: (2, —1). Ay 
Since a = 4, the vertices are up 4 and down 2,3) 
4 units from the center: (2, —5) and (2, 3). 2; 
Since b = 3, the endpoints of the minor axis are : 
= Answer: to the left and right 3 units: (—1, —1) and (5, —1). > 
Ay (-1,-D G, -1) 
(-1,4) 
4, pcneceea 3) 
(-1, 2) 
1, 3) ad (2, -5) 


; : ea dy yay 
= YOUR TURN Graph the ellipse given by 9 + i =1 
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Recall that when we are given the equation of a circle in general form, we first complete 
the square in order to express the equation in standard form, which allows the center and 
radius to be identified. We use that same approach when the equation of an ellipse is given 
in a general form. 


E 
Technology Tip 


EXAMPLE 5_ Graphing an Ellipse with Center (h, k) Given Use a graphing calculator to 
an Equation in General Form Spagna: 


4x? + 24x + 25y" — 50y — 39 = 0. 
Graph the ellipse given by 4x7 + 24x + 25y? — 50y — 39 = 0. is @+3P OF 1? j 
se 25 t q to 
Solution: solve for y first. That is, 


=/49,/7-22 

Transform the general equation into standard form. we on ti 
y 2 
Group x terms together and y terms yy = 1-2/1 - & - 2 . 


together and add 39 to both sides. (4x? + 24x) + (25y" — 50y) = 39 
Factor out the 4 common to the x terms Plokd Flake Plots 
and the 25 common to the y terms. 40° + 6x) + 250" — 2y) = 39 ade : +20 C1-CatS3 
Complete the square wzBl-2t¢ 1-tatsa 
on x and y. 42 + 6x + 9) + 25(y? — 2y + 1) = 39 + 4) + 25(1) suse 
Simplify. 4(x + 3° + 25( — 1)? = 100 

_ («+ 3P (y-1P WEEL-EICL- (Hes e 250 
Divide by 100. 75 + A =1 


Since 25 > 4, this is an ellipse with a horizontal major axis. 


Now that the equation of the ellipse 
is in standard form, compare to 
@-hy  O- 


a t pe = | and 
identify a, b, h, k. a=5, b=2, and (h, k) = (—3, 1) 
Since a = 5, the vertices are 5 units to 
left and right of the center. (—8, 1) and (2, 1) 
Since b = 2, the endpoints of the minor axis = Answer: 
are up and down 2 units from the center. (—3, —1) and (—3, 3) w+4P 7 b 
1° 4 
Graph. AY Center: (—4, 1) 
Vertices: (—4, —1) and (—4, 3) 
(-3, 3) Endpoints of minor axis: (—5, 1) 
and (—3, 1) 
(2, 1) 
a AY 
(-3, -1) 4,3) 
(5,1) (3,1) x 
> 
G40 %4, +1) 


= YOUR TURN Write the equation 4x° + 32x + y* — 2y + 61 = 0 instandard form. 
Identify the center, vertices, and endpoints of the minor axis, and graph. 
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Applications 
There are many examples of ellipses all around us. On Earth we have racetracks, and in our 
solar system, the planets travel in elliptical orbits with the Sun as a focus. Satellites are in 
elliptical orbits around the Earth. Most communications satellites are in a geosynchronous 
(GEO) orbit—they orbit the Earth once each day. In order to stay over the same spot on Earth, 
a geostationary satellite has to be directly above the equator; it circles the Earth in exactly 
the time it takes the Earth to turn once on its axis, and its orbit has to follow the path of the 
equator as the Earth rotates. Otherwise, from the Earth the satellite would appear to move in a 
north-south line every day. 

If we start with an ellipse in the xy-plane and rotate it around its major axis, the result is 
a three-dimensional ellipsoid. 


A football and a blimp are two examples of ellipsoids. The ellipsoidal shape allows for a 
more aerodynamic path. 


ojoydyso}s! 


GOODS YEAR al 


‘ou| ‘ela 490}s0}04 aby 


ad wil 


a 
Technology Tip 


Use a graphing calculator to check 
xe 2 


the graph of s + 3S = 1. Solve 
for y first. oe 
; EXAMPLE 6 Ahn Official NFL Football 
Ths y= ae A longitudinal section (that includes the two vertices and the center) of an official Wilson 
TT [, NFL football is an ellipse. The longitudinal section is approximately 11 inches long and 
7 inches wide. Write an equation governing the elliptical longitudinal section. 
Solution: 
Flokl Flote Floks 
sil BS.o7C1-Ke 4s. Locate the center of the ellipse at the origin and orient the football horizontally. 
Wea. att l-aeea ; . .. ae a 
eo Write the general equation of a circle centered at the origin. aE rr = 1 
a 
The length of the major axis is 11 inches. 2a = 11 
WHES.E PCL -ns 76 Ea 
Solve for a. a=5.5 
The length of the minor axis is 7 inches. 2b=7 
Solve for b. 


2 2 
Substitute a = 5.5 and b = 3.5 into ~ + +>=1, 
a 


/eo\Yeawy JO SUOISIA/WIYOS Yydesor 


> SECTION 
— SUMMARY 


In this section we first analyzed ellipses that are centered at the origin. 


11.3 The 


Ellipse 


ORIENTATION OF Horizontal Vertical 

Major Axis along the x-axis along the y-axis 
EQuaATION o+%e1 a>b>0 ar CAO) 
Foci* (=e0) ©® @,=e) ©,e) 
VERTICES (—2,0) @) (0,—a) (0, a) 
OTHER INTERCEPTS (0, —b) (0,5) (—b, 0) (6, 0) 
GRAPH 


2 
a2 = (@ — f 


For ellipses centered at the origin, we can graph an ellipse by finding all four intercepts. 
For ellipses centered at the point (/, k), the major and minor axes and endpoints of the ellipse all shift accordingly. 


ORIENTATION OF Horizontal Vertical 
Masor Axis (parallel to the x-axis) (parallel to the y-axis) 
Gh) C-h ok. 
EQuaTION = t pe =] BR t z = 1 
GRAPH AY AY 
(h, k + a) 
(h, k +b) 
(h—a,k) (h+a,k) (h—b, k) (h+b,k) 
x x 
> > 
(h, k—b) 
(h, k -a) 
Foci (2 = @,1)) (sce @19) (ilk = @) (nal ae ©) 
VERTICES (i= al) (ear a!) Wile = @) (pal 3° @) 


When a = J, the ellipse is a circle. 
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SECTION 
11.3 | EXERCISES 


" SKILLS 


In Exercises 1-4, match the equation to the ellipse. 


2 2 3 2 
y 


re 2 
a ee eee (ee ea 4. 424+ y= 1 
3616 16 36 8 72 
a. b. d. 
AY AY AY AY 
10 10 10 
x x x 
> > > 
-10 10 -10 1 -10 10 
=10 =10 = =10 
In Exercises 5-16, graph each ellipse. Label the center and vertices. 
2 2 2 2 2 2 2 2 
in ae 6s ay cea eee ae oe See 
25 16 49 9 16 64 25 144 
2 4 4 100 
9 —+y=1 10. 9x7 + 4y? = . 9x + 8ly = 1 12, ey 1 
100 ee pee oe 2 «9 
13. 4° + y° = 16 14. P+y=81 . 8 + 16y’ = 32 16. 10x + 25y? = 50 


In Exercises 17-24, find the standard form of the equation of an ellipse with the given characteristics. 


17. Foci: (—4, 0) and (4, 0) Vertices: (—6, 0) and (6, 0) 
19. Foci: (0, —3) and (0, 3) Vertices: (0, —4) and (0, 4) 


21. Major axis vertical with length of 8, minor axis length of 4, 


and centered at (0, 0) 


23. Vertices (0, —7) and (0, 7) and endpoints of minor axis 
(—3, 0) and (3, 0) 


In Exercises 25-28, match each equation with the ellipse. 


G=3F oF roy ear 


. Foci: (1, 0) and (1, 0) Vertices: (—3, 0) and (3, 0) 
. Foci: (0, —1) and (0, 1) Vertices: (0, —2) and (0, 2) 


. Major axis horizontal with length of 10, minor axis length of 


2, and centered at (0, 0) 


. Vertices (—9, 0) and (9, 0) and endpoints of minor axis 


(0, —4) and (0, 4) 


= ot 


25 


2 T 
4 35 oer 25 


AY AY 


+3" | @- 2? 


. 1 
25 4+ 25 4 


AY AY 


vu 


Vu 


LF =3 
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In Exercises 29-38, graph each ellipse. Label the center and vertices. 


get o- a _ 


29. Fi 1 30. 
31. 10(x + 3 + (y — 4) = 80 32. 3x 
33. x + 4y — 24y + 32 =0 34. 
35. x — 2x + 2y?- 4y -—5 =0 36. 9x 
37. 5x° + 20x + y + 6y — 21 =0 38. 


wily , rey 
36020—C CO 


+ 3Y + 12 — 4Y = 36 


25x? + 2y — 4y — 48 = 0 


18x + 4y? — 27 =0 


9x + 36x + y? + 2y 4 


36 = 0 


In Exercises 39-46, find the standard form of the equation of an ellipse with the given characteristics. 


39. Foci: (—2, 5) and (6, 5) Vertices: (—3, 5) and (7, 5) 
41. Foci: (4, -7) and(4,—1)  Vertices: (4, —8) and (4, 0) 


43. Major axis vertical with length of 8, minor axis length of 4, 
and centered at (3, 2) 


45. Vertices (—1, —9) and (—1, 1) and endpoints of minor axis 
(—4, —4) and (2, —4) 


" APPLICATIONS 


47. Carnival Ride. The Zipper, a favorite carnival ride, maintains 
an elliptical shape with a major axis of 150 feet and a minor 
axis of 30 feet. Assuming it is centered at the origin, find an 
equation for the ellipse. 


Aresqijojoyg/Bulysijand wes6u] 


Zipper 


48. Carnival Ride. A Ferris wheel traces an elliptical path with 
both a major and minor axis of 180 feet. Assuming it is cen- 
tered at the origin, find an equation for the ellipse (circle). 


‘ou; soBew| Ayan 


/Asesquoyoyg/uewyong euly 


Ferris wheel, Barcelona, Spain 


40. Foci: (2, —2) and (4, —2) 

42. Foci: (2, —6) and (2, —4) 

44. Major axis horizontal with length of 10, minor axis length 
of 2, and centered at (—4, 3) 

46. Vertices (—2, 3) and (6, 3) and endpoints of minor axis (2, 1) 
and (2, 5) 


Vertices: (0, —2) and (6, —2) 
Vertices: (2, —7) and (2, —3) 


For Exercises 49 and 50, refer to the following information: 


A high school wants to build a football field surrounded by an 
elliptical track. A regulation football field must be 120 yards long 
and 30 yards wide. 


49. Sports Field. Suppose the elliptical track is centered at the 
origin and has a horizontal major axis of length 150 yards 
and a minor axis length of 40 yards. 


a. Write an equation for the ellipse. 
b. Find the width of the track at the end of the field. Will the 
track completely enclose the football field? 


50. Sports Field. Suppose the elliptical track is centered at 
the origin and has a horizontal major axis of length 150 
yards. How long should the minor axis be in order to 
enclose the field? 


For Exercises 51 and 52, refer to orbits in our solar system: 


The planets have elliptical orbits with the Sun as one of the foci. 
Pluto (orange), the planet furthest from the Sun, has a very 
elongated, or flattened, elliptical orbit, whereas the Earth (royal 
blue) has an almost circular orbit. Because of Pluto’s flattened 
path, it is not always the planet furthest from the Sun. 
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51. Planetary Orbits. The orbit of the dwarf planet Pluto has 
approximately the following characteristics (assume the Sun 
is the focus): 


a The length of the major axis 2a is approximately 
11,827,000,000 km. 

u The distance from the dwarf planet to the Sun is 
4,447,000,000 km. 


Determine the equation for Pluto’s elliptical orbit around the Sun. 


52. Planetary Orbits. The Earth’s orbit has approximately the 
following characteristics (assume the Sun is the focus): 


a The length of the major axis 2a is approximately 
299,700,000 km. 
= The distance from the Earth to the Sun is 147,100,000 km. 


Determine the equation for the Earth’s elliptical orbit around 
the Sun. 


For Exercises 53 and 54, refer to the following information: 


Asteroids orbit the Sun in elliptical patterns and often cross 

paths with the Earth’s orbit, making life a little tense now and again. 
A few asteroids have orbits that cross the Earth’s orbit—called 
“Apollo asteroids” or “Earth-crossing asteroids.” In recent years, 
asteroids have passed within 100,000 kilometers of the Earth! 


53. Asteroids. Asteroid 433, or Eros, is the second largest near- 
Earth asteroid. The semimajor axis is 150 million kilometers 
and the eccentricity is 0.223, where eccentricity is defined as 


Be 
e=,/1- > where a is the semimajor axis or 2a is the 
a 


major axis, and b is the semiminor axis or 20 is the minor 
axis. Find the equation of Eros’s orbit. Round to the nearest 
million kilometers. 


54. Asteroids. The asteroid Toutatis is the largest near-Earth 
asteroid. The semimajor axis is 350 million kilometers and 


the eccentricity is 0.634, where eccentricity is defined as 
2 


e = ,/1 — —, where a is the semimajor axis or 2a is the 


major axis, and b is the semimajor axis or 2b is the minor 
axis. On September 29, 2004, it missed Earth by 961,000 
miles. Find the equation of Toutatis’s orbit. 


55. Halley’s Comet. The eccentricity of Halley’s Comet is 
approximately 0.967. If a comet had e = 1, what would its 
orbit appear to be from Earth? 


56. Halley’s Comet. The length of the semimajor axis is 
17.8 AU (astronomical units) and the eccentricity is the 
approximately 0.967. Find the equation of Halley’s Comet. 
(Assume 1 AU = 150 million km.) 


For Exercises 57 and 58 refer to the following: 


An elliptical trainer is an exercise machine that can be used to 
simulate stair climbing, walking, or running. The stride length is 
the length of a step on the trainer (forward foot to rear foot). The 
minimum step-up height is the height of a pedal at its lowest 
point, while the maximum step-up height is the height of a pedal 
at its highest point. 


57. Health/Exercise. An elliptical trainer has a stride length of 
16 inches. The maximum step-up height is 12.5 inches, while 
the minimum step-up height is 2.5 inches. 

a. Find the equation of the ellipse traced by the pedals 
assuming the origin lies at the pedal axle (center of the 
ellipse is at the origin). 

b. Use the approximation to the perimeter of an ellipse 
p = 7\V 2a + b’) to find the distance, to the nearest 


inch, traveled in one complete step (revolution of a pedal). 
c. How many steps, to the nearest step, are necessary to 
travel a distance of one mile? 


58. Health/Exercise. An elliptical trainer has a stride length of 
18 inches. The maximum step-up height is 13.5 inches, while 
the minimum step-up height is 3.5 inches. Find the equation 
of ellipse traced by the pedals assuming the origin lies at the 
pedal axle. 

a. Find the equation of the ellipse traced by the pedals 
assuming the origin lies at the pedal axle (center of the 
ellipse is at the origin). 

b. Use the approximation to the perimeter of an ellipse 
p = 7V2(a@ + b*) to find the distance, to the nearest 
inch, traveled in one complete step (revolution of a pedal). 

c. How many steps, to the nearest step, are necessary to 
travel a distance of one mile? 
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"CATCH THE MISTAKE 


In Exercises 59 and 60, explain the mistake that is made. 


by 2 x? 2 
59. Graph the ellipse given by S + rm = 1. 60. Determine the foci of the ellipse 16 + a = 1, 
Solution: ; Solution: ; 

; 2 gy 
Write the standard form of the a + a =1 Write the general equation of a - + or ill 
equation of an ellipse. a b horizontal ellipse. a b 
Identify a and b. a=6,b=4 Identify a and b. a=4,b= 
Label the vertices and the AY Substitute a = 4. b = 3 into 
endpoints of the minor axis, CHa e+ PK. = 4 + 32 
(—6, 0), (6, 0), (0, —4), 

(0, 4), and connect with (0, 4) Solve for c. c=5 
an elliptical curve. (6,0) x Foci are located at (—5, 0) and (5, 0). 
> > 
60) The points (—5, 0) and (5, 0) are located outside of 
(0, -4) the ellipse. 
This is incorrect. What mistake was made? 


This is incorrect. What mistake was made? 


=" CONCEPTUAL 


In Exercises 61—64, determine whether each statement is true or false. 


61. If you know the vertices of an ellipse, you can determine the 


: ; 63. Ellipses centered at the origin have symmetry with respect to 
equation for the ellipse. 


the x-axis, y-axis, and the origin. 
62. If you know the foci and the endpoints of the minor axis, you 


: : : 64. All ellipses are circles, but not all circles are ellipses. 
can determine the equation for the ellipse. 


CHALLENGE 
65. The eccentricity of an ellipse is defined as e = = Compare 66. The eccentricity of an ellipse is defined as e = = Since 
a a 
the eccentricity of the orbit of Pluto to that of the Earth (refer a> c = 0, then0 S e < 1. Describe the shape of an 
to Exercises 51 and 52). ellipse when 
a. e is close to zero b. e is close to one Ge= 05 
" TECHNOLOGY 
2 2 

67. Graph the following three ellipses: x7 + y? = 1, 70. Graph the equation 7 = ~ = 1. Notice what a difference 

x + 5y = 1,andx° + 10y? = 1. What can be said to he si ie Teh; ilipse? 

happen to the ellipse x* + cy” = 1 as c increases? SHE SERA orp ule el Se 

: : a 

68. Graph the following three ellipses: x7 + y’ = 1, ay Smaph ine follows mes ag ee #4 1, . 

5x2 + y? = 1, and 10x? + y? = 1, What can be said to 0.5x° + y? = 1, and 0.05x? + y* = 1. What can be said 


to happen to ellipse cx’ + y’ = 1 as c decreases? 


happen to the ellipse cx? + y? = 1 as c increases? 


7 . oe 
69. Graph the following three ellipses: x7 + y? = 1, 72, Graph he tole tines S1hp ou v + y I, . 
a2 5y? = {and i0e + 10y = 1: Whatean be said x + 0.5y° = 1, and x? + 0.05y" = 1. What can be said 
: : . ; to happen to ellipse x° + cy’ = 1 as c decreases? 


to happen to the ellipse cx’ + cy’ = 1 as c increases? 


SECTION 
11.4 THE HYPERBOLA 


Hyperbola Centered at the Origin 

The definition of a hyperbola is similar to the definition of an ellipse. An ellipse is the set 
of all points the sum of whose distances from two points (the foci) is constant. A hyperbola 
is the set of all points, the difference of whose distances from two points (the foci) is 
constant. What distinguishes their equations is a minus sign. 


- xy 
Ellipse centered at the origin: ae P = 1 
a 
a ry 
Hyperbola centered at the origin: = = P = 1 
a 


DEFINITION Hyperbola 


A hyperbola is the set of all points in a plane, the difference of whose distances from 
two fixed points is a positive constant. These two fixed points are called foci. 
The hyperbola has two separate curves called branches. The two points where the 
hyperbola intersects the line joining the foci are called vertices. The line segment 
joining the vertices is called the transverse axis of the hyperbola. The midpoint of 
the transverse axis is called the center. 


Vertices n Foci 


Transverse 
axis 


Branches Conjugate 
axis 


Let’s consider a hyperbola with the center at the origin and the foci on the x-axis. Let the 
distance from the center to the focus be c. Therefore, the foci are located at the points 
(—c, 0) and (c, 0). The difference of the two distances from the foci to any point (x, y) must 
be constant. We then can follow a similar analysis as done with an ellipse. 
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Derivation of the Equation of a Hyperbola 
Worps MatTH 
The difference of these two distances is equal to a constant 
(2a for convenience). Vix —(—c)? + y _ V(x cyt y = o94 
Following the same procedure that we did with an ellipse 
leads to: CC - @)xe - &y = aC - a’) 
We can make the argument that c > a in order for a point to 22 
be on the hyperbola (and not on the x-axis). Therefore, since re - —— =a 
a and c represent distances and therefore are positive, we (ec - @) 
know that c? > a’, or c? — a* > 0. Hence, we can divide 
both sides of the equation by c? — a’, since c? — a’ # 0. Oe 
a 
g-o% = 
Let b? = c* — a’. b 
oe 
Divide both sides of the equation by a’. ec P 
Pe 2 
The equation a aT) = | represents a hyperbola with center at the origin, with the foci 


along the x-axis. The following box summarizes hyperbolas that have their center at the 
origin and foci along either the x-axis or y-axis: 


EQUATION OF A HYPERBOLA WITH 
CENTER AT THE ORIGIN 


The standard form of the equation of a hyperbola with its center at the origin is 
given by 


ORIENTATION OF Horizontal Vertical 
TRANSVERSE AxiIS (along the x-axis) (along the y-axis) 
i) 2) 2 | 
Ke Baa y Kot Ss 
EQuaATION Tie eo ae ae. 
Foci ([e70) (G0) @=e) 2) 
where c? = a? + b? where c? = a? + b’ 
b b a a 
ASYMPTOTES y=-x y=-—~<x y=—-x y=-—-—% 
a a b b 
VERTICES (—a,0) (a, 0) GQ =a) @,2) 
TRANSVERSE 
Axis Horizontal length 2a Vertical length 2a 


GRAPH 
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2 2 2 


Note that for = - 1, ifx = 0, then = = 1, which yields an imaginary number for y. 
2 
However, when y = 0, = = |, and therefore x = +a. The vertices for this hyperbola are 
a 


(—a, 0) and (a, 0). 


E 
Technology Tip __ 


Use a graphing calculator to check EXAMPLE 1_ Finding the Foci and Vertices of a Hyperbola Given 
aes the Equation 
the graph of oO 4 = 1. Solve for , 
’ ; voy 
iinet Thetis 9p =e i = Find the foci and vertices of the hyperbola given by . 1. 
Solution: 
Floti Finke Flot Compare to the standard equation of a hyperbola, = — a lL @=9,P=4 
sy Bel CRE <9-13 “ 
ce ed tne) se Solve for a and b. a=3,b=2 
Substitute a = 3 into the vertices, (—a, 0) and (a, 0). (—3, 0) and (3, 0) 
Substitute a = 3,b = 2intoc®? = a + b’. C=374+ 2? 
Solve for c. C= 13 
c= V13 
Substitute c = V13 into the foci, (—c, 0) and (c, 0). (—V13, 0) and (V13, 0) 


= Answer: Vertices: (0, —4) and (0, 4) The vertices are | (—3, 0) | and | (3, 0) |, and the foci are (- V 13, 0) and (Vv 13, 0) : 
Foci: O Says and He, 6) 


"7 = YOUR TURN Find the vertices and foci of the hyperbola ~ = = 1 
Technology Tip 
Use a graphing calculator to check 
2 9 
the graph of - = " = 1. Solve for 
2 EXAMPLE 2_ Finding the Equation of a Hyperbola Given 
ea ear te Foci and Vertices 
yo = —4,/1 - = Find the equation of a hyperbola whose vertices are located at (0, —4) and (0, 4) and whose 
foci are located at (0, —5) and (0, 5). 
Flotd Flatz Flot3 Solution: 
sWiBdl cl+aeeo) | 
ai, zB SECT arse eT. The center is located at the midpoint of the OF 0-4 ay. (0, 0) 
“SHH segment joining the vertices. 2° 2 ; 
2 2 
Since the foci and vertices are located on the yo a =] 
y-axis, the standard equation is given by: ac bP 
The vertices (0, -ka) and the foci (0, +c) 
can be used to identify a and c. a=4,c=5 


Substitute a = 4,c = 5intob’? = ¢ — a’. b=5- 4 


Solve for b. b= 25- 16=9 
b= 
2 2 2 2 
y 
Substitute a = 4 and b = 3 into- a 1, Ba Spas 1 
a wb 16 9 


= YOUR TURN Find the equation of a hyperbola whose vertices are located at (—2, 0) 
and (2, 0) and whose foci are located at (—4, 0) and (4, 0). 


Graphing a Hyperbola Centered at the Origin 


To graph a hyperbola, we use the vertices and asymptotes. The asymptotes are found by the 


; a : ae : 
equations y = +—x or y= 5 x, depending on whether the transverse axis is horizontal 
a 


or vertical. An easy way to draw these graphing aids is to first draw the rectangular box that 
passes through the vertices and the points (0, +b) or (+b, 0). The conjugate axis is 
perpendicular to the transverse axis and has length 2b. The asymptotes pass through the 
center of the hyperbola and the corners of the rectangular box. 


11.4 The Hyperbola 


‘ 
xe x 


aA 3 = 
mswert 7 — 45 
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= EXAMPLE 3. Graphing a Hyperbola Centered at the Origin 
Technology Tip with a Horizontal Transverse Axis 
Use a graphing calculator to check . i y 
e y Graph the hyperbola given by — — — = 1. 
the graph of 7 aa 1. Solve for 4 9 


‘ x? Solution: 
y first. That is, y, = 3. a 1 or 
7 : e ;: ry 


Compare — — <= = | to the general equation = — = = 1. 
P 92 32 gS q a b? 
Fiekd Flekz  Flok? Identify a and b. a= 2andb = 3 
Wi EStCat“d-1)5 
Yee St CH2-4-135 — 
The transverse axis of this hyperbola lies on the x-axis. k AY 4 
‘ \ 7 
Label the vertices (—a, 0) = (—2, 0) \ (0,3) 7 
and (a, 0) = (2, 0) and the points iM “9 — A 
(0, —b) = (0, —3) and (0, b) = (0, 3). Bara 
N—|-4 
Draw the rectangular box that passes y__ | - 
through those points. Draw the asymptotes (-2, 0) t+ ha re, 0) 
that pass through the center and the corners p74 \ | 
Zi gZin 
of the rectangle. ATP 
7 (0,3 NI 
To add the two asymptotes, enter vA \ 
P ; ¥ NX 
y= 9X OF V4 = 5x. 
Fieki Flake Flats 
WBS. Cae s ee Draw the two branches of the hyperbola, 
<tr : sae ee each passing through a vertex and guided 
a — fete ced by the asymptotes. 
x 
> 


In Example 3, if we let y = 0, then = 1 orx = +2. Thus the vertices are (—2, 0) and (2, 0), 


and the transverse axis lies along the x-axis. Note that if x = 0, y = £31. 
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. «oe =] 
laa EXAMPLE 4_ Graphing a Hyperbola Centered at the Origin le 
with a Vertical Transverse Axis Technology Tip 
y ord Use a graphing calculator to check 
Graph the hyperbola given by —— — — = 1. 2 2 
. e . z 16 4 the graph of a a 1. Solve for 
16 64 
Solution: y first. That is, y, = 4/1 + = or 
2 2 2 2 x2 a 
Compare 2 — 2 = | to the general equation 2 EB SUL. yo = —4,/1 - ri, 
To add the two asymptotes, enter 
Identify a and b. a=4andb = 2 ys = Qvoryy = —2x. 
The transverse axis of this hyperbola lies along the y-axis. ‘ AY 4 Flotd FlokE Flot 
: Bd Cltaeed a 
Label the vertices (0, —a) = (0, — 4) and Yaa, a wWeB-dde1+e2rd5 
(0, a) = (0, 4), and the points (—b, 0) = (—2, 0) \ F 
and (b, 0) = (2, 0). Draw the rectangular box LN / | 
. \|7 | 
that passes through those points. Draw the | \l7 _ 
asymptotes that pass through the center and C2, 0) + mi t (2,0) > 
the corners of the rectangle. | / a | 
[J \ 
TTY 
E—-9— 
Y, 4 
0,-4 
yr \ 
Draw the two branches of the hyperbola, each Ay 
assing through a vertex and guided by the Re Ba 
. CORA 
ymptotes. iN { 
iy Ty 
|_\ 7_| = Answer: 
\W7 I x 
+ yi > a. AY 
(-2, 0) /\y._ | @,9) 
L /Ty\ | 
[7 \ | 
Vv \ SS (0. FF ae 
lA 10,4) PERew x 
y \ BOTA INTE 0) 
aa ae 
= YOUR TURN Graph the hyperbolas: 
2 2 2 2 b 
a2 -~ =) pt -> =) t’ 
1 4 4 1 
Hyperbola Centered at the Point (h, k) 
We can use graph-shifting techniques to graph hyperbolas that are centered at a point other 


Gai, ay 
a b° 


than the origin—say, (H, k). For example, to graph = |, start with the 


2 2 

graph of — — rr = | and shift to the right / units and up k units. The center, the vertices, 
a 

the foci, the transverse and conjugate axes, and the asymptotes all shift. The following 


table summarizes the characteristics of hyperbolas centered at a point other than the origin: 
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E 
Technology Tip 


Use a graphing calculator to check the 


(y- 2 @— 1? 
h of ii 
res tie 9 


Solve for y first. That is, 


_— 71,2 
y=oea 4 & a or 
9 
(x — 1° 
ee ee ee 
. 9 


To add the two asymptotes, enter 


4 
WS gH Ds Sor 


4 
y= =a = Lys, 


EQUATION OF A HYPERBOLA WITH 
CENTER AT THE POINT (h, k) 


The standard form of the equation of a hyperbola with its center at the point (A, k) 


is given by 


Horizontal 
(parallel to the x-axis) 


ORIENTATION OF 
TRANSVERSE Axis 


Vertical 
(parallel to the y-axis) 


(h- b,\k) 


Cait aws Orson: 
EQuaTION D pe =] 2 pe =1 
VERTICES (e=anls) Wear @!9) Wilk =a) Wi lesr a) 
Foci @=e4l) Gael) (k=O) Wales ©) 
where c? = a? + b? where c? = a? + b? 

GRAPH AY 
ae 
ye b (x-h) +k 
SS (h,k + a) 7 a 
Sisseni 


—_ 
nO? 
Pte o (h+b,k) 


or hoe 
7 > 


y=-F@-W+k 


EXAMPLE 5_ Graphing a Hyperbola with Center Not at the Origin 


G=2" “G17 
Graph the hyperbola = 1. 
pee eae 16 9 
Solution: 
yoy Gea iy ee 
Compare Zz 3 = | to the general equation 


Identify a, b, and (h, k). 


(y= a 


Cah | 


Z re 1. 


a = 4, b = 3, and (h, k) = (1, 2) 


The transverse axis of this hyperbola lies along x = 2, which is parallel to the y-axis. 


Label the vertices (h, k — a) = (1, —2) and 

(h,k + a) = (1, 6) and the points (h — b, k) = (—2, 2) 
and (h + b, k) = (4, 2). Draw the rectangular box that 
passes through those points. Draw the asymptotes that 
pass through the center (h, k) = (1, 2) and the corners 

of the rectangle. Draw the two branches of the hyperbola, 
each passing through a vertex and guided by the 
asymptotes. 
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EXAMPLE 6_ Transforming an Equation of a Hyperbola 
to Standard Form 


Graph the hyperbola 9x7 — 16y? — 18x + 32y — 151 = 0. 
Solution: 


Complete the square on the x 90° — 2x) — 166° — 2y) = 151 


terms and y terms, respectively. 9(x7 — 2x + 1) — 166° — 2y + 1) = 151+ 9 — 16 
9(x — 1)? — 16(y — 1)? = 144 
=i" (y=) 


=1 
16 9 
x —- 1) —1y x — hy — ky 
Compare 16 d e 9 } = | to the general form ¢ @ ) vy Be ) =1 
Identify a, b, and (h, k). a= 4,b = 3, and (h, k) = (1, 1) 
The transverse axis of this hyperbola lies along y = 1. Ay 
6 

Label the vertices (h — a, k) = (—3, 1) and ie a4) r a 
(h + a,k) = (5, 1) and the points cine ioe le a 
(h, k — b) = (1, —2) and (h, k + b) = (1, 4). | are rT 
Draw the rectangular box that passes through these (-3, 1) Ss er (5) 1) 
points. Draw the asymptotes that pass through the rll } Pd 
center (1, 1) and the corners of the box. Draw the 4 | +4 sl ¢ 
two branches of the hyperbola, each passing through ACT Tt ay aa 

F (1-2) i 
a vertex and guided by the asymptotes. s L a 


Applications 

Nautical navigation is assisted by hyperbolas. For example, suppose that two radio stations 
on a coast are emitting simultaneous signals. If a boat is at sea, it will be slightly closer to 
one station than the other station, which results in a small time difference between the 
received signals from the two stations. Recall that a hyperbola is the set of all points whose 
differences of the distances from two points (the foci—or the radio stations) is constant. 
Therefore, if the boat follows the path associated with a constant time difference, that path 
will be hyperbolic. 

The synchronized signals would intersect one another in associated hyperbolas. Each 
time difference corresponds to a different path. The radio stations are the foci of the 
hyperbolas. This principle forms the basis of a hyperbolic radio navigation system known 
as loran (LOng-RAnge Navigation). 

There are navigational charts that correspond to different time differences. A ship 
selects the hyperbolic path that will take it to the desired port, and the loran chart lists the 
corresponding time difference. 


1148 CHAPTER 11 Analytic Geometry and Systems of Nonlinear Equations and Inequalities 


(40, 0) 


AY 


(40,0) x 


° 
(-100, 0) 


o> 
(100, 0) 


KN 


A 


Zl 


et 
re 


Kf 
hi 
an 


Y 
MA 
A 


/ 
Y 
ki 


EXAMPLE 7_ Nautical Navigation Using Loran 


Two loran stations are located 200 miles apart along a 
coast. If a ship records a time difference of 0.00043 
second and continues on the hyperbolic path 
corresponding to that difference, where does it reach 
shore? 


Solution: 


Draw the xy-plane and the two stations corresponding 
to the foci at (— 100, 0) and (100, 0). Draw the ship 
somewhere in quadrant I. 


The hyperbola corresponds to a path where the 
difference of the distances between the ship and the respective stations remains constant. 
The constant is 2a, where (a, 0) is a vertex. Find that difference by using d = rt. Assume 
that the speed of the radio signal is 186,000 miles per second. 
Substitute r = 186,000 miles/second and t = 0.00043 second into d = rt. 

d = (186,000 miles/second)(0.00043 second) ~ 80 miles 
Set the constant equal to 2a. 2a = 80 
Find a vertex (a, 0). (40, 0) 


The ship reaches shore between the two stations, 60 miles from station B and 140 miles 
from station A. 


LS SECTION 
_—_ SUMMARY 


In this section we discussed hyperbolas centered at the origin. 


11.4 The Hyperbola 


EQuaTION 


Ve 
eile 


TRANSVERSE Axis 


Horizontal (x-axis), length 2a 


Vertical (y-axis), length 2a 


CONJUGATE Axis 


Vertical (y-axis), length 2b 


Horizontal (x-axis), length 2b 


VERTICES 


(—a, 0) and (a, 0) 


(0, —a) and (0, a) 


Foci 


(~c, 0) and (c, 0) 
where c? = a + b? 


(0, —c) and (0, c) 
where c? = a? + b? 


ASYMPTOTE 


b 
y= SSandl yy = == 
a a 


a al a 
a relat — i hoeitt 
a ae ar 


GRAPH 


AY 


AY 


For a hyperbola centered at (h, k), the vertices, foci, and asymptotes all shift accordingly. 


ORIENTATION OF Horizontal Vertical 
TRANSVERSE Axis (parallel to the x-axis) (parallel to the y-axis) 
Ch Wk) Wah? “Cah 
EQuaTION Pi Be 1 © Bp 1 
VERTICES (h—a,k) (h+a,k) (ij le=@)) Uh, le se @) 
Foci (=I) ase @19) (ilk=@) Wa lear ©) 
where c? = a? + b” where c? = a? + b? 
GRAPH AY 
= Bee 
v= b Ce \ +k 
~ Ka 
Ss fA k+ 2 a 
howe S See k) 
Leek Oe aga 


ae 
po OO Se 
i > 


yo-F@-h)tk 
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SECTION 
11.4 EXERCISES 


" SKILLS 


In Exercises 1-4, match each equation with the corresponding hyperbola. 


x y y rx y 
a Tae —-Te=l eee | 4. 4° -r=1 
3616 3616 8 72 
a. b. c. d. 
AY AY AY y 
10 5 20 
2. 
eee 
> > > > 
=10 10 = 10 10 Cee eS =10 10 
~2 
-10 -5 =20 
In Exercises 5-16, graph each hyperbola. 
2 2 2 2, 2 2 2 2 
$22 6. ~-> =] 7.2--2= | 
25 16 49 9 16 64 144 25 
2 4y’ 4 100 
x 2 2 y 2 2 
y= 10. — 4? = 11. — - 8lr = 1 12. = —-—y’ = 1 
* 00> Mery a 9 ‘ 25 g* 
13. 4° — y’ = 16 14. y -—xr =81 15. 8y’ — 16x° = 32 16. 10x° — 25y" = 50 


In Exercises 17-24, find the standard form of an equation of the hyperbola with the given characteristics. 


17. 
19. 
21. 


23. 


Vertices: (—4, 0) and (4,0) Foci: (—6, 0) and (6, 0) 
Vertices: (0, —3) and (0,3) Foci: (0, —4) and (0, 4) 


Center: (0, 0); transverse: x-axis; asymptotes: 
y=xandy = -x 


Center: (0, 0); transverse axis: y-axis; asymptotes: y = 2x and 


y=-2x 


18. 
20. 
22. 


24. 


In Exercises 25-28, match each equation with the hyperbola. 


Vertices: (—1, 0) and (1,0) Foci: (—3, 0) and (3, 0) 
Vertices: (0, —1) and (0,1) Foci: (0, —2) and (0, 2) 

Center: (0, 0); transverse: y-axis; asymptotes: 

y =xandy = —-x 

Center: (0, 0); transverse axis: x-axis; asymptotes: y = 2x and 
y= =—2x 


nay +2) a oy =o) =3) Poy +3y  (e= 2y 
go a 5g eS) sg a! gy ey 
4 25 4 25 25 4 25 4 
a. b. c. d. 
AY A AY AY 
10 10 0 10 
x x x x 
—10 i0 -10 10 ‘Z -10 10 ig —10 10 . 
of \, =10 =| =10 


In Exercises 29-38, graph each hyperbola. 


29. 


31. 


33. 
35. 
37. 


«-1% (y-2yP 
16 4 


10(y + 


1 


a, ee 


80 


xv — 4x — 4 =0 
9x? 


x — 6x 


18x 4 


4y> — loy - 8 = 0 


30. 


32. 


34. 
36. 
38. 


11.4 The Hyperbola 1151 


(yt1y («+2 


36 9 

3(x + 3 — 12(y — 4" = 36 
9° + y+ 2y-8=0 

25x" — 50x — 4y’ — 8y — 79 = 0 
4° — lox + y’>-— 2y-19=0 


In Exercises 39-42, find the standard form of the equation of a hyperbola with the given characteristics. 


39. 
41. 


=" APPLICATIONS 


43. 


44. 


45. 


46. 


47. 


48. 


Vertices: (—2, 5) and (6, 5) 
Vertices: (4, —7) and (4, —1) 


Foci: (—3, 5) and (7, 5) 
Foci: (4, —8) and (4, 0) 


Ship Navigation. Two loran stations are located 150 miles 
apart along a coast. If a ship records a time difference 

of 0.0005 second and continues on the hyperbolic path 
corresponding to that difference, where will it reach shore? 


Ship Navigation. Two loran stations are located 300 miles 
apart along a coast. If a ship records a time difference 

of 0.0007 second and continues on the hyperbolic path 
corresponding to that difference, where will it reach 
shore? Round to the nearest mile. 


Ship Navigation. If the captain of the ship in Exercise 43 
wants to reach shore between the stations and 30 miles from 
one of them, what time difference should he look for? 


Ship Navigation. If the captain of the ship in Exercise 44 
wants to reach shore between the stations and 50 miles from 
one of them, what time difference should he look for? 


Light. If the light from a lamp casts a hyperbolic pattern on 
the wall due to its lampshade, calculate the equation of the 
hyperbola if the distance between the vertices is 2 feet and 

the foci are half a foot from the vertices. 

Special Ops. A military special ops team is calibrating its 
recording devices used for passive ascertaining of enemy 
location. They place two recording stations, alpha and 
bravo, 3000 feet apart (alpha is due east of bravo). The team 
detonates small explosives 300 feet west of alpha and records 
the time it takes each station to register an explosion. The 
team also sets up a second set of explosives directly north 
of the alpha station. How many feet north of alpha should 
the team set off the explosives if it wants to record the 

same times as on the first explosion? 


40. 
42. 


Vertices: (1, —2) and (3, —2) 
Vertices: (2, —6) and (2, —4) 


Foci: (0, —2) and (4, —2) 
Foci: (2, —7) and (2, —3) 


For Exercises 49 and 50 refer to the following: 


Nuclear cooling towers are typically built in the shape of a 
hyperboloid. The cross section of a cooling tower forms 

a hyperbola. The cooling water pictured in 450 feet tall and 
modeled by the equation 


v 


8100 16900 — 


y 


Engineering/Design. Find the diameter of the top of the 
cooling tower to the nearest foot. 


. Engineering/Design. Find the diameter of the base of the 


tower to the nearest foot. 
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"CATCH THE MISTAKE 


In Exercises 51 and 52, explain the mistake that is made. 


y xe 2 y 

51. Graph the hyperbola ray = 1. 52. Graph the hyperbola 1 a7 1. 
Solution: Solution: 
Compare the equation to the standard Compare the equation to the general 
form and solve for a and b. a=2,b=3 form and solve for a and b. a=2,b=1 
Label the vertices (—a, 0) and (a, 0). (—2, 0) and (2, 0) Label the vertices (—a, 0) and (a, 0). (—2, 0) and (2, 0) 
Label the points (0, —b) and (0, b). (0, —3) and (0, 3) Label the points (0, —b) and (0, b). (0, —1) and (0, 1) 
Draw the rectangle connecting Draw the rectangle i 


connecting these 

four points, and align 
the asymptotes so that 
they pass through the 
center and the corner 

of the boxes. Then draw 
the hyperbola using the 
vertices and asymptotes. 


these four points, and align the 
asymptotes so that they pass 
through the center and the 
corner of the boxes. Then 
draw the hyperbola using the 
vertices and asymptotes. 


This is incorrect. What mistake 
was made? 


This is incorrect. What mistake was made? 


=" CONCEPTUAL 


In Exercises 53—56, determine whether each statement is true or false. 


53. If you know the vertices of a hyperbola, you can determine 55. Hyperbolas centered at the origin have symmetry with 
the equation for the hyperbola. respect to the x-axis, y-axis, and the origin. 
54. If you know the foci and vertices, you can determine the 56. The center and foci are part of the graph of a hyperbola. 


equation for the hyperbola. 


CHALLENGE 
57. Find the general equation of a hyperbola whose asymptotes 58. Find the general equation of a hyperbola whose vertices are 
are perpendicular. (3, —2) and (—1, —2) and whose asymptotes are the lines 


y = 2x — 4andy = —2x. 


= TECHNOLOGY 


59. Graph the following three hyperbolas: x7 — y’ = 1, 61. Graph the following three hyperbolas: x* — y* = 1, 
x — Sy? = 1, and x* — 10y* = 1. What can be said to 0.5x” — y’ = 1, and 0.05x° — y? = 1. What can be said to 
happen to the hyperbola x* — cy” = 1 asc increases? happen to the hyperbola cx” — y” = 1 as c decreases? 

60. Graph the following three hyperbolas: x* — y’ = 1, 62. Graph the following three hyperbolas: x* — y* = 1, 
5x° — y’ = I, and 10x? — y’ = 1. What can be said to x — 0.5y’ = 1, and x* — 0.05y” = 1. What can be said to 


happen to the hyperbola cx? — y’ = 1 as c increases? happen to the hyperbola x* — cy” = 1 as c decreases? 


SECTION SYSTEMS OF NONLINEAR 
11.5 EQUATIONS 


Solving a System of Nonlinear Equations 


In Chapters 9 and 10, we discussed solving systems of Jinear equations. In Chapter 9, 
we applied elimination and substitution to solve systems of linear equations in 
two variables, and in Chapter 10, we employed matrices to solve systems of linear 
equations. Recall that a system of linear equations in two variables has one of three 
types of solutions: 


AY 
One solution Two lines that intersect at one point > 
AY 
No solution Two parallel lines (never intersect) > 
AY 
Infinitely many solutions Two lines that coincide (same line) |__> 


Notice that systems of /inear equations in two variables always corresponded to lines. Now 
we turn our attention to systems of nonlinear equations in two variables. If any of the 
equations in a system of equations is nonlinear, then the system is a nonlinear system. 


The following are systems of nonlinear equations: 
x y 
— + — = 1 Ellipse) 
y = x° + 1 (Parabola) x + y = 25 (Circle) a 64 
y = 2x + 2 (Line) y =x (Line) y? re 
— — — = 1| (Hyperbola) 
16 25 


| 


| 


To find the solution to these systems, we ask the question, “at what point(s)—if any—do the 
graphs of these equations intersect?” Since some nonlinear equations represent conics, this 
is a convenient time to discuss systems of nonlinear equations. 
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How many points of intersection do a line and a parabola have? The answer depends on 
which line and which parabola. As we see in the following graphs, the answer can be one, 
two, or none. 


AY AY 


One solution Two solutions No solution 


How many points of intersection do a parabola and an ellipse have? One, two, three, 
four, or no points of intersection correspond to one solution, two solutions, three solutions, 
four solutions, or no solution, respectively. 


| ; \/ 
x x x x e 
> > > > > 


One solution Two solutions Three solutions Four solutions No solution 


How many points of intersection do a parabola and a hyperbola have? The answer 
depends on which parabola and which hyperbola. As we see in the following graphs, the 
answer can be one, two, three, four, or none. 


y AY AY » AY 
x x x x x 
> > > 4 = > 


One solution Two solutions Three solutions Four solutions No solution 


Using Elimination to Solve Systems 
of Nonlinear Equations 


The first three examples in this section use elimination to solve systems of two nonlinear 
equations. In linear systems, we can eliminate either variable. In nonlinear systems, the 
variable to eliminate is the one that is raised to the same power in both equations. 
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EXAMPLE 1_ Solving a System of Two Nonlinear Equations le 
by Elimination: One Solution Technology Tip 
Solve the system of equations, and graph the corresponding line and parabola to verify the Use a graphing calculator to solve 
answer. the system of equations. Solve for y 
Equation (1): 2x -—y=3 in each equation first; that is, 
y, = 2x — 3 andy, =x — 2. 
Equation (2): xr —-y=2 
. Flokd Floke Floks 
Solution: 
Equation (1): 2x -y=3 
Multiply Equation (2) by—1. —-’?+y=-2 Use the keystrokes: 
Add. 2x-xr =1 CALC] ; [5:Intersect| [ENTER]. 
Gather all terms to one side. vr -—%x+1=0 When prompted by the question 
“First curve?” type | ENTER |. 
Factor. («- 1" =0 When prompted by the question 
Solve f -| “Second curve?” type | ENTER |. 
DINE LOLA aa When prompted by the question 
Substitute x = 1 into original Equation (1). 20) -y=3 “Guess?” type [ENTER |]. 
Solve for y. y=-l 


The solution is x = 1, y = —1, or (1, -1). 
AY 
Graph the line y = 2x — 3 and the 


se as Inkerseckion 
parabola y = x 2 and confirm that the Wei ooogoor Y¥=2-.9999996 


point of intersection is (1, —1). 
The graphing calculator supports the 
solution. 


ve 


d,-1) 


EXAMPLE 2_ Solving a System of Two Nonlinear Equations with = 
Elimination: More Than One Solution "7 
Technology Tip 


Use a graphing calculator to solve 


Solve the system of equations, and graph the corresponding parabola and circle to verify the 


answer. 
the system of equations. Solve for 
Equation (1): << by =—T y in each equation first; that is, 
Eauati 2): 2 te G yp =P -7,y = V9 — x, and 
quation (2): x+y= es =o 2 
Solution: Flokl Ploke  Flok3 
Equation (1): -~+y =-7 
Equation (2): rvty= 9 
Add. y’ ay 2 
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Note: The circle appears elliptical 
because the x- and y-axis are not of 
equal scale. The zoom square feature 
can give the appearance of a circle. 


Inkerseckion 
ne.Bee4erd i=l 


E 
Technology Tip 

Use a graphing calculator to solve 

the system of equations. Solve for y 
in each equation first; that is, 

yy P+ 3andy=x" +5. 


Flotd Floki Floke 
ee = et 


Note: The graphs do not intersect 
each other. There is no solution to 
the system. 


Gather all terms to one side. y+y-2=0 


Factor. (y + 2)(y —- 1) = 0 
Solve for y. y=-2ory=1 
Substitute y = —2 into Equation (2). e+(-27 =9 
Solve for x. x=+V5 
Substitute y = 1 into Equation (2). r+(1r=9 
Solve for x. x= +V8 = +2V2 


There are four solutions: (=/5, —2), (4/5, —2), (—2-V2, 1), and (2V2, 1) ; 


Graph the parabola y = x? — 7 and the AY 
circle x? + y? = 9 and confirm the four 
points of intersection. (23,1) (22, 1) 
x 
(~5, -2) (5, -2) 


EXAMPLE 3_ Solving a System of Two Nonlinear Equations with 
Elimination: No Solution 


Solve the system of equations, and graph the corresponding parabolas to verify the answer. 


Equation (1): rty=3 

Equation (2): —-?+y=5 
Solution: 
Equation (1): r+y=3 
Equation (2): —P +y=5 
Add. 2y = 8 
Solve for y. y=4 
Substitute y = 4 into Equation (1). x +4=3 
Simplify. r=-1 
x° = —1 has no real solution. 
There is to this system of nonlinear 
equations. 


Graph the parabola x? + y = 3 and the parabola 
y =x? + 5 and confirm there are no points of 
intersection. 
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EXAMPLE 4_ Solving a System of Nonlinear Equations 
with Elimination 


Solve the system of nonlinear equations with elimination. 


; x 2 
Equation (1): ry +y=1 


Equation (2): vr y =] 
Solution: 
ee ‘ ae 
Add Equations (1) and (2) to eliminate y~. 4 +y=1 
r- y’ =] 
5 
=~ =2 
4 
8 
Solve for x. r= 5 
iP 
“V5 
8 a 
Letx = 5 in Equation (2). x 5 -y=l 
= Answer: 
8 3 
Solve for y. y=_7-1=2 a. (—1, 2) and (2, 5) 
5 ; 5 AY 
yrs 


There are four solutions: 
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Ve 


CVsV5)-CVsV5)-Vs-Vs}4 (ss) 


A calculator can be used to approximate 
these solutions: 


8 
— 196 
e 


b. no solution 


vu 


jzson 
5x0, 


. 


c. no solution 


a-x ty= 3 b «e+y=2 c. 
v-y=-l —-x +y=3 
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Study Tip 


Extraneous solutions are possible 
when you have one equation with a 
linear (or odd) power and one 
equation with a second-degree (or 
even) power. 


E 
Fecnnology iP am. 


Use a graphing calculator to solve 
the system of equations. Solve for 
y in each equation first; that is, 


y= VS-xX,y¥% Di ke, 


andy, =x+ 1. 


Flotd FIokE Flot 
eV YET CSE od 
YB ICSE 
stl 

» y= 


Intersection 
nel 


Tnkersectinn 
qere 


Note: The graphs support the 
solutions to the system. 


Study Tip 
Substitute back into the lowest 


degree equation, and always check 
solutions. 


= Answer: (2, 3) and (3, 2) 


Using Substitution to Solve Systems 
of Nonlinear Equations 


Elimination is based on the idea of eliminating one of the variables and solving the 
remaining equation in one variable. This is not always possible with nonlinear systems. For 
example, a system consisting of a circle and a line 


xr +y=5 
—-x ty =1 
cannot be solved with elimination, because both variables are raised to different powers in 


each equation. We now turn to the substitution method. It is important to always check 
solutions, because extraneous solutions are possible. 


EXAMPLE 5_ Solving a System of Nonlinear Equations 
with Substitution 


Solve the system of equations, and graph the corresponding circle and line to verify 
the answer. 


Equation (1): rt+y=5 
Equation (2): —-x ty =1 
Solution: 


Rewrite Equation (2) with y isolated. 


Equation (1): rt+y=5 
Equation (2): y=xt1 
Substitute Equation (2), y = x + 1, into Equation (1). er+(ixt lr =5 
Eliminate the parentheses. etx 4+2x4+1=5 
Gather like terms. 2x + 2x -4=0 
Divide by 2. rt+x-2=0 
Factor. (x + 2)(x — 1) =0 
Solve for x. x=-2orx=1 
Substitute x = —2 into Equation (1). (-2ry +y=5 
Solve for y. y=-lory=1 
Substitute x = 1 into Equation (1). dyt+y=5 
Solve for y. y=-2ory=2 


There appear to be four solutions: (—2, —1), (—2, 1), (1, —2), and (1, 2), but a line can 
intersect a circle in no more than two points. Therefore, at least two solutions are extraneous. 
All four points satisfy Equation (1), but only (—2, —1) and (1, 2) also satisfy Equation (2). 


The answer is | (—2, —1) and (1, 2)}. 


Graph the circle x* + y? = 5 and the line y = x + 1 
and confirm the two points of intersection. 


Note: After solving for x, had we substituted back 
into the linear Equation (2) instead of Equation (1), 
extraneous solutions would not have appeared. In 
general, substitute back into the lowest degree 
equation, and always check solutions. 


= YOUR TURN Solve the system of equations x* + y? = 13 andx + y = S. 
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In Example 6, the equation xy = 2 can also be shown to be a rotated hyperbola 


(Sec. 11.7). For now, we can express this equation in terms of a reciprocal function y = —, 
x 


which we discussed in Section 3.2. 


EXAMPLE 6 _ Solving a System of Nonlinear Equations 
with Substitution 


Solve the system of equations. 
Equation (1): r+y=5 
Equation (2): xy =2 
Solution: 


Since Equation (2) tells us that xy = 2, we know that neither x nor y can be zero. 


2 
Solve Equation (2) for y. y= 
x 
‘ 2, : 2\7 
Substitute y = — into Equation (1). te 
x x 
Hoos 2 ea! 
Eliminate the parentheses. Xr ee =5 
Multiply by x’. +4 = 5x 
Collect the terms to one side. x-5°+4=0 
Factor. (x? = A)(x2 — ) =0 
Solve for x. x= +2o0rx = +1 
Substitute x = —2 into Equation (2), xy = 2, 
and solve for y. y=-l 
Substitute x = 2 into Equation (2), xy = 2, 
and solve for y. y=1 
Substitute x = —1 into Equation (2), xy = 2, 
and solve for y. y=-2 
Substitute x = 1 into Equation (2), xy = 2, 
and solve for y. y=2 


Check to see that there are four solutions:| (—2, —1), (—1, —2), (2, 1), and (1, 2)). 


Note: It is important to check the solutions either algebraically or graphically 
(see the graph). 


= Answer: (—1, —1) and (1, 1) 


= YOUR TURN Solve the system of equations x* + y? = 2 and xy = 1. 
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Applications 


= 
Technology Tip 


Use a graphing calculator to solve the 
system of equations. Solve for y 


in each equation first; that is, 
400,000 _ 237,600 


y and y, = 40 + 
x 


Fisti Flotz Flote 
®''1 4 HSER 
Seo eee Os 


Thtersection 
n=4o00 


T=100 


Tnterseckion 
=100 F=4000 


Note: The graphs support the 
solutions to the system. 


x— 40° 


EXAMPLE 7 Calculating How Much Fence to Buy 


A couple buy a rectangular piece of property advertised as 10 acres (approximately 
400,000 square feet). They want two fences to divide the land into an internal grazing area 
and a surrounding riding path. If they want the riding path to be 20 feet wide, one fence 
will enclose the property and one internal fence will sit 20 feet inside the outer fence. 

If the internal grazing field is 237,600 square feet, how many linear feet of fencing 

should they buy? 


Solution: 


Use the five-step procedure for solving word problems from Section 1.2, and use 
two variables. 


Step 1 Identify the question. 
How many linear feet of fence should they buy? Or, what is the sum of the 
perimeters of the two fences? 


STEP 2 Make notes or draw a sketch. 


AY 


l< x >| 


STEP 3 Set up the equations. 


x = length of property x — 40 = length of internal field 
y = width of property y — 40 = width of internal field 
Equation (1): xy = 400,000 
Equation (2): (x — 40)(y — 40) = 237,600 


STEP 4 Solve the system of equations. 
Substitution Method 


Since Equation (1) tells us that xy = 400,000, we know that neither x nor y can 


be zero. 
400,000 
Solve Equation (1) for y. y= 
x 
. 400,000 | 
Substitute y = into 400,000 
: (x 40 40) = 237,600 
Equation (2). x 
faut 16,000,000 
Eliminate the parentheses. 400,000 — 40x + 1600 = 237,600 
x 
Multiply by the 
LCD, x. 400,000x — 40x? — 16,000,000 + 1600x = 237,600x 


Collect like terms 
on one side. 40x7 — 164,000x + 16,000,000 = 0 


Divide by 40. x — 4100x + 400,000 = 0 
Factor. (x — 4000)(x — 100) = 0 


Solve for x. x = 4000 or x = 100 
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Substitute x = 4000 into the 


original Equation (1). 4000y = 400,000 
Solve for y. y = 100 
Substitute x = 100 into the 

original Equation (1). 100y = 400,000 
Solve for y. y = 4000 


The two solutions yield the same dimensions: 4000 x 100. The inner field has the 
dimensions 3960 X 60. Therefore, the perimeter of both fences is 


2(4000) + 2(100) + 2(3960) + 2(60) = 8000 + 200 + 7920 + 120 = 16,240 


The couple should buy 16,240 linear feet of fencing. 


Step 5 Check the solution. 
The point (4000, 100) satisfies both Equation (1) and Equation (2). 


It is important to note that some nonlinear equations are not conic sections (exponential, 
logarithmic, and higher degree polynomial equations). These systems of linear equations 
are typically solved by the substitution method (see the exercises). 


In this section, systems of two equations were discussed when at two equations, the points of intersection are the solutions of the 
least one of the equations is nonlinear (for example, conics). The system. Systems of nonlinear equations can have more than one 
substitution method and elimination method from Section 6.1 can solution. Also, extraneous solutions can appear, so it is important 
sometimes be applied to nonlinear systems. When graphing the to always check solutions. 


SECTION 
11.5 | EXERCISES 


"SKILLS 


In Exercises 1-12, solve the system of equations by applying the elimination method. 


1 r-y=-2 2 wr+y= 2 3. e+y=1 4, r-y= 2 
—x ty= 4 24 y= ai 2x +y=2 =24 hy = 

5. xrty=-5 6 xP -y=- Tet+y= 1 8B rty= 1 
=K py = 3 x+y=- vr-y =-l r+y = 

9 P+y=3 0. <+y=6 Wx +y=-6 122 xr +y=5 
4° +y =0 -Ie+y =0 -2+y = 7 ar ty =9 
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In Exercises 13-24, solve the system of equations by applying the substitution method. 


13. x +y =2 14. x -~y =-2 15. xy = 4 16. xy = —3 
rty=2 vryty= 2 rt+y=10 vr+y= 12 
y= x3 18. y=—v 45 19. xP +xy-y= 5 20. Pe +xyt+y = 13 
y=—4x +9 = 3x —4 a Sy Sl x ty =-1 
21. x- y= 3 22% +y—2a-4y= 0 23, 4x + 12xy + Dy = 25 24, —4xy + 4y = 8 
ve +y—2xt+ Gy =-9 2 y= 3 —2x+ y= 1 3x + y =8 


In Exercises 25-34, solve the system of equations by applying any method. 


25. xe —y = 63 26. xe + y = -26 27. 4x° — 3xy = -5 28. 2x7 + 5xy = 2 
oy = 3 roby = -2 —x + 3xy = 8 vr -— xy=l 
29. log(2y) = 3 30. logy) = 1 31. i eS - 7 32. 2 4: 3.5 
log,Q”) = 2 log,2y) = 5 x Uy ry 6 
1 1 4 9 
33. 2x2 + 4yt = -2 34. P +y=-2 oe 3° 2 ef 
6x? + 3y4 = -1 r+y=-l 


In Exercises 35-38, graph each equation and find the point(s) of intersection. 


35. The parabola y = x° — 6x + 11 and the line y = —x + 7 37. The ellipse 9x7 — 18x + 4y’ + 8y — 23 = O and the line 
—3x + 2y = 1. 


36. The circle x? + y? — 4x — 2y + 5 = Oand the line 
—x + 3y = 6 38. The parabola y = —x? + 2x and the circle 


rt+6oxt+y—- 4y+ 12=0. 


"APPLICATIONS 


39. Numbers. The sum of two numbers is 10, and the difference 46. Dog Run. A family moves into a new home and decides to 

of their squares is 40. Find the numbers. fence in the yard to give its dog room to roam. If the area that 
will be fenced in is rectangular and has an area of 11,250 
square feet, and the length is twice as much as the width, 
how many linear feet of fence should the family buy? 


40. Numbers. The difference of two numbers is 3, and the 
difference of their squares is 51. Find the numbers. 


41. Numbers. The product of two numbers is equal to the 
reciprocal of the difference of their reciprocals. The product 
of the two numbers is 72. Find the numbers. 


47. Footrace. Your college algebra professor and Jeremy 
Wariner (2004 Olympic Gold Medalist in the men’s 400 
meter) decided to race. The race was 400 meters and Jeremy 
gave your professor a 1-minute head start, and still crossed 
the finish line 1 minute 40 seconds before your professor. If 
Jeremy ran five times faster than your professor, what was 

43. Geometry. A rectangle has a perimeter of 36 centimeters each person’s average speed? 
and an area of 80 square centimeters. Find the dimensions 48 
of the rectangle. 


42. Numbers. The ratio of the sum of two numbers to the 
difference of the two numbers is 9. The product of the two 
numbers is 80. Find the numbers. 


. Footrace. You decided to race Jeremy Wariner for 800 
meters. At that distance, Jeremy runs approximately twice as 


44. Geometry. Two concentric circles have perimeters that add fast as you. He gave you a 1-minute head start and crossed 
up to 1677 and areas that add up to 3477. Find the radii of the the finish line 20 seconds before you. What were each of 
two circles. your average speeds? 


45. Horse Paddock. An equestrian buys a 5-acre rectangular 
parcel (approximately 200,000 square feet) and is going to 
fence in the entire property and then divide the parcel into 
two halves with a fence. If 2200 linear feet of fencing is 
required, what are the dimensions of the parcel? 


49. 


11.5 Systems of Nonlinear Equations 1163 
"CATCH THE MISTAKE 
In Exercises 49 and 50, explain the mistake that is made. 
Solve the system of equations: x° + y* = 4 50. Solve the system of equations: x + y? = 5 
x ty =2 em y =0 
Solution: Solution: 
Multiply the second equation by (—1) Solve the second equation for y. y = 2x 
and add to the first equation. vr —x=2 Substitute y = 2x into the 
Subtract 2. a first equation. x + (2x? = 5 
Factor. (x + 1x — 2) =0 Eliminate the parentheses. e+ 4° = 5 
Selva toee ei aad os Gather like terms. 5x° = 5 
, Solve for x. x= —landx=1 

Substitute x = —1 
and x = 2 into Substitute x = —1 into the 
xty=2. -l+y=2and2+y=2 first equation. GCifpty =5 
Solve for y. y =3andy =0 Solve for y. y = —2andy = 2 
The answer is (—1, 3) and (2, 0). Substitute x = I into the 

first equation. dyrty=5 
This is incorrect. What mistake was made? 

Solve for y. y = —2andy = 2 


=CONCEPTUAL 
In Exercises 51-54, determine whether each statement is true or false. 


51. 


52. 


CHALLENGE 


55. 


57. 


"TECHNOLOGY 


A system of equations representing a line and a parabola can 
intersect in at most three points. 


A system of equations representing a line and a cubic 
function can intersect in at most three places. 


A circle and a line have at most two points of intersection. A 
circle and a parabola have at most four points of intersection. 
What is the greatest number of points of intersection that a 
circle and an nth-degree polynomial can have? 


Find a system of equations representing a line and a parabola 
that has only one real solution. 


53. 


54. 


56. 


58. 


The answers are (—1, —2), (—1, 2), (1, —2), and (1, 2). 


This is incorrect. What mistake was made? 


The elimination method can always be used to solve systems 
of two nonlinear equations. 


The substitution method always works for solving systems of 
nonlinear equations. 


A line and a parabola have at most two points of 
intersection. A line and a cubic function have at most 

three points of intersection. What is the greatest number of 
points of intersection that a line and an nth-degree 
polynomial can have? 


Find a system of equations representing a circle and a 
parabola that has only one real solution. 


In Exercises 59-64, use a graphing utility to solve the following systems of equations. 


59. 


y= e 60. yr 10° 

y=Inx y = logx 

3x* — Ixy + S5y* = 19 63. 5x° + 2y’ = 40 
xy = 5 xy = 5 


61. 2x3 + 4y? = 3 


64. 4x4 + 2xy + 3y = 60 


SECTION SYSTEMS OF NONLINEAR 
11.6 INEQUALITIES 


Nonlinear Inequalities in Two Variables 


Linear inequalities are expressed in the form Ax + By = C. Specific expressions can 
involve either of the strict or either of the nonstrict inequalities. Examples of nonlinear 
inequalities in two variables are 


9° + 16 = 1 rt+y>1 ys -r +3 and xT <i 


We follow the same procedure as we did with linear inequalities. We change the inequality 
to an equal sign, graph the resulting nonlinear equation, test points from the two regions, 
and shade the region that makes the inequality true. For strict inequalities, < or >, we use 
dashed curves, and for nonstrict inequalities, = or =, we use solid curves. 


EXAMPLE 1_ Graphing a Strict Nonlinear Inequality in 
Two Variables 


Graph the inequality x° + y? > 1. 
Solution: 
Step 1 Change the inequality sign to an equal sign. rtye=l 


The equation is the equation of a circle. 


Step 2 Draw the graph of the circle. AY 
The center is (0, 0) and the radius is 1. gt 
Since the inequality > is a strict — xty2ed 
inequality, draw the circle as a dashed curve. 7 NM us 
{+t + > 
2 \ 2 
SM 7 fi 
2 + 


Step 3 Test points in each region (outside the circle and inside the circle). 
Substitute (2, 0) into x? + y? > 1. 4=1 


The point (2, 0) satisfies the inequality. 


Substitute (0, 0) into x7 + y? > 1. 0=1 


The point (0, 0) does not satisfy the inequality. 
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Step 4 Shade the region containing the point (2, 0). 


EXAMPLE 2 Graphing a Nonstrict Nonlinear Inequality in 
Two Variables 


Graph the inequality y = —x* + 3. 
Solution: 


Step 1 Change the inequality sign to an equal sign. y=—-r +3 


The equation is that of a parabola. Ay 


Step 2 Graph the parabola. 


Reflect the base function, f(x) = 2°, 
about the x-axis and shift up 3 units. 
Since the inequality = is a nonstrict 
inequality, draw the parabola as a 
solid curve. 


vu 


Step 3 Test points in each region (inside the parabola and outside the parabola). 
Substitute (3, 0) into y = —x* + 3. 0= -6 


The point (3, 0) does not satisfy the inequality. 


Substitute (0, 0) into y = —x* + 3. 
The point (0, 0) does satisfy the inequality. 


Step 4 Shade the region containing the point (0, 0). 


= YOUR TURN Graph the following inequalities: 


arty=<9 b. y > -x? +2 


Systems of Nonlinear Inequalities 


To solve a system of inequalities, first graph the inequalities and shade the region containing 
the points that satisfy each inequality. The overlap of all the shaded regions is the solution. 


Ee 
Technology Tip 

Use a graphing calculator to graph 
the inequality y = —x° + 3. Enter 
y= —x° + 3. For <, use the 


arrow key to move the cursor to the 
left of Y, and type | ENTER | until 
you see be. 


Flotd FIokE Flot 
esas 


Note: The parabola should be drawn 
solid. 


= Answer: 
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EXAMPLE 3 Graphing a System of Inequalities 


Graph the solution to the system of inequalities: y = x° — 1 


yee x se I 
Led : 
Solution: 
Technolo Ti 
gests ven tvedenneaae sss Ben reieenreienere Step 1 Change the inequality signs to equal signs. y=xr-1 
Use a graphing calculator to graph the y=xt+1 
solution to the system of inequalities 
y2=xr-landy<x4+l. Step 2 The resulting equations represent a parabola (to be drawn solid) and a line (to be 
First enter y, = x2 — 1. For =, use drawn dashed). Graph the two equations. 
the arrow key to move the cursor to To determine the points of intersection, set 
the left of Y, and type [ENTER] until the y-values equal to each other. xr -l=xt1 
yousce mM. Next enter ya =a 7 1. Write the quadratic equation in standard form. r?-—x-2=0 
For <, use the arrow key to move 
> . = + = 
the cursor to the left of Y, and type sions a ae 
ENTER | until you see lm. Solve for x. x=2orx=—l 
Substitute x = 2 intoy = x + 1. (2.3) 
1 sk 1 . ‘ 
att Beet lee Substitute x = —lintoy =x + 1. (-1, 0) 
Lis, yet 
weet AY 
a aA 
7 
Va 
7 
y=x2-1 7[, 3) 
= x 
(-1,0\4 a 
7 
7 
¢ 
7 
Ye =xt¢1 
v 
Note: The parabola should be drawn 
solid, and the line should be drawn Step 3 Test points and shade the regions. 
dashed. 
Step 4 Shade the common region. 
= Answer: 


AY 


= YOUR TURN Graph the solution to the system of inequalities: x° + y? <9 
y>0 
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EXAMPLE 4_ Solving a System of Nonlinear Inequalities 


Solve the system of inequalities: x* + y? < 2 
y2=xr 
Solution: 


Step 1 Change the inequality signs to equal signs. rty=2 
2 
he 


Step 2 The resulting equations correspond to a circle (to be drawn dashed) and a parabola 
(to be drawn solid). Graph the two inequalities. 


2 
To determine the points of intersection, solve r+ ( xy =2 
the system of equations by substitution. sd 
w+rP-2=0 


Factor. Q? + 2)? - 1) =0 
Solve for x. x = =2 or x = 
no solution x=t 


y 


The points of intersection are (—1, 1) 


and (1, 1). 
y= |x? 
Ch (1,1) 7 
> 
x24 y2=2 
Step 3 Test points and shade the region. 
x 
> 
Step 4 Identify the common region as the solution. ‘in 
y> x 
a eee 
NL] x? + y2 <2 


= YOUR TURN Solve the system of inequalities: x° + y* < 2 
2 
Vy Se 


Ee 
Technology Tip 

Use a graphing calculator to graph 
the solution to the system of 
inequalities x7 + y’ < 2 andy = x’. 
First enter y, << V2 — 2° and 

yo > -V2-— 2%. 

Use the arrow key to move the cursor 
to the left of Y; and Y, and type 
ENTER | until you see x for < 

and ™ for >. Next enter y; = x°. 


For =, use the arrow key to move 
the cursor to the left of Y3 and type 
ENTER | until you see @. 


Fioti Flotz Flote 
BYIBT C2 
WVeB Ieee 3 


= Answer: 
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It is important to note that any inequality based on an equation whose graph is not a line 
is considered a nonlinear inequality. 


EXAMPLE 5_ Solving a System of Nonlinear Inequalities 
2, 


E 
A y 
Technology Tip = Solve the system of inequalities: (« — 1)? + ri <1 


Use a graphing calculator to graph 


the solution to the system of y= Vx 
inequalities Solution: 
y _ 2 
Boe a : ; bus F 
ae ri and y = Vx. Step 1 Change the inequality signs to equal signs. («- 1? + mn = 1 
First enter y, < 2V1- 1y y= Vx 


and y, > —2V/1 — (x — 1). 
Step 2 The resulting equations correspond to an ellipse (to be drawn dashed) and the 


Use the arrow key to move the : : ; _ 
square-root function (to be drawn solid). Graph the two inequalities. 


cursor to the left of Y, and Y, and 


type | ENTER | until you see Mm for pee 
<and "W for >. Next enter y; = Vx. To determine the points of intersection, solve @— 14 (vx) a7 
For =, use the arrow key to move the system of equations by substitution. 4 
the cursor to the left of Y; and type 
[ENTER] until you see 7. Multiply by 4. Ax - 12 +x= 
: : 2 fe ahs 
Flokd PIMkE Flak? Expand the binomial squared. A(x 2x FL) +x 
Bibel i-cax-Lye 5 Distribute. 4° -— 8xt+4+x= 
§VsB-BYCL-CK-Lie Combine like terms and gather terms to one side. 4° — 7x = 0 
oy sBICw) Factor. x(4x — 7) = 0 
sy 7 
Mex Solve for x. x = Oandx = 4 
W121 Since y = Vx, the points of intersection are (0, 0) 


and & (3) or (0, 0) and G S) 
4 V4 4 2 


Y=. 7320508 


Note: The ellipse should be drawn 
dashed, and the square-root function 
should be drawn solid. 


Step 3 Shade the solution. 


2 
(x-1P4+2 <1 


I 
ae 
od 
2| NZ 
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? SECTION 
» SUMMARY 
In this section we discussed nonlinear inequalities in two variables. When solving systems of inequalities, we first graph each of the 
Sometimes these result in bounded regions (e.g.,x7 + y? = 1), and inequalities separately and then look for the intersection (overlap) 
sometimes these result in unbounded regions (e.g., x° + y’ > 1). of all shaded regions. 


SECTION 
11.6 EXERCISES 


"SKILLS 


In Exercises 1-12, match the nonlinear inequality with the correct graph. 


ey ry 

Lrt+y<2 2r+y< 3.—+—21 4.—+—>1 
ae i i 9 16 4. 9 
re 2 

5. y=e2-3 6. 2 = lboy Tx=yp-A ee | 
9° 25 
2 2 2 

9, 92 + oy < 36 iG eoeares a7 i, 2 2 ij 
4 9 16 9 

a. b. 


° 
p 
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In Exercises 13-30, graph the nonlinear inequality. 


13. yexr-2 14, y= -v +3 15. PrP +y>4 

16. xr +y < 16 17. +y-w+4y+4=0 18. P+ y4+2x-2y-2<0 
4 @=2"  O+i1yY 3 

19. 3x° + 4y? = 12 20. ; aE >1 21. 9x7 + 16y? — 18x + 96y +9 > 0 

(«- 2) (wt 3P : : (yv+1P (+ 2 
. = 2 = = 24. <1 

22 ; 1 23. 9x — 4y’ = 26 7 ie 

25. 36x" — 9y = 324 26. 25x" — 36y? + 200x + 144y — 644 = 0 

wWyze 28. y < Inx 29. y < —x 30. y > —x4 


In Exercises 31-50, graph each system of inequalities or indicate that the system has no solution. 


31. y<x+1 32. y< x t+ 4x 33. y=2+x 
yer ys3—x ys4-x 
34. y= 2) 35. 9 SG 4 2) 36. y=(x- 1 +2 
ys4-x ye = Sex y=10-x 
3.2 pS Hl 38.x<-y +1 39. y=xr 
rty<i1 x>y-1 x2y 
40. y<x 41. x+y < 36 42. 2+ y? < 36 
x>y Axt+y>3 y>6 
43. x + y? < 25 44. («— 1° + & + 2) = 36 4.r+ys9 
y=6+x ye2x= 3 yZzltxr 
2 2 
46. vty = 16 47. -y <4 8. - 551 
reo sy =9 y>1-x ee 
49. y<e* 50. y < 10° 
y>Inx x>0 y > logx x>0 


"APPLICATIONS 


51. Find the area enclosed by the system rty<9 52. Find the area enclosed by the system r+y <5 
of inequalities: x>0 of inequalities: x=0 
y=0 


=CATCH THE MISTAKE 
In Exercises 53 and 54, explain the mistake that is made. 


53. Graph the system of inequalities: 2x7 + y’ < 1 


e+ y >4 
Solution: AY 
Draw the circles 
x? + y? = Land 
v+y=H4 atx 
i a 1 
LTT 
Se 
x24 y2=1 x24 y2=4 
Shade outside AY 
x? + y? = land 
inside x? + y? = 4 
n 
XN 


This is incorrect. What mistake was made? 


"CONCEPTUAL 
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54, Graph the system of inequalities: x > —y? + 1 
a 


x= yr i 


Solution: 


Draw the parabolas 
x= —-y + land 
x= y = 1, 

Shade the region 
between the curves. 


This is incorrect. What mistake was made? 


In Exercises 55 and 56, determine whether each statement is true or false. 


55. A nonlinear inequality always represents a bounded region. 


"CHALLENGE 


56. A system of inequalities always has a solution. 


Pye _ 
57. For the system of nonlinear inequalities 2 a - oe what 58. Can x° + y? < —1 ever have a real solution? What types 
— 2 of numbers would x and/or y have to be to satisfy this 
restriction must be placed on the values of a and b for inequality? 
this system to have a solution? Assume that a and b are ; 
real numbers. 
"TECHNOLOGY 
In Exercises 59-66, use a graphing utility to graph the inequalities. 
59 xr t+y—-awt+4y+420 64. y < 10° 


60. P+ y + 2x -2y-2=0 
61. y=e@" 
62. y = Inx 


63. y < e 
y>Inx x>0 


y > logx x>0 


66. x° — 2xy + 4y° + 10x — 25 = 0 


SECTION 
11.7 ROTATION OF AXES 


Rotation of Axes Formulas 

In Sections 11.1 through 11.4 we learned the general equations of parabolas, ellipses, and 
hyperbolas that were centered at any point in the Cartesian plane and whose vertices 
and foci were aligned either along or parallel to either the x-axis or the y-axis. We learned, 
for example, that the general equation of an ellipse centered at the origin is given by 


where the major and minor axes are, respectively, either the x- or the y-axis depending on 
whether a is greater than or less than b. Now let us look at an equation of a conic section whose 
graph is not aligned with the x- or y-axis: the equation 5x? — 8xy + 5y? — 9 = 0. 


This graph can be thought of as an ellipse that started with the major axis along the x-axis 

and the minor axis along the y-axis and then was rotated counterclockwise 45°. A new XY- 

coordinate system can be introduced such that this system has the same origin but the 

XY-coordinate system is rotated by a certain amount from the standard xy-coordinate 

system. In this example, the major axis of the ellipse lies along the new X-axis and the minor 

axis lies along the new Y-axis. We will see that we can write the equation of this ellipse as 
¥ i 


9 1. 


We will now develop the rotation of axes formulas, which allow us to transform the 
generalized second-degree equation in xy, that is, Ax” + Bxy + Cy? + Dx + Ey + F = 0, 
into an equation in XY of a conic that is familiar to us. 
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Let the new XY-coordinate system be 
displaced from the xy-coordinate system 
by rotation through an angle 0. Let P 
represent some point a distance r from the 
origin. 


We can represent the point P as the point 
(x, y) or the point (X, Y). 


We define the angle @ as the angle r makes 
with the X-axis and a + 6 as the angle r 
makes with the x-axis. 


We can represent the point P in polar 
coordinates using the following rela- 
tionships: 


Worps 


Start with the x-term and write the cosine 
identity for a sum. 


Eliminate the parentheses and group r with 


the a-terms. 
Substitute according to the relationships 
X = rcosa@ and Y = rsina. 


Start with the y-term and write the sine 
identity for a sum. 


Eliminate the parentheses and group r with 


the a-terms. 


Substitute according to the relationships 
X = rcosa@ and Y = rsina. 


11.7 Rotation of Axes 


& 
> 
AY 
Y P 
5 vs 
¥ r/IN Xx 
\ WY 7 
B a 
“i 7x! Gs 
Zo x . 
4 \ 
wo \ 
oe \ 
\ 
S 
\ 
x = rcos(a + 68) 
= rsin(a + 6) 
X = rcosa 
Y = rsina 
MatH 


x = rcos(a + @) 
= r(cosacosé — sinasin@) 


x = (rcosa)cos@ — (rsina)sin@ 


x = Xcosé — Ysiné 


y = rsin(a + 0) 
= r(sinacos@ + cosasin6@) 


y = (rsina)cosé + (rcosa@) sind 


y = Ycos@ + Xsin@ 


By treating the highlighted equations for x and y as a system of linear equations in X and 
Y, we can then solve for X and Y in terms of x and y. The results are summarized in the 


following box: 
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ROTATION OF AXES FORMULAS 


Suppose that the x- and y-axes in the rectangular coordinate plane are rotated 
through an acute angle @ to produce the X- and Y-axes. Then, the coordinates 
(x, y) and (X, Y) are related according to the following equations: 


x = Xcosé — Ysin@é i X = xcos@ + ysin@é 
y = Xsin6 + Ycosé Y = —xsin@ + ycosé 


EXAMPLE 1_ Rotating the Axes 


If the xy-coordinate axes are rotated 60°, find the XY-coordinates of the point 


(wy) = (~3,4). 
Solution: 
Start with the rotation formulas. X = xcos@ + ysind 
= —xsiné + ycos0 
Let x = —3,y = 4,and6@ = 60°. = —3cos(60°) + 4sin(60°) 
= —(—3)sin(60°) + 4cos(60°) 
Simplify. = —3cos(60°) + 4sin(60°) 
a V3 
2 “o 
Y = 3sin(60°) + 4cos(60°) 
Vi H 
oe 2 
3 
as 25 
3V3 
Y= ova +2 
2 
3 3V3 
The XY-coordinates are ( 5 + 23, v3 t 2) 
SE aaa a a aL 
3V3 3 = YOUR TURN: If the xy-coordinate axes are rotated 30°, find the XY-coordinates of 
CS 2 2v3) the point (x, y) = (3, —4). 


EXAMPLE 2 Rotating an Ellipse 


Show that the graph of the equation 5x7 — 8xy + Sy? — 9 = 0 is an ellipse aligning 
with coordinate axes that are rotated by 45°. 


Solution: 
Start with the rotation formulas. x = Xcos@ — Ysind 
y = Xsiné + Ycosé 
Let 0 = 45°. x = Xcos(45°) — Ysin(45°) 
pehedah cal idea gales 
v2 v2 
2 2 


y = Xsin(45°) + Ycos(45°) 
Sess, pelea le 
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2 

Simplify. x= Wx —Y) 
2 

y= ex + Y) 


V2 V2 ; 
Substitute x = —>~(X — Y) and y = —>~(X + Y) into 5x’ 8xy + 5-9 = 0. 


2 2 
[<2 7) sean n|Po- 2) | [2 os 2) 9=0 


2 2 
. é 2 2 2 2 2 2) 2 2: 

Simplify. rio 2XY + Y°) — 4(x° -— Y°) 4 a t 2X¥Y + Y*)-9=0 

5 5 Der 5 
X? — 5XY + —Y? — 4X? + 4Y? + =X? 4+ 5XY+—=Y°=9 

2 2 2 2 
Combine like terms. X? + 9Y? =9 

xX? ¥ 

Divide by 9. 2 + + 1 


This (as discussed earlier) is an ellipse 
whose major axis is along the X-axis. 


The vertices are at the points 
(X,Y) = (43,0). 


The Angle of Rotation Necessary to 
Transform a General Second-Degree 
Equation into an Equation of a Conic 


In Section 11.1 we stated that the general second-degree equation 
Ax’ + Bxy + Cy? + Dx + Ey + F=0 


corresponds to a graph of a conic. Which type of conic it is depends on the value of the 
discriminant, B* — 4AC. In Sections 11.2-11.4 we discussed graphs of parabolas, ellipses, 
and hyperbolas with vertices along either the axes or lines parallel (or perpendicular) to the 
axes. In all cases the value of B was taken to be zero. When the value of B is nonzero, the result 
is a conic with vertices along the new XY-axes (or, respectively, parallel and perpendicular to 
them), which are the original xy-axes rotated through an angle @. If given 6, we can determine 
the rotation equations as illustrated in Example 2, but how do we find the angle @ that 
represents the angle of rotation? 


E 
Technology Tip 

To graph the equation 

5x” — 8xy + 5y’ — 9 = 0 with 

a TI-83 or TI-83 Plus calculator, 
you need to solve for y using the 
quadratic formula. 

5y — 8xy + 5x° -9 = 0 
a=5,b 8x, c = 5x7 —9 


_ bt Vb? — 4ac 
* 2a 

8 +6V5—-x 
d 10 

4x +3V5—-—x 
Now enter y, = oe 
4x —3V5—¥ 

a laa i To 


graph the X- and Y-axes, enter 
1 


y3 = tan(45)x and y, = ~ tan(45) x. 


Flokh Flake Flake 
WBeadk+sy co-He a 
45 
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To find the angle of rotation, let us start with a general second-degree polynomial equation: 
Ax? + Bry + Cy? + Dx + Ey + F=0 


We want to transform this equation into an equation in X and Y that does not contain an 
XY-term. Suppose we rotate our coordinates by an angle 6 and then use the rotation equations 


x = Xcosé — Ysind y = Xsin@ + Ycosé 
in the general second-degree polynomial equation; then the result is 


A(Xcos@ — Ysin@)* + B(Xcos@ — Ysin0)(Xsind + Ycos@) 
+ C(Xcos@ + Ysin@)? + D(Xcos@ — Ysin@) + E(Xsin@é + Ycos@) + F = 0 


If we expand these expressions and collect like terms, the result is an equation of the form 


aX? + bXY + c¥? + dX+eY¥+f=0 


where 
a = Acos’@ + BsinOcos@ + Csin?6 
b = B(cos’@ — sin’) + 2(C — A)sin@cosé 
c = Asin’?@ — Bsin@cosé + Ccos*6 
d = Dcos@ + Esin@é 
e = —Dsiné + Ecosé 
f= Ff 

WorpDsS MatH 


We do not want this new 
equation to have an 
XY-term, so we set 


b=0. B(cos’@ — sin?@) + 2(C — A)sinO@cosé = 0 
We can use the double-angle Bos’6 — sin?@) + (C — A)2sin@cosé = 0 
formulas to simplify. cos 20 sin 20 
Subtract the sine term. Bcos20 = (A — C)sin20 

tess . Bcos26 (A — C)sin20 
Divide by Bsin20. : = : 

Bsin20 Bsin20 

nyt Ais 

Simplify. cot 20 = B 


ANGLE OF ROTATION FORMULA 
To transform the equation of a conic 
Ax? + Bxy + Cy? + Dx + Ey + F=0 


into an equation in X and Y without an XY-term, rotate the xy-axes by an acute 
angle @ that satisfies the equation 


A= C 


cot20 = 


Notice that the trigonometric equation cot20 = 


11.7 Rotation of Axes 


can be solved exactly for 


some values of @ (Example 3) and will have to be approximated with a calculator for other 


values of 0 (Example 4). 


EXAMPLE 3 _ Determining the Angle of Rotation I: 
The Value of the Cotangent Function Is That ofa 
Known (Special) Angle 


Determine the angle of rotation necessary to transform the following equation into an 
equation in X and Y with no XY-term. 


3x + 2V3xy + y? + 2x — 2V3y = 0 
Solution: 
Identify the A, B, and C a + 2V3 xy + ly + 2x — 2V3y =0 
parameters in the equation. A B c 
Write the rotation formula. cot2@ = z 
3-1 
Let A = 3,B = 2V3,andC = 1. cot26 = 
Simplif t20 : 
implify. co =— 
Ere V3 
Apply the reciprocal identity. tan20 = V3 


From our knowledge of trigonometric exact values, we know that 20 = 60° or 16 = 30°|. 


EXAMPLE 4_ Determining the Angle of Rotation II: 
The Argument of the Cotangent Function Needs 
to Be Approximated with a Calculator 


Determine the angle of rotation necessary to transform the following equation into an 
equation in X and Y with no XY-term. Round to the nearest tenth of a degree. 


4x? + Ixy — 6y? — Sx +y —-2=0 
Solution: 
Identify the A, B, and C 4x? + 2ry — 6 — Sx t+y—2=0 
parameters in the equation. A B Cc 
; : =G 
Write the rotation formula. cot20 = ——— 
— (6) 
Let A = 4,B = 2,andC = —6. cot2@ = 5 
Simplify. cot 20 = 
‘ : : 1 
Apply the reciprocal identity. tan20 = 5 = 0.2 
Write the result as an inverse tangent function. 20 = tan '0.2 
With a calculator evaluate the 
right side of the equation. 26 = 11.31° 


Solve for @ and round to the 
nearest tenth of a degree. 
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=) 
Technology Tip 


To find the angle of rotation, use 


) and set the 
Cc 


ju1 ot 
= —tan 
2 A- 


TI calculator to degree mode. 
Substitute A = 3, B = 2V3, 


{—] 
Technology Tip 
To find the angle of rotation, use 


We ay B 
6 = =tan ‘| ——— } and set 
2 A-C 


the TI calculator to degree mode. 
Substitute A = 4, B = 2, and 
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E 
Technology Tip 


To find the angle of rotation, use 


2 
calculator to degree mode. 
Substitute A = 1, B = 2, and 
C=1. 


1 B 
6 = —tan '{ ——— } and set the 
A-C 


leStarncmeetl-las 


ERRFOTWIOE BY «A 
Buit 


' Goto 


The calculator displays an error 
message, which means that 
cos 26 = 0. Therefore, 20 = 90° 
or 6 = 45°. 

To graph the equation x7 + 2xy + 
y — V2x — 3V2y +6 =0 
with a TI-83 or TI-83 Plus calculator, 
you need to solve for y using the 
quadratic formula. 


y + y(2x — 3V2) + 
(2° — V2x + 6) =0 
a=1,b = 2x - 3V2, 


wi des b’ — 4ac 
a 2a 
2x + 3V24+ 8V2x — 6 
y 
2 
Now enter 
2x + 3V2 4 8V2x — 6 
yl 
2 
and 
2 2x + 3V2 8V2x — 6 
y. ; 


2 

To graph the X- and Y-axes, enter 
y3 = tan(45)x and 

1 


- x. 
tan(45) 


Special attention must be given when evaluating the inverse tangent function on a 
calculator, as the result is always in quadrant I or IV. If 20 turns out to be negative, then 
180° must be added so that 26 is in quadrant II (as opposed to quadrant IV). Then @ will be 
an acute angle lying in quadrant I. 

Recall that we stated (without proof) in Section 11.1 that we can identify a general equation 
of the form 


Ax’ + Bry + Cy? + Dx + Ey + F=0 


as that of a particular conic depending on the discriminant. 


Parabola B’ — 4AC = 0 
Ellipse B’ — 4AC < 0 
Hyperbola B’ — 4AC > 0 


EXAMPLE 5 Graphing a Rotated Conic 


For the equation x7 + 2xy + y° — V2x — 3V2y + 6 = 0: 

a. Determine which conic the equation represents. 

b. Find the rotation angle required to eliminate the XY-term in the new coordinate system. 
c. Transform the equation in x and y into an equation in X and Y. 


d. Graph the resulting conic. 


Solution (a): 


Identify A, B, and C. le 2a ly = Aaa = 3V 2p +6 = 0 


Compute the discriminant. B’ — 4AC = 2? — 4(1)(1) = 0 


Since the discriminant equals zero, the equation represents a parabola. 


Solution (b): 


A= GC 
Write the rotation formula. cot 26 = B 
11 
Let A = 1,B = 2,andC = 1. ole = 
Simplify. cot26 = 0 
Write the cotangent function in terms of cos 20 _ 
the sine and cosine functions. sin 20 
The numerator must equal zero. cos20 = 0 


From our knowledge of trigonometric exact values, we know that 26 = 90° or : 


Solution (c): 


Start with the equation 
2 
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x = Xcos(45°) — Ysin(45°) = wx Y) 


x + Ixy + y — V2x - 3V2y + 6 = 0, 
and use the rotation formulas V2 
with 9 = 45°. y = Xsin(45°) + Ycos(45°) = ma + Y) 
| V2 i ee 
Find x’, xy, and y’. xr eux Y) 5X" 2XY + Y’) 
| V2 |? 1 
X-Y X+Y)|==(X?- Y? 
w= l5 ( )| 5 ( ) ah ) 
[V2 fla 
y V2 oy + Y) (X? + 2XY + Y’) 
| 2 J} 2 
Substitute the values + Ixy + y — V2x -3V2y+6=0 
for x, y, x, xy, i 
and y’ into the (X? — 2xY + Y’) 4 2, (xX? — Y?) 
original equation. 
1 2 
5X + 2XY + Y’) v3] ) 
V2 
avi 5 (X+Y)|+6=0 


Eliminate the parentheses 
and combine like terms. 


Divide by 2. 
Add ¥Y. 


Complete the square on X. 


Solution (d): 


This is a parabola opening upward in the 
XY-coordinate system shifted to the 
right 1 unit and up 2 units. 


- 


SECTION 
SUMMARY 


In this section we found that the graph of the general second- 


degree equation 


AG? se [kay 4b (Ch? 4b Dye 4b iy 4 


can represent conics in a system of rotated axes. 


F=0 


2x*— 4x -2¥+6=0 


X?-2xX-Y+3=0 
(= 2x) +3 
(x — 17 +2 


Y 


The following are the rotation formulas relating the xy-coordinate 
system to a rotated coordinate system with axes X and Y 


x = Xcos@ — Ysin@é 
y = Xsin@ + Ycos@ 


where the rotation angle @ is found from the equation 
A=C 
B 


cot26 = 
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SECTION 
11.7 | EXERCISES 


"SKILLS 


In Exercises 1-8, the coordinates of a point in the xy-coordinate system are given. Assuming that the XY-axes are found by 
rotating the xy-axes by an angle 0, find the corresponding coordinates for the point in the XY-system. 


1. (2, 4), 0 = 45° 2. (5, 1), 0 = 60° 3. (—3,2), 0 = 30° 4. (—4, 6), 0 = 45° 
5. (-1, -3), 0 = 60° 6. (4, -4), 0 = 45° 7. (0, 3), @ = 60° 8. (—2,0), 0 = 30° 
In Exercises 9-24, (a) identify the type of conic from the discriminant, (b) transform the equation in x and y into an equation in 


X and Y (without an XY-term) by rotating the x- and y-axes by an angle @ to arrive at the new X- and Y-axes, and (c) graph the 
resulting equation (showing both sets of axes). 


9. xy — 1 = 0,0 = 45° 10. xy - 4= 0,0 = 45° 

V1. x? + 2xy + yw + V2x — V2y — 1 = 0,0 = 45° 12. 2x? — 4xy + 2y? — V2x + 1 = 0,0 = 45° 

13. y’ — V3xy + 3 = 0,6 = 30° 14. ° — V3xy — 3 = 0,0 = 60° 

15. 7x° — 2V3xy + 5y — 8 = 0,6 = 60° 16. 4° + V3xy + 3y? — 45 = 0,0 = 30° 

17. 3x° + 2V3xy + y? + 2x — 2V3y — 2 = 0,0 = 30° 18. x? + 2V3xy + 3y? — 2V3x + 2y — 4 = 0,0 = 60° 
19. 7x2 + AV3xy + 3y?- 9 =0,0= . 20. 37x2 + 42V3xy + 79y? — 400 = 0,0 - 

21. 7x? — 10V3xy — 3y? + 24 = 0,0 7 22. 9x2 + 14V3xy — Sy? + 48 = 0,0 2 

23. x2 — 2xy + y — V2x-— V2y — 8 = 0,0 . 2A, x2 + Ixy + 9? + 3V2x + V2y = 0,0 - 


In Exercises 25-38, determine the angle of rotation necessary to transform the equation in x and y into an equation in 
X and Y with no XY-term. 


25.7% + 4xy+y-4=0 26. 3x7 + Sxy + 3y° —-2=0 

27. 2x7 + V3xy + 3y —- 1 =0 28. 4° + V3xy + 33y — 1 =0 

29. 2° + V3xy + yy -5=0 30. 2V3x° + xy + 3V3y7+1=0 

31. V2 + xy + V2y-1=0 32. P+ ldxy + yy +2=0 

33. 12V3x° + 4xy + 8V3y? — 1 =0 34. 4x? + 2xy + 2y°-7=0 

35. 5x7 + Oxy + 47 - 1 = 0 36. x + 2xy + 12° + 3 =0 

37. 3x° + 10xy + 5y°- 1 =0 38. 10.7 + 3xy + 2? +3=0 

In Exercises 39-48, graph the second-degree equation. (Hint: Transform the equation into an equation that contains no 
xy-term.) 

39. 21° + 10V3xy + 3ly* — 144 =0 40. 5x? + 6xy + 5y7- 8 =0 

41. 8x? — 20xy + 8y? + 18 = 0 42. 3y? — 26V3xy — 23x° — 144 = 0 

43. 3x7 + 2V3xy + y? + 2x — 2V3y — 12 =0 44, 3x? — 2V3xy + y? — 2x - 2V3y —4=0 
45. 37x" — 42V3xy + 79y? — 400 = 0 46. 71x? — 58V3xy + 13y* + 400 = 0 

47. x + Qxy + yr + 5V2x + 3V2y = 0 48. 7x° — 4V3xy + 3y°- 9 =0 
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"CONCEPTUAL 


In Exercises 49-52, determine whether each statement is true or false. 


49. The graph of the equation x* + kxy + 9y’ = 5, where k is 51. The reciprocal function is a rotated hyperbola. 


any positive constant less than 6, is an ellipse. 
us . 52. The equation Vx + Vy = 3 can be transformed into the 
50. The graph of the equation x° + kxy + 9y? = 5, where k is equation X? + Y? = 9, 


any constant greater than 6, is a parabola. 


CHALLENGE 


53. Determine the equation in X and Y that corresponds to 55. Identify the conic section with equation y? + ax* = x for 
x y’ various values of a. 
aa P = | when the axes are rotated through 
a 


56. Identify the conic section with equation x° — ay’ = y for 


a. 90° b. 180° various values of a. 


54. Determine the equation in X and Y that corresponds to 
2 2 
a 
ae i 1 when the axes are rotated through 


a 
a. 90° b. 180° 


"TECHNOLOGY 


For Exercises 57-62, refer to the following: 


To use a TI-83 or TI-83 Plus (function-driven software or graphing utility) to graph a general second-degree equation, you need to 
solve for y. Let us consider a general second-degree equation Ax” + Bxy + Cy? + Dx + Ey + F = 0. 
Group y’ terms together, y terms together, and the remaining terms together. 


Ax’ + Bxy + Cy? + Dx + Ey + F=0 


Cy? + (Bxy + Ey) + (Axe + Dx + F) =0 


Factor out the common y in the first set of parentheses. 


Cy? + y(Bx + E) + (Ax* + Dx + F) = 0 
Now this is a quadratic equation in y: ay? + by + c = 0. 
Use the quadratic formula to solve for y. 

Cy? + y(Bx + E) + (Ax* + Dx + F) = 0 


a=C,b=Bx+E,c=Axr+Dx+F 


pail e = dae (Bx + E) + V(Bx + EY — 4(C)(Ae + Dx + F) 
= 


2a 2(C) 

(Bx + E) + V B22 + 2BEx + EB — 4402 — 4CDx — 4CF 
aa 2C 

(Bx + E) + V(B? — 4AC)2 + (2BE — 4CD)x + (E2 — 4CF) 
oe 


26 
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Case I: B? — 4AC = 0— The second-degree equation Ax” + Bxy + Cy’ + Dx + Ey + F = 0 is a parabola. 


—(Bx + E) + VQBE — 4CD)x + (E? — 4CF) 
— 2C 


Case II: B* — 4AC < 0-— The second-degree equation Ax” + Bxy + Cy? + Dx + Ey + F = 0 is an ellipse. 


—(Bx + E) + V(B? — 4AC)¢2 + (2BE — 4CD)x + (2 — 4CF) 
~ 2C 


y 


Case III: B? — 4AC > 0— The second-degree equation Ax? + Bry + Cy’ + Dx + Ey + F = 0 is a hyperbola. 


(Bx + E) + V(B? — 4AC)x2 + (2BE — 4CD)x + (E2 — 4CF) 


a 2C 

57. Use a graphing utility to explore the second-degree 60. Use a graphing utility to explore the second-degree equation 
equation 3x° + 2\V/3xy + y? + Dx + Ey + F = 0 for the 2V3x° + xy + V3; + Dx + Ey + F = 0 for the 
following values of D, E, and F: following values of D, E, and F: 

a D=1,E=3,F=2 a D=2,E=1,F=-1 

b. D LE 3,F =2 b. D=2,E=6,F=-1 

Show the angle of rotation to the nearest degree. Explain Show the angle of rotation to the nearest degree. Explain the 
the differences. differences. 

58. Use a graphing utility to explore the second-degree 61. Use a graphing utility to explore the second-degree equation 
equation x” + 3xy + 3y? + Dx + Ey + F = 0 for the Ax’ + Bxy + Cy? + 2x + y— 1 =0 for the following values 
following values of D, E, and F: of A, B, and C: 

a D=2,E=6,F=-1 a A=4,B=-4,C=1 

b D=6,E=2,F=-1 bA=4,B=4,C=-1 

Show the angle of rotation to the nearest degree. Explain c A=1,B=-4,C=4 

eset Show the angle of rotation to the nearest degree. Explain 
59. Use a graphing utility to explore the second-degree the differences. 


equation 2x” + 3xy + y? + Dx + Ey + F = 0 for the 


following values of D, E, and F: 


a. D=2,E=1,F =—2 values of A, B, and C: 

b D=2,E=1,F =2 a A=1,B=—-4,C=4 
Show the angle of rotation to the nearest degree. Explain the b A=1,B=4,D=-4 
differences. 


the differences. 


62. Use a graphing utility to explore the second-degree equation 
Ax’ + Bxy + Cy’ + 3x + 5y — 2 = 0 for the following 


Show the angle of rotation to the nearest degree. Explain 


SECTION 
11.8 POLAR EQUATIONS OF CONICS 


In Section 11.1 we discussed parabolas, ellipses, and hyperbolas in terms of geometric 
definitions. Then in Sections 11.2-11.4 we examined the rectangular equations of these 
conics. The equations for the conics when their centers are at the origin are simpler than 
when they are not (when conics are shifted). In Section 8.8 we discussed polar coordinates 
and graphing of polar equations. In this section we develop a more unified definition of the 
three conics in terms of a single focus and a directrix. You will see in this section that if 
the focus is located at the origin, then equations of conics are simpler when written in 
polar coordinates. 


Alternative Definition of Conics 


Recall that when we work with rectangular coordinates we define a parabola (Sections 11.1 
and 11.2) in terms of a fixed point (focus) and a line (directrix), whereas we define an 
ellipse and hyperbola (Sections 11.1, 11.3, and 11.4) in terms of two fixed points (the foci). 
However, it is possible to define all three conics in terms of a single focus and a directrix. 

The following alternative representation of conics depends on a parameter called 
eccentricity. 


ALTERNATIVE DESCRIPTION OF CONICS 


Let D be a fixed line (the directrix), F be a fixed point (a focus) not on D, and e be 
a fixed positive number (eccentricity). The set of all points P such that the ratio of 
the distance from P to F to the distance from P to D equals the constant e defines 
a conic section. 


dP, F) _ 
a(P,D)  ° 


» Ife = 1, the conic is a parabola. 
» Ife < 1, the conic is an ellipse. 
» Ife > 1, the conic is a hyperbola. 


When e = 1, the result is a parabola, described by the same definition we used previously 
in Section 11.1. When e # 1, the result is either an ellipse or a hyperbola. The major axis 
of an ellipse passes through the focus and is perpendicular to the directrix. The transverse 
axis of a hyperbola also passes through the focus and is perpendicular to the directrix. If we 
let c represent the distance from the focus to the center and a represent the distance from 
the vertex to the center, then eccentricity is given by 


c 
( a 
a 
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In polar coordinates, if we locate the focus of a conic at the pole and the directrix is 
either perpendicular or parallel to the polar axis, then we have four possible scenarios: 


The directrix is perpendicular to the polar axis and p units to the right of the pole. 
The directrix is perpendicular to the polar axis and p units to the /eft of the pole. 
The directrix is parallel to the polar axis and p units above the pole. 

The directrix is parallel to the polar axis and p units below the pole. 


Let us take the case in which the directrix is perpendicular to the polar axis and 
Pp units to the right of the pole. 


A) AD 
P 
F x 
+ > 
Polar 
axis 
Ee 
Technology Tip v 
Be auresto sek thercalealatorto-tadian In polar coordinates (7, 8), we see that the distance from the focus to a point P is equal 
and polar modes. to r, that is, d(P, F) = r, and the distance from P to the closest point on the directrix is 


d(P,D) = p — rcosé. 


Connecter 


Use |Y =] to enter the polar 
3 
equation r = ————. 
1 + sind 
rl =]/3]/=]/C]} 1 +][sin 
x, T, @.n][) |D] Worps MatH 
To enter the equation of the directrix Substitute d(P, F) = rand d(P,D) = p — rcos@ 
y = 3, use its polar form. : : aP By 7 
= 9 = — into the formula for eccentricity, =e. =e 
y=3 rsinO=3 1r sin? y d(P, D) Pp — rcosé 
Now enter 12 =|[3][+][sin] Multiply the result by p — rcosé@. r = e(p—rcos@) 
X, T, 6, | I) |. Eliminate the parentheses. r = ep — ercos0 
Flotd Flake Flats Add ercos6. pa EPCORT = ep 
srifbs-C1l+sincaas Factor out the common r. r(1 + ecos@) = ep 


ep 


sess inteas ie 
1 + ecosé 


Divide by 1 + ecos@. 


We need not derive the other three cases here, but note that if the directrix is perpendicular 
to the polar axis and p units to the /eft of the pole, the resulting polar equation is 
ep 
r= 
1 — ecosé 


11.8 Polar Equations of Conics 


If the directrix is parallel to the polar axis, the directrix is either above (y = p) or below 
(y = —p) the polar axis and we get the sine function instead of the cosine function, as 
summarized in the following box: 


POLAR EQUATIONS OF CONICS 


The following polar equations represent conics with one focus at the origin and with 
eccentricity e. It is assumed that the positive x-axis represents the polar axis. 


EQuaATION DESCRIPTION 
ep : rie : : 
Ta The directrix is vertical and p units to the right of the pole. 
1 + ecosé 
ep ; ce ; ; 
See The directrix is vertical and p units to the left of the pole. 
1 — ecosé 
ep : Med ; 
eS The directrix is horizontal and p units above the pole. 
1 + esiné 
ep : we : F 
a The directrix is horizontal and p units below the pole. 
1 — esin@ 


ECCENTRICITY 


THE Conic Isa 


THE Is PERPENDICULAR 
TO THE DIRECTRIX 


@= ll Parabola Axis of symmetry 
Chall Ellipse Major axis 
@ = Il Hyperbola Transverse axis 


EXAMPLE 1 


Finding the Polar Equation of a Conic 


Find a polar equation for a parabola that has its focus at the origin and whose directrix is 


the line y = 3. 


Solution: 


The directrix is horizontal and above the pole. 


A parabola has eccentricity e = 1 and p = 3. 


ep 
| io 5 
1 + esin@d 
3 
r= ; 
1 + sind 


= YOUR TURN Finda polar equation for a parabola that has its focus at the origin = Answer: r = 
and whose directrix is the line x = —3. 


3 


1 = 6cosd 


1185 


1186 CHAPTER 11 Analytic Geometry and Systems of Nonlinear Equations and Inequalities 


le EXAMPLE 2_ Identifying a Conic from Its Equation 
Technology Tip & 10 
Identify the type of conic represented by the equation 


Use = | to enter the polar 3+ 2cosd 
: Z 10 . 
equation r = aS Seca Solution: 
rl =||10 =}/C][3 [4+] ]2 To identify the type of conic, we need to rewrite the = ep 
cos] |X, T, 6, nJJ) I[) equation in the form: 1 + ecosé 
To enter the equation of the directrix 10 
x = 5, use its polar form. 3° 
5 Divide the numerator and denominator by 3. a ca 
x=5 rcosd=5 eh (1 + Foose) 
12 =||5]||}=+||cos|| X, T, 6, n|}) 10 
: : 3 
Plotd FlokE Flake Identify e in the denominator. = a a 
wi B18 (34200500 (: ie oD) 
~PEBoecostas e 
e 
ae 
aie 3 
The numerator is equal to ep. = 5 
( 1+ 3 cos 0) 


Si ae] th ici The directrix 1 =5 th j is i 
ince e , the conic is an jellipse|. The directrix 1s x , So the major axis is 
3 p y 


along the x-axis (perpendicular to the directrix). 


= Answer: hyperbola, e = 5, with 
transverse axis along the y-axis 


= YOUR TURN Identify the type of conic represented by the equation 


10 
r= > 
2 — 10sin@ 


10 


3 + 2cosé 
axis along the x-axis. We will graph this ellipse in Example 3. 


In Example 2 we found that the polar equation r = is an ellipse with major 
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EXAMPLE 3 Graphing a Conic from Its Equation 


10 = 
The graph of the polar equation r = -——_——— is an ellipse. le 
3 + 2cosé Technology Tip 
a. Find the vertices. b. Find the center of the ellipse. ig nahin een aia 
c. Find the lengths of the major and minor axes. d. Graph the ellipse. bes ll ar poles 
Solution (a): RRO 3 + 2cosA’ 
From Example 2 we see that e = z, which corresponds to an ellipse, and x = 5 is the [rl =|LOF-|LO/3}L+] 2 


directrix. [cos X, T, 6, n|}) |}) 
The major axis is perpendicular to the directrix. Therefore, the major axis lies along Use the [TRACE | key to trace the 
the polar axis. To find the vertices (which lie along the major axis), let 9 = 0 and 0 = zw. vertices of the ellipse. 
Aa — a Ploki Flak Flake : 
3+2cosd@ 5 sPiBleeCSt2co0ste 
! ? 
10 10 
0=T7: r= = = 10 
3 + 2cos7T 1 
FIELO See conte 
The vertices are the points | V, = (2,0)| and) V, = (10, 77). 
Solution (b): 


The vertices in rectangular coordinates are V; = (2,0) and V, = (—10, 0). 


The midpoint (in rectangular coordinates) between the two vertices is the point (—4, 0), 
which corresponds to the point in polar coordinates. 


Solution (c): 


The length of the major axis, 2a, 
is the distance between the vertices. 2a = 12 


The length a = 6 corresponds to the distance from the center to a vertex. 


Apply the formula e = & with a = 6 
and e = 3 to find c. 


Leta = 6andc = 4inb? = a — c’. 


Solve for b. 
The length of the minor axis is | 2b = 4V/5 |. 
Solution (d): 


Graph the ellipse. 
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E 
Technology Tip 


Use | Y = | to enter the polar 
2 

2+ 3sin@ 

A =)[2/- [G2] 13) 


sin || X,T, 6,n|}) |}) 


equation r = 


Floti Fete Flot? 
spi Geet et+sasintas 
4 


Use the | TRACE | key to trace the 
vertices of the hyperbola. 


FISEeCe+ ssi ae 


FIse (Cet ssintaay 


EXAMPLE 4 
Identify and graph the conic defined by the equation r = 


Solution: 

Rewrite the equation in 
e 

the form r = <a 

1 + esin@ 


The conic is a hyperbola since e = 3 > 1. 


Identifying and Graphing a Conic from Its Equation 


2 
2 + 3sin@ 


ee = 
2 + 3sin0 3 
a 1+ (5) sino 


The directrix is horizontal and unit above the pole (origin). 


To find the vertices, let 9 = a and @ = = 


ra 
2 2 
suff) 
sin} 2 
2 2 


ga 

= 2 _ 

5 = 3, - 2. 
2 


F : : 27 30 
The vertices in polar coordinates are 5 x and |—2, > : 


The vertices in rectangular coordinates are V; = (0, 2) and V, = (0, 2). 


The center is the midpoint between the vertices: (0, ), 


The distance from the center to a focus is c = g 


Apply the formula e = = with c = g and 
a 
e= 3 to find a. 
Leta = $andc = $inP? =? — @’. b= 
Solve for b. b= 


The asymptotes are given by 


=4+"@—Atk 
y= seer A +h 
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It is important to note that although we relate specific points (vertices, foci, etc.) to 
rectangular coordinates, another approach to finding a rough sketch is to simply point-plot 


the equation in polar coordinates. 


EXAMPLE 5_ Graphing a Conic by Point-Plotting in Polar Coordinates 


4 


Sketch a graph of the conic r = ————. 
1 — sind 


Solution: 


Step 1 The conic is a parabola because the equation is in the form 


0) 
1 — (1)siné 
Make a table with key values for @ and r. 
4 
4 t= sind (0) 
0 : : 4 (4, 0) 
r a = = bf 
1—sind 1 
7 4 4 4 
= r= = = undefined 
2 . L=1 :0 
1 — sin— 
4 4 
7 r= - =—=4 (4, 77) 
1 — sinaz 1 
37 4 4 4 37 
cell r= = a 2 pe rs 
2 or L=—(-Tp 2 2 
1 — sin— 
2 
4 4 
20 r= - =—=4 (4, 277) 
1—sin27 1 
Step 2 Plot the points on a polar graph Im 2 5m 
T2 12 
5 


and connect them with a smooth 2a 
parabolic curve. 


Ee 
Technology Tip 


Use | Y = | to enter the polar 


4 
equation r = ————. 

1 — siné 
[rl = 4|[= CJ} 1]}—]{ sin 
[X, T, @, n][) JD 


Flotd Flotz Flot? 
spideCl-sintaas 


FUSS CL -sintay 
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—_ SECTION 
» SUMMARY 


In this section we found that we could graph polar equations of conics by identifying a single focus and the directrix. There are four 
possible equations in terms of eccentricity e: 


EQuATION DESCRIPTION 
e 
r= eee The directrix is vertical and p units to the right of the pole. 
1 + ecosé 
ep ; bade ; : 
———— The directrix is vertical and p units to the left of the pole. 
il = aeos@) 
ep : Tig 5 : 
a >— The directrix is horizontal and p units above the pole. 
1 + esin@ 
ep : oe : : 
P= The directrix is horizontal and p units below the pole. 
il = egiia) 


SECTION 
11.8 | EXERCISES 


"SKILLS 


In Exercises 1-14, find the polar equation that represents the conic described (assume that a focus is at the origin). 


Conic Eccentricity Directrix Conic Eccentricity Directrix 

1. Ellipse e= 5 y= =>) 2. Ellipse e= ; y=3 

3. Hyperbola e=2 y=4 4. Hyperbola ea) yo =2 
5. Parabola e=1 x= 1 6. Parabola e=1 x= 
7. Ellipse e= 3 x= 2 8. Ellipse e= 2 x=-4 
9. Hyperbola e= ; x= -3 10. Hyperbola e= 3 x=5 
11. Parabola e=1 y= =3 12. Parabola @e=1 y=4 
13. Ellipse e= 2 y=6 14. Hyperbola é= 8 y=5 


In Exercises 15-26, identify the conic (parabola, ellipse, or hyperbola) that each polar equation represents. 


4 3 2 3 

15. r = ——— 16. r = ———— 17. r = >—— 18. r = ———_ 
1 + cosé 2 — 3sin@ 3 + 2sin@ 2 — 2cos@ 

19 20 : 21 u 22 
. fF = ——— . r= ——— ._r => fe 
4 + 8cos@ 4 — cos 3 + cosé 5 + 6sin0 
23. oe 24, ——— ; 25. ———— 26. ——— : 
5 + 5sin@ 5 — 4sin0é 1 — 6cosé 3 — 3sin0 
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In Exercises 27-40, for the given polar equations: (a) identify the conic as either a parabola, ellipse, or hyperbola; 


(b) find the eccentricity and vertex (or vertices); and (c) graph. 


2 4 4 
27. r = ——— 28. r = ——— 29. r = ——— 30. ——— 
1 + sind 1 — cosé 1 — 2sin@ 3 + 8cosé 
2 1 1 1 
1. r = > 2. 7 = > ; — 4. 7 = ——— 
kaa ary Se aa et = Fant pe = ane 
4 2 6 6 
35. r = ———_ 36. r = > 3a TS a 38. r = ———_ 
3 + cosé 5 + 4sin@ 2 + 3sin0 1 + cosé 
2 10 
39. r = —>—_—_ 40. r = ————— 
5 + S5cosé 6 — 3cos0 
APPLICATIONS 
For Exercises 41 and 42, refer to the following: 
Planets travel in elliptical orbits around a single focus, the 41. Planetary Orbits. Pluto’s orbit is summarized in the 


Sun. Pluto (orange), the dwarf planet furthest from the Sun, has 
a pronounced elliptical orbit, whereas Earth (royal blue) has an 
almost circular orbit. The polar equation of a planet’s orbit can 
be expressed as 


a(l = ”) 


(1 — ecos@) 


r= 


where e is the eccentricity and 2a is the length of the major axis. It 
can also be shown that the perihelion distance (minimum distance 
from the Sun to a planet) and the aphelion distance (maximum 
distance from the Sun to the planet) can be represented by 

r = al — e)andr = a(1 + e), respectively. 


42. 


picture below. Find the eccentricity of Pluto’s orbit. 
Find the polar equation that governs Pluto’s orbit. 


Planetary Orbits. Earth’s orbit is summarized in the 
picture below. Find the eccentricity of Earth’s orbit. 
Find the polar equation that governs Earth’s orbit. 
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For Exercises 43 and 44, refer to the following: 43. Asteroids. The asteroid 433 or Eros is the second largest 
near-Earth asteroid. The semimajor axis of its orbit is 

150 million km and the eccentricity is 0.223. Find the polar 
equation of Eros’s orbit. 


Asteroids, meteors, and comets all orbit the Sun in elliptical 
patterns and often cross paths with Earth’s orbit, making life 
a little tense now and again. Asteroids are large rocks (bodies 


under 1000 km across), meteors range from sand particles 44. Asteroids. The asteroid Toutatis is the largest near-Earth 
to rocks, and comets are masses of debris. A few asteroids asteroid. The semimajor axis of its orbit is 350 million km 
have orbits that cross the Earth’s orbits—called Apollos or and the eccentricity is 0.634. On September 29, 2004, it 
Earth-crossing asteroids. In recent years, asteroids have passed missed Earth by 961,000 miles. Find the polar equation of 
within 100,000 km of Earth! Toutatis’s orbit. 


" CONCEPTUAL 


45. When 0 < e < 1, the conic is an ellipse. Does the conic 47. Convert from rectangular to polar coordinates to show 
become more elongated or elliptical as e approaches 1 or as e . y . 
approaches 0? that the equation of : Hepes 2 Pp = |, in polar 

ep a 
46. Show that r = Sa is the polar equation of a conic form is r° = 1 — ecos26° 
— esin 
with a horizontal directrix that is p units below the pole. 48. Convert from rectangular to polar coordinates to show that 
2 2 
the equation of an ellipse, > + B = 1, in polar 
a 
no 3 b 
form is r° = ———_,—-. 
1 — ecos’é 
CHALLENGE 
49. Find the major diameter of the ellipse with polar equation 51. Find the et of the ellipse with polar equation 
e 
r= peop im terms of e and p. 1 + ecosé im terms of e and p. 


50. Find the minor diameter of the ellipse with polar equation 52. Find the length of the latus rectum of the parabola with 


r= oF _ in terms of e and p. polar equation r = a Assume that the focus is at 
1 + ecosé tee 1 + cosé 
the origin. 
=TECHNOLOGY 
: : ep : . ep 
53. Let us consider the polar equations r = —————— and 56. Let us consider the polar equations r = ————— and 
1 + ecos@ ep 1 + esin@ 
e ith p = 1. With hi tility, 
r= i with eccentricity e = 1. With a graphing a= esind ee lc tea 


1 — ecos@ 
utility, explore the equations with p = 1,2, and 6. Describe 
the behavior of the graphs as p — oo and also the difference 
between the two equations. 


explore the equations with e = 1.5,3, and 6. Describe the 
behavior of the graphs as e oo and also the difference 
between the two equations. 


e 
: . ep 57. Let us consider the polar equations r = = and 
54. Let us consider the polar equations r = —————— and 1 + ecosé 
1 + esin@ ep . : . ie 
ep ; _ : . r with p = 1. With a graphing utility, 
r = ———.— with eccentricity e = 1. With a graphing 1 — ecosé 
1 — esin#é explore the equations with e = 0.001, 0.5, 0.9, and 0.99. 


utility, explore the equations with p = 1,2, and 6. Describe 
the behavior of the graphs as p — oo and also the difference 
between the two equations. 


Describe the behavior of the graphs as e — 1 and also the 
difference between the two equations. Be sure to set the 


ei window parameters properly. 


: : _~ PP é 
55. Let us consider the polar equations r ae ee: and 58, Let us consider the pola equations r = = P 5 sd 
ep , _ : ‘ i . esin 
. 1 — ecos@ see A aoe pre wel, i id ae with p = 1. With a graphing utility, explore 
— esin 


explore the equations with e = 1.5,3, and 6. Describe the 
behavior of the graphs as e —> oo and also the difference 
between the two equations. 


the equations with e = 0.001,0.5,0.9, and 0.99. Describe the 
behavior of the graphs as e — 1 and also the difference 
between the two equations. Be sure to set the window 
parameters properly. 
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‘ 5 ; 6 
59. Let us consider the polar equation r = 5 4 2Qsind’ 61. Let us consider the polar equation r = 1. 3ane 
Explain why the graphing utility gives the following Explain why a graphing utility gives the following 
graphs with the specified window parameters: 
a. [—2,2] by [—2,2] with @ step = . 


graphs with the specified window parameters: 
a. [—8, 8] by [—2, 4] with 6 step = . 


b. [—4, 8] by [—2, 6] with 6 step = 0.47 


2 : F ; 
60. Let us consider the polar equation r = ————.. Explain 62. Let us consider the polar equation r = ————.. Explain 
1 + cosé 1 — sin@ 
why a graphing utility gives the following graphs with the why a graphing utility gives the following graphs with the 
specified window parameters: specified window parameters: 
; 7 
a. [—2, 2] by [4,4] with 6 step = > a. [—4, 4] by [—2, 4] with 6 step = a 


b. [—4, 4] by [—2, 6] with @ step = 0.87 


SECTION PARAMETRIC EQUATIONS 
11.9 AND GRAPHS 


AY 
t= 1.57|(0, 1) 
cee 
a a 
/ \ 
(-1, 0) (,0)\ x 
(¢=3.14 t=0 f= 6.38 
s ; 
ant Pi 
one 
(0,-1)| t= 4.71 
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Parametric Equations of a Curve 
Thus far we have talked about graphs in planes. For example, the equation x* + y* = 1 
when graphed in a plane is the unit circle. Similarly, the function f(x) = sinx when 
graphed in a plane is a sinusoidal curve. Now, we consider the path along a curve. For 
example, if a car is being driven on a circular racetrack, we want to see the movement 
along the circle. We can determine where (position) along the circle the car is at some time 
t using parametric equations. Before we define parametric equations in general, let us 
start with a simple example. 

Let x = costand y = sintandt = 0. We then can make a table of some corresponding 
values. 


t SECONDS x = cost y = sint (xy) 

0 x = cos0O = y = sin0 = 0 (1, 0) 
7 7 (a 

3 x= eo(5) = 0 y= sin( 3) =1 (0, 1) 
7 x = cos7T = —1 y = sina = 0 (-1, 0) 
377 377 _ (30 

a x= cos( 7) =0 y= sin( > ) =-l (0, —1) 
27 x = cos(27) = 1 y = sin(27) = 0 (1, 0) 


If we plot these points and note the correspondence to time (by converting all numbers to 
decimals), we will be tracing a path counterclockwise along the unit circle. 


t=0 
(1, 0) 


t= 1.57 
(0, 1) 


t=3.14 
(-1, 0) 


t= 4.71 
(0, =i) 


TIME (SECONDS) 


POSITION 


Notice that at time tf = 6.28 seconds we are back to the point (1, 0). 
We can see that the path represents the unit circle, since x7 + y* = cos*t + sin?t = 1. 


DEFINITION Parametric Equations 


Let x = f(t) and y = g(t) be functions defined for ¢ on some interval. The set of points 
(x, y) = ({(), g(d) represents a plane curve. The equations 


x — jy and ye) 
are called parametric equations of the curve. The variable t is called the parameter. 
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Parametric equations are useful for showing movement along a curve. We insert arrows 
in the graph to show direction, or orientation, along the curve as ¢ increases. 


EXAMPLE 1_ Graphing a Curve Defined by Parametric 
Equations 
Graph the curve defined by the parametric equations 
x=r y=(t- 1) tin [—2, 2] 
Indicate the orientation with arrows. 
Solution: 


Step 1 Make a table and find values for t, x, and y. 


t x=f y=(¢t-1) (x, y) 
=-2 | x=(-2~7=4 y=(-2-D=-3 (4, —3) 
t=-1] x=(-1P=1 y=(-l-D=-2 (1, -2) 


~ 
| 


t=0 x=0=0 y=(-1)=-1 (0, -1) 
t=1 x=P=1 y=(1-D=0 (1, 0) 
f= 2 xe2=4 y=2-1)=1 (4, 1) 


Step 2 Plot the points in the xy-plane. AY 
ve) = 
7 (4, 1) 
1- (4,0) e 
Lo aod t= 2. 
! | | ms | | | ! | ! 
ea ee 4 
(0,-1) -1¢ t=0 
[ t=-1 
2 e 
- (1, -2) oe) 
3b e 
(4, -3) 
Step 3 Connect the points with a AY 
smooth curve and use arrows 2h 


to indicate direction. 


(4, -3) 


: : 2 = Answer: 
The shape of the graph appears to be a parabola. The parametric equations are x = t~ and 


y = (t — 1). If we solve the second equation for ¢, getting t = y + 1, and substitute 
this expression into x = 1’, the result is x = (y + 1)?. The graph of x = (y + 1 isa 
parabola with vertex at the point (0, —1) and opening to the right. 


= YOUR TURN Graph the curve defined by the parametric equations 


x=tt+1 y=r t in [—2, 2] 


Indicate the orientation with arrows. 
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eruey a 


For open curves the orientation can 
be determined from two values of t. 


However, for closed curves three 
points should be chosen to ensure 
clockwise or counterclockwise 
orientation. 


Sometimes it is easier to show the rectangular equivalent of the curve and eliminate the 
parameter. 


| EXAMPLE 2. Graphing a Curve Defined by Parametric Equations 
by First Finding an Equivalent Rectangular Equation 


Graph the curve defined by the parametric equations 


x = 4cost 


Indicate the orientation with arrows. 


Solution: 


y = 3sint 


t is any real number 


One approach is to point-plot as in Example 1. A second approach is to find the 
equivalent rectangular equation that represents the curve. 


We apply the Pythagorean identity. 


Find sin’t from the parametric equation for y. 


Square both sides. 

Divide by 9. 
Similarly, find cos’?. 

Square both sides. 


Divide by 16. 


y 32 
Substitute sin?+ = — and cos*t = — 


: . 16 
into sin’t + cost = 1. 


The curve is an ellipse centered at the 
origin and elongated horizontally. 


sin’t + cos*t = 1 


y = 3sint 
y? = Osin*t 
2 
sin’? t = — 
x = 4cost 
x? = 16cos’t 
>: 
cos*t = — 
16 
> 2 
es 
9 16 
AY 
i Ss 


The orientation is counterclockwise. For example, when t = 0, the position is (4, 0), 


when t = me the position is (0, 3), and when ft = 7, the position is (—4, 0). 
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Applications of Parametric Equations Study Tip 


cdlacasets cepetagetite ceed cea ncatatte Biche catcie Braces scat tebe trata Chan oeiteet, en eteee erecta ccd uciaithe, NOR lesa ge aest ey aaa ches 
Parametric equations can be used to describe motion in many applications. Two that we _ have a simple rectangular equation. 


will discuss are the cycloid and a projectile. Suppose that you paint a red X on a bicycle — The only convenient way to describe 
tire. As the bicycle moves in a straight line, if you watch the motion of the red X, you will _ its Path is with parametric equations. 
see that it follows the path of a cycloid. 


The parametric equations that define a cycloid are 


and | y = a(l ~ cost) 


where f is any real number. 


EXAMPLE 3 Graphing a Cycloid 
Graph the cycloid given by x = 2(t — sint) and y = 2(1 — cosf) for tin [0, 477]. 


Solution: 


Step 1 Make a table and find key values for f, x, and y. 


2(t — sinf) y = 2(1 — cost) 
2:00 — 0) = 0 y=201-1)=0 


2m — 0) = 2a y = 2[1 —(-D] =4 

2(24 — 0) = 4a y=21-1)=0 
t=30 x = 23a — 0) = 67 y = 21 - (-D] = 4 (67, 4) 
t=4r x = 24a — 0) = 87 y=21-1)=0 (827, 0) 


Step 2 Plot points in a plane and connect 


them with a smooth curve. AY 
t=7 t=37 
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Another example of parametric equations describing real-world phenomena is 
projectile motion. The accompanying photo of a golfer hitting a golf ball illustrates an 
example of a projectile. 


(eq J108) oyoydy]2035) ‘s1q10@/19WIs]}eq enyso/ 


Let vy be the initial velocity of an object, 0 be the initial angle of inclination with the 
horizontal, and h be the initial height above the ground. Then the parametric equations 
describing the projectile motion (which will be developed in calculus) are 


and y= —tgt + (vpsiné)t + h 


where f is the time and g is the constant acceleration due to gravity (9.8 meters per square 
second or 32 feet per square second). 


EXAMPLE 4_ Graphing Projectile Motion 


Suppose a golfer hits his golf ball with an initial velocity of 160 feet per second at an 
angle of 30° with the ground. How far is his drive, assuming the length of the drive is 
from the tee to where the ball first hits the ground? Graph the curve representing the 
path of the golf ball. Assume that he hits the ball straight off the tee and down the 
fairway. 


Solution: 


Step 1 Find the parametric equations that describe the golf ball that the golfer drove. 
First, write the parametric equations for projectile motion. 
x =(vocos#)t and y= —ief + (vosiné)t + h 
Let g = 32 ft/sec’, vy = 160 ft/sec, h = 0, and 6 = 30°. 
x = (160+ cos30°)t and y = —16f + (160° sin30°)t 
Evaluate the sine and cosine functions and simplify. 


x = 80V3t and y = —16P + 80¢ 
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Step 2. Graph the projectile motion. 


E 
Technology Tip ) 


t x = 80V3t y = —16f + 801 (x, y) Ghali = 800/51 and 
t=0 | x=80V3(0) =0 y = —16(0)? + 8000) = 0 (0, 0) y = —16r? + 800. 

t=1 | x=80V3()~ 139 | y= 161)? + 8011) = 64 | (439, 64) re ane 
t=2 | x=80V3(2) 2277 | y = 162) + 802)=96 | (277, 96) “eid BSE. S37 


Wir -167*+88T 


t=3 x = 80V3(3) © 416 y = —16(3)? + 80(3) = 96 (416, 96) 
t=4 x = 80V3(4) = 554 y = —16(4)? + 80(4) = 64 (554, 64) 
y 


t=5 | x= 80V3(5)~ 693 | y= —16(5)? + 80(5) = 0 (693, 0) ee HSE 
z Rant fe 
ER 
Ay E Boe oe 
700+ 5 Hz.28 
500+ 
L WIDOW 
Tmin=e 
300/- Thax=o 
i0o-fet 722 =? peu 
t=0 foo 
1 1 1 1 yi i > 
100 300 500 700 


We can see that we selected our time increments well (the last point, (693, 0), corresponds 
to the ball hitting the ground 693 feet from the tee). 


1 
Step 3 Identify the horizontal distance from the tee to where the ball first hits the A AG 
ground. Tag 
La 7 7 ke =- Er 
Algebraically, we can determine the ieee 1 ie 
i] oo — 
distance of the tee shot by setting Voon1l=188 
the height y equal to zero. y = -16f° + 801 = 0 
Factor (divide) the common, — 16r. —1l6rt — 5) = 0 
H17=BOICSIT Yip=-1eT2+B8_ 
Solve for ¢. t=Oort=5 


The ball hits the ground after 5 seconds. 


Let t = 5 in the horizontal distance, 
x = 80V3t. x = 80V3(5) © 693 


The ball hits the ground 693 feet from the tee. 


With parametric equations, we can also determine when the ball lands (5 seconds). 


| 


ae 
0 ¥=0 
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ia Se SECTION 
SUMMARY 
Parametric equations are a way of describing the path an object orientation along the curve can be determined by finding points 
takes along a curve in the xy-plane. Parametric equations have corresponding to different t-values. Two important applications 
equivalent rectangular equations. Typically, the method of graphing are cycloids and projectiles, whose paths we can trace using 
a set of parametric equations is to eliminate t and graph the parametric equations. 


corresponding rectangular equation. Once the curve is found, 


SECTION 
11.9 | EXERCISES 


"SKILLS 
In Exercises 1-30, graph the curve defined by the parametric equations. 


lox=t+ly=vVtt20 
3. x = -34y =P + 1, tin [0,4] 


7. x= Vi,y = t,tin[0, 10] 


. x = 3hy =P — 1,rin [0,4] 


2 
4.x=fP lly P+ 1,tin[-3, 3] 
5. x=f,y = f,tin[—2,2] 6. 
8 


.x=ty = VP + 1,tin[0, 10] 


x=fPt+1Ly=f — 1,rin[-2,2] 


9 x= (t+ 1%, y = (¢ + 2), rin [0, 1] 10. x = (t — 1), y = (t — 2)’, tin [0, 4] 

ll. x = e',y=e',-In3 St S In3 12. x=e*,y =e% + 4,-In2 <1 <= In3 
13. x=2f-1,y=84+1,0s1r<4 14. x =3°-1,y=2P,-l<tr<1 

15. x= At — 2),y = et —29,0<1<4 16. x = -tWi,y = — 5®-2,-3 <1 <3 

17. x = 3sint,y = 2cost, rin [0, 277] 18. x = cos(2f), y = sint,¢ in [0, 27] 

19. x = sint + 1l,y = cost — 2, rin [0, 277] 20. x = tant,y = 1,rin | rm: =| 

21. x = l,y = sint, tin[—27, 27] 22. x = sint,y = 2,tin [0, 277] 

23. x= sin*t, y = cos7t, fin [0, 27] 24. x= 2sin*s, y = 2cos7t, tin [0, 27] 

25. x = 2sin(3t), y = 3cos(2r), t in [0, 277] 26. x = 4cos(2f), y = t,¢ in [0, 277] 

27. x= cos(5) ly sn( 5) + 1,-27 St s27 28. x = sin( 5) + 3,y= cos( 5) —10sts67 
29. x 2sin( + a 2eon(1 + a ri <rts 2 30. x = —3cos7(3t), y = 2cos(30), ae =rs 3 


In Exercises 31-40, the given parametric equations define a plane curve. 
corresponds to the plane curve. 


: 


Find an equation in rectangular form that also 


31.x=-,y=P 32. x=P-ly=f+1 
33. x=P+ly=P-1 34. x =34y=P-1 
35. x=ty=VPH1 36. x = sin’t,y = cos’t 
37. x = 2sin?t,y = 2cos’t 38. x = sec?t, y = tan’t 


39. x= 4 + 1),y=1-f 40. 


x= Vt—ly=vVt 


"=APPLICATIONS 


For Exercises 41-50, recall that the flight of a projectile can 
be modeled with the parametric equations 


x = (vecosO)t y = —16¢? + (wsin@)t + h 


where ¢ is in seconds, vo is the initial velocity, 0 is the angle 
with the horizontal, and x and y are in feet. 


41. Flight of a Projectile. A projectile is launched from the 
ground at a speed of 400 ft/sec at an angle of 45° with the 
horizontal. After how many seconds does the projectile hit 
the ground? 


42. Flight of a Projectile. A projectile is launched from the 
ground at a speed of 400 ft/sec at an angle of 45° with the 
horizontal. How far does the projectile travel (what is the 
horizontal distance), and what is its maximum altitude? 


43. Flight of a Baseball. A baseball is hit at an initial speed of 
105 mph and an angle of 20° at a height of 3 feet above the 
ground. If home plate is 420 feet from the back fence, which 
is 15 feet tall, will the baseball clear the back fence for a 
home run? 


44. Flight of a Baseball. A baseball is hit at an initial speed of 
105 mph and an angle of 20° at a height of 3 feet above 
the ground. If there is no back fence or other obstruction, 
how far does the baseball travel (horizontal distance), and 
what is its maximum height? 


45. Bullet Fired. A gun is fired from the ground at an angle of 
60°, and the bullet has an initial speed of 700 ft/sec. How 
high does the bullet go? What is the horizontal (ground) 
distance between the point where the gun is fired and the 
point where the bullet hits the ground? 


46. Bullet Fired. A gun is fired from the ground at an angle of 
60°, and the bullet has an initial speed of 2000 ft/sec. How 
high does the bullet go? What is the horizontal (ground) 
distance between the point where the gun is fired and the 
point where the bullet hits the ground? 


47. Missile Fired. A missile is fired from a ship at an angle of 
30°, an initial height of 20 feet above the water’s surface, 
and a speed of 4000 ft/sec. How long will it be before the 
missile hits the water? 


48. Missile Fired. A missile is fired from a ship at an angle of 
40°, an initial height of 20 feet above the water’s surface, 
and a speed of 5000 ft/sec. Will the missile be able to hit a 
target that is 2 miles away? 


49. Path of a Projectile. A projectile is launched at a speed of 
100 ft/sec at an angle of 35° with the horizontal. Plot the 
path of the projectile on a graph. Assume that h = 0. 


50. Path of a Projectile. A projectile is launched at a speed of 
150 ft/sec at an angle of 55° with the horizontal. Plot the 
path of the projectile on a graph. Assume that h = 0. 
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For Exercises 51 and 52, refer to the following: 


Modern amusement park rides are often designed to push 

the envelope in terms of speed, angle, and ultimately gs, 

and usually take the form of gargantuan roller coasters or 
skyscraping towers. However, even just a couple of decades 
ago, such creations were depicted only in fantasy-type drawings, 
with their creators never truly believing their construction 
would become a reality. Nevertheless, thrill rides still capable 
of nauseating any would-be rider were still able to be 
constructed; one example is the Calypso. This ride is a 
not-too-distant cousin of the more well-known Scrambler. 

It consists of four rotating arms (instead of three like the 
Scrambler), and on each of these arms, four cars (equally 
spaced around the circumference of a circular frame) are 
attached. Once in motion, the main piston to which the four 
arms are connected rotates clockwise, while each of the four 
arms themselves rotates counterclockwise. The combined 
motion appears as a blur to any onlooker from the crowd, but 
the motion of a single rider is much less chaotic. In fact, a 
single rider’s path can be modeled by the following graph: 


The equation of this graph is defined parametrically by 


x(t) = Acost + Bcos(—3r) 
y(t) = Asint + Bsin(—3t1) OS t S 277 


51. Amusement Rides. What is the location of the rider at 


3a 
5 ,andt = 27? 


0 T 
t Lt -t 
2 


a, t 


52. Amusement Rides. Suppose that the ride conductor was 
rather sinister and speeded up the ride to twice the speed. 
How would you modify the parametric equations to model 
such a change? Now vary the values of A and B. What do 
you think these parameters are modeling in this problem? 
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"CATCH THE MISTAKE 


In Exercises 53 and 54, explain the mistake that is made. 


53. Find the rectangular equation that corresponds to the plane 54. Find the rectangular equation that corresponds to the plane 


curve defined by the parametric equations x = t + 1 and curve defined by the parametric equations x = Vr and 
y = V+. Describe the plane curve. y = t — 1. Describe the plane curve. 

Solution: Solution: 

Square y = V1. y=t Square x = V1. St 
Substitute ¢ = y? intox =r+ 1. x=yt+1 Substitute ¢ = x° into y = 14-1. y=x-1 
The graph of x = y* + 1 is a parabola opening to the right The graph of y = x* — 1 is a parabola opening up with 
with vertex at (1, 0). vertex at (0, —1). 

This is incorrect. What mistake was made? This is incorrect. What mistake was made? 


"CONCEPTUAL 


In Exercises 55 and 56, determine whether each statement is true or false. 


55. Curves given by equations in rectangular form have 57. Determine what type of curve the parametric equations 
orientation. x = Vt and y = V1 — ¢ define. 
56. Curves given by parametric equations have orientation. 58. Determine what type of curve the parametric equations 


x = Int and y = ¢ define. 


CHALLENGE 


T 37 . : . 
59. Prove that x = atant, y = bsect,0 St S$ 27, t# —, — 62. Consider the parametric curve x = asint + acost, 


as y = acost — asint,0 St S 27. 


are parametric equations for a hyperbola. Assume that Assume that a is not zero. Find the Cartesian equation for 
aand b are nonzero constants. 


this curve. 
t t : ‘ = = 
60. Prove that x = acse( ). y= beot( ) 0<1t<4nr, 63. Consider the parametric curve x = ey = be', t = 0. 
2 2 Assume that a is a positive integer and D is a positive real 
t # 7,37 are parametric equations for a hyperbola. Assume number. Determine the Cartesian equation. 


that a and b are nonzero constants. : ; 
64. Consider the parametric curve x = alnt, y = In(bf), t > 0. 


: . = Acind 2 ; idee F if 
61. Consider the parametric curve x = asin’ t — bcos*t, Assume that b is a positive integer and a is a positive real 
‘ 7 number. Determine the Cartesian equation. 
y = beos*t + asin't,0 Sts 2 4 
Assume that a and b are nonzero constants. Find the 
Cartesian equation for this curve. 


"TECHNOLOGY 


65. Consider the parametric equations: x = asinf — sin(at) 68. Consider the parametric equations: x = asin(at) — sinf and 
and y = acost + cos(at). With a graphing utility, explore y = acos(at) — cost. With a graphing utility, explore the 
the graphs for a = 2,3, and 4. graphs for a = 2 and 3. Describe the f-interval for each 

66. Consider the parametric equations: x = acos t — bcos(at) i 
and y = asinf + sin(at). With a graphing utility, explore 69. Consider the parametric equations x = a cos(at) — sint 
the graphs for a = 3 and b = 1, a = 4 and b = 2, and and y = asin(at) — cost. With a graphing utility, explore 
a = 6 and b = 2. Find the f-interval that gives one cycle the graphs for a = 2 and 3. Describe the f-interval for 
of the curve. each case. 


67. Consider the parametric equations: x = cos(af) and y= sin(bt). 70. Consider the parametric equations x = a sin(at) — cost 
With a graphing utility, explore the graphs for a = 2 and and y = acos(at) — sint. With a graphing utility, explore 
b= 4,a=4 and b = 2, a = 1 and b = 3, anda = 3 and the graphs for a = 2 and 3. Describe the f-interval for 
b = 1. Find the rinterval that gives one cycle of the curve. each case. 


CHAPTER 11 INQUIRY-BASED LEARNING PROJECT 
“And the Rockets Red Glare .. .” 


Scientists at Vandenberg Air Force Base are interested in tracing the path of 

some newly designed rockets. They will launch two rockets at 100 feet per second. 
One will depart at 45°, the other at 60°. From vector analysis and gravity, you 
determine the following coordinates (x, y) as a function of time t where y stands 
for height in feet above the ground and x stands for lateral distance traveled. 


45° 60° 
xX = 100 cos(45°)t x = 100 cos(60°)t 
y = —16f? + 100 sin(45°)t y = —16¢? + 100 sin(60°)t 


1. For each angle (45°, 60°), fill in the chart (round to one decimal place). You can 
do this by hand (very slowly) or use the table capabilities of a calculator or similar 


device. 
t 0) 0.5 1.0 1.5 2.0 2.5 3.0 S5) 4.0 4.5 5.0 
Xas 
Yas 
Xoo 
Yeo 


2. What are a few things worth noting when looking at your table values? Think about 
the big picture and the fact that you are dealing with projectiles. 


Show your work for the following: 


3. Which rocket traveled higher and by how much? Recall that the y variable is the 
height. (List the heights of each rocket.) 


4. When each rocket first hits the ground, which one has traveled farther laterally and 
by how much? (List distances of each.) 


5. Which rocket was in the air longer and by how much? (List the times of each.) 


6. For each rocket, write t in terms of x. Then substitute this value into the y equation. 
This is called “eliminating the parameter” and puts y as a function of x. Simplify 
completely. Use exact values. Reduce the fractions to their lowest terms. 
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MODELING OUR WORLD 


In the Modeling Our World features in Chapters 3-5, you used the average yearly temperature 
in degrees Fahrenheit (°F) and carbon dioxide emissions in parts per million (ppm) collected by 
NOAA in Mauna Loa, Hawaii, to develop linear (Chapter 3) and nonlinear (Chapters 4 and 5) 
ne models. In the following exercises you will determine when these different models actually 
/ predict the same temperatures and carbon emissions. It is important to realize that not only can 
different models be used to predict trends, but also the choice of data those models are fitted 
to also affects the models and hence the predicted values. 


YEAR 1960 | 1965 | 1970 | 1975 | 1980 | 1985 | 1990 | 1995 | 2000 | 2005 
TEMPERATURE 44.45 | 43.29 | 43.61 | 43.35 | 46.66 | 45.71 | 45.53 | 4753 | 45.86 | 46.23 
CO, EMISSIONS 316.9 | 320.0 | 325.7 | 331.1 | 338.7 | 345.9 | 354.2 | 360.6 | 369.4 | 379.7 


(PPM) 


1. Solve the system of nonlinear equations governing mean temperature that was found 
by using two data points: 
Equation (1): Use the linear model developed in Modeling Our World, Chapter 3, 
Problem 2a. 
Equation (2): Use the quadratic model found in Modeling Our World, Chapter 4, 
Problem 2a. 


2. For what year do the models used in Problem 1 agree? Compare the value given by 
the models that year to the actual data for the year. 


3. Solve the system of nonlinear equations governing mean temperature that was found 
by applying regression (all data points): 
Equation (1): Use the linear model developed in Modeling Our World, Chapter 3, 
Problem 2c. 
Equation (2): Use the quadratic model found in Modeling Our World, Chapter 4, 
Problem 2c. 


4. For what year do the models used in Problem 3 agree? Compare the value given by 
the models that year to the actual data for the year. 


5. Solve the system of nonlinear equations governing carbon dioxide emissions that 
was found by using two data points: 
Equation (1): Use the linear model developed in Modeling Our World, Chapter 3, 
Problem 7a. 
Equation (2): Use the quadratic model found in Modeling Our World, Chapter 4, 
Problem 7a. 


6. For what year do the models used in Problem 5 agree? Compare the value given by 
the models that year to the actual data for the year. 


7. Solve the system of nonlinear equations governing carbon emissions that was found 
by applying regression (all data points): 
Equation (1): Use the linear model developed in Modeling Our World, Chapter 3, 
Problem 7c. 
Equation (2): Use the quadratic model found in Modeling Our World, Chapter 4, 
Problem 7c. 


8. For what year do the models used in Problem 7 agree? Compare the value given by 
the models that year to the actual data for the year. 
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‘) CHAPTER 11 REVIEW 


SECTION CONCEPT Key IDEAS/FORMULAS 
11.1 Conic basics 
Three types of conics Names of conics: Parabola, Ellipse, and Hyperbola 
Definitions: 


Parabola: Distance to a reference point (focus) and a reference line 
(directrix) is constant. 

Ellipse: Sum of the distances between the point and two reference 
points (foci) is constant. 

Hyperbola: Difference of the distances between the point and two 
reference points (foci) is constant. 


11.2 The parabola 


A parabola with a vertex at 
the origin. 


Focus (p, 0) 


v 
Directrix P Directrix e 
i) ieee ' x=-—p > 
Up: p>0 Down: p <0 Right: p >0 Left: p <0 as 
m 
A parabola with a vertex at ee ‘ pine ; a 
the point (h, k). EQuaATION (y ) P(x ) (x ) Py ) x 
VERTEX (h, k) (h, k) < 
Focus (p +h, k) (h, p + k) c 
DIRECTRIX x=-—-pth y= —ptk 
Axis OF SYMMETRY y=k x=h 
p>o opens to the right opens upward 
p<o opens to the left opens downward 
11.3 The ellipse 
Ellipse centered at the origin AY AY 
(0, a) 
(0, b) 
x (-b, 0) (b,0) x 
> > 
(-a, 0) (a, 0) 
(0, -b) 
(0, -a) 
a a ae 
a Pp Poa 
=f -# C=2-P 
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CHAPTER REVIEW 


SECTION 


CONCEPT 


Ellipse centered at 


Key IDEAS/FORMULAS 


: ORIENTATION OF Horizontal Vertical 
the point (h, k) ; : 
Mor Axis (parallel to the x-axis) (parallel to the y-axis) 
@- hy O-& @- nh o- 
EQuaTION a t PR = Pp t mS = 
GRAPH AY AY 
(h, k + a) 
(h, k +b) 
(h -a, k), (h +, k) (h-b, k) (h + b, k) 
x x 
> > 
(h, k—b) 
(h, k -a) 
Foci (h—c,k) (h+e,k) (h,k —c) (h,k +c) 
VERTICES (h—a,k) (h+a,k) (h,k — a) (h,k + a) 
The hyperbola 
Hyperbola centered AY AY 
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at the origin. 


SECTION 


CONCEPT 


Key IDEAS/FORMULAS 


Hyperbola centered at 
the point (A, k) 


ORIENTATION OF 
TRANSVERSE Axis 


Horizontal Vertical 
(parallel to the x-axis) (parallel to the y-axis) 


EQuaTION 


«hy G-& i (y- «= hy _, 


a b a“ b 


VERTICES 


(h—a,k) (h+a,k) (h,k—a) (h,k+a) 


Foci 


(h—c,k) (h+c,k) 


where c? = a? + b? 


(h,k—c) (h,k +c) 


where c? = a? + Lb? 


GRAPH 


AY AY 


y=2(x-hy+k yaFa-htk 


y=42@-n) +k 


ee ‘Ss — wer" 
so ears 

~~ NLS 

aS (hb) 9 Bee oh + 5.40 
(h, kB) 


=s ee 
am (h, k -a) Se, 
As, 


y=-F@-h +k 


There is no procedure guaranteed to solve nonlinear equations. 


Using elimination to solve systems of nonlinear equations. 
Eliminate a variable by either adding one equation to or subtracting 
one equation from the other. 

Using substitution to solve systems of nonlinear equations. 

Solve for one variable in terms of the other and substitute into the 
second equation. 


Systems of nonlinear inequalities 


Nonlinear inequalities in two 
variables 


Step 4: Shade. 


Systems of nonlinear inequalities 


Solutions are determined graphically by finding the common 
shaded regions. 

= = or = use solid curves 

= < or > use dashed curves 


Step 1: Rewrite the inequality as an equation. 
Step 2: Graph the equation. 
Step 3: Test points. 


Graph the individual inequalities and the solution in the common 
(overlapping) shaded region. 


Rotation of axes 
Rotation of axes formulas 


The angle of rotation necessary to 
transform a general second-degree 
equation into an equation of a conic 


x = Xcos@ — Ysind 
x = Xsin@ + Ycos@ 
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SECTION CONCEPT Key IDEAS/FORMULAS 


11.8 Polar equations of conics All three conics (parabolas, ellipses, and hyperbolas) are defined 
in terms of a single focus and a directrix. 
Equations of conics in polar coordinates The directrix is vertical and p units to the right of the pole. 
ep 


r= —_ 
1 + ecosé 
The directrix is vertical and p units to the /eft of the pole. 
ep 
r= ———_ 
1 — ecosé 
The directrix is horizontal and p units above the pole. 
ep 
PS ea 
1 + esind 
The directrix is horizontal and p units below the pole. 
ep 
r= > 
1 — esind 


11.9 Parametric equations and graphs 
Parametric equations of a curve Parametric equations: x = f(t) andy = g(t) 
Plane curve: (x, y) = (f(), g(d) 
Applications of parametric equations Cycloid: x = a(t— sint) y = a(1 — cost) 


Projectile motion: x = (vpcos@)t 
y= —5 gt + (vpsinéyt + h 


= 
WW 
> 
WW 
V4 
V4 
WW 
= 
o 
<q 
I 
O 
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CHAPTER 11 REVIEW EXERCISES 


11.1 Conic Basics 


Determine whether each statement is true or false. 
1. The focus is a point on the graph of the parabola. 


2. The graph of y’ = 8x is a parabola that opens upward. 


2 2 
3. ro 7 = | is the graph of a hyperbola that has a horizontal 


transverse axis. 
(xt 1? , G- 3? 


9 16 
center is (1, 3). 


1 is a graph of an ellipse whose 


11.2 The Parabola 


Find an equation for the parabola described. 
5. Vertex at (0, 0); Focus at (3, 0) 
6. Vertex at (0, 0); Focus at (0, 2) 
7. Vertex at (0, 0); Directrix at x = 5 
8. Vertex at (0, 0); Directrix at y = 4 
9. Vertex at (2, 3); Focus at (2, 5) 
10. Vertex at (—1, —2); Focus at (1, —2) 
11. Focus at (1, 5); Directrix at y = 7 
12. Focus at (2, 2); Directrix at x = 0 


Find the focus, vertex, directrix, and length of the latus 
rectum, and graph the parabola. 


13. x = —12y 14. ° = 8y 

15. y =x 16. y? = —6x 

17. (y + 2P = 4(x — 2) 18. (y — 27 = -4(x + 1) 
19. (x + 3P = —-8(y— 1) 20. (x — 3Y = -8(y + 2) 


21. xP + Sx + 2y+25=0 22. y + 2y- lox+1=0 


Applications 


23. Satellite Dish. A satellite dish measures 10 feet across its 
opening and 2 feet deep at its center. The receiver should be 
placed at the focus of the parabolic dish. Where should the 
receiver be placed? 


24. Clearance Under a Bridge. A bridge with a parabolic shape 
reaches a height of 40 feet in the center of the road, and the 
width of the bridge opening at ground level is 30 feet com- 
bined (both lanes). If an RV is 14 feet tall and 8 feet wide, 
will it make it through the tunnel? 


11.3 The Ellipse 


Graph each ellipse. 
2 2 2 2 

25, = 4231 ae ae 
9 «64 81 49 


27, 25x + y? = 25 28. 4x? + 8y? = 64 


Find the standard form of an equation of the ellipse with the 

given characteristics. 

29. Foci: (—3, 0) and (3, 0) Vertices: (—5, 0) and (5, 0) 

30. Foci: (0, —2) and (0, 2) Vertices: (0, —3) and (0, 3) 

31. Major axis vertical with length of 16, minor axis length of 6 
and centered at (0, 0). 


32. Major axis horizontal with length of 30, minor axis length of 
20 and centered at (0, 0). 


Graph each ellipse. 
x-—7y + 5) 
i, 
100 36 


34, 20(x + 3) + (y — 4Y = 120 
35. 4x° — lox + 12y? + 72y + 123 =0 
36. 4x7 — 8x + 9y — 72y + 147 =0 


Find the standard form of an equation of the ellipse with the 


given characteristics. 
37. Foci: (—1, 3) and (7, 3) Vertices: (—2, 3) and (8, 3) 


38. Foci: (1, —3) and (1, —1) Vertices: (1, —4) and (1, 0) 


a 
m 
s 
m 
= 
m 
x 
m 
a 
2) 
a 
m 
7) 


Applications 


39. Planetary Orbits. Jupiter’s orbit is summarized in the pic- 
ture. Utilize the fact that the Sun is a focus to determine an 
equation for Jupiter’s elliptical orbit around the Sun. Round 
to the nearest hundred thousand kilometers. 
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40. Planetary Orbits. Mars’s orbit is summarized in the picture 
that follows. Utilize the fact that the Sun is a focus to deter- 
mine an equation for Mars’s elliptical orbit around the Sun. 
Round to the nearest million kilometers. 


11.4 The Hyperbola 


Graph each hyperbola. 
ry 42 y 

41, — — = 1 , Vion = 1 
9 64 81 49 

43. x° — 25y* = 25 44, 8y° — 4x° = 64 


Find the standard form of an equation of the hyperbola with 
the given characteristics. 


45. Vertices: (—3, 0) and (3, 0) Foci: (—5, 0) and (5, 0) 
46. Vertices: (0, —1) and (0, 1) Foci: (0, —3) and (0, 3) 


47. Center: (0, 0); Transverse: y-axis; Asymptotes: y = 3x and 


y= -3x 
48. Center: (0, 0); Transverse axis: y-axis; Asymptotes: y = Ay 
and y = —hx 
Graph each hyperbola. 
— 1 x — 2y 
goo 
36 9 
50. 3(x + 3)? — 12(y - 4) = 72 
51. 8x? — 32x — 10y* — 60y — 138 =0 
52. 2x° + 12x — 8y + loy +6=0 


Find the standard form of an equation of the hyperbola with 
the given characteristics. 


53. Vertices: (0, 3) and (8, 3) 
54. Vertices: (4, —2) and (4, 0) 


Foci: (—1, 3) and (9, 3) 
Foci: (4, —3) and (4, 1) 
Applications 


55. Ship Navigation. Two loran stations are located 220 miles 
apart along a coast. If a ship records a time difference 
of 0.00048 second and continues on the hyperbolic path 
corresponding to that difference, where would it reach 
shore? Assume that the speed of radio signals is 186,000 
miles per second. 


56. Ship Navigation. Two loran stations are located 400 miles 
apart along a coast. If a ship records a time difference 
of 0.0008 second and continues on the hyperbolic path 
corresponding to that difference, where would it reach shore? 


11.5 Systems of Nonlinear Equations 


Solve the system of equations with the elimination method. 


57, Pe +y=-3 58 rt+y= 
x-y= 5 ey = 2 
59. rt+y=5 60. x+y = 16 

2x — y =0 6x + y = 16 


Solve the system of equations with the substitution method. 


61. x +y =3 62. xy = 4 
r+y=4 rt+y=16 
63. er +xyt+y=-12 64. 3x+y = 3 
x-y= 2 x-y=-9 


Solve the system of equations by applying any method. 


65. xe —y = -19 66. 2x7 + 4xy = 9 


x=y = = x’ — 2xy = 0 
2 1 5 

67. G+ a= 15 68. xP +y=2 
x y r+y=4 
a 
ey 


11.6 Systems of Nonlinear Inequalities 


Graph the nonlinear inequality. 
69. y2xr4+3 
71 yse 


73. y = In@ - 1) 


70. x° + y > 16 
72.y<-r+2 
74, 9x? + 4y* < 36 


Solve each system of inequalities and shade the region on a 
graph, or indicate that the system has no solution. 


75. y= x —2 6. +y <4 
ys -7 +2 y <x 
TT. y=@+iy =2 78. 3x2 + 3y? < 27 
y=10-x y =2x-1 
79. 4y” — 9x? = 36 80. 9x2 + 16y? < 144 
ye xa y 2l-x 


11.7 Rotation of Axes 


The coordinates of a point in the xy-coordinate system are 
given. Assuming the X- and Y-axes are found by rotating the 
x- and y-axes by an angle 0, find the corresponding coordinates 


for the point in the XY-system. 
81. (—3,2), 6 = 60° 


82. (4, -3), @ = 45° 


Transform the equation of the conic into an equation in 
X and Y (without an XY-term) by rotating the x- and y-axes 
through an angle 9. Then graph the resulting equation. 


83. 2x7 + 4V3xy — 2y° 


16=0, 6 = 30° 
84. 25x 4 


7 
288 = 0, 0= 


25y" 
y 4 


14xy 4 


Determine the angle of rotation necessary to transform 
the equation in x and y into an equation in X and Y with 
no XY-term. 


85. 4x° + 2V3xy + 6y —9 =0 


86. 4x° + 5xy + 4y - 11 =0 


Graph the second-degree equation. 
V2y 4 
88. 76x" + 48V3xy + 28y? — 100 = 0 


87. 2° + Wy + yy + V2x 8 =0 


11.8 Polar Equations of Conics 


Find the polar equation that represents the conic described. 


89. An ellipse with eccentricity e = 3 and directrix y = —7 
90. A parabola with directrix x = 2 


Identify the conic (parabola, ellipse, or hyperbola) that each 
polar equation represents. 


6 2 


91. r = — 92. r = ————— 
4 — 5cosé 5 + 3sin0 


For the given polar equations, find the eccentricity and 
vertex (or vertices), and graph the curve. 


4 


93. r = ———_ 
: 2 + cosé 


94. r = —— 
1 — sin@ 


11.9 Parametric Equations and Graphs 


Graph the curve defined by the parametric equations. 

95. x = sint, y = 4cost for tin [—7, 7] 

96. x = 5sin’t, y = 2cos’t for tin [-7, 7] 

97. x =4- Poy = f for tin [—3, 3] 

98. x = t+ 3,y = 4forrin [-4, 4] 

The given parametric equations define a plane curve. Find 


an equation in rectangular form that also corresponds to the 


plane curve. 
99. x=4-Pr,y=t 100. x = Ssin’t, y = 2cos’t 


102. x = 3P + 4,y = 3P —5 


101. x = 2tan*s, y = 4sec7¢ 


Technology Exercises 


Section 11.2 


103. In your mind, picture the parabola given by 
(x — 0.6)? = —4(y + 1.2). Where is the vertex? Which 
way does this parabola open? Now plot the parabola with a 
graphing utility. 


Review Exercises 1211 


104. In your mind, picture the parabola given by 
(y — 0.2)? = 3(x — 2.8). Where is the vertex? Which way 
does this parabola open? Now plot the parabola with a 
graphing utility. 


105. Given is the parabola y* + 2.8y + 3x — 6.85 = 0. 
a. Solve the equation for y, and use a graphing utility to 
plot the parabola. 
b. Transform the equation into the form (y — k)* = 4p(x — A). 
Find the vertex. Which way does the parabola open? 
c. Do (a) and (b) agree with each other? 


106. Given is the parabola x7 — 10.2x — y + 24.8 = 0. 


a. Solve the equation for y, and use a graphing utility to plot 


the parabola. 

b. Transform the equation into the form 
(x — h) = 4p(y — 4). Find the vertex. Which way does 
the parabola open? 

c. Do (a) and (b) agree with each other? 


Section 11.3 


107. Graph the following three ellipses: 4x* + y’ = 1, 
4(2x)? + y? = |, and 4(3x) + y’ = |. What can be said to 
happen to ellipse 4(cx)* + y* = 1 as c increases? 


108. Graph the following three ellipses: x7 + 4y* = 1, 
e+ 4(2y) = |,andx* + 4(3y) = 1. What can be said to 
happen to ellipse x* + 4(cy)* = 1 as c increases? 


Section 11.4 


109. Graph the following three hyperbolas: 4x* — y* = 1, 
4(2x)y? — y? = 1, and 4(3x)° — y’ = 1. What can be said to 
happen to hyperbola 4(cx)? — y’ = 1 as c increases? 


110. Graph the following three hyperbolas: x? — 4y* = 1, 
x” — 4(2y) = 1, and x* — 4(3y)? = 1. What can be said to 
happen to hyperbola x* — 4(cy)’ = 1 as c increases? 


Section 11.5 
With a graphing utility, solve the following systems of equations. 


Wl. 7.5x° + 1.5y* = 12.25 
ry =] 


Il 


112. 4x? + 2xy + 3y’ 
xy 


12 
3 - 3x 


Il 


Section 11.6 


With a graphing utility, graph the following systems of 
nonlinear inequalities. 


113. y= 10°- 1 114. x° + 4y 
ysl-+ y 


= 
= 


a 
m 
s 
m 
= 
m 
x 
m 
a 
2) 
o 
m 
7) 
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Section 11.7 


118. Let us consider the polar equation r = ——————.. Explain 
115. With a graphing utility, explore the second-degree equation . Shes 3 ee se 
Ax + Bxy + Cy? + 10x — 8y — 5 = 0 for the following why a graphing utility gives the following graph with the 
values of A. B, and C: specified window parameters: 
a. A= 2,B=—3,C=5 [-6, 6] by [—3, 9] with 6 step = 5 


bA=2,B =3,C=—-5 


Show the angle of rotation to one decimal place. Explain the 
differences. 


116. With a graphing utility, explore the second-degree equation 
Ax’ + Bxy + Cy’ + 2x — y = 0 for the following values 
of A, B, and C: 
a. A=1,B 26€. 1 
bA=1,B=2,D=1 
Show the angle of rotation to the nearest degree. Explain Section 11.9 
the differences. 


119. Consider the parametric equations x = acosat + bsinbt 


Section 11.8 and y = asinat + bcosbt. Use a graphing utility to explore 
; ; the graphs for (a, b) = (2, 3) and (a, b) = (3, 2). Describe 
117. Let us consider the polar equation r = 44 5sn0° Explain the f-interval for each case. 
why a graphing utility gives the following graph with the 120. Consider the parametric equations x = asinat — bcosbt 
specified window parameters: and y = acosat — bsinbt. Use a graphing utility to explore 


the graphs for (a, b) = (1, 2) and (a, b) = (2, 1). Describe 


7 
—6, 6] by [—3, 9] with 6 step = — : 
[ }byT De — 4 the t-interval for each case. 
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CHAPTER 11 PRACTICE TEST 


Match the equation to the graph. 


1. x = 16y 2. y = 16x 
3. xe + l6y =1 4. 2° - 16 = 1 
5. lor +y=1 6. lor - xe =1 


a. b. 


AY 
V/ 
5 
Cc. 
y 


AY 
1 1 
| =1 


f. 
-l 


Nn 
ve 
aon 
ve 


| 
vu 


e. 


AY 
5 


x 

io 
x 

> 


Find the equation of the conic with the given characteristics. 


7. Parabola vertex: (0, 0) focus: (—4, 0) 

8. Parabola vertex: (0, 0) directrix: y = 2 

9. Parabola vertex: (—1, 5) focus: (—1, 2) 
10. Parabola vertex: (2, —3) directrix: x = 0 
11. Ellipse center: (0, 0) 


vertices: (0, —4), (0, 4) 
foci: (0, —3), (0, 3) 


12. Ellipse center: (0, 0) 
vertices: (—3, 0), (3, 0) 
foci: (—1, 0), (1, 0) 
13. Ellipse vertices: (2, —6), (2, 6) 
foci: (2, —4), (2, 4) 
14. Ellipse vertices: (—7, —3), (—4, —3) 


foci: (—6, —3), (—5, —3) 


vertices: (—1, 0) and (1, 0) 
asymptotes: y = —2x andy = 2x 


vertices: (0, —1) and (0, 1) 


15. Hyperbola 


16. Hyperbola 
asymptotes: y = —4x and y = 5x 


foci: (2, —6), (2, 6) 

vertices: (2, —4), (2, 4) 

foci: (-7, —3), (-4, —3) 
vertices: (—6, —3), (—5, —3) 


17. Hyperbola 


18. Hyperbola 


Graph the following equations. 


19, 9x7 + 18x — 4y’ + loy — 43 = 0 
20. 4x° — 8x + y+ 10y + 28 = 0 
21. y’ + 4y — lox + 20=0 


22, Pr -4x+y+1=0 


23. Eyeglass Lens. Eyeglass lenses can be thought of as very 
wide parabolic curves. If the focus occurs 1.5 centimeters 
from the center of the lens, and the lens at its opening is 4 
centimeters across, find an equation that governs the shape 
of the lens. 


24. Planetary Orbits. The planet Uranus’s orbit is described in 
the following picture with the Sun as a focus of the elliptical 
orbit. Write an equation for the orbit. 


U 
a 
> 
0 
a 
@) 
m 
+ 
m 
7) 
+ 


Graph the following nonlinear inequalities. 


3B. y<xv4+1 26. y’ = 16x 
Graph the following systems of nonlinear inequalities. 
27. y =4-x 28. ySe* 

16x? + 25y? = 400 y2xr-4 


29. Identify the conic represented by the equation 


12 
r= a sank’ State the eccentricity. 
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30. 


31. 


32. 


33. 


34. 


Use rotation of axes to transform the equation in x and y into 
an equation in X and Y that has no XY-term: 
6V3x° + 6xy + 4V3y" = 21V%3. State the rotation angle. 


A golf ball is hit with an initial speed of 120 feet per second 
at an angle of 45° with the ground. How long will the ball 
stay in the air? How far will the ball travel (horizontal 
distance) before it hits the ground? 


Describe (classify) the plane curve defined by the parametric 
equations x = V1 — tandy = V‘f for rin [0, 1]. 


Use a graphing utility to graph the following nonlinear inequality: 
x + Axy — Oy? 


6x + 8y + 28 <0 
Use a graphing utility to solve the following systems of 
equations: 
0.1225x? + 0.0289y" = 1 
y= 11x 
Round your answers to three decimal places. 


35. 


36. 


Given is the parabola x* + 4.2x — y + 5.61 = 0. 

a. Solve the equation for y and use a graphing utility to plot 
the parabola. 

b. Transform the equation into the form 
(x — h) = 4p(y — 4). Find the vertex. Which way does 
the parabola open? 

c. Do (a) and (b) agree with each other? 


With a graphing utility, explore the second-degree equation 
Ax’ + Bxy + Cy’ + 10x — 8y — 5 = 0 for the following 
values of A, B, and C: 

a. A=2,B=-V3,C=1 

b. A=2,B = V3,C=-1 


Show the angle of rotation to one decimal place. Explain the 
differences. 


CHAPTERS 1—11 CUMULATIVE TEST 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


. Solve for x: (x + 2)? — (x + 2) 


. Evaluate the difference quotient 


20 = 0. 


. Find an equation of a circle centered at (5, 1) and passing 


through the point (6, —2). 


f(x + h) — fx) 
—____“<“ fo 


A r the 


function f(x) = 8 — 7x. 


. Write an equation that describes the following variation: J is 


directly proportional to both P and tf, and J = 90 when 
P = 1500 and t = 2. 


. Find the quadratic function that has vertex (7, 7) and goes 


through the point (10, 10). 


. Compound Interest. How much money should you put in a 


savings account now that earns 4.7% interest a year 
compounded weekly if you want to have $65,000 in 17 years? 


. Solve the logarithmic equation exactly: logx’ — log16 = 0. 


. Ina 30°-60°-90° triangle, if the shortest leg has length 


8 inches, what are the lengths of the other leg and the 
hypotenuse? 


. Use acalculator to evaluate cot(—27°). Round your answer 


to four decimal places. 


Sound Waves. If a sound wave is represented by 
y = 0.007 sin 8507t cm, what are its amplitude and 
frequency? 


For the trigonometric expression tan@(csc@ + cos@), 
perform the operations and simplify. Write the answer in 
terms of sin@ and cos6. 

11 
Find the exact value of cos( - a) 
Solve the trigonometric equation 4cos*x + 4cos2x + 1 = 0 
exactly over the interval0 = 6 = 27. 


Airplane Speed. A plane flew due north at 450 mph for 

2 hours. A second plane, starting at the same point and at the 
same time, flew southeast at an angle of 135° clockwise from 
due north at 375 mph for 2 hours. At the end of 2 hours, how 
far apart were the two planes? Round to the nearest mile. 


Find the vector with magnitude |u| = 15 and direction angle 
6 = 110°. 


Given z,; = S[cos(15°) + isin(15°)] and 
Z = 2[cos(75°) + isin(75°)], find the product z,z, and 
express it in rectangular form. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


At a food court, 3 medium sodas and 2 soft pretzels cost 
$6.77. A second order of 5 medium sodas and 4 soft pretzels 
costs $12.25. Find the cost of a soda and the cost of a soft 
pretzel. 


Find the partial fraction decomposition for the rational 
3x + 5 
(x — 3) +5) 
Graph the system of inequalities or indicate that the system 
has no solution. 


expression 


y=3x-2 
ys3xt+2 


Solve the system using Gauss—Jordan elimination. 


xo 2+ z= 7 
34 yt 22-11 
4-7 8 32 6 
iven A = B= 
Given R 1 a F 0 fang 
C= ? > ind 2B — 3A. 
i 2 

Use Cramer’s rule to solve the system of equations. 


@) 
(E 
25x + 40y = -12 Ss 
75x — 105y = 69 iS 
Find the standard form of the equation of an ellipse with z 
foci (6, 2) and (6, —6) and vertices (6, 3) and (6, —7). < 
m 
Find the standard form of the equation of a hyperbola with = 
vertices (5, —2) and (5, 0) and foci (5, —3) and (5, 1). fl 
Solve the system of equations. = 
x +y = 6 
r+ y =20 


Use a graphing utility to graph the following equation: 


x — 3xy 4 


10’ -1=0 


Use a graphing utility to graph the following system of 
nonlinear inequalities: 


y = eo — 3.5 
ys4-¥ 
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Sequences, Series, 
and Probability 


A BASIC STRATEGY FOR BLACKJACK 


<—_— Dealers Up' Card 


2A SRSA SOLA 


oo 


=) 
9-Z SA $,9 {9 JO ¢ SA 8,4 £/-Z SA S.L “8,¢ ‘8,7 ads ‘pamoyye st SuNyds Joye UMop Sul[qnop Udy A, 
OL SA § ‘01109 6 ‘V ‘OI 6 84.9 ‘OI JZ ‘6 Jopuauins ‘pomoyye SI Japuatins Uay A, 


-| ave you ever been to a casino and played blackjack? It is = 
ithe only game in the casino that you can win based on the E ao 
law of large numbers. In the early 1990s a group of math and con a 
science majors from the Massachusetts Institute of Technology |__| 2s 
(MIT) devised a foolproof scheme to win at blackjack. A professor mnt S S zt S S . zt S STS 
at MIT developed a basic strategy outlined in the figure on Iv ie SE srlst -- - DE 
the right that is based on the probability of combinations of i 
particular cards being dealt, given certain cards already showing. | oe = = = = 
To play blackjack (also called 21), each person is dealt two HIT STAND BOUBEEDOWN SPLIT 


cards with the option of taking additional cards. The goal is to get a combination of cards that is worth 
21 points (or less) without going over (called a bust). You have to avoid going over 21 or staying too far 
below 21. All face cards (jacks, queens, and kings) are worth 10 points, and an ace in blackjack is worth 
either 1 or 11 points. The students used the professor’s strategy along with a card-counting technique to 
place higher bets when there were more high-value cards left in the deck. 

It is reported that in 1992 the team won $4 million from Las Vegas casinos. The casinos caught on, and 


the students were all banned within 2 years. The 2008 movie 21 was based on this event. 


we will discuss counting and probability in addition to three other topics: sequences and 
: series, mathematical induction, and the binomial theorem. 


SEQUENCES, SERIES, AND PROBABILITY 


12.7 
Probability 


12.6 
Counting, 
Permutations, 


12.5 
The 
Binomial 


12.4 
Mathematical 
Induction 


12.3 
Geometric 
Sequences 


12.2 
Arithmetic 
Sequences 


12.1 
Sequences 
and Series 


Flare! 
Combinations 


and Series and Series Theorem 


e Sequences e Arithmetic © Geometric e Mathematical © Binomial e The e Sample 
e Factorial Sequences Sequences Induction Coefficients Fundamental Space 
Notation e The General © The General e Binomial Counting e Probability 
e Recursion (nth) Term (nth) Term Expansion Principle of an Event 
Formulas of an ofa e Pascal’s e Permutations © Probability 
e Sums and Arithmetic Geometric Triangle © Combinations of an Event 
Series Sequence Sequence e Finding a e Permutations Not 
e The Sum e Geometric Particular with Occurring 
of an Series Term of a Repetition e Mutually 
Arithmetic Binomial Exclusive 
Sequence Expansion Events 
e Independent 
Events 


LEARNING OBJECTIVES 


Find the general nth term of a sequence or series. 

Evaluate a finite arithmetic series. 

Determine if an infinite geometric series converges or diverges. 

Prove a mathematical statement using induction. 

Use the binomial theorem to expand a binomial raised to a positive integer power. 
Understand the difference between permutations and combinations. 

Calculate the probability of an event. 
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SECTION 
12.1| SEQUENCES AND SERIES 


Sequences 


The word sequence means an order in which one thing follows another in succession. In 
mathematics, it means the same thing. For example, if we write x, 2x7, 3x°, 4x4, 5°, ?, what 
would the next term in the sequence be, the one where the question mark now stands? The 
answer is 6x°. 


DEFINITION A Sequence 


A sequence is a function whose domain is a set of positive integers. The function 
values, or terms, of the sequence are written as 


Qi, Ap, A3,---, Ans--+ 


Rather than using function notation, sequences are usually written with subscript (or 
index) notation, Asupscript- 


A finite sequence has the domain {1, 2, 3,...,} for some positive integer n. An infinite 
sequence has the domain of all positive integers {1, 2,3,...}. There are times when it is 
convenient to start the indexing at 0 instead of 1: 


Ag, Aj, Az, A3,---, Ay,.-- 


Sometimes a pattern in the sequence can be obtained and the sequence can be written 


using a general term. In the previous example, x, 2x7, 3x7, 4x4, 5°, 6x°,..., each term has 
the same exponent and coefficient. We can write this sequence as a, = nx", 
n = 1, 2,3,4,3,6,..., where a, is called the general term. 
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EXAMPLE 1_ Finding the Sequence, Given the General Term 
Find the first four (n = 1, 2, 3, 4) terms of the sequences, given the general term. 


aa, = 2n—- 1 


—1y" 
b. b, = a 
n+ 1 
Solution (a): a, =2n—1 
Find the first term, n = 1. a, =20)-1=1 
Find the second term, n = 2. a, = 222) -1= 
Find the third term, n = 3. a, = 2(3) -1l= 
Find the fourth term, n = 4. ag = 2(4)-1= 
The first four terms of the sequence are |1, 3,5, 7). 
. (-1)" 
Solution (b): b, = 
n+ 1 
: ey 1 
Find the first term, n = 1. b= =—-> 
1+1 2 
: Cir 4 
Find the second term, n = 2. b, = == 
2+1 3 
Find the third t 3 ena ee 
ind the third term, n = 3. = =-— 
7 a 
: Gir. J 
Find the fourth term, n = 4. by = == 
4+1 5 
The first four terms of the sequence are -bh-44 |. 
(=l)? = Answer: — 1,4, —3,76 


EXAMPLE 2 Finding the General Term, Given Several Terms 


of the Sequence 
Find the general term of the sequence, given the first five terms. 
a. 1,4, d) 1g Be b. -1, 4, -9, 16, -25,... 


Solution (a): 


Write 1 as 4 Ee 
i 1° 4’ 9° 16’ 25° 
1 tf Pot 7 


Notice that each denominator is an integer squared. Pe BP e Pe a 


Identify the general term. 5 n= 1,2,3,4,5,... 
Study Tip 

Solution (b): (—1)" or (-1)"*! is a way to 

Notice that each term includes an integer squared. —1?,2?, -37, 47, -57,... Tepresent an altemiatiig sequence. 

Identify the general term. b, = (- 1)"n° n = 1,2,3,4,5,... 

oe euesaseasuresuseuateacacacsvessunsechvuresasacasearssuseavapescsscteyracscstetenesisucansvarayaasassiarsssasesaxsasesdstnestascssecsieatecarasasvianesiianieyeetes arene 

= YOUR TURN Find the general term of the sequence, given the first five terms. (-1)" 1 

=o hea 
ee ee ee ce ee ie oe ee 
a. — 3,4: — 6 8 — 10° 2> 4> 8> 16> 32° 
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EB 
Technology Tip 
Find 0!, 1!, 2!, 3!, 4!, and 5!. 


Scientific calculators: 


Press Display 
oft] = 1 
tft] = 1 
2[t] |= 2 
3!) E 6 
4} [=] 24 
s[!}[E] 120 
Graphing calculators: 

Press Display 
0 [mara][ pre |[4:!][ENTER] 1 
1 [mara ][ Pee ][4:!][enter] 1 
2 [mara] [ pee ][4:!][EnTER] 2 
3 [mary] [Pre |[4:!] [ENTER] 6 
4 [mary ][ pee |[4:!][enter] 24 
5 [mate] [Pea |[4:1][enter] 120 


MATH HUM CP! ies 
lirand 
2InPr 
ainitr 


7 

PrandInte 
rand eico-ra © 
randEi ric 


6: 
TY: 


Parts (b) in both Example | and Example 2 are called alternating sequences because the 
terms alternate signs (positive and negative). If the odd terms, @,, a3, ds,... are negative and 
the even terms, dy, dy, dg,..., are positive, we include (—1)” in the general term. If the 
opposite is true, and the odd terms are positive and the even terms are negative, we include 
(—1)"*! in the general term. 


Factorial Notation 


Many important sequences that arise in mathematics involve terms that are defined with 
products of consecutive positive integers. The products are expressed in factorial notation. 


DEFINITION Factorial 


If 1 is a positive integer, then n! (stated as “n factorial’) is the product of all positive 
integers from n down to 1. 


ol = i = WN = Dees Bio we II 
and 0! = 1 and 1! = 1. 


ip =o 


The values of n! for the first six nonnegative integers are 


o!=1 
1!=1 
2!=2°-1=2 


31=3:°2°1=6 

4! = 4-3-2+1 = 24 

5! = 5°4°3°2-1 = 120 
Notice that 4! = 4-+3-+2+1 = 4+3!. In general, we can apply the formulan! = n[(n — 1)!]. 
Often the brackets are not used, and the notation n! = n(n — 1)! implies calculating the 


factorial (n — 1)! and then multiplying that quantity by n. For example, to find 6!, we 
employ the relationship n! = n(n — 1)! and setn = 6: 


6! = 6°5! = 6° 120 = 720 


EXAMPLE 3 _ Finding the Terms of a Sequence Involving Factorials 


n 


Find the first four terms of the sequence, given the general term a, = ee 
n! 


Solution: 
af 
Find the first term, n = 1. a= i x 
x2 x2 42 
Find the second term, n = 2. a= —= =— 
2! 2-1 2 
Find the third t 3 . z x 
ind the third term, n = 3. a= —= = 
° os 41 
. ne x Pa 
Find the fourth term, n = 4. a= 


4! 4+3-2-1 24 


The first four terms of the sequence are | x, 
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EXAMPLE 4_ Evaluating Expressions with Factorials 


Lo 
Evaluate each factorial expression. Teehne logy Tip e 


6! (n + 1)! 6! 
a. 23! . Gat = ii Solve for 2Br 
Solution (a): Scientific calculators: 
6! 6°5°4°B°7¥ Press Display 
Expand each factorial in the numerator and denominator. = : 
21-3! 2+1+Be2¥ 6+] C2]! x] 60 
! = 

; ; 6:5°4 3 DI 

Cancel the 3+ 2+ 1 in both the numerator and denominator. = : 
21 Graphing calculators: 
6°5°2 6| MATH || > || PRB || w |} 4: ! 
Simplify. = = 60 
1 ENTER || = || (|| 2 || MATH || > 
61 PRB || v |[4: ! | [ENTER |[x][3 
m3) MATH] |> |[PRB |[¥ ][4: ! 

Solution (b): ENTER || ) || ENTER |. 

ee (n+ 1)! (Xn + Daa — Dt — 2)---3+2+1 
Expand each factorial in the = ey ee ee Oe Blecelasla oe 
numerator and denominator. (n ! G y(n pees 

(n + 1)! 
Cancel the (1 — 1)(n — 2)--+3+2+1 ———=&= (n + 1)(n) 
(n — 1)! 


in the numerator and denominator. 


; (atl! @t Ilw@—iy 
Alternatively, = 


CoMMON MISTAKE 
Study Tip _ 


= .Itisi tant t te that 2!-3! 4 6! 
! 60 1S POray Ono tea 3 6 In general, m!n! # (mn)! 


6! 
InE le 4 we found ——— 
BUS CMUD SOILS Fao, 


= Answer: 


= YOUR TURN Evaluate the factorial expressions. ; : 
ajo ben + 3n+2 


31-4! (n + 2)! 
21-6! Bs n} 


a. 


Recursion Formulas 


Another way to define a sequence is recursively, or using a recursion formula. The first 
few terms are listed, and the recursion formula determines the remaining terms based on 
previous terms. For example, the famous Fibonacci sequence is 1, 1, 2, 3, 5, 8, 13, 21, 34, 
55, 89,.... Each term in the Fibonacci sequence is found by adding the previous two terms. 
1+1=2 1+2=3 2+3=5 
3+5=8 5+ 8= 13 8+ 13 = 21 
13 + 21 = 34 21 + 34=55 34 + 55 = 89 


We can define the Fibonacci sequence using a general term: 


Vv 
ww 


a, = 1,aq = l,anda, = a,-. + a, n 
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Study Tip 
Ifa, = a,—; + d,—2, then 
A109 = og + Gog. 


= Answer: |, 5, 12> 388 


Study Tip 
Disa regular Greek letter, but when 


used to represent the mathematical 
sum operation, we oversize it. 


carted Mes 


When seen in running text, we often 
use the following notation: 


a 5 
> - pe 
n= 


Study Tip 
A series can start at any integer 
(not just 1). 


The Fibonacci sequence is found in places we least expect them (for example, pineapples, 
broccoli, and flowers). The number of petals in a flower is a Fibonacci number. For example, 
a wild rose has 5 petals, lilies and irises have 3 petals, and daisies have 34, 55, or even 89 
petals. The number of spirals in an Italian broccoli is a Fibonacci number (13). 


EXAMPLE 5_ Using a Recursion Formula to Find a Sequence 
Find the first four terms of the sequence: a, = 2 anda, = 2a,_, — 1,n = 2. 
Solution: 

Write the first term, n = 1. a, =2 

ad) = 2a, — 1 = 222) -1 = 3 
a3; = 2ay — 1 = 203) —-1 =5 
1=2(5)-1=9 


Find the second term, n = 2. 
Find the third term, n = 3. 


Find the fourth term, n = 4. a4, = 2a, 


The first four terms of the sequence are |2, 3,5, 9. 


= YOUR TURN Find the first four terms of the sequence: 


= an-1 
a, = ! 
Nn: 


a, = 1 and n=2 


Sums and Series 


When we add the terms in a sequence, the result is a series. 


DEFINITION Series 


Given the infinite sequence aj, a>, d3,..., d,, . . . the sum of all of the terms in the 
infinite sequence is called an infinite series and is denoted by 


(th) ar Gh) ar Gy ae 8 o 8 Sp i, ap oo 0 


and the sum of only the first n terms is called a finite series, or nth partial sum, and 
is denoted by 


S, =@, +a, +a,+---+a 


n 


The capital Greek letter } (sigma) corresponds to the capital S in our alphabet. Therefore, 
we use > as a shorthand way to represent a sum (series). For example, the sum of the first 
five terms of the sequence 1, 4, 9, 16, 25,..., n,...canbe represented using sigma (or 
summation) notation: 


= (1) + 2) + BY + (4) + 6Y 


— 
| 


=1+4+9+ 16+ 25 


” 


This is read “the sum as n goes from | to 5 of n°.” The letter n is called the index of 
summation, and often other letters are used instead of n. It is important to note that the sum 
can start at other numbers besides 1. 

If we wanted the sum of all of the terms in the sequence, we would represent that 
infinite series using summation notation as 


Y= 144494164254 -- 
n=1 
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) EXAMPLE 6 Writing a Series Using Sigma Notation 


Write the following series using sigma notation. 


a ltil+3st+itqtpa  b. 8 +274 644 125 4 


Solution (a): 


Write 1 as +. p—4+—+4+—4 


Notice that we can write the denominators I 4 4 1 1 1 
using factorials. 1 1 2! 3! 4! ~~ 35! 


Recall that 0! = 1 and 1! = 1. 


Identify the general term. 


Write the finite series using sigma notation. 


Solution (b): 
Write the infinite series as a sum of 8 + 27 + 644 125 4 
terms cubed. =34+3734+44 534 
Identify the general term of the series. a, = Ww n=2 
co 
Write the infinite series using sigma notation. Ye 
n=2 
Oe Oe = Answer: 
= YOUR TURN Write the following series using sigma notation. oo (_yyttl 00 
C) 
a > b >) 2” 
1 m1 a=2 


Now that we are comfortable with sigma (summation) notation, let’s turn our attention 
to evaluating a series (calculating the sum). You can always evaluate a finite series. 
However, you cannot always evaluate an infinite series. 


EB 
Technology Tip 


EXAMPLE 7 _ Evaluating a Finite Series [2nd] [2157] [> ] [MATH |v 
Evaluate the series ae (2i + 1). 5:sum(|[ENTER ]| 2nd |[Z/ST]|> | 
: [OPS ]| W ][5:seq( |[ENTER | 2 

Solution: 
coh wes [ALPHA ]|7][+ ]1[,|[ALPHA ][7 
4 1 t, [.]0[.]4[.] 1 D]D][ENTER |. 
Write out the partial sum. Gi PHL s+5 47 +9 
=0 t + a uMntseqc?I+1,1,6 
Gi = 0) G@=2) €=4) 4,135 25 


= 25 


7 
Simplify. DSi + 1) = 25 
i=0 


= Answer: —3 


. 5 
= YOUR TURN Evaluate the series » ci (-1)"n. 
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Study Tip 


The sum of a finite series always 
exists. The sum of an infinite series 
may or may not exist. 


E 
Technology Tip © 
a.| 2nd || LIST || > 


MATH || ¥ 


5:sum(||[ENTER 


2nd [LIST |[> 


OPS ||¥ 


ENTER }3 | + 


5: seq( 


10] 4 || ALPHA 


_ | [ALPHA 


271,168 


2133 
7 SS Se EAS 


b. [2nd ][ZiS7][> 


N 
[v][J1 [J 10] 1 D]DILENTER |} 
SuUMt seat S-1A"H, 


5: sum( || ENTER || 2nd 


OPS || ¥ ][5:seq( || ALPHA | [NV 
][.][.s [ALPHA J[N][.]1[, 


aCHé,h.1,1 


338358 


= Answer: a. Series diverges. 


. 2 
b. Series converges to 3. 


Infinite series may or may not have a finite sum. For example, if we keep adding 


1+ 1+ 1+ 1+..., then there is no single real number that the series sums to because 
the sum continues to grow without bound. However, if we add 0.9 + 0.09 + 0.009 + 


0.0009 + 


..., this sum is 0.9999... = 0.9, which is a rational number, and it can be 


proven that 0.9 = 1. 


EXAMPLE 8 _ Evaluating an Infinite Series, If Possible 


Evaluate the following infinite series, if possible. 


Solution (a): 


3 3 3 3 3 


Expand the series. > = + + + t 
= 10" 10 100 1000 ~~ 10,000 
Write in decimal form. rr = 0.3 + 0.03 + 0.003 + 0.0003 + 
n=1 
oo 3 _ 
Calculate the sum. > 10" = 0.3333333 = — 
n=1 
3 1 


Solution (b): 


Expand the series. 


This sum is infinite since it continues to grow without any bound. 


In part (a) we say that the series converges to 5, and in part (b) we say that the series 
diverges. 


= YOUR TURN Evaluate the following infinite series, if possible. 


a >i2n ob. DS 6(75)" 
n=1 n=1 


Applications 
The annual sales at Home Depot from 2000 to 2002 can be approximated by the model 


an 
A 
$90.0 
é 
a 70.0 "3 $58.3 
so $45.7 
= 5 50.0 
<5 
B= 30.0 
Qa Re) 
2 10.0 
a < > 
= 2000 2001 2002 
y Year 


= 45.7 + 9.5n — 1.6n’, where a, is the yearly sales in billions of dollars andn = 0, 1, 2. 


ToTAL SALES 


YEAR n a, = 45.7 + 9.5n — 1.6n? IN BILLIONS 
2000 0 dy = 45.7 + 9.5(0) — 1.6(0)? $45.7 
2001 a, = 45.7 + 9.5(1) — 1.601) $53.6 
2002 2 dy = 45.7 + 9.5(2) — 1.6(2)° $58.3 


: . 2 
What does the finite series 3 ne o Gn tell us? It tells us the average yearly sales over 3 years. 


In this section we discussed finite and infinite sequences and 
series. When the terms of a sequence are added together, the 


12.1 Sequences and Series 


The sum of a finite series is always finite. 


The sum of an infinite series is either: 


result is a series. convergent or 


Finite sequence: ihe Gy Ory 0055 divergent 
Infinite sequence: Gj, Az, 3,-++ 5 Ans Sigma notation is used to express a series. 
Finite series: hy AP Gy OP Gy SP 989 AP a n 
Infinite series: Gy SP Gy AP Oe Gi, 4 Finite series: S\a; = a, + a, +---+ a, 
i=1 

Factorial notation was also introduced: 2 

Infinite series: @., = Gi, Fe Oy FP Gig ae 889 
ni=ne(n— I> -+++3-2:1 n=2 a 2 
and 0! = 1 and 1! = 1. 


SECTION 
12.1 EXERCISES 


=SKILLS 


In Exercises 1-12, write the first four terms of the sequence. Assume nv starts at 1. 


loa,=n 


2. a, = 0 3. a, = 2n- 1 4. a, = x’ 
n (n + 1) 2" n! 
5. = ; = Ts =— 8. = 
oe + D Ge n Fl Be eae a 
(-1)" (n — 1) 
: = (-1)"%x""! 10. = (1 11. = ——_ 12. = 
9 ay ( y'x 0 ay ( ) n ay (n ae 1)(n ae 2) ay ( i 1)? 
In Exercises 13-20, find the indicated term of the sequence. 
1\* n 
13. a, = (5) a =? 14. a, a+ a5 =? 
(-1)"n! CD" — 1m + 2) 
15. a, = (n+ DI! ayy =? 16. a, = ; a3=? 
1\? 1 
17. a4, =(1+- A009 = ? 18. a, = 1 5 a =? 
n n 
19. a, = log 10” a, =? 20. a, = e™ Ag =? 
In Exercises 21-28, write an expression for the nth term of the given sequence. 
21. 2, 4, 6, 8, 10 22. 3, 6,9, 12, 15 23. : : : : ! ee 
* J 3 : > : Si . - ’ ? Et a8 ee * 2°1°3°2°4°3°5°4° 6°50 * 2’ 4’ 8’ 16° 32° 
27 81 123 45 
25. se 2 26. ao ee. 27... 1g=1, 1 =1y lites 28. SSS 
3.9 27 81 24 8 16 32 3 45 67 


1225 
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In Exercises 29-40, simplify the ratio of factorials. 


4) 
30. 


36. 


101! 
98! 


29! 
27! 

(n — 1)! 
(n + 1)! 


32! 

xl 33. 
+2)! 

= 39. 


75! 
aT 
(2n + 3)! 
(2n + 1)! 


100! 

4, —— 

34. 031 
(2n + 2)! 
(2n — 1)! 


In Exercises 41-50, write the first four terms of the sequence defined by the recursion formula. Assume the sequence 


begins at 1. 
41. a, =7 Oy = Oy ES 42. a, =2 An = Ay +1 
43. a, = 1 a, = N*Ay-1 44. a, =2 a, = (n+ 1)-a,_; 
Qn-1 Qn-1 
45. a, = 100 a, = 46. a, = 20 a, => 
n! n 
Qn-2 
47. a, = 1,a, =2 Ay = An—1* Qy—2 48. a, = 1,a,=2 a, = = 
Qn-1 
49. a,=1,aq=-1 a,=(1)'[a2,+2,| 50. a,=1,a,=-1 a,=(n 
In Exercises 51-64, evaluate the finite series. 
5 =) 4 4 1 6 
ste 2 St. 7 53. Sin’ 54. > 55. On = 1) 
n=1 n=1 n=0 n= 7 n=1 
4 4 3 3 5 9k 
n n .\ i n+l 
57. = 58. >? 59. Oa) 60. -) 61. a 
n=0 n=0 n=0 n=0 k=0"%: 
4 Cie 
63. — 64, 
Pars mo &! 
In Exercises 65-68, evaluate the infinite series, if possible. 
65. >)2-(0.1)/ 66. 315+ (75) 67. Sni n= 1 68. > 
j=0 j=0 j=0 j=0 
In Exercises 69-76, apply sigma notation to write the sum. 
69 1 i 1 i i 1 70. 1 i 1 i i i 1 i 
. 2 T 4 8 T T 64 e 2 T 4 T 8 T T 64 T 
71. 1-2+3-4+5-6¢4 72.14+2+3+4+4+54 + 21+ 22 
7% 2:1 32221 4939291 | 5°423°2'1 | 6°5°4°3-2°1 
ns es ey Ls Te er EE 
2 2? 23 24 
74. 14 t t t free 
1 2:1 3:2°1 4°3-2+1 
x ° x x” 
75. 1— x4 + + 
2 24 = 120 
x x4 x” x 
76. x+ x4 
. 6 24 120 


l)a,-,; + (n 


2)a, =2 


6 
56. S(n+ 1) 
n=1 


5 —1) 
k! 


62. 


k=0 


"APPLICATIONS 


77. 


78. 


79. 


80. 


81. 


82. 


Money. Upon graduation Jessica receives a commission from 
the U.S. Navy to become an officer and a $20,000 signing 
bonus for selecting aviation. She puts the entire bonus in an 
account that earns 6% interest compounded monthly. The 
balance in the account after n months is 


0.06 \" 
A, = 20,000 (1 + = n = 1,2,3,... 


Her commitment to the Navy is 6 years. Calculate A7,. What 
does A, represent? 


Money. Dylan sells his car in his freshman year and puts 
$7000 in an account that earns 5% interest compounded 
quarterly. The balance in the account after n quarters is 


0.05 \" 
A, = 7o00(1 + °F) n = 1,2,3,... 


Calculate A, What does A, represent? 


Salary. An attorney is trying to calculate the costs associated 
with going into private practice. If she hires a paralegal to 
assist her, she will have to pay the paralegal $20 per hour. To 
be competitive with most firms, she will have to give her 
paralegal a $2 per hour raise per year. Find a general term 

of a sequence a,, which represents the hourly salary of 

a paralegal with n years of experience. What will be 

the paralegal’s salary with 20 years of experience? 


NFL Salaries. A player in the NFL typically has a career that 
lasts 3 years. The practice squad makes the league minimum 
of $275,000 (2004) in the first year, with a $75,000 raise per 
year. Write the general term of a sequence a,, that represents 
the salary of an NFL player making the league minimum 
during his entire career. Assuming n = 1 corresponds to the 


3 
first year, what does pan a, represent? 


Salary. Upon graduation Sheldon decides to go to work for 
a local police department. His starting salary is $30,000 per 
year, and he expects to get a 3% raise per year. Write the 
recursion formula for a sequence that represents his salary 
n years on the job. Assume n = 0 represents his first year 
making $30,000. 


Escherichia coli. A single cell of bacteria reproduces through 
a process called binary fission. Escherichia coli cells divide 
into two every 20 minutes. Suppose the same rate of division is 
maintained for 12 hours after the original cell enters the body. 
How many E. coli bacteria cells would be in the body 

12 hours later? Suppose there is an infinite nutrient source so 
that the E. coli bacteria maintain the same rate of division for 48 
hours after the original cell enters the body. How many E. coli 
bacteria cells would be in the body 48 hours later? 


83. 


84. 


85. 


86. 


87. 


88. 
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AIDS/HIV. A typical person has 500 to 1500 T cells per drop 
of blood in the body. HIV destroys the T cell count at a 

rate of 50-100 cells per drop of blood per year, depending on 
how aggressive it is in the body. Generally, the onset of AIDS 
occurs once the body’s T cell count drops below 200. Write a 
sequence that represents the total number of T cells in a 
person infected with HIV. Assume that before infection 

the person has a 1000 T cell count (ay = 1000) and the rate 
at which the infection spreads corresponds to a loss of 75 

T cells per drop of blood per year. How much time will elapse 
until this person has full-blown AIDS? 


Company Sales. Lowe’s reported total sales from 2003 
through 2004 in the billions. The sequence a, = 3.8 + 1.6n 
represents the total sales in billions of dollars. Assuming 

n = 3 corresponds to 2003, what were the reported sales in 
2003 and 2004? What does 5 : Ss a,, represent? 


n=3 


Cost of Eating Out. A college student tries to save money 
by bringing a bag lunch instead of eating out. He will be 
able to save $100 per month. He puts the money into his 
savings account, which draws 1.2% interest and is 
compounded monthly. The balance in his account after n 
months of bagging his lunch is 


A, = 100,000[(1.001)"- 1] n= 1,2,... 


Calculate the first four terms of this sequence. Calculate the 
amount after 3 years (36 months). 


Cost of Acrylic Nails. A college student tries to save money 
by growing her own nails out and not spending $50 per month 
on acrylic fills. She will be able to save $50 per month. She 
puts the money into her savings account, which draws 1.2% 
interest and is compounded monthly. The balance in her 
account after n months of natural nails is 


A, = 50,000[(1.001)"— 1] n= 1,2,... 


Calculate the first four terms of this sequence. Calculate the 
amount after 4 years (48 months). 


1 


x 
_¢ —, can be used 
n=0 n! 


Math and Engineering. The formula >. 
to approximate the function y = e*. Compute the first five 
terms of this formula to approximate e*. Apply the result 
to find e* and compare this result with the calculator 
value of e”. 


Home Prices. If the inflation rate is 3.5% per year and the 
average price of a home is $195,000, the average price of a 
home after n years is given by A, = 195,000(1.035)”. Find 
the average price of the home after 6 years. 
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89. 


"CATCH THE MISTAKE 


Approximating Functions. Polynomials can be used to 
approximate transcendental functions such as In(x) and e*, 


which are found in advanced mathematics and engineering. 
(x 1 n+1 


For example, > = 1)’ — can be used to 


n 
approximate In(x), where x is close to 1. Use the first five 
terms of the series to approximate In(x). Next, find In(1.1) 
and compare with the value given by your calculator. 


In Exercises 91-94, explain the mistake that is made. 


91. 


92. 


"CONCEPTUAL 


In Exercises 95-98, determine whether each statement is true or false. 


97. Sadby = Sa: db 
k=1 k=1 k=1 


95. 


—_— ; _, BYE) 
Simplify the ratio of factorials: 6 
Solution: 
BYE) 
Express 6! in factored form. 
BDA) 
. (!) 
Cancel the 3! in the numerator and On 
denominator. (2!) 
. 4 Je ip) . 1 
Write out the factorials. At 
Simplify. 5-4-3 = 60 
BS) ; 
# 60. What mistake was made? 
(3!)(2!) 
. : 2n(2n — 2)! 
Simplify the factorial expression: ————. 
(2n + 2)! 


Solution: 
Express factorials in factored form. 


2n(2n — 2)(2n — 4)(2n — 6)-:: 
(2n + 2)(2n)(2n — 2)(2n — 4)(2n — 6)-:- 


Cancel common terms. 
1 
2n+2 


This is incorrect. What mistake was made? 


n LG Z 7 . 
Sex! = eS x! 96. ya +b,= yi + yi 
k=0 k=0 =a — r? 


90. Future Value of an Annuity. The future value of an ordinary 


annuity is given by the formula FV = PMT(((1 + i)" — 1/1], 
where PMT = amount paid into the account at the end of 
each period, i = interest rate per period, and n = number of 
compounding periods. If you invest $5000 at the end of each 
year for 5 years, you will have an accumulated value of F'V 
as given in the above equation at the end of the nth year. 
Determine how much is in the account at the end of each year 
for the next 5 years if i = 0.06. 


93. Find the first four terms of the sequence defined by 


Gn = (- 1)""!n?. 


Solution: 

Find the n = 1 term. aq,=-l 
Find the n = 2 term. a=4 
Find the n = 3 term. a,=-9 


Find the n = 4 term. a, = 16 


The sequence —1, 4, —9, 16,... 
was made? 


, is incorrect. What mistake 


. Evaluate the series pyre 1). 


Solution: 
3 


DVeopie =-14+4-9 


k=0 


5) 
SCvyK" = -6 
k=6 


Write out the sum. 


Simplify the sum. 


This is incorrect. What mistake was made? 


98. (a!)(b!) = (ab)! 
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= CHALLENGE 


99. Write the first four terms of the sequence defined by the 101. Fibonacci Sequence. An explicit formula for the nth term of 
recursion formula: the Fibonacci sequence is: 
a4=C a=a-,+D D#0 Pe a Ms eee 
100. Write the first four terms of the sequence defined by the : 2"Vv5 


Feoue eae Apply algebra (not your calculator) to find the first two 


a=C a, = Da, D#0 terms of this sequence and verify that these are indeed the 
first two terms of the Fibonacci sequence. 


102. Leta, = Va,_, forn = 2 and a, = 7. Find the first five 
terms of this sequence and make a generalization for the nth 
term. 


"TECHNOLOGY 


1\* . 5 ok 
103. The sequence defined by a, = (1 +4 ,) approaches the 105. Use a graphing calculator “SUM” to sum BS p=0 ,,* Compare 


! 
: it with your answer to Exercise 61. m 
number e as n gets large. Use a graphing calculator to find 


4409» 210002 210,000: 2nd keep increasing n until the terms in the 
sequence approach 2.7183. 


—1)* 


106. Use a graphing calculator “SUM” to sum os a 


Compare it with your answer to Exercise 62. 


104. The Fibonacci sequence is defined by a, = 1, a, = 1, and 


Gn+1 
a, = G,-2 + a,-; forn = 3. The ratio a an 
approximation of the golden ratio. The ratio approaches a 
constant ¢ (phi) as n gets large. Find the golden ratio using a 
graphing utility. 


ARITHMETIC SEQUENCES 
AND SERIES 


Arithmetic Sequences 

The word arithmetic (with emphasis on the third syllable) often implies adding or subtracting 
of numbers. Arithmetic sequences are sequences whose terms are found by adding a 
constant to each previous term. The sequence 1, 3, 5, 7, 9,...is arithmetic because each 
successive term is found by adding 2 to the previous term. 
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pth Io 


We check several terms to confirm 
that a sequence is arithmetic. 


= Answer: 


a. —5 


b.3 


DEFINITION Arithmetic Sequences 


A sequence is arithmetic if each term in the sequence is found by adding a real 


number d to the previous term, so that a,,, = a, + d. Because a,,, — a, = 


the number d is called the common difference. 


EXAMPLE 1_ Identifying the Common Difference in 
Arithmetic Sequences 


d, 


Determine whether each sequence is arithmetic. If so, find the common difference for each 


of the arithmetic sequences. 
a. 5,9,13,17,... _b. 18,9,0,-9,....  & 9,3,2,44,... 


Solution (a): 


Label the terms. a, = 5, a) = 9,a3 = 13, a, = 17,... 
Find the difference d = a,,, — d. d=@-a=9-5= 
Check that the difference for the d=a,-a@=13-9=4 


next two terms is also 4. 


d=a,—a,;=17-13=4 


There is a common difference of [4]. Therefore, this sequence is arithmetic, and each 
successive term is found by adding 4 to the previous term. 


Solution (b): 

Label the terms. a, = 18, a = 9,a; = 0, a4 Oe 
Find the difference d = a,,, — d,. d=a—-a,=9-18= |-9] 
Check that the difference for d=a;-a@=0-9=-9 


the next two terms is also —9. 
d=a,-—a,=-9-0=-9 


There is a common difference of [-9]. Therefore, this sequence is arithmetic, and each 


successive term is found by subtracting 9 from (that is, adding —9 to) the previous term. 


Solution (c): 


1 5 11 
Label the terms. ay » Ay , a, = 2,a4 : 
2 4 
: . 5... 3 
Find the difference d = a,,, — d,. d=a-— a= = 
7 4 2 4 
Check that the difference 
: 3 3 
for the next two terms is also j. d= a,— a =2 ri = 4 
11 3 
d= =—-2=— 
a oe 4 


There is a common difference of [3 Therefore, this sequence is arithmetic, and each 


successive term is found by adding 3 to the previous term. 


a. 7,2,-3,-8,...  b. 1,3,4,3,... 
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The General (nth) Term of an Arithmetic Sequence 


To find a formula for the general, or nth, term of an arithmetic sequence, write out the first 
several terms and look for a pattern. 


First term, n = 1. a, 

Second term, n = 2. a =a,+d 

Third term, n = 3. a, =a,+d=(a,+d)+d=a, + 2d 
Fourth term, n = 4. a, = a,+ d= (a, + 2d) + d=a, + 3d 


In general, the nth term is given by a, = a, + (n — I)d. 


THE MATH TERM OF AN ARITHMETIC SEQUENCE 
The nth term of an arithmetic sequence with common difference d is given by 


a, = @ a (a = lye forn = 1 


EB 
Technology Tip 


[2nd][ZiST][» |[OPS ][W ][5:seq¢ 
3} 


EXAMPLE 2 Finding the nth Term of an Arithmetic Sequence 


Find the 13th term of the arithmetic sequence 2,5, 8, 11,.... 


[ENTER ][2][+ ALPHA 
Solution: [N][-][]D][ [ALPHA ] [a] [. 
Identify the common difference. d=5-2=3 [13 ,{1})]} ENTER |. 
Identify the first (1 = 1) term. a, =2 SfH-135H.1 
Substitute a, = 2 andd = 3 intoa, = a, + (n — 1)d. a, = 2 + 3(n — 1) 2 {3e3 
Substitute n = 13 intoa, = 2 + 3(n — 1). q3=2+ 303 -)D= 


= Answer: 66 


= YOUR TURN Find the 10th term of the arithmetic sequence 3, 10, 17, 24,.... 


“) EXAMPLE 3 Finding the Arithmetic Sequence 


The 4th term of an arithmetic sequence is 16, and the 21st term is 67. Find a, and d and 
construct the sequence. 


Solution: 

Write the 4th and 21st terms. a, = 16 anda), = 67 
Adding d 17 times to a, results in a). dy, = a, + 17d 
Substitute a, = 16 and a,, = 67. 67 = 16 + 17d 
Solve for d. d=3 

Substitute d = 3 intoa, = a, + (n — 1)d. a, = a, + 3(n — 1) 
Let a, = 16. 16=a,+ 34-1) 


Solve for a. 
The arithmetic sequence that starts at 7 and has a common difference of 3 is | 7, 10, 13, 16,...}. 


; . . = Answer: 2, 6, 10, 14,... 
= YOUR TURN Construct the arithmetic sequence whose 7th term is 26 and whose 


13th term is 50. 
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The Sum of an Arithmetic Sequence 


What is the sum of the first 100 counting numbers 
1+2+3+4+-:-+ 99 + 100 = ? 


If we write this sum twice (one in ascending order and one in descending order) and add, 
we get 100 pairs of 101. 


1+ 2+ 3+ 4+-+-+ 99+ 100 
100+ 99+ 98+ 97 +--+ 2+ 1 


101 + 101 + 101 + 101 + --- + 101 + 101 = 100 (101) 


Since we added twice the sum, we divide by 2. 


(101)(100) 
Lae eae ee a es = ee 


Now, let us develop the sum of a general arithmetic series. 

The sum of the first n terms of an arithmetic sequence is called the nth partial sum, or 
finite arithmetic series, and is denoted by S,,. An arithmetic sequence can be found by starting 
at the first term and adding the common difference to each successive term, and so the nth 
partial sum, or finite series, can be found the same way, but terminating the sum at the mth term: 


S, = a, + a) +a; + ag +7": 
Si ay, + (ay + d) + (ay + 2d) a (a, + 3d) fe oe (a,) 


Similarly, we can start with the nth term and find terms going backward by subtracting the 
common difference until we arrive at the first term: 


Si = ay + An-1 + Qn-2 + Qn-3 a 
S, =a, + @, — @ + @, — 24) + @, — 3d) + + (a) 
Add these two representations of the nth partial sum. Notice that the d terms are eliminated: 
S, = a, + (a, + d) + (a, + 2d) + (Q, + 3d) +--+ + G,) 
S, = a, + (a, — d) + (a, — 2d) + (a, — 3d) ++: + (@) 
28; _ (a + a,,) + (a + 9) + (a, + cn) ae eh (a, + a,) 


n(ay a cm) 


28, = n(a, + a,) or Ss, = 5 a + a,) 


Settee S,= la ta +n Dd] 
S,, can also be written as 2 
ah = — ld 
a a mre hee 
2 2 
DEFINITION Evaluating a Finite Arithmetic Series 


The sum of the first n terms of an arithmetic sequence, called a finite arithmetic 
series, is given by the formula 


S, = 52a, +@=Dd| oo S = 5 a +a) n=2 


12.2 Arithmetic Sequences and Series 1233 


EXAMPLE 4_ Evaluating a Finite Arithmetic Series 


EB 
Evaluate the finite arithmetic series >» He k. Technology Tip a 
: To find the sum of the series 
Solution: 100 
x= K press 

100 
Expand the arithmetic series. Dk =14+2+3+-:- +99 + 100 2nd || LIST || || MATH || ¥ 

1 


5:sum( [ENTER ][2nd | [LIST 


This is the sum of an arithmetic sequence of numbers with a common difference of 1. > ||OPS | Vv ||5:seq( || ENTER 


Identify the parameters of the arithmetic ALPHA | K]|, || ALPHA || K]], 
sequence. a, = l,a, = 100, andn = 100 1},}100],}1 )| )}| ENTER |, 


100 
Substitute these values into S,, = 5 + a,). Sio. = cs (1 + 100) eatK,K;1,14 


Simplify. Sioo = 5050 ea Sa ba 


The sum of the first 100 natural numbers is 5050. 


: . : ’ . = Answer: a. 465 b. 440 
= YOUR TURN Evaluate the following finite arithmetic series. 


30 


20 
a Sk ob D2k+) 
k=1 


k= 


EXAMPLE 5 Finding the nth Partial Sum of an 


Arithmetic Sequence le 
Find the sum of the first 20 terms of the arithmetic sequence 3, 8, 13, 18, 23,.... Technology Tip 
Solution: To find the sum of the series 
_,3 + (n — 1)5, press 
. I Pp 
n 
Recall the partial-sum formula. Ss; = rac + a,) Ond |{LIST ||> || MATH || w 
20 5:sum( || ENTER |] 2nd || LIST 
Find the 20th partial sum of this arithmetic sequence. Soo = 5 + dy) > || OPS || w ||5:seq( || ENTER 
3/+ |[(/ALPHA][W ][—]1 
Recall that the general nth term of an arithmetic 5 [ALPHA [] AL 7201 
sequence is given by: a, = a, + (n— 1)d — — 
D]D] [ENTER |, 
Note that the first term of the arithmetic sequence is 3. a, = 3 
This is an arithmetic sequence with a common athe ' ate : PTeh- 13s 
difference of 5. d=5 - 18148 
Substitute a; = 3 andd = 5 intoa, = a, + (n — 1)d. a, =3+(n- 1)5 
Substitute n = 20 to find the 20th term. Ay = 3 + (20 — 1)5 = 98 
Substitute a; = 3 and ay) = 98 into the partial sum. Soy = 10(3 + 98) = 1010 


The sum of the first 20 terms of this arithmetic sequence is 1010. 


= Answer: 1250 


= YOUR TURN Find the sum of the first 25 terms of the arithmetic sequence 2, 6, 10, 
14,18,.... 
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Applications 


EXAMPLE 6 Marching Band Formation | 


Suppose a band has 18 members in the first row, 22 members in the second row, and 
26 members in the third row and continues with that pattern for a total of nine rows. 
How many marchers are there all together? 


“Duy ‘sasew| Ayja9g/iyeg ueug 


Solution: 


The number of members in each row forms an arithmetic 
sequence with a common difference of 4, and the first row 
has 18 members. a,=18 d=4 


Calculate the nth term of the sequence a, = a, + (n— Id. a, = 18 + (n— 14 
Find the 9th term n = 9. dy = 18 + (9 — 1)4 = 50 


9 
Calculate the sum S,, = 5a + a,) of the nine rows. Sy = rac + ao) 


9 
= —(18 + 50 
56 ) 


ll 
w 
i=) 
n 


There are 306 members in the marching band. 


ssseuvazassessssecasstanssesecsvopsessssonasqaseneasstioaaans = YOUR TURN Suppose a bed of tulips is arranged in a garden so that there are 

20 tulips in the first row, 26 tulips in the second row, and 32 tulips in 
the third row and the rows continue with that pattern for a total of 8 

| rows. How many tulips are there all together? 
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In this section, arithmetic sequences were defined as sequences of (oh, — hy ae (a — Ilya! ia = Il 
which each successive term is found by adding the same constant _ r 
d to the previous term. Formulas were developed for the general, S, = 5 (a, + a,) = 3a i Ca = iyell| 


or nth, term of an arithmetic sequence, and for the nth partial sum 
of an arithmetic sequence, also called a finite arithmetic series. 


SECTION 
12.2 |EXERCISES 


=SKILLS 


In Exercises 1-10, determine whether the sequence is arithmetic. If it is, find the common difference. 


1. 2,5, 8, 11, 14,... 2. 9, 6, 3,0, —3, -6,... 3. 24274 324--- 4. 1! +2! 4+ 3!4+-:- 
BSS SOU eT Ate. GOUT M2 NG 22,28: 7. 4,22 6,... 8. 2,4,$3,... 
9. 107, 107, 10°, 10")... 10. 120, 60, 30, 15,... 


In Exercises 11-20, find the first four terms of the sequence. Determine whether the sequence is arithmetic, and if so, find the 
common difference. 


11. a, = -2n +5 12. a, = 3n — 10 13. a, =n" 14. a, = = 
15. a, = 5n — 3 16. a, = —4n+ 5 17. a, = 10(n — 1) 18. a, = 8n — 4 
19. a, = (-l)’'n 20. a, = (-1)"*!2n 


In Exercises 21-28, find the general, or nth, term of the arithmetic sequence given the first term and the common difference. 
21. a, = 11 d=5 22. a, 


ll 
n 


d=11 23.a,=-4 d=2 24.a,=2 d= -4 
3.a=0 d=3 26. a,=-1 d=-3 w. a=0 d=e 2. a,=11 d=-03 


In Exercises 29-34, find the specified term for each arithmetic sequence. 


29. The 10th term of the sequence 7, 20, 33, 46,... 30. The 19th term of the sequence 7, 1, —5, —11,... 
31. The 100th term of the sequence 9, 2, —5, —12,... 32. The 90th term of the sequence 13, 19, 25, 31,... 
33. The 21st term of the sequence is bb 3, 23 scat 34. The 33rd term of the sequence és S. iz, g e 


In Exercises 35-40, for each arithmetic sequence described, find a, and d and construct the sequence by stating the 
general, or nth, term. 


35. The Sth term is 44 and the 17th term is 152. 36. The 9th term is —19 and the 21st term is —55. 
37. The 7th term is —1 and the 17th term is —41. 38. The 8th term is 47 and the 21st term is 112. 
39. The 4th term is 3 and the 22nd term is 15. 40. The 11th term is —3 and the 31st term is —13. 
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In Exercises 41-52, find the sum. 


41. 


47. 


49. 
51. 


In Exercises 53-58, find the partial sum of the arithmetic series. 
53. 
55. 
57. 


"APPLICATIONS 
59. 


60. 


61. 


62. 


63. 


23 20 30 

> 2k 42. >'5k 43. S\(-2n + 5) 
k=1 k=0 n=1 

Soe 12 17 Peg 

4+7+ 10 151 

en ree 13 

6 6 2. 2 


The first 18 terms of 1 + 5+9+ 13+-:-. 


The first 43 terms of 1 +54 0-55-26. 


The first 18 terms of -9 + 1 + 11 4+ 214 314--- 


Comparing Salaries. Colin and Camden are twin brothers 
graduating with B.S. degrees in biology. Colin takes a job at 
the San Diego Zoo making $28,000 for his first year with a 
$1500 raise per year every year after that. Camden accepts a 
job at Florida Fish and Wildlife making $25,000 with a 
guaranteed $2000 raise per year. How much will each of the 
brothers have made in a total of 10 years? 


Comparing Salaries. On graduating with a Ph.D. in optical 
sciences, Jasmine and Megan choose different career paths. 
Jasmine accepts a faculty position at the University of 
Arizona making $80,000 with a guaranteed $2000 raise every 
year. Megan takes a job with the Boeing Corporation making 
$90,000 with a guaranteed $5000 raise each year. Calculate 
how many total dollars each woman will have made after 

15 years. 


Theater Seating. You walk into the premiere of Brad Pitt’s 
new movie, and the theater is packed, with almost every seat 
filled. You want to estimate the number of people in the 
theater. You quickly count to find that there are 22 seats in the 
front row, and there are 25 rows in the theater. Each row 
appears to have 1 more seat than the row in front of it. How 
many seats are in that theater? 


Field of Tulips. Every spring the Skagit County Tulip Festival 
plants more than 100,000 bulbs. In honor of the Tri-Delta 
sorority that has sent 120 sisters from the University of 
Washington to volunteer for the festival, Skagit County has 
planted tulips in the shape of AAA. In each of the triangles 
there are 20 rows of tulips, each row having one less than the 
row before. How many tulips are planted in each delta if there 
is 1 tulip in the first row? 


World’s Largest Champagne Fountain. From December 28 
to 30, 1999, Luuk Broos, director of Maison Luuk-Chalet 
Fontain, constructed a 56-story champagne fountain at the 
Steigenberger Kurhaus Hotel, Scheveningen, Netherlands. The 
fountain consisted of 30,856 champagne glasses. Assuming 
there was one glass at the top and the number of glasses in 
each row forms an arithmetic sequence, how many were on 
the bottom row (story)? How many glasses less did each 
successive row (story) have? Assume each story is one row. 


44. 


48. 
50. 


52. 


54. 
56. 
58. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


14 
45. >'0.5 


j53 


17 
Ss Gn = 10) 


n=0 


1-3-7----75 


236 
4 14 


33 j 
46. 7 


2+0-2-- 


The first 21 terms of 2+ 5+8+ 11+-::. 


The first 37 terms of 3 +34+0-3---., 


The first 21 terms of —2 + 8+ 18 4 


Stacking of Logs. If 25 logs are laid side by side on the 
ground, and 24 logs are placed on top of those, and 23 logs 
are placed on the 3rd row, and the pattern continues until 
there is a single log on the 25th row, how many logs are in 
the stack? 


Falling Object. When a skydiver jumps out of an airplane, 
she falls approximately 16 feet in the Ist second, 48 feet 
during the 2nd second, 80 feet during the 3rd second, 

112 feet during the 4th second, and 144 feet during the 

5th second, and this pattern continues. If she deploys her 
parachute after 10 seconds have elapsed, how far will she 
have fallen during those 10 seconds? 


Falling Object. If a penny is dropped out of a plane, it falls 
approximately 4.9 meters during the Ist second, 14.7 meters 
during the 2nd second, 24.5 meters during the 3rd second, and 
34.3 meters during the 4th second. Assuming this pattern 
continues, how many meters will the penny have fallen after 
10 seconds? 


Grocery Store. A grocer has a triangular display of oranges 
in a window. There are 20 oranges in the bottom row, and the 
number of oranges decreases by one in each row above this 
row. How many oranges are in the display? 


Salary. Suppose your salary is $45,000 and you receive a 

$1500 raise for each year you work for 35 years. 

a. How much will you earn during the 35th year? 

b. What is the total amount you earned over your 35-year 
career? 


Theater Seating. At a theater, seats are arranged in a 

triangular pattern of rows with each succeeding row having 

one more seat than the previous row. You count the number of 

seats in the fourth row and determine that there are 26 seats. 

a. How many seats are in the first row? 

b. Now, suppose there are 30 rows of seats. How many total 
seats are there in the theater? 


Mathematics. Find the exact sum of 
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"=CATCH THE MISTAKE 


In Exercises 71-74, explain the mistake that is made. 


71. Find the general or nth term of the arithmetic sequence 73. Find the sum > oa 2n+ 1. 
3,4,5,6,7,.... Solution: 
Solution: 


The sum is given by S,, = 5 a + a,), where n = 10. 


The common difference of this Identify the 1st and 10th terms. aj=1 ayy = 21 


sequence is 1. d=1 
. Substitute a; = 1, aj) = 21, 
The first term is 3. a, =3 and n= 10 into 
The general term is a, = a, + nd. a,=3+n S= =~ (a, + a,) Sip = a + 21) = 110 
n 2 n/* y) 


This is incorrect. What mistake was made? eee : 
Ss This is incorrect. What mistake was made? 


72. Find the general or nth term of the arithmetic sequence 


10,8,6,.... 74. Find the sum 3 + 9+ 154+ 21+ 274+ 33 + --: + 87. 


: Solution: 
Solution: 
This is an arithmetic sequence 
The common difference of this 


with common difference of 6. d=6 
sequence is 2. d=2 a 

The general term is given by 
The first term is 10. a, = 10 Ay = a, + (n — 1d. a, =3+(n— 196 
The general term is 87 is the 15th term of the 
a, = a, + (n — 1)d. a, = 10 + 2(n — 1) series. a5 = 3 + (15 — 1)6 = 87 
This is incorrect. What mistake was made? The sum of the series is ‘i 

n 
Sn = 3 Gn a a). Sis = > (87 = 3) 5 630 


This is incorrect. What mistake was made? 


=CONCEPTUAL 


In Exercises 75-78, determine whether each statement is true or false. 


75. An arithmetic sequence and a finite arithmetic series are the 77. An alternating sequence cannot be an arithmetic sequence. 
same. 78. The common difference of an arithmetic sequence is always 
76. The sum of all infinite and finite arithmetic series can always positive. 
be found. 
CHALLENGE 
79, Find the sum a + (a + b)+ (a+ 2b) +--+ (a+ nb). 


‘a 81. The wave number, v (reciprocal of wave length) of certain 
80. Find the sum De In e*. light waves in the spectrum of light emitted by hydrogen is 
1 1 

given by v = (is = = n > k, where R = 109,678. A 
n 

series of lines is given by holding k constant and varying the 

value of n. Suppose k = 2 andn = 3,4,5,.... Find the 

limit of the wave number of the series. 


82. In acertain arithmetic sequence a, = —4 andd = 6. If 
S,, = 570, find the value of n. 


"TECHNOLOGY 


83. Use a graphing calculator “SUM” to sum the natural 86. Use a graphing calculator to sum x. , (~2n + 5). Compare 
numbers from | to 100. it with your answer to Exercise 43. 
: 100 
84. Use a graphing calculator to sum the even natural numbers 87. Use a graphing calculator to sum pe , 1-59 + 5a — ID). 


from | to 100. 


88. Use a graphing calculator to sum pa [- 18 + 4(n = 1]. 
85. Use a graphing calculator to sum the odd natural numbers 
from 1 to 100. 
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SECTION GEOMETRIC SEQUENCES 
12.3 AND SERIES 


Geometric Sequences 


In Section 12.2, we discussed arithmetic sequences, where successive terms had a 
common difference. In other words, each term was found by adding the same constant to 
the previous term. In this section we discuss geometric sequences, where successive 
terms have a common ratio. In other words, each term is found by multiplying the 
previous term by the same constant. The sequence 4, 12, 36, 108,... is geometric 
because each successive term is found by multiplying the previous term by 3. 


DEFINITION Geometric Sequences 

A sequence is geometric if each term in the sequence is found by multiplying the 
, a 

previous term by a number 7, so that a,,, = r-a,. Because 1"! = +, the number 


a, 


r is called the common ratio. 


EXAMPLE 1_ Identifying the Common Ratio in Geometric Sequences 


Find the common ratio for each of the geometric sequences. 
a. 5,20, 80, 320,... b. 1,-4,4,-g--.  & $5000, $5500, $6050, $6655, ... 


Solution (a): 


Label the terms. a, = 5, a) = 20, a; = 80, ay = 320,... 
ay 2 
Find the ratio r = ——. eee 
ay aq, 5 
a 
pa 
ay 20 
a, 320 
= See Sw 
"a, 80 


The common ratio is 4. 
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Solution (b): 
Label the t 1 1 1 1 
abel the terms. ay >a 7% ra 3° 
n a —1/2 1 
Find the ratior = us pe Birr 12 
ay, ay, 1 2 
a3 1/4 1 
_ _ = 
ay —1/2 2 
a, —I1/8 1 
4: 


a; 1/4 2, 
The common ratio is — 5. 


Solution (c): 


Label the terms. a, = $5000, a. = $5500, a; = $6050, a, = $6655,... 
ay 
Find the ratior = = r= He OT 
ay a, $5000 
a, $6050 
r=— = = 
a, $5500 
a, $6655 
r=— =——= 1,1 
a; $6050 
The common ratio is 1.1. 


<a L oe 
= YOUR TURN Find the common ratio of each geometric sequence. PANEER Deer 


as 13,9952 si b. 320, 80, 20, 5,... 


The General (nth) Term of a 
Geometric Sequence 


To find a formula for the general, or nth, term of a geometric sequence, write out the first 
several terms and look for a pattern. 


First term, n = 1. a, 

Second term, n = 2. a, = a'r 

Third term, n = 3. a, =a-r=(a-ener=arr’ 
Fourth term, n = 4. a, = a3°r =(aqrr)r=aer 


In general, the nth term is given by a, = a,-r” '. 


THE NTH TERM OF A GEOMETRIC SEQUENCE 
The nth term of a geometric sequence with common ratio r is given by 


a, = aor?" form = Il 
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EB 
Technology Tip 


Use to find the nth term of the 
sequence by setting the initial index 
value equal to the final index value. 
To find the 7th term of the geometric 
sequence a, = 2+5”~!, press 


2nd |} LIST || ® || OPS || © || 5:seq( 


ENTER |2[x ]5[*][([ALPHA 


N\[-]1 D][-][Acena | [WJ], 


7[,]7[.] 1D |[ENTER |. 


seae eta cH-19.N: 


2 2 


{312583 


= Answer: 49,152 


EXAMPLE 2_ Finding the nth Term of a Geometric Sequence 
Find the 7th term of the sequence 2, 10, 50, 250,.... 


Solution: 
10 50 250 
Identify the common ratio. r >) 
2 10 50 
Identify the first (1 = 1) term. a, =2 
Substitute a, = 2 andr = 5 intoa, = a,-r"!. BaH2s 
Substitute n = 7 intoa, = 2°5""'. a, = 2°57! = 2-5° = 31,250 


The 7th term of the geometric sequence is 31,250. 


= YOUR TURN Find the 8th term of the sequence 3, 12, 48, 192,.... 


EXAMPLE 3 Finding the Geometric Sequence 


Find the geometric sequence whose 5th term is 0.01 and whose common ratio is 0.1. 
Solution: 
Label the common ratio and 5th term. a; = 0.01 andr = 0.1 


Substitute a; = 0.01, n = 5, andr = 0.1 


intoa, = a,:r"!. 0.01 = a,+(0.1)°"! 
O01 O01 
Solve for a. a, = _ = ani = 100 


The geometric sequence that starts at 100 and has a common ratio of 0.1 is 
100, 10, 1,0.1,0.01,.... 


= Answer: 81, 27,9,3,1,... . : : 
Segind seatahvesnaseseteiiny «is asticaeese = YOUR TURN Find the geometric sequence whose 4th term is 3 and whose common 
fie. 
ratio is 3. 


12.3 Geometric Sequences and Series 


Geometric Series 


The sum of the terms of a geometric sequence is called a geometric series. 
a+¢aertaert+arert:: 


If we only sum the first n terms of a geometric sequence, the result is a finite geometric 
series given by 


S,=aqtaerta sr taert--- tar"! 
To develop a formula for the nth partial sum, we multiply the above equation by r: 


r-S, =arrtayer*? tart) tar" |) + ar" 


Subtracting the second equation from the first equation, we find that all of the terms on 
the right side drop out except the first term in the first equation and the /ast term in the 
second equation: 


n-1 


S, =a tasrtaert-+ayr 


—rS, = - ayer -— ar? —-++— ay"! - ar" 


S, — rS, = a ar" 
Factor the S,, out of the left side and the a, out of the right side: 
SiC _ r) = a1 - r") 


Divide both sides by (1 — r), assuming r # 1. The result is a general formula for the sum 
of a finite geometric series: 


EVALUATING A FINITE GEOMETRIC SERIES Study Tip 


1241 


The underscript kK = 1 applies only 


The sum of the first n terms of a geometric sequence, called a finite geometric series, when the summation starts at the a, 
is given by the formula term. It is important to note which 
zB term is the starting term. 
(ae) 
S,=a-— rr ¥ 1 
C= 7) 


It is important to note that a finite geometric series can also be written in sigma 
(summation) notation: 


n 
Se Dar Soa a ae ae 
k=1 
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Technology Tip 


a. To find the sum of the series 


13 
k= 


2nd |[ZIST ][> ][MATH ][¥ | 
5:sum(|| ENTER || 2nd || LIST || > 
OPS || © ||5:seq( |] ENTER | 3 | x 
(Jo.4[][ |[G[ALPHA ][K][- 


3-(0.4)*!, press 


b. To find the sum of the first nine 
terms of the series 1 +2+4+8+ 
16 + 32 + 64+ ---, press 


2nd] [LIST || |[MATH ][¥ 
5: sum(|} ENTER || 2nd || LIST || > 
OPS || © || 5:seq( || ENTER | 2} 4 


aEEATEIO CoCo 


Evaluate the finite geometric series. 


° ») EXAMPLE 4_ Evaluating a Finite Geometric Series 


13 
a 3°04)" 
k=1 


b. The first nine terms of the series 1 + 2+ 4+ 8+ 16+ 32+ 64+-:-- 


Solution (a): 


Identify a,, n, and r. a, = 3,n = 13, andr = 0.4 
Substitute a, = 3,n = 13, andr = 0.4 
(= r’) Pe a, 
to s, = a4,——. = 
peer ne lai ay ao @ = 08) 
Simplify. Siz © 4.99997 
Solution (b): 
Identify the first term and common ratio. a, = landr=2 
Substi ices ee 
titut = = t = : = 
ubstitute a, and r into S,, ees "= 4-9 
(1 - 2) 
To sum the first nine terms, letn = 9. So = “d-2 
Simplify. Sy = 511 


The sum of an infinite geometric sequence is called an infinite geometric series. Some 
infinite geometric series converge (yield a finite sum), and some diverge (do not have a 
finite sum). For example, 


1 1 1 1 1 
se a + +:+:++— +--+: = 1 (converges) 
2 4 8 16 32 2" 


2+4+4+8+ 16+ 32+---+2"+--- (diverges) 


For infinite geometric series that converge, the partial sum S,, approaches a single number 
as n gets large. The formula used to evaluate a finite geometric series 


d — r") 
d — r) 


can be extended to an infinite geometric series for certain values of r. If |r| < 1, then when 
r is raised to a power, it continues to get smaller, approaching 0. For those values of r, the 
infinite geometric series converges to a finite sum. 


Si, = ay 


ey) dai. 


Let n — o; then a, >a, 
d-)nr d- yr) 


I 4 
cn vif |r| < 1. 
—r 


1 
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EVALUATING AN INFINITE GEOMETRIC SERIES 


The sum of an infinite geometric series is given by the formula 


Do you expect } a is + % + Pri ca and 4 = is + % = Pa +--+ to sum to the same 
number? The answer is no, because the second series is an alternating series and terms are 
both added and subtracted. Hence, we would expect the second series to sum to a smaller 


Gop! = k= 
Ae ‘d-n 


1 


Ir] <1 


EXAMPLE 5_ Determining Whether the Sum of an Infinite 


Series Exists 


Determine whether the sum exists for each of the geometric series. 


a. 3+ 15 + 75 + 375 + ++ b 8+ 4 


Solution (a): 


Identify the common ratio. 


Since 5 is greater than 1, the | sum does not exist |. 


Solution (b): 


Identify the common ratio. 


Since 5 is less than 1, the | sum exists |. 


= YOUR TURN Determine whether the sum exists for the following geometric series. 


a. 81,9, 1,9... 


number than the first series sums to. 


i i Ll 1,14 
r2+1+35 47 3g 
r= 

r=5>1 
1 
r= > 
2 

r=-<1 


b.. 15,25, 125)... 


\) EXAMPLE 6 _ Evaluating an Infinite Geometric Series 


Evaluate each infinite geometric series. 
alt+¢t+gt¢ayte: | ©6©bR 1-448 
Solution (a): 


Identify the first term and the common ratio. 


Since |r| = |3| < 1, the sum of the series exists. 


Substitute a, = 1 andr = ; into > ar’ = 


Simplify. 


oe 

a,=1 

1 1 
a, , 

iF i= iA 

_~ tL 

2/3 
1-4 oe 1 3 
a we 5 


Study Tip 


The formula used to evaluate an 
infinite geometric series is: 


(First term) 
1 — (Ratio) 


= Answer: a. yes b. no 


Study Tip 

= First term 1 
da OF ae : 
rT 1— Ratio 1-1/3 
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Study Tip Solution (b): 
‘ss : 1 
Sayer" First term ! Identify the first term and the common ratio. a,=1 r=-> 
a 1 — Ratio 1—(-1/3) , 2 
seeteeeneeeeneees steseeeeeeeeaeeeeeees Since |r| = |—31 < 1, the sum of the series exists. 
: 1. co 1 
Substitute a; = 1 andr = — 3 into 6 ar’ = Bia 
? —r 
Simplif 1 1 1 3 
implify. = = = = 
a 1-©Ci8) 1+) 43 4 
1 i 1, 3 
ao ay 4 


aS. 3 : : : : F 
mAnswer:a. gb. 6 = YOUR TURN Find the sum of each infinite geometric series. 


1 1 i i 
agtist3e tit | ba -ip + 36 - Toe + 


It is important to note the restriction on the common ratio r. The absolute value of the 
common ratio has to be strictly less than 1 for an infinite geometric series to converge. 
Otherwise the infinite geometric series diverges. 


EXAMPLE 7_ Evaluating an Infinite Geometric Series 


Evaluate the infinite geometric series, if possible. 


a. 3-7) b. S3-Q)"" 


n=0 n=1 


Solution (a): r=-5 
~ iy? 1 1 1 1 
Identify a, and r. > 2 =2 + + 
n=0 4 i 2 8 32, 128 
coil 1 
r= a r= ri 
= a 
Since |r| = |- Al = 7 < 1, the infinite geometric da “pls j = 
series converges. n=0 ( r) 
1 2 
Let a, = 2andr = —j. = 
[1 - (1/4)] 
Simplif 2 2 _8 
— i+ 14 5/4 5 
ee 4 . . oo 1 n 8 
This infinite geometric series converges. PS 2 4 = 5 
n=0 
Solution (b): = 
Identify a, and r. 3°)" 1=34+6+124+24+484+--- 
n=l aq r=2 


Since r = 2 > 1, this infinite geometric series diverges. 


12.3 Geometric Sequences and Series 


Applications 


Suppose you are given a job offer with a guaranteed percentage raise per year. What will 
your annual salary be 10 years from now? That answer can be obtained using a geometric 
sequence. Suppose you want to make voluntary contributions to a retirement account 
directly debited from your paycheck every month. Suppose the account earns a fixed 
percentage rate: How much will you have in 30 years if you deposit $50 a month? What is 
the difference in the total you will have in 30 years if you deposit $100 a month instead? 
These important questions about your personal finances can be answered using geometric 
sequences and series. 


EXAMPLE 8s Future Salary: Geometric Sequence 


Suppose you are offered a job as an event planner for the PGA Tour. The starting salary is 
$45,000, and employees are given a 5% raise per year. What will your annual salary be 
during the 10th year with the PGA Tour? 


Solution: 


Every year the salary is 5% more than the previous year. 


Label the year | salary. a, = 45,000 
Calculate the year 2 salary. ad, = 1.05-a, 
Calculate the year 3 salary. a3 = 1.05-a, 


ll 


1.05(1.05 + a,) = (1.05)?a, 


Calculate the year 4 salary. a4 = 1.05° a; 


ll 


1.05(1.05)?a, = (1.05)°a, 


Identify the year n salary. a, = 1.05"~!a, 
Substitute n = 10 and a, = 45,000. diy = (1.05)? - 45,000 
Simplify. aio © 69,809.77 


During your 10th year with the company your salary will be $69,809.77. 


= YOUR TURN Suppose you are offered a job with AT&T at $37,000 per year with a 
guaranteed raise of 4% after every year. What will your annual salary 
be after 15 years with the company? 


EXAMPLE 9_ Savings Growth: Geometric Series 


Karen has maintained acrylic nails by paying for them with money earned from a part-time 
job. After hearing a lecture from her economics professor on the importance of investing 
early in life, she decides to remove the acrylic nails, which cost $50 per month, and do 
her own manicures. She has that $50 automatically debited from her checking account on 
the first of every month and put into a money market account that receives 3% interest 
compounded monthly. What will the balance be in the money market account exactly 

2 years from the day of her initial $50 deposit? 


Study Tip 


1245 


ayy = 45,000(1.05)? ~ 69,809.77 


= Answer: $64,072.03 
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Solution: 
i= r nt 
Recall the compound interest formula. A= (1 + r) 
Technology Tip f 
12 
Use a calculator to find ; Substitute r = 0.03 and n = 12 into A=pPl1+ 0.03 \'™" 
(1 — 1.002574) h ai fi I 12 
Soy = 50(1.0025) =e the compound interest formula. 
. = 121 
Scientific calculators: = P(1.0025) 
Press Display Let t = nus where n is the number of months of the 
50 [x] 1.0025 [x 1238.23 ea 
investment: A, = P(1.0025)” 
(J1{—] 1.0025 
© ]24D][= IIc The first deposit of $50 will gain interest for 24 months. Ao4 = 50(1.0025)*4 
1) — | 1.0025}) || = The second deposit of $50 will gain interest for 23 months. Ay; = 50(1.0025)* 
Graphing ealoulatons: The third deposit of $50 will gain interest for 22 months. As) = 50(1.0025) 
50 [x ] 1.0025 [x ][(]1 [=] 1.0025 a es 
The last deposit of $50 will gain interest for 1 month. A, = 50(1.0025)! 


Sum the amounts accrued from the 24 deposits. 


A, + Ay +++ + Ayy = 501.0025) + 50(1.0025)? + 50(1.0025)? + ++» + 50(1.0025)*4 
Identify the first term and common ratio. a, = 50(1.0025) and r = 1.0025 
. : ad aes r”) 
Sum the first 1 terms of a geometric series. S, = ees 
= 7 


(i= 1.0025") 


Substitute n = 24, a, = 50(1.0025), 8, = 50(1.0025 
and r = 1.0025. = ee (1 — 1.0025) 
Simplify. Syq © 1238.23 


= Answer: $5105.85 


= YOUR TURN Repeat Example 9 with Karen putting $100 (instead of $50) in the same 
money market. Assume she does this for 4 years (instead of 2 years). 


id SECTION 

. SUMMARY 
In this section, we discussed geometric sequences, in which each than or equal to 1, the infinite geometric series diverges and 
successive term is found by multiplying the previous term by a the sum does not exist. Many real-world applications involve 
constant, so that a,,, = r-a,. That constant, 7, is called the geometric sequences and series, such as growth of salaries and 
common ratio. The nth term of a geometric sequence is given by annuities through percentage increases. 
a, = ar" ',n = lora,,, = ar",n = 0. The sum of the terms n dl = P%) 
of a geometric sequence is called a geometric series. Finite Finite Geometric Series: Dar = ea), S35) 

i=0 


geometric series converge to a number. Infinite geometric series 
converge to a number if the absolute value of the common ratio is 


Soa 1 
coi Infinite G: tric Series: = $$ < Il 
less than 1. If the absolute value of the common ratio is greater pgaey nthe co nig yar al = r Ir 
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SECTION 
12.3 | EXERCISES 


=SKILLS 
In Exercises 1-8, determine whether the sequence is geometric. If it is, find the common ratio. 
1. 1,3,9, 27,... 2. AB 1G 3. 1,4, 9, 16, 25,... 4. Lig ig- 
5. 8,4, 2, 1,... 6. 8, —4,2,—-1,... 7. 800, 1360, 2312, 3930.4,... 8. 7, 15.4, 33.88, 74.536, ... 


In Exercises 9-16, write the first five terms of the geometric series. 


9. a, = 6 r=3 10. a, = 17 r=2 11. a, = 1 r=-4 12. a, = -3 r=-2 
13. a, = 10,000 r=1.06 14 a4,= 10000 r=08 15.4 =3 r=5 16.aq=7 r=-% 
In Exercises 17-24, write the formula for the nth term of the geometric series. 
17. a, =5 Pez 2 18. a, = 12 r=3 19. a, = 1 ra 3 20. a, = —4 r= =2 
21. a,=1000 r=107 22,a,=1000 r=05 23a=*% r=-} Wa= py r=5 
In Exercises 25-30, find the indicated term of the geometric sequence. 
25. 7th term of the sequence —2, 4, —8, 16,... 26. 10th term of the sequence 1, —5, 25, —225,... 
27. 13th term of the sequence is 5, 3, g — 28. 9th term of the sequence 100, 20, 4, 0.8,... 
29. 15th term of the sequence 1000, 50, 2.5, 0.125,... 30. 8th term of the sequence 1000, —800, 640, —512,... 
In Exercises 31-40, find the sum of the finite geometric series. 
‘i $8 de 32. 1 a : abe ! 
s 2° 3 3 a — 
33. 2+6+18+54+---+ 2(3°) 34.1+4+ 16+ 64+---+4? 
10 11 8 9 2 13 13 1 k 
35. 2201 36. 2,300.29 37. 220)" 38. 2300! 39. 22 40. (5) 


In Exercises 41-54, find the sum of the infinite geometric series, if possible. 


[oe} 1 n [o-e} 1 n [o-e} 1 n lo e} 1 n 
41. >) 42. Dies 43. > ) 44, >(-3) 


[o.<) co co 1 n oo 1 n 

45. S\1" 46. >)1.01" 47. >)-9( = 48. >)-8(-= 
n=0 n=0 n=0 3 n=0 2 

49. BS 10,000(0.05)” 50. > 200(0.04)" 51. > 0.4" 52. 0.3 + 0.03 + 0.003 + 0.0003 + --- 
n=0 n=0 n=1 

[o<) co 5 n 

53. >'0.99" 54. >| = 
n=0 n=0 4 

"APPLICATIONS 

55. Salary. Jeremy is offered a government job with the 56. Salary. Alison is offered a job with a small start-up company 
Department of Commerce. He is hired on the “GS” scale at a that wants to promote loyalty to the company with incentives 
base rate of $34,000 with 2.5% increases in his salary per for employees to stay with the company. The company offers 
year. Calculate what his salary will be after he has been with her a starting salary of $22,000 with a guaranteed 15% raise per 
the Department of Commerce for 12 years. year. What will her salary be after she has been with the 


company for 10 years? 
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57. 


58. 


59. 


60. 


61. 


62. 


Depreciation. Brittany, a graduating senior in high school, 
receives a laptop computer as a graduation gift from 

her Aunt Jeanine so that she can use it when she gets to the 
University of Alabama. If the laptop costs $2000 new and 
depreciates 50% per year, write a formula for the value of 
the laptop n years after it was purchased. How much will the 
laptop be worth when Brittany graduates from college 
(assuming she will graduate in 4 years)? How much will it 
be worth when she finishes graduate school? Assume 
graduate school is another 3 years. 


Depreciation. Derek is deciding between a new Honda 
Accord and the BMW 325 series. The BMW costs $35,000 
and the Honda costs $25,000. If the BMW depreciates at 
20% per year and the Honda depreciates at 10% per year, 
find formulas for the value of each car n years after it is 
purchased. Which car is worth more in 10 years? 


Bungee Jumping. A bungee jumper rebounds 70% of the 
height jumped. Assuming the bungee jump is made with a 
cord that stretches to 100 feet, how far will the bungee 
jumper travel upward on the fifth rebound? 


sabew] siqiog/snoynbiqn af4/a2{psoy souaine7 


Bungee Jumping. A bungee jumper rebounds 65% of the 
height jumped. Assuming the bungee cord stretches 200 
feet, how far will the bungee jumper travel upward on the 
eighth rebound? 


Population Growth. One of the fastest-growing universities 
in the country is the University of Central Florida. The student 
populations each year starting in 2000 were 36,000, 37,800, 
39,690, 41,675, .... If this rate continued, how many students 
were at UCF in 2010? 


Website Hits. The website for Matchbox 20 (www. 
matchboxtwenty.com) has noticed that every week the 
number of hits to its website increases 5%. If there were 
20,000 hits this week, how many will there be exactly 
52 weeks from now? 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


Rich Man’s Promise. A rich man promises that he will give 
you $1000 on January 1, and every day after that, he will pay 
you 90% of what he paid you the day before. How many 
days will it take before you are making less than $1? How 
much will the rich man pay out for the entire month of 
January? Round answers to the nearest dollar. 


Poor Man’s Clever Deal. A poor man promises to work for 
you for $0.01 the first day, $0.02 on the second day, $0.04 on 
the third day; his salary will continue to double each day. If he 
started on January 1, how much would he be paid to work on 
January 31? How much total would he make during the 
month? Round answers to the nearest dollar. 


Investing Lunch. A newlywed couple decides to stop going 
out to lunch every day and instead brings their lunch. They 
estimate it will save them $100 per month. They invest that 
$100 on the first of every month into an account that is 
compounded monthly and pays 5% interest. How much will 
be in the account at the end of 3 years? 


Pizza as an Investment. A college freshman decides to 
stop ordering late-night pizzas (for both health and cost 
reasons). He realizes that he has been spending $50 a 
week on pizzas. Instead, he deposits $50 into an account 
that compounds weekly and pays 4% interest. How much 
money will be in the account in 52 weeks? 


Tax-Deferred Annuity. Dr. Schober contributes $500 from 
her paycheck (weekly) to a tax-deferred investment account. 
Assuming the investment earns 6% and is compounded 
weekly, how much will be in the account in 26 weeks? 

52 weeks? 


Saving for a House. If a new graduate decides she wants to 
save for a house and she is able to put $300 every month into 
an account that earns 5% compounded monthly, how much 
will she have in the account in 5 years? 


House Values. In 2008, you buy a house for $195,000. The 
value of the house appreciates 6.5% per year, on the average. 
How much is the house worth after 15 years? 


The Bouncing Ball Problem. A ball is dropped from a height 
of 9 feet. Assume that on each bounce, the ball rebounds to 
one-third of its previous height. Find the total distance that the 
ball travels. 


Probability. A fair coin is tossed repeatedly. The probability 
that the first head occurs on the nth toss is given by the 
function p(n) = (5)', where n = 1. Show that 


[oe} 1 n 
(5) = 1.0 


Salary. Suppose you work for a supervisor who gives you 
two different options to choose from for your monthly pay. 
Option 1: The company pays you $0.01 for the first day of 
work, $0.02 the second day, $0.04 for the third day, $0.08 for 
the fourth day, and so on for 30 days. Option 2: You can 
receive a check right now for $10 million. Which pay option 
is better? How much better is it? 


=CATCH THE MISTAKE 


In Exercises 73-76, explain the mistake that is made. 


73. Find the nth term of the geometric sequence: 
-j,i-11 


23> 92 D7 ee 
Solution: 
Identify the first term and _ _ il 
: a, = —landr=— 

common ratio. 3 
Substitute a, = —1 and 1\"* 

= bs : = n-1 a, = c-(3) 
r= 3 intoa, =a,:r"-. 3 

ee as —1 
Simplify. a, = ao 


This is incorrect. What mistake was made? 


74. Find the sum of the first n terms of the finite geometric series: 


2,4, 8, 16,.... 
Solution: 
Write the sum in sigma notation. 3 (2)* 
Identify the first term and i 
common ratio. a, = landr=2 
Substitute a, = | andr = 
into S, = age S, = ‘=> 
Simplify. S,=2"?-1 


This is incorrect. What mistake was made? 


=CONCEPTUAL 


In Exercises 77-80, determine whether each statement is true or false. 


77. An alternating sequence cannot be a geometric sequence. 


78. All finite and infinite geometric series can always be 
evaluated. 


CHALLENGE 


81. State the conditions for the sum 
atabtabt+:-+a:b' t+: 


to exist. Assuming those conditions are met, find the sum. 


82. Find the sum of ee log 10°. 


83. Represent the repeating decimal 0.474747. . . as a fraction 
(ratio of two integers). 
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8 
75. Find the sum of the finite geometric series s4C3". 


n=1 


Solution: 


Identify the first term and 


common ratio. a, = 4andr = —3 


Substitute a; = 4 andr = —3 
intos = ¢¢—" age) 
Cl 37) [1 — (—3)] 
1 - (-3)" 
_ f= 3) 
4 
Simplify. S, = Ul - (-3)"] 
Substitute n = 8. S, = [1 — (-3)*] = —6,560 


This is incorrect. What mistake was made? 


76. Find the sum of the infinite geometric series pe) ce a 


n=1 


Solution: 


Identify the first term and 


common ratio. a, = 2andr = 3 


Substitute a; = 2 andr = 3 

1 1 
into S,, = a;———~. S,, = 2 
into S,, a7 —* - (1 — 3) 
Simplify. S,=-1 


00 


This is incorrect. The series does not sum to —1. What 
mistake was made? 


. The common ratio of a geometric sequence can be positive or 


negative. 


. An infinite geometric series can be evaluated if the common 


ratio is less than or equal to 1. 


84. Suppose the sum of an infinite geometric series is 


2 
S= toe where x is a variable. 
—x 


a. Write out the first five terms of the series. 


b. For what values of x will the series converge? 
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"=TECHNOLOGY 


85. Sum the series: >. (—2)'"!. Apply a graphing utility to 88. Apply a graphing utility to plot y, = 1 —x+2°%- «+ x4 
confirm your answer. 1 

and y, = ae. and let x range from [—0.5, 0.5]. Based 

on what you see, what do you expect the geometric series 


ane (—1)’x”" to sum to? 


86. Does the sum of the infinite series }")_ (5)" exist? Use a 
graphing calculator to find it. 


87. Apply a graphing utility to ploty, = 1 + x+2°+x°4+ x 


and y, = pee and let the range of x be [—0.5, 0.5]. Based 89. Apply a graphing utility to plot ; 
—# -~14  Ay2 4 ; 4 _ 
on what you see, what do you expect the geometric series yy = 1+ 2x + 40° + 8x9 + 16x* and y, = fae and 


D6 x" to sum to? let x range from [—0.3, 0.3]. Based on what you see, what do 
you expect the geometric series Sk (2x)" to sum to? 


SECTION 
12.4 MATHEMATICAL INDUCTION 


Mathematical Induction 


n m—-n+41 Prime? Is the expression n* — n + 41 always a prime number if n is a natural number? Your 
instinct may lead you to try a few values for n. 

1 41 Yes . 

It appears that the statement might be true for all natural numbers. However, what about 
" 1s when n = 41? 
3 47 Y 

“ w—nt4l = (412-41 +41 = 42 

4 53 Yes 
5 61 Yes We find that when n = 41, n? — n + 41 is not prime. The moral of the story is that just 


because a pattern seems to exist for some values, the pattern is not necessarily true for all values. 
We must look for a way to show whether a statement is true for all values. In this section we talk 
about mathematical induction, which is a way to show a statement is true for all values. 
Mathematics is based on logic and proof (not assumptions or belief). One of the most 
famous mathematical statements was Fermat’s last theorem. Pierre de Fermat (1601-1665) 
conjectured that there are no positive integer values for x, y, and z such that x” + y” = 2”, 
ifn = 3. Although mathematicians believed that this theorem was true, no one was able to 
prove it until 350 years after the assumption was made. Professor Andrew Wiles at Princeton 
University received a $50,000 prize for successfully proving Fermat’s last theorem in 1994. 
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Mathematical induction is a technique used in college algebra and even in very 
advanced mathematics to prove many kinds of mathematical statements. In this section you 
will use it to prove statements like “if x > 1, then x” > 1 for all natural numbers 7.” 

The principle of mathematical induction can be illustrated by a row of standing dominos, 
as in the picture. We make two assumptions: 


1. The first domino is knocked down. 
2. If a domino is knocked down, then the domino immediately following it will also 
be knocked down. 


If both of these assumptions are true, then it is also true that all of the dominos will fall. 


PRINCIPLE OF MATHEMATICAL INDUCTION 


Let S,, be a statement involving the positive integer n. To prove that S, is true for all 
positive integers, the following steps are required. 


Step 1: Show that S; is true. 
Step 2: Assume S; is true and show that S,,, is true (k = positive integer). 


Combining Steps 1 and 2 proves the statement is true for all positive integers. 


EXAMPLE 1_ Using Mathematical Induction 
Apply the principle of mathematical induction to prove this statement: 


Ifx > 1, then x” > 1 for all natural numbers n. 


Solution: 
Step 1 Show the statement is true for n = 1. x! > 1 because x > 1 
Step 2 Assume the statement is true forn = k. x*> 1 


Show the statement is true for k + 1. 


Multiply both sides by x. xkex > +x 

(Since x > 1, this step does not reverse the inequality sign.) 
Simplify. x > x 
Recall that x > 1. xt Sy >] 


Therefore, we have shown that x**! > 1. 
This completes the induction proof. Thus, the following statement is true. 


“If x > 1, then x” > 1 for all natural numbers n.” 


Oo EXAMPLE 2 Using Mathematical Induction 

Use mathematical induction to prove that n? + n is divisible by 2 for all natural numbers n. 
Solution: 
Step 1 Show the statement we are 


testing is true forn = 1. r+1=2 


2 is divisible by 2. -=1 
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r+k 
Step 2 Assume the statement is true forn = k. = an integer 
_ k+ IP t+k+ ly, . 
Show it is true fork + 1 where k= 1. 5 = an integer 
aa ae Ge ar 
= an integer 
2 
(2 +k) + 2k + 1) 
Regroup terms. 5 = an integer 
(PO +k) 2+), , 
= an integer 
2 2 
R+k . . aid 
We assumed = an integer. an integer + (kK + 1) = an integer 
Since k is a natural number, an integer + an integer = an integer 
This completes the induction proof. The following statement is true: 
“n- + nis divisible by 2 for all natural numbers n.” 
- Mathematical induction is often used to prove formulas for partial sums. 
Technology Tip e ' EXAMPLE 3 Proving a Partial-Sum Formula with 
To visualize what needs to be proved Mathematical Induction 
in th ial- f 1 h fe egies : : : 
a eoupnts ae ie 7 ae Apply mathematical induction to prove the following partial-sum formula: 
; n ae nn + I) as 
series > ,—1K on the left side for an 14+2+3+4+-:-+n= 5 for all positive integers n 
arbitrary n value, say n = 100. Press Solution: 
: 1a +1) 2 
2nd | LIST || > [MATH v Step 1 Show the formula is true for n = 1. l= 3. * = a =] 
5:sum(|| ENTER |} 2nd || LIST || > 
OPS || w |[5:seq( |[ ENTER ; kk + I) 
abe Step 2 Assume the formula is true for n = k. 14+24+3+4+::-+k= 
ALPHA |[W][,][ALPHA ][W ][,] - 2 
1[,]100[,]1) ]D ][ENTER I. echatiaas io ie Gini bre Ree (k + Ik + 2) 
‘ 2 
eathHsH.1.16 (k Ik 2) 
L4+2434+--+k+k+ 2 
ra Si ba Kk ED 2 
Now calculate the sum by substituting 2 
n = 100 into n(n + 1)/2 on the right k(k + 1) , (k Ik 2) 
2 2 
SOUS Sea enuzone kk+t I) +%k+1) ,k+DE+2) 
; 2 
1B8C18e+13 eae : : 
+134 : 
TASH + 3k+2 4 (k+ Ik + 2) 
2 2 
Note: The solutions to the left and 
right side of the formula agree with (k + Dk + 2) = (kK + DK + 2) 
each other. 2. 2 


This completes the induction proof. The following statement is true: 


an + I) i 
“T4+24+3+---+n= 5 for all positive integers n.” 
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Just because we believe something is true does not mean that it is. to (1) show the statement is true for n = 1, then (2) assume the 
In mathematics we rely on proof. In this section we discussed statement is true for n = k and show the statement must be true 
mathematical induction, a process of proving mathematical for n = k + 1. The combination of Steps 1 and 2 proves the 
statements. The two-step procedure for mathematical induction is statement. 

SECTION 


"SKILLS 


12.4 EXERCISES 


In Exercises 1-24, prove the statements using mathematical induction for all positive integers n. 


12. 


14. 


16. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


(1 +c)" =nec c>1 


. n° — nis divisible by 3. 
10. 


.rsn 2. IfFO<x< 1,then0<x"< 1. 3. 2n < 2” 4.5" <5"! 
. ni > 2" n=4 (Show it is true for n = 4, instead of n = 1.) 


1 
5 
6. 
8 


7. n(n + 1)(n — 1) is divisible by 3. 
9. n? + 3n is divisible by 2. 


n(n + 1)(n + 2) is divisible by 6. 11. 24+4+6+84+-::4+ 2n = n(n + 1) 
antl = 1 
14+34+54+74+--+Qn-lD=r 13. 1+34+ 37+ 3° +---+ 3” 5 
n(n + 1)Qn + 1 
Deda 8 pied a QP = 2 15. 124243 4-04 m= : ; 
ee ome rea eed 1G het - 
4 12 23 3°4 n(n + 1) n+l 
a: 1 n 
i ae a “(n+ in+2) 2n +2) 
n(n + 1)(n + 2) 
(1-2) + (2:3) + (3:4) +---+ n(n + 1) 3 
n(n + 1)(2n + 7) 
(1-3) + (2-4) + (3-5) +++: + n(n + 2) 6 
5 7 =i 1 uy" 
sb ser ae fete xe I 
=x 
Eee ee 
2° 47° 3 * oR Pg 
The sum of an arithmetic sequence: a, + (a, + d) + (a, + 2d) +--+ + [a, + (n — 1)d] 5 [2a + (n — 1)d]. 


The sum of a geometric sequence: a, + ayr + a,r? 
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"APPLICATIONS 


The Tower of Hanoi. This is a game with three pegs and n disks 25. What is the smallest number of moves needed if there are 
(largest on the bottom and smallest on the top). The goal is to three disks? 

move ns kis ower oF aise oanutiet Dre a ss ee one: 26. What is the smallest number of moves needed if there are 
The challenge is that you may move only one disk at a time, and four disks? 

at no time can a larger disk be resting on a smaller disk. You may 

want to first go online to www.mazeworks.com/hanoi/index/htm 27. What is the smallest number of moves needed if there are 
and play the game. five disks? 


28. What is the smallest number of moves needed if there are n 
disks? Prove it by mathematical induction. 


yiuysem Apuy 


29. Telephone Infrastructure. Suppose there are n cities that 
are to be connected with telephone wires. Apply mathematical 
induction to prove that the number of telephone wires 

n(n — 1) 
2 
each city has to connect directly with any other city. 


of the interior angles of a regular polygon of n sides is given 
by the formula: (n — 2)(180) for n = 3. Hint: Divide a 

polygon into triangles. For example, a four-sided polygon 
can be divided into two triangles. A five-sided polygon can 
be divided into three triangles. A six-sided polygon can be 
divided into four triangles, and so on. 


<a 
= 


ie a 
Tower of Hanoi 


=CONCEPTUAL 


In Exercises 31 and 32, determine whether each statement is true or false. 


31. Assume S, is true. If it can be shown that S,,, is true, then S, 32. Assume S;, is true. If it can be shown that S, and S; are true, 
is true for all n, where n is any positive integer. then S,, is true for all n, where n is any positive integer. 


= CHALLENGE 


33. Apply mathematical induction to prove: 35. Apply mathematical induction to prove: 


a + 1)(2n + 1)(3n? + 3 1 
Se eee (1+ T)i+ 5) g)(+ st) =net 
rs 30 1 2 3 n 


required to connect the n cities is given by ————.. Assume 


30. Geometry. Prove, with mathematical induction, that the sum 


36. Apply mathematical induction to prove that x + y is a factor 


34. Apply mathematical induction to prove: of x2 — yn" 
n (n+ 1P°(2n? + 2n - 1 
Sr = ns ) ( [ 2 37. Apply mathematical induction to prove: 
= 12 
k= 
In(c, +c *¢3°++¢,) = Inc, + Inc) +--+: + Inc, 
"=TECHNOLOGY 
38. Use a graphing calculator to sum the series 39. Use a graphing calculator to sum the series 
(1:2) + (2-3) + (3°4) +--+ + n(n + 1) on the left side, and 1 1 1 1 : 
n(n + 1)(n + 2) + —-+ —-+ +++ + — on the left side, and evaluate the 
evaluate the expression a <r on the right side for 2 4 8 i 2 
n = 200. Do they agree with each other? Do your answers expression | — 3 on the right side for n = 8. Do they agree 
confirm the proof for Exercise 19? with each other? Do your answers confirm the proof for 


Exercise 22? 


SECTION 
12.5 THE BINOMIAL THEOREM 


A binomial is a polynomial that has two terms. The following are all examples of binomials: 
r+2y at+3b 4°49 


In this section we will develop a formula for raising a binomial to a power n, where n is a 
positive integer. 


(+ 2y) (a+ 3b) (4x7 + 9) 
To begin, let’s start by writing out the expansions of (a + b)" for several values of n. 
(a+ bf =1 
(a+ b)'=a+b 
(a+ bry =a +2abt+h 
(a+ bp = a + 3a@b + 3ab? + 
(a + by = at + 4a°b + 6a°b? + 4ab> + bt 
(a + bP = a + 5atb + 10a*b? + 10a7b? + S5ab+ + bP 


ll 


There are several patterns that all of the binomial expansions have. 


1. The number of terms in each resulting polynomial is always one more than the 
power of the binomial n. Thus, there are n + | terms in each expansion. 


n=3: (a+ bp = @ + 3a°b + 3ab? + bP 
four terms 
2. Each expansion has symmetry. For example, a and b can be interchanged and you 
will arrive at the same expansion. Furthermore, the powers of a decrease by | in 
each successive term, and the powers of b increase by | in each successive term. 


(a + by = a°b® + 3a°b' + 3a'b* + ab? 


3. The sum of the powers of each term in the expansion is n. 


340=3 241=3 14+2=3 04353 
n = 3: (a + by = ab® + 3a°b! + 3a'b* + ab? 


4. The coefficients increase and decrease in a symmetric manner. 
(a + by’ = 1a’ + 5a‘b + 10a*b? + 10a*b? + Sab* + 1b° 
Using these patterns, we can develop a generalized formula for (a + b)". 


(a + b)" = Oa" + Oa" !b + Oa" ?b? + + + ab"? + Dab"! + Ob" 


1255 
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We know that there are n + | terms in the expansion. We also know that the sum of the 
powers of each term must equal n. The powers increase and decrease by | in each successive 
term, and if we interchanged a and b, the result would be the same expansion. The question 
that remains is, what coefficients go in the blanks? 

We know that the coefficients must increase and then decrease in a symmetric order 
(similar to walking up and then down a hill). It turns out that the binomial coefficients are 
represented by a symbol that we will now define. 


DEFINITION Binomial Coefficients 


For nonnegative integers n and k, where n = k, the symbol ie is called the 
binomial coefficient and is defined by 


ie x n! @r Wo ie 
a ent j,} is read “n choose k. 


You will see in the following sections that “n choose k” comes from combinations. 


ese 
Technology Tip & EXAMPLE 1_ Evaluating a Binomial Coefficient 


Press Display Evaluate the following binomial coefficients. 
6 |nCr| 4 |= 15 
5 [nCr] 5 [= 1 6 5 4 10 
4 [nCr] 0[= l * (5) . (3) i (3) v (5) 
10 |nCr|9 |= 10 


Solution: 
Select the top number as n and the bottom number as k and substitute into the binomial 


: n n!} 
coefficient formula = 
k (n — k)!k! 


6 6! 6! 6+5*4+3+2+1 655 
= = = = =|15 
({) (6—4)!4! 214! (2*1)(4*3+2*1) 2 


bd 


16 ntr 3 


5 5! 5! 1 1 
: = 1 
| (5) (5—5)!5! O's! Of 1 


a 


° 


4 4! 4) 1 
= = =—=|1 
(5) (4—0)!0! 410! ! 1 


10 10! 10! 10-9! 
d. = = = =|10 
( 9 ) (10 — 9)!9! —-1!9! 9! 10 


= Answer: a. 84 b. 28 : ; : : 
= YOUR TURN Evaluate the following binomial coefficients. 


“() (6) 


Parts (b) and (c) of Example | lead to the general formulas: 


Binomial Expansion 
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Let’s return to the question of the binomial expansion and how to determine the coefficients: 


(a+ bj’ = 


a’ + 


a b+ 0 


a te + eb? 4+ 


ab"! + Ob" 


The symbol (‘) is called a binomial coefficient because the coefficients in the blanks in 


the binomial expansion are equivalent to this symbol. 


THE BINOMIAL THEOREM 


Let a and b be real numbers; then for any positive integer n, 


(a+ by’ = (Ja (‘Jers + ()a3e feet ( & aor? + ( Z ai + ("or 
0 1 2 = 2 a= Il n 


or in sigma (summation) notation as 


(a + by' = S(t aro! 


k=0 


EXAMPLE 2 Applying the Binomial Theorem 


Expand (x + 2) with the binomial theorem. 


Solution: 


Substitute a = x, b = 2,n = 3 


into the equation of the binomial 


theorem. 


Expand the summation. 


Find the binomial coefficients. 


Simplify. 


3 
(x+2yp= pe 


= YOUR TURN Expand (x + 5)‘ with the binomial theorem. 


\) EXAMPLE 3 Applying the Binomial Theorem 


Expand (2x — 3)‘ with the binomial theorem. 


Solution: 


Substitute a = 2x, b = —3,n = 4 into 


the equation of the binomial theorem. 


Expand the summation. 


= (jen # (Hewes + (SJevrear (Sencar (Sea 
0 1 2 3 4 


Find the binomial 


coefficients. 


Simplify. 


4 


Ge= 3) = (pens 


k=0 


os (2x)* 
= 16x! 


+ A(2x)'(—3) + 6(2x)*(—3)? + 4(2xy(—3)8 + (—3)4 


96x° + 216x* — 216x + 81 


= YOUR TURN Expand (3x — 2)‘ with the binomial theorem. 


= Answer: 


xt + 20x37 + 150x? + 500x + 625 


= Answer: 


81x* 


216x? + 216x? — 96x + 16 
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Pascal’s Triangle 


1 
Instead of writing out the binomial theorem and calculating the binomial coefficients using 
4 factorials every time you want to do a binomial expansion, we now present an alternative, 
1 2 1 more convenient way of remembering the binomial coefficients, called Pascal’s triangle. 
13 3 1 Notice that the first and last number in every row is |. Each of the other numbers is 


found by adding the two numbers directly above it. For example, 


3=2+1 4=1+3 10=6+4 


n 
Let’s arrange values of (‘) in a triangular pattern. 


(0) 


) G) G &) @ @) © 
0 1 2 3 4 5 6 
It turns out that these numbers in Pascal’s triangle are exactly the coefficients in a binomial 


expansion. 
aT 


la + 1b 
la’ + 2ab + 1b’ 
la? + 3a°’b + 3ab’ + 1b° 
la* + 4a*b + 6a°b’ + dab’ + 1b* 
la’ + Sab + 100°? + 10a°b? + 5ab* + 1b° 


The top row is called the zero row because it corresponds to the binomial raised to the zero 
power, n = 0. Since each row in Pascal’s triangle starts and ends with a | and all other 
values are found by adding the two numbers directly above it, we can now easily calculate 


the sixth row. 
Study Tip e sixth row 
Singe the tap-aw/at Pascal's (a + by = la’ + 5a*b + 10a°b? + 10a*b>? + S5ab* + 1b? 


triangle is called the zero row, 
the fifth row is the row with 6 
coefficients. The nth row is the row 


wie Pepemeeue: (a + b)® = 1a® + 6a5b + 15a*b? + 20a°b? + 15a2b* + 6ab> + 10° 
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EXAMPLE 4 Applying Pascal’s Triangle in a Binomial Expansion 
Use Pascal’s triangle to determine the binomial expansion of (x + 2)°. 

Solution: 

Write the binomial expansion with blanks for coefficients. 


(x + 27 = Oe + Oxt-2 + Oo -2? + Ox? 234 x 244+ 02° 
Write the binomial coefficients in the fifth row of Pascal’s triangle. 
1, 5, 10, 10, 5,1 


Substitute these coefficients into the blanks of the binomial expansion. 


(x + 2) = Le + Sxt+2 + 1009-2? + 10x72? + 5x-24+.1-2° 


= YOUR TURN Apply Pascal’s triangle to determine the binomial expansion of xt + 12x37 + 54x° + 108x + 81 
(x + 3)". sessathaerecl 


EXAMPLE 5 Applying Pascal’s Triangle in a Binomial Expansion 
Use Pascal’s triangle to determine the binomial expansion of (2x + 5)*. 
Solution: 


Write the binomial expansion with blanks for coefficients. 


(2x + 5)* = C(2x)* + C(x)? +5 + Ox)? 5? + O(2x)- 53 + O54 


Write the binomial coefficients in the fourth row of Pascal’s triangle. 
1, 4, 6, 4,1 
Substitute these coefficients into the blanks of the binomial expansion. 


(2x + 5)* = 1(2x)* + 4(2x)3 +5 + 6(2x)? +5? + 4(2x)+5> + 1-54 


Simplify. (2x + 5)* = 16x* + 160x° + 600x? + 1000x + 625 


= Answer: 
= YOUR TURN Use Pascal’s triangle to determine the binomial expansion of: a. 27x° + 54x° + 36x + 8 


a. Gxt 2b. Bx — 2) b. 243x° — 810x* + 1080x° — 
720x? + 240x — 32 


Finding a Particular Term of a 
Binomial Expansion 


What if we don’t want to find the entire expansion, but instead want just a single term? For 
example, what is the fourth term of (a + b)°? 
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Worps 


Recall the sigma notation. 


MatH 


(a+ by" = 


ay 
Letn = 5. (a+ ot = S(P ato 
0 \k 
5 5 5 5 5 5 
Expand. + by = es “b+ oy? + "be + 4+ (7 |b 
iia oe (;) (3) (3) (5) ({))a & 
SYS 
fourth term 
Simplify the fourth term. 10a*b* 


FINDING A PARTICULAR TERM OF A BINOMIAL EXPANSION 


The (r + 1) term of the expansion (a + b)" is ( ar. 


n 
iP 


EXAMPLE 6 _ Finding a Particular Term of a Binomial Expansion 


e 
Technology Tip» Solution: 


6 [MATH ][b |[ PRB ][V ][3:2Cr] 


ENTER | 4] X |2]27 |] X |||] CQ) 
71) ||4 |4| ENTER 


5 ntr ea ead Pa 
144668 


Note that ({) = 15. 
4 


Simplify. 


= Answer: 1080x° 


> SECTION 


In this section we developed a formula for raising a binomial 
expression to an integer power, n = 0. The patterns that surfaced 
were that the expansion displays symmetry between the two terms; 
that is, every expansion has n + 1 terms, the powers sum to n, and 
the coefficients, called binomial coefficients, are ratios of factorials: 


(a+ by’ = S(t aro! 


k=0 


(‘) = n! 
k} (—BIK 


Also, Pascal’s triangle, a shortcut method for evaluating the 
binomial coefficients, was discussed. The patterns in the triangle 


SUMMARY 


For the 5th term, let r = 4. 


For this expansion, let a = 2x,b = —7,n = 6. 


Find the Sth term of the binomial expansion of (2x — 7)°. 


Recall that the r + 1 term of (a + b)" is ("Jew 
r 


(“arse 

4 

6 6-4/__ 74 
( 2 (-7) 
15(2x)*(-7)4 


= YOUR TURN What is the third term of the binomial expansion of (3x — 2)°? 


are that every row begins and ends with 1 and all other numbers 
are found by adding the two numbers above the entry. 


iP ese 32) Jk 
1464 1 
i 5 i) 1 S 1 


Last, a formula was given for finding a particular term of a binomial 


expansion; the (r + 1) term of (a + b)" is 0 ae 
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SECTION 
12.5 | EXERCISES 
=SKILLS 
In Exercises 1-10, evaluate the binomial coefficients. 
7 8 10 23 
1. 2. 3. 4. 
3 2 8 21 
17 100 99 52 
5. z ie : 
(0) (0) (ss) (3) 
4 2 
» (*8) w. (2) 
45 26 
In Exercises 11-32, expand the expression using the binomial theorem. 
11. (x + 2) 12. («+37 13. (y — 3p 14. (y — 4) 
15. (x + yp 16. (x — y)® 17. (x + 3y) 18. (2x — y)? 
1 4 3 4 
19. (5x — 2) 20. (a — 7b) 21. (¢ + sy) 22. (2 + >) 
x y 
23. (x + y*)t 24. (Pr — 8 25. (ax + by) 26. (ax — by)? 
27. (Vx + 2)° 28. (3 + Vy)" 29, (a°/* + pl/4)4 30. (7/3 + yl 
31. (x4 + 2Vy)* 32. (Vx — 3y'/4)8 
In Exercises 33-36, expand the expression using Pascal’s triangle. 
3. Go 34. 02 + yy’ 35. (ax + by)® 36. (x + 3y)* 
In Exercises 37-44, find the coefficient C of the term in the binomial expansion. 
Binomial Term Binomial Term Binomial Term Binomial Term 
37. (x + 2)! Ce 38. (3 + y) cy 39. (y — 3) cy* 40. (x — 1)” Ce 
41. (2x + 3y)’ cry4 42. (3x — Sy) Cry’ 43. (2 + y)® cx*y4 44. (r — 5?)"° cr’s® 


“APPLICATIONS 


In later sections, you will learn the ‘“‘n choose k” notation for combinations. 


45. Lottery. In a state lottery in which six numbers are drawn 
from a possible 40 numbers, the number of possible 


: evtededes ais 40 
six-number combinations is equal to ( 6 ). How many 
possible combinations are there? 


46. Lottery. In a state lottery in which six numbers are drawn from 
a possible 60 numbers, the number of possible six-number 


60 
combinations is equal w( 6 ) How many possible 


combinations are there? 


47. Poker. With a deck of 52 cards, 5 cards are dealt in a game of 
52 
poker. There are a total or( 5 ) different 5-card poker hands 
that can be dealt. How many possible hands are there? 


48. Canasta. In the card game canasta, two decks of cards 
including the jokers are used and 11 cards are dealt to each 


108 
person. There are a total of ( i ) different 1 1-card canasta 


hands that can be dealt. How many possible hands are there? 
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=CATCH THE MISTAKE 


In Exercises 49 and 50, explain the mistake that is made. 


7 
49. Evaluate the expression @ 50. Expand (x + 2y)*. 
‘ Solution: 
Solution: 
. Write out with blanks. 

Write out the . 

binomial coefficient (7) mL (x + 2y)* = Ox + Ooty + Oxy? + Dxy? + Dy* 

i i 5 5! 

a een tana Write out the terms from the fifth row of Pascal’s triangle. 

Write out the (7) TL 7*6*5+4+3+2+1 1, 4, 6, 4, 1 

factorials. , = eee Substitute these coefficients into the binomial expansion. 
7 ql Je& (x + 2y)t = x4 + 4x7) + Oxy? + day? + y4 

Simplify. So eee s 
5 5! 1 This is incorrect. What mistake was made? 


This is incorrect. What mistake was made? 


=CONCEPTUAL 


In Exercises 51-54, determine whether each statement is true or false. 


51. The binomial expansion of (x + y)!° has 10 terms. 
ae 3. (")=1 s4.(")=-1 
52. The binomial expansion of (x? + y’)!> has 16 terms. lt 
CHALLENGE 
n n 56. Show that if n is a positive integer, then: 
55. Show that (") = ( _) fwOsksn. 
ie 


()-G)GeC)-* 


Hint: Let 2” = (1 + 1)" and use the binomial theorem to 


expand. 
"TECHNOLOGY 
: F - : : sa 3 3. 08 
57. With a graphing utility, plot y, = 1 — 3x + 3x? -— x, 61. With a graphing utility, ploty; = 1+—y, = 14 aay 
yy = —1 + 3x — 3x + x, andy; = (1 — x) in the = F = 
sane : : : : 3. 3 iT 1 
same mndne screen. What is the binomial expansion of y= 14 t= = and y4 = (: + ) for 
(i - xy? x Xx 
: . ste 1 < x < 2. What do you notice happening each time an 
58. With hing utility, plot y; = (x + 3)4, as ; 
‘ ‘i voner at a. P “ fi 1 - A ) additional term is added? Now, let 0 < x < 1. Does the 
yo T T T A : 9 
yy = x4 + 12x + 54x? + 108x + 81. What is the binomial sain HEE MADDEN x ew 
expansion of (x + 3)? 62. With a graphing utility, plot y, = 1 4 Tt y=14 7 + at 
59. With a graphing utility, plot y, = 1 — 3x, x 2 
yy = 1 -— 3x + 3x, y, = 1 — 3x + 3x — x3, and ae eee ae anne foe P<x<l. 


y, = (1 — x) for —1 < x < 1. What do you notice 
happening each time an additional term is added? Now, let 
1 < x < 2. Does the same thing happen? 


What do you notice happening each time an additional term 
is added? Now, let 1 < x < 2. Does the same thing happen? 


3 3. 3 
60. With a graphing utility, plot y, = 1 2 = 1 aoe 
Xx x 


1 iy? 
y= 1 + ,andy, = { 1 forl <x < 2. 
i x x val x 


What do you notice happening each time an additional term is 
added? Now, let 0 < x < 1. Does the same thing happen? 


SECTION COUNTING, PERMUTATIONS, 
12.6 AND COMBINATIONS 


You are traveling through Europe for the summer and decide the best packing option is to 
select separates that can be mixed and matched. You pack one pair of shorts and one pair of 
khaki pants. You pack a pair of Teva sport sandals and a pair of sneakers. You have three 
shirts (red, blue, and white). How many different outfits can be worn using only the clothes 
mentioned above? 


The answer is 12. There are two options for bottoms (pants or shorts), three options for 
shirts, and two options for shoes. The product of these is 


2°3-2= 12 
The general formula for counting possibilities is given by the fundamental counting 
principle. 
FUNDAMENTAL COUNTING PRINCIPLE coches Sat: eee 
; ; The fundamental counting principle 
Let E, and E, be two independent events. The first event Z, can occur in m, ways. The aan be-extended to tore than two 
second event E, can occur in m, ways. The number of ways that the combination of events. 


the two events can occur is m,° mp. 


In other words, the number of ways in which successive things can occur is found by 
multiplying the number of ways each thing can occur. 
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EXAMPLE 1_ Possible Meals Served at a Restaurant 


A restaurant is rented for a retirement party. The owner offers an appetizer, an entrée, and a 
dessert for a set price. The following are the choices that people attending the party may 
choose from. How many possible dinners could be served that night? 


Appetizers: calamari, stuffed mushrooms, or caesar salad 


Entrées: tortellini alfredo, shrimp scampi, eggplant parmesan, or chicken marsala 
Desserts: tiramisu or flan 
Solution: 


There are three possible appetizers, four possible entrées, and two possible desserts. 


Write the product of possible options. 3+4-2 = 24 


There are | 24 possible dinners for the retirement party. 


= Answer: 8 
= YOUR TURN In Example 1, the restaurant will lower the cost per person for the 


retirement party if the number of appetizers and entrées is reduced. 
Suppose the appetizers are reduced to either soup or salad and the 
entrées are reduced to either tortellini or eggplant parmesan. How 
many possible dinners could be served at the party? 


EXAMPLE 2. Telephone Numbers (When to Require 
ab 10-Digit Dialing) 


In many towns in the United States, residents can call one another using a 7-digit 

dialing system. In some large cities, 10-digit dialing is required because two or more area 
codes coexist. Determine how many telephone numbers can be allocated in a 7-digit 
dialing area. 


Solution: 


With 7-digit telephone numbers, the first number cannot be a 0 or a 1, but each of the 
following six numbers can be 0, 1, 2, 3, 4, 5, 6, 7, 8, or 9. 


First number: 2, 3, 4, 5, 6, 7, 8, or 9. 8 possible digits 

Second number: 0, |, 2, 3, 4, 5, 6, 7, 8, or 9. 10 possible digits 

Third number: 10 possible digits 

Fourth number: 10 possible digits 

Fifth number: 10 possible digits 

Sixth number: 10 possible digits 

Seventh number: 10 possible digits 
Counting principle: 8-10: 10-10-10: 10-10 
Possible telephone numbers: 8,000,000 


Eight million 7-digit telephone numbers can be allocated within one area code. 


= Answer: 8 billion 
= YOUR TURN [If the first digit of an area code cannot be 0 or 1, but the second and 


third numbers of an area code can be 0, 1, 2, 3, 4, 5, 6, 7, 8, or 9, how 
many 10-digit telephone numbers can be allocated in the United States? 
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The fundamental counting principle applies when an event can occur more than once. We 
now introduce two other concepts, permutations and combinations, which allow individual 
events to occur only once. For example, in Example 2, the allowable telephone numbers can 
include the same number in two or more digit places, as in 555-1212. However, in many 
state lottery games, once a number is selected, it cannot be used again. 

An important distinction between a permutation and a combination is that in a permutation 
order matters, but in a combination order does not matter. For example, the Florida winning 
lotto numbers one week could be 2—3—5—1 1-19-27. This would be a combination because 
the order in which they are drawn does not matter. However, if you were betting on a 
trifecta at the Kentucky Derby, to win you must not only select the first, second, and third 
place horses, you must select them in the order in which they finished. This would be a 
permutation. 


Permutations 


DEFINITION Permutation 


A permutation is an ordered arrangement of distinct objects without repetition. 


EXAMPLE 3_ Finding the Number of Permutations of n Objects 


How many permutations are possible for the letters A, B, C, and D? 


Solution: 
ABCD ABDC ACBD ACDB ADCB ADBC 
BACD BADC BCAD BCDA BDCA BDAC 
CABD CADB CBAD CBDA CDAB CDBA 
DABC DACB DBCA DBAC DCAB DCBA 


There are 24 (or 4!) possible permutations of the letters A, B, C, and D. 


Notice that in the first row of permutations in Example 3, A was selected for the first 
space. That left one of the remaining three letters to fill the second space. Once that was 
selected there remained two letters to choose from for the third space, and then the last 
space was filled with the unselected letter. In general, there are n! ways to order n 
objects. 


NUMBER OF PERMUTATIONS OF NM OBJECTS 
The number of permutations of n objects is 


mt = Ge aD) oul 


Study Tip 

In a permutation of objects, order 
matters. That is, the same objects 
arranged in a different order are 
considered to be a distinct permutation. 
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EXAMPLE 4 _ Running Order of Dogs 


In an American Kennel Club (AKC) sponsored field trial, the dogs compete in random order. 
If there are nine dogs competing in the trials, how many possible running orders are there? 


Bpuojy [B4jUaD Jo Aysuaaiup ‘Kuno, eiyjuAD Asayinog 


Solution: 


There are nine dogs that will run. n=9 


The number of possible running orders is n! n! = 9! = | 362,880 


There are | 362,880 | different possible running orders of nine dogs. 


= Answer: 120 : : i : . drs 
sapsvasis = YOUR TURN Five contestants in the Miss America pageant reach the live television 
interview round. In how many possible orders can the contestants 
compete in the interview round? 


In Examples 3 and 4, we were interested in all possible permutations. Sometimes, we 
are interested in only some permutations. For instance, 20 horses usually run in the 
Kentucky Derby. If you bet on a trifecta, you must pick the top three places in the correct 
order to win. Therefore, we do not consider all possible permutations of 20 horses finishing 
(places 1-20). Instead, we only consider the possible permutations of first, second, and 
third place finishes of the 20 horses. We would call this a permutation of 20 objects taken 
3 at a time. In general, this ordering is called a permutation of n objects taken r at a time. 

If 20 horses are entered in the Kentucky Derby, there are 20 possible first-place 
finishers. We consider the permutations with one horse in first place. That leaves 19 
possible horses for second place, and then 18 possible horses for third place. Therefore, 
there are 20° 19+ 18 = 6840 possible winning scenarios for the trifecta. This can also be 

20! 20! 


represented as (20 — 3)! Tih 
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NUMBER OF PERMUTATIONS OF MN OBJECTS 
TAKEN F AT A TIME 


The number of permutations of n objects taken r at a time is 


n! 


12. ==} = a = ING = Deore — Par IW) 
(Ga = Py! 
EB 
Technology Tip 
EXAMPLE 5 _ Starting Lineup for a Volleyball Team Use a calculator to find 13P.. 
The starters for a six-woman volleyball team have to be listed in a particular order (1-6). Scientific calculators: ; 
If there are 13 women on the team, how many possible starting lineups are there? Pres Hysplay 
: 13 [nPr] 6 [= 1235520 
Solution: Graphing calculators: 
Identify the total number of players. n= 13 13 [MATH] [> |[PRB]Ly ][2:nPr 
6| ENTER 
Identify the total number of starters in the lineup. r=6 
: n! 13 nFPr 6 
Substitute n = 13 andr = 6 into ,P, = ————. 
(n — r)! | 
Ps = = eee 12-11-10-9-8 = | 1,235,520 
we (3-6! (7! a 


There are | 1,235,520 | possible combinations. 


= Answer: 239,500,800 


= YOUR TURN A softball team has 12 players, 10 of whom will be in the starting 
lineup (batters 1-10). How many possible starting lineups are there for 
this team? 


Combinations 


The difference between a permutation and a combination is that a permutation has an order 
associated with it, whereas a combination does not have an order associated with it. 


DEFINITION Combination 


A combination is an arrangement, without specific order, of distinct objects without 
repetition. 


The six winning Florida lotto numbers and the NCAA men’s Final Four basketball 
tournament are examples of combinations (six numbers and four teams) without regard to 
order. The number of combinations of n objects taken r at a time is equal to the binomial 


n 
coefficient ( ) 
r 
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NUMBER OF COMBINATIONS OF MN OBJECTS 
TAKEN F AT A TIME 


The number of combinations of n objects taken r at a time is 
C n n!} 
a r (n — r)!r! 


; n! eas 
Compare the number of permutations ,P,. = aor and the number of combinations 
n—7r)! 


n! tet eataut 
= ry It makes sense that the number of combinations is less than the number 
n— ry!r! 


of permutations. The denominator is larger because there are no separate orders associated 
with a combination. 


aGy 


_) EXAMPLE 6 Possible Combinations to the Lottery 


If there are a possible 59 numbers and the lottery officials draw 6 numbers, how many 


ei 
Technology Tip le possible combinations are there? 


Use a calculator to find 59C,. Solution: 
Scientific calculators: Identify how many numbers are in the drawing. n= 59 
Press Display . 
59 [nCr] 6 [=] 45057474 Identify how many numbers are chosen. r=6 
Graphing calculators: Substitute n = 59 andr = 6 
: ! 59! 
59 [MATH] | | [PRB] w |[3:nCr ‘ice sae 
6 [ENTER]. (n — r)!r! (59 — 6)!6! 
59 +58+57+56-55+54-(53)! 
Ziel lll ie Simplity. = 1-6! 
45837474 53! +6! 
_ 59°58+57° 56-55-54 


6°:5°4-3-2 
= |45,057,474 
There are | 45,057,474 | possible combinations. 


= Answer: 13,983,816 : re ; : 
= YOUR TURN Whatare the possible combinations for a lottery with 49 possible 


numbers and 6 drawn numbers? 


Permutations with Repetition 

Permutations and combinations are arrangements of distinct (nonrepeated) objects. A 
permutation in which some of the objects are repeated is called a permutation with 
repetition or a nondistinguishable permutation. For example, if a sack has three red 
marbles, two blue marbles, and one white marble, how many possible permutations would 
there be when drawing six marbles, one at a time? 

This is a different problem from writing the numbers | through 6 on pieces of paper, 
putting them in a hat, and drawing them out. The reason the problems are different is that 
the two blue balls are indistinguishable and the three red balls are also indistinguishable. 
The possible permutations for drawing numbers out of the hat are 6!, whereas the possible 
permutations for drawing balls out of the sack are given by 


6! 
She 2te 1! 
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NUMBER OF DISTINGUISHABLE PERMUTATIONS 


If a set of n objects has n, of one kind of object, n) of another kind of object, 
n3 of a third kind of object, and so on for k different types of objects so that 
n =n, + ny +--: + m, then the number of distinguishable permutations of the n 
objects is 


n! 


ny!-ny!+nz!---n,! 


In our sack of marbles, there were six marbles n = 6. Specifically, there were three red 
marbles (n, = 3), two blue marbles (n, = 2), and one white marble (n,; = 1). Notice that 
n =n, + ny) + n, and that the number of distinguishable permutations is equal to 


6! 


aporeay 


EXAMPLE 7 Peg Gameat Cracker Barrel 


The peg game on the tables at Cracker 
Barrel is a triangle with 15 holes drilled 
in it, in which pegs are placed. There 
are 5 red pegs, 5 white pegs, 3 blue 
pegs, and 2 yellow pegs. If all 15 pegs 
are in the holes, how many different 
ways can the pegs be aligned? 


yiuyse Apuy 


Solution: 


There are four different colors of pegs (red, white, blue, and yellow). 


5 red pegs: n= 
5 white pegs: Ny = 
3 blue pegs: nz = 3 


2 yellow pegs: ng = 2 
There are 15 pegs total: n = 15 


Substitute n = 15, n, = 5, n). = 5, n3 = 3, 
n!\ 15! 
nyleny!englss sng! 5!-5!-3!-2! 


Simplify. - 


There are a possible 7,567,560) ways to insert the 15 colored pegs at the Cracker Barrel. 


and n, = 2 into 


= YOUR TURN Suppose a similar game to the peg game at Cracker Barrel is set up 
with only 10 holes in a triangle. With 5 red pegs, 2 white pegs, and 
3 blue pegs, how many different permutations can fill that board? 


EB 
Technology Tip: / 


Use a calculator to calculate 


15! 
51+5!+3!-+2! 
Scientific calculators: 

Press Display 

15[1] [=] [5 [1] [x 7567560 
5] t}{x] 3] [x 
2D 
Graphing calculators: 
15 |MATH || > || PRB || Ww || 4: ! 
ENTER || = |[(|5[MATH 
p [PRB || wv |/4: !]5/MATH 
> |[PR8][v |[4:!]3 [MATH 
> [PRB || v ][4: !]2 [MATH 
> [PRB |v ][4: !| [ENTER ][) 


= Answer: 2520 
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SECTION 
SUMMARY 


In this section we discussed the fundamental counting principle, 
permutations, and combinations. 


The Fundamental Counting Principle Is Applicable When 


Objects can be repeated. 

The objects can occur in any order. 

The first event E, can occur m, ways, and the second event E, 
can occur m ways: the number of ways successive events can 
occur is mm ways. 


Combinations 


Objects cannot be repeated. 
Order does not matter. 
Number of combinations of n objects taken r at a time: 
n!} 
nr = (n — Nir! 


Nondistinguishable Permutations 


Some objects are repeated because they are not 


Permutations distinguishable. 
Objects cannot be repeated. For n objects with k different types of objects: 
Order matters. n! 
Number of permutations of n objects: n!. n,!nj!n,! +++ n,! 
Number of permutations of n objects taken r at a time: 
n!} 
APE Sas ST 
(Ge = sey 
SECTION 
12.6 EXERCISES 
"SKILLS 
In Exercises 1-8, use the formula for ,,P, to evaluate each expression. 
1. 6P4 2. 7P3 3. oPs 4. oP, - Ps 6. 6Po 7. 13P3 8. a0P3 
In Exercises 9-18, use the formula for ,,C,. to evaluate each expression. 
9. 10Cs 10. C4 11. 50Cs 12. 50Cio 13. jC, 14. 3Cy 
15. 39Cy 16. 13C; 17. 45C 18. 39Cy 


"APPLICATIONS 


19. Computers. At the www.dell.com website, a customer can 
“build” a system. If there are four monitors to choose from, 
three different computers, and two different keyboards, how 
many possible system configurations are there? 


20. Houses. In a “new home” community, a person can 
select from one of four models, five paint colors, three tile 
selections, and two landscaping options. How many different 
houses (interior and exterior) are there to choose from? 


21. Wedding Invitations. An engaged couple is ordering 
wedding invitations. The wedding invitations come in white 
or ivory. The writing can be printed, embossed, or engraved. 
The envelopes can come with liners or without. How 
many possible designs of wedding invitations are there to 
choose from? 


22. Dinner. Siblings are planning their father’s 65th birthday 
dinner and have to select one of four main courses (baked 
chicken, grilled mahi-mahi, beef Wellington, or lasagna), 
one of two starches (rosemary potatoes or rice), one of three 
vegetables (green beans, carrots, or zucchini), and one of five 
appetizers (soup, salad, pot stickers, artichoke dip, or 
calamari). How many possible dinner combinations are there? 


23. PIN Number. Most banks require a 4-digit ATM PIN code 
for each customer’s bank card. How many possible four-digit 
PIN codes are there to choose from? 


24. Password. All e-mail accounts require passwords. If a 
four-character password is required that can contain letters 
(but no numbers), how many possible passwords can there 
be? (Assume letters are not case sensitive.) 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 
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Leadership. There are 15 professors in a department and 
there are four leadership positions (chair, assistant chair, 
undergraduate coordinator, and graduate coordinator). How 
many possible leadership teams are there? 


Fraternity Elections. A fraternity is having elections. There 
are three men running for president, two men running for 
vice-president, four men running for secretary, and one man 
running for treasurer. How many possible outcomes do the 
elections have? 


Multiple-Choice Tests. There are 20 questions on a 
multiple-choice exam, and each question has four possible 
answers (A, B, C, and D). Assuming no answers are left 
blank, how many different ways can you answer the 
questions on the exam? 


Multiple-Choice Tests. There are 25 questions on a 
multiple-choice exam, and each question has five possible 
answers (A, B, C, D, and E). Assuming no answers are left 
blank, how many different ways can you answer the 
questions on the exam? 


Zip Codes. In the United States a 5-digit zip code is used to 
route mail. How many possible 5-digit zip codes are possible? 
(All numbers can be used.) If Os were eliminated from the 
first and last digits, how many possible zip codes would 

there be? 


License Plates. In a particular state there are six characters 
in a license plate: three letters followed by three numbers. If 
Os and Is are eliminated from possible numbers and Os and 
Is are eliminated from possible letters, how many different 
license plates can be made? 


Class Seating. If there are 30 students in a class and there 
are exactly 30 seats, how many possible seating charts can be 
made, assuming all 30 students are present? 


Season Tickets. Four friends buy four season tickets to the 
Green Bay Packers. To be fair, they change the seating 
arrangement every game. How many different seating 
arrangements are there for the four friends? 


Combination “Permutation” Lock. A combination lock 

on most lockers will open when the correct choice of three 
numbers (1 to 40) is selected and entered in the correct order. 
Therefore, a combination lock should really be called a 
permutation lock. How many possible permutations are there, 
assuming no numbers can be repeated? 


Safe. A safe will open when the correct choice of three numbers 
(1 to 50) is selected and entered in the correct order. How many 
possible permutations are there, assuming no numbers can be 
repeated? 


Raffle. A fundraiser raffle is held to benefit cystic fibrosis 
research, and 1000 raffle tickets are sold. There are three 
prizes raffled off. First prize is a round-trip ticket on Delta 
Air Lines, second prize is a round of golf for four people at a 
local golf course, and third prize is a $50 gift certificate to 
Chili’s. How many possible winning scenarios are there if all 
1000 tickets are sold to different people? 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 
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Tronman Triathlon. If 100 people compete in an ironman 
triathlon, how many possible placings are there (first, second, 
and third place)? 


Lotto. If a state lottery picks from 53 numbers and 6 numbers 
are selected, how many possible 6-number combinations are 
there? 


Lotto. If a state lottery picks from 53 numbers and 5 numbers 
are selected, how many possible 5-number combinations are 
there? 


Cards. In a deck of 52 cards, how many different 5-card 
hands can be dealt? 


Cards. In a deck of 52 cards, how many different 7-card 
hands can be dealt? 


Blackjack. In a single-deck blackjack game (52 cards), how 
many different 2-card combinations are there? 


Blackjack. In a single deck, how many two-card combinations 
are there that equal 21: ace (worth 11) and a 10 or face 
card—jack, queen, or king? 


March Madness. Every spring, the NCAA men’s basketball 
tournament starts with 64 teams. After two rounds, it is down 
to the Sweet Sixteen, and after two more rounds, it is reduced 
to the Final Four. Once 64 teams are selected (but not yet put 
in brackets), how many possible scenarios are there for the 
Sweet Sixteen? 


March Madness. Every spring, the NCAA men’s basketball 
tournament starts with 64 teams. After two rounds, it is down 
to the Sweet Sixteen, and after two more rounds, it is reduced 
to the Final Four. Once the 64 teams are identified (but not yet 
put in brackets), how many possible scenarios are there for the 
Final Four? 


NFL Playoffs. There are 32 teams in the National Football 
League (16 AFC and 16 NFC). How many possible combinations 
are there for the Superbowl? (Assume one team from the 
AFC plays one team from the NFC in the Superbowl.) 


NFL Playoffs. After the regular season in the National 
Football League, 12 teams make the playoffs (6 from the AFC 
and 6 from the NFC). How many possible combinations are 
there for the Superbowl once the 6 teams in each conference 
are identified? 


Survivor. On the television show Survivor, one person is 
voted off the island every week. When it is down to six 
contestants, how many possible voting combinations remain, 
if no one will vote themself off the island? Assume that the 
order (who votes for whom) makes a difference. How many 
total possible voting outcomes are there? 


American Idol. On the television show American Idol, a 
young rising star is eliminated from the competition every 
week. The first week, each of the 12 contestants sings one 
song. How many possible ways could the contestants be 
ordered 1-12? How many possible ways could 6 men 

and 6 women be ordered to alternate female and male 
contestants? 


1272 CHAPTER 12 Sequences, Series, and Probability 


49. Dancing with the Stars. In the popular TV show Dancing with 50. Dancing with the Stars. See Exercise 49. How many ways 
the Stars, 12 entertainers (6 men and 6 women) compete in a can six male celebrities line up for a picture alongside six 
dancing contest. The first night, the show decides to select female celebrities? 

3 men and 3 women. How many ways can this be done? 


=CATCH THE MISTAKE 


In Exercises 51 and 52, explain the mistake that is made. 


51. Ina lottery that picks from 30 numbers, how many 52. A homeowners association has 12 members on the board of 
five-number combinations are there? directors. How many ways can the board elect a president, 


Soluti vice-president, secretary, and treasurer? 
olution: 


lution: 
Letn = 30 andr = 5. Solution 


Let n = 12 andr = 4. 


fie tur n! Pe 30! 
alculate ,P,, = ———. = 
(a—n! we 25} Calculate ,C, = eae C, = ae 
mr (aa nlerl ae Bl edt 
Simplify. yoPs = 17,100,720 
Simplify. Cy = 495 


This is incorrect. What mistake was made? 
This is incorrect. What mistake was made? 


"=CONCEPTUAL 


In Exercises 53-56, determine whether each statement is true or false. 


53. The number of permutations of n objects is always greater 55. The number of four-letter permutations of the letters A, B, C, 
than the number of combinations of n objects if the objects and D is equal to the number of four-letter permutations of 
are distinct. ABBA. 

54. The number of permutations of n objects is always greater 56. The number of possible answers to a true/false question is a 
than the number of combinations of n objects even when the permutation problem. 


objects are indistinguishable. 


= CHALLENGE 
57. What is the relationship between ,,C, and ,,C,, ,? 59. Simplify the expression ,,C,.-r!. 
58. What is the relationship between ,P,. and ,,P,_? 60. What is the relationship between ,,C,. and ,,C,,_,? 


"TECHNOLOGY 


61. Employ a graphing utility with a ,P, feature and compare it 64. Use a graphing calculator to evaluate: 
with answers to Exercises 1-8. 
a. Ps 
62. Employ a graphing utility with a ,,C, feature and compare it 
b. 5!(2Cs) 


with answers to Exercises 9-18. 


‘ ? 
63. Use a graphing calculator to evaluate: AEs answers a) ane (by ie samme! 


d. Why? 
a. oP, y 
b. 4! 0Cy) 

c. Are answers in (a) and (b) the same? 


d. Why? 


SECTION 
12.7 | PROBABILITY 


Sample Space 

You are sitting at a blackjack table at Caesar’s Palace, and the dealer is showing a 7. You have 
a9 anda7; should you hit? Will it rain today? What will the lotto numbers be this week? Will 
the coin toss at the Superbowl result in a head or a tail? Will Derek Jeter get a hit at his next 
trip to the plate? These are all questions where probability is used to guide us. 

Anything that happens for which the result is uncertain is called an experiment. Each 
trial of an experiment is called an outcome. All of the possible outcomes of an experiment 
constitute the sample space. The term event is used to describe the kind of possible outcomes. 
For example, a coin toss is an experiment. Every outcome is either heads or tails. The sample 
space of a single toss is {heads, tails}. 

The result of one experiment has no certain outcome. However, if the experiment is 
performed many times, the results will produce regular patterns. For example, if you toss a 
fair coin, you don’t know whether it will come up heads or tails. You can toss a coin 10 
times and get 10 heads. However, if you made 1,000,000 tosses, you would get about 
500,000 heads and 500,000 tails. Therefore, since we assume a head is equally likely as a 
tail and there are only two possible events (heads or tails), we assign a probability of a head 
equal to 5 and a probability of a tail equal to 5. 


_ EXAMPLE 1 Finding the Sample Space | 
Find the sample space for each of the following outcomes. 

a. Tossing a coin once b. Tossing a coin twice c. Tossing a coin three times 
Solution (a): 


Tossing a coin one time will result in one of two events: heads (7) or tails (T). | 


The sample space S is written as | S = {H, T}}. H 
Solution (b): He T 
Start H 

T 
ee 


Tossing a coin twice can result in one of four possible outcomes. 


The sample space consists of all possible outcomes. 


= el 
S = {HH, HT, TH, TT} < 
el 


Note that TH and HT are two different outcomes. H < As | 
Solution (c): . < T 
. . nee Start 
There are eight possible outcomes when a coin is tossed a 
three times. BST 
T < H 


S = {HHH, HHT, HTH, HTT, TTT, TTH, THT, THH} T r 


= YOUR TURN Find the sample space associated with having three children (B boys 
i or G girls). 


Study Tip 


Tf the coin is tossed n times, there are 
2” possible outcomes. 


= Answer: 
S = {GGG, GGB, GBG, GBB, 
BBB, BBG, BGB, BGG} 
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Probability of an Event 


To calculate the probability of an event, start by counting the number of outcomes in the 
event and the number of outcomes in the sample space. The ratio is equal to the probability 
if all outcomes are equally likely. 


DEFINITION Probability of an Event 


If an event E has n(E) equally likely outcomes and its sample space S has n(S) 
equally likely outcomes, then the probability of event EF, denoted P(£), is 


wr lle lf eds n(E) Number of outcomes in event E 
Lt jl gt REY = 
Fe |Fa lie le n(S) Number of outcomes in sample space S$ 

vil eql adil eg 
Fa lf liv i+ 

a * v + 
Palen saat cers Since the number of outcomes in an event must be less than or equal to the number of 
ia a] fie & + + ' ac 

sell eval ha all pug outcomes in the sample space, the probability of an event must be a number between 
fe | fa ial 0 and | or equal to 0 or 1; to be precise, 0 = P(E) = 1. If P(E) = 0, then the event can 

a + + ‘ . . 

vivile vila af le 43 never happen, and if P(E) = 1, the event is certain to happen. 
re alle ally vile s 

v ville ella alle ¢; 
tl |ter|| San] tos EXAMPLE 2 Finding the Probability of Two Girls 
1} [eee] [aad | +? oy 

eae | tat |l¥oe 1048 If two children are born, what is the probability that they are both girls? 

oo; | ete | a®ad| o* 4 
a Ee ead Sg Solution: 

voile ella ay|¢ $4 : : 3 : 
age | eat | Pye | foe The event is both children being girls. E = {GG} 

asa || ata oly] [ote 

vy: iH yy 343, . . 
Fama) fsa | fem ie The sample space is all four possible outcomes. S = {BB, BG, GB, GG} 
Sf @)8. ) ) : 
Fara | Feu | Poa | Fors The number of outcomes in the event is 1. n(E) = 1 
L @ ka 3 The number of events in the sample space is 4. n(S) = 4 

se ‘a ae esd 

cl Hae [ay [ey - : n({E) 1 

Compute the probability using P(E) = (5) P(E) = 4 
n 


The probability that both children are girls is 7 or 0.25. 


EXAMPLE 3 _ Finding the Probability of Drawing a Face Card 


Find the probability of drawing a face card (jack, queen, or king) out of a 52-card deck. 


Solution: 

There are 12 face cards in a deck. n(E) = 12 

There are 52 cards in a deck. n(S) = 52 

Compute the probability using P(E) = = P(E) = ee = = 
n(S) 52 13 


The probability of drawing a face card out of a 52-card deck is * or ~0.23. 


= Answer: a. 4 = 4 bp B= 4 
= YOUR TURN a. Find the probability that an ace is drawn from a deck of 52 cards. 
b. Find the probability that a jack, queen, king, or ace is drawn from a 


deck of 52 cards. 
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o EXAMPLE 4 _ Finding the Probability of Rolling a 7 or an 11 


If you bet on the “pass line” at a craps table and the person’s first roll is a 7 or an 11, using a 
pair of dice, then you win. Find the probability of winning a pass line bet on the first roll. 


Solution: 


The fundamental counting principle tells us that there 
will be 6+ 6 = 36 possible rolls of the pair of dice. n(S) = 36 


Draw a table listing possible sums of the two dice. 


Dice VALUE 1 2 3 4 5 6 

1 2 3 4 5 6 yi 3 
2 3 4 5 6 7 8 A 
3 4 5 6 7 8 9 z 
4 5 6 7 8 9 10 
5 6 7 8 9 10 11 
6 7 8 9 10 11 12 Ne 

Of the 36 rolls, there are 8 rolls that will produce a7 or an 11. n(E) = 

Compute the probability using P(E) = ay P(E) = 8 = Z rs 

n(S) 36 9 


= Answer: + = $ = 8.3% 


= YOUR TURN [fa 2, 3, or 12 is rolled on the first roll, then the pass line bet loses. 
Find the probability of losing a pass line bet on the first roll. 


Probability of an Event Not Occurring 


The sum of the probabilities of all possible outcomes is 1. For example, when a die is 
rolled, if the outcomes are equally likely, then the probabilities are all ra 


PUY P(2) = : P(3) = : ra) = : P(S) = : P{6) = : 
6 6’ 6 G 6 6 


The sum of these six probabilities is 1. Study Tip 
Since the sum of the probabilities of all possible outcomes sums to 1, we can find the — The following three notations are 


probability that an event won’t occur by subtracting the probability that the event will occur saa Lae 
from 1. » PE) = 1 - Pé) 
P(E) + P(notE)=1 or Pinot E) = 1 — P(E) SOE) as a) 


PROBABILITY OF AN EVENT NOT OCCURRING 


The probability that an event E will not occur is equal to | minus the probability 
that EZ will occur. 


P(not E) = 1 — P(E) 


The complement of an event £ is the collection of all outcomes in the sample space that 
are not in E. The complement of E is denoted E’ or E. 
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= Answer: 0.9999997 


EXAMPLE 5 Finding the Probability of Not Winning the Lottery 


Find the probability of not winning the lottery if six numbers are selected from 1 to 49. 


Solution: 
Calculate the number of possible oC = 491 13,983,816 
six-number combinations. 431-6! 
Calculate the probability Pee 1 
of winning. 13,983,816 
Calculate the probability of P(not winning) = 1 — P(winning) 
not winning. z A ; 1 
t SS 
(not winning) 13,983,816 
13,983,816 1 


Bian sinatae 
(not winning) 13,983,816 13,983,816 


= | 0.999999928 


The probability of not winning the lottery is very close to 1. 


= YOUR TURN Find the probability of not winning the lottery if 6 numbers are 
selected from 1 to 39. 


Mutually Exclusive Events 


Recall the definition of union and intersection in Section 1.5. The probability of one event EF; 
or a second event £, occurring is given by the probability of the union of the two events. 


P(E, UE)) 


If there is any overlap between the two events, we must be careful not to count those 
twice. For example, what is the probability of drawing either a face card or a spade out of 
a deck of 52 cards? We must be careful not to count twice any face cards that are spades. 


PROBABILITY OF THE UNION OF TWO EVENTS 


If E, and E, are two events in the same sample space, the probability of either E, or 
E, occurring is given by 


P(E, UE,) = PUE,) + P(E,) — P(E, ME) 


If E, and E, are disjoint, P(E, M E,) = 0, then E, and E, are mutually exclusive. In 
that case, the probability of either E, or E, occurring is given by 


P(E, UE,) = P(E) + P(E) 


12.7 Probability 1277 


EXAMPLE 6 _ Finding the Probability of Drawing a Face Card 
laid ora Spade 


Find the probability of drawing either a face card or a spade out of a deck of 52 cards. 


Solution: 


—_—--_—~_ 


~ 


— 
Face Cards — 


\ 
\ 
/ y 
/ , 
! \ 
/ | 
| | 
\ 
\ | 
\ / 
q / 
\ / 
y 
4 
7 
12 
The deck has 12 face cards. P(face card) = 52 
13 
The deck has 13 spades. P(spade) = 52 
The deck has 3 face 3 
cards that are spades. P(face card and spade) = 52 
Apply the probability 
formula. P(E, VUE,) = P(E,) + P(Ey) — P(E, NM E>) 
12. 13 3 
P(face card or a spade) = =~ + = — = 
52. 52 52 
Simplif P(f d re ee ha 
implify. ace card or a spade 52 |96 


The probability of either a face card or a spade being drawn is xt = 0.42. 


= YOUR TURN Find the probability of drawing either a heart or an ace out of a deck of 
52 cards. 
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= Answer: Z or ~0.78 


EXAMPLE 7_ Finding the Probability of Mutually Exclusive Events 


Find the probability of drawing either an ace or a joker in a 54-card deck (a deck with two 
jokers). 


Solution: 


Drawing an ace and drawing a joker are two mutually exclusive events, since a card 
cannot be both an ace and a joker. 


4 
The deck has 4 aces. P(ace) = 5A 
’ . 2 
The deck has 2 jokers. P(Gjoker) = 54 
Apply the probability formula. P(E, UE,) = P(E;) + P(E) 
: 4 2 
P(ace or ajoker) = — + — 
54. 54 
Simplif P¢ joker) : : 0.111 
implify. ace or a joker) = =—#0. 
acs : 54.9 


= YOUR TURN If there are 10 women mathematicians, 8 men mathematicians, 6 women 
engineers, and 12 men engineers, what is the probability that a selected 
person is either a woman or an engineer? 


Independent Events 

Suppose you have two children. The sex of the second child is not affected by the sex of the 
first child. For example, if your first child is a boy, then it is no less likely that the second 
child will be a boy. We say that two events are independent if the occurrence of either of 
them has no effect on the probability of the other occurring. 


PROBABILITIES OF INDEPENDENT EVENTS 


If E, and E, are independent events, then the probability of both occurring is the 
product of the individual probabilities: 


P(E, M E,) = P(E)): P(E) 


Scientists used to believe that one gene controlled human eye color. Each parent gives 
one chromosome (either blue, green, or brown), and the result is a child with an eye-color 
gene composed of combinations, with brown being dominant over blue and blue being 
dominant over green. The genetic basis for eye color is actually far more complex, but we 
use this simpler model in the next example. 
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EXAMPLE 8 _ Probabilities of Blue-Eyed Children of 


Brown-Eyed Parents 


If two brown-eyed parents have a blue-eyed child, 
then the parents must each have one blue- and one 
brown-eye gene. In order to have blue eyes, the child 
must get the blue-eye genes from both parents. What 
is the probability that two brown-eyed parents can 
have three children, all with blue eyes? 


Solution: 


The sample space for childrens’ eye-color genes from these parents is 


S = {Blue/Blue, Blue/Brown, Brown/Brown, Brown/Blue} 


The only way for a child to have blue eyes is if that child inherits two blue-eyed genes. 


1 
P(blue-eyed child) = 4 


The eye color of each child is independent of that of the other. The probability of having 
three blue-eyed children is the product of the three individual probabilities. 


1 
P(all three children with blue eyes) = (3) ( 


4 


i 
64 


1 


4 


)) 


The probability of two brown-eyed parents having three blue-eyed children is 4 = 0.016). 


= YOUR TURN Find the probability of the brown-eyed parents in Example 8 having 


three brown-eyed children. 


aS SECTION 
a SUMMARY 


In this section we discussed the probability, or likelihood, of an 
event. It is found by dividing the total number of possible equally 
likely outcomes in the event by all of the possible outcomes in the 
sample space. 


Number of outcomes in event E 


_ NE) 
BO ae 


= Number of outcomes in sample space S$ 
Probability is a number between 0 and 1 or equal to 0 or 1: 
0 < P(E) <1 


The probability of an event not occurring is 1 minus the probability 
of the event occurring: 


P(not E) = 1 — P(E) 


= Answer: a = 0.422 


The probability of one event or another event occurring is found 
by adding the individual probabilities of each event and subtracting 
the probability of both: 


“or? 
P(E, UE;) = P(E)) + P(E) — P(E, 1 £5) 
If two events are mutually exclusive, they have no outcomes in 
common: 


P(E, UE,) = P(E) + P(E) 


The probability of two events occurring is the product of the 
individual probabilities, provided the two events are independent 
or do not affect one another: 


6e, 29 


P(E, 1 Es) = P(E,)> P(Es) 
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SECTION 
12.7 EXERCISES 


«SKILLS 


In Exercises 1-6, find the sample space for each experiment. 


1. The sum of two dice rolled simultaneously. 2. A coin tossed three times in a row. 

3. The sex (boy or girl) of four children born to the same parents. 4. Tossing a coin and rolling a die. 

5. Two balls selected from a container that has 3 red balls, 2 blue 6. The grade (freshman, sophomore, or junior) of two high 
balls, and 1 white ball. school students who work at a local restaurant. 


Heads or Tails. In Exercises 7-10, find the probability for the experiment of tossing a coin three times. 
7. Getting all heads. 8. Getting exactly one heads. 


9. Getting at least one heads. 10. Getting more than one heads. 


Tossing a Die. In Exercises 11-16, find the probability for the experiment of tossing two dice. 


11. The sum is 3. 12. The sum is odd. 
13. The sum is even. 14. The sum is prime. 
15. The sum is more than 7. 16. The sum is less than 7. 


Drawing a Card. In Exercises 17-20, find the probability for the experiment of drawing a single card from a deck of 52 cards. 
17. Drawing a non-face card. 18. Drawing a black card. 


19. Drawing a 2, 4, 6, or 8. 20. Drawing a 3, 5, 7, 9, or ace. 


In Exercises 21-26, let P(E,) = 5 and P(E,) = 5 and find the probability of the event. 


21. Probability of E, not occurring. 22. Probability of E, not occurring. 

23. Probability of either E, or E, occurring if E, and E, are 24. Probability of either E, or E, occurring if E, and E, are 
mutually exclusive. not mutually exclusive and P(E, N Ey) = 7 

25. Probability of both E, and E, occurring if E, and E; are 26. Probability of both E, and E, occurring if E, and E, are 
mutually exclusive. independent. 


"=APPLICATIONS 


27. Cards. A deck of 52 cards is dealt. 30. Cards. With a 52-card deck, what is the probability of drawing 


9 
a. How many possible combinations of four-card hands are pad foraiblack BY 


there? 31. Cards. By drawing twice, what is the probability of drawing 


9 
b. What is the probability of having all spades? 22 sone: 


F ‘ad : . 32. Cards. By drawing twice, what is the probability of drawing 

. What is th bability of h f f a kind? 

c at is the probability of having four of a kind ne ee 

28. Blackjack. A deck of 52 cards is dealt for blackjack. : ae : F 
ee oo ae aero a 33. Children. What is the probability of having five daughters in 

a. How many possible combinations of two-card hands are a row and no sons? 


there? 
= 34. Children. What is the probability of having four sons in a 


b. What is the probability of having 21 points (ace with a 10 row and no daughters? 


fi ? 
ene) 35. Children. What is the probability that of five children at least 


29. Cards. With a 52-card deck, what is the probability of drawing one is a boy? Note: P(at least one boy) = 1 — P(no boys). 


7 ) 
acorns 36. Children. What is the probability that of six children at least 


one is a girl? Note: P(at least one girl) = 1 — P(no girls). 


37. 


38. 


39. 


40. 


41. 


42. 


Roulette. In roulette, there are 38 numbered slots (1—36, 0, 
and 00). Eighteen are red, 18 are black, and the 0 and 00 are 
green. What is the probability of having 4 reds in a row? 


Roulette. What is the probability of having 2 greens in a row 
on a roulette table? 


Item Defectiveness. For a particular brand of DVD players, 
10% of the ones on the market are defective. If a company 
has ordered 8 DVD players, what is the probability that none 
of the 8 DVD players is defective? 


Item Defectiveness. For a particular brand of generators 
20% of the ones on the market are defective. If a company 
buys 10 generators, what is the probability that none of the 10 
generators is defective? 


Number Generator. A random-number generator (computer 
program that selects numbers in no particular order) is 

used to select two numbers between | and 10. What is the 
probability that both numbers are even? 


Number Generator. A random-number generator is used to 
select two numbers between | and 15. What is the probability 
that both numbers are odd? 


In Exercises 43 and 44, assume each deal is from a complete 
(shuffled) single deck of cards. 


43. 


44. 


45. 


46. 


=CATCH THE MISTAKE 


Blackjack. What is the probability of being dealt a blackjack 
(any ace and any face card) with a single deck? 


Blackjack. What is the probability of being dealt two 
blackjacks in a row with a single deck? 


Sports. With the salary cap in the NFL, it is said that on “any 
given Sunday” any team could beat any other team. If we 
assume every week a team has a 50% chance of winning, 
what is the probability that a team will go 16-0? 


Sports. With the salary cap in the NFL, it is said that on “any 
given Sunday” any team could beat any other team. If we 
assume every week a team has a 50% chance of winning, 
what is the probability that a team will have at least 1 win? 


In Exercises 53 and 54, explain the mistake that is made. 


53. 


Calculate the probability of drawing a 2 or a spade from a 
deck of 52 cards. 


Solution: 
The probability of drawing a 2 from a deck of 52 cards is S. 


The probability of drawing a spade from a deck of 52 cards 


is 3. 
: ae . 4,13 _17 
The probability of drawing a 2 or a spade is 55 + 55 = 59. 


This is incorrect. What mistake was made? 


47. 


48. 


49. 


50. 


51. 


52. 


54. 
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Genetics. Suppose both parents have the brown/blue pair of 
eye-color genes, and each parent contributes one gene to the 
child. Suppose the brown eye-color gene is dominant so 
that if the child has at least one brown gene, the color will 
dominate and the eyes will be brown. 


a. List the possible outcomes (sample space). Assume each 
outcome is equally likely. 


b. What is the probability that the child will have the 
blue/blue pair of genes? 


c. What is the probability that the child will have brown eyes? 


Genetics. Refer to Exercise 47. In this exercise, the father 
has a brown/brown pair of eye-color genes, while the mother 
has a brown/blue pair of eye-color genes. 


a. List the possible outcomes (sample space). Assume each 
outcome is equally likely. 


b. What is the probability that the child will have a blue/blue 
pair of genes? 


c. What is the probability that the child will have brown eyes? 


Playing Cards. How many 5-card hands can be drawn from 
a 52-card deck (no jokers)? 


Playing Cards. 


a. How many ways can you select 2 aces and 3 other cards 
(non-aces) from a standard deck of 52 cards (no jokers)? 


b. What is the probability that you draw a 5-card hand with 
2 aces and 3 non-aces? 


Playing Cards. Find the probability of drawing 5 clubs from 
a standard deck of 52 cards. 


Poker. Find the probability of getting 2 fives and 3 kings when 
drawing 5 cards from a standard deck of 52 cards. 


Calculate the probability of having two boys and one girl. 
Solution: 

The probability of having a boy is 5. 

The probability of having a girl is 5: 


These are independent, so the probability of having two boys 
wae (1\(1)(1 1 
and a girl is ()(3)(z) = 8. 


This is incorrect. What mistake was made? 
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=CONCEPTUAL 


In Exercises 55-58, determine whether each statement is true or false. 


55. If P(E,) = 0.5 and P(E,) = 0.4, then P(Z;) must equal 0.1 
if there are three possible events and they are all mutually 
exclusive. 


56. If two events are mutually exclusive, then they cannot be 
independent. 


CHALLENGE 


59. If two people are selected at random, what is the 
probability that they have the same birthday? Assume 
365 days per year. 


60. If 30 people are selected at random, what is the probability 
that at least two of them will have the same birthday? 


"TECHNOLOGY 


63. Use a random-number generator on a graphing utility to select 
two numbers between | and 10. Run this generator 50 times. 
How many times (out of 50 trials) were both of the two 
numbers even? Compare with your answer from Exercise 41. 


64. Use a random-number generator on a graphing utility to 
select two numbers between | and 15. Run this 50 times. 
How many times (out of 50 trials) were both of the two 
numbers odd? Compare with your answer from Exercise 42. 


57. If two events are independent, then they are not mutually 
exclusive. 


58. The probability of having five sons and no daughters is 
1 minus the probability of having five daughters and 
no sons. 


61. If one die is weighted so that 3 and 4 are the only numbers 
that the die will roll, and the other die is fair, what is the 
probability of rolling two dice that sum to 2, 5, or 6? 


62. If one die is weighted so that 3 and 4 are the only numbers 
that the dice will roll, and 3 comes up twice as often as 4, 
what is the probability of rolling a 3? 


In Exercises 65 and 66, when a die is rolled once, the probability 
of getting a 2 is ; and the probability of not getting a 2 is ;. 
If a die is rolled 7 times, the probability of getting a 2 exactly 

k times can be found by using the binomial theorem: 


1 k 5 n-k 
(6) (6) 
6 6 
65. Ifa die is rolled 10 times, find the probability of getting a 2 


exactly two times. Round your answer to four decimal places. 


66. Ifa die is rolled 8 times, find the probability of getting a 2 
at most two times. Round your answer to four decimal places. 


CHAPTER 12 INQUIRY-BASED LEARNING PROJECT 
Pascal's triangle, which you first learned about in Section 12.5, is useful for expand- 
ing binomials. As you shall see next, it can also help you compute probabilities of out- 
comes and events in a certain type of multistage experiment. 


1. Suppose a math teacher gives her students a pop quiz, including 2 true/false 
questions. Since Cameron didn’t study, he decides to randomly guess for the 
true/false portion of the quiz. Each of his answers will either be right (R) or 
wrong (W). There are four possible outcomes for his answers: RR, RW, WR, 
and WW. These outcomes may be organized according to the number of correct 
answers given in each possible outcome, as shown below. 


RANDOMLY GUESSING ON 
2 TRUE/FALSE Quiz QUESTIONS 


Number of correct answers given 2 1 0) 
Outcomes RR RW,WR WW 
Number of ways 1 2 1 


a. Cameron’s math teacher will give several more pop quizzes this term, with 
various numbers of true/false questions on each quiz. Complete the following 
tables for randomly guessing on true/false quizzes with 1 question, 3 questions, 
and 4 questions. 


RANDOMLY GUESSING ON 
1 TRUE/FALSE Quiz QUESTION 


Number of correct answers given 1 0) 


Outcomes 


Number of ways 


RANDOMLY GUESSING ON 
3 TRUE/FALSE Quiz QUESTIONS 


Number of correct answers given 


Outcomes 


Number of ways 


RANDOMLY GUESSING ON 
4 TRUE/FALSE Quiz QUESTIONS 


Number of correct answers given 


Outcomes 


Number of ways 
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b. Notice that the “Number of ways” row of each table in part (a) are the rows of 
Pascal’s triangle, shown above. Notice that the first and last entry of each row 
is a 1. Describe how to find the other entries. 


c. Extend Pascal’s triangle for four more rows, to the row that begins 1 8 .... 
How can you interpret each of the entries in the 1 8 ... row, in the context 
of randomly guessing on a true/false quiz? 


d. What is the sum of the entries in each of the rows of Pascal’s triangle? Try to 
find a formula for the sum of the entries in the nth row. What do these 
numbers represent, in terms of randomly guessing on a true/false quiz? 


2. Use Pascal's triangle to find the probability of each event E given in parts (a) and 
(b) below. 


a. E is the event of guessing 4 answers correctly on a 6-question true/false quiz. 


b. E is the event of guessing at /east 5 answers correctly on an 8-question 
true/false quiz. 


3. Randomly guessing on a true/false quiz is an example of a multistage experiment 
in which there are two equally likely outcomes at each stage. Pascal’s triangle 
may also be used to solve similar probability problems, as with flipping a coin or 
births of boys and girls. 


Show how to use Pascal’s triangle to find the probability of each of the following 
events. 


a. No boys in a family with 4 children. 
b. At least one boy in a family with 6 children. 


c. All 10 heads when flipping a coin 10 times. 
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MODELING OUR WORLD 


In the Modeling Our World feature in Chapter 2, you found the equations of lines that 
correspond to the seven wedges and the stabilization triangle. In 2005, the world was 
producing 7 billion tons of carbon emissions per year. In 2055, this number is projected 

St to double, with the worldwide production of carbon emissions equaling 14 billion tons 
per year. 


The Stabilization Triangle 


Currently Projected 
ix Path = “Ramp”, Abilization 
Historical 
Emissions Interim 


Tons of Carbon Emitted / Year 
(in billions) 
S 


LO See OO5 e202 0352055 


Year 


1. Determine the equation of the line for the projected path: increase of 7 gigatons of 
carbon (GtC) over 50 years (2005 to 2055). Calculate the slope of the line. 


2. What is the increase (per year) in the rate of carbon emissions per year based on the 
projected path model? 


3. Develop a model in terms of a finite series that yields the total additional billions of 
tons of carbon emitted over the 50-year period (2005-2055) for the projected path 
over the flat path. 


4. Calculate the total additional billions of tons of carbon of the projected path over the 
flat path (i.e., sum the series in (8)). 


5. Discuss possible ways to provide the reduction between the projected path and the flat 
path based on the proposals given by Pacala and Socolow (professors at Princeton)* 


*S. Pacala and R. Socolow, “Stabilization Wedges: Solving the Climate Problem for the Next 50 Years with 
Current Technologies,’ Science, Volume 305 (2004). 
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» CHAPTER 12 REVIEW 


CHAPTER REVIEW 


SECTION 


ConceEPT 


Key IDEAS/FORMULAS 


Sequences and series 


Sequences 


Ay, Ay, A3,-+-,Ayy+-- a, is the general term. 


Factorial notation 


n! = n(n — 1)(n — 2)+++3+2°1 n=2 
O!=1 and I!=1 


Recursion formulas 


When a, is defined by previous terms a,_}. 


Sums and series 


Sigma Notation: 


0° 
Sa, = a Fp: or G4 se sora ees 
n=1 


Finite series, or nth partial sum, S,,. 


Arithmetic sequences and series 


Arithmetic sequences 


An+1 = a, + d Or 4,4; — a, =a 
d is called the common difference. 


The general (nth) term of an 
arithmetic sequence 


a, = a, + (n — I)dforn = 1 


The sum of an arithmetic sequence 


Geometric sequences and series 


Geometric sequences 


Gn+1 
Qy,4, = ra, Or =P 


n 
r is called the common ratio. 


The general (nth) term of a 
geometric sequence 


a, = a,'r" 'forn = 1 


Geometric series 


Finite series: S, = a,———— cial 


a 1 
Infinite series: > ayr"” = ay——— 
> C=F 


Mathematical induction 


Mathematical induction 


Prove that S,, is true for all positive integers. 

Step 1: Show that S; is true. 

Step 2: Assume S,, is true for S, and show it 
is true for S,,,; (k = integer). 
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The Binomial theorem 


Binomial coefficients 


()- ati 
(:)-rom(9)= 


Binomial expansion 


(a + by" = S( para! 


k=0 


SECTION CoNncEPT 


Pascal’s triangle 


Key IDEAS/FORMULAS 


Shortcut way of remembering binomial coefficients. 
Each term is found by adding the two numbers above it. 


Finding a particular term of a 
binomial expansion 


12.6 Counting, permutations, and combinations 


The (r + 1) term of the expansion (a + b)” 


The fundamental counting principle 


The number of ways in which successive independent things can 
occur is found by multiplying the number of ways each thing can 
occur. 


Permutations 


The number of permutations of n objects is 
nl =n-(n— 1):(@ — 2)-+-2°1 


The number of permutations of n objects 

taken r at a time is 
n! 

"  (a—n)! 


P 


nin — 1)\(n — 2)::-(n-— r+ 1) 


w 


Combinations 


The number of combinations of n objects taken r at a time 


Permutations with repetition 


12.7 Probability 


Sample space 


Probability of an event 


n! 
C= 
n(n — rir! 0 
. . . . . . I 
The number of distinguishable permutations of n objects is > 
U 
n! ey 
nye ng!+n3!-++ ny! m 
Freese erenietestenge oe eiee oes ak wn omaseeenmenteuncereaes a 
a 
: : m 
All of the possible outcomes of an experiment. < 
The probability of event E, denoted P(E), is S 
n(E) number of outcomes in event E 
P(E) = 


n(S) number of outcomes in sample space S 


Probability of an 
event not occurring 


P(not E) = 1 — P(E) 


Mutually exclusive events 


The probability of either E, or E, occurring is 
P(E, UE;) = P(E)) + P(E) — P(E, Ey) 


If E; and E, are mutually exclusive, P(E; N Ey) = 0. 


Independent events 


If E, and E, are independent events, then the probability of both 
occurring is the product of the individual probabilities: 


PE, 1 E,) = P(E,)+ P(E) 


1287 


REVIEW EXERCISES 


CHAPTER 12 REVIEW EXERCISES 


12.1 Sequences and Series 


Write the first four terms of the sequence. Assume 7 starts at 1. 


! 
loa,=n° 24a,=— 
n 

3. a, = 3n+2 4. a, = (-1)"'x""? 


37 ag=? 


_ Cl’@ — DD! 


=? 
nn + 1)! hort 


1 
8a,=1+— a=? 
n 


Write an expression for the mth term of the given sequence. 
9. 3,-6,9, -12,... 10. 1,5,3,4,5,¢ Tog. 
by gd ee 12. 1,10, 10°, 10°,... 


Simplify the ratio of factorials. 
20! n(n — I)! 


8! 
— 14, — 15. ———— 1 
ae 23! (n+ 1)! Oe 


Write the first four terms of the sequence defined by the 
recursion formula. 


17. a, =5 A, = A, — 2 


18. a4, =1 a, = W+a,-1 
19. aq, = 1, az = 2 a, = (Qn) * (nr) 
20 2 = 
» A= 1m®= an = 
; (10° 


Evaluate the finite series. 
5 okt 


(n — 2)! 


Applications 


29. Marines Investment. With the prospect of continued 
fighting in Iraq, in December 2004, the Marine Corps 
offered bonuses of as much as $30,000—in some cases, 
tax-free—to persuade enlisted personnel with combat 
experience and training to reenlist. Suppose a Marine put 
her entire $30,000 reenlistment bonus in an account that 
earns 4% interest compounded monthly. The balance in the 
account after n months is 


04.\" 
A, = 30,000( 1 + a) 


=, PBs 
12 . 


Her commitment with the Marines is 5 years. Calculate Ago. 
What does Ag represent? 


30. Sports. The NFL minimum salary for a rookie is $180,000. 
Suppose a rookie comes into the league making the minimum 
and gets a $30,000 raise every year he plays. Write the 
general term a, of a sequence that represents the salary of an 
NFL player making the league minimum during his entire 
career. Assuming n = 1 corresponds to the first year, 

4 
what does >» n=1n Tepresent? 


12.2 Arithmetic Sequences and Series 


Determine whether the sequence is arithmetic. If it is, find the 
common difference. 


31. 7,5,3,1,-1,... 32. P+ 243 4+--: 

33. 1,3,2,3,... 34. a, = —n + 3 
(n+ 1)! 

35. a, = 0 36. a, = 5(n — 1) 


Find the general, or mth, term of the arithmetic sequence given 
the first term and the common difference. 


37.a,=-4 d=5 38. a, = 5 
39%a,=1 d=-% 40. a; = 0.001 


d=6 
d= 0.01 


For each arithmetic sequence described below, find a, and d 
and construct the sequence by stating the general, or nth, term. 


5 
21,3 
n=1 


4 6 
22. > 23. 2 Gn + 1) 


Use sigma (summation) notation to write the sum. 


oe I a 1 
25. 1 T 2 4a T 8 i oe 64 
3 24 AG 84 16 bit 20 
2 3 4 
x x x 
27. 1 ie ae ape 
ee GB Be 
ee re ee ee ee 
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41. 
42. 
43. 
44. 


The 5th term is 13 and the 17th term is 37. 

The 7th term is — 14 and the 10th term is —23. 
The 8th term is 52 and the 21st term is 130. 
The 11th term is —30 and the 21st term is —80. 


Find the sum. 


20 15 

45. >) 3k 46. Sin +5 
k=1 n=l 

47,2+8+14+ 20+-:-+ 68 
1 1 3 31 

48. 4-4-4 d 


Applications 


49. Salary. Upon graduating with M.B.A.s, Bob and Tania opt 
for different career paths. Bob accepts a job with the U.S. 
Department of Transportation making $45,000 with a 
guaranteed $2000 raise every year. Tania takes a job with 
Templeton Corporation making $38,000 with a guaranteed 
$4000 raise every year. Calculate how many total dollars 
both Bob and Tania will have each made after 15 years. 


50. Gravity. When a skydiver jumps out of an airplane, she falls 
approximately 16 feet in the Ist second, 48 feet during the 
2nd second, 80 feet during the 3rd second, 112 feet during 
the 4th second, 144 feet during the 5th second, and this 
pattern continues. If she deploys her parachute after 
5 seconds have elapsed, how far will she have fallen 
during those 5 seconds? 


12.3. Geometric Sequences and Series 


Determine whether the sequence is geometric. If it is, find the 
common ratio. 


1 1 7 

51. 2, —4, 8, —16,... 52. 1, ee 

5 1 oe | 
§3.. 20,.10,5,.=... 54. ——, —, 1, 10,... 
Pept 2 100° 10 0 
Write the first five terms of the geometric series. 
55. a, = 3 r=2 56.a,=10 r= F 
57. a,= 100 r=—4 58. a,= -60 r=-3 


Write the formula for the mth term of the geometric series. 
CS a=7 r= 2 60.a,=12 r=} 
61. a, = 1 r= —2 62. a, = ¥ r=-t 
Find the indicated term of the geometric sequence. 

63. 25th term of the sequence 2, 4, 8, 16,... 

64. 10th term of the sequence i, | eee eee 

65. 12th term of the sequence 100, —20, 4, —0.8,... 

66. 11th term of the sequence 1000, —500, 250, —125,... 


Evaluate the geometric series, if possible. 


1 2 8 
2" 2 2 
ae | 1 
ae re a eT 
8 7 2 
69. >45(3)""! 70. 235)" 
n=1 


n=1 a 


oo f9\" oo 1 n+l 
71, ae) 72. >(-5) 
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Applications 


73. Salary. Murad is fluent in four languages and is offered a job 
with the U.S. government as a translator. He is hired on the 
“GS” scale at a base rate of $48,000 with 2% increases in his 
salary per year. Calculate what his salary will be after he has 
been with the U.S. government for 12 years. 


74. Boat Depreciation. Upon graduating from Auburn 
University, Philip and Steve get jobs at Disney Ride 
and Show Engineering and decide to buy a ski boat 
together. If the boat costs $15,000 new, and depreciates 
20% per year, write a formula for the value of the boat n 
years after it was purchased. How much will the boat be 
worth when Philip and Steve have been working at Disney 
for 3 years? 


12.4 Mathematical Induction 


Prove the statements using mathematical induction for all 
positive integers n. 


75. 3n = 3” 76. 4" < 4"! 
72474124 17 +> + Gn = 3) = Gn) D 
2 m 
2 < 
78. 2n? > (n+ 1) n=3 m 
= 
12.5 The Binomial Theorem m 
x 
Evaluate the binomial coefficients. m 
a 
1g 10 22 47 @) 
79. 5 1. 2. _ 
(3) (0) Gs) = (5) 
m 
Expand the expression using the binomial theorem. Ms 
83. (x — 5) 84. (x + yP 
85. (2x — 5)? 86. (x + yy 
87. (Vx +1) 88. (7/3 + yl/3)° 


Expand the expression using Pascal’s triangle. 


89. (r — sy 90. (ax + by)" 


Find the coefficient C of the term in the binomial expansion. 


Binomial Term 
91. (x — 2) cx® 
92. (3+ y)’ cy* 
93. (2x + 5y)° Cxy4 
94, (Pr — 8) ire 


M) 
Ww 
o 
O 
x 
Ww 
x 
ft 
= 
rm 
> 
iu 
ra 
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Applications 


95. Lottery. In a state lottery in which 6 numbers are drawn 
from a possible 53 numbers, the number of possible 


ey ee 53 
6-number combinations is equal to ( 6 ). How many 
possible combinations are there? 


96. Canasta. In the card game canasta, two decks of cards 
including the jokers are used, and 13 cards are dealt to each 


108 
person. A total or( 1B ) different 13-card canasta hands 


can be dealt. How many possible hands are there? 


12.6 Counting, Permutations, and 
Combinations 


Use the formula for ,, P, to evaluate each expression. 


97. ;P, 98. Po 99. Ps 100. oP; 


Use the formula for ,,C, to evaluate each expression. 


101, 3c 102. Cs 103. Cy 104. 5;C, 


Applications 


105. Car Options. A new Honda Accord comes in three models 
(LX, VX, and EX). Each of those models comes with 
either a cloth or a leather interior, and the exterior comes 
in either silver, white, black, red, or blue. How many 
different cars (models, interior seat upholstery, and exterior 
color) are there to choose from? 


106. E-mail Passwords. All e-mail accounts require passwords. 
If a six-character password is required that can contain 
letters (but no numbers), how many possible passwords can 
there be if letters can be repeated? (Assume no letters are 


case-sensitive.) 


107. Team Arrangements. There are 10 candidates for the 
board of directors, and there are four leadership positions 
(president, vice president, secretary, and treasurer). How 


many possible leadership teams are there? 


108. License Plates. In a particular state, there are six characters 
in a license plate consisting of letters and numbers. If 0s and 
1s are eliminated from possible numbers and Os and Is are 

eliminated from possible letters, how many different license 


plates can be made? 


109. Seating Arrangements. Five friends buy five season tickets 
to the Philadelphia Eagles. To be fair, they change the seating 
arrangement every game. How many different seating 
arrangements are there for the five friends? How many 
seasons would they have to buy tickets in order to sit in all 


of the combinations (each season has eight home games)? 


110. Safe. A safe will open when the correct choice of three 
numbers (1 to 60) is selected in a specific order. How many 


possible permutations are there? 


111. Raffle. A fundraiser raffle is held to benefit the Make a Wish 
Foundation, and 100 raffle tickets are sold. Four prizes are 
raffled off. First prize is a round-trip ticket on American 
Airlines, second prize is a round of golf for four people at a 
Links golf course, third prize is a $100 gift certificate to the 
Outback Steakhouse, and fourth prize is a half-hour massage. 
How many possible winning scenarios are there if all 
100 tickets are sold to different people? 


112. Sports. There are 117 Division 1-A football teams in the 
United States. At the end of the regular season is the Bowl 
Championship Series, and the top two teams play each other 
in the championship game. Assuming that any two Division 
1-A teams can advance to the championship, how many 
possible matchups are there for the championship game? 


113. Cards. In a deck of 52 cards, how many different 6-card 
hands can be dealt? 


114. Blackjack. In a game of two-deck blackjack (104 cards), 
how many 2-card combinations are there that equal 21, that 
is, ace and a 10 or face card—jack, queen, or king? 


12.7 Probability 


115. Coin Tossing. For the experiment of tossing a coin four 
times, what is the probability of getting all heads? 


116. Dice. For an experiment of tossing two dice, what is the 
probability that the sum of the dice is odd? 


117. Dice. For an experiment of tossing two dice, what is the 
probability of not rolling a combined 7? 


118. Cards. For a deck of 52 cards, what is the probability of 
drawing a diamond? 


For Exercises 119-122, let P(E,) = 5 and P(E) = 5 and find 
the probability of the event. 
119. 


120. 


Probability. Find the probability of an event E, not occurring. 


Probability. Find the probability of either E, or E, 
occurring if E, and E, are mutually exclusive. 


121. Probability. Find the probability of either E, or E, 


occurring if E, and E, are not mutually exclusive and 
P(E, ME) = ¢- 

Probability. Find the probability of both £, and E, 
occurring if E, and E, are independent. 


Cards. With a 52-card deck, what is the probability of 
drawing an ace or a 2? 


122. 


123. 


124. Cards. By drawing twice, what is the probability of drawing 
an ace and then a 2? (Assume that after the first card is 


drawn it is not put back into the deck.) 


125. Children. What is the probability that in a family of five 


children at least one is a girl? 


126. Sports. With the salary cap in the NFL, it is said that on 
“any given Sunday” any team could beat any other team. If 
we assume every week a team has a 50% chance of winning, 


what is the probability that a team will go 11-1? 


Technology 


Section 12.1 
127. Use a graphing calculator “SUM” to find the sum of the 


1 
series Sy ay 
n 
128. Use a graphing calculator “SUM” to find the sum of the 


o 1, : 
infinite series > 1 — If possible. 
n 
Section 12.2 
129. Use a graphing calculator to sum Loe [3 a 8(n - 1]. 


2 [-19 + 4(n - 0)]. 


130. Use a graphing calculator to sum 
Section 12.3 
131. Apply a graphing utility to plot 


2x + 4x7 — 8x4 


1 
———., and let x 
Tt 2% 
range from [—0.3, 0.3]. Based on what you see, what do you 


y=1 16x" and y, = 


expect the geometric series > 2 9 "(2x)" to sum to in 
this range of x values? 


sees ; wo e\" 
132. Does the sum of the infinite series peer <) exist? Use a 
T 


graphing calculator to find it and round to four decimal places. 


Section 12.4 


133. Use a graphing calculator to sum the series 
2+7+12+ 17+--- + (5n — 3) on the left side, and 


evaluate the expression ston — 1) on the right side for 


n = 200. Do they agree with each other? Do your answers 
confirm the proof for Exercise 77? 


134. Use a graphing calculator to plot the graphs of y, = 2x? and 
y2 = (x + 1)’ in the [100, 1000] by [10,000, 2,500,000] 
viewing rectangle. Do your answers confirm the proof for 
Exercise 78? 


Section 12.5 


135. With a graphing utility, plot y, = 1 + 8x, y. = 1 + 8x + 24x, 
y; = 1+ 8x + 24° + 32x, 
yy = 1 + 8x + 2497 + 320° + 6x4, and ys = (1 + 2x)* for 
—0.1 <x < 0.1. What do you notice happening each time 
an additional term is added? Now, let 0.1 < x < 1. Does the 
same thing happen? 
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24°, 


136. With a graphing utility, plot y, = 1 8x 4 
yz; = 1 — 8x + 24x? — 3223, 

yy = 1 — 8x + 24x? — 32x7 + 16x4, and y, = (1 — 2x)* 
for —0.1 <x < 0.1. What do you notice happening each 
time an additional term is added? Now, let 0.1 <x < 1. 


Does the same thing happen? 


8x, y2 = 1 


Section 12.6 


137. Use a graphing calculator to evaluate: 


iP 7 
a. 

7 
be 6 


c. Are answers in (a) and (b) the same? 
d. Why? 


138. Use a graphing calculator to evaluate: 


c. Are answers in (a) and (b) the same? 
d. Why? 


Section 12.7 


In Exercises 139 and 140, when two dice are rolled, the probability 
of getting a sum of 9 is 5 and the probability of not getting 


a 
m 
= 
m 
= 
m 
x 
m 
a 
2) 
oO 
m 
7) 


a sum of 9 is g. If two dice are rolled n times, the probability of 
getting a sum of 9 exactly k times can be found by using 


1 k 8 n-k 
the binomial theorem ,,C;, (5) (3) : 


9/\9 


139. If two dice are rolled 10 times, find the probability of getting 
a sum of 9 exactly three times. Round your answer to four 
decimal places. 


140. Ifa die is rolled 8 times, find the probability of getting a sum of 
9 at least two times. Round your answer to four decimal places. 


PRACTICE TEST 


CHAPTER 12 PRACTICE TEST 


For Exercises 1-5, use the sequence 1, x, x”, x7, ... 


1. 


2 
3. 
4 


10. 


11. 


12 


In 


1 


im) 


17. 


18. 
19, 


20. 


Write the nth term of the sequence. 
. Classify this sequence as arithmetic, geometric, or neither. 
Find the nth partial sum of the series S,,. 


. Assuming this sequence is infinite, write the series using 
sigma notation. 


Assuming this sequence is infinite, what condition would 
have to be satisfied in order for the sum to exist? 


Find the following sum: + + 5 + 4 + + ie 
Find the following sum: a i (ty". 


Find the following sum: eae (2k + 1). 


Write the series using sigma notation, then find its sum: 
2+7+124+17+---+ 497. 


Use mathematical induction to prove that 
24+44+6+---+2%n=W4t+n. 


7! 
Evaluate or 


. Find the third term of (2x + y)°. 
Exercises 13-16, evaluate the expressions. 
15 k 
i 14. 
(2) ™) 


1 5 
Expand the expression (2 + ) ‘ 
B 4 


15. 4P3 16: acts 


Use the binomial theorem to expand the binomial (3x — 2)*. 


Explain why there are always more permutations than 
combinations. 


What is the probability of not winning a trifecta (selecting 
the first-, second-, and third-place finishers) in a horse race 
with 15 horses? 
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For Exercises 21-23, refer to a roulette wheel with 18 red, 
18 black, and 2 green slots. 


21. Roulette. What is the probability of the ball landing in a red slot? 


22. Roulette. What is the probability of the ball landing in a red 
slot 5 times in a row? 


23. Roulette. If the four previous rolls landed on red, what is the 
probability that the next roll will land on red? 


24. Marbles. If there are four red marbles, three blue marbles, two 
green marbles, and one black marble in a sack, find the probability 
of pulling out the following order: black, blue, red, red, green. 


25. Cards. What is the probability of drawing an ace or a diamond 
from a deck of 52 cards? 


26. Human Anatomy. Vasopressin is a relatively simple protein 
that is found in the human liver. It consists of eight amino 
acids that must be joined together in one particular order for 
the effective functioning of the protein. 

a. How many different arrangements of the eight amino 
acids are possible? 

b. What is the probability of randomly selecting one of these 
arrangements and obtaining the correct arrangement to 
make vasopressin? 


. é a 
27. Find the constant term in the expression (e + =) , 
x 


pal 1 


28. Use a graphing calculator to sum pe oh 2(n - 1)]. 


CHAPTERS 1-12 CUMULATIVE TEST 


12. 


13. 


14. 


15. 


. Simplify 


. Find the vertex of the parabola f(x) = 
10. 


5+ 4x 
2-3x 


10x + 1 
+ 
3x — 2 


. The length of a rectangle is 5 less than twice the width and 


the perimeter is 38 inches. What are the dimensions of the 
rectangle? 


. Solve using the quadratic formula: 2x7 — 5x + 11 = 0. 


. Solve and express the solution in interval notation: 


lx — 5| > 3. 


. Write an equation of the line with slope undefined and 


x-intercept (—8, 0). 


. Find the x-intercept and y-intercept and slope of the line 


3x — Sy = 15. 


. Using the function f(x) = x° — 3x + 2, evaluate the 


fa +h) — fe 
h 


difference quotient 


. Find the composite function f ° g, and state the domain for 


1 
f@m=4- 5 and 8G) ae ea 


0.042? 4 


Factor the polynomial P(x) = x* + 8x? — 9 as a product of 
linear factors. 


. Find the vertical and horizontal asymptotes of the function: 


7 
4 
How much money should be put in a savings account now 


that earns 4.7% a year compounded weekly, if you want to 
have $65,000 in 17 years? 


f(®) = 


Evaluate log, 6 using the change-of-base formula. Round 
your answer to three decimal places. 


Solve In(5x — 6) = 2. Round your answer to three decimal 
places. 


Solve the system of linear equations. 
8x — 5y = 15 
y= Sy + 10 


1.2x% = 3. 


16 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


Solve the system of linear equations. 
2x-y+ z=1 
x-y+4z=3 
Maximize the objective function z = 4x + 5y, subject to 
the constraints x + y = 5,x = l,y = 2. 
Solve the system using Gauss—Jordan elimination. 
x+5y-2z= 3 
3x y+2z= —3 
2x — 4y+ 4z = 10 


find C(A + B). 


Calculate the determinant. 


2 Se 1 
1 4 0 
=o 1 3 


Find the equation of a parabola with vertex (3, 5) and 
directrix x = 7. 

Graph x° + y? < 4. 

gn-l 

n\ 


é . : 4 
Find the sum of the finite series ya 


Classify the sequence as arithmetic, geometric, or neither: 
5, 15, 45, 135,... 


There are 10 true/false questions on a quiz. Assuming no 
answers are left blank, how many different ways can you 
answer the questions on the quiz? 


Use a graphing calculator to sum pobes E + 3(n - 1)]. 


14 
Find the constant term in the expression (» - <) : 
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LSAL AAILVIAWNNDS 


ANSWERS 


CHAPTER O 


Section 0.1 


1. rational 3h 


7. irrational 
OPas 347 Dee ead 
13. a. 0.234 b. 0.234 


17. 4 19. 
23. 17 Psy, 
Py), = She = Wy SIF 
abh =She = iy Si. 
19 
41. — 43. 
2 3 
1 
AN, = 49. 
OT 
53 aD 55 
6 0 
3 
BD, == 61. 
35) 
cee 67 
De 0 
3 
Tf ane TB 
25 : 
75. $30,203 


TO Opp NUMBERED EXERCISES* 


irrational Se 


1. a. 2.995 
15. a. 5.238 

26 21. 
3 27. 
3 

= 2 
5 

-10 39. 
1 

45. 
2 

is sik 
3 

ul 

a 57. 
30 

12b 

set fe 
a 

Be 69. 
y 
$9,176,366,000,000 


rational 


b. 2.994 
b. 5.238 
e350) 


ar P= zB 


BIN BIW SIR N]y 
iS 


77. The mistake is rounding the number that is used in the 


rounding. Look to the right of the number; if it is less than 5, 


round down. 


79. The —2 did not distribute to the second term. 


81. false 83. 
We =e y= TS bi), 


Section 0.2 


1. 256 3. 
7. —16 9. 
13. 4 15. 
19. —54 AN, 
WS, af 27. 


true 85. 
irrational 91. 
—243 5 
1 11. 
= 11510) 17 
ze 23. 
64a? 29. 


x #0 


rational 


—8F 


35. ——— 
2xy 
ee 
* ab? 
10 

47. = 

= 3 2ise 


53. 2.76 x 107 


59. 1.23 x 10°” 
65. 0.000041 


5.6 acres/person on Earth 


93. 5.11 x 10!4 


yo 2 degree 1 


. 2x7 -—x— 18 


2+2z-3 


—4x + 12y 


. -4° + 6t- 1 
» 2x — 2x4 + 2x3 


. 2x + 2x4 — 4 


. 6x —5x-4 
. 4x7 — 9 
. 44-9 


~ xe xr +x43 


5 gadis 


31. 75x°y Sih af 
Ns 
4 
37. a 39. ak 
43. xy? 45. = 
49. ~es i, 2 
55. 9.3 x 10’ Sl, Sus S< 10 
61. 47,000,000 63. 23,000 
67. a. 2.08 X 10° ft b. yes—almost 16 times 
69. 2.0 x 10° miles 71. 0.00000155 meters 
73. In the power property, exponents are added (not multiplied). 
75. In the first step, (3) = y®. Exponents should have been 
multiplied (not raised to power). 
77. false 79. false 
Siew 83. —16 
85. 156 87. 
89. 2.0 x 107! or 0.2 91. same 
Section 0.3 
1. —7x4* — 2x7 + 5x? + 16 degree 4 
3. —6x° + 4x +3 degree 3 
Rp IIS) degree 0 is 
9, — + 5x+5 11 
13.4 10 15. 
i, Hie = IG +b Gy = 4 19. 
il, i Se te D 23. 
25. 35x°y° 27, 
29. Ox = 25) — 10x 31 
33. 2a*b? + 4a°b* — 6ab* 35 
Bln ae = al 39 
AV), =ahe ab dle — |] 43 
A, Dy = Oye sz Shy ae Ths 47 
49. P—4t+4 51 
53. x +2xy+y—6x—-6y+9 55. 


25x? — 20x + 4 


* Answers that require a proof, graph, or otherwise lengthy solution are not included. 
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57. 
61. 
63. 
65. 
69. 
71. 


Ths JP 


TB 


Ws 


83. 
87. 


6y? + S5y’ — 4y 59. x1 - 1 

ab’ + 2b* — 9a* — 18a°b 

2x? — By — xy + 3xz + 8yz — 527 

iP = iil = 100) C7 O00 500 
V = (15 — 2x) (8 — 2x)x = 42° — 46x" + 120x 

a. P = (2arx + 4x + 10) ft 


b. A = (x° + 4x° + 10x) sq ft 


oe 
100 


The negative was not distributed through the second 


polynomial. 


true 


2401x* — 1568x7y* + 256y° 


79. false 


(2x + 3)(x — 4) and 2x* — 5x — 12 


Section 0.4 


1. 


81. 


Ge se 5) 


5 Jude = SNGe ar 5) 


81. m+n 
85. xx -—a 
2(2P — 1) 


3x? — 3x + 4) 
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. x(x — 8)(x + 5) 11. 2xy(2xy? + 3) 
. (x + 3)(x — 3) 15. (2x — 3)(2x + 3) 
. 2x — 7)(x +7) 19. (15x — 13y)(15x + 13y) 
» xt 4y 23. G2 — 2) 25. (2x + 3y) 
. (x — 3 29. 02 + 1) 31. (p+qy 
. ¢+3)P —3t+9) 35. (y—4)0* + 4y + 16) 
. (2—x4 + 2x+ x) 39 (yt 5% — Sy + 25) 
» B+H9-3x4+2%) 43. &- 5-1) 
» (r= By sk 1) 47. (2y + 1l)Q — 3) 
. Btt+ It +2) Si (ese ene) 
. 02 + 2)(x — 3) 
. (a - 8a + 2) = (at 2) (a — 20a + 2a + 4) 
. By — S5r)(x + 2s) 59. (5x + 2y)\(4x — y) 
» (x — 2y)\(x + 2y) 63. (a + 7)(a — 2) 
. prime 67. prime 
. 28x + 2)(x + 1) 71. (3x — y)(2x + 5y) 
. 92s — (2s + 2) 75. (ab — 5c)(ab + 5c) 
» (4x + 5)(x — 2) 79. x(3x + I(x — 2) 
5G? = SGe ar 3}) SR (y= Wee = 1b) 


85. 
89. 
935 
97. 
99. 
101. 
105. 
107. 


Ge 2)02 + 3) 


x(x + 5)(x? — 5x + 25) 


2(3x + 4) 
=A (sy = IN s> 5») 


87. (x — 6)(x + 4) 


91. (x + 3)(x — 3)? + 9) 


OS, (xe = ilayes se 2) 


(x° — 9) # (x — 3); instead, x7 — 9 = (x — 3)(x + 3) 


false 


(a"— b"\(a"+ b") 


103. true 


8x2 + Land (2x + 1)(4x° — 2x + 1) 


Section 0.5 


1. 
iis 


11. 


15. 


19. 


23. 


3) 


43. 


45. 


47. 


49. 


53. 


Sie 


D3) 


x #0 3. x41 Se G7 ll 
jo sell 9. no restrictions 
= 2) ee) 
13. # —1 
(x + 9) 7 as 
2 Cie) i yp ar il ; 
—— # 0,5 17. # = 
oy 2 5 Ye 5 
a 7 
a x#4 PAG Sta OSs ce 
r+9 
ees 25. x#-3 
De ae Y) 
ser 3 ee ap Il 1 
# —2 29. # —5,5 
a) - 3 aE S . 712 
aye ae 5) Sie se ©) 6 
# —1,2 5 a ee 
x+]1 : ae sae 3 
2 
3 x #0, +1 8M, Bear D) #52 =5, 0,2 
f= 3 3r(° + 4 
fz —2.3 41. ( ) tF 
Ae ae 2) (= BN se 2) 
3p = 2 
yy — 2) eee 
y= 3 
De ae BINGE = 5) 
a) x #0,+5 
2x(x + 5)? 
(Qe = WN Ose se WD) 3 7 45 
(4x + 3)(x — 5) eee 
ae ye ap 2 
= sp e= (0) 51. x#+42 
4 D 
se ar il 1 
x#+1 JOGA Ay sell 
5 Ail = jp) 
— KG = 3) 
Ci eee ag nen 
a= 3 5 


5} 2 hee ip | 
6 = woe 37. 2lxlVy 39. 3 V3y? 41 = 


Vicia 
C= Ve = 2V11 34+ 3V5 
63. =, ae ety YD 43 éS, ———— AN, = 3 = DVD 
G-De=o) 33 =4 ve 
DEVE = 8) 
x 5 1 2 
5. # —3,-1 0, +2 _ + ——_——_— 
65. oy FF HO, 45 49. —3(V2 + V3) 51 j 
13 5V5 = 2 V7 + 3)(V2 + V5 
(We se ee a 10) BR), Nes 55. ( M 
5x 11 =3 
2 1 
Sy = To ar 3 . x3yt ea x62 
69. P P peo Sie Shy 359 59 e 61. xy 
(Ya ar IWNXya = 2) 
gee 1/3 
4 b= Bs “ee = QyGese I 
71. x#} Sb 63. = De 1) 
Se = Il 
Via) — sali eS 
ey ee Gi hed) = Qe” se Bi) 69. 4\/5 © 9 seconds 
73. y =i y#rl 71. d & 9.54 astronomical units. 
jo at ee = 73. The 4 should also have been squared. 
(eh x #42 
x4 75. false 77. false 79, a" 81. 5 
JL 2 
ils = 3 x#xt2 79 Lease #x+bd 83 (Va — Vb) _a=—2Vab+b OS, B37 
je ap 2 ae = iP 2 2) eos 
(@ = 1) (a — b) 
Ts = 2D) {| = 
MO eS Se ag BU 87. a. 10V2 — 8V3_ b. 0.2857291632_c. yes 
gear Il 
Kb F al Ot = a || 
8 ey ie ge O), seq 8 mae x #0, 
Section 0.7 
89. sae) go 2), sell 
= eee p 3 1. 4i 3. 21V5 5. —4 
+9 RRs 7. 8i 9. 3-101 11. -10 - 12i 
Os A= ph 93. = : . : 
Ge ipa jae 13, 2— 9; 15. 10 — 14i 17 =>) 
95. x + 1, where x 4 —1 97. false i, =I) se 2) Pall; 12 (oy 23. 96 — 60: 
99. false Dey, SA se 2 Mf, —Aplae By; PAYS Sy i 
il, War ébly b tod ae 28 Bp to ar aly 
101. (x + a(x + d) Pe ae ae 3 3} i 33. 8 33h 3. 6 8i 
(+ BY + o) Sh Sa 39. 37 + 49 41. 4 — 7i; 65 
103. yes 43. 2 + 3i; 13 45. 6—4i:52 47. —2+ 6i;40 
(Ge = Wee ae 2) : 3 le 3 Bs 
105. a. G = D(x 7 1) Cc. Xx Lee? 49, —2i 51. 70 * 10! 53. 13. 1B 
55. 3 — di 57. -i 59, -34+ Gi 
Section 0.6 61. 8 - Bi 63. & + $i 65. —i 
1. 10 3. —12 5. —6 67. 1 69. 21 — 20i 71. —5 + 12i 
TF 9. 1 11. 0 73. 18 + 26i 75. -2-2i 77. 8 — 2i ohms 
13. notarealnumber 15. —3 de 79. multiplied by the denominator 4 — i instead of the 
i =) 21. -1 23. 27 conjugate 4 + i 
25, —4\/2 27. 8/5 29. 26 81. true 83. true 85. (x — (x + i)” 
: 2 iil 
31. 2% a3. 4/2 35. 40|x| 87. 41 — 38i 89. i595 + ios! 
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Review Exercises 


1. a. 5.22 b. 5.21 3. 4 
oes 9. 9 
12 
13. ole 1S, 215 sx io 
oe ae 
19. 45x? — 10x — 15 21. 
23. x2 + 2x — 63 25. 
27. x6 +2741 29. 
31. (« + 5)(2x — 1) 33. 
35. (¢ + 5)G2 — 5x + 25) 37. 
39. C2 — 24+ 1) 41, 
ER) sae) 5e ee 9 45. 
oe ar S08 ar 2 
47. ‘ us ~ 3 iL, 
(Ge aP 3) 
49. z es 
(Ge ae yee se 3) 
10x = 5) 59 
5 a 53. 
Maes 8 3 
55. —SxyWory 57. 265 
9 2/3 
6. 2 V3 (a5 
16 
67. 13i 69. -i 
73. 144 43 75. 12 
79. 24+ 4i 1. # - Fi 
85. rational 87. 1.945 x 10° 


Bh 


11. 


17. 


Si 
=F 


147+ 37-2 


15x*y* — 20xy? 


42 — 12x +9 
Qxy’(7x — Sy) 
(4x — 5)(4x + 5) 


2D’AIGE = ONG ae S))) 


x #43 


yar 3} 
ar: il 


2V5 


59. 


65. 


71. 


Ths 
83. 


89. (2x + 3) and 8x° + 36x? + 54x + 27 


91. None, because x* — 3x + 18 is prime. 


x(x — 4) 


TG) 


b. 


2») 


ce. x #0, +2 


Practice Test 
1.4 


yee! /2 


PD 
x7/2 


95. a. 2V5 + 2V2 


tA Sled 


-3- V5 
51/6 


= (a) 


= 23) sp toy 
10. 
ij 


b. 7.30056308 
c. yes 


97. 2868 — 6100i 


a eee 
"40,000 5000. 
5. 2ilx|V3 


We DieS yee 


13. (¢+4)%-4) 15. Qxt+3y? 17. Qx4+ De-D 


19.407 -3)0 21. (x — 3y)(x + 4y) 


2=2 
23) 3G +002 3749) 25, = ge 
Ge = I) 
1 1 
Mle pedi 2) = x #243 
(esr IGe = i) sea 8) es 
= Dy 
31. —8 — 26i 33. ~ 
59 
1 
35. -———_ x#0,+1 37. 2.330 
xe ae Il) 


CHAPTER 1 


Section 1.1 


ily ce = 7) 3. n= 15 5. x = —8 

7. n=15 9. x=4 11. m= 

iis eed 15. x = —10 an —2 
=e 21.1=—-% 23. x= -1 
25. p= -3 eas 29. x = -3 
31. a=-8 33. x = -15 35. c = -2 
37. m= % 39. x = 36 41. p=8 
43. y=-2 45. p=2 47. no solution 


49. y=4; y #0 Blec = 20) 3a =a 70 


55. no solution; x # 2 57. no solution; p # 1 

59. x = —10,x # —-2 61. no solution; n # —1,0 
63. no solution; a # —3,0 65. n= &, n# 1 

67. x= —-3;x # Ss -t 69. no solution; t 4 1 

71. C=3F — 180 73. 84 minutes 


75. 17 minutes 

77. a. C = 15,000 + 2500x b. 2200 days 

79. 24 ml of the 125 mg/5 ml suspension of amoxicillin 
81. A = 0 must be eliminated. 


83. The error is forgetting to do to both sides of any equation 
what is done to one side. The correct answer is x = 5. 


85. You cannot cross multiply with the —3 in the problem. You 
must find a common denominator first. The correct solution 


isp = g. 
e= 
87. false 89. true 1. x= 
a 
b 
93. x = ae # +a 95. no solution 
G 


by b 
97, x = x #0. 99. x=2 
= = GY €or Il 
101. all real numbers 103. no solution 105. 5426 


Section 1.2 


1. 
- $147,058.82 ($22,058.82 saved) 


. 12 miles 
. 24 15. 8, 10 
. Length = 100 yards, width = 30 yards 


. 1, = 3 feet, 7, = 6 feet 


. 6 trees, 27 shrubs 


w= Ae hee 


. Janine: 58 mph; Tricia: 70 mph 


$242.17 3. $13.76 


9. 9 hours of sleep 11. 270 units 


17. 20 inches 


23. 300 feet 


. The body is 63 inches or 5.25 feet. 
- $20,000 at 4% and $100,000 at 7% 
- $3000 at 10%, $5500 at 2%, and $5500 at 40% 


33. 70 ml of 5%, 30 ml of 15% 


. 34or 3.33 gallons 


. The entire bag was gummy bears. 


. 9 minutes 41. $3.07 per gallon 

. 233 ml 45. 2.3 mph 

. Jogger: 6 mph 49. Bicyclist: 6 minutes 
Walker: 4 mph Walker: 18 minutes 

. 22.5 hours 53. 2.4 hours 

. 330 hertz, 396 hertz 57. 77.5 fora B; 92.5 for an A 


. 2 field goals and 6 touchdowns 

. 3.5 feet from center 

. Fulcrum is 0.4 units from Maria and 0.6 units from Max. 
oda g or 7.5 cm (in front of the lens) 


. Image distance is 3 centimeters, object distance is 6 centimeters. 


ey A Vv 
3.w=— %.h=— 
2 i ay iw 


79. $191,983.35 


. Plan B is better for 5 or fewer plays/month. Plan A is better 


for 6 or more plays/month. 
AY 


1000 - 
800 - 
600 - 
400 


x 
l L L ! 
20 40 60 80 


Section 1.3 


1. x =2,3 3. p = 3,5 5. x= —4,3 
7 x= -} 9 y=4 ii, y= O,2 
13. p = 3 15,5 = 153 17. x = —6,2 
19. p= +5 Mil, BS ED 23. p = +2V2 
Das, yy = 23h) 27. x = —3,9 

29, x= == 31. yo 223 
33. x = —2,4 35. x7 + 6x ar 9) 
Sie ae = Dye te BG 39. P-bt+s 


Ate tH 43, x? — 2.4x + 1.44 


45. x = —3,1 47. t=1,5 
SAb ae WI 
49. y=1,3 51. p = 
2) 
443V2 
Sax =a 8 ce v2 
2 
eee V3 Benet V3i 
» D 
ae yy fy 
61. gp are evel 63. x=1+4i 
6 
=7 am MY, aa ae WY 
65. x = aes 67. x = : af 
10 3 
69. 1 real solution 71. 2 real solutions 
73. 2 complex solutions 75. v= —2,10 
77. t= —6,1 719, x= —T7,1 
=) a2 WG 
81. p = 442V3 83. w= 8 E 
25 i! BS, i) 
Go Aap es ee 
6 10 
89. x = 3,4 91. x = -7,2 


93. x = 0.4 and x = —0.3 

95. t = 8 (August) and t = 12 (December) 2003. 

97. 31,000 units 99. $1 per bottle 101. 3 days 
103. a. 55.25 square inches 


b. 4x7 + 30x + 55.25 


c. 4x? + 30x represents the increase in usable area of the 
paper 
d. x ~ 0.2 inches 


105. 20 inches 


111. 


107. 17 and 18 109. 9 ft x 15 ft 


Base is 6 units and height is 20 units. 
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113 
115. 
119 
123 


125. 


127 


131. 


135. 


139. 


143 


145. 
149. 


151 


153. 


. 2.5 seconds after it is dropped 
eo leiteet Hil, Swi Sy 
. border is 2.3 feet wide 121. 10 days 


. The problem is factored incorrectly. The correction would be 
t=6andt= —1. 


. When taking the square root of both sides, the i is missing 

from the right side. The correction would be a = +i. 
. false 129. true 

x —2ax+a’=0 133. x —7x+10=0 

[2 eae 
y= ae ae 137. c=4Vad+P 
& 

x = 0,+2 141. x= =(||,ae) 

—b + Vb’ — 4ac ee Veet CC) Dae 
i 2a 2a 2a a 


vr? -—6x+4=0 
ax’ — bx +c =0 


147. 250 mph 


. Small jet: 300 mph; 757: 400 mph 
lee 


1300 


Section 1.4 


1.¢=9 3. p=8 5. no solution 
= 9 y=-3 ti. =4 
13. y=0, y = 25 15. s=3,s=6 
17.x=—-3,x=—-1 19. x=0 
ON Sele 2 7) 25. x = -3,-? 
2 5 29. no solution 
31. x=1 33. x=4,x = —-8 
35.x=1,x=5 37. x =7 
39. x =4 41. x= —8,x=0 
6 
43.x = +V2,x=H1 455. x= Si xe +V2i 
47. x= -3,x=-1 49. t= 7,1=3 
Sl.x= +1, ti,44,4hi 53. y=} y= 
aby = Il Bila 26 =-5) 
59. x = —9orx =7 61. t= —-27,t= 
63) x = —,,1—0 65. x=3,x= 4 
67. u=+l,u=+8 69. t= V3 
71. x = —3,0,4 73. p = 0, +3 75. u = 0, +2, +2i 
77. x = +3,5 1D yi S295 I 
81. x = 0, 3: (x = —1 does not check) 
83. t= +45 85. y=2,3 
87. January and September 
89. 162 centimeters 91. a=71 years old 
93. t = 4V3 = 7 months (Oct. 2004) 
OS mea feet 97. 25 centimeters 
99. 80% the speed of light 
101. t = 5 is extraneous. No solution. 
103. The error is not converting u back to x using the substitution. 
105. true 107. false 109. [0, <) 
11. x = —-1,x = 4,x=0,x = -} 113. x= -2 
lik, = ie = 4.891 117. no solution 
AY AY 
6F 
6 5 = 
4 sy 
4p or 
x aa ie Ea 
| Ih? ae eT > =110 =) L2468 10 
4) | 22 6 8 0 aE 
=H \5 5 
—— 
Sy te | 
= |G 
119. x = 81 121. no real solution 


Section 1.5 


1, 


ah 


DS 


B55 


Sie 


8B) 


41. 


43. 


45. 


47. 


49. 
51. 
BBL 
BEL 
63. 
67. 
whe 


——— ee 
3 
ieee (nt 
-5 
——S ee) 
= 3 


$$ 
= 5 


. >[0, 0] 


> [Hl 
4 6 
. —_-———_} > [-8, -6] 
—8 26 
. empty set it, lOsz<2} 
. {x|-7<x< 2} 21. {x|x=6} 
. {x|-7 <x <o} 25. -3 <x <7, (-3,7] 
s=2<5, 3D 29. —2 =x, [-2, ~) 
p a SS teh (See, 3) 


ae) 


+> [-65) 
+> 


+3 14) 


1 4 
a) 

=i 2 
——— (00, 4) U (4, 0) 
—— co (Se, = 3] U3; 20) 
S$ 

23 2 
empty set 
(Geor2) W355) 53. (-o, —4]U(2, 5] 
=k, US || SMe (Co, =31| WO, 4)) 
(—~, 10) 61. (—~, 2] 
(He2, =2]| 65. [—2, ©) 
(Gon (rs) 69. (—3, ©) 
(—®, 6) 1B (Hee, =6)|| 


TR 
79. 
83. 
87. 
91. 
955 
97. 
99. 
101. 
103. 
105. 
109. 
111. 


113. 
115. 
117. 
121. 
125. 
129. 


131. 


133. 


(Hes, =I WM (—©, 1) 


(=S, 2) 81. [—6, 2) 

[-e2) 85. (—6, 6) 

[5.3] 89. [-4.5, 0.5] 

128 = w = 164 93. more than 50 dresses 
285,700 units 


between 33% and 71% intensities 

most minutes = 1013, least minutes = 878 

92 

$21,537.69 < invoice price < $24,346.96 

OO pS iy S Ili 107. 0.85L = B S0.95L 

4 

$4386.25 = T S $15,698.75 

The correction should be [—1, 4), and the graph is not correct. 


You must reverse the sign. 


true 119. aandb 

a and b 123%ec 

(—~, 0] 127. no solution 
a. x > 0.83582 b. 

c. yes 

By Se se = By b. 

c. yes 

a. (—00, 00) b. 

c. yes 


1301 


Section 1.6 


1. (ce, —2]U[5, 0) 3. [-1, 6] 

5. (3, -1) 7. [-1,3] 

9. (4,4) 11. (—co,—3] U3, «) 
13. (—w, -1 — V5|U|-1 + V5, «) 

15.2 — 10,2 10) 17. (—c, 0] U[3, ©) 

19. [0, 2] 21. (a, —3)U(3, «) 
23. (—9, 9) 25, (—%, 0) 

27. no real solution 29. (0, %) 

31. (—co, —3)U(0, ©) 33. (—c, —3]U(4, «) 


35. (-«, —2)U[-1, 2) BT 
39. (-3, 1) 41 
43. (—2, 2) 45 
47. (—%, 0) 49 
51. (—3, -1]UG, ~) 53 
55. (—6, —4) U(4, 8) 57. 
59 


. For years 3—5, the car is worth mor 
first 3 years you owe more than the 


o (Es, SIU, 2) 
o (Cea, =S/UE2, © 


. no real solution 


L {I= SUNG, 69) 
b (Hea, UI, 5 
(Goon 2) WI(2aca) 


. 30 <x < 100 (30-100 orders will yield a profit) 


e than you owe. In the 
car is worth. 


20 ft = length = 30 ft 


. a price increase less than $1 per bottle or greater than $20 per 


critical point. 


(+82, &) 


(—0.8960, 1.6233) 


63. 75 seconds 65. 
67 

bottle 
69. $3342 = price per acre = $3461 
71. You cannot divide by x. 
73. You must consider the x = —2 asa 
75. false 
77. either no real solution or infinitely many solutions 
79. (—%, ©) 81. 
83. (—~, ~) 85. 
C5 (2,0) 89. 


Section 1.7 


1. x= —-30rx =3 


(5. 


5) 


3. no solution 


df= hong) 1p = Olonp 4 
9. y=3o0ry=5 11. x =30rx = —3 
13. x= lorx=—8 15. t=4o0rt=2 

17. x= —-lorx=8 19. y=Oory =§ 
21. x = forx = 23. x = fforx = -7j 
25. x = —30rx = 13 27. x= —40rx=8 
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29. x=Oorx =4 31. p= —-13 orp =7 

sab VS Ory = 

35. x = +V3 andx = +V5 

375 7 =D ae (7, 1) 

41. (—o0, —5] U[5, oo) 43. (—10, 4) 

45. (—o, 2) U (6, ~) 47. [3,5] 

49, (—, ») 51. (-4, 1) 

BBE (Hee, IW), €2)) 55. (—~, %) 

57. (—«, -3]U[3, ~) 59. [-6, 4] 

61. (—co, 00) 635) (Goo, —3) Wisco) 

65. (4,3) 67. (—2.769, —1.385) 

CEL [l= 2h, Sil Wil, lbe= 2<F 

73. |x — 3|= 75. Ix —al<2 

77. |T — 83| = 15 79. d=A (tie), d < 4 (win) 

81. between 25 and 75 units 

83. The mistake was that x — 3 = —7 was not considered. 

85. Did not reverse the inequality sign when divided by a 

negative. 

87. true 89. false 

Ol (a= Ib, 2) se I) 

3 (ee Coo) 

95. x=a+bandx=a-—b_ 97. no solution 

ve ei A Lo) 101. yes 

Ag 
4 
2 
= a GES 

103. (—5, ~) 
Review Exercises 

1.x=*# 3. p=—-& 5. x = 27 
y= 9. b=8 ll. x =-% 
(eh oe = eal 15. 1= —% 140,14 -4 
17, x = —},x#0 19. x= 7 
21. x =8-—7y 23. 96 miles 
25. 144 Pay Silt, 2 J iit, 


29. 
31. 
33. 
Shs 
41. 


45. 


49. 


DS 


Sil 


61. 
65. 


69. 


TE 


77. 
81. 
85. 
89. 
93. 
97. 
101. 
105. 
109. 


111. 


113. 


iis}, 3 


117. 
121. 
125. 
129. 


$20,000 at 8% and $5000 at 20% 


60 ml of 5% and 90 ml of 10% 


91 
x =Oandx=8 
x=24+4i 
il se W333 
x= 
2 
fe I] se W337 
48 
io = 5 Elite se = I 
oS) 
pe Ee 
ah 
base = 4 ft, height = 1 ft 
x = 125 
36 + V 1664 
es S06 
8 
ae 2303 
5 oe y 
eS Thule = F 
= 195 
eo all 
x = +2 and x = +3i 
p = 3,+2 
y=49 
[2, 6] 
=o) Ses 7 
(4, 2) 
5 
r= 2 
3 
2 


74 
(20, 0] U[4, 2) 

(-o, —7)U(4, «) 
(-, —6] U[9, ) 


35. b=7andb= —3 
39. C= ae 113) 
43. x =6andx = —2 
47. t= tandt=—1 
ae 34+ V69 
10 
ako = 7 and x = =) 
I 
59. y= 7 + 16t 
63. x=6 
67. no solution 
Ab de AW/3)7) 
71. Stes Ok = 5.85 
4 
75. x=2,x=3 
1 
De 3 = x Il 
83. x = -1,-4 
87. x = —8,0,4 
91. p = -4,3,3 
95. (—°, —4] 
99. x > -6 
103. x = —4, [—4, ©) 
107. [8, 12] 


L [=©,0) 

- (oo, 0) U (7, 0) 
> (3) 

6 (Gee, YIUER S| 


133. 
137. 
141. 
145. 
149. 
151. 


153. 
155. 
157. 
159. 
161. 


(he) 

x = 1.7 and x = 0.9667 
(Gate ie DON Go Pae)) 
(Fea, 22), 

2510 


—Sandx = 
=, 20= =2 
0,x = —4,0 
Tx = =) SE wil 
| Oe el 


a. 1 
b. 4 


Eu 


isp Se ise SoS 
ll 


x = (-1+ V7)* = 7.34 
(co, 15.4) 

(—e, —5) U(5.25, 00) 
(5,2) 


Gar 0:9) WiOo 279) 


Practice Test 


p= 3 
x =%andx = —-4 
=4 
x=0,x=2,x=6 


. 1000 feet 
. 7.95 


Cumulative Test 


1. 


eilllS 


xt + 2x3 = 152° 
2(a + 10)(a? — 10a + 100) 


x + 22x 


vr-4 


~x=-4 
. x= —-6+2i 


135. 
139. 
143. 
147. 


11. 


Ss 
19. 
23. 
27. 


no solution 

(4, 4) 

(—%, —3)U(3, %) 
1s SS OS 


or 
IT — 85| = 10 


. 627 S minutes S 722 


x = 56 

11.25 hours 

x=4 

(x, —3)U[—2, 3) 


(1, 3) 
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CHAPTER 2 


Section 2.1 


1. (4, 2) 3b (2,0) Bb (O, =3)) 
Th y 9. The line being described 
B isx = —3., 
Ay © Ag 
3,4) 
itt La ee ra a L 
é E 
= D (-3, le L # 
(eal = ps Sees 
On ESOGL > 
EQ Qe C 
5 L 
ey 
iil, d=4,, @, 3) 13. d = 4V2, (1, 2) 
15. d = 3V10, (-4,3) 17. d=5, (5,3) 
19. d = 4V2, (4, —-6) 21. d=5, (3,4) 
4049 5) il 
23. d= Mi if 4 ) Peso C= 32), (OB), 385) 
60 24 15 


27. d = V1993.01 = 44.64, (1.05, —1.2) 


29. d = 4V2, (V3, 3V2) 


31. d= V10+ 2V2 4 ava, (+ 


2 


2 


33. The perimeter of the triangle rounded to two decimal places 


is 21.84. 
35. right triangle 37. isosceles 


$5.00 
4.50 
4.00 
3.50 
3.00 }@@ e 
Aa) 
2.00 |- 
1.50 - 


45. A 


1.00 
0.50 


Dollars per Gallon (2008) 


39. 128.06 miles 


41. distance ~ 268 miles 43. midpoint = (2003, 330) 
$330M in revenue 


47. x’s were subtracted from y’s. The correct distance would be 


gl = VSS, 


49. The values were not used in the correct positions. The correct 


midpoint would be (2, By). 
51. true 


53. true 


55. The distance isd = V(b — a)? 4 


= V2\a — b|. The midpoint is m = ( 
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(a — bY = V2(a — bY 


>? 


at+b =) 
a 


1 5 
5 VGH xy + (1 — yn)? 


Using (2%, y2) with the midpoint yields the same result. 
59. Va —c?+(b-dy 
61. m = (0.7, 5.15),d = 6.357 63. m= (2.2,3.3),d = 3.111 


Section 2.2 


1. a. no b. yes 3. a. yes b. no 
5. a. yes b. no 7. a. yes  b. no 
9. 
x y (x,y) 
=) 0 (G20) 
0 2 (0, 2) 
1 3 (1, 3) 
11. 
x y (x,y) 
=i 2 (Ci, 2) 
0 0 (0, 0) 
1 1 il _i 
2 =H Gan) 
1 0 (1, 0) 
2 2 (52) 
13. AY 
x Sy Gy) Jaiob 
9 — 
1 (1, 0) 8+ 
TR 
2 1 (2, 1) Ap 
5 2 Gop PSE 
al 
Oo | 2 eos 2k enn x 
OW Tr el 


23. x-intercept: (3, 0), y-intercept: (0, —6) 


25. x-intercepts: (3, 0), y-intercept: (0, —9) 


27. x-intercept: (4, 0), y-intercept: none 


29. x-intercept: none, y-intercept: (0, q 


31. x-intercepts: (+2, 0), y-intercepts: (0, +4) 


abs G26 @ Suh D abh (H i, =a) 41. (—7, 10) 
ks (sh, =) Gy) (Ash 2) 

45. x-axis 47. origin 49. x-axis 

51. x-axis, y-axis, and origin 53. y-axis 

55. y-axis 57. origin 

59. 


63. 


65. 


1B A Pe 
P; 
0.00014 
0.00012 
0.00010 
0.00008 
0.00006 
0.00004 
0.00002 fen 
2000 6000 10,000" 
break even units = 2000 
range of units: 2000-4000 
79. x = 1 or [I1, ©); the AP 
demand model is defined $3.00 |- ee 
when at least 1000 units = $2.50 F 
per day are demanded. a $2.00 - 
2 $1.50 + 
& $1.00 F 
$0.50 
Ci it 
la e & § 
Thousands of Units Demanded 
81. 83. You are checking to see 
whether the graph is 
symmetric with respect to the 
y-axis. Thus the substitution 
ar shown is incorrect. The 
correct substitution would be 
plugging —x for x into the 
equation, not —y for y. 
85. false 95. x-axis, y-axis, and origin 
87. true 
89. origin 
91. y-axis 
93. x-axis, y-axis, and origin 
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Section 2.3 


1. 
Bh 
11. 
13. 
15. 
17. 


19. 


21. 


23. 


25. 


slope =m =3 3. slope =m = —2 

slope = m = oat 7. slope = m © 2.379 9. m= —3 
x-intercept (0.5, 0), y-intercept (0, —1), slope = m = 2 rising 
x-intercept (1, 0), y-intercept (0, 1), slope = m = —1 falling 
x-intercept none, y-intercept (0, 1), slope = m = 0 horizontal 
x-intercept: (3, 0) 
y-intercept: (0, —3) 


Lt 
-5 -3 


x-intercept: (4, 0) 
y-intercept: (0, 2) 


x-intercept: (2, 0) AY 
y-intercept: (0, —3) 


x-intercept: (—2, 0) 
y-intercept: (0, —2) 


x-intercept: (—1, 0) AY 
y-intercept: none RIE 
3, — 
2 Ee: 
il |= ae 
ae (ee ee a | 
3 3 bilagas 
QE 
3, _ 
4 
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27. x-intercept: none AY 
y-intercept: (0, 1.5) : E 
3 Sy 
aL 
ana ata rer 
aj a) at |Ll2aas 
=) 
8) bs 
= 
=i \5 
29. x-intercept: (-4, 0) ae 
y-intercept: none 4p 
aL 
ln eE 
ay ik ar pia aa a 
9) |e 
—3b 
afl | 
—5 bk 
31. y= 2x =?) = 2, y-intercept: (0, —2) 
33. y= 5x 2,m = is y-intercept: (0, 2) 
35. y = 4x — 3, m = 4, y-intercept: (0, —3) 
37. y = —2x + 4,m = —2, y-intercept: (0, 4) 
39. y= ox —-2,m= z, y-intercept: (0, —2) 
41. y= 3x 6,m = 3, y-intercept: (0, 6) 
435 = 2033 ERG i) = ane 47. y=2 
49, x =3 51. y=5x+2 53. y= —3x-4 
Say 7 oie 4 59. x=-1 
61. y=2xt+3 63 i oO 65. y=n- 2 
67. y= —3x+1 69. y = 3x 71. x =3 
Bova T 75. y = &x + 6 77. x= -6 
79. x =2 81. y=x-1 83. y= —-2x +3 
85. y= —5xt+1 87. y=2x+7 89. y = dx 
91. y=5 93. y=2 95. y=3x-4 
97. y=3x+3 99. y= 3x43 
101. C = 1200 + 25h; A 32-hour job will cost $2000. 


b wos 105. 347 units 
. F = 3C + 32, —40°C = —40°F 


. The rate of change in inches per year is 4. 


. 0.06 ounces per year. In 2040 we expect a baby to weigh 


6 pounds 12.4 ounces. 


. y-intercept (0, 35) is the flat monthly charge of $35. 
. —0.35 inches/year; 2.75 inches 
. 2.4 billion plastic bags/year; 404 billion 


119. a. (1, 31.93) (2,51.18) (5, 111.83) 61. x° + y? = 2,250,000 63. x? + y? = 40,000 
b. m = 31.93 Hoisin costs $31.93 per bottle 
c. m = 25.59 Hoisin costs $25.59 per bottle 
d. m = 22.366 Hoisin costs $22.37 per bottle 


65. a. Tower 1: (x — 2.5)? + (y — 2.5)? = 3.57 
Tower 2: (x — 2.5)? + (y — 7.5)? = 3.57 
Tower 3: (x — 7.5)? + (y — 2.5)? = 3.57 


121. The correction that needs to be made is that for the Tower 4: (x — 7.5) + (y — 7.5)? = 3.5? 
x-intercept, y = 0, and for the y-intercept, x = 0. 


b. This placement of cell phone AD = 
123. Values for the numerator and denominator reversed. towers will provide cell i) see => 
125. true 127. false phone coverage for the entire L F i \ : | \ 
10 mile by 10 mile square. i r " ) | ] 
129. The line perpendicular is vertical and has undefined slope. 5a = >’ 
ra 
A B 
131. y = ——x+1 IEE Wy = Sse ae (ye) = Ip BE e | ee | 
: B a. TL ce yy 
: a |/x 
137. perpendicular 139. perpendicular zi x Zs wee = re sie 
67. The standard form of an equation of a circle is 
(x — h) + (y — k)? = 25, which would lead to a center 
of (4, —3), not (4, 3). 
69. This equation is not a circle. The standard equation of 
acircle is (x — hy’ + (y — kP =r’. 
141. neither 71. true 73. true 
75. the point (—5, 3) 77. (x — 3)? + (y+ 2)? = 20 
79. 4c=a +b 81. C=(a,0) r=10 


83. no graph (because no 85. the point (—5, 3) 
solution) 


87. a. (x — 5.5)? + (y + 1.5) = 39.69, (5.5, —1.5), r = 6.3 

SEE by = 1.5 + V39.69 — @ — 5.5) 

1 @-1% +0 -2P =9 3. w~+3P + (y + 4) = 100 c. 

5. x —5P +(y-7P =81 7. +11)? + (y — 12) = 169 
9, x? +y?=4 11. x? + (y-2Y =9 

13. x°+y?=2 15. «~-5° + (y+ 37 = 12 
174s) (ys) ae 

19. (x — 1.3) + (y — 2.7) = 10.24 


d. The graphs are the same. 


Section 2.5* 


21. C=(1,3) r=5 23. C=(2,-5) r=7 
25. C=(4,9) r=2V5 27. C= @ 2) p= 4 1. Negative linear association because the data closely cluster 

‘i around what is reasonably described as a linear association 
29. C= (1.5, -2.7) r=13 31. C=(0,0) r=5V2 with negative slope. 
S3.C F235) 74 35. C= (—3,—-4) r= 10 3. Although the data seem to be comprised of two linear 
1, C=6,7 P=9 39 e— (Ona segments, the overall data set cannot be described as having a 

positive or negative direction of association. Moreover, the 

AW, C=U13) pP=3 437 C— 0,3) 7 22 pattern of the data is not linear, per se; rather, it is nonlinear 
AB, CSB) PH DBV3 47. C= (, —5) r= 5 and conforms to an identifiable curve (an upside down V 


called the absolute value function). 


49, C=(13,2.7) r=32 51 &+1%4+(y +2 =8 
53. (x + 2% + (y— 3) =41 55. («+ 2% + (y + 5)? =25 


5. B because the association is positive, thereby eliminating 
choices A and C. And since the data are closely clustered 

57. no 59, x? + y? = 2500 around a linear curve, the bigger of the two correlation 

coefficients, 0.80 and 0.20, is more appropriate. 
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7. C because the association is negative, thereby eliminating 
choices B and D. And the data are more loosely clustered 
around a linear curve than are those pictured in number 6. So, 
the correlation coefficient is the negative choice closer to 0. 


9. a. 


11. a. 


13. a. 
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The data seem to be nearly perfectly aligned to a line with 
negative slope. So, it is reasonable to guess that the 
correlation coefficient is very close to —1. 


The equation of the best fit line is y = —3x + 5, witha 
correlation coefficient of r= —1. 


. There is a perfect negative linear association between x 


and y. 
AY 

2H "4 
oS Li ss 
Si =s Li) 2) sto 

afi |e 

5 

—-8F 

-10- e 

aig. ~ © 

aie |e 

-16 - e 

=1Sa— 


The data tend to fall from left to right, so that the 
correlation coefficient should be negative. Also, the data 
do not seem to stray too far from a linear curve, so the r 
value should be reasonably close to —1, but not equal to 
it. A reasonable guess would be around —0.90. 


The equation of the best fit line is approximately 
y = —0.5844x — 3.801, with a correlation coefficient of 
about r = 0.9833. 


. There is a strong (but not perfect) negative linear 


relationship between x and y. 


The data seem to rise from left to right, but it is difficult 
to be certain about this relationship since the data stray 
considerably away from an identifiable line. As such, it is 
reasonable to guess that r is a rather small value close to 
0, say around 0.30. 


15. 


17. 


. The equation of the best fit line is approximately 


y = 0.5x + 0.5, with a correlation coefficient of 
about 0.349. 


. There is a very loose (bordering on unidentifiable) 


positive linear relationship between x and y. 


NARAWS 


eee Lee a i 
=10 -6 =p% 2 

Cee 
oo See 
7 Ce ae 


“ -10 


The equation of the best fit line is about 
y = 0.7553x — 0.4392, with a correlation coefficient of 
about r = 0.868. 


. The values x = 0 and x = —6 are within the range of the 


data set, so that using the best fit line for predictive 
purposes is reasonable. This is not the case for the values 
x = 12 and x = —15. The predicted value of y when 

x = 0 is approximately —0.4392, and the predicted value 
of y when x = —6 is —4.971. 


. Solve the equation 2 = 0.7553x — 0.4392 for x to obtain: 


2.4392 = 0.7553x so that x = 3.229. 


So, using the best fit line, you would expect to get a 
y-value of 2 when x is approximately 3.229. 


* AY 
aN 20+ 
16+ 
g (pA = 
a e 8 
htt * fi L Lil i 
By I) SO La 
=i 
“1s 
=90i|= 
X 
The equation of the best fit line is about 
y = —1.2631x — 11.979 with a correlation coefficient 
of about r = —0.980. 
. The values x = —15, —6, and 0 are within the range of 


the data set, so that using the best fit line for predictive 
purposes is reasonable. This is not the case for the value 
x = 12. The predicted value of y when x = —15 is 
approximately 6.9675, the predicted value of y when 

x = —6 is about —4.4004, and the predicted value of y 
when x = 0 is —11.979. 


. Solve the equation 2 = —1.2631x — 11.979 for x to 


obtain: 
13.979 = —1.2631x so that x = —11.067. 


So, using the best fit line, you would expect to get a 
y-value of 2 when x is approximately — 11.067. 


19. a. The scatterplot for the entire data set is: 


21. 


AY 
% 15h 
N12 - 
Sale 
a 
oS x 
ES) ee | EE Read 
ai =a) = (ha (le eee Sime 
6 x 
alle N 
=oq= » 
-12+ x 
=(5e= 


The equation of the best fit line is y = —3x + 5 witha 
correlation coefficient of r= —1. 


. The scatterplot for the data set obtained by removing the 


starred data point (5, —10) is: 


AY 
% I5F 
Safe 
SIE 
ay 
3\F x 
TS SE EE ISS 
a3 ae [lle eA Sea 
6 ba 
an N 
=G) [Ee \ 
-12+ x 
Si'59 5 


The equation of the best fit line of this modified data set is 
y = —3x + 5 with a correlation coefficient of r= —1. 


. Removing the data point did not result in the slightest change 


in either the equation of the best fit line or the correlation 
coefficient. This is reasonable since the relationship between 
x and y in the original data set is perfectly linear, so that all of 
the points lie ON the same line. As such, removing one of 
them has no effect on the line itself. 


. The scatterplot for the entire data set is: 


The equation of the best fit line is y = —3.4776x + 4.6076 
with a correlation coefficient of about r = —0.993. 


. The scatterplot for the data set obtained by removing the 


starred data points (3, —4) and (6, — 16) is: 


AY 
MS 20 - 
16+ 
Nie 
eo 
a x 
Lia Sea 
=e pe Nees 
|e 
-12- Sa 
=iG |= n 
=n) |E NX 


23. 


The equation of the best fit line of this modified data set is 


y = —3.6534x + 4.2614 with a correlation coefficient of 
P= =0925, 


c. Removing the data point did change both the best fit line 
and the correlation coefficient, but only very slightly. 


a AY 
6F 
ae a 
ep. | (a 
aig =) =F |G Om 
Ok 
ee 
-12- 
15-8 « 
-18 ® 
-21 + © 
ay |e 
b. The correlation coefficient is approximately r = —0.980. 


This is identical to the r-value from Exercise 17. This 
makes sense because simply interchanging the x- and 
y-values does not change how the points cluster together 
in the xy-plane. 


c. The equation of the best fit line for the paired data (y, x) is 


x = —0.7607y — 9.4957. 


d. It is not reasonable to use the best fit line in (c) to find the 
predicted value of x when y = 23 because this value falls 
outside the range of the given data. However, it is okay 
to use the best fit line to find the predicted values of 
x when y = 2 or y = —16. Indeed, the predicted value 
of x when y = 2 is about —11.0171, and the predicted 
value of x when y = — 16 is about 2.6755. 


. First, note that the scatterplot is given by 


AY 


=a |b 
=6)5 


The paired data all lie identically on the vertical line x = 3. 
As such, you might think that the square of the correlation 
coefficient would be | and the best fit line is, in fact, x = 3. 
However, since there is absolutely no variation in the 
x-values for this data set, it turns out that in the formula for 
the correlation coefficient 


r n&xy — (Ex(Sy) 
Vande — (2x)?: Vindy — (dyy’ 


r 


the quantity Vn>x* — (=x)? turns out to be zero. (Check 
this on Excel for this data set!) As such, there is no 
meaningful r-value for this data set. Also, the best fit line is 
definitely the vertical line x = 3, but the technology cannot 
provide it because its slope is undefined. 
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27. The y-intercept 1.257 is mistakenly interpreted as the 
slope. The correct interpretation is that for every unit 


inc 


aD), fe 


31. a. 
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rease in x, the y-value increases by about 5.175. 


Here is a table listing all of the correlation coefficients 
between each of the events and the total points: 


Event la 

100 m —0.714 
Long Jump 0.768 
Shot Put 0.621 
High Jump 0.627 
400 m —0.704 
1500 m =O.288 
110 m Hurdle —0.653 
Discus 0.505 
Pole Vault 0.283 
Javelin 0.421 


Long jump has the strongest relationship to the total 
points. 


. The correlation coefficient between long jump and total 


events is r = 0.768. 


The equation of the best fit line between the two events in 
(b) is y = 838.70x + 1957.77. 


Evaluate the equation in (c) at x = 40 to get the total 
points are about 35,506. 


The following is a scatterplot illustrating the relationship 
between left thumb length and total both scores. 


A 
250 8 
er 
2 500 L 
BASE - 
s e 
@ U0 e ee 
@ WEI Go 
= 100r ° 
ES 
iB eg e 
50 ‘ 
5 ° e§% ee 
A, Se | 1a Jt > 
7 6 7 8 O 
Left Thumb Length 
. r= —0.105 
. The correlation coefficient (r = —0.105) indicates a weak 


relationship between left thumb length and total both 
scores. 


The equation of the best fit line for these two events is 
= vee ar WAI 


. No, given the weak correlation coefficient between total 


both scores and left thumb length, one could not use the 
best fit line to produce accurate predictions. 


35. 


c. 


a 


e. 


33. a. A scatterplot illustrating the relationship between 


% residents immunized and % residents with influenza 
is as follows. 


A» 
35h» 

S 301-%® 

5 e e 

= lee te 

els e A 

5 15- e 

2p ee 

Sp ° 
Sa 
20 40 60 80 100 


Percent Immunized 


. The correlation coefficient between % residents 


immunized and % residents with influenza is r = —0.812. 


Based on the correlation coefficient (r = —0.812), we 
would believe that there is a strong relationship between 
% residents immunized and % residents with influenza. 


. The equation of the best fit line that describes the 


relationship between % residents immunized and 
% residents with influenza is y = —0.27x + 32.20. 


Since r = —0.812 indicates a strong relationship between 
% residents immunized and % residents with influenza, 
we can make a reasonably accurate prediction. However, 
it will not be completely accurate. 


A scatterplot illustrating the relationship between average 
wait times and average rating of enjoyment is as follows. 


A 
§ 100+ 
& 90+ ee 
F sob e e 
a TOI © eo 
S 60 }e eee 
2 SOF e 
~ 40- e e 
% 30 . 
yp) |e 
oO 
zg rij ee 8 
eee eee 
20 40 60 80 100 
Average Wait Time 


. The correlation coefficient between average wait times 


and average rating of enjoyment is r = 0.348. 


The correlation coefficient (r = 0.348) indicates a 
somewhat weak relationship between average wait times 
and average rating of enjoyment. 


The equation of the best fit line that describes the 
relationship between average wait times and average 
rating of enjoyment is y = 0.31x + 37.83. 


No, given the somewhat weak correlation coefficient 
between average wait times and average rating of 
enjoyment, one could not use the best fit line to produce 
accurate predictions. 


37. a. A scatterplot illustrating the relationship between average 


39. 


a. 


wait times and average rating of enjoyment for Park 2 is 
as follows. 


A 


100 
90 
80 
70 
60 
50 
40 
30 
20 
10 


Average Rate of Enjoyment 


e 
fai 
20 40 60 80 100 


Average Wait Time 


. The correlation coefficient between average wait times 


and average rating of enjoyment is r = —0.064. 


. The correlation coefficient (r = —0.064) indicates a weak 


relationship between average wait times and average 
rating of enjoyment for Park 2. 


. The equation of the best fit line that describes the 


relationship between average wait times and average 
rating of enjoyment is y = —0.05x + 52.53. 


. No, given the weak correlation coefficient between 


average wait times and average rating of enjoyment for 
Park 2, one could not use the best fit line to produce 
accurate predictions. 


The scatterplot for this data set is given by 


AY 
25 


20 


pole 
val 
rae 
wal 
alk 
aq 
eal 


. The equation of the best fit Jine is y = —1.9867x + 27.211, 


with a correlation coefficient of r = —0.671. This line 
does not seem to accurately describe the data because 
some of the points rise as you move left to right, while 
others fall as you move left to right; a line cannot capture 
both types of behavior simultaneously. Also, r being 
negative has no meaning here. 


. The best fit is provided by QuadReg. The associated 


equation of the best fit guadratic curve, the correlation 
coefficient, and associated scatterplot are: 


Quadreg 


41. 


a. The scatterplot for this data set is given by 


AY 


BENWEREUDAIBWDOS 


x 
fii 
8 101214161820 e 


Ne 
aL 
at 


b. The equation of the best fit /ine is y = 0.3537x + 0.5593, 
with a correlation coefficient of r = 0.971. This line 
seems to provide a very good fit for this data, although 
not perfect. 


c. The best fit is provided by LnReg. The associated 
equation of the best fit Jogarithmic curve, the correlation 
coefficient, and associated scatterplot are: 


Review Exercises 


1. 
Sb 


11. 
15. 


19. 
23. 


quadrant II 5, d=s3v5 
quadrant III 7. d = V205 
AY 9. (3, 6) 
(-4, 2)@ E 
i x 
ey Sie yet ete eat > 
(-1,-6)e E 
(GED, 3:3)) 13. d ~ 52.20 units 
x-intercepts: (2, 0) 17. x-intercepts: (+3, 0) 
y-intercepts: (0, +1) y-intercepts: none 
y-axis 21. origin 
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27. 


31. y = —3x + 6 33. 


slope: —3 
y-intercept: (0, 6) 


35. x-intercept ‘ee 0) Sie 


y-intercept (0, —5) 


29. 


KY 71. (x — 2)? +(y-—7) =2 73. aright triangle 
Sa 
aE 75. symmetric to x-axis, 77. perpendicular 
y-axis, and origin 
x 
=o see 
=n 
at |b 
sale 
a. il 
Y= gh 5 
3 sh 
slope: —5 79. y= t+ V9 (x 3) 


y-intercept: (0, —}) 


x-intercept (4, 0) 


y-intercept (0, 4) 
ll 


The graphs are the same. 


39. x-intercepts: none 
y-intercept: (0, 2) 
Horizontal line 
m0) 


41. y= 4x -3 43. 
45. y= —2x-2 47. 
49, y=ex+4 Bley = 
53. y= +4 55. 
57. y = 1.2x + 100 59. 


x is pretest score 
y is posttest score 


Gb (e= a #1 =5) =e 
6306 (3) =, 


67. nota circle 69. 
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Practice Test 
1. d= V82 
3. d= V29 midpoint = (5, 5) 


Sp V= IL,e 7. X-axis 
9. 2t+y= 11. x-intercept: (6, 0); 
AY y-intercept: (0, —2) 
5 = 
all 
13. y=8x-8 
Lit paeaiae’ 
= yaog 
=4 = 
5h 


19. y= 2x42 21. @- 62+ (y+ 7" = 64 
= (-2,5) r=} 23. (x — 4) + (y — 9)? = 20 25. both 
3 


Cumulative Test 


1. 


5 3. x = 320° + 256 
5) = 36 5 
Ye 2 ar 3X0) 
5) ae Se 
x=1 itil, ge S453} 


. Discriminant is negative: two complex (conjugate) roots 


pee 17. (0, 12) 

(250) 21. origin 

2x=5 25. C =(-5, -3) r= V30 
. neither 


CHAPTER 3 


Section 3.1 
1. function 3. not a function 
5. function 7. not a function 
9. not a function 11. function 
13. not a function 15. not a function 
17. function 19. not a function 
21. function 23. not a function 
250 a. 5) bs lc 3 Pf EY: Bi [ty 2. 
Mh fh =3 Is = & =5 Sik th 2 lth = & =3 
seh oe Il Sbb = =3), Il 37. [—4, 4] 
39. x =6 41. —7 43. 6 
45. —1 47, —33 49, —2 
51. 3 53. 4 55.8—x-—a 
Sih 2 BY); I 61.2 
63. 1 65. (—~, ~) 67. (—~, ®) 
69. (—o0, 5) U (5, «) 
Th (Gea, =) U) (4, 2) UW) (@, 2); 
73. (—%, %) 75. (—®, 7] 
71. |-3, «) 79. (co, —2] U [2, «) 
81. (3, ~) 83. (—~, %) 
85. (—0, —4) U (-4, 0) 87. (—o, 3) 
CHL (Ses, =2) U Ges) 91. (x, —4) U (4, ~) 
93. (—c, 3) 95, (—20, 26) 


97. 
99. 


101 


103. 
105. 
107. 
109. 
111. 
113. 


115. 


117. 


119. 
121. 


123. 
125. 
127. 
131. 
135. 
137. 


x=—-2,x=4 

x=—l1,x=5,x=6 

. y = 45x; domain: (75, ©) 

T(6) = 64.8°F T(12) = 90°F 
P(10) © $641.66 P(100) ~ $634.50 
V(x) = x(10 — 2x) domain: (0, 5) 

E(4) © 84 yen; E(7) ~ 84 yen; E(8) ~ 83 yen 
229 people 

a. A(x) = x° — 3.375x 

b. A(4.5) = 5.0625 (area of window ~ 5 sq in.) 


c. A(8.5) = 43.5625 not possible because the window 
cannot be larger than the envelope. 


Yes, because every input (year) corresponds to exactly one 
output (federal funds rate). 
TOTAL HEALTH CARE 

YEAR Cost FOR FAmILy PLANS 

1989 $4000 

1993 $6000 

1997 $6000 

2001 $8000 

2005 $11,000 
a. 0 b. 1000 c. 2000 


You must apply the vertical line test instead of the horizontal 
line test. Applying the vertical line test would show that the 
graph given is actually a function. 

fx + 1) # f(x) + fd) 

G(-1 + h) # G@-1) + G(h) 

false 129. false 
A=2 IRE, CS =5, /= =?) 
(Cea, =a) U) (Ca, @) UG, 8) 


Warmest at noon: 90°F. Outside 
the interval [6, 18] the temperatures 
are too low. 
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139. lowest price $10, 
highest $642.38 agrees. 
(If there is only 1 card 
for sale.) 


—10,000 —4000 


—400 
—600 


141. 
units to the right. 


Section 3.2 


> 
L 4000 10,000 


Graph of y, can be obtained by shifting the graph of y, two 


1. neither 3. even 5. odd 

7. neither 9. odd 11. even 
13. even 15. neither 17. neither 
19. neither 21. neither 23. neither 
25. a. (—%, ©) b. [-1, ~) 


c. increasing: (—1, ©), decreasing: (—3, —2), 
constants (Sco, 3) W(= 25 1) 


d. 0 & =I 16 2 
At 2 [=T All b. [—5, 4] 


c. increasing: (—4, 0), decreasing: (-7, —4) U (0, 2), 


constant: nowhere 
d. 4 e. 1 f. 
29. a. 


=) 


(Hee, 2) 


b. (—™, ©) 


c. increasing: (—«, —3) U (4, co), decreasing: nowhere, 


constant: (—3, 4) 
d. 2 
31. a. 


e. 2 2 


ee, 2) 


b. [-4, ~) 


c. increasing: (0, ©), decreasing: (—™, 0), 
constant: nowhere 


d. —4 & 
33. a. (—0o, 0) U (0, ©) 


f. 0 


b. (—2, 


0) U (0, ~) 


c. increasing: (~~, 0) U (0, «), decreasing: nowhere, 


constant: nowhere 
. undefined & 3 fe 
a. (—00, 0) U (0, 0) 
[t (Gee, 5) U I, More es, S) UW) 7} 


=3 
35. 


c. increasing: (—©, 0), decreasing: (5, ©), constant (0, 5) 


d. undefined e. 3 fea 
ai, De sk ln = ah Dipae ip ap 3 
Cl, Dye se i — 3) AR) Ore = 340 ae 5) 


45. 13 47. 1 


53. domain: (—™, ©) 
range: (—™, 2] 
increasing: (—%, 2) 
constant: (2, %) 


55. domain: (—™, ©) 
range: [0, ©) 
increasing: (0, %) 
decreasing: (—1, 0) 
constant: (—%, —1) 


57. domain: (—™, ©) 
range: (—%, %) 


increasing: (—%, ©) 


59. domain: (—™, ©) 
range: [1, ©) 
increasing: (1, *) 


decreasing: (—, 1) 


61. domain: (—2, 2) U (2, 0) 
range: (1, ~) 
increasing: (2, oo) 


decreasing: (—, 2) 


63. domain: (—%, ©) 
rziayexe8 |[—= 11, 3)]| 
increasing: (—1, 3) 


constant: (—o0, —1) U (3, 00) 


49. 


=, 


PNWEREUDAIBAOS 


tat 


—2 -1 


=I 


65. 


67. 


69. 


71. 


TES 


75. 


domain: (—®, °°) 

range: [1, 4] 

increasing: (1, 2) 

constant: (—o0, 1) U (2, 2) 


domain: (-o, —2) U (-2, 0) 
range: (—™, %) 

increasing: (—2, 1) 

decreasing: (-«, —2) U (1, 0) 


domain: (—%, °%) 
range: [0, ©) 

increasing: (0, %) 
constant: (—°, 0) 


domain: (—%, °%) 
range: (—%, %) 
decreasing: (—2, 0) U (0, 0) 


domain: (—2, 1) U (1, «) 
iemyee (ea, =I) W) (Hil, €) 
increasing: (—1, 1) 

decreasing: (-«, —1) U (1, 0) 


domain: (—%, °) 

range: (—oo, 2) U [4, oo) 
increasing: 

(Cee, =) WW) (O, 2) U) (2, 65) 
decreasing: (—2, 0) 


T 
a 


| ! ! I 
-1 Pet 20 ears) rae 
=i| |b 
AY 
5k 
4b 
3 
2k 
1 x 
LoL Li 
= = 7G lbh ae 
yy 
=e 
Ae 
= |b 
4.0 
3.0 


ier at ai a io a 
— 


a 


TaaS 

AY 

5F 

4b 

3r 

—— I 
fon iA 
-5 -3 C.wgns 
ee 

23) 5 

Ae 


NEACON fF 


I 
aL 
! 
N 
| 
~) b 
ry 
=) 
we 
we 
i= 
Vr 


ttl 
HH 
T 


77. domain: (—o, 1) U (1, «) 
range: (—«, 1) U (1, 0) 


increasing: (—o, 1) U (1, «) 


79. increasing: October-December 
decreasing: January—October 


le Os os a0) 


81. C@)=19% 50<x < 100 
Be eS TG 
ee J=7 = 10 
BO) = \insx 750) 6 = 10 
(aves 35, 0 = 1100 
85. C() = 0000 + 25x x > 100 


0=x = 100,000 


x > 100,000 


50,000 + 3x 
87. R(x) = 


4x — 50,000 
89. P(x) = 65x — 800 


91. C(x) = 0.80 + 0.17[[x]] where x represents the weight of 
the letter in ounces. 


93. f(t) = 3(-1)" 

95. a. 20 million tons per year 
b. 110 million tons per year 

97. 0 feet per second 


99. Demand for product is increasing at an approximate rate of 
236 units over the first quarter. 


101. The domain is incorrect. It should be (—20, 0) U (0, 2). The 
range is also incorrect and should be (0, ©). The graph is 
also incorrect. It should contain an open circle at (0,0). 
{ ces XO) {2 eS 30) 
WE Nisa 30x = 30 Ise ee 30 
105. true 107. false 109. yes, if a = 2b 
111. odd 113. odd 115. domain: all real numbers 
range: set of integers 
Section 3.3 
il, Il Sb Bb. |5) Te il oh © ll. g 
13. y =|x|+ 3 15. y =|—x| = [cx 17. y = 3lz| 
19. y=x -4 21. y=(x+ 19 4+3 23. y = (—x)? 
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ay = ji) 3 
bey = fGe— 3) 


31. (a) 


> 


fx) 


4 
street ee. 


a. y = 2f(x) 
b. y = f(2x) 


39. AY 
le F(@) 
Hest | le jf a) | zs 
q 
Vil 
Vv 
43. AY 
f@) li 
(A 


Sb 


Si, 


61. 


Rm NW MO ~] 0 


PNWAUNUAIMOSO 


ca 


FNWEUDAIDBDOCSO 


Ty case Tips sles 
iii 


AY 

4L 

2E x 
eee eee ee 
-10 -6 [246 810 


a 


x 


1 TRE4S 678910 


65. 


69. 


TBs 


Vs 


81. 
83. 


85. 


87. 
89. 
91. 
OWN 


1. 
3. 
AY se 
- 10 
L 9 
E 8 3s 
= 7) fe 
ko 6 a 
[z sb 
= 4 Sy 
}_ 3 = 
Le a [ls 
es LL f@)=(-3)?4+2 
VS a a eS |S ES ERE a a SN Ca EC 
25 =) 15 a0 = 123 
f@)=-@+ P41 AY 79. 
x ie 
a) oan 
: : 
L Sh | s 
f(&) =2(%-2)°-5 9, 
S(x) = 10x and S(x) = 10x + 50 
T(x) = 0.33( — 6500) 
BO Nepy oa ae 
i) = ee 
200 
Boe Se ma 
u 200 
b. shifted to the right 3 units 
13. 


13 — x| = |x — 3]; therefore, shift to the right 3 units. 
true 93. true C8 (@4F 3), lo a 2) 


Any part of the graph of f(x) that is below the x-axis is 
reflected above it for | i (x)I. 


99. If 0<a< 1, you have a horizontal stretch. If a > 1, the 


graph is a horizontal compression. 


101. Each horizontal line in the graph of y = [[x]] is stretched 


twice in length. There is a vertical shift of one unit up. 


Section 3.4 


F@) + ga) =xt 2 


f@) — g) = 3x domain: (—oo, 0) 
f@-g(@) = -2P? +x4+1 
HGS) Bie se Il ; 
———= domain: (—o, 1) U (1, «) 
g(x) iL 5% 
fe) + g@) = 3x —-x-4 
f) -— g@) =r —-x+4 domain: (0, «) 
f(x) + g(x) = 2x4 — x — 8x + 4x 
F(x) WwW —x . 
— = = domain: (—«%, —2) U (—2, 2) U (2, «) 
ex) x4 
OSes 

TBO) 

e=q5=—2 
Fe he oy domain: (—2%, 0) U (0, «) 
F(X) g(&) = 1 
fl) _ Ue 1 
GC) oe 


fx) + ga) = 3Vx 
f= 2G) = = Va 


F@)* gx) = 
NOK 
g(x) 2 


domain: [0, 00) 


DEG 


domain: (0, %) 


fied) ae BG) = Wl = & ap Wee 


f@ — g@) = Mil = f= Wee EB domain: [—3, 4] 


f®)* g(x) = V4 —xVx +3 

iO) VER VOW ee ee 

20) Vxe3 x+3 SSI (Sh 
G20) = 2 = 5 domain: (—=, ~) 

(g ° f(x) = 4x° + 4x — 2 domain: (—%, ~) 

GW? Bey) = cacee domain: (—co, —1) U (-1, «) 
(g 27 NCD) = = S 1 qe domain: (—oo, 1) U (1, «) 
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15. 


17. 


19. 


21. 


25. 


29. 


33. 
Sie 


41. 


45. 


49. 


63. 


67. 


69. 


71. 


TE 


WB 


Ws 
1h) 


G2 Bie) = pen domain: (—9, 1) U (1, ~) 
(g ° f(x) = i ~ j @loyoruine (See, 11) (W) (il, 11) W) il, ea} 
(f° g) = Vx $4 domain: [—4, ~) 
(g ° f)@) = Vx=1+5 domain: [1, °) 
(2 Bien) = & domain: (—%, 2) 
(GVO) = x domain: (—%, °) 
15 23. 13 
26V3 27. 42 
11 31. 3V2 
undefined 35. undefined 
13 39) fe) = 5 eG) =2 
undefined 43. f(g(1)) = 4 g(f(2)) =4 
f(g) = V5 47. undefined 
g(f(2)) = 6 
Age es 61. f(x) = 2x2 + 5x 
a(f(2)) = 4 g(x) = 3x-1 
y 3 
{@) = ie 65. f(x) = Veo 
g(x) =x -3 gx) =x+1 
F(C(K)) = 3(K — 273.15) + 32 


A(x) = is). x is the number of linear feet of fence. 


A(100) = 625 square feet, A(200) = 2500 square feet 
a. C(p) = 62,000 — 20p 

b. R(p) = 600,000 — 200p 

c. P(p) = R(p) — C(p) = 538,000 — 180p 

a. C(n(t)) = —10° + 500¢ + 1375 


b. C(n(16)) = 6815 
The cost of production on a day when the assembly line 
was running for 16 hours is $6,815,000. 


a. A(r(t)) = 7(10t — 0.27)? 
b. 11,385 sq mi 
area = 150°at = 22,5007t 


dh) = Vr +4 
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81. 
83. 
85. 
87. 


91. 


93. 
95. 


97. 


domain: x # —2 
The operation is composition, not multiplication. 
Function notation, not multiplication. 


false 89. true 


1 
CS x#0,a 


K=—@ 


(gy © pe) = & 


AY 
10 - Domain : [-7, 9] 


[ 


(—o, —3) U3, —1] U[4, 6) U (6, «) 


Section 3.5 


EXERCISE # FUNCTION ONE-TO-ONE 
1 yes no 
4) yes yes 
5h yes yes 
7 no 

9 yes no 
11. yes no 
13. yes yes 
15. yes no 
17. yes no 
19. yes yes 
21. yes no 
23. yes yes 


25 AY 37. AY 39. AY 
Ks |= sae 
Pale Aly test oi 
rae ae 3 4) a PAW ao a 
BE 4p 2 
GE 3b 3 
4- 2- 4h 
| is [aera aki SE 
SLi 205078 7 me B,-7) 
Stet) 8b 
41. AY 
5 =. 
4 — 
3) = 
2 Le. 
eel ibe 
3 SI Goltese a 
== 
=8) | 
= =) 
S55 
DoMaAIN OF f RANGE OF f 
Exercise # fal RANGE oF f ! Domain oF f! 
43. foGia rl (—%, %) (—%, 2) 
45. fl@ = —p +3 (—00, 00) (—00, 00) 
47. f'@ =Va-1 (—%, 2) (—%, ©) 
49. fl@=xr+3 [3, °°) [0, °°) 
51. iA ee aeal [0, °°) [elle 
53. ff O) = —-2 5 Veens [—2, ) [=3, 22) 
2) 
55. (OI (—, 0) U (0, «) (—o, 0) U (0, 0) 
2 
57. f'@=3- a (—, 3) U (3, 00) (—00, 0) U (0, 20) 
= Sr — Il 
59. i Qs (—, 5) U (5, 00) (Gea, =1)) OW (Hi, 
Re ar 7 
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61. 


-100 -60 -20 | 20 60 100 


The function is NOT one-to-one. 


65. 


67. 


69. 


71. 


TES 
Ws 
79. 


85. 


87. 


89. 


63. 
a Sl 

f @) = Wr =l<r<il 
EX Xa 


0 
9 
8 
i 
6 
5) 
4 
3 
2 
1 


The function is one-to-one. 


i @= 3 (x — 32); this now represents degrees Fahrenheit 
being turned into degrees Celsius. 


Cin) = {250% x= 10 
‘ 175x + 750 x> 10 
as < 2500 
x a 
pee 
x — 750 
500 
175 


BGs) = TSize EG) = =e tells you how many hours the 


student will have to work to bring home x dollars. 


domain: [0, 24] 
range: [97.5528, 101.70] 


73. domain: [97.5528, 101.70] 
range: [0, 24] 


No, it’s not a function because it fails the vertical line test. 
fis not one-to-one, so it does not have an inverse function. 


false 81. false 


ey) = Wil = x 
7 6) = Wil = 3 


m # 0 


83. (b, 0) 


no 91. no 
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93. 


95. 


Ge 


Yes, the functions are 
inverses of each other. 


No, the functions are not 
inverses of each other. Had we 
restricted the domain of g to 

x = 0, then they would be 
inverses. 


Section 3.6 


1. y=k a WS [ee 5. z=km 
k 2 2 
Sia WES; 11. v = ket 
2 poe 15. y = kVx 17. d= rt 
OR a ~y=kvx > =a 
7 
19. V=lwh Al, A Saar 23. V= aoe 
400,000 D I 
25. V= 27. F = — Des 
iP AL s 
4.9 0.01L 0.025m,m 
1 ee = 35. F = —— 
IP A d 
37. W=7.5H 39. 1292 mph 41. F = 1.618H 
43. 24cm 45. $37.50 47. 20,000 
49. 600 w/m? 
51. Bank of America: 1.5%; Navy Federal Credit Union: 3% 
Bb i or 0.92 atm 55. y inversely with x 
57. true 59. b Ol. G4) = 1.23058 OLN 
63. a. The least-squares b. The variation constant is 


regression line is 
y = 2.93x + 201.72. 


120.07, and the equation 
of the direct variation is 
y = 120.074x°??. 


W1ISe.FSEH+ 200.716 


WESLE0.074H". 258 


HSPE34 ome 1 H417.818 ome HSPE34 oe THSHE.9S5 ome 


c. When the oil price is $72.70 per barrel in September 
2006, the predicted stock index from the least-squares 
regression line is 415 and from the equation of direct 
variation is 364. The least-squares regression line gives a 
closer approximation to the actual value, 417. 


65. a. The least squares regression line is y = —141.73x + 2419.35. 


Linkegtaxth> Lu; 
Lest 


WMC 


Flotz  PIokz 
anin= 


WHE ASL. PEER E4LS. SEL 
a 


o 
a 
HSB VEL 710.6591 


b. The variation constant is 3217.69 and the equation of the 
3217.69 


inverse variation is y = —jq,— 
2 


PurReg LysLz,.¥z 


Purkted 
ySaeke bh 
s=3217.691 
b= -, 416 


WE=seL7 B9Le* 410 
o 


V=1662.285 


c. When the 5-year maturity rate is 5.02% in September 
2006, the predicted number of housing units from the 
least-squares regression line is 1708, and from the 
equation of inverse variation is 1661. The equation of the 
least-squares regression line gives a closer approximation 
to the actual value, 1861. 


a. 82H 
1787. 356 


1668, S65 


67. a. y = 0.218x + 0.898 b. $2.427 per gallon. Yes, it is very 


close to the actual price at $2.425 per gallon. c. $3.083 
Review Exercises 
1. yes 3. yes 5. no 
7. yes 9. no 
iil, £4 2 b. 4 ec x=—-3,x=4 


13. 
15. 


21. 
27. 
Sb 


3h) 


41. 
43. 


47 


D3: 


57. 


pele 
EN Vos 0st =>) 
49. 


ae bie? ee — — 5 

3 17. —665 it, =2 

4 23. (—~, ©) 25. (-w, —4) U (-4, o) 
[4, 2) 29. D= 18 31. neither 

odd 35. neither 37. odd 

a. [—4,7] b. [—2, 4] 


c. increasing: (3, 7), decreasing: (0, 3), constant: (—4, 0) 
=? 


domain: (—®, ©) 45. domain: (—°, %) 


range: (0, %) range: [—1, ~) 
AY AY 
fee es . 
TR = 
6F b= 
St L 
a |e | 
3b ee 
——— > | 
FEN ea te oe 
B= al Llaoga 3 SI aa 
=9) |e |b 


51. 


BNWAUADTWMOOO 


55. nS 


SL Vy = Weak 3 
domain: [—3, ©) 
Clty Ve— 23 


domain: [2, °°) 


63. y = 5Vx — 6 


domain: [0, ) 
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65. 


69. 


71. 


73. 


Ss 


Wk 


79. 
81. 
83. 
85. 


87. 


89. 
93. 
97. 


y =(x + 27 — 12 67. g(x) + h(x) = —2x —7 
, domain: (—%, %) 
eo) = (AG) = Abe = Il 
domain: (—%®, ©) 
g(x) - A(x) = —3x°+5x+ 12 
domain: (—®, ©) 
F462) eee 
h(x) w= 3 
domain: (—o, 3) U (3, 0) 


g(x) + h(x) = = + Vx, domain: (0, «) 
x 

g(x) — A(x) = a — Vx, domain: (0, «) 
PD 


1 
g(x) A(x) = =a domain: (0, oc) 
Re 


g@) 
h(x) _ xl? 
(G9) ar /e9) = Wek = 2bar WORE ar Il 
G9) = 1e3) = War — 4! Wake se il 


domain: (0, «) 


AGH) OTAGO) = War = AV 2a ae il domain: [4, 00) 
s@) _ Viz 
es) “We SE Tl 


(f ° g)(x) = 6x — 1 domain: (—2, «) 
(g ° f)(x) = 6x — 7 domain: (—co, «) 


: — BS 2s 
ODT er. 
domain: (a, 4) U (4, 3) U (7, «) 
Be ao 
(ONES sty 


domain: C, —3) U(-3, AU os 0) 


f(g@)) = Vx? —9 domain: (2, —3] U [3, «) 
g(f(x)) =x —9 domain: [5, %) 

f(g3)) = 857 g(f(-1)) = S1 

f(g3)) = 31 —-g(f(-1)) = 1 

f(g(3)) = 12 ge) = 2 

fx) = 3x2 + 4x + Tand g(x) =x —2 


f(x) = an (x) =x +7 
E. § 


A(t) = 625a(t¢ + 2) sq in. 91. yes 
no 95. yes 
yes 99. yes 
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101. 103. 
105. 107. 
domain f: (—%, ©) 
range f: (—%, ®) 
domain f !: (—~, %) 
range f+: (=, 0) 
GO = 3 
109. f(x) = z 
ge — Il 


domain f: (~~, —3) U (—3, 09) 
range f: (-o, 1) U (1, 0) 
domain f ': (-2, 1) U (1, 2) 
range f 1:00, —3) U (3, 2) 


111. S(x) = 22,000 + 0.08x Sq) = 


fil@=x-4 
domain f: [—4, ©) 
range f: [0, %) 
domain f !: [0, 2) 
range f+: [-4, ~) 


eee 2 O00) 
0.08 


Sales required to earn desired income. 


113. C = 2ar NS eeAN— sari 


IDI, (ex, = 11) UW) (6,9) 


117. W = 8.5H 


c. increasing: (2, %), 


121. A a. (—™, 2) U (2, %) 
14 
= 13 Va b. {—1, 0, 1} U (2, %) 
dt) 
41 


decreasing: (—~, —1), 
constant: (—1,0) U (0, 1) 


SIS U (1, 2) 
=) 
3 


123. The graph of f can be obtained by shifting the graph of g 


two units to the left; that is, f(x) = 


cere 2) 


IS, =, 2) 127. yes 


129. a. y = 64.03x + 127.06 


AY 


SPwRnaws 
i 


b. $575.30. No, it is not close to the actual price at $517.20. 


c. $767.36 


Practice Test 


CHAPTER 4 


1. b ah © Section 4.1 
Wer = 2 = : 4 : 
5: ae domain: [2, ) Tle abe 23) Ike 
ae ae Ill) 9 
hy sar D domain: [2, %) 
9. 4 11. neither 
13. y Ss AY % 
10 vi 
8 
6 
4 
2 ae 
Sess H tas: 
4 13. A 
ES > 
-10 
domain: [3, ©) domain: (—o, —1) U (-1, ©) 
range: (—™, 2] range: [1, ~) 
7 & =2 b. 4 G&S =3) d. x =2,x=—3 
I), Gre sr Bin — a! Mil, =3y 
23. if 1) = x +5 17. y 19. AY 
f: domain: [5, ©), range: [0, 2) a L 
f ‘: domain: [0, %), range: [5, ©) : c 
6 t= 
aye = Il 
aS, FG) = = 5 E 
F'@ x+2 : E 
2) LLL mee ee 
f: domain: (—00, 5) U (5, 09), range: (—o0, —2) U (2, 00) 1 e ZS a fiesog 
Lith [ae i | | | > aay |e 
f ': domain: (—0, —2) U (2, ~), range: (—o, 5) U (5, 00) ed Ps ah nome 
27, x=0 21. 23. f(x) =(« + 3)? — 12 


29. S(x) = 0.42x, where x is the original price of the suit. 


31. quadrant III, “quarter of unit circle” 


_ ils 0<x = 30 _ 30m 
33. f(m) = {} ise S30 35. F = 37. yes 
Cumulative Test 
+ 33. 

1. a Rei ewan YS ei 

7.40% 9. r=14%2 11. x = 42,4 V3i 

13. (0,5) 1S, = Vi & iiss 125, 24S) 

ii, p= 3 19. @+ 2) + (~+t 1)? = 20 

21. (0,1) U (1,0) 23. 46 


Ls 
t 


25. r 27. Wx) =x—-2 


25. f(x) = —(x + 5° + 28 
27. f(x) = 2x + 2)? — 10 


29. fix) = 40x — 2) +9 
31. fi) =5@ — 4 — 5 
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Sie 


41. 
45. 
49. 
53. 


So 
59. 
61. 
63. 
65. 
67. 


69. 
71. 
73. 
TES 
Us 


79. 


81. 


83. 


87. 


89. 


91. 


93. 


39. 
8 
7 
6 
5 
4 
3 
2 
1 % 
Ea Le te eT > 
=5 2345 
vertex (+. et) 43. vertex as —+) 
vertex (—75, 12.95) 47. vertex (33, $73) 
y=-2e+17+4 Sik, p= Se = BP +S 
y=3a@+1P-3 55. y = 12(x —4) -7 


y= 5 (x = 25 = 3S 

a. 350,000 units b. $12,262,500 

Gaining: January 2010; Losing: February 2010—June 2011 
a. 40 yards (120 feet) b. 50 yards 

2,083,333 square feet 


a. t = | second is when rock reaches the maximum height 
of 116 feet. 
b. The rock hits the water in approximately 3.69 seconds. 


Altitude is 26,000 feet; horizontal distance is 8944 feet. 

a. 100 boards b. $24,000 

15 to 16 units to break even or 64 to 65 units to break even. 
a. f(t) = Br + 16 


a. C(t) = —0.01(¢ 
b. 425 minutes 


b. 219 million cell phones 
225)? + 400 


The corrections that need to be made are vertex (—3, —1) and 


x-intercepts (—2, 0) (4, 0). 


f(x) = —(x — 1)? + 4. The negative must be factored out of 
the x* and x terms. 


true 85. false 
fo . ‘ _ 4ac — b 
x) = a\x 4 
2a 4a 
a. The maximum area of the rectangular pasture is 62,500 


square feet. 
b. The maximum area of the circular fence is approximately 
79,577 square feet. 


a. (1425, 4038.25) ba0. 23) 
c. (4.04, 0) (2845.96,0)  d. x = 1425 


a. y= —2x° + 12.8x + 4.32 
b. y = —2(x — 3.2)? + 24.8, (3.2, 24.8) 
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c. Yes, they agree 


WIE en ee Le Be Fe 


YW=EL.5E 4 


> 


Ben’s Data 


wa 
i=) 


WRAL 
On 


EFeENNWW 
ADNOUCH 


Vertical Distance (in feet) 


ae UT 


b. The equation of the best fit parabola is y = —1.0589x7 + 
12.268x + 4.3042 with 7° = 0.9814. This is shown on the 
following scatterplot: 

Ben’s Data 

50 
45 
40 
35 
30 
25 
20 
15 
10 


NS 
< 
a 


Vertical Distance (in feet) 


n 


EU a De 
4 


Using the equation from part (b), the initial height 
from which the pumpkin was thrown is about 4.3 feet, 
and the initial velocity is about 12.3 feet per second. 
ii. The maximum height occurs at the vertex and is 
approximately 39.8 feet; this occurs about 5.85 
seconds into the flight. 

The pumpkin lands approximately 12 seconds after it 
is launched. 


=F 


iii. 


Section 4.2 


1. polynomial; degree 2 


5. not a polynomial 


3. polynomial; degree 5 


7. not a polynomial 


9. not a polynomial 11. h 
13. b Me, @ il, © 
19. PANG AY 
8 14 
ii = 
6 —, 
5 = 
se 4 
= 3b 
2 = 
| ns | fei iiees 
jab leans 2 a 
=) 


23. 


27. 
29. 


31. 
33. 


35. 
Sie 
39. 
41. 
43. 
45. 
47. 
49. 
51. 
53. 


Sb 


zero at 3, multiplicity of 1; zero at —4, multiplicity of 3 


zero at O, multiplicity of 2; zero at 7, multiplicity of 2; 
zero at —4, multiplicity of 1 


zero at O, multiplicity of 2; zero at 1, multiplicity of 2 
F(x) = x(4x + 9)(2x — 3) zero at 0, multiplicity of 1 
zero at — 7, multiplicity of 1 
zero at 3, multiplicity of 1 
zero at 0, multiplicity 2; zero at —3, multiplicity 1 


zero at 0, multiplicity 4 


JAG) = Ge aP BNE — IKGs = 2) 

IAG) = aiGe ae SCE Se SCE = 2 Nee = ©) 
P(x) = (2x + 1)(3x — 2)(4x — 3) 

P(x) =X -2x-1 


P(x) = (x + 2) 

P(x) = (« + 3° — 7) 

P(x) = P(x + V3)(x + D(x — V3)? 
f(@) = —2 — 6x —9 = —@ + 39° 


a. zero at —3, multiplicity 2 

b. The graph touches at x = —3. 

ce. Letx =Oandy=0-0-9=~—9. 

d. Behaves like y = —x* (even degree); leading coefficient is 
negative, graph falls to the left and right without bound. 


Fix) = (& — 2) 

a. zero at 2; multiplicity of 3 

b. The graph crosses at x = 2. 

G Ibsise= Onn y= (0 = aP = 8. 

d. Behaves like y = x° (odd degree); leading coefficient is 
positive, graph rises to the right and falls to the left. 


e y 

10 
8 
6 
4 

2 x 

See ae 
=A 
26 
=8 
-10 

Sih FG) = x — 9x = x(x — 3)(x + 3) 


a. zeros at 0, 3, and —3; each has multiplicity 1. 

b. The graph crosses at all three zeros. 

c. (0, 0) 

d. Behaves like y = x’ (odd degree); leading coefficient is 
positive, graph falls to the left and rises to the right. 


59. f(x) = —x + 2? + 2x = —x(x — 2)e + 1) 
a. zeros at 0, 2, —1; each has multiplicity 1. 


b. The graph crosses at all three zeros. 
c. (0, 0) 
d. Behaves like y = —x° (odd degree); leading coefficient is 


negative, graph rises to the left and falls to the right. 
e. AY 


iit 
-5 -3 


3x3 = 


61. f(x) = —x4 x(x + 3) 
a. zero at 0, multiplicity 3; zero at —3, multiplicity 1 
The graph crosses at x = 0 and x = —3. 
We —x* — 3x3; Let x = 0; y = 0; y-intercept (0, 0). 
. Behaves like y = —x* (even degree); leading coefficient 
is negative. 


ae 5 


20 - 
KO) |= 
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63. f(x) = 12x4( — 4x + 1) 


a. 


b. 


65. f(x) = Dre 


a. 


zero at 0, multiplicity 4; zero at 4, multiplicity 1; 

zero at —1, multiplicity 1 

The graph crosses at x = —1 and x = 4 while the graph 
touches at 0. 

Let x = 0; y = 0; y-intercept (0, 0). 


. Behaves like y = x° (even degree); leading coefficient is 


positive. 


| 

in) 

n 

S 

i=) 
rrr © rt 


6x* — 8x° = 2x(x — 4x + 1) 
zeros at —1, 0, and 4; 0 has multiplicity 3; —1 and 4 each 
have multiplicity 1 


b. The graph crosses at all of the zeros. 


S 


67. fx) =e -—x 


a. 


aes 


69. f(x 


-\) 


Res 
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. Behaves like y = x° (odd degree); leading coefficient is 


(0, 0) 


. Behaves like y = x° (odd degree); leading coefficient is 


positive, graph falls to the left and rises to the right. TBs, 
AY 
fi ik L ie 
3 =a c oa 
L 75. 
E We 
4x +4 = (x — 2)~ + 2)(x — 1) 
zeros at —2, 1, and 2; each has multiplicity 1 
The graph crosses at x = —2,x = 1, and x = 2. 


(0, 4) 


positive, graph falls to the left and rises to the right. 


AY 


7 


Vig an als 

zeros at —2 and 1; with both having multiplicity of 2 
The graph touches at each one of the zeros. 

Let x = 0; y = —4; y-intercept (0, —4). 

Behaves like y = x* (even degree); leading coefficient is 
negative. 


79. 


81. 


71. f(x) = (x — 2° + 37 


zeros at 0, 2, and —3; having multiplicities of 2, 3, and 2 
b. The graph touches at —3 and 0 but crosses at 2. 

c. Let x = 0; y = 0; y-intercept (0, 0). 

d. Behaves like y = x’; leading coefficient is positive. 

e. 


—3, multiplicity 1; —1, multiplicity 2; 2, multiplicity 1 
. even c¢. negative d. (0, 6) 
e. f(x) = —(x + 1° — 2) 4 
—2, multiplicity 2; 0, multiplicity 2; 3, multiplicity 1 
b. odd c. positive d. (0, 0) 

e. f(x) = (2x — 3)(x + 2) 


Sane 


3) 


e 


a. Revenue for the company is increasing when advertising 
costs are less than $400,000. Revenue for the company is 
decreasing when advertising costs are between $400,000 
and $600,000. b. The zeros of the revenue function occur 
when $0 and $600,000 are spent on advertising. When 
either $0 or $600,000 is spent on advertising, the company’s 
revenue is $0. 


The velocity of air in the trachea is increasing when the 
radius of the trachea is between 0 and 0.45 centimeters and 
decreasing when the radius of the trachea is between 0.45 cm 
and 0.65 centimeters. 


> 
3 


ve) 
hhh ina 


0.2 04 0.6 08 1.0 


Sixth-degree polynomial because there are five known 
turning points. 


83. down 


87. If h is a zero then (x — h) is a factor. 
In this case: P(x) = (x + 2)(x 


85. fourth-degree 


89. f(x) = (x — 1)°@ + 27° 


Yes, the zeros are —2 and 1. But you must remember that 
this is a fifth-degree polynomial. At the —2 zero the graph 
crosses, but it should be noted that at 1 it only touches at this 
value. The correct graph would be the following: 


91. false 


97. There are three possibilities. 
a. f@) = @ + 1°@ = 3y 


93. true 


b. g(x) = (x + 1)*(x - 3)? 


99. The zeros of the polynomial are 0, a, and —b. 


103. y= —2x 


101. no x-intercepts 


A 


NWRUDIMOCS 


Sy Sl 


105. 


107. 


11. 
13. 
15. 
17. 
19. 
21. 
23. 
25. 
27. 
29. 
31. 
38), 
bb 
RYE 
39. 
41. 
43. 
45. 
47. 
49. 


Sil, 
53: 


2S Se MP 


x-intercepts: (—2.25, 0), (6.2, 0), (14.2, 0); zero at —2.25, 
multiplicity 2; zero at 6.2, multiplicity1; zero at 14.2, 


multiplicity 1 


relative minimum at (—2.56, —17.12) and (1.27, — 11.73); 
relative maximum at (—0.58, 12.59) 


Section 4.3 


Q(x) = 2x - 1 r(x) = 0 
Oa)=x—-3 xrx)=0 

(Obs) = Bie = 3) r(x) = -11 
O(x) = 3x — 28 r(x) = 130 
Ox) =x-4 r(x) = 12 

(OXGH) = Ske sP 5) AGS) = 0) 

Q(x) = 2x — 3 Ave) = © 

(es) = ake Fe dese Tl r(x) =0 
OG =22—7-. m=] 
O(x) = 4x* — 10x — 6 r(x) = 0 


O(x) = —2x? — 3x 


—9 r(x) = —27x° + 3x49 


Qm=7+1 r@=0 

O@~=aPtxth rey =—-By+ BI! 
Oe) = BP + SP Ae — 0.108 ne) =OS22 
Ox) =x — 0.6x + 0.09 = r(x) = 0 

O(x) = 3x+1 r(x) = 0 

Q(x) = 7x — 10 r(x) = 15 

Ox) =-v+3x-2 ro =0 
On=P-x2+x-1 rx =2 

O(x) = x — 2x? + 4x — 8 r(x) =0 

Ox) =2x-6x+2 r(x =0 

Qu) = 28 f+ Be Wy = 


O(x) = 2x7 + 6x7 


18-54 r~=0 


Ox) =x +xr4+x-T 


Ox) =v + V5x4 - 44° 


Te —4x—4 ines) = —=2) 
44/522 — 245x — 2455 


r(x) = 0 
OG) = 27. 
Ox) =x -9 


r(x) = 0 
r(x) = 0 
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55. O(x) =x" 
57. Ox) =x +1 


2x7 + 8x7 + 18x + 36 r(x) = 71 
r(x) = —24 
59. Ox =x trtxttrtrtxtl 


61. The width is 3x* + 2x + | feet. 


63. The trip takes x° + 1 ho 


65. In long division, you must subtract (not add) each term. 


67. Forgot “0” placeholder. 
69. true 

73. yes 

77. 2x — 1; linear 


urs. 


71. false 


r(x) = 0 


75. xe" + 2x" 4+ 1 


79, x° — 1; cubic 


81. A quadratic function. 


—6x + 16x — 10 


Section 4.4 
1. f) =0 


3. e(1) =4 


7. Yes, the given is a zero of the polynomial. 


9. Yes, the given is a zero of the polynomial. 


iil, i, 3, =A AG) = (Ce = Wee = Bee ae 2} 
13. 5, =3), Ys JAG) = (Be = Wee se BGe = B®) 
15. 5, —3; P(x) = (x — 5)(x + 3)(x° + 4) 
17. —3, 1; P(x) = (x + 3)(@@ — DO? — 2x + 2) 
19. —1, —2; P(x) = (« + D2 + 2) 
21. P(x) = x* + 3x? — 8x +4 
Factors of dy = 4: 41,42, +4 
Factors of a, = 1: +1 
Possible rational zeros: +1, +2, +4 
23. P(x) =x — 14° + x° — 15x + 12 
Factors of dj = 12: £1, +2, +3, +4, +6, +12 
Factors of a, = 1: +1 
Possible rational zeros: +1, +2, +3, +4, +6, 
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5, f(—2) = 84 


1; 


25. 


27. 


29. 


31. 


Sb 


Sbb 


ths 


as 


41. 


P(x) = 2x° — 7x* + 9° — 2x + 8 
Factors of dj = 8: +1, +2, +4, +8 
Factors of a, = 2:+1,+2 


Possible rational zeros: +1, +2, +4, +8, 


P(x) = 5x + 3x4 +2°-— x - 20 


Nie 


Factors of ag = —20: +1, +2, +4, +5, 


20 


Factors of a, = 5:+1,+5 
Possible rational zeros: 
1, 42,44, +5, +10, +20, +4, 


Mlb 
oes 


P(x) = x* + 2x7 — 9x7 — 2x + 8 
Factors of dy = 8:41, +2, +4, +8 
Factors of a, = 1: +1 
Possible rational zeros: £1, +2,+4, +8 
Testing the zeros: 


P(1) =0 ARK y= 0 P(2)=0 
P(x) = 2x7 — 9x7 + 10x — 3 
Factors of dg = —3:+1,+3 


Factors of a, = 2: +1, £2 


Possible rational zeros: +1, +3, 5s 3 
Pa)—0' FG)=0  “F4) 0 
PosIiTIvE NEGATIVE 
REAL ZEROS REAL ZEROS 
1 1 
Positive NEGATIVE 
REAL ZEROS REAL ZEROS 
1 0 
Positive NEGATIVE 
REAL ZEROS REAL ZEROS 
2 1 
0 1 
Positive NEGATIVE 


REAL ZEROS REAL ZEROS 


1 1 


Note that x = 0 is also a zero. 


Positive NEGATIVE 
REAL ZEROS REAL ZEROS 
2 2 
0 2 
2; 0 
0 0 


P(-4) = 0 


43. Positive NEGATIVE 
REAL ZEROS REAL ZEROS 
4 0 
2 0 
0 0 


45. P(x) =x + 6x + 11x +6 
a. No sign changes: 0 positive real zeros 
P(—x) = (—x)? + 6(—x)? + 11(—x) + 6 
= — + 6x7 — 11x +6 
3 or | negative real zeros 


Positive NEGATIVE 
0 3} 
0 1 


b. Factors of ay = 6:41, +2,+3,+6 
Factors of a, = 1:+1 
Possible rational zeros: +1, +2, +3, +6 

ce. P(-1)=0 P(-2) =0 

d. x=-1 x=-2 x= —3 
PQ) = (+ 1)@ + 2)@ + 3) 


47. P(x) =x — 7x —x+7 
a. 2 or 0 positive real zeros 
Pex = (Gay — Wey Gat 7 
Sai = Tbe best Y 
1 negative real zero 


Positive NEGATIVE 
2 1 
0 1 


b. Factors of aj = 7:41, +7 
Factors of a, = 1:+1 
Possible rational zeros: +1, +7 

ec PO) =0 P(-1) =0 P(7) = 0 

Gh Aes) = (Ge = Weer Iiee = 7) 


49. P(x) = x* + 6x + 3x? — 10x 
a. 1 positive real zero 


A= 3) = 0) 


P(—x) = —x)* + 6(—x)? + 3(—x)? 
= x* — 6x9 + 3x + 10x 
= (x7 — 6x" + 3x + 10) 
2 or O negative real zeros 


Positive NEGATIVE 
1 2) 
1 0 


10(—x) 


b. Factors of aj = —10:4+1,42,+5,+10 
Factors of a, = 1:+1 
Possible rational zeros: £1, +2, +5,+10 
ec. P(O) =0 P() =0 P(-2) = P(-5) =0 
d. P(x) = x(x — 1)(x + 2)(x + 5) 
51. P(x) = x4 — 7x° + 27x° — 47x + 26 
a. 4, 2, or 0 positive real zeros 
P(—x) = (—x)* — 7(—x)? + 27(—x)? — 47(—x) + 26 
=x'+ 7 + 27x + 47x + 26 
no negative real zeros 
Positive | NEGATIVE 
eet 
eee 
0) | 0 
b. Factors of ay = 26: +1, +2, +13, +26 
Factors of a, = 1:+1 
Possible rational zeros: +1, +2, +13, +26 
ce PU) =0 P(2)=0 (x — D(x — 2) =x — 3x42 
x — Ax + 13 
d. x? — 3x + 2 |x* — 7x? + 27x — 47x + 26 
—(xt — 3x3 + 2x7) 
—4.° + 25x° — 47x 
—(—4x° + 12x? — 8x) 
13x? — 39x + 26 
—(13x7 — 39x + 26) 
0 
P(x) = (x — D(x — 2)0? — 4x + 13) 
53. P(x) = 10x — 7x7 — 4x +1 
a. 2 or 0 positive real zeros 
P(—x) = 10(—x)? — 7(—x)? — 4(—x) + 1 
= —10x° — 7x° + 4x 4 
1 negative real zero 
Positive NEGATIVE 
» 1 
0) 1 
b. Factors of ag = 1:41 
Factors of a, = 10:+1,+2,+5,+10 
Possible rational zeros: +1, 5, , i 
e PI)=0 P(-5)=0  P(s)=0 
d. (x iy t 5 )(x x) = 0 
P(x) = & — 1)2x + 1)6x — 1) 
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55. P(x) =60 + 172 +x— 10 61. P(x) = 4x4 — 203 + 37x2 — 24x + 5 


a. 1 positive real zero a. 4, 2, or 0 positive real zeros 
IAG) = Geear st Wise + (aa) = 1 Aa) = Oe Se Oke se Sie ae eae 5) 
= -6° + 177 —x—- 10 0 negative real zero 


2 or O negative real zeros 
Positive | NEGATIVE 


P N 
OSITIVE EGATIVE ri 0 
1 2 
2; 0 
1 0 
0 0 


b. Factors of dj = —10:+1,+2,+5,+10 
Factors of a, = 6:+1, +2, +3, +6 


b. Factors of ag = 5:41, +5 


Possible rational zeros: +1, +4, +4, +¢, £2, +3, Es re oe Ae 1 § a3 
5 4h ig, ale Possible rational zeros: +1, +5, +4, £5, £5, £3 
par a ne (1)=0 has multiplicity 2 

& JAG) = 5 has multiplicity 
5 2 2 2 
c P-1)=0 PC3)= P(Z) = 0 


d. P(x) = (2x — 1°02 — 4x +5) 


d. (x + 1)(x + 3)(x — $) =0 


63. 
P(x) = (x + 1)(2x + 5)Gx — 2) 
57. P(x) = x* — 2° + 5x° — 8x +4 
a. 4, 2, or 0 positive real zeros 
P(-x) = 2x6 + 2° 45x74 8x +4 
0 negative real zero 
Positive | NEGATIVE 
4 0 
67. x = 1.34 69. x = 0.22 71. x © —0.43 
2 0 
73. R(x) = 46 — 3x 10 
0 0 C(x) = 20 + 2x 
& JAG9) = /kC9) — Ces) 
b. Factors of ay) = 4: +1, +2, +4 = (46 — 3x°) — (20 + 2x) 
Factors of a, = 1:+1 = —3x7 — 2x + 26 
Possible rational zeros: +1, +2, +4 b. Approximately 263 subscribers will break even. 


@ JAC) =O) x = 1 (multiplicity 2) 


d. P(x) = (x — 1°02 + 4) 75. P(x) = —0.0002x? + 8x — 1500; 0 or 2 positive real zeros. 


77. 18 hours 


59. P(x) = x° + 12x4 + 23x? — 36 


a. 1 positive oe ae . 79. Yes, you can atrive at 5 Esemee | Nees 
IA (39) = 5 ar IBae ap 2B ke = 316 negative zeros, but there may 
1 negative real zero be 3 or 1. 0 5 
Positive | NEGATIVE 0 3 
1 1 0 l 
b. Factors of aj = —36: 41, £2, 43,44, +6, £9, +12, 81. true 83. false 85. x = bandx=c 
18, +36 2 3) 
Factors of a, = 1:+1 = WEB Ee 73 
Possible rational zeros: +1, +2, +3, +4, +6, +9, +12, b. P(x) = (x — 2)(4x + 3)? + 2x + 5) 
18, +36 


c P()=0 P(-1)=0 
d. P(x) = (x + Dix — 102 + 402 + 9) 
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Section 4.5 


1. x = +2i; P(x) = (x — 2i)(x + 2i) 
ah ce= ilae BAG) = [be = (il sr lke = (il = 1) 
SG ete (0) Xe) (Ott 2) (Oe 20) OG te) 
TT =e W/ 55 ENS, 
P(x) = (x V5) (x t V5) (x V5i)(x ar V5i) 
=I iil =A, BaP 
18}, il ar 2yh 2 = Sy 15. i, 1 + i(multiplicity 2) 
17. P(x) = °° — 2x + 5x 


21. P(x) = x* — 2x + 11x? — 18x + 18 

23. 2i, —3, 5; P(x) = (x — 5)(x + 3)(x — 2i)(x + 2/) 

py, Sy, 1, SRIACH = (ie = Soe — INGr = bear 2) 

27. 3i, 1 (multiplicity 2); P(x) = (x 1)°(x — 3i)(x + 3i) 

29. 1 —i,-1 + 2V2; 

P(x) = [x- (1D) x— 1+ D]]x— (-1- 2-V2)][x- (-1+2-V2)] 
31. 3+ 1,42; P(x) =(«- 2)x4+2e-B+/)]e-GB-dI 
33. 1,4,2 +7; P@) = -—4a- D-2 -DIk-@2 +i) 


35. 
Sie 
39. 
41. 
43. 
45. 
47. 
49. 
51. 
53. 
D5 
Sh 
59. 


61. 


. P(x) = x — 3x7 + 28x — 26 


P(x) = (« — 1x — 3i)(x + 3i) 

P(x) = (x — 5)(x — i)(x + i) 

P(x) = (x + 1) — 21) + 2i) 

P(x) = @ — 3)[x — (-1 — V5i)|[x - C1 + V5i)] 
P(x) = (x — 5)(x + 3)(x — 2i)(x + 23) 

P(x) = (x — 5)(x + I(x — 21) + 23) 

P(x) = (x — I(x — 2)[x — 2 — 31) |x — 2 + 3i)] 
IAG) = Ge = Dee ae Whe = (G2 = be = (C2 + #)] 
P(x) = (x — 1)°(x — 2i)(x + 2i) 


P(x) = (x — I(x + D(x — 2x + ix — 3i)(x + 3’) 
AG) = @r= lte=@ =e =@+ Dl 
P(x) = (3x — 2)(x — Dx + I) — 2i)(x + 21) 


Yes—-since there are no real zeros, this function is either 
always positive or always negative; the end behavior is 
similar to an even power function with a positive leading 
coefficient (rising in both ends). We expect profit to 
eventually rise (without bound!) 


No—-since there is only one real zero (and it corresponds 
to producing a positive number of units), then that is the 
“break-even point;” the end behavior is similar to an odd 


63. 


65. 


Tas 


TES 


Wo 


1h, 


power function with a negative leading coefficient (falling to 
the right). We expect profit to fall (without bound!) after the 
break-even point. 


Since the profit function is a third-degree polynomial, we 
know that the function has three zeros and at most two 
turning points. Looking at the graph, we can see there is one 
real zero where t = 0. There are no real zeros when t > 0; 
therefore the other two zeros must be complex conjugates. 
Therefore, the company always has a profit greater than 
approximately $5.1 million, and, in fact, the profit will 
increase toward infinity as f increases. 


Since the concentration function is a third-degree 
polynomial, we know the function has three zeros and at 
most two turning points. Looking at the graph, we can see 
there will be one real zero where t = 8. The remaining zeros 
are a pair of complex conjugates. Therefore, the 
concentration of the drug in the bloodstream will decrease 

to zero as the hours go by. Note that the concentration will 
not approach negative infinity since concentration is a 
nonnegative quantity. 


Just because | is a zero does not mean —| is a zero (holds 
only for complex conjugates). Should have used synthetic 
division with 1. 


false 71. true 


No—if there is an imaginary zero, then its conjugate is also 
a zero. Therefore, all imaginary zeros can only correspond to 
an even-degree polynomial. 


P(x) = x° + 3b?x* + 3b4x? + b° 


REAL ZEROS | COMPLEX ZEROS hee 
4 0 L 
2 2 LF 
0 + Bae 
20+ 
10+ x 
There are no real zeros; therefore | 
- -3 -1 [12345 


there are 4 complex zeros. 


2, +i, +21; (3 — Sx(x + ie — 1) + 2i)(~ — 21) 


Section 4.6 


3 UTS) 
» Gee, =3) UCH 2) UG, &) 


1 
3 
bb 
9 


(-m, —4) UC-4, 3) U(3, 0) +7. (—%, ©) 


b Gea, =2yulG2, UG, 3) 
11. 
13. 


HAT y= 0 VAS = 2 
HA: none VA: x = —5 
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15. HA: none 
17. HA: y = 3 
19. HA:y= 4 
21. y=x+6 
Plo, \0) 

33. 


BPNWEYN 


VA: x = 5 and x =— 


VA: none 


o| 


VA: x = 0.5 andx = —1.5 
23. y = 2x + 24 
29. a 


won 


37. 


Vu 


41. 


234 TS 


45. 


49. 
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SB) 


25. y= 4x + 
31. e 


53. 


11 


Wy 


39. 


Sie 


So: 


61. 


63. 


65. 


67. 


TAL 
Thess 


a. x-intercept: (2, 0); y-intercept: (0, 0.5) 


DAG ye 10) VAG = Slee = 4 
e. f@) = —* 
OS == 

(Ge sP INGe = 4) 


a. x-intercept: (0, 0); y-intercept: (0, 0) 
I Tabale i) = 3) WAG = at 4 
e. fla) =e 

>, Ko) = SS 
(Ge ae Yee = 4D) 

a. C(1) © 0.0198 

b. C(60) © 0.0324 

ce. C(300) » 0.007 = 0 

d. y = 0, after several days C(t) ~ 0. 
a. N(O) = 52 wpm 
ce. N(36) = 120 wpm 


b. N(12) = 107 wpm 
d. 130 wpm 


2w* + 1000 


Ww 


10 ounces 69. 


2000 or 8000 units; average profit of $16 per unit. 


The concentration of the drug in the bloodstream 15 hours 
after taking the dose is approximately 25.4 g/mL. There 

are two times, | hour and 15 hours, after taking the 
medication at which the concentration of the drug in the 
bloodstream is approximately 25.4 wg/mL. The first time, 
approximately 1 hour, occurs as the concentration of the drug 
is increasing to a level high enough that the body will be able 
to maintain a concentration of approximately 25 g/mL 
throughout the day. The second time, approximately 

15 hours, occurs many hours later in the day as the 
concentration of the medication in the bloodstream drops. 


75. There is acommon factor in the numerator and denominator. 


There is a hole at x = 1. 


77. The horizontal asymptote was found incorrectly. The correct 


horizontal asymptote is y = —1. 
79. true 81. false 
83. HA: y = 1 VA: x = candx = —d 
: 42 
85. Possible answer: y = ———__—__ 
Gear SNer = I) 


87. yes 89. yes, y-intercept (-2, 0) 


91. a. For f, VA: x = 3, HA: y = 0; for g, VA: x = 3, 
HA: y = 2; forh, VA: x = 3, HA: y = —3 
b. As x— —® or x > &, f(x) > 0 and g(x) > 2 
c. Asx— —% or x > &, g(x) > 2 and h(x) > —3 


—— 


De 3S) =a ar LUO 
d. g(x) = »h@) = 

x= 3 x= 3 
the numerator is the same as the degree of the denominator, 
then the horizontal asymptote is the ratio of the leading 


coefficients for both g and h. 


. Yes, if the degree of 


Review Exercises 


1. b ah fl 


9% fo =(«-3)/-2 ll. f@) =4@4+ 1-11 
13. AY 15. 
6 
4 
Rey ceiee [Ean arc 
-10 -6 -2 Diorim 
ale 
AVG |e 
at |S 
-10 


17. vertex: (x, =| 


19. vertex: i= x, anh) 


2. y = ya + 2 +3 23. y = 5.6(x — 2.7)? + 3.4 
25. a. P(x) = —2x7 + Bx - 14 


b. x © 1.68909 and x © 4.1442433 


BPNwhn 
eer ies eal 


27. A(x) = =a ae oy ap al 
=—-}«- 17 +3 


x = 1 is amaximum (4.5 square units). 


Dimensions: base = 3 height = 3 
29. yes, 6 31. no 
Sk al 35. a 
Sie AY 39. 


FON Sy Le 
-0.4 + -4- 
~0.6 F = |= 
-0.8 -8 
-1.0F -10F 


41. x = —4 multiplicity 2 
x = 6 multiplicity 5 
43. x = 0 multiplicity 1 
x = 3 multiplicity 1 
x = —3 multiplicity 1 
x = 2 multiplicity 1 
x = —2 multiplicity 1 


45. f(x) = x(x + 3)@ — 4) 
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47. f(x) = x(Sx + 2)(4x — 3) 


49. f(x) = (x + 27a - 39 
= x* — 2 — 11x? + 12x 4 


51. f(x) = — 7) + 2) 
a. 7 multiplicity 1 
—2 multiplicity 1 
b. The graph crosses at 
(—2, 0) and (7, 0). 
c. (0, —14) 
d. rises right and left 


53. f(@) = 6x’ + 3x — x43 
a. 0.8748 multiplicity 1 
b. The graph crosses at 

(0.8748, 0). 

(0, —4) 

. falls left; rises right 


a9 


36 


| 
So 

| 
an 

| 
N 
NE 
fee 
aL 
cool 
So 


Bish &s b. The real zeros occur at 
x=1,x =3,andx =7. 
c. Between | and 3 hours 

x or more than 7 hours is 
za financially beneficial. 

57. Ox) =x+4 r(x) =2 

59. Ox) = 2-47 -2x-F ry =-23 

61. Ox) =x + 2x7 +x-4 r(x) =0 

63. O(x) = — 8x4 + 64° — 512%? + 4096x — 32,768 

r(x) = 262,080 

65. Ox) =x+3 r(x) = —4x -— 8 

67. O(x) =x —5x4+7 ACA) = = 115) 

69. length = 3x7 + 2x7 -x+4 r(x) =0 

Tle (EZ) = =207/ 73. g(1) =0 

75. no 77. yes 


79, P(x) =x(x+2)(x—-4) 81. 


P(x) = (x + 3)(x — 29° 


83. | Positive (REAL) 


NEGATIVE (REAL) 


1 1 
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85. 


87. 
89. 


91. 
O35 


95. 


97. 


POSITIVE (REAL) NEGATIVE (REAL) 
5 2 
5 0 
3 2 
3 0 
1 Dy 
1 0 


The possible rational zeros are: +1, +2, +3, +6. 


The possible rational zeros are: 5, [| gee. set) se. se IG, 
3, sete. 


1. The rational zero is 5. 


16. The 


The possible rational zeros are +5, 


The possible rational zeros are +1, +2, +4, +8, 
rational zeros are 1, 2, —2, 4. 


a. | Positive (REAL) NEGATIVE (REAL) 


1 0 


ilsaes) 
—1 is a lower bound, 5 is an upper bound 


. There are no rational zeros. 
not possible 


no fg i fp fer 


a. | Positive (REAL) NEGATIVE (REAL) 


3 0 
1 0 


{| BEY, se), SeGh, Se(6), ae IL 
—4 lower bound; 12 upper bound 


. 1,2, and 6 are zeros 
JAGD) = (os = Ie 
AY 


2)(x — 6) 


meer 


Loti 
345 


99. 


101. 
103. 
105. 
107. 
109. 
111. 
113. 
115. 
117. 
119. 


121. 
123. 


127. 


a. POSITIVE (REAL) NEGATIVE (REAL) 


2 2 


2 


0 
2 0 
0 


{| ae, aes), Beth Seo), set), Se 1, 
—4 lower bound; 8 upper bound 


24 


= 2s land (Gare Zeros 
P@)=(@4 
AY 


I) Oss 2) (a2) OG 16) 


means 


60 
40 
2 
3 «=i 
-40 

—60 

—80 
—100 
—120 
—140 


IAG) = Ge = SINGE se SY) 
Gl. = 2b: 


P(x) = [x (1 + 2i)] 
2iandeseeant 


—iand 2 + i (multiplicity 2) 


Al 109) = (Ce = Ca\Caae INGE 


3i)[x 
37) 


i)(x 4 
ad 


i) 


3i, 1 


+i Pa =(@+ 31x 
3)(x + 3) 
(x 


VA: x = —2 and HA: y= —1 


i) |x 


PO) = 


3i)(x 4 
P(x) = (x 


2i)(x + 2i) 


VA: x = —1, HA: none, slant: y = 4x — 4 
VA: none, HA: y = 2 


125. 


L 
a 6 =) (2 


129. a. (480, —1211) 
b. (0, —59) 
c. (12.14, 0) and (972.14, 0) 
d. x = 480 


131. 


x-intercepts: (—1, 0), (0.4, 0), (2.8, 0); zeros at —1, 0.4, 2.8, 
each with multiplicity 1. 


133. A linear function. 
135 han 3) 4: b. P(x) = (x + 2)°(x — 3)(x — 4) 
137. i, =2) de BR IAG) = Qe = Whee ae @ ae BANE se 2D = Biya) 
fs 3A se ap 3! 
139. a. Yes, it is one-to-one. b. f- @) = 5 
= i 


Practice Test 


is AY 3. vertex (3; 5) 
2.04 
116 5. f(x) = x(x — 2)°@ — 17° 
12) 
0.8 UO) a = ae 
! te Cs 1 nian 7 
= ILia/e@\ors rx) = —Yx +3 
=(184 2 
“127 9. Yes, x — 3 is a factor of 
= (oe ; 
2.0 the polynomial. 
ill, JAG) = Ge = WG ae 2Yee = 1) 
13. Yes. Complex zeros. 
15. P(x) = 3x4 — 7° + 3x + 12 
Factors of ay = 12: £1, +2, £3, £4, 46,412 
Factors of a, = 3: +1, +3 
Possible rational zeros: £1, +2, +3, +4, +6, +12, is 2 t 
17. 3,+42i 


= 3 
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19. Given the points (0, 300), A 15. Right 1 unit; up 3 units 17. g(f(-1)) =0 
320 + 
ee ee Hee ee 1G 2) 3 
you can have a polynomial of Ae 
degree 3 because there are S a (0, 300) : SS 
2 turning points. B 295 - G2, 300) 
= 290 
285 |e (2, 285) 
280 F 
> 
12 24 36 48 60 
Weeks 21. O(x) = 4° + 4x + 1,7) = -8 
21. Given the points (1970, 0.08), (1988, 0.13), (2002, 0.04), 23. Factors of dy = 6: £1, +2, +3, +6 


Factors of a, = 12: £1, 42, £3, £4, £6, £12 


Possible rational zeros: +1, +2,+3,+4, +6, +5 
idee tontall 


(2005, 0.06), the lowest degree polynomial that can be 
represented is a third-degree polynomial. 


el) 


ie) 
NI 
wie 


1 
23. a. (0,0) is both x-intercept e. y ae SG =p = 
and y-intercept. Testing the zeros: P(—2) = 0, P(-3) = 0; P(5) = 0 


Ws Mince ae 25. HA: y = 0; VA:x = —2and x =2 
(th JEANS y= (0) & 
Gl, mene LiL n Re 27. x-intercept (—1, 0); vertical asymptotes: x = 0, x = 5; 
: 345 . = 
horizontal asymptote: y = 0; Yes 
ie, 
25. a. x-intercept: (3, 0); e. 


y-intercept: (0, 3) 


b. VA: x = -—2;x=4 
HA: y=0 
d. None 


Ss 


CHAPTER 5 


Section 5.1 


1. 16 3. 45 5.4 Ts i 
27. as & — 3x — 7,99 9, -1 11. 5.2780 13. 9.7385 15. 7.3891 
b. y = (x — 1.5)? — 10.24 
c. (17, 0) and (4.7, 0) 17. 0.0432 19. 27 21. 16 23. 4 
d. Yes, they agree. A, WOM 275 it 29. e 


33. (0, 1), (-1, €), and (1, 6); 
domain: (—%, °°); 
range: (0, ©); 
HA: y=0 


Cumulative Test 


5 35. (0, 1), (—1, 10), and (1, 0.1) 


ib Sr 3h 


4x7y!0 


Bh 334 minutes 


9 y=ix-G 


13. Neither 
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4x — 12 


I B= 3 


ll. 2+ (%-— 6) =2 


domain: (—%, °%) 
range: (0, ~) 
HA: y=0 


Ti a TT 


Sk 


39. 


41. 


43. 


45. 


47. 


(0, 1), (1, e), and 
domain: (—%, °%) 
range: (0, ©) 

HA: y=0 


0) 


(0, 0), (1, 1), and (2, 3) 
domain: (—%, °) 
range: (—1, ~) 

HA: y= —-1 


me NwW ROD ~100 


ation 
“<. 


| 
5 


eal 


1 
(0, 1), eo — =) and 


(il, 2 = 2) 
domain: (—%, °%) 
range: (—%, 2) 
HA: y = 2 


(0, e — 4), (-1, —3), and 
(1, e —4) 

domain: (—%, °°) 

range: (—4, ~) 

HA: y= —4 


=) and (Ge 3Ve) 
e 


domain: (—%, °°) 
range: (0, ~) 
HA: y=0 


(0, 3), ( I, 


WEADHA~TNCOS 


-10 -6 -2 


(O; Sy, (Hk, D), cane! Cl, 3) 
domain: (—®, °°) 

range: (1, ~) 

HA: y= 1 


246 810 


49. 10.4 million 


51. f(t) = 1500 - 2‘ where t is the number of years since it was 
purchased. Thirty years later: $96,000/acre 


53. 
57. $3448.42 


55. $3031 
59. $13,011.03 


168 milligrams 


61. $4319.55 63. $13,979.42 


65. 3.4 mg/L 
it D(P)—APPROXIMATE DEMAND 
P (PRICE PER UNIT) FOR PRODUCT IN UNITS 
1.00 1,955,000 
5.00 1,020,500 
10.00 452,810 
20.00 89,147 
40.00 3455 
60.00 134 
80.00 5 
90.00 1 
69. 4-1? = a = ; 
71. 2.5% needs to be converted to a decimal, 0.025 
73. false 75. true 
Tihs 79. 
Se eaee 
81. (0, be — a) andy = —a 
83. domain: (—%, ~) 85. HA: y =e 


AY | 


(-1, d) 
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87. These graphs are very similar. 


89. HA: y=e y=e,,y=e 


91. a. 210 

$ 200 Ly 

a 2 

2. 190 - 

2 180 + 

os 

3 £ 170 * 
as 

Se 

2 160 + 
S| 

2 150 * 

140 +A A 
0 2 4 6 
Time (in minutes) 

b. The best fit exponential curve is y = 228.34(0.9173)" 
with 7° = 0.9628. This best fit curve is shown on the 
following scatterplot. The fit is very good, as evidenced 
by the fact that the square of the correlation coefficient is 
very close to 1. 

220 
g 210 
& 200 & 
7 ¢ 
£3 190 - 
£5 180 
= 4 170 
fe 
= 160 
5 
= 150 * 

140 1 1 

0 D 4 6 
Time (in minutes) 
c. i. Compute the y-value when x = 6 to obtain about 
LSXay71e, 

ii. The temperature of the soup the moment it was taken 
out of the microwave is the y-value at x = 0, namely, 
about 228°F. 

d. The shortcoming of this model for large values of x is that 


the curve approaches the x-axis, not 72 degrees. As such, it 
is no longer useful for describing the temperature beyond 
the x-value at which the temperature is 72 degrees. 


Section 5.2 


il, 5° = 105 S Bl = 3 
5 2 =H 7105 = O01 
9. 10* = 10,000 GG Ge Se! 
1 
13. el! =— ig, @= il 
(2 
17. e& =5 19. «=y 
21. log, 512 = 3 23. log 0.00001 = —5 
259 log. 15 = 5 27. logss(7s) =3 
29. login; 3 = —4 31. x =In6 
Sh; Iho, 3? = S550) 
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37. 
41. 
45. 
49. 
Bb 
Sie 
61. 


65. 
TA 


Se 


TRS 


83. 
87. 
91. 
93. 
95. 


5 

=6 

undefined 

5.94 

Sh lil 

ey 

(-e, 0) UO, ) 

b 67. c 


domain: (1, %) 
range: (—%, °) 


domain: (—2, ) 
range: (—%, %) 


domain: (—4, ©) 
range: (—%, %) 


y 


if, elie inal 


Vr 


60 decibels 
8.5 on the Richter scale 
3.3 pH 


39. 
43. 


47 


51. 


55 


ae} 


63 


73 


Ws 


7 
undefined 
. 1.46 
undefined 
> (=3, ©) 
(-x, 5) 

. domain: R 
69. d 


. domain: (0, ©) 
range: (—%, %) 


AY 


domain: (0, %) 
range: (—%, 2) 


AY 


= a 


81. domain: (0, ©) 


range: (—™, %) 


85. 117 decibels 
89. 6.6 on the Richter scale 


normal rainwater: 5.6 pH; acid rain/tomato juice: 4.0 pH 


3.6 pH 


97. 13,236 years old 


99, 25 dB loss 


101. a. 


USAGE 


WAVELENGTH 


FREQUENCY 


Super low frequency— 
communication with 
submarines 


10,000,000 m 


30 Hz 


Ultra low frequency— 
communication within 
mines 


1,000,000 m 


300 Hz 


Very low frequency— 
avalanche beacons 


100,000 m 


3000 Hz 


Low frequency— 
navigation, AM 
longwave broadcasting 


10,000 m 


30,000 Hz 


Medium frequency— 
AM broadcasts, 
amateur radio 


1000 m 


300,000 Hz 


High frequency— 
shortwave broadcasts, 
citizens band radio 


100 m 


3,000,000 Hz 


Very high frequency— 
FM radio, television 


10m 


30,000,000 Hz 


Ultra high frequency— 
television, mobile 
phones 


0.050 m 


6,000,000,000 Hz 


b. A 
1x10! be 
1x10 
1x108 
1x107 
1x10° 
1x10° 
1x104 
1x103 
1x102 
1x10! 


Frequency (Hertz) 


1x10° 


ee ee ee eS 


1x104 ~—-1x108 


Wavelength (meters) 


103. log, 4 = x is equivalent to 2‘ = 4 (not x = 2°). 
105. The correction that needs see 5) = W) 
to be made is: gS Hs 
domain: (—5, ~) 
107. false 109. true 
111. domain: (a, ~) 113. 


range: (—®, °) 


x-intercept: (a + e”,0) 


115. Symmetric with respect 


LOM eX. 


117. (1,0) and V.A.x =0 


are Common. 


119. Graphs of f(x) and g(x) are the same with domain (0, ©). 


121. a. 


d. 


= 
So 
a 
ae 
e 


A Enzyme Reaction Velocity 


T tele 


T1052 3x1 0m 
Substrate [S] (mol/L) 


5x10~4 


A reasonable estimate for Vy, is about 156 wmol/min 


K,, is the value of [S] that results in the velocity being 
half of its maximum value, which by (b) is about 156. 
So, we need the value of [S] that corresponds to v = 78. 
From the graph, this is very difficult to ascertain because 
of the very small units. We can simply say that it occurs 
between 0.0001 and 0.0002. A more accurate estimate 
can be obtained if a best fit curve is known. 

v = 33.70 In([S]) + 395.80 with 7° = 0.9984. 

It is shown on the following scatterplot. 


i. 


ii. 


Enzyme Reaction Velocity 


135 ae 


105 a 
90 | 


60 be 


Velocity (umol/min) 
~ 
nn 


1x10-* 3x10-4 


> 


5x104 
Substrata [S$] (mol/L) 


Using the equation, we must solve the equation for [S]: 
100 = 33.70 In((S]) + 395.80 
—295.80 = 33.70 In[S] 


~8.77745 = In[S] 


eo 87745 — ¢ 


= 0.000154171 
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Section 5.3 


1.0 3. 1 5. 8 
7. —3 9. 3 11. 5 
13. x +5 15. 8 17. 3 


19. 3 log, x + 5 log, y 21. 5 log, x ar 5 log, y 
DS: ; log, = 5 log, s 
Polls 2 NOS S6 Se 5 log(x ar S)) 


29. 3Inx + 2 In(x — 2) — 4 In@? + 5) 


Sil, DioaGe = 1) = lose? = 3) = lkoaGe ap 3) 
5 
33. log, x*y° 35. loge 37. log, x1??? 
1 
2 = il x + 3)? 
39. log-—5 Mle I === n na ae 
vez (Gs ap Br X (Cael aee) ae 
45. 1.2091 47, —2.3219 49. 1.6599 
SN, ZOIS 53. 3.7856 55. 110 decibels 


57. 5.5 on the Richter scale (Total energy: 4.5 X 10'? joules) 
59. 3 log 5 


log 5° = 3 log 5 — 2 log 5 = log 5 


61. The bases are different; they must be the same in order to 


simplify the expression. 
63. true 65. false 


69. 6 log, x — 9 log, y + 15 log, z 


71. yes TBb XO 

75. no Tks YS 

Section 5.4 

1.x =4 3. x= —-2 Se ee, 
1, x%= —4 9. x= -3 ix 1 
13.x=30rx=4 15. x=Oorx=6 

17. x=lorx=4 (ogee ee aes 
21. x = log,;5 — 1 = 0.465 

23. x = ;(log,27 + 1) © 1.918 

25. x = In5 & 1.609 27. x = 10 1n4 = 13.863 


29. x = log;10 ~ 2.096 


ary) 
31. x= Bee = 0303 
3 
1 
ne “ ~ 0.896 
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25. log, x = log, y ~~ log, z 


= 7 te WO 
35. x = 1 ( ) =~ —0.904 
2 
37. x=0 39. x = In(7) © 1.946 
41. x=0 
43. x = 510g\9 © 0.477 45. x =50 
aio 499. x=% 51. x= +3 
53. x =5 55. x =6 Sib a= —il 
59. no solution 61. x = B 
63. x = +Ve = +12.182 65. x = 47.5 
Gh 2S EWE = il sei 
69. x = 4(-3 + €°) © -1.432 
Wily 38 1125} 
2+ V4 +4 4e? 
ee EI 
2 
=3 ae W113} 

TS ge = USO FT, ee V7 © 3.646 
79. a. 151 beats per minute 

b. 7 minutes 

c. 66 beats per minute 
81. t = 31.9 years 83. t ~ 19.74 years 
85. 3.16 X 10" joules 87. 1 W/m? 
89. t+ 4.6l hours 91. 15.89 years CR, OL 
95. The correction that needs to be made is that the 4 should 

have been divided first giving the following: 

ond 
e=—,x = In{ — 
4 4 

97. The correction that needs to be made is that x = —5 needs 

to be removed from the solutions. The domain of the logs 

cannot include a negative solution. 
99. true 101. false 


103. 


107. 


109. 


113. (—~, ©), symmetric with 


respect to the y-axis 


Section 5.5 


il, 3 iy 3. a; ili 55 iB il 
7. 94 million 9. 5.5 years (middle of 2008) 
11. 799.6 million cell phone subscribers 
13. $455,000 15. 332 million colonies of phytoplankton 
17. 1.45 million 19. 13.53 ml 
21. a. k ~ 0.6286  b. 636,000 mp3 players 
23. 7575 years 25. 131,158,556 years 
27. 105°F 29. 3.8 hours before 7A.M. 
31. $19,100 
33. a. 84,520 b. 100,000 c. 100,000 
35. 11,439,406 cases 37. 1.89 years 39. r= 0 (on-axis) 
41. a ay b. 75 
10+ 
oF c. 4 
8 as 
ae d. 4 
6 = 
§ | 
AA Le 
ae 
ae 
ui Lt ee 
60 70 80 90 100” 
43. a. 18 years 45. a. 30 years 
b. 10 years b. $328, 120 
47. ris the decimal form of a percentage (r = 0.07) 
49. true 51. false 
53. less time 
55. a. For the same periodic 
payment, it will take Wing 
Shan fewer years to pay off 
the loan if she can afford to 
pay biweekly. = 
b. 11.58 years 
c. 10.33 years 
d. 8.54 years, 7.69 years 
Review Exercises 
1. 17,559.94 ab Ss 5. 24.53 Th Ssh 
Qh Was 11. 6.25 13. b ib. © 


17. 


21. 


25. 
31. 
37. 
45. 
Bb 


The y-intercept is at (0, —1). 19. The y-intercept is at 
The horizontal asymptote (0, 2). The horizontal 


isy=0. asymptote is y = 1. 
AY 
4 
3 
2 
1 x 
Ltt YE es 
= =) sil “37 a) a lea as 
= 2+ 
25) —3- 
aa afi [le 
ah) |e 
v 


The y-intercept is at 
(0, 1). The horizontal 
asymptote is y = 0. 


23. The y-intercept is at 
(0, 3.2). The horizontal 
asymptote is y = 0. 


y 


. 56 years 
. 343 mice 


$6144.68 27. $23,080.29 29. 47 = 64 
10? = Ww 33. logs216=3 35. logyi3749 = 2 
0 39. —4 41. 1.51 43. —2.08 
(2, ©) 47. (—~, ©) 49. b 51. d 
D5. AY 
5 10 
4 8 
3 6 
2 4 
: ft © Lomi in 
10-6 2 [246810 
=) -4 
= -6 
=i ae 
as -10F 
pH = 6.5 59. 50 dB 61. 1 
. 6 65. alog.x + blog.y 
. log;r + log;s —3log;t 69. sloga = 3 log b = 2logc 
. 0.5283 TS 0293 NT Seat 77, x = ¢ 
xO 81. —0.218 83. no solution 
0 Mh = oe 89. x = 128V2 
~x = +3.004 93. x ~ 0.449 95. $28,536.88 
.t=16.6years 99. 3.72 million 101. 6250 bacteria 


105. 
109. 


15.76 © 16 fish 


ev? = 4.11 111. (2.376, 2.071) 
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113. (0, ©) 115. (—~, ©), symmetric with 9. a. | b. 5 cs il 
respect to the origin, HA Sete ; F 
ie indy a d. undefined e. domain: (—2, ©); range: (0, %) 


f. Increasing: (4, ©); decreasing: (0, 4); constant: (—2, 0) 


Noe 


11. yes, one-to-one 13. (1, -1) 


15. Q(x) x + 3x — 5, r(x) =0 


17. VA: x = 3; slant asymptote: y = x + 3 


19. 125 alle 23,4 =5 
ih, Oy 37 S dip ae = Ake 
P 25. 8.62 years 27. a. N = 6(0.9755486421)' 
b. y = 4(0.9622) b. 2.72 grams 
c. Yes, they are the same. 
Practice Test CHAPTER G 
i, 36 3. -4 5. x © £2177 ' 
Section 6.1 
7. x = 7.04 9.x =4+ & = 11.389 
1. 180° ab =P Sy xo 
1. x =e © 15.154 13. x=9 
Ff 38 Voie ages Th S28 9. —70 jue, 72 |, ier 
pe 2 ee 130-3, 48? 1b, 138° {50a 19 be 91o 17,°547/36° 
17. x = In(}) = —In(2) © —0.693 19. 120°/60° 21. y = 30° 
19. domain: (Gar 0) UCL, 00) 23. a= 12025 B = 30°, y= 30° 
3+1 Nea _ 
21. y-intercept: (0, 2) 23. intercept ( 5 <. 0) 25. a = 18°, B = 108°, y = 54 27. ¢ = 
HA: y= 1 eign 29. b = 8 31. c = V89 33. c = 25 
WAS 22 = 3 


. 10V2 = 14.14 inches 37. 2cm 


AY AY 35 
E p E 39. Other leg: 5V3 © 8.66 meters; 
+ 4b Hypotenuse: 10 meters 
E aL 2 
E ay a5 c ARGRSUIO es 41. Other leg: 43 ~ 6.93 yards; 
L =afL Hypotenuse: 8V3 ~ 13.9 yards 
2, -6F 
Patani Be uel ea aan meee =F 43. Short leg: 5 inches; 
> -10b 
=) = sl | laos Long leg: 5V3 © 8.66 inches 
25. $8051.62 27. 90 dB 45. f= 3 47. a = 15 49. c = 11.55 km 
= il Es fo) fo} 
29. 7.9 X 10'! < E < 2.5 X 10° joules Sapeh et pepmecw Benin: 
31. 7800 bacteria 33. 2.75 © 3 days 57. 60 minutes or 1 hour 59. V7300 ~ 85 feet 
35. (—%, %), symmetric with 61. 241 feet 63. 9.8 feet 65. 17 feet 
pee oe OnE ae 67. 48 ft X 28 ft 69. 38 feet 71. 225 feet 
asymptotes 
73. 20 points 75. 50.004 feet 77.7.8cm 79.4cm 


81. The length opposite the 60° angle is V3 times (not twice) the 
length opposite the 30° angle. 


83. false 85. true 87. true 
Cumulative Test 
89. 110° 91. DC = 3 OB, 2S) 
5/6.2 2 ae W/O) ; : ; ; 
1. xy 3. x= . o 95. The triangles are isosceles right triangles 45°-45°-90°. 
5. (—c, —19] 7 y=ix+3 97. 8 99. 2V3 101.x=2 103. 28.89 feet, 33.36 feet 
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Section 6.2 


99. 


105. 
107. 


4 
5 3 
M5 a 
5) 
2 
2v10 ve 
7 
30° 21 


5 GOXCW? = se = jy) 


. tan(45° + x) 31 
b Bi, 
V3 43. 
Ne) 49, 

3 
0.1392 So: 
1.0002 61. 
30° 67. 
. 2.405 IBS 


. 50 points (a bullseye) 


.3 5 
V5 11. 
i 17. 

. 90° — x 23. 

27 

. sec(30° + 6) 33. 

ee 39. 
V2 51 
1.3764 57 
0.7002 63 
a%s bh 69 
1.335 75 

79 


. The opposite of angle y is 3 (not 4). 


s true 
1 

. sin30° = = and cos30° = Me 
2} 2 

. tan30° = NB and tan60° = V3 


. sec45° = V2 andcsc45° = V2 


. sin(70° — A) 


2 a 


3 
3 
2v3 


3} 


. 0.6018 
. 1.0098 
. 0.4337 
. 10 miles 
. O points 


. 1.09 angstroms 


. Secant is the reciprocal of cosine (not sine). 


3V5 
a0 95. 0 97. = 
2V13 
Ca 101. 103. 2 


a. 2.92398  b. 2.92380; (b) is more accurate. 


a. 0.70274 b. 0.70281; (b) is more accurate. 


Section 6.3 


1. 


three 3. two 

47° th ae 

83° 

a ~& 14in. 13. a = 18 ft 15. a 
c¥12km = 19. c © 20.60cm 21. a 


= 5.50 miles 
50° 


2 


23. a = 62° 25. a © 82.12 yards 
27. c + 10.6km 29. c = 19,293 km 
31. B © 58°,a © 64 feet, b ~ 10 feet 
33. a = 18°,a © 3.0mm, b © 9.2 mm 
35. B ~ 35.8°, b = 80.1 miles, c ~ 137 miles 
37. B & 61.62°, a » 936.9 feet, c ~ 1971 feet 
39. a ~ 56.0°, B ~ 34.0°, c © 51.3 feet 
41. a ~ 55.480°, B ~ 34.520°, b © 24,235 km 
43. c = 27.0 in., a = 24.4 in., a = 64.6° 
45. c = 4.16 cm, b = 1.15 cm, a = 73.90° 
47. 286 feet 49. a = 88 feet 
51. 260 ft (262 rounded to two significant digits) 
53. 11° (she is too low) 55. 80 feet 
57. 170 meters 59. 0.000016° 61. 26 feet 
63. 4400 feet 65. 8° 67. 136.7° 
69. 91.99 feet AemeOvatcet 
73. 0 points (just misses the entire target) 
Joel 2lbfeet 77. about 24 feet 
79. d= 3.5 feet 81. 4.7 inches 
83. tan! should have been used (not tan). 
85. true 87. false 89. false 
91. 2 miles 93. 0.5 95. 5 
97. 40° 99. 0.8 101. 6 
103. 35°; 0 105. 0.785 
Section 6.4 

1. QI 3b Ol SOL 

7. negative y-axis 9. x-axis 11. QUI 
13. QI 15. QUI 17. QU 
19. QU 21. QIV 
23. AY PS, AY 

135° 
. -405¢ . 
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27. 


AY 


—225° 


31. 


29. 


35. AY Sic 39. e 
41. f 43. 52° 
45. 268° 47. 330° 
~ 49. 150° 51. 320.0001° 
WH 
sind cosé tand cotdé sec0 cescO 
2V5 V5 1 V5 
53, —— = 2D = 5 “=. 
5 5 2 ve 2 
2V5 WS 1 V5 
———— = 2 = —= 
5 5 2 ve 2 
ee 4V/41 5V4l 4 5 Val Val 
~ aii 41 5 4 5 4 
IVS V5 1 V5 
59. 2 5 — 
5 5 2 ve 2 
Pe 71V65| 4V65 7 4 V65 V65 
; 65 65 4 7 4 7 
be V15 V10 V6 V6 AVAL AVA bo) 
“5 5 2 3 2 3 
Pe V6 V10 V15 V15 2V10 | 2V6 
: 4 4 5 3 5 3 
oe 2V29| 529 2 5 V29 V29 
i 29 29 5 2 5 2 
ay V5 MVS 1 : V5 We 
5 5 2 2 
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5) IMS) 1 3) 
al e ve Z va Vo 
3) 5 2D 2 
2V5 V5 1 5 
ke — 2 = 5 — 
5 5 2 ve 2 
V5 25 1 V5 
y= = 2 = 
5) 5 2 2 v5 
V10 | 3V10 1 V10 
77. 3 ——— | vA) 
10 10 3 3 
79 2V 13 aw ils) 2 3 V 13 V 13 
ee 13 3 2 3 2 
81. 1 0 Undefined! 0 J|Undefined 1 
Ge = Il 0 Undefined} 0 |Undefined| —1 
85. 1 0 Undefined! 0 J|Undefined 
Wh = 0 Undefined} 0 |Undefined| —1 
GEL = il 0 Undefined} 0 |Undefined| —1 
91. 1 0 Undefined! 0 J|Undefined 1 
3 1 3) ING} 
93. si Ea V3 ve) 2 wa 
2 2 3 3 
95. —1200° 97. —3240° 
99. Don and Ron end up in the same place, 180° from where 
they started. 
101. 1440° 103. tand = ~—«105. 120 feet 
107. profit 109. 1.4cm 
111. r = V5 (not5) 113. false 115. true 
117. true 119. false 121. -2 
123. m = tand 12S, yp = D2 
127. y = —(tan6)(x — a) 129. cos 270° = 0 
131. 0 133. 0 
135. Does not exist, because we are dividing by 0. 
137. -1 
Section 6.5 
1. QIV 3. QI SOl 
Ol 9. QUI 11. sing = —% 
13. tng =-% 15. sng = -% 17. tand = V3 
19. tan@ = ul Palle <8 23. ans 
5 3} 3 
25umel Pils =I 29. 0 
Sil Ski Ih 


35. not possible 37. possible 

39. not possible 41. possible 43. possible 
45. possible 9 ~ 0.1146° 47. —5 

49. 3 51. = 5351 

Ss =2 57. 1 59. 30° and 330° 
61. 210° and 330° 63. 90° and 270° 65. 270° 

67. —0.8387 69. —11.4301 71. 2.0627 
Tb =O Ts 2480511 77. 110° 

79. 143° 81. 322° 83. 140° 

85. 340° Sinn 89. 335° 

91. 1.3 93. 12° 

95. Lower leg is bent at knee at an angle of 15° 

Mla WSS) 

99. The reference angle is made with the terminal side and the 

negative x-axis (not y-axis). 
101. true 103. false 105. false 
LO ig ee Ql 
a+b b 

113. QI 115. QI 
Section 6.6 

1. §0r0.2 3. for * 0.18 5. sor 0.02 

Teor O25 9. zor 0.2 11. 34 or 0.042 
ik = ie = iy, 

6 4 4 

19. 20° 23. = 

25% 7 2k, —AVay 7h, XO! 

Sil, ies 33. 67.5° akb 7)” 

37. 1620° ae, I il® 41. —84° 
43. 229.18° 45. 48.70° 47. —160.37° 
49. 198.48° 51. 0.820 BRb LOS) 

55. 0.986 57. 12mm 59. Fit 
61. 5 in. 63. a wm 65. — 
67. 12.8 sq ft 69. 2.85 sq km 71. 5 sq yd 
73. 8.62 sq cm 75. 0.0236 sqft 77. m/sec 


79, 272 km/hr 81. 9.8 meters 83. 1.5 miles 
eg a 
DEESEC OMSEC 
89. 67 inches per second 
91. {mm per second 93. 26.2 cm 
95. 653 in. (or 54.5 ft) 97. 5262 km 
99. 37 ft 101. 2007 ~ 628 ft 
103. 50° 105. 60 inches (5 feet) 
107. 911 miles 109. 157 sq ft 
111. 78sqin. 113. 74 sq mi. 115. 1.4nm 
117. 70 mph 119. 1037.51 mph; 1040.35 mph 
121. 16 ft/sec 123. 6637 rad/min 
125.12.05 mph 127. 640 rev/min 
129. 10.11 rad/sec or 1.6 rotations per second 
131. 17.59 m/s 133. 407 rad/min 135. 327 ft 
137. Angular speed needs to be in radians (not degrees) per second. 
139. true 141. true 143. 27 ~ 6.3 cm/sec 
145. tripled 147. Bar square units 149. 65°45'44” 
Section 6.7 
ee RIB ae 
2 2 2 
ava th We 139 15. — 
2 2 
ie ag. oie Saag 
2 D 2 2 
2 
25m 27. a 29. 0 all, = 
V3 a Wikery 4a Sa 
Seb = skh SY pa ee 
3 © 33 
39. 0, 7, 27, 377, 47 41. 7,37 
43. a Hus 45. ss am 47. 0, 77, 277 
4° 4 4° 4 
mw 3 The \ikar Sir 4p 
ADS a A DS Sete 
DD 6 66 : 6 6 
Bab 2208) 57. 99.05°F Se Onlcel 
61. 135 lb 63. 10,000 guests 65. 10.7 mcg/mL 
67. 35°C 
69. Used the x-coordinate for sine and the y-coordinate for 


cosine; should have done the opposite. 
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71. true iS ~talse 75. true 
5 
77. odd 79. Sie 81. secd 
aw 3a Sa T7 
83. 85. Yes, @ = —,—, —, — 

3. secd es, 0 de a on 
87. sin(423°) © 0.891 and sin(—423°) + —0.891 
89. 6.314, —6.314 91. 0.5 93. 0.8660 
Section 6.8 

il; 3a 5) hl 7. 

3 27 

9. 11. A=—p = — 
= 

2a 2 Air 

13. A=1,p = — 15. A=-=,p =— 
aS oe 


17. A=3,p=2 
21. 


N 
wn 
Ta a ae 


31. 


I TT 


bb 


S55 
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37. 


41. 


45. 


49. 


51. 


53. 


55. 


Sih 
59. 
61. 


65. 


39. 


= De 


y 43. y = cosmx 
aff UL : 
y= —2 sin( = ) 47. y = sin87x 


1 
Amplitude: 2; period: 2; phase shift: — (right) 
7 


2, 
Amplitude: 5; period: ae phase shift: -3 (left) 
Amplitude: 6; period: 2; phase shift: - 2 (left) 
Amplitude: 3; period: 7; phase shift: an (left) 


Amplitude: i period: 877; phase shift: 277 (right) 
Amplitude: 2; period: 4; phase shift: 4 (right) 
63. 


Ee NwW BUAN oO 


1 ou! 
rou 
T 


TAL 


Tie ine Ts Tag 


Re NWHRUODA~1 00 


fal 
Ne 
T 


935 


- 3500 widgets 
. amplitude 1 mg/L; period 


8 weeks 


. Amplitude: 4 cm; 


Mass: 4 g 


1 
. ~—cycles per second 
4a 


. Amplitude: 0.005 cm; 


Frequency: 256 hertz 


105. Amplitude: 0.008 cm; Frequency: 375 hertz 
107. 660 m/sec 109. 660 m/sec 


| ee Tt 
111. y = 254 25sin| - (t | ory = 2s) — 25e0( 7) 


113. Forgot to reflect about the x-axis 


115. true 117. false 119. (0, A) 


A 
Al, = me where 7 is an integer. 123. (0. = =| 


125. 


q(3 + 4n) 
( 2B 


0), where n an integer 127. - =, x) 


129. no 131. coincide 


133. a. Y, is Y, shifted to the left = 


b. Y, is Y, shifted to the right zn 


135. As ¢ increases, the amplitude goes to zero for Y3. 


1 


137. a. Y, is Y, shifted upward by 1 unit. 
b. Y; is Y, shifted downward by 1 unit. 
IBY, 5} 
Section 6.9 
1. b 3h Ii Sh € th @l 
9. 11. 


—20 
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57. Domain: all real numbers x, such that x # n, where n 


45. 
Bb 


is an integer 


Range: all real numbers 


De | 


TT, 


59. Domain: all real numbers x, such that x # 


10 


where v7 is an integer 
=e9, =2 |||) [2, 2) 


Range: ( 


61. Domain: all real numbers x, such that x # 2n7, where n is 
an integer 


[3 oo) 


Range: (—20, 1]U 
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63. Domain: {x:x # 4n + 6, n an integer} 
Range: all real numbers 


65. Domain: {x: x # n,n an integer} 


Range: (—o, -3| U [-3, oo) 


67. 3 miles 69. 55.4 sq in. 

71. Forgot the amplitude of 3. 73. true 

75. n = integer Wik 3 >= =, ae 0, a 7 
I) 


or = GC : 
79. ( B .0), where n an integer 


81. Infinitely many. The tangent function is an increasing, 
periodic function and y = x is increasing. 


SoA 2 85. 7 


Review Exercises 


ik, Bh Gwe ly, eye? 4h &b Se? Ih Mes 
5. a. 0.99° b. 90.99° th 97 = 2° 
2 @ = i140 B=2,7=r ii, h= WR = hv2 
13. c = V65 15. 122 yards 
17. Leg: 3V3 feet; 19. F=4 
Hypotenuse: 6 feet 
21. C = 147.6km 23. 10V3 in. 
Vall Vi1 
2, ISO D4, 32 inn) 29. aus 31. wi 
13 2) 
33: 3 35. cos60° Si cot4e 39. csc60° 
41. b 43. b 45. c 47. 0.6691 
49. 0.9548 51. 1.5399 By, ISv4l9/7/ 55. 75 feet 
sin 6 cos 0 tané | coté sec@ cescO 
4 3 4 3 5 5) 
Mh == 
5) 5 3 4 3 4 
Vi1 V10 1 Wall 
59. y : 3 o V 10 
10 10 3 3 
1 V3 V3 2V3 
61. — = 3} —— 2 
2 D, 3 ve 3 
V5 2V5 1 V5 
63. 2 V5 
5 5) 2} 2 
Pe 0D) a I Vien Ve 
i 3 6 2) 1.2 24 
2, 
ee eee rie 
3 ie) 
73. —0.2419 T5leO3Z55 77. —2.7904 
11 
79. —0.6494 ie Bae 
4 6 


85. 


91. 


97. 


101. 
107. 
113. 
117. 


121. 


67r 
Ae 87. 97 89. 60° 
ES? 93. 100° 95. 1800° 
3 
2407 in./min ~ 754 in./min 99. = 
—5 103. 1 105. —1 
-1 109. 5 111. 20 
y=4cosx 115. 5 
Amplitude: 2; 119. Amplitude: i; 
Period: 1 Penod: 2a 
3 
AY 123. AY 


PHASE VERTICAL 
AMPLITUDE PERIOD SHIFT SHIFT 
125. 3 Qa a (right) 49 
2 
ion 4 ae 
3 

1 
129. = 2 

3 

131. AD 133. 


135. 


137. 


139. 


~6 
=) |e 
=i |b 


Domain: all real numbers such that x # nz, where n is an 
integer; 
Range: all real numbers 

ar Il 


Domain: all real numbers such that x 4 
is an integer; 
Range: (—oo, —3]U [3, «) 


qr, where n 


6n + 7 


Domain: {x 6 ae SF ,nan integer} 
Range: (So = 
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141. 143. AY 25. AY 27. a. 1.34409 
Ae as b. 1.34352, (b) is more 
le | | 27 accurate. 
l4- | adh 
Fe l 1 a 
L | T 3 T - 


147. 71.57 feet, 82.64 feet 


149. a. 1.02041 ; 
b. 1.02085, (b) is more Cumulative Test 


accurate. pee . 
151. 2.612 Lee 3. x # 1,0; no solution 
oS 5. (~«, 0JUC, 3] hh y= O57 + 34 
155. QIV 
9. —3 Att 


157. 100°46'45” 159. —0.9659 


b = -2x + 
161. a. Y, is Y, shifted to the left by z unit. ase ay ° 


2 : : : 15. Fact f dg = 10; +1, 
b. Y, is Y, shifted to the right by e unit. ae - a pei) 
actors of a, = 2;+1, 


163. 5 Possible rational zeros: +1, +2, +5, +10, i 


{s 


5), 2ell(0E 


B) 
D 


BY) 
Testing the zeros: P(—5) = 0, P-1) = 0, P(>) = 0, P(2) 


Practice Test 


1. 6000 feet 17. y-intercept: (0, 0); domain: (—c, «); range: (—1, 0); 


3. The first is an exact value of the cosine function, the second is horizontal asymptote: y = —1 
an approximation. 


ISyap 
Bb QOINY Ty, See” 2). “a 4 in. 
, Ti 
11. Amplitude: 5; Period: se 
13. \ 1540 a e 0). 
where n is an integer. 19. 
17. (~%, —4] U[2, ~) 
> 
21. 0.435 
: 3V 13 ANN) 
19. AY 21. true 23. sind = B 1COSO, = B ,tand = 3, 
Al ! VB VIB 
Bile eee 3 1 Ee ee = = 
; E V VU 23. y=4 sin| 2(x oF 3)|- 3 coté 3, secO 5 , CSCO 3 
Al | ! | | ze 
eee ema if 25. Amplitude: 4; Period: 7; Phase shift: “5 (left) 
L | 
L | 
| 


1350 


CHAPTER 7 


Section 7.1 


13. 


19. 


25: 


31. 


Sie 


43. 


47. 


49. 


51. 


DS. 


Soe 


Sie 


63. 


67. 


71. 


73. 
Ss 
Wc 


81. 


8 5) 1 
= ab == == 
Vf 3 5 
2 7 1 
5 Vf 4 
_N3 ae Lees 
3 3 5 
b 5 
a #0 DA ee 235-8 
a G ) 64 
=5) Qik. a 29. eet 
2 5) 
8V 161 
= WT) a8) = WS 36h = 
161 
_i5vil 39. _ 28 re ee 
44 13 2 
V62 
V6 45, -—_— 
8 
cos@ = —=, sind = — 
NYS) 
cos 6 , sind = — No 
5 
cos@ = e , sind = ee 
34 
2V29 WY) 
sin@ = , cos? = 
29 29 
vin vir 
sin? = ; sd = 
17 a 
1 cos? 6 
—— Sy = 61. — 
sin@ sin 0 
1 
— 65. 1 + 2sin@cos@ 
sin@ 
il se Zrii) 0 
a cos 69. 1 
cos" 0 


r = 8sinO(1 — sin?@) = 8sin@ — 8sin°6 
= 30, r= 3 

P= G2, r= v3 

6= 90°, r=0 


Each dollar spent on costs produces $1.33 in revenue. 


Cosine is negative in quadrant III. 


false 79. 90° 

V1 — sin’6 

Ci?) = ——$ 
sin @ 


83. 8|cos6| 85. 5|sec O| 87. true 
89. yes a.0.3746  b. 0.9272 91. (a) and (c) 
c. 0.4040 d. 0.4040 
(c) and (d) are the same. 

Section 7.2 

1. 1 ab OSOz Sb =ll 

7. sec?x 9. 1 11. sin?x — cos*x 
13. secx 15. 1 17. sin?x 

19. csc?x 21. —cosx 23. 1 

51. conditional 53. identity 55. conditional 
57. conditional 59. conditional 61. identity 

63. conditional 65. lalcosé 

67. The cosx and sinx terms do not cancel. The numerators 

become cos”x and sin’x, respectively. 
69. This is a conditional equation. Just because the equation is 
true for a does not mean it is true for all x. 

71. false 73. QL, QIV 75. QUI and QIV 
Tg: tp 79. No, let A = 30° and B = 60°. 
81. No, take A = 7. 

83. cos(A + B) = cosAcosB — sinAsinB 

85. sin(A + B) = sinAcosB + cosAsinB 

87. cos°A = aa 89. Y, = Y; 


Section 7.3 


1. 


To 


13. 


lize 
23. 


27. 


Sb 


Sb 
41. 


= Wi) = W2 
Se) 3. Morne Sy Bae V3) 
4 4 
Dae WO 
ESTE 92 3 HN 2 ep 7G) 
4 
IS 15: = V6 - V2 
V2(1+ V3) 
cosx 19. —sinx 21. 0 
—2COS(Au— wp) 25. —2sin(A + B) 
il se BW = +4 
tan(26°) 29. 20 ail ave 
12 25 
3 = 4s) IGP) SWI) 
4+ 3V15 =11¢ 
identity 37. conditional 39. identity 
identity 43. identity 45. conditional 
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51. conditional 


55. y = cos x — — 
= Ost = 


47. identity 


raters) 
ne 


49. identity 


57. y = —sin(4x) 


y 


67. cos(kz — ct) = cos(kz)cos(ct) + sin(kz)sin(ct); when 


= integer,then kz = 27m and the sinkz term goes 


to zero. 
7 
69. T(t) = 38 — 2.5 sin Gy 


71. Tangent of a sum is not the sum of the tangents. Needed to 
use the tangent of a sum identity. 


73. false 75. false 


79. A = nz and B = m7, where n and mare integers, or A and B, 
where B=A + 2n7. 
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The difference quotients of 
y = sinx better approximate 
y = cosx as h goes to zero. 


85. a. b. 
c. 
The graphs better 
approximate y = 2cos2x 
as h goes to zero. 
Section 7.4 
+ 120 120 
i So eae bi ee 
3 IMS) 169 
4 V 
a pee ie 
3 10 120 
- V3 il. ff ar wD), 
13. tan(30°) = 3" 15. 5 sin( =) =a 17. cos(4x) 
19. ne 21. as 23. ava 
3 2 2 


41. y = cotx 


| 
NIP 
va 


= 
> rfeall 


51. y = 2 + 2cosx 53. y = cosx 


AY AY 
5K 


1 1 
45. y= 5 sin(4x) 47.y=1- 5 sin(2x) 


-1-F 2 


49. y = 2sinx — 3cos(2x) 51. C(@) = 2 + 10 cos2t 
AY 53. 22,565,385 Ib 
oA 55. V2 ft 
} i 57. Sine is negative (not 7 
‘ = positive). Road 
59. false 
ark 61. false 
eli 63. true 
1 
65. true 67. false 59. : 
4tan.x(tan?x — 1) 
= = x 
G9. tan( 45) (1 = tee me ane 63. sin( 3) is positive, not negative, in this case. 
71. no 77. Y, and Y, 65. false 67. false kb OS xe < 
Section 7.5 75. yes 77. identity 79. Y, and Y; 
1. V2 ve ay. Cave 5. ea Ne Section 7.6 
2 ) D; fee ; 5 
5 1. 5[sin(3x) + sinx] 3. s[cos(2x) — cos(10x)] 
Le AEG) 9. ire 5. 2[cosx + cos(3x)] Uo 5[cosx — cos(4x)] 
il Dx 3 
=| 5) 9, 5 cos a + cos(2x) 11. —5[cos(1.9x) + cos(1.1x)] 
11. 1 0 ————— Way = 
3+ 2Vv2 2— v2 13. 2[ sin(2V3x) = sin(4V3x) | 
2V 13 3V 13 
15. 1 17. B 19. 1B 15. 2cos(4x) cos x 17. 2sinxcos(2x) 
19. —2sinxcos(3x) oie 2cos(3x) cos(?x) 
= ji an 2 2 6 
Zi Ve Sieve ; ; 
2 2) 23. 2sin(0.5x) cos(0.1x) PAS, —2sin( V5x)cos(2V5x) 
7 Sa 
33, 13 4 94/2 is i] & av ne) Bis 27. 2eos( 7x )eos( $7 x) 29. —tanx 
u V6 2 3% 
= 31. tan(2x) 33: cot($) 
= AWA 1 0.91 
27. 4) = = ies a ESEV TTI : 
: 4 
= 5 43. R(t) = V3c0s( 74 ap =) 
31. 3 33. cos( =) 35. tan(75°) 


45. Average frequency: 443 Hz; Beat frequency: 102 Hz 


Sa 
Bile -tan( =) | |2Qaret/ 1 1 : 2mct ( 1 1 6 
47. 2sin 155° 068 6 10° |cos ete lO 


1S) sis) OKS)3) 
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2 


49, asi 2701979) cos] 2G = 2sin(19797rt)cos(4397t) 
2} 


25(V6 — V3) 
51. oe = 5.98 ft" 


53. cosAcosB # cos(AB) and sinAsinB # sin(AB). Should 


have used product-to-sum identity. 


55. false 


59. Answers will vary. Here is one approach. 


Si emtnue 


1 
sinA sin B sinC 5 cos(A 


1 ‘ 
z[cos(A—B)—cos(A +B)]} 


B)sinC 


cos(A + B)sinC 
Se ee eee 


3[sin(A—B+C)+sin(C—A +B)] 3[sin(A-B+C)+sin(C—A a 


1 
sinAsinBsinC = geome ii se ©) ar suc — Al 
sin(A + B + C) — sin(C — A — B)| 
7 
63. y=1 5eos( 71) seos( 57) 
67. y = sin(4x) 69. Y, and Y; 
Section 7.7 
i, 2 — yell 
4 3 4 
T T T 
b= = iil, == 
6 6 3 
13. 0 15. 7 17. 60° 
10) aly 21. 120° 23, 30° 
2B = SP Pik NBS By, =D 
31. 90° SBE SIGIOY 35. 62.18° 
37. 48.10° 3B, = 15.30" 41. 166.70° 
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43. —0.63 45. 1.43 47. 0.92 
49, 2.09 Bil, Oil 53. a 
: 7 207 
55. not possible 57. — Ee —— 
6 3 
61. V3 63. a 65. not possible 
T : 
67. 0 69. a 71. not possible 
ise i 7, w 79, 12 
3 4 4 13 
3 DIV.28) 4V 15 11 
el, = $3.5 355 Ce == 
4 2B} 15 60 
24 56 24 120 
89. — ol 935) Ohh seae 
2S) 65 Ds) 119 
5 1-w 
97. l= 99, 
u 
101. April or October 103. In month 3 
105. t © 0.026476 sec or 26 ms 
107. 173.4; June 22-23 109. 11.3 ~ 1lyears 
7. il 
=, + — 
58 8x 
111. tané = hae 113. 0.70 m; 0.24 m 
Vil Xe 
if ee 
eee 
150 300 
115. 6 = 7 — tan! tan! 
ae AND — ze 
117. The wrong interval for the identity was used. The correct 
domain is | a =| 
D2, 
119. cot !x # i 121. false 123. false 
tania’ 
125. Sis not in the domain of the inverse secant function. 
r-1 
127. 129. 0 
ui 
131. a. ( =) 
al” al 
= = T 
b. f (x) = cos ‘(x — 3) + a 
Domain: [2, 4] 
ue Wer 
Ik, || = SS 
288 G _ 
b. f '@) == ar Pecans = §3) 
oie 12 2 
Domain: All real numbers. 
135. The identity sin(sin 'x) = x only holds for-1 = x = 1. 


137 -2 o)u(o z] 
: De ye) 


720 
139. a. —— b. 0.42832 ec. yes 
39. a 1681 b. 0.42832 c. yes 
Section 7.8 
L udu 3, ee ee ee 
AL dl O° O° © ° © 
: ‘ Ta 11a 19% 237 
5. na, where n is any integer (== 
12° 12 ie 
V0 lla ; ; 
Oy 3 + Ana or 3 + Ana, where n is any integer 
u 47 Sn lla aa 2a Ia ST 
~ 3B’ 6 GCG” FES’ 6s 
4 2 
13. = = 15. a ar ae where n is any integer 
Uv Sar oT 19 w Ia i117 
ee ae ee ee ee 
a1. Ls us us 4a 23. uns ae 197 
@ 3 @° 3 1 1” a 
Red TLE es Bye ee 
a 3° 3 3 3 AV ab al al 
aw 30 7 ST 3a Tar lla 7 
1. By We 0) 
ae a Foo 
39 aw Sa Ta lim 13m 1797 19% 237 
1 ae a ie? 1a” Te? 1 1 
41. 115.83°, 154.17°, 295.83°, 334.17° 
43. 333.63° 45. 29.05°,209.05° 
47. 200.70°, 339.30° 49, 41.41°,318.59° 
Ail, S63", WO LAOS OO. 
53. 9.74°, 80.26°, 101.79°, 168.21°, 189.74°, 260.26°, 
281.79°, 348.21° 
55. 80.12°,279.88° 
57. 64.93°, 121.41°,244.93°, 301.41° 
oH, ISP 4", 75°, IOS, 1S, es, IS. 205", 255", 
28 deesilowo4oe 
ieee: 63 Ce 67) 
or b UE "% ae 
ys lai Fie 
ab’ aL al © al aD 
wT IT aw Sa To 11a aw 37 
1s OS a3 WS 
oO gi a ue ns 


Ub 


81. 


87. 


89. 
91. 
O35 


95. 


99. 


101. 


103. 
105. 


107. 


113. 


115. 
117. 
119. 
121. 
123. 


129. 


133. 


135. 


2 aes gh a RE 
63° 6 3 "6 6 6 & 
39 Qa 4a T 
ae == 5. — 
2 % 3° 3 3 3 


aw Saw 13a 17a 257 2907 377 417 
DAP DA QL yal? aL gal GY © py 


SI ANP Was) SVs (O2 = 2 IN(6), 333 
30°, 150°, 199.47°, 340.53° 
14.48°, 165.52°, 270° 


gy 228 
3 


111.47°, 248.53° 3 


Fourth quarter of 2008, second quarter of 2009, and fourth 


quarter of 2010 
around 9 pm 
March 


A = 5h(b, + by) 
= 5(xsind)(x + (xcos@ + x + xcos@)) 
= x’sin@(1 + cos@) 


2001 109. 24° 111. “sec 
3 Sa 3 
1 
(0, 1), @ 5) (7, »,( 3° 5) 
March and September 


Around | am and 11 am 
Extraneous solution. Forgot to check. 
Can’t divide by cosx. Must factor. 


false 125. true 1P27/, 


eo 30° 131. no solution 


5 + 2n, where n is any integer 


oe ona ais 
6 6 


y 


A 
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137. no solution 


| 
ies) 
ee eee 


139. no solution 


141. 


143. x ~ 1.3 


i 


145. 2.21911 


Review Exercises 


it 8 
1S; 3h S55 By, 
Tea 3 9. -4 11. 
; 1 
13. sind cos? = 
D 
15 S88 17. sin6 19. 
sin’ 0 
21. sec?x 23. sec*x 25 
27. —(4 + 2csex + csc?x) 35 
37. conditional 39. identity 41 
V5 = 3 
re 45 
3+ V3 
ily il 
47. tanx i), 51. weeds 
44 1025 
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il 
— + cos@ 
sin0 as 


. cos?x 


. identity 


V2 — V6 
; 4 


. sinx 


53. identity 


55 ( ae z) 
3 == (Ore — 
a 2 


59: 
65. 
Tile 
83. 


91. 


D5: 


99. 
109. 
115. 
121. 


127. 


133. 


57 t @) 
cS = ll) == 
“ 3 


y= 


3[sin(7x) + sin(3x)] 


mes 
2 sin( 3) cosx 
3 


ae 
2 


101. cot(3x) 
i 
6 
lily, See 
1pBy 75) 


129. -V3 


7 
IRE = 
6 


107. 


113. 


119. 


125. 


131. 


137. 


97, —2sin(4x) sinx 


139. Jul 14 ee 
pol ey rea 

(age 4 ds | aa 

3 ree 

Fe 151. 
i 

153. 80.46°, 170.46°, 155. 
260.46°, 350.46° 

157. 17.62°, 162.38° 159. 

161. “oF 163. 
3 

165. = 167, 169. 


il7fil,, SLOP, ss 270, Sls 
neh OF 


177. (a) and (c) 179. Y, = Y, 181. 


183. Y, and Y, 185. Y,and Y; 187. 
189. a. -2 b.-0.6 — c. yes 
191. 0.5787 


Practice Test 


(2a se 1h) ; : 
lx <a ar, where nis an integer 
Y= VD 
, Mi=vi, [3B _ VD 
2} 10 10 
ai ar fp) 
7. cos(10x) 9. cos 5 
Air 
2 Ses 
11. 20cosxcos3 13. d= 
Sar 
= ap Dir 
3 
15. 14.48°, 90°, 165.52°, 270° 
17. conditional 
ees 21. cot! = = 
26 6 8 


1 1 
23. One-to-one on the interval E = 3 .c) U («. @ ar | 


= 1 Ae - 4) Cc 
f @ = =csc : 
7 b 7 


C10), WS 
221.41°,270° 


175. 60°, 90°, 270°, 300° 


3 cos(3x) 
Y, and Y, 


, where 7 is an integer 


25s 8 + 8n, a + 8n, where n is an integer 


7 ha i : 
Al, = ae (Gin, ae + 6n7r, where n is an integer 


2 


3V 10 
0 


Le 
ao 


b. 0.94868 c. yes 
Cumulative Test 

1. x =34+2V5 

3. «« + 37? + (y + 17 = 25 


Sh Even 


11. O(x) = 5x — 4,r(x~) = —5x +7 

13. HA: y = 0.7; VA: x = —2,x = 3 

il (=3, ca) 17. 4 

21. -" 23. conditional 25. 
27. 1.3994 


CHAPTER 8 


Section 8.1 
1. SSA 3. SSS 

Io W= 1) = 2 2ine = Bia 

9. B = 62°,a = 163cm,c = 215cm 
11. B = 116.1°,a = 80.2 yd, b = 256.6 yd 
8s 97 = 1A = ile = 7a 
15. a = 97°,a = 118 yd, b = 52yd 


19. 0.4695 


17. B, = 20°, Y, = 144°, c; = 9; By = 160°, Y, = 4°, c, = 1 


19. a = 40°, B = 100°,b = 18 
21. no triangle 

2B, (3 = Oy = Ge = 16 
Bp [6 = 28h, op = Ws @ = 5) 


27. B, = 21.9°, y, = 136.8°, c, = 11.36 
Br 581 ye = 6c = 017 


29. B = 62°, y = 2°,c = 0.3 
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31. 


Abb @ = SI gy = 4Ee = 2 
35. 1246 ft 37. 1.7 mi 
39. 1.3 mi 41. 26 ft 
43. 270 ft 45. 63.83° 
47. 76.5 ft 49. 60.14 ft 51. 1.2 cm 
53. No solution, because b > a anda < 90°. 
55. false S/emunule 59. true 
Section 8.2 
ils € 3. S Bb S hs © 
tO = dS, = a, 97 = a? ill, @ = Sp /6} = IES 97 = OF 
1B, @ = 2/0 = 30% 99 = 80°? 16s b= sc = 48, 9 = Iile® 
Wh b= Wh@ = MP a9 = 20" 1, @ = OBS (8 = seh oq = ake 
21. @ = 51.3°, B = 51.3°,y = 77.4° 
23. a@ = 75°, B = 57°, y = 48° 25. no triangle 
A, Gi = OP [8 = 23, 7 = A 7 = 0S, = S,e = 9 
Se fe) = 12", py = ISO = 16 8b @ SON /8 = 71", 59 
shy Ww = 2a = lose = 13 
37. b = 11.16,a@ = 42.40°, Y = 85.91° 
39. a = 46.76°, B = 58.45°, y = 74.79° 
41. a = 1.09, B = 61.327°, y = 47.460° 
43. 2710 mi 45. 1280 mi 
47. 63.7 ft 49. 16 ft 51. 0.8 mi 
BB ASP Reb ZI (or 
57. /ORP = 151.03°, 7ROP = 3.97° 
Be Os? 61. about 83° 
63. Should have used the smaller angle B in Step 2. 
65. false 67. true 
i= cos 2005" (3)| 
69. true 73. i 
2 
Section 8.3 
1. 55.4 8b OD BE LEMS) 
7. 64 9. 4408.4 11. 9.6 
13. 97.4 15. 25.0 17. 26.7 


2 See) Sa 


B= 103°, a, = 37°, a = 309 
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oie 


19. 111.64 21. 111,632,076 23. no triangle 
Ms 113), 1155 27. 174.76 29. 11.98 
31. 19.21 33. 312,297 nm? 35. 10,591 ft’ 
37. 16° or 164° 39. 312.4 mi? 41. a. 41,842 sq ft 
b. $89,123 
43. 47,128 sq ft 45. 23.38 ft” 
47. Area of PQ,Q, = 12 Area of PQ,Q3 = 22.55 
Area of Q,0,03 = 15.21 Area of PQ,Q3 = 49.76 
The sum of the areas of the smaller three triangles does not 
equal the area of the outer triangle. 
49. 10.86 51. Semiperimeter is half the perimeter. 
53. true BBb {ile 57. false 61. 0.69 
Section 8.4 
1. V13 3. 5V2 5.25 
7, V713;0 = 69.4° 9, \/26; 6 = 348.7°11. V 17; 6 = 166.0° 
13. 8;0 = 180° 15. 2/3; 6 = 60° 17. (—2, —2) 
i), «=112,9) 21. (0, -14) 23. (—36, 48) 
Ps, (G3), 340) Pi), (= 28, 1S) PAD, (P., =.) 
31. (8.2, -3.8) 33. (-1, 1.7) 35. (-3, -3) 
37, (9 a) 39. (3-4) 41. (2, -3) 
V10 3V ~) 
430 ae) on 47. 5i — 3j 
3, (wa War Sy) Si] 
49. -i+ Oj 51. 2i + Oj B8b S51 4P Sy, 
55. 7i + Oj 57. Vertical: 1100 ft/sec 
Horizontal: 1905 ft/sec 
59. 2801 Ib 61. 11.7 mph; 31° west of due north 
63. 52.41° east of north; 303 mph 65. 250 Ib 
67. Vertical: 51.4 ft/sec 
Horizontal: 61.3 ft/sec 
69. 29.93 yd TAls NOS? 73. 1156 lb 
75. Magnitude: 351.16; Angle: 23.75° from 180° N force 
77. Tension: 5V2; |u| = 5 
79. a. Ob. 10 + 3V2 + V10 units 
81. 8.97 Nm 83. 31.95 Nm 
85. Magnitude: 8.67; Direction: 18.05° counterclockwise of S 
87. 19° 
89. Magnitude is never negative. Should not have factored out 
the negative but instead squared it in finding the magnitude. 
91. false 93. true 


95. vector 97. Va + b? Section 8.6 


101. (—6, 4) = $(-8, 4) -2(1, -1) “ eres 3: acs 
10: +" sins 
F 81 4i + 
105. Directly al A mlb 
4i-+ 4 Real 2i- Real 
eet eshte) Li tls il ae tl | op I ea 
I 6 sll2 2 oR 3 = 1asa5 
BL zt A 
61+ 14; f 
aii |e —4i - 
- =10i + -5i + 
Sh A iBT as A Uae 
107. (Teqge+(-24ne3 TOBEHC-2492> el Ae 
3 3iF 
1-261 1181) 0-24]]+ 1260A] FFrac if ea if ea 
F [LS413 ] = a s bE a 
[{5-13 ] [-12/13]] Li itt L_t_ i_ t_t in a 
[-12-13]] 4 3 4Liveas fo «LT 2o a5 
Fi |e —2i + 
a3y |b —31@ 
afl |e —4i F 
5H |e Sif 
109. 183, 100.4° 
7 7 
Section 8.5 9. V2 eos( =) isin( =) = V2(cos315° + isin315°) 
il, 2 ab = 3 5. 42 a a 
11. 2 eos(7) ae isin(™) = 2(cos60° + isin60°) 
Te. iil 2, =a 11. —1.4 3 3 
fo} fe} ° 3 3} 
13. 98 15. 109 17. 3 ike ave) eos) +isin oy = 4V2 os 135° + isin 135°) 
ie), x0” 21. 105° 23. 180° 
5 5 
DS, ie 27. yes 29. no 15. 2V3cos( =) +isin(=)|= 2V3(cos 300° + isin 300°) 
31. yes 33. yes 35. yes 17. 3(cosO + isinO) = 3(cos0° + isin0°) 
2 5 5 2 
37. 400 ft-lb 39. 80,000 ft-lb 41. 1299 ft-Ib ie A cos( =) | isin =) 2 M08 225" +isin225°) 
43. 148 ft-lb 45. 1607 lb 47. 694,593 ft-lb 


21. 5.32(cosO + isin0) 
23. V58(cos293.2° + isin293.2°) 
25. V6l1(cos140.2° + isin 140.2°) 


49. wry = 49,300, and it represents the total cost of buying 
the prescribed number of 10-packs of both types of battery. 


55. a. v, = —14.72 b. 64.57° 
= aes = 2k, MAXCOSI AS? Se sii WP {0))) 
57. n = (r,0); u-n = rlul Beh =2 


29. 10(cos323.1° + isin323.1°) 
61. The dot product of two vectors is a scalar (not a vector). 


Should have summed the products of components. 31. = (OSIPS TY se usa 28) 7) 
63. false 65. true 67. 17 33. 5.59(cos24.27° + isin24.27°) 
Wal 20 hs cn 35. V17(cos212.84° + isin212.84°) 
77. Any vector that is perpendicular to w. 37. 4.54(cos 332.31° + isin332.31°) 
79. —6is minimum and 6 is maximum. 81. —1083 Bre We VES NEB SE = 2a 
Ha eee my Ee 45. = a = 7 ete 49. 2.1131— 4.5315: 
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51. 


55: 
59) 
61. 
63. 


65. 


67. 
69. 
75. 


79. 


83. 
85. 


—0.5209 + 2.9544 53. 5.3623 — 4.49957 


—2.8978 + 0.7765i 57. 0.6180 — 1.90217 
100(cos0° + isin0°) + 120(cos 30° + isin30°); 212.6 pounds 
80(cos0° + isinO°) + 150(cos30° + isin30°); 19.7° 
W = 8(cos 150° + isin 150°); ¥ = 6(cos45° + isin45°); 
= |i |(cos@ + isin@), where 
= V(4V3 - 3V2) + (-4 

=| —4- 3vV2 ) 
6 = tan 

AN = BWD 


=> 


3/2) 


=I 


|R’| (cosa + isin@), where 
V(100-V2 + 180)? + (100V2); 


a tan ( 100V2 ) 
1002 + 180 


The point is in QUI (not QI). 


| 


TB, OF 
Ib| 77. aV’5(cos296.6° + isin296.6°) 


1 
“(3 = i) 81. z = 8.79(cos 28° + isin28°) 


true 71. true 


1.414, 45°, 1.414(cos45° + isin45°) 


2.236(cos26.6° + isin26.6°) 87. 35,323° 


Section 8.7 


1. 


Tk 


13. 


19. 
25. 
29. 
31. 


335 


—6 + 6V3i 3. —4V2 — 4V2i 5. 0 + 8i 
ee 9.0 + 12: 1. > + — 
-V2+V2i 15.0-2i it, ; + — 
-2- 21. 4 - 4i 23. —64 + 0i 


—8 + 8V3i 5M, 
—1,048,576V3 — 1,048,576i 


1,048,576 + 0: 


2(cos 150° + isin 150°) and 2(cos330° + isin330°) 


A Imaginary 
axis 
ale 
AP Ss 
150°, 7 i a Real 
axis 
ey \ | . 
3 \ -1 il 3 


V/6(cos157.5° + isin157.5°), 
V6 (cos 337.5° + isin337.5°) 
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A Imaginary 
axis 


35. 2(cos20° + isin20°), 2(cos 140° + isin 140°), 
2(cos 260° + isin260°) 
A Imaginary 
axils 
alt 


140° -— He 


ee ae 20° +Real 
i i | L ‘ i es 
ae ben i}! 

at ee 

Se Ee 

260° 


=3) |e 


a7, V2(cos 110° + isin 110°), W2(cos230° + isin230°), 
V/2(cos350° + isin350°) 


A Imaginary 
axis 


Bh |e 
110° e|~ Real 
@ \ axis 
or (La < 
aj | : 2 
230° t—- 350° 
eoy IE 


39. 2(cos78.75° + isin78.75°), 2(cos 168.75° + isin 168.75°), 


2(cos258.75° + isin258.75°), 2(cos348.75° + isin348.75°) 


A Imaginary 
axis 


3 


78.75° 
ails 
168.757 1F  \ Real 
axis 
td a CT 
Syne i 3 
\ -1b  448,75° 
San ie 
258.75° 7 
=3) {lL 
41. x = +2,x = +21 


43. -2,1 — V3i,1 + V3i 


45. V2 — V2i, V2 + V2i,-V2 -— V2i,-V2 + V2i 
i, Voi WS OW, WS. 
AU), Mye=ll,= 4! i i, + i i 
2 pe) y D) D 2 Q 
V2 WA V2 we, 
49. + ih, i 
2 Ot Sp) 2 


DIe 


aR) 


55. 


57. 


61. 
63. 
65. 
(Le 
81. 


83. 


85. 


3 ft 1k 

isin + je=0123 
8 2 

sin( + EE | 0, 1,2,3,4 

isin + ahs = Wh thy 5 Sk, 
5 5 


isi m4 7m 0, 1,2,3.4,5.6 
US ae ay ’ 9 41,4,95, 7,4, 


aw awk 
2| cos t 
5) 5) 
A a 2k 
7 \COS t 
14 7 


(cos45° + isin 45°), (cos117° + isin 117°), 
(cos 189° + isin 189°), (cos261° + isin261°), 
(cos333° + isin333°) 


A Imaginary 
axis 


mt T ak 
isin(s { \}e= @, 1, 235445) 
18 3 


k=4 _] 
25m 18 
18 


Reversed the order of angles being subtracted. 


Use De Moivre’s theorem. In general, (a + b)> # a° + Db. 


67. false 69. true 


true 


ntm qr, 
2 


D) es(m—nyi 


cos66° + isin66°, cos 138° + isin 138°, cos210° + isin210°, 
cos 282° + isin282°, cos354° + isin354° 


cos40° + isin40°, cos 100° + isin 100°, cos 160° + isin 160°, 
cos220° + isin220°, cos280° + isin280°, 
cos 340° + isin340° 


COSIS? se SMS), Mos lSs° sr sinl35*), 
3(COS255— eEasinZ5 5) 


g=15 
HeeO9FrerS W=.firesaog 


Section 8.8 


The answers to Exercises 1, 3, 5, 7, and 9 are all plotted on the 
same graph, below. 


al 
5 
eas 
ss 
sla 
wn 
g 


17. (3, 0) 
23 (2-3) 
a 
29 (2-2) d 54.4 
Ne) 
35 37. 


~ 
) 
ey) IE 
wn 
3 


nly 


ah), 41. 
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Is 
a 
y 


43. 45. 63. on 
Qa, 12) 12 


Ia 2 Sa 


an 
o se fe See fe ap eee 
ia = rE 
65. te ae 
Oe el 2 i 
> 3 
47. 49. leis Z 
Sa 
= x 6 
my 2 He 2 Un =z 
12 _12_ Multiplier 4 
0 


23a ~ Multiplier + 


6 6 xy Ss 
= 7 i : “ur 
12 12 ~“ N 12 Ta pd, 
: re 6 
- : SN ye "I 0 6 It 
2 FINS of. re 
1347 13a $ 230 aL 
12 TD fF 2 y Ma og Be 2 
z “fh, oS itis: im Se wD 
In In b Ge ee 2 
ro ae 6 
abe Se ie 
Dee sa 4 
3 Um 3, Wr 3 
12 2 ules 


For (a)-(c) all three graphs generate the same set of points, 


as seen below: 


3 
via 
a 
5 


= 
3 
or) 
“ 
Ig 
2 
is) 
ols 


Note that all three graphs are figure eights. Extending the 
domain in (b) results in twice as fast movement, while doing so 


in (c) results in movement that is four times as fast. 


73. a. r = 8cos30 


71. 6 times 
b. 50 times, because the period is 277. 


75. The point is in QIII; the angle found was the reference 
angle (needed to add 7). 
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Wo 


83. 


85. 
87. 
89. 


91. 


93. 


true = 
cos@ 
: mw 2m 4d 
The graphs intersect when 06 = —, —, —, 
32 8 3 
te E Sn 
& 2 eee 2) 


ss 


x? — y? — 2axy = 0 


$1. (—a,6 + 180°) 


It is a circle of radius a and center (acosb, asinb). 


The inner loop is generated beginning with 9 = 5 and 


ending with -- 


The very tip of the inner loop begins with 6 = 4, then it 


crosses the origin (the first time) at 0 = cos'(—4), winds 


around, and eventually ends with 6 


Cie, IS, ie, ISLS” 


Review Exercises 


3a 
oe 


VD 


iI, ve IS e = Ib SS sh yw = 1a = Ib = 9 
% 6 = GS a= liLb= 2 % 6 =a = V2.6 

9. B = 146°, b = 266,c = 178 

11. B = 26°, y = 134°,c = 15 or B = 154°, y = 6°,c = 2 
13. B = 127°, y = 29°,b = 20 or B = 5°, y = 151°,b = 2 
15. no triangle 

17. B = 15°, y = 155°,c = 10 or B = 165°, y = 5°,c = 2 
19. 12.2 mi 21. a = 42°, B = 88°,c = 46 
23. a = 51°, B = 54°, y = 75° 
25. a = 42°, B = 48°, y = 90° 
27. B = 28°, y = 138°,a = 4 
29. B = 68°, y = 22°,a = 11 
Sil, @ = SIP, /3 = Se q7 = 70 
33. B = 37°, y = 43°,a = 26 
355) = 45 y = 1665,a = 28 
37. no triangle 39. B = 10°, y = 155°,c = 10.3 
41. 141.8 43. 51.5 45. 89.8 47. 41.7 


49. 
57. 


65. 
71. 
81. 
91. 


93. 
95. 
ON 
99. 
101. 
105. 


107. 


111. 


115. 
119. 


121. 


Sy) tit, Sil, ie} Reb 118} Sh Zep Ie? 
AE SBN BY, (2,1) il, (3, = TGR (2(0,9).7)) 
V2 v2 
(—3.1, 11.6) 67. (e- 69. (5i + j) 
=6 hs = TS alo Ts SOP 79, 49° 
166° 83. no 85. yes 87. no 89. no 
A Imaginary 
5j axis 
4i- 
-6 + 2i 3iF 
aL 2i Real 
SIS TP axis 
(ea yA 
8 =6 = a IL 2 
aL 
-4i + 
Si + 
A(cossibe cea usinsilon) 
8(cos270° + isin270°) 
61(cos 169.6° + isin 169.6°) 
17(cos28.1° + isin28.1°) 
3 = BySi 103. -1 +i 
—3.7588 — 1.3681 
= ly 109. ns wo. 
2 2) 
23 AP a IMIS}, 6 
2, 2) 
—324 117. 16 — 16V3i 


2(cos30° + isin30°), 2(cos210° + isin210°) 


A Imaginary 
axis 
a |b 


ae SS * 
fei eee 
fai eae ase 
= Vl i ¥ 3 
anlar 
2107 a 


4(cos45° + isin 45°), 4(cos 135° + isin 135°), 
4(cos225° + isin225°), 4(cos315° + isin315°) 


A Imaginary 
axis 


— 
He ww | 
T 
a 
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123. —6,3 + 3V3i,3 — 3V3i 9. 57 11. magnitude = 13, 0 = 112.6° 
V2 VA VA VO, V2 We, VW we. 13. a. (-14,5); bb. —16 
Ll Ll Ll 


1255 + i, ’ t : 
2 2°52 2 22 a4 15. 32,768 |-1 + iV3] 
All the points from Exercises 127-131 are graphed on the 
single graph below. 17. 
377 Ia = 5a 
127. 2V2,— = 2? 2 19. 2, =AV sh, WD 
emt A wt i 


ala 


27. a = 5.49, b = 4.48, c = 4.23, d = 1.16 


29. af cos SLs eS) irene (etl Ls je=o, 12903 
2 2 a) 


S12: 


Cumulative Test 
1. x=2+4i 3. 2 


Bh =e ae Jp 7. undefined 


9. x = —2, multiplicity 3; x = 0, multiplicity 2 


0 :x = 2; y=. 
143. Z = 30.4°, Y = 107.6°, B = 45.0 UREN Bo 2 SESRYND len) ae re 


145. C = 4.0, X = 74.1°, Y = 64.3° i. 
147. 84.5°, 58.4°, 37.1° 149. 65,293° 151. 140° 153. 12,246° 


155. 2(cos30° + sin30°), 2(cos120° + sin 120°), 
2(cos210° + sin210°), 2(cos300° + sin300°) 


13. $37,250 15. 0.001 
17. 15/2 ft © 21.21 ft 
19. 
HEL P3E0508 wed 
IB, OM, SO, EOF, WO, Za0e, 20” 
Practice Test 
1. a = 7.8, c = 14.6, and y = 110° 34 8V6 
3. a = 35.4°, B = 48.2°, and y = 96.4° er 
5. no triangle 23. c = 6,a = 132°, B = 27° 
hh b = 122,e= 4.08, yp = 30 Ds, 2 te Di Mf, 1B, EP, 1GAP, GABP 
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CHAPTER 9 


Section 9.1 


1. 
Bh 
9. 
13. 


17. 
21. 
25. 
29. 
3}, 


37. 


41. 
47. 


51. 


55. 
Sc 
59. 


(1, 0) 
(=) 


(17. 17) 


infinitely many solutions: 


(a, 4a — 1) 


(1, -7) 


infinitely many solutions: 


( 5 = =) 
a, 
5) 


(2, 1) 


(33; 76) 


The solution is (0, 0). 


6 AusPens per kit 


3h) 


43. 
49. 


Doe 


b @ =) 
3 (ll, ) 
. no solution 


. infinitely many solutions: 


( 5a — =) 
@, =——— 
8 


. (6,8) 
Gal) 
. 3,4) 
- (7.35) 


. (4,0) 


infinitely many solutions: 


( 25) = = 
Gh, 
0.05 


Cc 45. d 


The solution is (-1, —1). 


There are no solutions to 
this system of equations. 


5 Montblanc pens and 64 Cross pens 


15.86 ml of 8% HCl 
21.14 ml of 15% HCl 


61. 
63. 
65. 
67. 
69. 
71. 
Te 


Ts 
81. 
83. 


»x=1 


7 xy = 2» X2 


$300,000 of sales 

169 miles highway, 180.5 miles city 

Average plane speed is 450 mph; average wind is 50 mph. 
$3500 invested at 10% and $6500 invested at 14% 

The company must sell 8 CD players to break even. 

Every term in Equation (1) is not multiplied correctly by —1. 


The negative was not distributed through both terms: 
(—3y — 4) = 3y + 4. 


false 77. false 79. A=—4,B=7 


8 cups of 2% and 96 cups of 4% 


The point of intersection is 85. The lines coincide. 
Infinitely many solutions: 


( Le 2) 
Oy SS 
5 


approximately (8.9, 6.4). 


Teor (ea a ee 
Se 


3 9 9 1 

GS =p v= =e = 5 sh FS =2, 9 = He =F 
90 103 9 

GS ahi = shell th B= Fol = aS = a 


mV = pee —) lh ee y= Let 


15. no solution 


. no solution 


ay = (a t 5), 2=a 


wee Aah Sli sane 1d 


1 


= 4, x3 > 3 25. no solution 
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Pale 8 
A, 3 
31. 


S35 
35. 


Sie 
39. 
41. 


43. 


45. 


47. 


49. 
51. 
53. 
D5: 
Sie 
59. 
61. 
63. 


16, = Ilse 1+4,x3=a 
x=2a+8 y= ia Oz a 
100 basic widgets 

100 midprice widgets 


100 top-of-the-line widgets 
8 touchdowns, 6 extra points, and 4 field goals 


6 Mediterranean chicken sandwiches 
3 six-inch tuna sandwiches 
5 six-inch roast beef sandwiches 


a = —32 ft/sec’, vy = 52 ft/sec, h, = Oft 
y= SOs +b DSi = S10 


$10,000 in the money market, $4000 in the mutual fund, 
$6000 in the stock 


33 pairs of regular model skis 
72 pairs of trick skis 
5 pairs of slalom skis 


Total points for first game: 885 
Total points for second game: 823 
Total points for third game: 883 


The correction that needs to be made is that Equation (2) and 
Equation (3) need to be added correctly. Also, the text tells 
you to begin by eliminating a variable from Equation (1). 


true 

a=4,b=-2,c=—4 

a 3b ie 3d pe 44 
no solution 

xy 2,% = 1, x3 4,x,=5 
x=41+4a y=31+3a,z=a 


same result as Exercise 57 


Co, 2 7) 


Section 9.3 


1. 


d ab a 5b (0) 
A B B € 
9. +—+— 
g8—= Bi pea Xian a we 
aF Ax + B ap /D) 
jee eee ate (eee 
P+x4+5 be ae WO G2 Saupe 
1 1 
== 17. 
se ge ap Il ol 
7 4 
7 Die - 
3) GS =i (= iF 


23. 


27. 


31. 


55 


Sis 


41. 


43. 


-_ 25. - 
x+3 (@t+3y eel s=5 G@= Sy 
=} ie Bis 29. i ee 
apap ah ge ab 3) se= Bie = Tae ab S 
EX 9x Dye = 3} Spe ar dl 
5 5 5 ae) = r= ; 
gear) (Ge ar 9) el Ga Ne 
1. -3x-1, 1 
P= G2 s 1) Fee 
2x + = 
3 RPP 5) 39. 1 ll =a 
x-1 4+2x-1 x-1 xY+x4+1 
Ce mee 
ay Gh if 


The correction that needs to be made is in the decomposition. 
Once the correct decomposition is used, the correct answer 
will be: 


ae Dye sp 3) 
ee ae il 
1 1 1 
45. false 47. + 
ge — Il SEA SS DV 
1 1 1 Xi Ds ie ar 2 
49, — = Sy = 5 7S 5 
EG wor il ze ge ap Ml (Ge ap I) (we ap IY 
53. yes 55. no 
57. yes 
Section 9.4 
ils al Sk (0) 
Ss AY yf 
5k 
4b y 
3r 
a /P y 
oo. Adi 
Eom 1 23 4 5 
7 | 
7 
7-3, 
y 
ye 


se) 
oe) 


37. 


ne eN 
LIS 


wtf 


41. 


L 
1 


= \ 


=7 


23. no solution 


45. no solution 


uo) 
SS 
SES 3&8 
= S fs) 
4 AS & < 
eo the 5 8 
: ES 
5 09 SSN ig 
4 NW al 
iS) 
o & oy Bs S| © 
Sse oe 5g 
=| 2 te tr 9 5 
a uy oR AN “eS 
+8 A x g6 
‘ ‘ - S 
a = Mm aoe 
+ in in By 
nA 2S 
o 
c 
ao 5s 
aA er €& 6 
A eS OF ws 
al 2 Te om 
Hd BS BS ag Song 
eee la xt SSS oi (6 
ine is aa SSE Be eS 3 & 
Por t++o ot 2 ss 
eas) pane La Ley ed is B25 o 2 
< on 7 SH6 MN 76 Ba & 
ka ea) me es nN 642 
a eyes al uVvvuls < ag 5 
14° mn eS jl 2s 
| 1 S Q = ce (zo) g poo, Jo ssoun¢, é < S 
veel a s 3 
~ wi 
+ iT) 
nA nA nA 
a) qn Sef a) 
a+ oe = eee ‘ a 
IS don dan 1% an 
IS 4a An Sle 
a I oN 
a be tral bat a Siz! a ASS 
5 S Pa 1. 4S eee 
ee ae a ey a ae Sone ° Pe 
4 a ee eee 41'S 
19 ~ 19 ; OU 
aks aly. ae \ 
" " y \ 
~ a 
N oe) 
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Bio fy 22 == yy 
x + y= 1000 
£20, v= 


900 
800 
700 
600 
500 
400 
300 
200 
100 


Production for 
Bluetooth Mouse 


& 


200 400 600 800 1000” 


Production for USB 


Wireless Mouse 


c. Two possible solutions would be for the manufacturer 
to produce 700 USB wireless mice and 300 Bluetooth 
mice or 800 USB wireless mice and 300 Bluetooth mice. 


59. P= 80 — 0.01x 
P=60 
x=0 


61. $20,000 


63. The correction that needs to be made is that the shading 


should be above the line. 


65. true 


67. false 


69. The solution is a shaded rectangle with top and left sides 
solid lines and bottom and right sides dashed lines. 


71. y 
xX y 
7 
\ 7 
N hl 
Bs | 
37 | Ne x 
37 ae 
7 N@ 
7 NS 
Ve \ 
MSs 


Section 9.5 


ile (fCEY) Se = Ae ae Shy 
fC1, 4) = 10 
f(2,4)=16 (MAX) 
KEZ, =) = =7 (IN) 
hl,=) == 


5. minimize at f(0, 0) = 0 
9. minimize at f(0, 0) = 0 
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Tk 


3. f(%, y) = z= 1.5x + 4.5y 


f(-1, 4) = 16.5 

f(2,4) =21 (MAX) 
f(—2, -1) = -7.5 (MIN) 
fal, —1) = —3 


7. no maximum 


11. maximize at f(1, 6) = 2.65 


13. 
i 
17. 
19. 


21. 


23. 
25. 
27. 
29. 
31. 


50 Charley T-shirts, 130 Frances T-shirts (profit = $950) 
0 desktops, 25 laptops (profit = $7500) 
3 first class cars and 27 second class cars 


Let x represent the number of pairs of regular skis and y 
represent the number of pairs of slalom skis. 
The profit function P = 25x + 50y. 
The constraints are: x = 200 
y = 80 
x+y = 400 
£20 ype 


The feasible region is shown 
with the vertices indicated: 500 


a 
el 
100 200 300 400 500” 


Evaluate the objective function at each vertex: 
At (200, 80), P = 25(200) + 50(80) = 9000 

At (200, 200), P = (200) + 50(200) = 15,000 
At (320, 80), P = 25(320) + 50(80) = 12,000 


Thus, the ski producer should produce 200 pairs of regular 
skis and 200 pairs of slalom skis to maximize profits. 


You don’t compare y-coordinates. You evaluate the objective 
function. 


false 

The maximum is a and occurs at (0, a). 
minimized at z(0, 0) = 0 

maximized at z(6.7, 4.5) = 176.9 


maximized at 2(5, By = 25 


Review Exercises 


1. 


Bs 


®) 


13. 
17. 
21. 
23. 
25. 


(3, 0) 3. (2,8) 
(2, 1) 7. #) 
(-2, 1) 11. (12, 3) 
(3, —2) 15. (—1, 2) 
c 19. d 


10.5 milliliters of 6%; 31.5 milliliters of 18% 


x=-ly=-a+2,z=a 


no solution 


27 


29. 


31. 


ah 


3Bb 


Shs 


525 


41. 


. y = —0.0050x2 + 0.4486x — 3.8884 


A B Cc D 


Peal @auy 22s Ss 


A B C D 


x 4445 Cx) Ox st 17 


eit Ge 7) 

4 5 

i= Il ear 7 
(orcweslS 3 
965) 265) 
=) 

+ — 
je ae il Ae 


Si 


(is (2, =3)) 
69. (3.6, 3, 0.8) 


71. yes 


75. 2(1.8, 0.6) = 12.06 


Practice Test 


1. (7, 3) 
5. x=ly=-5,z=3 
> 3 
= 
BP = ere Il 
1 D 1 
13. 
ae GF — 3) eae B 
15. AY 
10 L ff 
8i7 
7 
uv 
er aE 
Pe 
y= 
7 8 
y -10F 
19. i 
‘ 
See 
XN L, 
N 
a 
® x 
0=—6 =f tN S10” 
N 
S\ 
~ 


Cumulative Test 


x 1 5 
1. ae Bea 
Bb (Sea, OWL 3 


5 
9, -3 


59. 


61. 


63. 


65. 


TE 


11. 


17. 


21. 


23. 


25. 


11. 


Minimum of z is 0 and 
occurs at (0, 0). 


Maximum of z is 25.6 and 
occurs at (0, 8). 


Minimum of z is —30 and 
occurs at (0, 6). 


10 watercolor, 30 geometric 
(profit = $390) 


(x +2) (+2) 


The minimum value occurs 
at (0, 1), z(0, 1) = 7. 


$14,000 in the money 
market, $8500 in the 
aggressive stock, and $7500 
in the conservative stock. 


(UE, Jy, il) 


x # —1,0; no solution 
y = 05x + 3.4 
1 
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13. f@) = -22 +7 


15. Factors of ag = 10;+1,+2,+5, +10 
Factors of a, = 2;+1,+2 


Nin 


Possible rational zeros: +1, +2,+5,+10, 5, 


Testing the zeros: P(—5) = 0, P(—1) = 0, P(3) 
P(2) =0 


=0, 


17. y-intercept: (0, 0), domain: (—~, ~), range: (—1, ~), 


horizontal asymptote: y = —1 


19. 21. 0.435 
23. (2, 0, 5) 


PS, 27. yes 


CHAPTER 10 
Section 10.1 


is 2X3 3.1x4 

| 2 =3 
=—2 y 

a, & ale 9 =I 1 
L 3S =2 
lh i @| 2 [= 32 
yal 0) = 2 13. 2D =3 
09 i a4 l=2 4 
15. —3x + Ty =2 17. —x = 4 
x+5y=8 de ar Shar 3ke = = 
4x + 6y—5z= 8 


21. The matrix is not in row—echelon form. 
23. The matrix is in reduced row—echelon form. 
25. The matrix is not in row-echelon form. 
27. The matrix is in reduced row-echelon form. 


29. The matrix is in row—echelon form. 
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Sy il SI 
dl || —3} 
2 1 
=3 || 7 
5 || 2 
=) | =3 
3 || il 

19. x=a 

y=b 


31. 


Bp 


39. 


43. 


ae ee | =—2 =] 1/2 
33. | 0 5 =] | @ 
LO | | 
Lo =2 5) || 3 
2a fie S10) =§ 
0 1 i =3 3 0 1 D3} || =) 
Sie 
Qo =2 i = 2 5 0 Q =7 6 3 
[0 0 i =] | =6 |. 0 0 8 =1@)]| =o 
Pe ay 
® id 2 @|=i1 [1 O|- 
41. | 
0 0 1 0; 21 L@ il 6 
[0 0 0 il || =3 
[1 0 O|-2 yi © | 2 
0) 1 0/}-1 45. | 0 1 0 5) 
LO 0 || @ 0 0 il || =1l 
A ele 1 0 1 1 
49./0 1 1/-3 
LO | =2|2 
0 0 O| O 
x=-T,y=5 
be 2 = sors = 2a = 2. = @ 
- no solution 
-x=4a+ 41,y=3a+3l1,z=a 
Seo ary ess 
+ X 2» X2 a %3 4 
. no solution 
5 og = hy =) = Noe = 
(ye ae 
- no solution 
eX 2, X%) = 1, %3 4,x%,=5 
mle) 73. no solution Tee (2, Il, 3) 
6 (6, =) 79. no solution 
a | 3 a “4 
Xx Al T »y 4 T a Hh, a 
Ve = iil 13a+ 4 
x= Jy= ,Z=a 
14 ‘ 14 
nox ly =2,z 3,w 1 


. 8 touchdowns, 5 extra points, 1 two-point conversion, and 


2 field goals 


. 2 chicken, 2 tuna, 8 roast beef, and 2 turkey-bacon 


. initial height = 0 ft, initial velocity = 50 ft/sec, 


acceleration = —32 ft/sec? 


. y = —0.053x2 + 4.58x — 34.76 


. about 88 ml of 1.5% solution and 12 ml of the 30% solution 


97. 


99. 


101. 
103. 


105. 


107. 


109. 
111. 
115. 
117. 


119. 


200 basic widgets, 100 midprice widgets, and 75 top-of-the- 
line widgets 


$5500 in the money market, $2500 in the mutual fund, and 
$2000 in the stock 


25 units product x, 40 units product y, 6 units product z 


25 general tickets, 30 reserved tickets, and 45 end zone 
tickets 


22 44 280 
@ 17D inp © 17 
[at eS) 
The correct matrix that 1 1) =27|=3 
is needed is: L i 1 1 6 
ji 0 O12 
After reducing this matrix the @ itl 0) |] il 
correct solution should be: LO 0 i 3 
Row 3 is not inconsistent. It implies z = 0. 


false 113. true 


HO) Uys 4 4,3 


2232 t he + 44 


Section 10.2 


1. 


13. 


21. 


25. 


DSB a5 DD R, 3) 36 3} 
il S< il 9 4x4 11. x=—5,y=1 
LS =9=—2,2=3 Ibs c=Oy= 3 
= Si) [cee 8 
ee eae 
L=1 3 
not defined 23. not defined 
. Oo -5 
EF ° J my | ail) 8 
4 8 2 : 
L=I5 =5 


29, Re | 31. te 4 
13 D 14 11 5 
=3) 21 6 3 6 
33. | —4 7 1 as, | =2 =2 
13 14 9 17 24 
37. not defined 39. [0 60] 
[7 10 -8 
41. [-6 i| =) 43. 0 5) 5 
23 O =7 
12. 20 Paes 
45. | 47. =al 
30 642 
| —16 
49. not defined 
0.70 0.89 
51. A= B= 
0.30 0.84 
312.2) ; 
a. 46A = ie 1 Out of 46 people, 32 said yes they have 


53. A 


BS 


Sie 


tried to quit smoking and 14 people said they have not 
tried to quit smoking. 

40.94 
38.64 
smoking would increase their chances of lung cancer, and 
39 people believed smoking would shorten their lives. 


b. 46B = | Out of 46 people, 41 people believed 


= bons | = eae 
0.414 0.430 110M 
127.98M : 
= | tells us that there are 127.98 registered 
88.7M 
voters and of those 88.7M voted. 
W323 
A = [0.45 0.5 1],B =] 2700 |, AB = $19,935.35 
15200 
[230s 3244 9 
oe 430 19 46 20 
290 5 45 19 
| 330 5 47 24 
460 6 §=688 18 
Bae 860 38 92 40 
580 LODO Ss 
| 660 10 94 48 


represents the nutrition of foot-long (12”) sandwiches. 


1115 1.5 22.0 4.5 
215 95 23.0 10.0 
0.5A = 
145 2.5 225 9.5 
65 25 923.5 8 deo 


represents the nutrition of 3” sandwiches. 


1371 


BE) 


61. 


63. 


65. 


67. 


71. 


73. 


TBS 


Uh 


81. 


$0.228 


AB = | $0.081 | represents the cost per mile of a gas, hybrid, 
$0.015 
or electric car. 
D 10 
N=]1 XN = | 16 
0 20 


The nutritional content of the meal is 10 grams of 
carbohydrates, 16 grams of protein, and 20 grams of fat. 


200 5 
IN || 25) XEN! = || 1185725) 
0 ISI) 


Company | would charge $9.25, Company 2 would charge 
$13.25, and Company 3 would charge $15.75, respectively, 
for 200 minutes of talking and 25 text messages. The better 
cell phone provider for this employee would be Company 1. 


Matrix multiplication is not performed element by element. 
Instead, a row by column method should be used. The correct 
matrix multiplication would produce the answer: 


Fe aD eels 


false 69. true 
ier bs a2 le | 
Ay Qy9 || 4o1 a9 
fe i + yy, A142 7 ol 
Ay 14,1 + Az, Ay). T ap 
2) 2 , 4 4 
A= A= 
2 2 4 4 
8 8 gn Qn-l 
A* — | A’ = | 4 ‘i = gn-l “A 
8 8 On Oe 


must have m = p 


33 35 
=O = th? 
79. not defined 
il 19 
| 146 138 
[5 -4 4 
Y =I5) =2 
26 4 -8 


JL 


3 5) = ||| a 2 
1 0 2\ly|=/17 
ell if tl IIL 4 


1372 


23. 


27. 


31. 


35. 
59: 
41. 
43. 
45. 


47. 


49. 


BRL 


Sie 


3) 0) il |||] 3% 10 
0 1 -2 =| 4 
1 2 On| 6 


. Yes, B is the multiplicative inverse of A. 


. Yes, B is the multiplicative inverse of A. 


. No, B is not the multiplicative inverse of A. 
. Yes, B is the multiplicative inverse of A. 
. No, B is not the multiplicative inverse of A. 
r 1 8 
We il 1 = 30 
1 2 ; BQ a 
. 39 117 
2 2 0 
—0.1618 en > oe 
0.5043 —0.1237 OO 
eee tae =o 
pou si ‘sa 
= ee? 
A’ does not exist. 29. 5 5 -3 
| @ =I 1 
i 
oN 
3 1 1 
Aaah b=) 33. x=2,y=—1 
i 3 I 
A ad 
c= oes 37. x=4,y = —-3 
x=0,y=0,z= 


Can’t solve because A is not invertible. 


x=-ly=1,z=-7 
x=3,y=5,z=4 


2 


eige 
= ie 


b. A 'B represents the price of sweatshirts ($50) and the 
price of T-shirts ($20). 


JAW 51. LEG Bey Jey ae) 
8 4 6]"/ 18 1 

X=] 6 10 5 PAL || | IL 
10 4 8 2D 1 


The combination of | serving each of food A, B, and C will 
create a meal of 18 grams of carbohydrates, 21 grams of 
protein, and 22 grams of fat. 


0.03 0.06 0.15 | '{ 49.50 350 
X =| 0.04 0.05 0.18 52.00 | = | 400 
0.05 0.07 0.13 58.50 100 


The employee’s normal monthly usage is 350 minutes 
talking, 400 text messages, and 100 megabytes of data usage. 


59. A is not invertible because the identity matrix was not reached. 


61. false 63. x =9 67. ad— bec =0 
115 431 1067 103 
6008 6008 6008 751 
411 391 7B 22 
69 6008 6008 6008 71 
0 57 28 85 3 
751 71 1 751 
429 145 1035 12 
6008 6008 6008 71 


71. x=18,y =—16 


TEs (Gs, =245 93) 


Section 10.4 
il, =2 
Te =O 
13. x= —-2,y=1 
Vie Dy 


8h dll 
9. 0 


By = 2) 
ll. x=5,y= 


15. x= —-3,y= —4 
19. x=2,y=2 


21. D = 0, inconsistent or dependent system 


23. D = 0, inconsistent or dependent system 


2h = Sey = =I 27. x=15,y =2.1 

25 ey 7 31. x=4,y =3 

skh 7 aby =25) ae =O 

39. 0 41. 238 43. 0 

45. 95.7 47. x=2,y=3,z=5 

AD, 2 = =2,9 = 3,2 = 5 Sil, = 2,0 = =3,2= | 

53. D = 0, inconsistent or dependent system 

55. D = 0, inconsistent or dependent system 

ais (sh tl,25) Bk, @, =, SD) 61. 6 units? 

63. 6 units 65. y = 2x Gh = i= I 


69. The mistake is forgetting the sign array (alternating signs). 


71. D, should have the first column replaced with the column of 
constants, and D, should have the second column replaced 


with the column of constants. 
73. true 75. false 77. abc 
Th), S=ahils) 83. —180 85. —1019 
87. (—6.4, 1.5, 3.4) 
Review Exercises 
Ol 3) 
wT 2) 
1. |; | 3. il 3} || = 
3) =a) | =2 
0 4|-3 
=?|| jl 
5. yes, no 7. no, no 9, 
LO il] =I 
| =@ 3]=il [ 3 
OS 
iil, || @) =2 3} |= 2 13. 1 
0 1 -4| 8 0 _ 


i}, 


19. 
23. 
25. 
27. 


31. 
Shp 
39. 


43. 


47. 
49. 


51. 


Sb 


1 0 o|-4 
Oe aly E018 
| 4 
x=2,y=1 


x=ly=3,z=-5 


o dlul 


x=—3¢-2,y=4a+2,c=a 
y = —0.005x? + 0.45x — 3.89 29. not defined 
sy) 9 —-4 

jh ets A ool | 
he my ol 

= Sl 1@ =i 

3 7 | au. | a 

liz =8 “| ren | a 
[33 O 42 [22 —4 2) 
Yes, B is the multiplicative inverse of A. 
Yes, B is the multiplicative inverse of A. 
[ewes fo 2 

[ie eed ie 

a5) op O =e 5 

bo fof ad 
Lb mk -& lt aa 
x=53,y=4 61. x = 8,y = 12 
Fe Nh Pre eS 8} 65. —8 
5.4 69. x=3,y= 
x=6,y=0 Tk 3 = SO, v= 155 
77. —abd 

x=ly=1,z=2 sl, x= —=, 2 i2=7 


4.10 


. The area of the triangle = 1 unit 


4.10 


a. 
y = 0.16x? — 0.05x 
b. 
y = 0.16x? — 0.05x 
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87. 


91. 


—238 206 50 
=Ia Ist) 1135) 89. x = 2.25,y = —4.35 
40 —30 0 


x=—95,y=3A 


Practice Test 


r 1 
Bile 1 3 : es 1 : 
“[-1 3/)2 : 
10 12 29) 
ji 3 5 
5/0 1 -11 7x=-ya+hy=ta-%z=a 
L@ 7 iS) 
1 3 
all) 19 19 19 
9. Meee oe 
13. not possible 18. x=-3,y=1,z=7 
7, =2il 1, c= y= —ihe= 2 
21. $3500 in the money market, $4500 in the conservative stock, 
and $7000 in the aggressive stock 
23. (12.5, —6.4) 


Cumulative Test 


1. x=342V5 
3. (x + 3 + (y + 1)? = 25 
5. even 
1 : 
7. f(g()) = = — 1; domain: (-~, 0) U (0, «) 
e 
6 3 
Fass) 
11. QO(®) = 5x — 4, r(x) = —5x +7 
13. HA: y = 0.7; VA: x = —2,x =3 
15. (—3, ©) 17. x =4 19. no solution 
21. Maximum: (2, io) = Gt 
TS =1@ 40 3 2 
23 28 + cB =|" 0 ol > 8 = Ta = a 
1 6 
mle nes | 
Sail = p 19 35 
19 14 5 OS 
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CHAPTER 11 
Section 11.1 
1. Hyperbola 3. Circle 
7. Ellipse 9. Parabola 
Section 11.2 
il, € ab Gl 
Q, a = 1p 11. 
igs @ = SP = By = 5) 15. 
th = DY = 1Xor = 1) 19. 
21 — 2) = 8G +1) 23. 
25. Vertex: (0, 0) Bile 
Focus: (0, 2) 
Directrix: y = —2 
Length of latus rectum: 8 
AY 
10+ 
9 bE 
8 
i ey 
6 = 
50= 
4 ey 
eye, 
oy (le 
(Lf IE (ier a 
=) a pias 
29. Vertex: (0, 0) 31 
Focus: (0, 4) 
Directrix: y = —4 
Length of latus rectum: 16 
AY 
Sl = 
4 
3) _ 
>) = 
elmo ie 
3] alss75 
a3) |e 
3 |b 
ail |e, 
ore 
AR), Weiiere (=), 2) aby 


Focus: @2; 2) 
Directrix: x = —4 
Length of latus rectum: 4 


y 


ihn 


5. Hyperbola 


Hil, Cinelle 
Bb © Ts @ 
y= —Bds 
G7 = Dr = Ge = BD) 
(GA 2) 
G2) = 601) 
Vertex: (0, 0) 


Focus: (-5, 0) 
Directrix: x = 5 
Length of latus rectum: 2 


AY 


x 


a | fr fe > 


a =o a9 =. 2 


ae vertexes (00) 


Focus: (1, 0) 
Directrix: x = —1 
Length of latus rectum: 4 


y 


rr 2 


Weer (3, = 1) 

Focus: (3, —3) 

Directrix: y = 1 

Length of latus rectum: 8 


Suh, Waite (=, 0) 
Focus: (= ; —) 


41. 


45. 


47. 
49. 
51. 
BB) 


BSL 
Bio 


Be) 
65. 


Directrix: y = 5 


Length of latus rectum: 2 


Waiters (=3), = 11) 
Foes (=I, = 11) 
Directrix: x = —5 


Length of latus rectum: 8 


39. 


43. 


Vertex: (0, 2) 
Focus: (5, 2) 
Directrix: x = —5 


Length of latus rectum: 2 


y 


Vertex: (Ge | 
Focus: (5, 1) 
Directrix: y = 3 


Length of latus rectum: 1 


[eae 
-5 -3 


The focus will be at (0, 2) so the receiver should be placed 
2 feet from the vertex. 


e= ay =23 Sy SUS 

x = 160y, -50 =x = 50 

Yes. The opening height is 18.75 feet, and the mast is only 17 feet. 
Focal length = 374.25 ft 


Equation: x* = 1497y (measurement in feet) 


Maximum profit is achieved when 3,000 units are produced. 


The correction that needs to be made is that the formula 


y* = 4px should be used. 


true 


61. 
67. 


false 


The vertex is located at 
(2.5, —3.5). The parabola 
opens to the right. 


69. The vertex is located at 
(1.8, 1.5). The parabola 
opens to the left. 


Section 11.3 


il, al 3. 


5. AY 


> 
=F |b 
9 1s ll 
1) |= 
8 ey 
6 Hy 
4 Le 
De x 
CO 
=7il |b, 
64 
=igale 
=jK0) Le 
13 re 15 
5 = 
=e rene 
=e |b 
a Wwe 
ee | 19. 
36-30 
2) os 
Be Sarasa easy 23 
: eo ? 
25. 27 


71. y = 2.254 


t V4x + 14 


WISE.2b+ Tans 4 


DaWertexcatt(—3 552225): 


opens to the right. 


c. Yes, (a) and (b) agree 


with each other. 
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29. 


AY Center 
SI @B) 
L4 es 
a5 ay a to sos e 
2 aa 
25 
ey | 
335 AY ais ho 
3 3 ip Center 
CHO L. Go 
(0, 3) 
sae nese CY): 
3 = a ILieagas a = eS 
=p =p |- 
=3\ |b Ba 
—-4- al | 
=5 5 Bs) 
(p= UP = Bye 
Sie 39. = =1 
25 9 
x — 4 y + 4)° 
41. ) 0 ) =1 
Tl 16 
@=3P © =2P 
43. t =1 
& 4 16 
2=3) hall 45 Ga +4)? _ i 
“14 pare 25 
2 2 
ee en 
DDS) 5625 
¥ y 
49. a. 5625 oF 200 = 1 b. Letx = 60 then y = 12. The field 
extends 15 feet in that direction so 
the track will not encompass the 
field. 
51 o i y — 
” 5.914,000,0002 5,729,000,0007 
Pe y nee 
53. md 7 = 1 55. straight line 
150,000,000 146,000,000 
Sama a ar aa 1 
"GA BS 


31. 


b. p ~ 42 inches 


c. about 1509 


59. a = 6and b = 4 is incorrect. In the formula a and b are 
being squared; therefore a = V6 and b = 2. 

61. false 63. true 

65. Pluto: e ~ 0.25 Earth: e = 0.02 
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67. 


Ellipse becomes more 
elongated. 


71. 


Section 11.4 


eb) 
5. AY 
le 7 
I 4 
He LB 
Zs 
liga see 
belo x 
cif 
E46 8 10 
ss 
SS 
lie S 
- SS 
ie ~ 
9. Pe 


69. 


As c decreases, the major axis along the x-axis increases. 


> 
Circle gets smaller as c 
increases. 
d 
5 
10F 
8 b= 
6 L. 
ay Se 
a eg 
Lacs ieee x 
> 
=0m=6 Base 6 810 
ae 
— cae 
BE E75 N 
6 
-10 


UI UN Ag, 


13. 


AY 
L/ 
\ 
=10° 26 /\ 
EN 
eo 
7 = 1 
16 20 
ML =i Ha 


Sbh 


37. 


45. 
51. 


5S: 
Sb 
Wo 


61. 


0.000484 seconds 


The transverse axis is 


vertical. The points 


are (+3, 0). The vertices 
arenes 
false 
true 
x -y=aor 
2 Ds, on oo) 
Ve ake = os 


note that a = b. 


27. 


39. 
41. 


43. 


47. y — 


Se) 


al 


Cae = SP 
16 9 
@+4P_ @-4y 
9 7 


1 


= Il 


The ship will come ashore 


between the two stations 
(28.5 miles from one and 


121.5 miles from the other). 


49. 275 feet 


at 


As c decreases, the vertices of the hyperbolas located at 


1 
(4 = 0) are moving away from the origin. 
a 


Section 11.5 


12O%G). (13) 3. 


5. no solution Te 


C1, 0) 
(0, 1) 


9. (—0.63, —1.61), (0.63, —1.61) 


11. no solution 


13. 


d, 1) 


05 G22 2) 22 2) 27) 


ils, (HO, 38), @, W) 19. 
21. (0, -3), (3, —*) 23. 
25. (1, 4G) Pap 
29. (2, 4) 31. 
33. no solution 
Suh 
39. 
41. 
43. 
45. 


49 
51. false 53. 
Sap 2p Sie 


59. no solution 


47. 


(3,4) (=2, =1)) 
ele) 
(CL aE 1, = 3) 


(3,3), (4-3) 


(Gale randi(e) 
3 and 7 

8 and 9; —8 and —9 
8cm X 10cm 


400 ft < 500 ft or 
ey ft x GOUT 


Professor: 2 meters per second 
Jeremy: 10 meters per second 


. Can’t use elimination. Should have used substitution. 


false 


y=xrr a ee answers 


veil possible 


61. (—1.57, —1.64) 


63. (1.067, 4.119), (1.986, 0.638), (—1.017, —4.757) 


Section 11.6 
1. b 3. j 5.h 
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and outside the outer circle, 
resulting in no overlap). 


No solution (should have 
shaded inside the inner circle 


3 
N 
iS 
mN en io se) ~ 
Loe) wv wt nm wm nm 
RA 
qn 
4+ 
x_ qe > 
Se 
eZ 1s Eat S 4 | Es Ee 
NatNN a ANntNH 
ae 
- = 
aa ee + > 
{ep 2 
| = 
ie & 
: wo 
CS wn 


15. 


13. 


61. 


59. 


al 
NA) 


Section 11.7 


3 3} 
——— + 1,-+ v3) 


3 


Lev2\2) 


3 
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0), lO oSeOkR == = = = Il 11. parabola; 2X°-2Y-1=0 39, —+—=1; ae 
2) 2) 4 9 9 1 
rotation of 60° rotation of 45° 
AY AY 
5 A y 5- 
4b 4b 
2 
. x > k S° x 
Th el) > LL [ee al al > 
S573 345 FT Sn I aS 
(2S 
ae {6 3 |b 
—-4— 7) =i fe 
=9 {6 =s|- 
‘ ee Ne 
CB MG = = 3) = OE 45. —+—=1; 
25 4 
rotation of 30° rotation of 30° 


2 y? 
17. parabola; 2X* — 2Y-—1=0 19. ellipse; Soiceee 
20h, XO ak OK —= 7 = O 49. true 


rotation of 45° 51. true 


2 oD) 


21. h nose es 
, yperbola; = 5 


a 2 
53. a. For 90°, the new equation is ma ar = = 1. 
= a 


b. For 180°, the original equation results. 


55. a < 0 hyperbola; a = 0 parabola; a > 0, a # 1 ellipse; 
a = 1 circle 


57. Amount of rotation is 30°. 


a. b. 
psy GB 2k, (SUP 29, 30° 
31. 45° 3350152 35, ~ 40.3° 
Bio & NI" 
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hyperbola; e = 3 


59. The amount of rotation is a Bow . ellipse; e = 5 37. 


61. a. The amount of rotation is b. The amount of rotation is 
about 63°. It is a parabola. about 19°. It is a hyperbola. 


c. The amount of rotation is about 26.5°. 


Section 11.8 


41. 


e = 0.248; a = 5,913,500,000 km; 


1 
lr= eanaked r= au 2S 5,913,500,000(1 — 0.2487) 
2 = Sine) i 2 sing) 1 + cosé P= 
1 — 0.248 cosé 
7 6 9 12 u 3 
oe LFS f= — 2 
: 4 + 3cos0 a 3 — 4cosé ‘ il = gin) a Pe 75,000,000(1 — 0.223") 
18 : 1 — 0.223cos@ 
13S. a 15. parabola 17. ellipse 
5 + 3sin 45. Conic becomes more elliptic as e— 1 and more circular as 
19. hyperbola 21. ellipse 23. parabola e—0. 
25. hyperbola ep ep 
27. parabola; e = 1 29. hyperbola; e = 2 De boa vee 
ie 2 Se 49. is >) 51. 2 Ss ra 
im = wD le 2 
A waite © 
a 61.a. With @ step = 7/3, plot points (2, 0), (14.93, 7/3), 


31. 


Sa 
4 


vl 
Q 
0 
° 
i 
a 
ole 


(14.93, 27/3), (2, 77), (1.07, 47/3), (1.07, 57/3), and 
(2, 27). 


b. With @ step = 0.877, plot points (2, 0), (4.85, 0.877), 
(1.03, 1.677), (40.86, 2.47r), (1.26, 3.277), and (2, 477). 


Section 11.9 


il, 


Pit eg 
oe 
Teen ae (iS ie an le 


ET (ss [aa ey a 
ae Sy ay =! 


17. 


21. 


19, AY 


Vu 


23. Arrow in different 
directions, depending on t. 


AY 
Qk 
1 
eee ome 
ie —2 -l 1 ma 
7) |e ie 
=i |S 
=p |b 
Dil AY 
5h 
Ab 
3K 
(68 scat 
i Lil Lit LLL 
3 =—9) —3) —I) (91 23455 
=9 |b 
=3) |b 
ail fe 


29. 


3D 


43. 


45. 


47. 


49. 


BBb 


55. 


61. 


65. 


69. 


Sib = 
@ 
skh Se = 2 
y= x7 +1 
Lt i_= 
as 37h 


x + 4y=8 41. 17.7 seconds 
yes 
Height: 5742 ft; Horizontal distance: 13,261 ft 


125 seconds 


AY 51. 
t x 
0 A+B (0) 
= 0 A 
2 ap db} 
7 =A —8 0 

‘ 3a 
tL LS, ay 0 NS Teh 
60 120 180 240 300 

2ar AB 0 


The original domain must be t = 0; therefore, only the part 
of the parabola where y = 0 is part of the plane curve. 


false 57. Quarter circle in QI 
eaten) yy = ae 
= 4p = =1 63. y = bWx 
2a 2b Sea 
67. 
a=2,05t<27a=3,05t< 27 
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Review Exercises 


1. false ah tine 
5 yw = (De hh We = =AOs 
2, (= De = wy = 3) ii, G@ = iP = =4@ = 
13. Focus: (0; —3 ) AY 
Directrix: y = 3 al 
Vertex: (0, 0) 3F 
Length of latus rectum: 12 IE z 
Sie 
agate 
—3F 
itl [be 
SSS 


15. Focus: (4, 0) 
Directrix: x = —] 
Vertex: (0, 0) 
Length of latus rectum: 1 


NPE OCUSS (Gia) 
Directrix: x = 1 
Wentexca(2aa”)) 


Length of latus rectum: 4 


19. Focus: (—3, —1) 
Directrix: y = 3 


Wace (=), 1) 
Length of latus rectum: 8 


21. Focus: (-3, —?) 


Directrix: y = 2 
Vertex: (-3, —2) 


Length of latus rectum: 2 
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23. The receiver should be placed = = 3.125 feet from the 
vertex. 
25. Dis AY 
5 
(Lf fi Lo 
-10 -6 5 a N4asie 
=3 
2 2, 2 
Ne y g& v 
29. = Il sly Sa SH 1 
7B) KS) 9 64 
33: AY aba 
a aE a a 
a -1-F 
| be Ec 
e 16 A ae 
ese D> 02.5, -3) 
-10 4 i) 
-12+ r (2, -3) 
aiid | =§ |b 
v= Oy = ay 
37. ( ) @= ay _ j 
25 g 
2 y 
39. ~___ 4 —__ 
778,300,000 777,400,000 
41. 43. AY 
10+ 
8 _ 
ae 
Se 4F 
~~ 2b = 
Ls ‘a set i 
oa S| 
=(5\5 
apy |e 
-10F 


9) 2 
eee, 
9 16 
y 
9 


@- 4? G-3y_ 85. 60° 87. X24+4=¥ 


58); 1 


16 9 AY 
é SP 
55. The ship will get to shore between the two stations: 65.36 me ain 
miles from one station and 154.64 miles from the other. ; L 
Bik (il, =2)) eal (= 2, =7)) 59. (—1, 2) and (1, 2) —— Ki L - t es 
61. no solution 63. no solution a ie 
65. (—3, 2) and (2, 3) BAe 
1 1 1 1 1 1 1 1 
67. 5 : 5 all Be ath sp 21 
2 V7 2 V7 2 V7 2 V7 89) f= =e 91. hyperbola 


~ 7 — 3sin0 
69. 


y 


93. e= 5; vertices ca 0), (4, 7) or in rectangular form (a 0), 
(—4, 0) 


71. Ay 


esl, 
-10 -6 -2 | 246 810 


I 
an 
rire t 


95. AY 97. 
Li fester rie 
ABD Tao 
x 
=a > 
OM), ea al = iy 101. y=2x+4 
103. The vertex is located at (0.6, — 1.2). The parabola opens down. 


105. y = -14 + V8.81 — 3x 


WS" L.4+408.81-383 


ae 


n=2.94 YSrh.4 


b. Vertex at (2.94, —1.4), opens to the left. 
c. Yes, (a) and (b) agree with each other. 
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107. As c increases, the minor axis along the x-axis decreases. WO, @ = Qh = Bria 0, 2a @ = 3, b = 2, win (0, 2a 


109. As c increases, the vertices of the hyperbolas located at 


1 , 
(4 mart 0) are moving toward the origin. Practice Test 
2c i, € 3. d Bb if 
Te 3 O, @ sb ly = lay = 8) 
x G@=2" ¥ 
11. ik, = =1 
7 3 20 36 
2 ie = 9) 2 
15, fe ee iat LS 
16 20 
111. (0.635, 2.480), (—0.635, 2.480), (— 1.245, 0.645), (1.245, 0.645) 19. 21. 


113. 
Mab 


25. 27. AY 


115. a. The amount of rotation is about 22.5°. It is an ellipse. 


33. 
b. The amount of rotation is about 11.6°. It is a hyperbola. 


mae 35. The vertex is located at (—2.1, 1.2). The parabola opens upward. 


: © 4 7 7 
117. With 6 step = P points (2, 0), (1.06 a (089 2) 


i 
(1.06 2) (2, 7), (17.22, =) (-s =) (17.22, =) 
4 4 D 4 


and (2, 277) are plotted. 


Wit 


31. 5.3 seconds, 450 ft 


Viathte Ly2+Le 
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Cumulative Test 


1) —6;3 


5. f(x) = 3(x — 7 +7 


YB =NASAS 


13. 


17. 
19. 


=7 

=a, al 

! + sind 
sin 

cos @ 

(=5). Jl, Webi) 


pale aie a Ga) O22: 
18-3 -17 Se 2s 
25. (2, 4), (4, 2) 
CHAPTER 12 
Section 12.1 
loaq=1 @m=2 a=3 a=4 
oh Gh 1 a, —3 a; —5 a, —7 
5 1 2 3 a 
»a=5 &=%3 G=F B=F5 
4 2 
To G22 OS 2 SR GhS3 
oa — a — ne 
11. a, = 7 a> ~ a, —. ay - 
13. a) = 35 15. ay = —7y 
17. ayo = 1.0201 19. ay = 23 
1 
21. a, = 2n 23.0 
kee. ae 11) 
= [ya 
Wy Gy = ‘ : Dh, Gh, = (eile 
29, 72 31. 812 
33. <g55 35. 83, 156, 160 


1 
———— L + + 
37 es 39. (2n + 3)(2n + 2) 


410 aqj—7 a—10 a,—13 a= 16 


43. aq =1 @=2 a=6 a= 24 


45. a, =100 a =50 a= a=3 


47. a. =1 a=2 a=2 a=4 


49. a, =1 aq=-1 a=-2 a=5 
51. 10 53. 30 Bb SO Whoo) 
59. 1-x+xr-—x 61. 2 
5 x xt 20 
lot t t 5s 
Rg ag oe 
fey 
67. not possible 69. > 5 
n=0 
ee 2 (@ ae ipl 2 
We Sl) n 73. Se le n(n + 1) 
n=1 rae ae 1)! n=1 


foe) (—1)"x" 0° (-1)""! ox! 


Ca n>, =a 


n=0 n) n=1 


77. Aq © $28,640.89. A7, represents the total balance in 6 years 
(or 72 months) 


79. a, = 20 + 2n. The paralegal’s salary with 20 years of 


experience will be $60 per hour. 
81. a, = 1.03a,_, n= 1,2,... anda) = 30,000 


83. Approximately 10.7 years, a, = 1000 — 75n 
= OMA oan 


85. A, = $100 A, = $200.10 A; = $300.30 
As = $400.60 Ax, = $3663.72 


87. 7; 7.389 89. 0.095310; 0.095310 
91. 6! is not equal to (3!)(2!) 


93. (—1)"*! is evaluated incorrectly. The wrong sign is on each 


term. 
95. true 97. false 
OO GHC ma CFD @m=Cr 2D gh= Ca BD 
101. 1 and 1 


103. ajo) 2.705 ajo © 2.717 
105. 42 ~ 7.27 


410.000 © 2.718 


Section 12.2 


1. arithmetic; 3 3. not arithmetic 5. arithmetic; —0.03 


7. arithmetic; 3 9. not arithmetic 


1k. ag =3 M=1 4G 1 a,=-3 


arithmetic; —2 
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13. a4. =1 a=4 a;=9 a,=16 notarithmetic 
18. a4, =2 a =7 az;=12 a,=17 arithmetic; 5 
17. a. =0 a =10 a,=20 a, = 30 arithmetic; 10 
19. a,=-1 aq=2 az=-3 a,=4 notarithmetic 
Bile Gp = Os 284 Ga = =O BA Ab hy = =F ar Ae 
27. a,=en—e 29. 124 31. -684 33. 2 
35. a,=8 d=9 a,=8+ 9m - ljora, = 9n- 1 
37. a, = 23 d=-—4 a, = 23 — 4(n — l)ora, = 27 — 4n 
39. a, = 1 d=} a, =14 2(n 1) ora, = 4 + 3n 
41. 552 43. —780 45. 51 
47. 416 49. 3875 51. —66.5 or —+8 
53. 630 55, —*57 = —408.5 57. 1,368 
59. Colin $347,500, Camden $340,000 
61. 850 seats 
63. 1101 glasses in the bottom row. There are 20 fewer glasses in 
every row. 
65. 1600 feet 67. 210 oranges 
69. 23 seats in the first row; 1125 total seats 
71. The correct general term is a, = a; + d(n — 1). 
73. n = 11 (not 10) 75. false 77. true 
79. cen 81. 27,420 or} R 83. 5050 
85. 2500 87. 18,850 
Section 12.3 
ik, WESB TP = 3 3. no 
Bb Was = 5 7. yes;r = 1.7 
9. a, =6 a =18 a3 =54 a, = 162 a, = 486 
Il. a, =1 a =-4 a,=16 a,= —-64 a, = 256 
13. a, = 10,000 a, = 10,600 a; = 11,236 
a4 = 10,000(1.06)? ~ 11,910.16 
ds = 10,000(1.06)* © 12,624.77 
15. a, 3 ay ; a; é a4 i a; = 4 
Uh, é, = 3@Qy* 1, 4 =CEa"~ 
a —0Comlonr! 23. a, = 2(-4)""' 
25. a; = —128 27. a, = 
29a =1000(5,) onl Un note 
33. 59,048 35. 2.2 
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37. 6560 39. 16,383 
41. 2 43. —5 
45. not possible, diverges 47. 2 
Pascale © 10,526 51. 3 
95 
53. 100 55. $44,610.95 
57. 2000(0.5)"; In 4 years when she graduates it will be worth $125, 
and after graduate school it will be worth approximately $16. 
59. On the fifth rebound the jumper will reach a height of 
approximately 17 feet. 
61. 58,640 students 
63. 67 days; $9618 would be paid in January 
65. $3877.64 
67. 26 weeks: $13,196.88 52 weeks: $26,811.75 
69. $501,509 
73. r = —4,not3 75. a, = —12 (not 4) 
77. false 79. true 
$1. If |b] < 1, then the sum is i - b 
83. Be 85. —375,299,968,947,541 
87. The sum is ; l for|x| 89. The series will sum to 
= 
= il. i 5; for lal < 2. 
Section 12.4 
5 7 Pi Bill 
31. false 39 338 yes 
Section 12.5 
fl, 35) 3. 45 Bb il 751 9. 17,296 
Til, ae ab ie ab BAe sp Baie ab iG 
13. y — 15y* + 90y> — 270y? + 405y — 243 
15. x + 5x4y + 10xy? + 10x*y + 5xyt + ¥? 
ih i te Oy +e Dike sb Day 
19) 1257 — 1507 60x — 8 


1 20y 150y? 500y? 19. 24 Mile 12 23. 10,000 


21a, ===: + 625y" ; 
a NG ie x 25. 32,760 aif, HM ee iil $< 110 
23. x8 + 4x%y? + 6xtyt + 4x’y® + 58 29. 100,000; 81,000 31. 2.65 X 10 33. 59,280 
25. ax + Satx*by + 10a*x*b’y? + 10a°x*b*y? + 35. 997,002,000 37. 22,957,480 39. 2,598,960 
Saxb*y* + by 
41. 1326 43. ~4.9x 104% 45. 256 
27. x0 + 12x9/? + 60x? + 160x°/? + 240x + 192x!/2 + 64 
47. 15,625 49, 400 


29. a + 4a?/*b'4 + 6a/7b'/? + 4a3/4b3/4 + b 1S 
51. The correction that needs to be made is that the combination 


Six = 8x Ay 30x) yoy. formula needs to be used instead of the permutation. 
33. 7 — 4rs + Ors? — 4rs° + st Hon pak il 
53. true 55. false i ——— = 
35. a°x® + 6@xeby + 1Satxtb*y? + 2002 b3y? + fat Ww? 
15a°x’b*y* + 6axb*y’ + b®y® , Co = P= n! 
n@-r 1 Goan (n tae r)! 
37. 3360 39. 5670 41. 22,680 
61. The answers are exactly the same as 1-8. 
43. 70 45. 3,838,380 47. 2,598,960 
63. a. 5040 ba. 5040. cw yes”. ,P, = r\(,C,) 
7 7! 7 7! 
49, oer 
See Ee, Soles Section 12.7 
51. false 53. true 1, (2, 3,4, 5,67, 8, 9,10, 11, 12} 
57: Nhe Dinca SAIN ONES ae BBBG, BBGB, BBGG, BGBB, BGBG, BGGB, BGGG, \ 
Oe Se eae GBBB, GBBG, GBGB, GBGG, GGBB, GGBG, GGGB, GGGG 


5. {RR, RB, RW, BR, BW, BB, WR, WB} 


1 q 1 1 5 
Us. Og 11. ig igh 15. 75 
40 _ 10 4 3 3 
17. 5 = 19. Pile 23. 7 25. 0 
59. As each term is added, the 27. a. 270,725 be aS = 0.26% —&. aaddgs © 0.005% 
series gets closer to 8 2 a 4 ise 
y= al te x). When x > 1 29. 52 = 1B) a 15.4% 31. 663 a 0.6% 
that’s not true. The graphs BS: % =~3.1% 35. Ft = 96.9% Sih (38)* = 5.03% 
ESS ES 2 39. 43% 41, 1 = 25% 43. 4.8% 


45. ~0.001526% 


<< aaa 
Mocemphs den ei 2 47. a. Sample space: {Brown/Brown, Blue/Brown, Brown/Blue, 


Blue/Blue} 
1 3 
b. 4 Cc. 4 
1287 
49. 2,598,960 five-card hands 51. 2.598.960 
61. As each term is added, the series gets closer to 53. Subtract P (2 of spades) = a 
1 3) 
y= (: + =| when | < x < 2. No, the series does not get 55. true 57. false 
mG 
~ Ly ee Seria 61. } = 0.333 
close toy = { 1 Lee ore O)< se < I. : (365) G65) : eg L 
Section 12.6 Ce 
1. 360 3. 15,120 5. 40,320 ReviewExercices 
7 1716 9. 252 11. 15,890,700 1d GSS aro SA 
13. 1 15. 27,405 Wee S993 5195) 3@=5 m@=8 Hall qm=iA 


1387 


. 56 15. 


. 15 23. 69 25. 


. Yes, the sequence is arithmetic. d = 


-a,=10 d=6 a,=10+4 
. 630 


~-a=3 


7 a= 


| = oa 61. 


. 4920.5 69. 
. $60,875.61 79. 
. x* — 20x 4 


LP = Ses 
o Hi 935 
. 840 99. 
103. 
109. 
111. 


a ee es = 
ds = 543 © 0.13 Ths 415 = — 3600 


i» = 1)"*13n forn = 1, 2,3,... 


S 
| 


a, = (=i) forn = 12s 4h, Sap 
1 
ip ar il 
3 Ga = ll wh 1 


a= 5) a> 


a4=1 Qa 


2 a, —>4 (a, — 32 


i (Gang oo yn 


» 27 


=] Drea =o 


60 © $36,629.90, which is the amount in the account after 
5 years. 


. Yes, the sequence is arithmetic. d = —2 


. Yes, the sequence is arithmetic. d = 5 


— 


2 
| 


p= =“or a = Nord, = se = 2 
= Z(n = Nora, = —in ar 2 

5 d=2 a,=5+ 2n 

6(n 


1) ora, = 3 + 2n 


4+ 6n 


1) ora, = 


47. 420 


. Bob: $885,000 Tania: $990,000 
. Yes, the sequence is geometric, r = —2. 


. Yes, the sequence is geometric, r = 5. 


6 a; 


100 a,=—400 a, = 1600 a, = —6400 
25,600 


12 a=24 a= 48 


as = 
a, = (—2)"! 

Gos = 33,554,432 65. ay = —2.048 x 10° 

rhe) 

165 81. 1 

500x + 625 


16,400 


150x? 


. 8x — 60x? + 150x — 125 


ae Set OK Shoot 


5rs* — =? 
95. 22,957,480 
101. 792 
107. 5040 


10rs? 4 
37,500 
95,040 
1 105. 30 


10r°s" 


120 different seating orders (15 seasons) 


94,109,400 113. 20,358,520 115. 7g ~ 6.25% 
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117. 2 =2 = 833% 119.2 = 66.7% 121. 4 ~ 58.3% 
123. 5 =~ 15.4% 125. 35 © 96.88% 

127. 36 ~ 1.49 129, 348% ~ 2491.07 

131. 


The series will sum to ‘ 
il ap Dye 


133. 99,900, yes 
135. As each term is added, the series gets closer to 
y= + 2x)* when —0.1 < x < 0.1. No, the series does 
not get close to y = (1 + 2x)‘ for 0.1 <x <1. 
ee 
137. a. 11,440 b. 11,440 c. yes d ea Hee. 
r! 
139. 0.0722 
Practice Test 
a= eo" = 1,2 Bocce 
=a 1)10 
3. S, = Sb || < 1 Yo Sl = (ay & Il 
n 1 = % |x| (3) 
100 
9. >) (Sn — 3) = 24,950 
al 
11. 2520 13. 455 15. 2184 
5) 1 
17S? ex 10 Or 
ce ee es 


19. Because combinations have no particular order and 
permutations do. For permutations, each combination is 
arranged n! ways. 


21. P(red) = a = 0.47 23. P(next roll is red) = ies = 0.4 
25. P(ace) + P(diamond) — P(ace of diamonds) = ie 
27. 184,756 
Cumulative Test 

ae Te 

We 2 3.x = oe D5 

7. wx+h-3 9. (15, 6) 

11. VA: x = 3; HA: y = —5 

13. 2.585 15. no solution 

il = 
17. Maximum: z(1,4) = 24 19. Be 8 | 
29 4 7 

21. (y — 5)? = —16(x — 3) 
ARE 3) a, DY = iene ify = SB 


0.308 


Applications Index 


Agriculture 
land investment, 493 
pasture areas, 390 
Animals 
cat food amounts, 462 
dog runs, 227, 331 
dog training, 148 
pygmy elephants, 541 
Archaeology 
carbon dating of fossils, 509 
Art/Music/Theater/Entertainment 
area of triangular mural, 878 
champagne fountain, 1236 
chord frequencies, 114 
concert sound levels, 519, 530 
dancing, 1272 
Matchbox 20 website hits, 1248 
New York Philharmonic sound levels, 
530 
opera house seats, 599 
phonograph records, 650-651 
stained glass profits, 304 
television shows, 1271-1272 
theater seating, 113, 1236 
tone frequencies, 791 
viewing angle of picture, 812 
Astronomy, see Physics and 
Astronomy 
Automotive 
antifreeze concentration, 113 
braking power, 903 
car repair costs, 262 
car value, 160, 174, 219 
following distance, 599 
fuel economy, 391, 971, 1023 
gasoline prices, 113, 188 
hybrid vehicles, 1064-1065 
license plates, 1271, 1290 
monthly driving costs, 218 
NASCAR revenue, 187 
new model availability, 530, 541 
new model options, 1290 
new model prices, 148 
odometer readings, 649 
parking lot area, 878 


production levels, 983 

rental car costs, 100, 218 

tire size, 650 

towing power, 903 

vehicle depreciation, 529, 541, 551, 

1248 

windshield wipers, 650 
Aviation 

company stock values, 160 

military aircraft speed, 356 

NASA “vomit comet,” 390 

wind speed, 114, 971 
Biology/Life Sciences 

animal body temperature, 763 

average height, 219 

average weight, 219 

bacterial growth, 539, 551, 1227 

diffractometer, 587 

DNA, 650 

genetics, 1281 


human body temperature, 168, 661, 830 


human body weight, 148 

limb proportions, 356, 859, 869 

pollen levels, 812, 828 

probability of sex at birth, 1280 
Biology/Zoology 

bioluminescence in fireflies, 690 

birds’ wing-flapping, 940 

deer population, 829 

hamster wheel, 651 

human body temperature, 660 

insect infestation, 878 
Budgeting 

costs, 283 

education, 1248 

event planning, 283, 304, 348, 970 

personal, 113, 218, 1227, 1248 

telephone plans, 283, 348 
Business 

break-even point, 47, 434, 971 

budgeting, 112 

builder discounts, 112 

business expenses, 1064 

cash flow of stock fund, 771 

cell phone provision, 1065, 1079 


collectibles, 283-284 

company stock values, 127, 138, 160 

computer sales, 771 

costs, 36, 100, 112, 113, 148, 219, 
332, 389, 472, 1015 

debt repayment, 542 

defective products, 1281 

event planning, 970 

fees charged, 367 

job applicant scoring, 1064 

leadership positions, 1290 

lemonade stand, 971 

manufactured units, 689 

markups, 112, 148 

maximizing profit, 1015, 1016, 1024 

monthly sales, 829 

NASCAR revenue, 1078 

NCAA apparel sales, 1078 

NFL salaries, 1227, 1288 

operating costs, 100 

overhead costs, 113 

price comparisons, 903 

prices, 113, 127, 160, 174, 331, 
357, 494 

production costs, 332, 389, 829-830, 
1015 

production levels, 982, 1008, 1016, 1050 

product sales, 812 

profit, 36, 47, 127, 148, 160, 176, 202, 
303, 304, 321, 389, 390, 434, 443, 
463, 473, 540, 585-586, 782, 1015, 
1016, 1024 

profit function, 391, 434, 443, 463, 
472, 473, 540 

real estate, 148, 160, 178, 332, 539 

revenue function, 407 

revenues (actual and projections), 100, 
148, 168, 187, 218, 391, 407, 472, 
617, 791 

royalties, 304 

salaries and raises, 321, 348, 367, 369, 
473, 1227, 1236, 1247 

salary comparisons, 493, 971, 1236, 
1248, 1289 

sales commissions, 178 
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1390 APPLICATIONS INDEX 


Business (continued) 


sales income, 100, 304, 828 

sales models, 540, 541, 1227 
sales tax, 356, 369 

seasonal sales, 305, 660 

supply and demand, 138, 331, 357 
take-home pay, 348 

task times, 114 

tipping, 1064 

typing speed, 462 

vehicle depreciation, 529 

wages and hours worked, 356, 367 


Calculus 


difference quotient, 763 


Chemistry 


gas relationships, 357 

mixtures, 174, 970, 971, 1023, 1050 
molecular structure, 600 

pH values, 508-509 

radioactive decay, 493, 540, 551 
suspension concentrations, 100 


Communications 


cell phone plans, 100, 148, 178, 357, 
971, 1065, 1079 

cell phone texting, 251-252 

e-mail password combinations, 1270, 
1290 

iPhone sales, 541 

laser communications, 26, 113, 148 

long-distance charges, 304, 348 

postage rates, 304 

power levels, 509 

telephone plans, 219, 283, 348 

zip codes, 1271 


Computers 


computer business, 1016 

computer configurations, 1270 

depreciation, 493, 1248 

e-mail password combinations, 1270, 
1290 

Internet costs, 100, 148 

production levels, 1008 

vs. human brain, 983 

website hits, 1248 


Construction and Home Improvement 


area of ceiling, 879 

area of garden, 878 
bathroom remodeling, 218 
budgeting, 113 

builder discounts, 112 
Christmas lights, 570 

dog runs, 227, 331, 1162 


furniture dimensions, 870 
gardening, 112, 113, 128, 463 
home sales price, 148, 332, 1227, 1248 
horse paddock, 1162 
housecleaning, 128 

house model variations, 1270 
hurricane preparations, 1015 
irrigation systems, 113, 201 
ladder size, 112 

log stacks, 1236 

nursery plants, 112, 113 
painting time, 114 

rain gutter area, 829 

real estate appreciation, 539 
renovation budgeting, 357 
spiral garden maze, 941 
sprinkler system, 650 
treehouse, 600-601 


Consumer 


cardioid microphones, 940 
combination lock, 616 
Dish TV, 598-599 
furniture dimensions, 870 


Consumer situations 


cell phone plans, 100, 148, 178, 357, 
971, 1065 

cell phones in United States, 391 

combination locks, 1271 

depreciation of goods, 493, 541, 551, 
1248, 1289 

electronics demands, 202 

flat screen TV prices, 113 

food costs, 112 

garden plants, 112 

Internet costs, 100, 148 

jeans prices, 357 

manicure costs, 1227 

oranges store display, 1236 

rental car costs, 100 

sales tax, 356, 369 

telephone plans, 219, 283, 304 

ticket prices, 188 

wedding invitations, 1270 


Demographics (US/World) 


adult smokers in United States, 1063 
average driving time, 983, 1050 
average marriage age, 983, 1050 
cell phones in China, 539 

cell phones in United States, 391 
HIV/AIDS infection rate, 540 
male/female registration times, 903 
population doubling times, 493 


population growth, 539, 551 

population of United States, 16 

registered voters in United States, 1064 

underage smokers, 391 

University of Central Florida students, 
1248 

women in science, 1063 


Design 


champagne fountain, 1236 
combination locks, 1271 
defective products, 1281 
field of tulips, 1236 

new car options, 1290 
safe, 1271, 1290 
university campus, 227 


Earth science 


earthquake magnitudes and energy, 
508, 519, 529, 530 

glacier crevices, 870 

mountain height, 710 

rainwater acidity, 508-509 

tidal heights, 660 


Economics 


exchange rates, 284 

gasoline prices, 113, 188, 1064-1065 

price increases, 127, 160 

profit function, 391 

stock values, 127, 138, 407-408 

supply and demand, 138, 202, 305, 
357, 494, 1008 

U.S. national debt, 16 


Education/Learning 


bookstore markups, 112 
budgeting, 1248 

campus sound levels, 530 

class seating, 1271 

club sign-ups, 894 

combination lock, 616 

education debt, 542 

fraternity elections, 1271 
fundraiser costs and profits, 304 
grade distribution, 541 

grades, 114, 148, 174, 176 

GRE prep test scores, 262 

laptop computer use, 1248 
male/female registration times, 903 
marching band uniform costs, 303 
March Madness basketball, 1271 
memorization by professor, 462 
multiple-choice tests, 1271 
NCAA apparel, 1078 

professors and leadership, 1271 


research grants, 113 

SAT scores, 138 

sorority T-shirt costs, 303 

sorority work, 128, 1236 

travel time, 114 

tutoring costs, 367 

typical college sleep time, 112 

University of Central Florida students, 
1248 

women in science, 1063 


Electricity/Electronics/Optics 


alternating current, 812 

Arecibo parabolic telescope, 1125 
band-pass filters, 168 

binoculars sales, 112 

cardioid microphones, 940 

career salaries, 1236 

cell phone dimensions, 26 

cell phone towers, 187, 227, 228, 869 
circuit theory, 1093 

Dish TV, 598-599 

electrical circuits, 61, 79 

electrical fields, 36, 47 

electric motor, 651 

electromagnetic wave propagation, 763 
eyeglass lens, 1124 

focal length of lens, 1124-1125 
impedance in circuits, 79 

lamp path, 1151 

laser beams, 148, 202 

laser communications, 26, 113, 148, 813 
lens law in optics, 61, 100, 115, 996 
LEO satellites, 649 

military recording devices, 1151 
optical signal sums, 791 

optical signal wavelengths, 100 
radio waves, 201 

refraction index, 585—586, 632 
refractive angles and diamond, 829 
resistance in circuits, 61 

rocket tracking, 858 

satellite dishes, 1124, 1209 
signal-to-noise ratio, 148 

sound waves, 690 

square waves, 305 

telephone infrastructure, 1254 
television dimensions, 128, 178 
texting speed, 251-252 

touch-tone dialing, 791 


Energy. See also Electricity/ 


Electronics/Optics 
earthquake waves, 813 


fuel economy, 391, 971, 1023 

sound levels, 508, 509, 519, 530 
Engineering 

Archimedes spiral, 940 

bridge across river, 858, 1125 

bridge pilings, 178 

cell phone coverage, 228 

elastic rebound, 1248 

electrical fields, 36, 47 

gears, 649 

hot-air balloon, 858 

ore-crusher wheel, 771-772 

parabolic bridges, 1124, 1209 

projectile motion, 36, 47 

solar furnace, 1125 

stealth bomber length, 869 

sums and series, 1227-1228 

telephone infrastructure, 1254 

torque, 894 

work and force, 902—903 
Environment 

carbon emissions, 285, 305 

carrying capacity, 541, 551 

chemical munitions disposal, 650 

climate change, 285, 305 

dry erase markers, 970 

envelope waste, 284 

fires, 227 

flower seed, 878 

fuel economy, 391 

hybrid car economics, 1064 

insect infestation, 878 

oil spill, 332 

oxygen levels in lake, 689 

paper use, 128 

plastic bag use, 219 

rainwater acidity, 508-509 

solar cookers, 1124 

tree heights, 570, 571, 617 
Finance 

average federal funds rate, 284, 408 

car financing, 160 


compound interest, 113, 357, 493, 549, 


550, 1227, 1248 
consumer debt, 219, 542, 812 
education debt, 542 
family finance, 812 
federal income tax, 149, 321, 1064 
insurance, 138 
investments, see Investing 
loan payments, 61 
PIN number combinations, 1270 
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Rich Man/Poor Man deals, 1248 
Food/Nutrition 
Asian food, 219 
for cats, 462 
coffee costs, 113 
costs, 113, 1227 
deli costs, 113 
diet, 112, 174, 982, 1008, 1064, 1065 
dinner option combinations, 1270 
donut store products, 1016 
exercise and calorie count, 1050 
food acidity, 508-509 
fundraiser costs, 304 
nutrient levels in diet, 1008, 1049, 
1064, 1065, 1078 
oranges display, 1236 
pasta maker, 651 
pizza costs, 112, 1248 
pizza dimensions, 878 
revolving restaurant, 570 
solar cookers, 1124 
Subway meals, 982, 1049 
Forensic Science 
drop of blood, 585 
time of death, 541 
Geography 
Boston temperatures, 219 
Earth circumference, 26 
Hawaii temperatures, 168 
land prices, 160 
London population, 493 
Phoenix temperatures, 176 
Tampa temperatures, 283 
temperature and elevation, 218 
U.S. zip codes, 1271 
Virginia rainfall, 219 
Geology 
earthquakes, 813 
Geometry 
angle between vectors, 903 
Archimedes spiral, 940 
area of quadrilateral, 879 
area of regular polygon, 710 
area of triangle, 877-878, 949 
areas, 36, 128, 160, 284, 331, 332, 368, 
390, 463, 472, 1007, 1093, 1103 
bearing/navigation, 599, 868, 893, 
1151, 1210 
circles, 112, 227, 331, 332, 368, 1051 
complex roots and geometric figures, 
925 
cycloids, 1197 


1392 APPLICATIONS INDEX 


Geometry (continued) 

cylinders, 36, 284 

diagonals of rhombus, 903 

dimensions of rectangle, 1162 

dimensions of square, 869 

eccentricity, 1191-1192, 1209-1210 

equation of ellipse, 1138, 1191, 
1209-1210 

graphs, 940-941, 1050, 1070-1071 

hyperbolic paths, 1151 

lines, 1093, 1103 

parametric curves, 1201 

perimeter of rectangle, 1162 

perimeters, 36, 47, 100, 112, 128, 160, 
174, 463 

polygon angles, 1254 

projectile flight, 1201 

radii of circles, 1162 

rectangles, 36, 47, 100, 112, 128, 160, 
174, 332, 369, 390, 417, 463, 
472-474 

semicircles, 36, 112 

squares, 128, 284, 331 


triangles, 112, 128, 174, 472, 617, 772, 


877-878, 949, 1093, 1103 

volumes, 36, 47, 128, 284, 332, 
369, 474 

Government 

DUI levels, 176 

federal income tax, 149, 1064 

FEMA hurricane response, 1007 

lotteries, 1261, 1271, 1290 

military recording devices, 1151 

missile firing, 1201 

postage rates, 304 

registered voters in United States, 
1064 

translator salary, 1289 

USMC reenlistment, 1288 

US Navy commission, 1227 

zip codes, 1271 

Health/Medicine 

average height, 219 

bacterial growth, 1227 

blood alcohol level, 176 

body surface area (BSA), 138, 321 

body temperature, 168, 348, 541 

body weight, 148, 219, 321, 389 

diet, 112, 174, 982, 1008, 1078 

drug concentrations/dosages, 100, 321, 
391, 434, 443, 462, 463, 493-494, 
530, 540, 661, 763, 970 


exercise, 114, 407 

exercise equipment, 893, 1138 

exercise heart rate, 148, 529 

exercise regimen, 1050 

flu outbreak model, 127 

fundraisers, 1271, 1290 

health care costs, 285 

herd immunity, 253 

HIV/AIDS, 540, 1227 

insurance costs, 138 

IV solutions, 113 

lifeguards and troubled swimmer, 859 

malaria outbreak, 284 

respiratory volumes, 829 

smoking, 391, 1063 

tracheal air velocity, 407 

typical college sleep time, 112 

viral outbreaks, 541 

weightlifting, 892 

weight loss, 407 

yo-yo dieting, 660 

Investing 

allocating principal, 113, 174, 971, 
983, 1024, 1050, 1102 

annuities, 1228, 1248 


compound interest, 529, 530, 549, 550, 


1227, 1248 

land, 493 

military reenlistment bonus, 1288 

stock prices, 550 

Leisure, see Sports and Leisure 
Math and Numbers 

best fit line and linear regression, 
251-254 

bifolium curve, 739 

calculus, 763 

complex roots, 925 

cryptography, 1078 

data curve-fitting, 983, 1023, 1050, 
1102 

expressing measurements, 26 

finding determinants, 1093, 1103 

golden ratio, 356 

lottery numbers, 1261, 1271, 1290 

modeling hours of daylight, 812 

optimization, 903 

partial-fraction decomposition, 996 

permutations and combinations, 
1270-1272 

Poor Man’s Clever Deal, 1248 

probability, 1248, 1280 

product and difference, 1162 


pursuit theory, 904 
random-number generator, 1281 
ratios, 1162 
Rich Man’s Promise, 1248 
sum and difference, 1162 
sum and product, 112, 128, 174 
sums and series, 1227-1228, 1236 
temperature conversions, 100, 331, 348 
touch-tone dialing, 791 
turning points of curve, 829 
Medicine, see Health/Medicine 
Mental Exercises 
memorization, 462, 463 
Personal Finance 
budgeting, 113, 218, 1227, 1248 
car financing, 160 
car repair, 262 
consumer debt, 219, 542 
education debt, 542 
federal income tax, 149, 321, 1064 
investments, 113, 174, 493, 983, 1050, 
1102, 1227, 1228, 1248 
monthly spending, 112, 149, 219 
reenlistment bonus, 1288 
Physics and Astronomy 
Arecibo parabolic telescope, 1125 
asteroids, 1138, 1192 
bullet speed, 160 
bullet speed and path, 892, 1201 
diffractometer, 587 
earthquake movement, 813 
elastic rebound, 1248 
electromagnetic signals, 201-202 
electromagnetic spectrum, 509 
electromagnetic wave propagation, 763 
expressing measurements, 26 
falling objects and gravity, 72, 128, 
283, 305, 390, 472, 982, 1049, 
1236, 1248, 1289 
fireworks, 283, 332 
gravity, 72, 651 
Halley’s comet, 940, 1138 
harmonic motion, 689 
inclined plane, 893 
Kennedy Space Center carpool, 112 
Kepler’s Law, 72 
lasers, 113, 541, 813 
magnetic pendulum, 941 
military aircraft speed, 356 
NASA astronaut weights, 148 
NASA escape basket, 858 
NASA “vomit comet,’ 390 


Newton’s Law of Cooling, 540 
ore-crusher wheel, 771-772 
pendulums, 72, 138 
planetary orbits, 72, 113, 940, 1138, 
1191, 1209-1210 

planetary rotation, 650 
projectile flight, 1201 
projectile motion, 160, 417, 982, 1049 
radioactive decay, 493, 540, 551 
radio spectrum, 509 
resultant forces, 894, 913 
rocket tracking, 858 
solar radiation and distance, 357 
sonic booms, 690 
sound levels, 508, 509, 519, 530 
sound wave properties, 114 
space shuttle glide path, 598 
Special Theory of Relativity, 138 
speed of light, 100 
speed of sound, 113, 138, 356 
spring stretch and force, 357 
temperature conversions, 100 
tidal heights, 660 
torque, 894 
visible spectrum, 509 
wave properties, 100 
work, 825 
work problems, 128 

Puzzles 
bridge pilings, 178 
distance puzzles, 112 
sleep hours, 112 

Social issues 
blood alcohol level, 176 
FEMA hurricane response, 1007 
HIV/AIDS, 540, 1227 
marriage age, 983, 1050 
registered voters, 1064 
search-and-rescue, 598 
SWAT team work, 870 
women in science, 1063 

Sports and Leisure 
amusement park/carnival rides, 1137, 

1201 

archery, 571, 586, 600, 859 
baseball, 869, 893, 1201 
bicycles, 649, 651 
boating, 892-893 
bowling, 859, 870 
bullet speed and path, 892, 1201 
carousels, 650 
dog field trials, 570 


exercise equipment, 893, 1138 
football, 893 
footrace, 1162 
golf, 598 
horse paddock size, 1162 
hot-air balloon, 858 
London Eye, 649 
party tent, 571 
The Price Is Right wheel, 651 
revolving restaurant, 570 
rock-climbing wall, 859, 870 
Scrabble game, 583 
skiing, 599 
soccer balls, 829 
sports field dimensions, 1137 
tennis, 599-600, 859, 903 
track, 616 
treehouse, 600-601 
video games, 941 
Walt Disney World, 660 
weightlifting, 892, 902 
Zim-Zam, 616 

Sports and Recreation 
amusement park rides, 253-254 
baseball, 128, 283-284 
basketball, 982, 1049, 1078, 1271 
biking, 1271 
boating, 114, 1289 
bungee jumping, 1248 
card games, 1261, 1271, 1280, 1290 
casino games, 1280-1281 
dog training, 148 
electronic games, 202 
exercise and heart rate, 148 
exerciser speed, 114 
football, 36, 112, 114, 187, 188, 261, 

389, 417, 982, 1049, 1227, 1271, 
1281, 1288, 1290 

golf, 149, 168 
health club weights, 970 
Tronman triathlon, 1271 
lottery games, 1261, 1271, 1290 
NASCAR, 187, 1078 
probability in, 1281 
rowing, 303, 348 
running, 219 
Scrabble, 983 
seesaw balancing, 114 
skiing, 983, 1016 
skydiving, 1236, 1289 
soccer, 390 
spa visits, 1064 
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swimming, 1271 
television dimensions, 128, 178 
ticket prices, 188, 1050 
Tower of Hanoi game, 1254 
track, 251, 1271 
Walt Disney World, 473 
water balloons, 128 
Statistics/Probability 
hours of daylight, 812 
Transportation 
aviation, 114, 598, 599, 690, 
868, 893 
biking, 649, 651 
boating, 114, 1289 
boat/ship, 892-893, 1151, 1210 
bypass around town, 261 
distance problems, 112, 114, 174 
high-speed train, 1016 
speed comparisons, 114 
Travel 
Bermuda Triangle area, 877 
blood alcohol and DUI, 176 
Eurostar train, 1016 
shortcut distances, 586 
trip lengths, 114, 187, 417 
trip speeds, 971 
Trigonometry 
area of parallelogram, 878 
area of polygons, 878 
area of triangle, 782, 791, 877-878, 
949 
polar graphs, 940-941 
surveying, 870 
SWAT team zipline angles, 870 
tangent and slope, 763 
turning points of curve, 829 
Weather 
average rainfall, 219 
average temperatures, 168, 283, 
660, 840 
NOAA humidity measurements, 148 
temperature and elevation, 218 
temperature conversions, 100, 218 
Zoology 
alligator length, 113 
bacterial growth, 539, 551, 1227 
career salaries, 1236 
carrying capacity, 541, 551 
fish population, 551 
Mexican gray wolf populations, 530 
phytoplankton growth, 540 
snake length, 113 


Subject Index 


A 
Abscissa, defined, 182 
Absolute value 
defined, 12, 162 
modeling with, 172 
properties of, 162-163 
Absolute value equations, 162-165 
modeling using, 172 
solving, 163-165 
Absolute value functions 
defined, 289 
graphing, 297 
Absolute value inequalities, 165-167 
modeling using, 172 
properties of, 165 
solving, 165-167 
Accuracy, significant digits and, 589-590 
Acute angles 
defined, 557 
special angles, 580-583, 605-607 
using calculator to determine measure 
of, 592 
Acute triangles, defined, 846 
Addition 
associative property of, 10 
commutative property of, 10 
of complex numbers, 75 
exponents and, 20-21 
of fractions, 13-14 
of functions, 323-325 
of matrices, 1055-1056 
order of operations and, 7-8 
of polynomials, 28-30 
of radicals, 66 
of rational expressions, 53-56 
of vectors, 882, 884 
Addition method. See Elimination 
method 
Addition of ordinates, 683-685 
Additive identity property 
defined, 10 
for matrices, 1056 
Additive inverse property 
defined, 10 
for matrices, 1056 
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Algebraic expressions 
defined, 9, 92 
domains of, 49-50 
evaluating, 9 
Algebraic signs, of trigonometric 
functions, 619-621 
Alternating sequences, defined, 1220 
Amplitude, of sinusoidal function, 
668-671 
Angle of rotation, 1175-1179 
Angles 
acute, 557, 580-583, 605-607 
calculating for, 610 
central, 635 
classification of, 557-558 
complementary, 558, 579 
coterminal, 607-608 
defined, 556 
degree measure of, 556-558 
of depression, 594-596 
direction, 883-884 
of elevation, 594-596 
of inclination, 594-596 
nonacute, 611-612, 626-630 
quadrantal, 604-605, 614, 621 
radian measure of, 635-637 
reference, 623-626 
rotation of, 556 
special angles, 580-583, 605-607 
in standard position, 604—605 
Angular speed, 644-646 
defined, 644 
and linear speed, 645-646 
Applications (word problems). See also 
Applications Index 
examples of, 104-111 
involving conics, 384-387 
involving exponential functions, 
487-491 
involving functions, 279-280, 328-329 
involving linear equations, 214-215 
involving linear inequalities, 145-146 
involving logarithms, 503-506, 
526-528 
involving matrices, 1043-1046 


involving quadratic equations, 124-125 
involving quadratic functions, 384-387 
involving rational inequalities, 158 
involving sequences and series, 1224, 
1234, 1245-1246 
solving, 102-104 
Approximations 
of decimals, 6-7 
for evaluating trigonometric functions, 
627-630 
of exponential functions, 481 
Arc length, 640-641 
defined, 640 
Area 
of circular sector, 641-643 
of triangles, 872-876 
Argument 
of complex number, defined, 908 
of function, 273 
Arithmetic sequences, 1229-1235 
applications involving, 1234 
defined, 1230 
properties of, 1229-1231 
sum of, 1232-1234 
Arrow notation, 447-448 
ASA (angle-side-angle) triangles, 847, 
849-852 
Association, in scatterplots, 234-235, 
239-240, 256-257 
Associative property 
for matrices, 1056, 1061 
of real numbers, 10 
of vectors, 885 
Asymptotes, 447-453 
defined, 448 
as graphing aids, 454-459 
horizontal, 450-452 
in hyperbolas, 1143-1147 
slant, 453 
vertical, 448-450, 693 
Augmented matrices 
and inverse matrices, 1070-1073 
row operations on, 1033-1034 
solving linear equations with, 
1032-1037 


Average rate of change, defined, 294 
Axis/axes 

of Cartesian coordinate system, 182 

of conics, 377 

conjugate, 1143 

of hyperbola, 1140 

major and minor, 1127 

rotation of, 1172-1179 

of symmetry, 1113 

symmetry and, 194-199 
Axis of symmetry, of parabola, 

377, 1113 


B 
Base, of exponent, 18 
Base 10. See Logarithms 
Base b, in exponential functions, 480 
Base e, evaluating, 498-499 
Basic rules of algebra, 9-15 
Bell-shaped curve, 535-536 
Best fit line, 240-247 
finding, 240-245 
using for prediction, 245-247 
Binomial coefficients. See also 
Permutations 
and binomial expansion, 1257-1259 
defined, 1256 
evaluating, 1256 
Binomial expansion 
and binomial theorem, 1255-1260 
finding terms of, 1259-1260 
Pascal’s triangle and, 1258-1259 
Binomials 
defined, 28, 1255 
multiplying with FOIL, 31-34 
Binomial theorem, 1255—1260 
binomial coefficients in, 1255-1256 
binomial expansion and, 1257-1260 
defined, 1257 
Bisection method, for finding zeros, 
429-430 
Bounded graphs, 1164-1169 
and inequalities, 140-142, 998-1006, 
1010-1015 
Bound (upper/lower) rules, for real zeros, 
427-428 
Branches, of hyperbola, 1140 


C 
Calculators 
angle of rotation, 1177-1178 


graphing sinusoidal functions, 670, 
672-674 

inverse trigonometric functions, 592, 
794-802, 804-805, 820-821 

polar and rectangular forms, 909-911, 
1187-1189 

trigonometric function evaluation, 
582-583, 627-630 

Calculator use. See Technology use 


Calculus 
partial-fraction decomposition in, 986 
products and sums of functions, 784 
Cardioids, graphing, 934-935 
Cartesian coordinate system 
angles defined in, 604-608 
defined, 182 
trigonometric functions in, 609-614 
vectors in, 882-884 
Cartesian plane, defined, 182 
Center 
of circle, 221-225 
of ellipse, 1127 
of hyperbola, 1140 
Central angle, defined, 635 
Change-of-base formula, for logarithms, 
517-518 
Circles, 221-226. See also Ellipses 
circular sector, 641-643 
defined, 221 
equations of, 221—225 
graphing, 223 
Circular functions, 654-656 
properties of, 656-658 
translations of, 704-707 
Circular sector, area of, 641-643 
Closed intervals, and inequalities, 
140-141 
Coefficients 
binomial, 1255-1259 
correlation (r), 237-239 
defined, 9 
irrational, 1090-1091 
in polynomials, 28-29, 376-377 
Cofactors, of square matrix, 1082-1083 
Cofunctions, trigonometric, 579-580 
identities, sum and difference 
identities, 756 
Column index, of matrix, 1031 
Column matrix, defined, 1032 
Combinations, defined, 1267 
Combined gas law, as variation, 354 
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Combined inequalities, defined, 140 
Combined variation 
defined, 353 
modeling with, 353-354 
Common difference, defined, 1230 
Common factors, 38-39, 54—58 
Common logarithmic function 
evaluating, 498-499, 517 
properties of, 513-516 
Common ratio, 1238-1240 
defined, 1238 
Commutative property 
for matrices, 1056, 1060 
of real numbers, 10 
of vectors, 885 
Complementary angles 
and cofunctions, 579-580 
defined, 558 
Complement of event, defined, 1275 
Completion of square 
for equation of circle, 224-225 
and quadratic equations, 120-121 
and quadratic functions, 381-382 
Complex conjugates, 906 
Complex conjugates, multiplication with, 
76-77 
Complex conjugate zeros theorem, 
defined, 437 
Complex nth root, 920 
Complex numbers, 73-78 
adding and subtracting, 75 
defined, 74 
modulus (magnitude) of, 906-907 
multiplying and dividing, 76-77, 
915-917 
powers of, 918-919 
products of, 915-916 
properties of, 73-75 
quotients of, 916-917 
raising to powers, 77-78 
rectangular and polar forms, 
905-911 
roots of, 919-923 
Complex plane, defined, 906 
Complex rational expressions 
defined, 56 
simplifying, 56-58 
Complex zeros 
and factoring, 437-441 
properties of, 435-437 
Components, of vectors, 882-883, 886 
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Composition of functions 
applications involving, 328-329 
defined, 266, 326 
properties of, 325-328 
Compound interest, 106-107, 489-491 
Compression, graphing using, 315-317 
Conditional equations, defined, 741 
Congruent triangles, 565 
Conic sections. See also Systems of 
nonlinear equations; specific conic 
section 
alternative definition of, 1183 
defined, 1110-1112 
graphing from polar equation, 
1187-1190 
as nonlinear equations, 1153-1161 
and nonlinear inequalities, 1164-1169 
polar equations of, 1183-1189 
and rotation of axes, 1172-1179 
Conjugate axis, defined, 1143 
Conjugates, complex, 76-77 
Constant functions 
defined, 288, 292 
determining, 292-293 
graphing, 297-299 
Constant of proportionality (k), defined, 
350 
Constant of variation (k), defined, 350 
Constants, defined, 9 
Constraints 
defined, 1010 
in linear programming, 1010-1015 
Consumer surplus, in supply and 
demand, 1004—1005 
Continuous functions, defined, 298 
Continuous graphs, defined, 396 
Corner points, of inequalities graphs, 
1004-1006 
Correlation coefficient (r), defined, 237 
Cosecant function 
calculating as ratio, 576-577 
defined, 575-576 
graphing, 697-698, 702-704 
inverse, 803-806 
inverse identities, 805 
Cosine function 
calculating as ratio, 578 
defined, 575-576 
graphing, 666-667 
inverse, 798-800 
inverse identities, 799-800 


sum and difference identities, 752-756 
Cotangent function 

defined, 575-576 

graphing, 695-697, 699-702 

inverse, 803-806 

inverse identities, 805 
Coterminal angles, 607-608 
Cramer’s rule 

defined, 1086 

solving systems of linear equations 

with, 1086-1091 

Cryptography, matrices in, 1076 
Cube function, defined, 289 
Cube root, defined, 65 
Cube root functions, defined, 289 
Cubes 

binomials and, 33-34 

in factoring, 39-41 
Curves 

graphing, 1195-1196 

parametric equations of, 1194-1199 
Cycloids, 1197 


D 
Damped harmonic motion, 678, 681-682 
Data sets. See Linear regression 
Decay, modeling, 486-487 
Decibel (dB) 
calculating, 503-504 
defined, 503 
Decimals 
approximation of, 6-7 
and scientific notation, 24 
Decreasing functions 
defined, 292 
determining, 292-293 
Degree, of polynomials, 28, 394-395 
Degree measure, 556-558 
arc length and, 641 
conversion to radian measure, 637-639 
De Moivre’s theorem, for complex 
numbers, 918-919 
Denominators 
rationalizing, 67-69 
in rational numbers, 4 
Dependent systems of linear equations 
defined, 956 
solving, 959, 963, 965, 977, 1041-1043 
Dependent variables 
assigning, 270 
defined, 230 


Depression, angle of, 594-596 
Descartes’s rule of signs 

defined, 425 

and polynomial factoring, 425-430 
Determinants 

and Cramer’s rule, 1086-1091 

defined, 1072, 1081 

finding, 1081-1085 

notation for, 1081 
Difference 

defined, 7 

of matrices, 1055-1056 
Difference functions, 323-325 
Difference of two cubes, factoring, 39, 41 
Difference of two squares, 32-33, 67 

factoring, 39 
Difference quotient 

calculating, 296 

defined, 277, 296 
Digits, significant, 589-590 
Directed line segment, for vectors, 881 
Direction 

along curve, 1195 

of vectors, 881-882 
Direction angles, of vectors, 883-884 
Directrix 

defined, 1113 

and eccentricity, 1183-1185 
Direct variation 

defined, 350 

modeling with, 350-352 
Discontinuous functions 

defined, 298 

graphing, 298-299 
Discrete sets, defined, 270 
Discriminants 

and angle of rotation, 1175-1179 

defined, 124 

in determining conic type, 1111-1112 
Distance (number line), finding, 162-163 
Distance formula (graphing), 183-184 

and conics, 1114, 1128 

defined, 184 
Distance-rate-time problems. See also 

Applications Index 

solving, 109-111 
Distributive property 

for matrices, 1061 

polynomials and, 30-34 

of real numbers, 10-11 

of vectors, 885 


Dividends, defined, 410 
Division 
of complex numbers, 76-77, 916-917 
exponents and, 20-21 
of fractions, 13-14 
of functions, 323-325 
order of operations and, 7-8 
of polynomials, 410-416 
of radicals, 65-66 
of rational expressions, 52-53 
of real numbers, 10 
zero in, 13 
Division algorithm, for polynomials, 412 
Divisors, defined, 410 
Domains 
of algebraic expressions, 49-50 
defined, 49, 268 
determining, 277-280 
of exponential functions, 481-482 
of functions, 268-272, 277-280 
of inverse functions, 338-339 
of logarithmic functions, 500 
of rational expressions, 49-50 
of rational functions, 445-446 
of rational inequalities, 156-158 
restrictions on, 324—325, 338-339, 
445-446, 500 
of trigonometric functions, 656-658, 
693-700, 793 
Dot product, 896-901 
defined, 896 
modeling, 944 
properties of, 897 
Double-angle identities, 765-769 
finding exact values, 767-768 
Double inequalities 
defined, 140 
solving, 144-145 
Double roots, 117, 124 
Doubling time, growth model, 487-488, 
527-528 


E 
e, defined, 486 
Eccentricity, of conics, 1129, 1183-1185 
Elements 

of matrices, 1031 

of sets, 4, 268 
Elevation, angle of, 594-596 
Elimination method 

Gaussian elimination, 1035-1037 


Gauss-Jordan elimination, 1038-1041, 
1071 


for solving systems of linear equations 


in three variables, 974-979 


for solving systems of linear equations 


in two variables, 959-963, 
1035-1036 
for solving systems of nonlinear 
equations, 1158-1161 
Ellipses 
applications of, 1134 
with center at (h, k), 1131-1133 
with center at origin, 1129-1130 
defined, 1110, 1127 
equation of, 1128-1129, 1132 
graphing, 1132-1133 
vertices and intercepts, 1129-1133 
Ellipsis, in notation, 4 
Empty set, defined, 4 
End behavior, defined, 403 
Endpoints 
in interval notation, 140-141 
of rays, 556 
Equality 
of complex numbers, 75 
and inequalities, 140 
of matrices, 1053-1054 
Equal sign, defined, 7 
Equations 
absolute value, 162-165, 172 
of circle, 221-225 
of conics (polar), 1183-1189 
defined, 92 
of ellipse, 1128-1129 
equivalent, 92-93, 170-171 
exponential, 521-524 
factorable, 136 
of functions, 270-272 
general second degree, 1111-1112 
graphing, 190-192 
of hyperbolas, 1141-1143 
linear. See Linear equations 
matrix, 1067-1076 
and models, 102-104 
nonlinear, 1153-1154 
of parabola, 384 
of parabolas, 1114, 1116-1118 
parametric, 1194-1199 
polar, 930-938 
quadratic. See Quadratic equations 
quadratic in form, 134-135 
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radical, 130-133 
rational, 95-98 
Equilateral triangles 
defined, 559 
solving, 563-564 
Equilibrant vectors, 890-891 
Equilibrium point, in supply and demand, 
1004-1005 
Equivalent equations 
defined, 92 
generating, 92-93, 170-171 
Evaluation 
of exponential expressions, 18—21 
of exponential functions, 480-481, 
486-487 
of functions, 273-277, 420 
of logarithms, 496-499 
of series, 1223-1224, 1241-1244 
Even functions, 657-658 
cosine function as, 667 
Even functions, determining, 
290-291 
Even-odd identities, 742 
Events 
defined, 1273 
probability of, 1274-1276 
Excel 2007 
computing correlation coefficient with, 
238-239 
finding best fit line with, 243-244 
for scatterplots, 231, 233 
Experiments, defined, 1273 
Explicit domains, 278-280 
defined, 277 
Exponential decay 
defined, 534 
models, 487-491, 532, 534-535 
Exponential equations, 521-524 
properties of, 521-522 
solving, 521-524 
Exponential expressions 
evaluating, 18-21 
simplifying, 21-22 
Exponential functions, 480-491, 544. 
See also Logarithmic functions 
applications involving, 487-491 
defined, 480 
evaluating, 480-481 
graphing, 482-485, 487, 544 
modeling with, 532-536 
natural base e, 486-487 
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Exponential growth, models, 487-491, 
532-533 
Exponents, 18—25. See also Logarithms 
and complex numbers, 77-78, 
918-919 
defined, 18 
evaluating expressions with, 18-21 
properties of, 20-21, 81-82, 512 
rational, 69-70 
scientific notation and, 22—24 
Expressions 
algebraic, 9 
exponential, 18-20 
rational, 48-59 
Extraneous solutions 
defined, 96 
determining, 170-171 
to logarithmic equations, 525-528 
to radical equations, 96-97, 130-133 


F 
Factorial notation, 1220-1221, 1256 
Factoring 
defined, 38 
polynomials. See Polynomial factoring 
quadratic equations, 116-118 
solving equations with, 136 
Factors. See also Partial-fraction 
decomposition 
common, 38-39, 54-58 
linear, 424 
Factor theorem 
defined, 420 
and polynomials, 419-422 
Falling lines, characteristics of, 207-208 
Feasible solutions 
defined, 1010 
in linear programming, 1010-1015 
Fermat’s last theorem, 1250 
Fibonacci sequence, properties of, 
1221-1222 
Finite sequences, defined, 1218 
Finite series 
arithmetic, 1232-1234 
defined, 1222 
evaluating, 1223, 1241-1244 
geometric, 1241-1242 
First-degree equations. See also Linear 
equations 
defined, 93 
Focus/foci, defined, 1113, 1127, 1140 


FOIL method, for multiplying binomials, 
31-34 
Four-leaved rose, graphing, 934 
Fractions 
partial-fraction decomposition, 
986-995 
properties and operations, 13-14 
Functions 
applications involving, 279-280 
average rate of change, 293-296 
circular, 654-658 
common, 287-291. See also specific 
Junction 
composition of, 266, 325-329 
defined, 269 
domains of, 268-272, 277-280 
evaluating, 273-277 
even/odd, 290-291 
even/odd functions, 665, 667 
exponential. See Exponential functions 
expression of (Rule of 4), 272 
graphing, 287-299, 308-317 
increasing/decreasing, 292—293 
inverse, 337-344, 793 
logarithmic. See Logarithmic functions 
modeling using variations, 350-355 
notation, 273-277, 280 
one-to-one, 334-337, 793 
operations on, 323-329 
piecewise-defined, 296-299 
power, 396-397 
quadratic. See Quadratic functions 
rational. See Rational functions 
and relations, 268—270, 280 
summary table, 300 
vertical line test for, 271-272 
Fundamental counting principle 
defined, 1263 
using, 1263-1265 
Fundamental theorem of algebra, defined, 
436 


G 

Gaussian (normal) distribution model, 
532, 535-536 

defined, 535 

Gaussian elimination, solving systems of 
linear equations with, 1035-1037 

Gauss-Jordan elimination, solving 
systems of linear equations with, 
1038-1041, 1071 


General form 
of equation of circle, 224 
of quadratic functions, 380 
of straight line, 204 
General second degree equation, 
1111-1112 
General term 
of arithmetic sequence, 1231 
defined, 1218 
Geometric sequences 
applications involving, 1245-1246 
defined, 1238 
properties of, 1238-1240 
and series, 1241-1244 
Geometric series, applications involving, 
1245-1246 
Geometry problems. See also 
Applications Index 
modeling and formulas, 104-105, 125 
Graphs/graphing 
absolute value equations, 163—165 
absolute value inequalities, 165-166 
asymptotes. See Asymptotes 
and best fit lines, 240-247 
circles, 223 
conics from polar equations, 
1187-1190 
continuous and noncontinuous, 396 
cosecant function, 697-698, 702—704 
cosine function, 666-667 
cotangent function, 695-696, 699-702 
curves, 1195-1196 
ellipses, 1129-1130, 1132-1133 
of equations, 190-192 
exponential functions, 482-485, 487 
hyperbolas, 1143-1147 
intercepts, 193-194, 197-199, 
1118-1119 
inverse functions, 339-340 
linear inequalities, 140-142, 998-1003 
linear programming, 1010-1015 
lines, 191, 204-209 
logarithmic functions, 499-502 
nonlinear inequalities, 1164-1165 
parabolas, 378-383, 1115-1116, 
1118-1120 
piecewise-defined functions, 296-299 
polar coordinate system, 930-938, 
1187-1190 
polynomial functions, 396-397, 
400-404, 430-432 


polynomial inequalities, 151 

projectile motion, 1198-1199 

quadratic functions, 378-383 

rational functions, 454-459 

scatterplots, 230-233, 256-257 

secant function, 696-697, 702—704 

shifts (horizontal/vertical), 308-312, 
484-485, 501-502, 675-677, 
704-707 

sine function, 663-665 

sinusoidal functions, 668-677 

stretching and compression, 315-317, 
668-671 

sums of functions, 683-685 

symmetry in, 194-199 


systems of linear equations, 963-965 
tangent function, 693-695, 699-702 
transformations, 308-318, 397, 466 
Greatest common factor (GCF), factoring 
with, 38-39 
Greatest integer function, defined, 299 
Grouping, in factoring polynomials, 
44-45 
Growth, modeling, 487-491, 527-528, 
532-533, 536 


H 
Half-angle identities, 773-780 
finding exact values, 776-778 
Half-life, in exponential decay, 488-489 
Half-open intervals, and inequalities, 
140-141 
Harmonic motion, 678-683 
Heaviside step function, defined, 299 
Heron’s Formula, for area of SSS 
triangle, 874-876 
Horizontal asymptotes, 450-452 
defined, 450 
Horizontal components, of vectors, 886 
Horizontal lines 
characteristics of, 204—208 
finding equation of, 212 
Horizontal line test, for functions, 
335-336, 793 
Horizontal shifts 
defined, 309 
graphing, 308-312, 484-485, 501-502, 
675-677, 704-707 
Hyperbolas 
applications of, 1147-1148 
with center at (h, k), 1145-1147 


with center at origin, 1141-1145 

defined, 1110, 1140 

finding equation of, 1141-1143, 1146 

graphing, 1143-1147 

vertices of, 1140, 1141-1147 
Hypotenuse 

defined, 559 

in Pythagorean theorem, 559-560 


I 
Identities 
defined, 92, 730 
reciprocal, 576-578 
Identity functions 
defined, 288 
graphing, 297-299 
Identity properties, of real numbers, 10 
Imaginary numbers, 73-78. See also 
Complex numbers 
Imaginary part, of complex number, 74, 
906 
Imaginary unit (i), 73-75 
defined, 74 
raising to powers, 77-78 
Implicit domains, 278-280 
defined, 278 
Improper rational expressions, in partial- 
fraction decomposition, 986-987 
Improper rational functions, defined, 451 
Inclination, angle of, 594-596 
Inconsistent systems of linear equations 
defined, 956 
solving, 958, 962, 965, 978, 
1041-1043 
Increasing functions 
defined, 292 
determining, 292-293 
Independent events, probability of, 
1278-1279 
Independent systems of linear equations 
defined, 956 
solving, 958, 960, 964, 979 
Independent variables 
as argument, 273 
assigning, 270 
defined, 230 
Index, of root, 65 
Index of summation, defined, 1222 
Induction, mathematical, 1250-1253 
Inequalities. See also specific 
inequality type 
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absolute value, 165-167 
graphing, 140-142, 998-1003 
linear, 140-146 
nonlinear, 1164-1165 
nonstrict, 1164-1165 
polynomial, 151-155 
properties of, 143 
rational, 156-159 
strict, 1164-1165 
Infinite sequences, defined, 1218 
Infinite series 
defined, 1222 
evaluating, 1223-1224, 1242-1244 
geometric, 1242-1244 
Infinity, defined, 141 
Initial point, of line segment, 881-882 
Initial ray/side, of angle, 556 
Inquiry-Based Learning Projects 
equivalent equations and extraneous 
solutions, 170-171 
exponential and logarithmic functions, 
544 
linear relationships, 256-257 
matrix multiplication, 1096 
Pascal’s triangle and probability, 
1283-1284 
quadratic and square functions, 465 
rules, patterns, and examples, 81-82 
systems of linear inequalities, 1018 
transformations of functions, 361-362, 
466 
Integer exponents, 18-25 
complex numbers and, 77-78 
properties of, 20-21 
Integers, as numbers subset, 4—5 
Intercepts 
defined, 193 
as graphing aids, 197-199 
of lines, 205-206 
of rational functions, 454-459 
and vertices, 1129-1133 
Interest (finance). See also Applications 
Index 
defined, 106 
solving problems, 106-108, 489-491 
as variation, 354 
Intermediate value theorem 
approximating zeros with, 429-430 
defined, 399, 429 
Intersections (sets), 141-142 
in probability, 1276-1279 
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Interval notation, 140-141 
and functions, 292—293 
Intervals 
open and closed, 140-141 
test, 151-152, 401-402 
Inverse functions 
defined, 338 
finding, 340-344, 544 
graphing, 339-340, 499-502, 544 
properties of, 337-339, 512-516 
Inverse identities, and logarithms, 512-513 
Inverse identities, trigonometric, 796, 
799-800, 802, 805 
Inverse of square matrix 
defined, 1069 
finding, 1068-1073 
Inverse properties 
of real numbers, 10 
solving equations with, 521-522 
Inverse variation 
defined, 352 
modeling with, 352-353 
Irrational numbers 
as coefficients, 1090-1091 
defined, 4 
properties of, 4-5 
Irreducible quadratic expressions, as 
factors, 424 
Irreducible quadratic factors, in partial- 
fraction decomposition, 991—993 
Isosceles triangles, defined, 559 


J 
Joint variation 
defined, 353 
modeling with, 353-354 


L 

Latus rectum, defined, 1115 

Law of cosines 
and areas of triangles, 872-876 
derivation of, 861-863 
solving SAS triangles, 863-864 
solving SSS triangles, 865-866 
vectors and, 888-891 

Law of sines 
applications of, 856 
and areas of triangles, 872-876 
derivation of, 848-849 
solving two angles/side (AAS or 

ASA), 849-852 


solving two sides/angle (SSA), 
852-855 
vectors and, 888-891 
Least common denominator (LCD) 
defined, 14 
and rational expressions, 55-58 
in solving equations, 94 
Least common multiple (LCM) 
defined, 14 
and rational expressions, 55-58 
Lemniscates, graphing, 936 
Like terms, of polynomials, 29 
Limagons, graphing, 934-936 
Linear equations, 92-98, 102-111, 
209-212 
applications involving, 214-215 
defined, 93 
forms of, 209-212 
solving algebraically, 92-95 
solving with matrices. See 
Matrix/matrices 
solving with modeling, 102-111 
systems of. See Systems of linear 
equations 
trigonometric, 819-820 
Linear factors 
defined, 424 
in partial-fraction decomposition, 
987-991 
Linear functions, 287-288 
defined, 287 
graphing, 298-299 
Linear inequalities, 140-146 
applications involving, 145-146 
graphing, 140-142, 998-1000 
interval notation for, 140-142 
linear programming, 1010-1015 
solving, 142-145 
systems of. See systems of linear 
inequalities in two variables 
Linearity, in scatterplots, 235-240, 
256-257 
Linear programming model, 1010-1015 
Linear regression, 230-247. See also 
Scatterplots 
best fit line in, 240-245 
in prediction, 245-247 
Linear speed, 643-644 
and angular speed, 645-646 
defined, 643 
Lines, 205-216 


best fit, 240-247 
defined, 556 
equations of, 209-212 
general form, 204 
graphing, 191, 204-208 
parallel, 212-213 
perpendicular, 213-214 
Line segment, defined, 556 
Line segment, midpoint of, 185 
Local (relative) maxima/minima, finding, 
402-403 
Logarithmic equations, 521-528 
applications involving, 526-528 
properties of, 521-522 
solving, 524-528 
Logarithmic functions, 496-518 
applications involving, 503-506 
common and natural, 498-499 
defined, 496 
domain of, 500 
evaluating, 496-498 
graphing, 499-502 
modeling with, 532, 537-538 
properties of, 512-516 
Logarithmic models, 532, 537-538 
Logarithmic scale, 505-506 
defined, 505 
Logarithms 
applications involving, 503-506 
change-of-base formula, 517-518 
common (base 10), 498-499 
defined, 496 
evaluating, 496-498 
operations on, 514-516 
properties of, 512-516 
Logistic growth models, 532, 536 
defined, 536 
Long division, of polynomials, 410-414 


M 
Magnitude 
of earthquake, 504-505 
of vectors, 881-883 
Main diagonal entries, of matrix, 1031 
Major axis, defined, 1127 
Mathematical induction, 1250-1253 
Matrix algebra, 1053-1062 
addition and subtraction, 1055-1056 
equality of matrices, 1053-1054 
matrix multiplication, 1058—1062 
scalar multiplication, 1056-1057 


Matrix equations, 1067-1076 
applications involving, 1076 
defined, 1067 
finding inverse of square matrix, 

1068-1073 
solving systems of linear equations, 
1074-1076 

Matrix/matrices, 1030-1046 
applications involving, 1043-1046 
augmented, 1032-1037, 1070-1073 
components of, 1031-1032 
in cryptography, 1028 
defined, 1031 
equality of, 1053-1054 
finding order of, 1031-1032 
Gaussian elimination with back- 

substitution, 1035-1037 
inverse of, 1068-1076 
notation for, 1053 
operations on. See Matrix algebra 
row operations on, 1033-1034 
solving linear equations with, 
1192-1197 
types of solutions, 1041-1043 

Matrix multiplication, 1058-1062, 1096 

defined, 1056, 1059 

by inverse, 1068-1073 

Members, of sets, 4 

Midpoint (line segment) 

defined, 185 

midpoint formula, 185 

Minor axis, defined, 1127 

Minors, of square matrix, 1082-1083 


Mixtures. See also Applications Index 
defined, 108 
solving problems, 108-109 
Modeling. See also Polynomial functions 
with absolute values, 172 
dot products, 944 
exponential decay, 487-491, 532, 
534-535 
with exponential functions, 487-491 
exponential growth, 487-491, 532-533 
functions and variation, 350-355 
Gaussian (normal) distribution, 532, 
535-536 
inverse trigonometric functions, 833 
linear equations, 102-111 
linear programming, 1010-1015 
logarithmic functions, 532, 537-538 
logistic growth, 532, 536 


polynomial functions in, 394-396 
sinusoidal functions, 713 
systems of linear equations, 979-981 
systems of nonlinear equations, 1204 
and word problems, 102—104 
Modeling Our World 
absolute value equations and 
inequalities, 172 
Climate Carbon Wedge model, 
258-259 
climate change case, 713, 833, 944, 
1204 
modeling functions with variation, 363 
modeling with exponential and 
logarithmic functions, 545-546 
modeling with matrices, 1097-1098 
modeling with polynomial functions, 
467-468 
modeling with series, 1285 
modeling with systems of linear 
equations, 1019-1020 
Modulus, defined, 906 
Monomials, defined, 28 
Multiplication 
of binomials, 31—34 
commutative property of, 10 
of complex numbers, 76, 915-916 
dot product, 896-901 
exponents and, 20-21 
of fractions, 13-14 
of functions, 323-325 
of matrices, 1056-1062 
order of operations and, 7-8 
of polynomials, 30-34 
of radicals, 65-66 
of rational expressions, 52-53 
scalar, 885 
of vectors, 885 
zero in, 12-13 
Multiplicative identity matrix, 
1068-1069, 1096 
defined, 1069 
Multiplicative identity property 
defined, 10 
and matrices, 1068-1069, 1096 
Multiplicative inverse property, defined, 
10 
Multiplicity of zeros, 399-400 
defined, 400 
and graph of polynomial function, 
402-403 
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Mutually exclusive events, probability of, 
1276-1278 


N 
Natural base e, 486-487 
Natural exponential function, 486-487 
defined, 486 
Natural logarithmic function 
evaluating, 498-499, 517 
properties of, 513-516 
Natural numbers, 4—5 
as exponents, 18 
Navigation, applications of, 596 
Negative-integer exponent property, 19 
Negative numbers. See also Complex 
numbers 
in exponents, 18-19, 69-70 
properties of, 11-12, 19, 73-75 
Nonacute angles, 611-612 
evaluating trigonometric functions for, 
626-630 
Nondistinguishable permutations, 
1268-1269 
Nonlinear equations, 1153-1154. 
See also Systems of nonlinear 
equations 
Nonlinear inequalities 
in two variables, 1164-1165 
Nonrigid transformations, defined, 315 
Nonsingular matrices, 1070-1073 
defined, 1070 
Nonstrict inequalities, graphing, 1000, 
1164-1165 
Notation 
for absolute value, 162 
arrow, 447-448 
for binomial coefficient, 1256 
for composite functions, 326 
for determinants, 1081 
factorial notation, 1220-1221, 1256 
function, 273-277, 280 
interval, 140-141, 292-293 
for inverse functions, 337, 795 
for matrices, 1053 
for operations, 7 
for probability, 1275 
scientific, 22-24 
for sequences, 1218 
set, 141-142 
sigma/summation notation, 1222, 1241 
for vectors, 881 
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nth partial sum 


of arithmetic sequence, 1232-1234 
defined, 1222 
of geometric sequence, 1241-1244 


nth root theorem, for complex numbers, 


919-921 


Null set, defined, 4 
Number line, absolute value and, 12 
Numbers 


complex, 73-78 

complex numbers, 905-911 
irrational, 4—5 

natural, 4—5 

negative, 11-12 

rational, 4-6 

subsets of, 4—5 

whole, 4—5 


Numerators, in rational numbers, 4 
n zeros theorem, defined, 436 


Objective function 


defined, 1010 
in linear programming, 1010-1015 


Oblique triangles 


area of, 872-876 

defined, 846 

solving using law of cosines, 861-866 
solving using law of sines, 848-857 


Obtuse angles, defined, 557 
Obtuse triangles, 846 
Odd functions, 657-658 


sine function as, 665 


of matrix, 1031-1032 
Ordered pairs, in graphing, 182 
Order of operations, 7-8 

exponents in, 18-19 
Ordinate, defined, 182 
Orientation, along curve, 1195 
Origin 

defined, 182 

symmetry about, 195-196 
Orthogonal vectors, 899 
Outcomes, 1273-1279 

defined, 1273 


P 
Parabolas 
applications involving, 384-387 
applications of, 1120-1121 
defined, 1110, 1113 
finding equation of, 1114, 1116-1118 
finding equations of, 384 
graphing, 378-383, 1115-1116, 
1118-1120 
as graphs of quadratic functions, 
376-377 
with vertex at (h, k), 1117-1120 
with vertex at origin, 1114-1117 
vertex/vertices of, 1113, 1114, 1117 
Parallel lines, 212-213 
defined, 212 
Parameters, defined, 1194 
Parametric equations, 1194-1196 
applications of, 1197-1199 
defined, 1194 


square roots of, 64 
Period, of sinusoidal function, 671-672 
Periodic function, defined, 663 
Permutations, 1265—1270 
defined, 1265 
finding, 1265-1267 
with repetition, 1268-1269 
Perpendicular lines, 213-214 
defined, 213 
Piecewise-defined functions, 296-299 
inverse of, 344 
Plane, in graphing, 974 
Plane curves, defined, 1194 
Point-plotting 
defined, 182 
graphing equations by, 190-192 
polar coordinates, 927-929, 1189 
Point-slope form, of straight line 
equation, 210-212 
Points of discontinuity, 298-299 
Polar coordinate system, 927-929 
and conics, 1183-1189 
defined, 927 
graphing, 930-938 
Polar equations 
of conics, 1183-1189 
converting to rectangular form, 937 
graphing, 930-936 
Polar form, of complex numbers, 
905-911 
Polynomial factoring, 37-46, 424-430 
Descartes’s rule of signs in, 425-430 
with factor theorem, 420-421 


Odd functions, determining, 290-291 
One-to-one functions, defined, 334 


Parametric representation, of line, 977 greatest common factor in, 38-39 


Partial-fraction decomposition, 986-995 by grouping, 44-45 
with combinations of cases, 993-994 
defined, 986 

with distinct irreducible quadratic 


factors, 991-992 


One-to-one properties, for exponential rational zero theorem in, 422-425 


equations, 521 of special forms, 39-41 
Open intervals, and inequalities, 140-141 strategy for, 45 


Operations trinomials, 40-44 


with exponents, 18-21 
on fractions, 13-14 

on functions, 323-329 
on logarithms, 514-516 
order of, 7-8 

with radicals, 65-68 

on vectors, 885 


with distinct linear factors, 988-989 
procedure for, 987 
with repeated irreducible quadratic 
factors, 992-993 
with repeated linear factors, 989-991 
Partial fractions, defined, 986 
Pascal’s triangle, and binomial 


upper and lower bound rules, 427-428 
Polynomial functions 

complex zeros of, 435-441 

defined, 376 

graphing, 396-397, 400-404, 430-432 

identifying, 394-396 

quadratic. See Quadratic functions 


Optimization expansion, 1258-1259 real zeros of. See Real zeros 


defined, 1010 
solving problems of, 712, 1010-1015 


Order 


in combinations and permutations, 1265 


Perfect cubes, 33-34 
Perfect squares, 32-34 
factoring, 39-40 
and quadratic equations, 120-121 


remainder and factor theorems, 419-422 
Polynomial inequalities, 151-155 
graphing, 151 

solving, 151-155 


Polynomials. See also Rational 
expressions 
adding and subtracting, 28-30 
defined, 28 
division of, 410-416 
factoring. See Polynomial factoring 
multiplying, 30-34 
Position vector, 882-884 
Power functions 
defined, 396 
end behavior of, 403 
Power reduction formulas, in calculus, 774 
Powers. See also Exponents 
variations with, 351-353 
Prediction, using best fit line, 245-247 
Predictor variables, defined, 230 
Prime polynomials 
defined, 38 
identifying, 44 
Principal (finance), 106-108, 489-491 
defined, 106 
Principal nth roots, defined, 65 
Principal square roots 
of complex numbers, 74 
defined, 63 
Probability, 1273-1279 
calculating, 1274-1275 
defined, 1274 
of independent events, 1278-1279 
of mutually exclusive events, 
1276-1278 
of non-occurrence of event, 1275-1276 
sample space and, 1273 
Producer surplus, in supply and demand, 
1004—1005 
Product functions, 323-325 
Products 
of complex numbers, 76-77, 915-916 
defined, 7 
dot product, 896-901, 944 
in factorial notation, 1220-1221 
special, 31-34 
and sums of functions, 784 
Product-to-sum identities, 784-786, 
788-789 
Proper rational expressions, in partial- 
fraction decomposition, 986-987 
Proper rational functions, defined, 451 
Pythagorean identities, 654, 733-735 
Pythagorean theorem, 559-560 
as case of law of cosines, 863 


Q 


Quadrantal angles 
calculating for, 614, 621 
defined, 604-605 
Quadrants 
algebraic signs of, 619-621 
of Cartesian plane, 182, 604-608 
Quadratic equations, 116-126 
completing the square, 120-121 
defined, 116 
factoring, 116-118 
quadratic formula use, 122—125 
solving with square root method, 
118-119 
trigonometric, 819-820 
Quadratic formula, 122-126 
applications involving, 124-125 
defined, 122 
solving equations with, 122-124 
Quadratic functions, 376-387 
defined, 377 
finding equation of parabola, 384 
graphing in general form, 380-383 
graphing in standard form, 378-380, 
466 
graphs of, 376-377 
Quadratic inequalities. See Polynomial 
inequalities 
Quadratic in form equations, solving, 
134-135 
Quotient functions, and domain 
restrictions, 323-325 
Quotient identities, 732-733 
Quotients 
of complex numbers, 77, 916-917 
defined, 7, 410 


R 
Radian measure, 636-637 
arc length and, 640-641 
area of circular sector and, 641-643 
conversion to degree measure, 
637-639 
defined, 636 
linear and angular speed, 643-646 
in polar coordinate graphing, 927-928 
Radians, defined, 635 
Radical equations, solving, 130-133 
Radicals 
operations with, 65-68 
properties of, 65, 81-82 
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simplified form of, 68-69 
Radical sign, defined, 63 
Radicand, defined, 63 
Radius (circle), 221-225 

defined, 221 
Range 

defined, 268 

of exponential functions, 481-482 

of functions, 268-272, 622-623 

and inequalities, 142 

of inverse functions, 338-339 

of trigonometric functions, 622-623, 

693-700, 793 
Rational equations, 95—98 

defined, 95 

solving, 95-98 
Rational exponents, 69-70 

defined, 69 
Rational expressions 

adding and subtracting, 53-56 

complex, 56-58 

defined, 48 

domain restrictions of, 48—50, 156-158 

multiplying and dividing, 52-53 

simplifying, 50-52 
Rational functions, 445-460 

asymptotes and, 447-453 

defined, 445 

domain of, 445-446 

graphing, 454-459 

proper/improper, 451 
Rational inequalities, 156-159 

applications involving, 158 

solving, 156-158 
Rationalizing denominators, 67-69 
Rational numbers 

defined, 4 

properties of, 4-5 
Rational zero (root) theorem 

defined, 422 

finding zeros using, 422-425 
Ratios, in right triangles, 574-580 
Ray, defined, 556 
Real number line 

defined, 5 

test intervals, 151-152 
Real numbers, 4-15 

order of operations with, 7-8 

properties of, 9-15 

set of, 4-6 
Real part, of complex number, 74 
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Real zeros, 419-432 
approximating, 429-430 
defined, 398 
Descartes’s rule of signs and, 425-430 
finding, 399-400, 411-412, 422-430 
number of, 422 

Reciprocal functions, defined, 290 


Reciprocal identities, in trigonometric 
functions, 576-578, 730-732 
Rectangular coordinate system 
and polar coordinates, 929-930 
vectors in, 882-884 
Rectangular coordinate system, defined, 
182 
Rectangular form, of complex numbers, 
905-911 
Recursion formulas, and sequences, 
1221-1222 
Reduced row-echelon form 
properties of, 1034-1035 
solving with, 1038-1041 
Reference angles, 623-626 
defined, 624 
Reference triangles, 623-626 
defined for right triangle, 624 
Reflection about the axes, graphing 
using, 312-314 
Relations 
defined, 268 
and functions, 268-270, 280 
Remainders, defined, 410 
Remainder theorem 
defined, 420 
and polynomials, 419-422 
Repetition, permutations with, 
1268-1269 
Resonance, 679, 683 
Response variables, defined, 230 
Richter scale, logarithmic application, 
504-505 
Right angle, defined, 557 
Right triangles 
applications of, 594-596 
defined, 559 
ratios in, 574-580 
solving, 559-563, 589-597 
special, 561-564 
Rigid transformations, defined, 315 
Rising lines, characteristics of, 207-208 
Roots 
of complex numbers, 919-923 


cube root, 65 

other (nth) roots, 65-69 

square, 63-64, 74 
Roots (solution). See also Zeros 

complex, 123, 124 

defined, 92 

double, 117, 124 

repeated, 399-400 
Rotation, angle of, 1175-1179 
Rotation of axes, formulas for, 1172-1175 
Rounding, of decimals, 6-7 
Row-echelon form 

properties of, 1034-1035 

solving with, 1035-1037 
Row index, of matrix, 1031 
Row matrix, defined, 1032 
Rule of 4, for functions, 272 


N 
Sample space, defined, 1273 
SAS (side-angle-side) triangles, 847, 
863-864, 873-874 
Scalar multiplication 
defined, 1057 
of matrices, 1056-1057 
of vectors, 885 
Scalars 
in dot products, 896 
vs. vectors, 881 
Scatterplots, 230-240 
defined, 230 
drawing, 230-233 
patterns in, 234-240, 256-257 
Scientific notation, 22-24 
and decimal conversion, 24 
defined, 24 
Secant function 
calculating as ratio, 578 
defined, 575-576 
graphing, 696-697, 702-704 
inverse, 803-806 
inverse identities, 805 
Secant line, and average rate of change, 
293-296 
Second-degree equation, 1111-1112. See 
also Quadratic equations 
defined, 93 
Sequences, 1218-1225 
arithmetic, 1229-1235 
defined, 1218 
factorial notation and, 1220-1221 


finding, 1219-1220 
geometric, 1238-1246 
recursion formulas and, 1221-1222 
Series, 1222-1225 
applications involving, 1224 
arithmetic, 1232-1234 
defined, 1222 
evaluating, 1223-1224, 1242-1244 
geometric, 1241-1246 
Sets 
and probability, 1276-1279 
union and intersection of, 141-142, 
1276-1279 
Shifts, horizontal/vertical, 308-312, 
484-485, 501-502, 675-677, 
704-707 
Sigma notation, 1222-1223, 1241 
Significant digits 
and accuracy, 589-590 
defined, 589 
least number of, 590 
Similar triangles, 564-568 
applications of, 567 
defined, 565 
solving, 565-566 
Simple harmonic motion, 678, 679-681 


Simple interest (finance), defined, 106 
Simplification 
of complex rational expressions, 56-58 
of exponential expressions, 21-22 
and order of operations, 7-8 
of radical expressions, 68-70, 74 
of rational expressions, 50-52 
of roots, 64, 66-70 
Sine function 
calculating as ratio, 576-577 
defined, 575-576 
graphing, 663-665 
inverse, 794—797 
inverse identities, 796 
sum and difference identities, 767-769 
Singular matrices, 1070, 1072 
defined, 1070 
Sinusoidal functions 
amplitude of, 668-671 
graphing, 668-677 
and harmonic motion, 678-683 
modeling, 713 
period of, 671-672 
shifted, 675-677 
sums of functions, 683-685 


Slant asymptotes, defined, 453 
Slope 
in average rate of change, 293-296 
defined, 206 
determining, 206-208 
and straight line equations, 209-212 
Slope-intercept form 
graphing using, 964 
of straight line equation, 209-210 
Smooth graphs, defined, 396 
Solutions 
defined, 92 
extraneous, 96, 130-133 
feasible, 1010-1015 
Solution sets 
defined, 92 
for systems of nonlinear equations, 
1153-1154 
Special angles, evaluating trigonometric 
functions, 580-583, 605—607 
Special products of polynomials, 31-34 
applying, 34 
factoring, 39-41 
Special triangles, 559, 561-564 
Speed 
linear and angular, 643-646 
solving problems, 109-111 
vs. velocity, 643 
Square functions 
defined, 288 
graphing, 297-299 
Square matrix/matrices 
defined, 1031 
determinants and Cramer’s rule, 
1081-1091 
inverse of, 1067—1076 
minors and cofactors of, 1082-1083 
Square root functions 
defined, 289 
inverse of, 342 
Square root method, and quadratic 
equations, 118-121 
Square root property 
defined, 118 
solving equations with, 118-119 
Square roots, 63-64, 74 
defined, 63 
Squares, in special products, 32-34, 
39-41 
SSA (side-side-angle) triangles, 847, 
852-856 


SSS (side-side-side) triangles, 847, 
865-866, 874-876 
Standard form 
of complex numbers, 74 
of equation of circle, 222 
of equation of ellipse, 1129, 1132 
of equation of hyperbola, 1141-1142, 
1146 
of equation of parabola, 1114, 1117 
of polynomials, 28-29 
of quadratic equation, 116 
of quadratic function, 378, 466 
Standard position, defined, 604 
Step functions, defined, 299 
Straight angle, defined, 557 
Stretching, graphing using, 315-317 
Stretching, of graphs, 668-671 
Strict inequalities 
defined, 140 
graphing, 999, 1164-1165 
Substitution method 
for evaluating functions, 274 
for solving systems of linear equations, 
957-959, 974-976, 1035-1037 
for solving systems of nonlinear 
equations, 1158-1161 
Substitution principle, evaluating 
with, 9 
Subtraction 
of complex numbers, 75 
exponents and, 20-21 
of fractions, 13-14 
of functions, 323-325 
of matrices, 1055-1056 
order of operations and, 7-8 
of polynomials, 28-30 
of radicals, 66 
of rational expressions, 53-56 
of real numbers, 10 
of vectors, 885 
Sum and difference identities 
for cosine function, 752-756 
and product-to-sum identities, 
784-786 
for sine function, 756-758 
for tangent function, 759-761 
Sum functions, 323-325 
Summation notation, 1222-1223, 1241 
Sums 
defined, 7 
of functions, graphing, 683-685 
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of matrices, 1055-1056 
and series, 1222-1224 
Sum-to-product identities, 784, 786-789 
Supplementary angles, defined, 558 
Symmetry 
about the origin, 195-196 
in binomial expansions, 1255 
and even/odd functions, 290-291 
as graphing aids, 197-199 
with respect to axes, 194-199, 1113 
tests for, 195 
Synthetic division 
defined, 414 
of polynomials, 414-416 
Systems of linear equations, 956-969, 
973-981 
solving with Cramer’s rule, 1081-1091 
solving with matrix equations, 
1067-1076 
Systems of linear equations in three 
variables, 973-981 
defined, 973 
modeling with, 979-981 
solving, 974-976, 1036-1041, 
1088-1091 
solving with Cramer’s rule, 
1088-1091 
types of solutions, 977-979 
Systems of linear equations in two 
variables, 956-969. See also 
Matrix/matrices 
applications involving, 966-968 
characteristics of, 956-957 
choosing solution method, 966 
defined, 956 
solving by elimination, 959-963, 
1035-1036 
solving by graphing, 963-965 
solving by substitution, 957-959 
solving with Cramer’s rule, 1086-1088 
Systems of linear inequalities in two 
variables, 998-1006, 1018 
applications involving, 1004-1006 
graphing, 1000-1003, 1018 
Systems of nonlinear equations 
applications of, 1160-1161 
modeling, 1204 
solving by elimination, 1154-1157 
solving by substitution, 1158-1161 
Systems of nonlinear inequalities, solving 
by graphing, 1165-1169 
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T 
Tangent function 
calculating as ratio, 576-578 
defined, 575-576 
graphing, 693-695, 699-702 
inverse, 801-803 
inverse identities, 802 
sum and difference identities, 759-761 
Technology use 
for absolute values, 163, 166 
for approximating exponential 
functions, 481 
for approximating logarithms, 
498-499, 523 
for binomial expansions, 1256, 1260 
for computing correlation coefficient, 
237-238 
and Cramer’s rule, 1087—1088 
for evaluating series, 1223-1224, 1252 
for factoring polynomials, 421, 424, 
438 
for finding best fit line, 242-244 
for finding determinants, 1082, 1084 
for finding factorials, 1220-1221, 1256 
for finding permutations and 
combinations, 1267—1269 
for finding real zeros, 399, 404, 426, 
430 
for graphing circles, 223, 225 
for graphing equations, 192, 195-196, 
209 
for graphing exponential functions, 
483, 485, 487, 536-537 
for graphing functions, 275-276, 
297-298, 310, 312, 314, 317, 
385-386, 401 
for graphing linear inequalities, 
999-1003 
for graphing logarithmic functions, 
526 
for graphing parabolas, 381-382 
for graphing rational functions, 
452-453 
for inverse functions, 342-343 
for matrices, 1045, 1055, 1057, 
1059-1060, 1070-1071, 1073, 1075, 
1082 
for natural base e, 486-487 
for partial-fraction decomposition, 
988-989, 992 
for scatterplots, 231-233 


for sequences and series, 1231, 1233, 
1246 
for solving inequalities, 143-145, 152, 
156 
for solving linear equations, 93-98 
for solving quadratic equations, 
117-118, 121, 123, 125 
for solving radical equations, 131, 133 
for solving systems of linear equations, 
963-965 
using asymptotes, 453, 455-459 
Terminal point, of line segment, 881-882 
Terminal ray/side, of angle, 556, 604-605 
Terms 
defined, 9, 28 
like, 29 
in sequences, 1218-1219 
Test intervals, of real number line, 
151-152 
Third-degree equations, defined, 93 
Three-dimensional coordinate system, 
graphing with, 973-974 
TI calculators 
computing correlation coefficient with, 
237-238 
finding best fit line with, 242-243 
for scatterplots, 231-232 
Transcendental functions, defined, 480 
Transformations, 308—317, 361-362, 466 
of circular functions, 704-707, 1117 
of exponential functions, 484-485 
horizontal and vertical shifts, 308-312, 
484-485, 501-502, 675-677, 
704-707 
of power functions, 396-397 


reflection about axes, 312-314 
stretching and compressing, 315-317, 
668-671 

summary table, 318 
Transverse axis, of hyperbola, 1140 
Triangles 

classification of, 559 

congruent, 565 

oblique, 846 

properties of, 559 

reference, 623-626 

right, 559-563, 589-597 

similar, 564-568 

special, 559, 561-564 
Trichotomy property, of real numbers, 140 
Trigonometric equations 


applications of, 825-826 
solving by inspection, 815-819 
solving with algebraic techniques, 
819-820 
solving with inverse functions, 820-822 
solving with trigonometric identities, 
822-824 
Trigonometric expressions 
with inverse functions, 806-809 
simplifying with identities, 742-744 
Trigonometric functions 
algebraic signs of, 619-621 
and angle of rotation, 1175-1179 
defined by ratios, 575 
defined in Cartesian plane, 609-614 
evaluating with calculator, 583, 
767-769 
inverse cosine, 798—800 
inverse secant/cosecant/cotangent, 
803-806 
inverse sine, 794-797 
inverse tangent, 801-803 
modeling, 833 
for nonacute angles, 626-630 
range of, 622-623 
right triangle ratios, 574-580 
of unit circle, 654-658 
Trigonometric identities 
double-angle, 765-769 
even-odd, 742 
half-angle, 773-780 
inverse, 796, 799-800, 802, 805 
product-to-sum, 784-786, 788-789 
Pythagorean, 654, 733-735 
quotient, 732-733 
reciprocal, 730-732 
in solving trigonometric equations, 
822-824 
sum and difference, 751—761 
sum-to-product, 784, 786-789 
verifying, 744-747 
Trigonometry, uses of, 554 
Trinomials 
defined, 28 
factoring, 40-44 
Truncation, of decimals, 6—7 


U 
Unbounded graphs, 1164-1169 
Union (sets), 141-142 

in probability, 1276-1279 


Unit circle 


Vertex/vertices. See also Quadratic 
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symmetry about, 194-196 


defined, 222 functions x-coordinates, defined, 182 
trigonometric functions and, of angles, 556 x-intercepts. See also Intercepts; 
654-658 of ellipses, 1129-1133 Symmetry; Zeros 


Unit vector 


of hyperbolas, 1140, 1141-1147 


finding, 193-194 


defined, 886 of inequalities graphs, 1004-1006 of parabolas, 378-383, 1118-1119 
finding, 886-887 of parabolas, 377, 383, 1113-1114 
Upper/lower bound rules, for real zeros, Vertical asymptotes, 448-450, 693 Y 
427-428 defined, 448 y-axis 
u-substitution, solving equations with, Vertical components, of vectors, 886 defined, 182 
134-135 Vertical lines symmetry about, 194-196 


characteristics of, 204-208 y-coordinates, defined, 182 


Vv finding equation of, 212 y-intercepts. See also Intercepts; 


Variables Vertical line test, for functions, 271-272 Symmetry 
assigning in models, 102-104 Vertical shifts finding, 193-194 
defined, 9 defined, 309 of parabolas, 378-383, 
dependent and independent, 230, 270, graphing, 308-312, 484-485, 501-502 1118-1119 
273 graphing of, 675-677, 704-707 
solving for, 92-95 Z 
Variation Ww Zero, properties of, 13, 20 
modeling with, 350-355, 363 Whole numbers, 4—5 Zero-exponent property, 20 
in sign, 425 Wiles, Andrew, proof of Fermat’s last Zero matrix, defined, 1056 
Vectors theorem, 1250 Zero product property 


defined, 13 
and factorable equations, 136 


addition of, 882, 884 
algebraic interpretation of, 882-884 


Word problems 
examples of, 104-111 
applications of, 887-891 solving, 102-104 in factoring quadratic equations, 
dot product, 896-901 Work 116-118 
equality of, 881, 884 defined, 901 Zeros 
geometric interpretation of, 881-882 complex. See Complex zeros 
magnitude of, 881-883 of polynomials, 151-155, 398-400, 
modeling, 944 411-412, 422 
operations on, 885 x rational, 422-426 
orthogonal, 899 X-axis real. See Real zeros 

Velocity vectors, 887-889 defined, 182 


solving problems, 111 
vectors in, 900-901 


Zero vector, 885 


GRAPHS OF THE TRIGONOMETRIC FUNCTIONS 


AY y=cosx 


1 


AY yresex 


| 5 
| 
| 3 
| 
1 = 
| 


AMPLITUDE, PERIOD, AND PHASE SHIFT POLAR COORDINATES 


AY x = rcosé 
y = Asin(Bx + C) y = Acos(Bx + C) ee y = rsind 
r, 0) 
2 a, — 
Amplitude = |A| — Period = i : ar rPH=xrty 
* y 
: C Sileft if C/B > 0 < 6 2 fan? = — 
=— x x 
es ee if CIB <0 


Complex Numbers 


y = Atan(Bx + C) y = Acot(Bx + C) 
a x + iy =  r(cos@ + isin@) 
Period = B Rectangular Trigonometric 
. _Cfleft if B>0 ‘oan (pele) Zon 
Phase shift = —4 . ; 
Bliright if C/B<0 


POWERS AND ROOTS OF COMPLEX NUMBERS 


z" = (x + iy)" 
[r(cos@ + isin@)]" 
= r"[cos(n@) + isin(n@)] n = 1,2,... 


Wz = (x + yy" 
[r(cosé + ising)]!” 


Un 6 + 2kar _. (0 + 2kar 
r a 7 


k=0,1,2,...,n — 1 


Il 


Il 


RIGHT TRIANGLE TRIGONOMETRY 


., _ OPP _ hyp 
sind = — cscO = —— 
hyp Opp Hypotenuse 
adj h 3 b 
cos@ = a secO = eal Opposite 
hyp adj 
dj Ad noe 
tand = eee coté = ae en 
adj opp 
ExAcT VALUES OF 
TRIGONOMETRIC FUNCTIONS 
x degrees | x radians | sinx | cosx | tanx 
0° 0 0 1 0 
30° 7 1 V3 V3 
6 2 2 3 
2 2 
48 7 Ve |e ; 
4 2 2 
7 V3 1 
e 3 
60 ; 5 ; V3 
T 
90° — 1 0 — 
2 


SPECIAL RIGHT TRIANGLES 


CIRCULAR FUNCTIONS (COS@, SIN@) 


AY 
(0, nf 


y2 . 
> _) e, 7 
2763 


oo; * 
360° 2m (1, 0) 


a Nae 


TRIGONOMETRIC FUNCTIONS 


IN THE CARTESIAN PLANE 


7 
sin@ = : cscO = — 
r y 
cos@ = a secO = if 
r x 
tan? = = cotd = = 
x y 


ANGLE MEASUREMENT 


7 radians = 180° 
s=r0 A=45r'@ (6 in radians) 


To convert from degrees to 
7 


180° 


radians, multiply by 


re} 


To convert from radians to degrees, multiply by - 


Law of Sines 


In any triangle, 
sina sinB — siny 


a b c 


Law of Cosines 


a = b? + c — 2becosa 
b =a + c — 2ac cosB 
C=a +b — 2abcosy 


> 20 To, B 1 
V3 1 > 3 [| 4) 
(- 2 4) Lo 3 120 60° Te ( 2° 2 
/ 6 150° 30° 6 
-1, 0): ) = 
( A _ o° 0 4 
oe 180 0 360 mea 0) 
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Sum Identities 


sin(x + y) = sinxcosy + cosxsiny 
cos(x + y) = cosxcosy — sinxsiny 
tanx + tany 


tan + y) = ———— 
( ») 1 — tanx tany 


Difference Identities 


sin(x — y) = sinxcosy — cosxsiny 
cos(x — y) = cosxcosy + sinxsiny 
tanx — tany 


tan(x — y) = 


1 + tanxtany 
Double-Angle Identities 
sin2x = 2sinx cosx 

cos*x — sin?x 
cos2x = 1 — 2sin*x 
2cos’x — 1 


2tanx 2cotx 


2 


tan2x = 


1—tan*x cot?x-1 


Half-Angle Identities Sign (+/—) is 
determined by 
quadrant in 

which x/2 lies 


sin.x 


cotx — tanx 


sinx 1 + cosx 


Identities for Reducing Powers 


/1 — cosx 
+ 
1 + cosx 


— 1 — cos2x 7 1 + cos2x 
sin’x = ——_—— cos-x = ————_ 
2 2 
9 1 — cos2x 
tan-x = ————_ 
1 + cos2x 


( Coie ice eres etic 


Reciprocal Identities 


1 
ccx = secx = cotx = 
sinx CcOSxX 
Quotient Identities 
sinx cOsx 
tanx = cotx = —| 
cOsx sinx 


Cofunction Identities 


(Replace 7/2 with 90° if x is in degree measure.) 


. [| 7 1 : 
sin| — — x] = cosx cos| — — x] = sinx 
2 2 
T 
tan| — — x }] = cotx 
2 


Product-Sum Identities 

sinxcosy = 5[sin(x + y) + sin(x — y)] 

cosxsiny = 5[sin(x + y) — sin(x — y)] 

sinxsiny = 5[cos(x — y) — cos(x + y)] 

cosxcosy = 5[cos(x + y) + cos(x — y)] 


Sum-Product Identities 


sinx + siny = 2sin(* *) cl (é 5 2) 

lates 
2 

’) 

ty 

2 


x 
sinx — siny = 200s( 


Os 
sin 
x x-—y 
cosx + cosy = 2cos' cos 5 
Jn”) 
sin 
2 


+ 
2 
+ 
2 
+ 
2 
Xx 


cosx — cosy = —2sin 


Identities for Negatives 
sin(—x) = —sinx cos(—x) = cosx 
tan(—x) = —tanx 

Pythagorean Identities 


. 2 
sin’x + cos’x = 1 tan’x + 1 = sec*x 


5 
1 + cot*x = csc*x 
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